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Abstract

We consider the joint source-channel coding (JSCC) problem where the real valued
outputs of two correlated memoryless Gaussian sources are scalar quantized, bit as-
signed, and transmitted, without applying any error correcting code, over a multiple
access channel (MAC) which consists of two orthogonal point-to-point time-correlated
Rayleigh fading sub-channels with soft-decision demodulation. At the receiver side,
a joint sequence maximum a posteriori (MAP) detector is used to exploit the correla-
tion between the two sources as well as the redundancy left in the quantizers’ indices,
the channel’s soft-decision outputs, and noise memory. The MAC’s sub-channels are
modeled via non-binary Markov noise discrete channels recently shown to effectively
represent point-to-point fading channels. Two scenarios are studied. In the first sce-
nario, the sources are memoryless and generated according to a bivariate Gaussian
distribution with a given correlation parameter. In the second scenario, the sources
have memory captured by a changing correlation parameter governed by a two state
first order Markov process.

In each scenario, for the simple case of quantizing the sources with two levels, we
establish a necessary and a sufficient condition under which the joint sequence MAP
decoder can be reduced to a simple instantaneous symbol-by-symbol decoder. Then,

using numerical results obtained by system simulation, the theorems are illustrated



and it is also verified that JSCC can harness the correlation between sources, redun-
dancies in the source symbols, and statistics of the channel noise to achieve improved
signal-to-distortion ratio (SDR) performance. For example, when the memoryless
sources are highly correlated and soft-decision quantization is used, JSCC can profit
from high correlation in the channel noise process and provide significant SDR gains

of up to 6.3 dB over a fully interleaved channel.
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Chapter 1

Introduction

1.1 Communication System Models

In a communication system, the source is usually data or a multimedia signal mod-
elled as a random process which can be discrete (finite or countable alphabet) or
continuous (uncountable alphabet) in value and in time. Continuous time sources are
often sampled to form discrete time sources which are more efficient to work with.
In a general digital communication system, some processing (called encoding) takes
place on the source data to make it suitable for transmission. In the receiver part, the
reverse operation (called decoding) must be done to recover the original information
(or its approximation) and deliver it to the destination. Fig. 1.1 depicts a simple
block diagram of a tandem coding system in which the encoding/decoding process
is performed in two separately designed steps, referred to as source coding/decoding
and channel coding/decoding. In order to have an efficient transmission under re-
stricted bandwidth and storage capacity, the source encoder attempts to remove the

unnecessary or redundant content in the source and represent it in a compressed
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Figure 1.1: Block diagram of a general point-to-point digital communication system
with tandem source-channel coding.

format. The compressed information at the output of the source encoder is more
vulnerable to the errors caused by the channel noise. The channel encoder enables
detection and/or correction of errors which results in a reliable reproduction of the
source encoder outputs after transmission through a noisy communication channel by
adding controlled redundancy (usually using an algebraic structure). The resulting
digital (discrete time, discrete value) signal needs to be sent over the physical channel
which is a noisy (or unreliable) medium that is only capable of transmitting analog
signals. The modulator transforms the channel encoder output into a waveform suit-
able for transmission, typically by varying the parameters of a sinusoidal signal in
proportion with the digital data. At the receiver side, the demodulator converts the
received analog signal to a digital signal which goes thorough the channel decoder
and the source decoder to retrieve or approximate the original message produced by

the source.
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In a tandem coding system, the source coder is designed under the assumption
of perfect error correction by the channel coder and the channel coder is designed
for an ideal source coder with uniformly distributed outputs. The optimality of the
separate design of the source and the channel coder is justified by Shannon’s source-
channel separation theorem, with the use of asymptotically long block lengths of
data in the coding procedures [30]. Hence, in many practical applications with delay
and complexity constraints, tandem coding is not optimal [30,31]. Furthermore,
Shannon’s theorem states that in a single-user system as long as the entropy rate
of the source is less than the capacity of the channel a coding/decoding scheme can
be found to provide a lossless communication and the coding design can be done in
two separate steps (source coding and channel coding) without loss of optimality.
However, for a multi-user system this theorem does not hold anymore and jointly
designing the source and channel codes is the only reliable solution. Thus, various
schemes of joint source-channel coding (JSCC) have been developed to address this

problem. A generic point-to-point joint source-channel coding system is shown in Fig.

1.2.

1.2 Background and Literature Review

JSCC can be more advantageous than tandem coding in many situations. In [39], it
is information theoretically proved that the error exponent for JSCC can be twice as
large as the exponent for separate source and channel coding; this implies that JSCC
would need half the (encoding and decoding) delay of separate coding to achieve the
same overall probability of error and consequently a 2-dB power saving is realized in

a wide class of source-channel pairs. In [14], new tight finite-blocklength bounds for
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Figure 1.2: Block diagram of a general point-to-point digital communication system
with joint source-channel coding.

the best achievable lossy joint source-channel code rate are derived, demonstrating
that joint source-channel code design can bring considerable performance advantage
over separate code design one in the nonasymptotic regime. Some more advantages
of JSCC over separate source-channel coding have been quantitatively characterized
in [16]. Hence, JSCC has a great potential to be adopted in practical wireless com-
munications systems. JSCC can be done using a variety of different methods. One
approach is to design a JSCC system based on lossy coding which is resilient against
channel noise; see [2-4,9,10,21,23,27,29,33|, and other works. Some of these works fo-
cus on decreasing complexity and delay on the transmitter side by designing a simple
lossy encoder and a more complex decoder. For example, in [29], sequence maxi-
mum a posteriori (MAP) decoding is studied for a system with no algebraic channel
coding and channel interleaving. It is demonstrated that the residual redundancy in

the source (in the form of non-uniform distribution and/or memory) and the channel
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noise can be used to improve performance in terms of the signal-to-distortion ratio
(SDR). It is also observed in [29] that using the channel’s soft-decision information
can result in significant SDR gain over hard-decision decoding, which is in line with
other works showing that soft-decision decoding can increase channel capacity and
system performance (e.g., see [3,22,32,35]).

Furthermore, JSCC has applications in common communication systems with
multiple access channels (MAC), where multiple users are sending over a shared
medium (such as an uplink channel). Some works consider JSCC for users sending
over a MAC without using any multiplexing. For example, [15] and [11] investigate
JSCC for transmission of two correlated Gaussian memoryless sources over a Gaus-
sian MAC. However, in practice usually orthogonal multiple access schemes (such as
orthogonal frequency-division multiple access and code division multiple access) are
used. A MAC consisting of orthogonal sub-channels is a suitable model for this situ-
ation. Moreover, orthogonals MACs can model distributed transmission of nodes to
a common destination. Hence, studying a practical JSCC problem on the orthogonal
MAC is interesting, although little work has been done in this area. [40] proposes
a distributed joint source-channel coding (DJSCC) scheme for multiple correlated

sources.

1.3 Thesis Contribution

In this thesis, we extend the results of [29], where a single-user system was considered,
and study the JSCC problem of sending two correlated Gaussian sources over an
orthogonal MAC. A practical situation where two sensors separately measure a pair

of correlated parameters, such as temperature and humidity, and send them to a
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fusion center is one motivation for considering such a problem. Our MAC channel
is defined by two orthogonal sub-channels. Each sub-channel is a point-to-point
correlated Rayleigh discrete fading channel (DFC) used with antipodal signaling and
g-bit output quantization. However, as the correlated Rayleigh DFC is hard to treat
analytically [24,29], we will instead use the recently introduced non-binary noise
discrete channel with queue based noise (NBNDC-QB) which has been shown to
efficiently model such DFCs [25,26]. The NBNDC-QB is a binary input 2¢-ary output
channel with 29-ary stationary ergodic Mth order Markov noise.

We design a joint sequence MAP decoder (which is optimal in terms of sequence
error probability) and implement it using a modified version of the Viterbi algorithm.
Numerical results confirm that our joint MAP decoder can well exploit of the statis-
tics of the correlated sources in addition to the channel’s soft-decision information
and statistical memory and thus produce better SDR. Our main theoretical contri-
bution is an easy-to-check analytical condition in terms of the sources and channel
parameters, under which the costly delay-prone joint MAP decoder can be replaced

by a straightforward instantaneous decoder of identical performance.

1.4 Thesis Overview

In Chapter 2, we give an overview of digital communication channel models and de-
scribe our MAC channel model by introducing the Rayleigh DFC and the NBNDC-
QB models. At the end of the chapter, we briefly review source coding theory. In
Chapter 3, we design a joint sequence MAP decoder for independent and identically
distributed (i.i.d.) correlated analog-valued Gaussian sources which are scalar quan-

tized and sent over a MAC with orthogonal NBNDC-QB sub-channels. For the case
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of hard (2-level) quantized sources and the NBNDC-QB sub-channels with memory
order M = 1, we find a necessary and sufficient condition under which the sequence
MAP detector can be replaced with an instantaneous symbol-by-symbol mapping. We
numerically illustrate the condition in our theorem and also evaluate the performance
of the system in terms of SDR to show how well it can exploit the correlation between
sources, memory in the channel noise, and soft-decision information. Furthermore,
we numerically validate the NBNDC-QB model as an effective approximation of the
Rayleigh DFC in the proposed system. In Chapter 4, the same JSCC problem is
studied for a system with memory in which the correlation between sources is a two
state Markov process. For the special case of correlated binary sources, we establish
a necessary and a sufficient condition under which the joint MAP decoder can be
simplified to the symbol-by-symbol decoder. The theoretical results are numerically
illustrated and the system SDR performance is assessed. Finally, the conclusion and

ideas for future works are presented in Chapter 5.



Chapter 2

Preliminaries

2.1 Communication Channel Models

In this thesis, we focus on digital communication systems. As it can be seen from
Fig. 1.1, the data symbols at the input of the modulator and the output of the de-
modulator are discrete. Hence, the concatenation of the modulator, physical channel,
and demodulator can be modeled via a discrete channel with a given sequence of
conditional (or transition) probability distributions of receiving an output given that
a specific input was sent. A discrete channel is characterized by a finite input al-
phabet X and a finite output alphabet ) and a sequence of n-dimensional transition
distributions {Pyaxn (Y" = yp| X7 = 27)}52,, where a7 £ (21,29,...,2,) € XV is

the n-tuple input and y?' = (y1, 4o, ..., yn) € YV is the n-tuple received output.

2.1.1 Discrete Memoryless Channels

A discrete memoryless channel (DMC) is a discrete channel which is fully described

by the channel transition matrix @ = [Py x(y|z)] of size |X| x ||, where z € X and
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y € Y. For every n = 1,2,..., the transition probabilities are as follows
Pyapen (V" = 97| XT = 27) = [ [ Prix(wil ). (2.1)
i=1

Equation (2.1) implies that the current output Y,, only depends on the current input
X, and is independent of the past inputs X7' and outputs Y;""'. Furthermore,
the past outputs "' do not depend on the current input X,. Also, given the past
inputs X'~ ', the current input X, is independent of the past outputs Y;*'. Binary

symmetric channels and binary erasure channels are well-known examples of DMCs.

2.1.2 Discrete Channels with Memory

Discrete channels with memory model practical situations in which errors tend to
occur in bursts rather than independently. In these channels, each output symbol
depends statistically both on the current input and on the past inputs and outputs
(with the assumption that the current output is independent of future inputs, given
current input and the input and output histories) [12].

Markov channel models are able to characterize fairly well the complex physical
phenomena in discrete channels with memory. For example, the binary Markov noise
channel models a channel with memory described by an additive Markov noise process
as follows

Y= Xe® 2, k=1,23,... (2.2)

where X, and Y} are the input and output at time k& and & represents modulo 2
addition. {Z;}72, is a binary stationary ergodic Markov noise process with memory

order M, independent of the input and produced by a 2™ by 2™ transition matrix
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which in general is characterized by 2 independent parameters. The transition
matrix describes the process for £ > M, where the corresponding states are defined
as Sk = (Zk—m+1, - - -, 2k). As a result each row of the transition matrix has only two
nonzero element which justifies the number of independent parameters. This model
may result in excessive complexity when the memory order is high.

In [1], a finite memory contagion urn model is proposed for generating the noise
process. Since the noise process is independent of the input, the transition distribu-

tions can be written as

P (Y, =yl X{ =20, Y =i ™) = P (Zh = 2| 273 = 22 0)

k—1 k—1
_p (Zk — ‘ 7, = z) 23)

i=k—M i=k—M

p+0 (S50 )
- 14 M§ ’
where zF £ (2, zi41,. .., 2), p = P[Z; = 1] is the channel bit error rate (BER) and

J is a correlation parameter. As illustrated in [1], this model can be fully described

using only three parameters: memory order M, channel BER p, and noise correlation

coefficient Cor = 6/(5 + 1).

Rayleigh discrete fading channel

The single-user Rayleigh discrete fading channel (DFC), shown in Fig. 2.1, is a binary-
input and 2%-ary output channel defined as follows. First, a binary phase-shift keying
(BPSK) modulator takes the DFC’s binary input process { X3}, Xi € X = {0, 1},
and generates S, = 2Xy, — 1 € {—1,1} for k = 1,2,.... Then, the modulated signal

S) is transmitted over a time-correlated flat Rayleigh fading channel with additive
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VEAy Ny,

X BPSK Sk /L Ry | g-bit Uniform | Yk
— X + N
Modulator U Soft-quantizer

Figure 2.1: Rayleigh discrete fading channel.

white Gaussian noise which produces the output

Rk:\/EsAk;Sk‘l‘Nk, l{:1,2,...,

where Fj is the energy of signal sent over the channel, and the additive noise { Ny }72,
is a sequence of independent and identically distributed (i.i.d.) Gaussian random
variables of variance Ny/2. Furthermore, { A} is the channel’s Rayleigh fading pro-
cess (assumed to be independent of {N;} and the input process) with Ay = |Gk,
where {G}} is a time-correlated complex wide-sense stationary Gaussian process with
Clarke’s autocorrelation function [6] given as R[k| = Jo(27 fpT'|k|), where Jy(.) is the
zeroth-order Bessel function of the first kind and fp7T is the maximum Doppler fre-
quency normalized by the signaling rate 1/T". As a result, each fading random variable
Ay is Rayleigh distributed with unit second moment which causes an attenuation in
the signal. Finally, a soft-decision demodulator consisting of a ¢-bit uniform quantizer
with step size A processes the output Ry and produces the DFC’s channel output
Y, € Y={0,1,...27 — 1} given by
Y =7, if Rye(T_,,T],

Jj=1 =

where j € Y and the uniformly spaced thresholds T} satisfy
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— 00, if j=-1
Ti=9 G+1-27NA, if j=0,1,...,27-2 .
OO, lf ]:2(1_1

Defining 6 £ A/\/E, and T; £ T}/\/E; as the normalized step-size and thresh-
olds, we have T; = (j +1 —2171)§, for j = 0,1,...,27 — 2. The DFC’s conditional

probabilities g, 4, (ax) 2 Pr(Y;, = yr|Xx = 1, Ax = az,) can be found as follows

Az, yy, (ak) = Pr(Tyk—l < R < Tyk|Xk' = T, Ak: = ak)

N,
= Pr(T,_1 — (20x — Dag < —= < T, — (224 — 1)ay,)

VI
= Q(VZSNR(T,, -1 — (221~ Day)) ~ Q(VZSNR(T, — (211 — Day)),
(2.4)

where SNR = FE /Ny is the Rayleigh DFC’s signal-to-noise ratio (SNR) and
Q(z) = 1/V2m [ exp{—t*/2}dt is the Gaussian Q-function. Because of the sym-
metry in the quantizer thresholds and the BPSK constellation, it can be observed
from (2.4) that

Gz s (&k) = q1—z,,20—1—y, — CIO yk*(Qq)*;)rk (ak) (25)
) (-1

For integer n > 1, the n-fold transition probability of the DFC can be calculated
via [26]

Phlo(yilet) £ Pr{Y = yiIX} = a1} = By, | [ doean(A0)], (26)
k=1

where Ex[.] denotes expectation with respect to the random variable X. Unfor-

tunately, Pg})c(yﬁx’f) can be expressed in closed form only for n < 3; as the joint
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probability density function of arbitrarily correlated Rayleigh random variable, which
is required for direct calculation of the expected value in (2.6), is only known in closed
form for n < 3 [5]. Consider n = 1 as an example. The closed-form expression for

(2.6) is given by [34]

Pole(ylr) = Pore (i) = n(=Ty-1) — n(=T5), (2.7)

where z € X,y €Y, j = =277 ¢y and

(=1)=
[1 - Q(Tj QSNR>]€S£H
_1
n(Ty) =1 - Q(T;V2 SNR) — . (2.8)
=+ 1

For n > 3, the expected value in (2.6) can only be found numerically. Therefore, the
non-binary noise discrete channel with queue based noise (NBNDC-QB) is introduced

as a more tractable alternative model for the DFC.

Non-Binary Noise Discrete Channel

The queue-based channel (QBC) is introduced in [38] to model a binary additive
noise communication channel with memory. The channel noise process is a station-
ary ergodic Mth-order Markov source which is generated according to a ball sampling
mechanism involving a queue of finite length M. This model has evolved from the
binary additive communication channel with memory introduced in [1], in which the
noise process is based on the contagion model of G. Polya. Numerical results in [38] in-
dicate that the QBC provides a good approximation of the well-known Gilbert Elliott

channel while remaining mathematically tractable. Finally, the idea of increasing the
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capacity by softly quantizing the channel output has led to the NBNDC-QB model,
introduced in [26].
The non-binary noise discrete channel is a binary-input and 29-ary-output channel

model which is described by
Y= (29— 1) X + (=1 7, k=1,2,..., (2.9)

where ¢ > 1 is an integer, X € {0,1} is the input data bit, Y, € Y = {0,1,...27 —
1} is the channel output, and Z; € Y is the corresponding noise symbol which is
assumed to be independent of the input. From (2.9), we can write Zj in terms of the
corresponding input and output symbols,

. Yk — (2q — 1)Xk
G

i k=1,2,..., (2.10)

The noise process {Z;}%2; can in general be any stochastic process such as a binary
stationary memoryless process (¢ = 1) which reduces the NBNDC to a binary sym-
metric channel (BSC). In this thesis, {Z;} is considered to be a generalization of
the queue-based (QB) noise introduced in [38]. Consequently, the non-binary noise
discrete channel with queue based noise is referred to as NBNDC-QB [26]. The noise
model is a 2%-ary stationary and ergodic M*-order Markov process which can be
described using only 29 4+ 2 independent parameters (typically, ¢ = 2 or 3 for most
systems; hence, the exponential complexity in ¢ is not a concern): the memory order
M, the marginal probability distribution (pg, p1, ..., p2a_1), and correlation param-

eters 0 < e < 1 and a > 0. Since the NBNDC model’s complexity is determined
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— Zim Zr(M—1) e Zk2 Iy

Figure 2.2: A queue of length M.

by the number of model parameters which is independent of the channel noise mem-
ory order M, we can implement noise models with arbitrarily large memory orders
without adding further complexity. Here, we present the generating procedure of
the queue-based non-binary noise process. At each sample time k, one of the two
following generating mechanisms is selected via flipping a biased coin. Assume that
the first mechanism is selected with probability e. For this case, we have a queue of
M balls labeled with error symbols Z;; € ) as shown in Fig. 2.2; where £ > 1 is
the experiment time index and j = 1,2,..., M specifies the location in the queue.
From the queue, a ball is chosen randomly with the probability of the j-th ball being

selected given as

1

i =12, M—1;

M—1+a J VS0
a ] -

Y =

M—1+a -7

In the second mechanism, executed with probability of 1 — €, a ball is taken out from
an urn containing a very large number of balls labeled with symbols in ) in a way that
the probability distribution (po, p1, ..., pea—1) is satisfied; i.e., with probability 1 — e,
the noise symbol Z;, is independent of the past noise symbols and is picked according
to Pr{Z; = j} = p;,7 € Y. Assume that z; is the noise symbol generated according
to the explained procedure. Before producing symbol z;.1, a ball with the symbol z
on it will be pushed into the queue, pushing out the ball labeled z;;. This procedure

implies that the probability of Z, = j,7 € ) depends on the bias parameter o and
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increases in proportion to the number of times that the value j occurred in the past
M noise symbols. As in [38] and [26], the cell bias parameter is set to o = 1 when
M =1 (i.e., the queue has only one cell).

The state process {Si} of the QB noise, defined by Sy = (Zx, Zx—1,- -, Zk—m+1)
for Kk > M, is a homogeneous first-order Markov process taking values in

{0,1,...,29 — 1}, The noise state transition probability is defined as

Q(3k|3k71> = Pf{Sk = 8k|5k71 = Skfl}a

— _ / / / :
where sp = (2, k-1, Zk—m41) and Sg_1 = (2,241, -, 2Z4_pr41). 1t is shown

in [26] that for k > M + 1,

( M-1

€
(3 8amnet @ ) 57— + (1= 90
. o o _
Q(5k|5k71) _ if 2,4 =2 forl=Fk,....k—M+2 (2.11>
[ 0 otherwise

where 0; » = 1if i =4 and 6, = 0 if i # ¢, and 22:1 £ 0.

The n-fold channel transition probabilities are
Pr{Z = 2} = Pr{Y{" = y7|X] = af} £ Pyi(a)). (2.12)

where y}' is the output sequence, 27 the input sequence, and 2] = (21,...,2,) is the
sequence of corresponding noise symbols related to z} and y} according to (2.10).

ng(z{‘) can be determined as follows [26]:
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e For n < M:

—_

20-1&,—

(1—€Pe+3
0

€
(=9 +byr—172)
Py M—-1+a«

)
M—-1+«

Pia(er) = —2

(2.13)

where [],2,(.) = Land & = 37, 8., ». As aresult, forn = 1, Pc%(zl) = p,, for
all z; € Y; and also for n = M, we get the stationary distribution components

of the Markov process {Sp} as T(z, z5...20f) = Pg\é)(z{‘/[).

e Forn > M:

n 1—1
Poa = 11 [( 6zi,24+oz6z,-,w>
=1

i=M-+1 =i—M+1 (2.14)
€

X M — 1 + 1o + (1 - €>pzz:| 7T(21,ZQ ..... Z]VI)‘

The correlation coefficient for the NBNDC-QB noise is a non-negative quantity given

by
EZyZy 1] — E[Zi)? M Tta

Var(Zy) :1—(M—2+a)M 1+a’

Cor =

(2.15)

where Var(Zy) denotes the variance of Zj.

Fitting the NBNDC-QB model to the Raleigh DFC model

The introduced NBNDC-QB model can mimic the statistical behavior of the Rayleigh
DFC channels which are hard to treat analytically. Hence, the NBNDC-QB model
must be fitted to a given Rayleigh DFC with fixed parameters (SNR, ¢, ¢, fpT) via

the following steps [26].
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e The QB noise one-dimensional probability distributions are matched to the first

order statistics of the the underlying fading channel by setting p; = Pg}c () for

j € Y. Noting (2.7) in computing Pg}c( j), it can be seen that p; is a function
of 6,¢, and SNR. In [29, Table I}, corresponding p;’s for some typical values of

the Rayleigh DFC parameters are presented.

The DFC noise correlation coefficients, calculated using ngc(y’ﬂx’f) in (2.6)

with n = 2, is matched to the noise correlation coefficient of the NBNDC-QB

model. Hence, o can be written in terms of M and e.

Finally, the remaining QB parameters (M, €) are estimated by minimizing the
Kullback-Leibler divergence rate between the two (2%-ary) noise processes. We
can observe that the memory and correlation parameters (M, €, ) are coupled

The values of the fitting NBNDC-QB parameters obtained as outlined above are given

in [26, Table II] for different DFC’s. Notice that since the first order statistics of the

NBNDC-QB and the underlying fading channel are guaranteed to be matched, for

the memoryless case (with Cor = 0), the NBNDC-QB is statistically identical to the

ideally interleaved DFC (by ideal interleaving, we mean that the block interleaver has

sufficiently large depth compared with the transmission block length [17,36]).

2.1.3 Multiple Access Channels

Intuitively the MAC is a multi-point communication medium via which two (or

more) senders transmit information to a common receiver. In general, the source
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symbols from all users will interfere with each other during transmission and a sin-
gle symbol is received at the output of the MAC. Hence, channel coding is a com-
mon method to protect the data against user interference and noise of the channel.
Fig. 2.3 shows a general discrete memoryless MAC with two users and input alpha-
bets X7, Xz, output alphabet ) and a probability transition matrix P(y | z1,xs2).

Wy € Wy = {1,2,...,27"%1} and Wy, € W, = {1,2,...,2"%} are the source mes-

W, e W e X"
1 1| Channel | X1 1

Encoder

Discrete

Memoryless | Y ¢ " | channel | (Wi Wi)
MAC Decoder

P(y | $1,$2)

Wz € Wa | Channel | X2 € 42"

Encoder

Figure 2.3: The discrete memoryless MAC model

sages which can be considered as outputs of ideal source encoders. Also, R; and
Ry are the corresponding channel encoder rates given in bits per channel input sym-
bol. Recovering original messages using only channel codes is very difficult due to
the user interference in the channel; hence, in many practical communication sys-
tems where the available channel bandwidth must be efficiently shared among several
users, various orthogonal multiple access schemes such as frequency division multiple
access, time division multiple access, and code division multiple access are employed

to avoid unrecoverable collision of messages from different users. Fig. 2.4 represents
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an orthogonal MAC channel with two users. An orthogonal MAC channel is also

X1 € Xln
Sub-Channel
Y,
Orthogonal (Y1,Ys) €Y x Y
MAC
Y,
Xo € Xgn
Sub-Channel

Figure 2.4: The orthogonal MAC model with two independent sub-channels

suitable for the distributed source coding (DSC) problem where multiple correlated
information sources are compressed and independently transmitted without any inter-
communication. In many applications such as sensor networks and video/multimedia
compression, senders have complexity constrains. DSC aims to reduce the complexity
at the transmitter by using the correlation between multiple sources in the design of
a joint decoder which can carry the computational burden. This motivates us to con-
sider an orthogonal MAC channel consisting of two independent single-user Rayleigh

DFC sub-channels which are modeled via NBNDC-QB channels.

2.2 Source Coding and Quantization

The first step in the encoding process of a tandem coding system is source coding in

which the source information is compressed as much as possible by eliminating the
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redundancy in the source symbols. Source coding can be divided into two categories;
lossless and lossy source coding. In lossless source coding, the sequence of source
symbols can be completely recovered from the compressed data while in lossy source
coding, source data is reconstructed within some distortion. Shannon’s lossless source
coding theorem (or noiseless coding theorem) shows that there exists a lossless fixed-
to-variable length source coding which can achieve any code rate (average number of
coded symbols per source symbol) greater than or equal to the Shannon entropy of
the source. Conversely, compressing the data with a code rate less than the Shannon
entropy results in inevitable data loss and the probability of decoding error goes
arbitrarily close to one, for sufficiently large source blocks [30].

For a discrete source X with alphabet X = {0,1,..., N — 1}, the entropy rate
H..(X) which represents the amount of uncertainty or information in the source, is
defined as

Hoo(X) = lim l(_Exl,Xz,...,Xn log p( X1, Xo, ..., Xy)]),

where {X;},i = 1,2,... is the source stochastic process and p(Xi, Xo,...,X,) =
Pr{X; = 21, Xs = 29,..., X,, = x,}. Setting the base of the logarithms to 2, the unit

of these measures is expressed in bits. It can be shown that
Hoo(‘)() S IOgZ N7

where N is the size of the source alphabet.
The redundant information in a source can be due to its memory (py/) or non-

uniformity of its marginal probability distribution (pp). For a discrete source {X;},i =
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1,2, ... with alphabet size N, the total redundancy pr can be written as

pPT = Pp + PM;

where

pp = logy N — H(Xl)v

pu = H(X1) = Hoo(X),

and

H(X,) ==Y pl(x1)logp(a1) = —Ex,[log p(X1)].

z1€X

For continuous sources, the entropy rate H.(X) is theoretically infinite which
indicates that compressing a continuous source without incurring any loss or distortion
indeed requires an infinite number of bits. Thus, lossy source coding is the only
practical solution. The corresponding process is called quantization in which the
analog source symbols are mapped to discrete (digital) symbols from a finite alphabet
at the cost of some distortion with respect to the original source.

In general, a quantizer partitions the continuous domain of the analog source into
a finite number of regions and represents all the members of each region with a value
called output level or reconstruction point. The set of output levels is known as the
codebook.

A scalar quantizer (SQ) takes only one source symbol at a time. In this thesis, the
SQ is assumed to produce a sequence of binary outputs for each input source symbol;
hence, a SQ with the rate R bits/sample has 2% output levels.

On the other hand, a vector quantizer (VQ) with rate R bits/sample accepts k
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source symbols at a time and maps them to a binary sequence of length 2f*

repre-
senting the corresponding output level.
The quality of the quantizer ) applied to a random source X is measured via the

expected distortion defined as

D(Q) = E[d(X, Q(X))], (2.16)

where Q(X) is the quantized value and d : R x R — [0, 00) is the distortion measure;
typically considered to be the rth power of the magnitude error d(X, X) = |z, &|",r >
0. For the popular square error distortion, E[d(X,Q(X))] is called mean square
error (MSE) expected distortion and is calculated via D(Q) = E[d(X,Q(X))] =
E[(X - QX))?].

The optimum quantizer (encoder) and dequantizer (decoder), in terms of mini-

mizing the expected distortion, must satisfy the following necessary conditions.

e The centroid condition (CC): Given the output levels or partitions of the quan-
tizer, the reconstruction point corresponding to each region must be set as the
centroid of the part of source that lies in that region. This choice minimizes the

conditional expected distortion over the assignment region [7, p. 303].

e The Nearest neighbor condition (NNC): Given the reproduction points (code-
book), the optimum encoder selects the partition boundaries in a way that all
the values being mapped to a reproduction point have the minimum distor-
tion with respect to it; i.e., each x is mapped to its "nearest” reproduction

point [13, p. 176-185].

The Lloyd-Max algorithm is an iterative algorithm to design an optimal SQ - called
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the Lloyd-Max quantizer [19]. It repeatedly applies the CC and NNC conditions.
For a given codebook, the partition set is optimized according to the NNC. For the
resulting partition, the optimum codebook is found according to the CC. Since the
distortion is nonnegative and each iteration either reduces the distortion or leaves
it unchanged, the sequence of distortions produced by Lloyd-Max algorithm finally
converges. The initial codebook is usually selected by the splitting algorithm, [8, 18]
which quickly converges into a well-designed final quantizer. The generalized Lloyd
algorithm, also known as Linde-Buzo-Gray vector quantizer algorithm (LBG-VQ) can

be used for V() design [18].
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Chapter 3

Joint Sequence M AP Decoding of 1.1.D.
Correlated Sources over the Orthogonal

MAC

In this chapter, we study a source-channel decoding scheme which is designed to
take advantage of the channel memory. We extend the work in [28], where a single-
user system was considered. In particular, we examine the joint sequence MAP
decoding problem for two quantized sources transmitted over an orthogonal MAC
with underlying NBNDC-QB sub-channels modeling time-correlated Rayleigh DFCs
(as described in Chapter 2). Each real-valued source is followed by a SQ designed for
a noiseless channel. The SQ output is passed through an index assignment mapping
and then sent over one of the underlying sub-channels. The sub-channel outputs
are soft-demodulated with resolutions ¢ and ¢, respectively, (which in general can
be different) and fed to a joint sequence MAP detector to combat channel errors.
We refer to such a coding scheme as SQ-MAC-MAP. The reason for choosing scalar

instead of vector quantization is the ability of former to preserve more redundancy in
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the index codewords at the quantizer output, which can be later used, in conjunction
with channel’s characteristics, by the joint MAP decoder for the purpose of robust
error correction. We note, however, that the more complex VQ may result in better
SDR performance because of the space-filling gain [20].

It is important to mention that the SQ-MAC-MAP scheme is designed to min-
imize the sequence error probability, while we evaluate its performance in terms of
SDR with the MSE distortion measure. Hence, the SQ-MAC-MAP is not necessarily
optimal in terms of achieving minimum mean square error (MMSE). MMSE optimal
and suboptimal MAP decoding metrics are studied in [21,33]. However, according
to simulations results, our system improves SDR performance by exploiting residual
source redundancy as well as noise correlation and soft-decision information of the
NBNDC model. We also numerically observe that an orthogonal MAC with NBNDC-
QB sub-channels can effectively model Rayleigh DFC sub-channels when measured
in terms of joint SDR performance under some conditions. Furthermore, we prove a
theorem for a specific case of our system setup (SQ-MAC-MAP with the NBNDC-QB
sub-channels), in which we provide necessary and sufficient condition for a joint se-
quence MAP decoder to be replaceable with simple instantaneous (symbol-by-symbol)

decoding rules, hence significantly reducing decoder delay.

3.1 System setup

Consider the communication system depicted in Fig. 3.1. Two correlated zero-mean
and unit-variance Gaussian sources V and V' generate a sequence of input pairs

{(V;, V') 352, which are i.i.d. real-valued samples taken according to the bivariate
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vER SQ i Index XEX
Encoder Assignment
(x,x')
/ -/ / m
V€ R SQ 7 IndeX X &€ X
Encoder Assignment </ x
Z, Z.
O O T
MAC Channel © Z w Z
— o O
Q Q
y' y
] 5Q
o' e R | Decoder | & ¢ X" Joint
| SQ Detector
v € R | Decoder | %e X"

Figure 3.1: Block diagram of a JSCC system using scalar quantization and joint MAP
decoder over an orthogonal MAP channel with memory.

normal density

1 02 + 0" — 2p00
fvvi(v,0") = ———=exp (— , (3.1)
N 21— p?)

where —1 < p <1 is the correlation between the two sources.

The above system is a generalization of the single-user system presented in [29)].
The output samples of the first source are encoded using a rate-n SQ. The SQ utilizes
the Lloyd-Max algorithm [19], with the initial codebook selection obtained via the
splitting algorithm [18] and produces an index i € {0,1,...,2" — 1}. As explained in

[29], because of its simplicity and good performance, the folded binary code (FBC) [23]
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is chosen as the one-to-one index assignment method to map the index ¢ to a binary
vector x € {0, 1}". The same encoding process is separately done for the second source
which results in the codeword x” € {0,1}". Then, the vector pair (x, x’) is transmitted
through the orthogonal Rayleigh DFC MAC channel and the corresponding vectors
yeY'=1{0,1,...,29 =1} and y' € Y™ = {0,1,...,27 — 1}" are received. This
communication is modeled as sending the n-tuple codeword x bit-by-bit over the first
NBNDC-QB sub-channel with 2%-ary noise symbols z € Y = {0,1,...,29 — 1} and

/

noise memory M which will result in the output sequence y. Similarly, x’ and y’
are the input and output vectors of the second NBNDC-QB sub-channel with 2¢-ary
noise symbols 2’ € J' = {0, 1,...,27 —1} and noise memory M’. At the receiver side,
the MAC channel’s output (y,y’) is fed to a joint MAP decoder. Finally, two SQ
decoders map the decoder outputs (%X, X’) into output levels of the quantizer codebook.

It can be observed that in the described system, which is referred to as the SQ-

MAC-MAP system, the receiver carries most of the complexity load.

3.2 Joint MAP decoder design

The residual redundancy of the source and channel statistics can be harnessed by
a MAP decoder which is designed to minimize the sequence error probability [23].
In general, the total redundancy pr can be written as pr = pp + py where pp is
the redundancy due to the non-uniformity of the distribution and pj;; denotes the
redundancy in the form of memory. Since the input sequence {(V;,V’;)} is an i.i.d.
process, the SQ encoder output process {(X;, X';)} is also i.i.d.; which implies that
pv = 0 and as a result the only source of redundancy comes from the non-uniformity

of the encoders’ outputs and the correlation between two sources.
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Suppose that each source produces N symbols. The sequence (x,x)V =

((x1,x1), ..., (xn,x'n)) € ({0,1} x {0, 1})”N at the output of the SQ encoders is
transmitted over the MAC channel in n/N channel uses. The independent NBNDC-
QB sub-channels contaminate the bit streams related to the first and second source
with noise sequences 27 € Y™ and z”fN e Y™V respectively. In other words,
the input n-tuples x;1 and xj,,, i = 0,1,..., N — 1, are transmitted in a bit-by-bit
fashion over the first and second sub-channels with the corresponding noise symbols
(Znit1s Znit1s - - Zngi+1)) and (20,01, Zniits - - - ,Z;(HI)) which will result in the output
n-tuples  y;41  and oy ;. Receiving the channel output (y,y )V =
((y1. Y1), (yn,¥'n) € (Y x V)™V, the MAP decoder estimates (x,x")V by
(%, %)V as
(%,%)" = arg max (Pr{(X,X")" = (x,x)"|(Y, Y)" = (v,y)"})

(xx) ™

= argmax (Pr{(Y,Y")" = (y,y)"[(X, X")V = (x,x')"}

(/)
x Pr{(X, XV = (x,x)V})

= arg max (Pr{Y" = y"|X" =x"} pr{Y" = y"V X'V = x™}
(xx)™

% PI‘{(X,X/)N — (X, X/)N})

= argmax (Pr{Z" = 27"} Pr{z"" = 2"} x Pr{(X, X} = (x, x')M})
(xx)™

= arg max (ng(z?)P'g%(z'?)P(Xh x'1)

(xx)™
< [T (@i zi”)@'(z’isz”|z’i">P<xM,xm))= (32)
=1

where the third equation comes from the orthogonality of the two sub-channels.
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P(xi11,%Xi11) 2 P(Xiy1 = Xiy1, X'ip1 = X'441) is the joint probability distribu-
tion for the pair of n-tuple codewords (X;;1,X';11). For i =1,2,...,nN, the noise
symbols z; and 2’; can be found applying (2.10) separately to each sub-channel in-
put and output. For the first sub-channel, the QB noise block probability P )( )
can be calculated via (2.13) or (2.14) and the noise transition probabilities in the
last line of (3.2) are defined based on Q(z11|2i_,) £ Pr{Z/H = /H|Zi_, = 21},
where 7,5,k € {1,2,...,nN — 1},i+j < nN,i —k > 1. Note that z; =2 0if i < 1,
2] 2 (2, %41, .., 2;),j > i. For the second sub-channel, Q(2/]|2"}_,) and P’g%(z’?)
are defined and calculated similarly using the parameters associated with this channel.

Assuming nN > max{M, M'} (which typically holds as large values of N are
usually used in practice), since the noise memory order in the first and second sub-

channel is respectively M and M’, we can write

(x, X’)N = arg max { log [P (z1 )P'( n) (2 n)P(Xl,Xll)}—i—

(xx)Y
N—-1
i+1)n, _in i+1)n, rin
> og [QUA" 2k )@ 1 i ) Pis, Xis)] |
=1

(3.3)

where Q( 12111 2o (r—1y) and Q'(2 Z::l)” z’ﬁz_( am—1y) can be calculated via the fol-
lowing equation, by selecting j = in and considering the parameters of each sub-

channel, [29]:

Jjt+n k—1

n €
QUL ) = T] S Gt by, | X o+ (1=,

k=j+1 | \t=k—(M—-1) M-1+a
(3.4]

To implement the MAP decoder, we employ a modified version of the Viterbi
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algorithm similar to the one used in [28]. The corresponding trellis consists of 4™

states, the set of all possible pairs of kn-tuple codewords, where k is the smallest
integer which satisfies kn > max{M, M'}. In the trellis, each state has 2(:"=M+1) x
2(knfM’+1)

incoming and 4™ outgoing branches and the path metric at step i is as

follows:

i+1)n| _in i+1 [
log [Q(Z@'(nL) |Zin—(M—1))Ql(zlgn—:-l)n|z/i2—(M’—1))} + log [P(Xi+1,X/i+1)}-

Applying the Viterbi algorithm, the MAP decoder needs to observe the entire received
sequence before deciding on the most likely message words, which results in significant
decoding delay as well as storage complexity of order O(nN4*")) that increases with
the length of the sequence. Thus it is interesting to investigate situations where MAP
decoding can be replaced by a simple and fast instantaneous (symbol-by-symbol)

decoding rule which exhibits the same performance in terms of symbol error rate

(SER).

3.3 Case study: joint MAP detection of binary
sources

For the single-user case and for a binary symmetric Markov source transmitted over a
NBNDC-QB channel with noise memory M = 1, [29] establishes a necessary and suffi-
cient condition under which an instantaneous symbol-by-symbol decoder can function

as the MAP decoder.

In our MAC problem, we consider the special case where both correlated sources
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are separately quantized to two levels (n = 1). Using the symmetry in the joint dis-
tribution (3.1), the following equations hold for the joint distribution of the resulting
binary sources:

P(1,1) = P(0,0)  P(1,0) = P(0,1). (3.5)

This is shown as follows. Since the marginal distribution for sources V and V' is
zero-mean normal Gaussian, each scalar quantizer, using Lloyd Max algorithm with

n = 1, selects zero as the quantization threshold. Hence, we can write

0 0
P(O, O) = Pr{V < 0, V, < 0} = / / fv7vl(v, Ul)dvdvl,

S0 (3.6)
P(1,1) = Pr{V > 0,V' > 0} = / / For (0,0 )dvd
o Jo
Since the density function fyy/(v,v’) is even, we have
P(0,0) = P(1,1). (3.7)
Similarly, we can write
0 00
P(O, ]_) = PI{V < O, V/ Z 0} = / / fV,V’(,Uv Ul)d'l)dvl,
—o0 /0 (3.8)

00 0
P(1,0) =Pr{V >0,V <0} = / / fvv(v,0)dvdv'.
0 —00

Since fyy/(v,v’) is symmetric, we can switch the role of v and v’ which results in

P(0,1) = P(1,0). (3.9)
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3.3.1 Instantaneous symbol-by-symbol decoding rule

We next present our instantaneous symbol-by-symbol decoder. By making use of the
orthogonality of the MAC channel, equation (3.5), and the assumption py > p; >
p2 > -+ > paq_q for each NBNDC-QB sub-channel, we will show that for the case
of binary sources, the same function 6 introduced in [29] can be adapted to map a
2%-ary (q > 1) output y; of the NBNDC-QB channel to a binary symbol g;. In fact,
among all mappings 6 : J — {0, 1}, the following mapping #* minimizes the symbol
error probability for each sub-channel:

0, if y; < 20-1
0% (yi) = i = ;0 <7< N. (3.10)

1, otherwise
Lemma 3.1. For the problem of two correlated binary sources (X, X'), with the joint
distribution P(x,z'), sent over an orthogonal MAC consisting of two independent
single-user NBNDC-QB channels, assume the output sequences are instantaneously
decoded as (7,7 = (0*(y), 0 (y'))Y, where the mapping functions (6*,0™) are ap-
plied component-wise to each output pair (y;,y.).

Consider the first NBNDC-Q)B sub-channel has the noise parameters satisfying

Po = pP1 = P2 = > Poa_q. (3.11)

Among all mappings 6 : Y — {0,1}, where Y = {0,1,...29 — 1}, the following
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mapping 0* yields the lowest symbol probability of error defined as Pr(y # x)

R 0, ify; <k*
0" (y:) = = : (3.12)
1, otherwise

where k* € {0,1,...,29} is the smallest value satisfying

(3.13)

and p_1 £ 00, pae =0, and Px(z) £ Y, P(x,2') is the marginal distribution of
the first source (similarly, Px/(z') £, o P(z,2')).

Considering the second NBNDC-QB sub-channel, the instantaneous mapping func-
tion 0™ : V' = {0,1,...27 —1} + {0, 1} will have the same format as (3.12) with the

parameters of the second source and the second sub-channel being used.

Having two correlated memoryless Gaussian sources with zero-means and unit-
variances and quantizing each with a two level LloydMax quantizer (n = 1), we
showed that the joint distribution of the resulted binary sources will have the sym-

metry

P(1,1) = P(0,0),  P(1,0) = P(0,1). (3.14)

Having assumption (3.14), it can be seen from (3.13) that k&* = 2@~V and k" = 21,
Note that for ¢ = 1 and ¢’ = 1, the binary output sequences can be accepted without

any further processing by decoder (“decode-what-you-see”).
Proof of Lemma 3.1. Considering the first NBNDC-QB sub-channel with input
X e X ={0,1} andoutput Y € ¥ = {0, 1,...,29—1}, we will show that any mapping

0 :Y — {0,1} can be transformed to 6*, presented in (3.12), through a finite sequence
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of simple modifications, none of which can increase the error probability. Hence, the
mapping #* has the minimum error probability.

In general, a mapping function 6 : ) +— {0, 1} is a classification rule that classifies
2¢ different output symbols from {0,1,...,29 — 1} into two classes )y and ). Thus
0 is defined by

0, ifye

0(y) =9 = (3.15)
1, if Yy < 3/1,

where Yy C Y and Vo =Y\ D1.

Having (3.12) for 6%, we can write J§ = {0,1,...,k* — 1} and Vi = {k*, k" +
1,...,29 —1}. The error probability under mapping 6 is defined as P, = Pr{(Y) #
X}, where (X,Y') has the common joint distribution of the pairs (X;,Y;). In other

words,

P, =Pr{Y € Yo|X = 1}Pr{X =1} + Pr{Y € )| X = 1} Pr{X =0}

=Pr{X =1} ) Pr{ylX =1} + Pr{X =0} > _ Pr{y|X =0}.

y€Xo yeEN

(3.16)

If 6 # 6%, one of the two following cases happen:

i ) There exists an element a € ), such that a < k*. Removing a from ) and
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adding it to )y yields a mapping with error probability P,, such that
P.—P.=
Pr{Y =a|lX =1,X'=0}P(1,0)+ Pr{Y =a|X =1, X' =1} P(1,1)
— Pr{Y =a|X =0,X"=0}P(0,0) — Pr{Y =a|X =0,X"=1}P(0,1)
= Pr{Y =a|X =1} (P(1,0) + P(1,1)) (3.17)

i

— Pr{Y = a|X = 0} (P(0,0) + P(0,1))
=Q27—1—-a)(P(1,0)+ P(1,1)) — Q(a) (P(0,0) + P(0,1))

= paa_1-4 (P(1,0) + P(1,1)) — p, (P(0,0) + P(0,1)),

where the second equality follows from the fact that the two sub-channels are
orthogonal; as a result the output Y is independent of the input X’ (similarly,
Y’ is independent of X). According to (3.11), py > pr+—1 and pos_j= > poa_1_q-

Hence by (3.13),

P(1,0)+ P(1,1 . i
P(0,0) + P(0,1) = pas—r ~ pro-1-a

and therefore P, — P, < 0. Thus, removing a from )Y;, and adding it to )y does

not increase the error probability.

) There exists an element b € ), such that b > k*. Removing b from ), and

adding it to Y, similar to (3.17), it can be shown that

P.— P. = —pya_1_ (P(1,0) + P(1,1)) + py (P(0,0) 4+ P(0,1)). (3.19)
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According to (3.11), pp < pr= and paa_g—1 < poa_1_p. Hence by (3.13),

3
\_}—‘
2
_I_
s

P P
P(0,0) +P(0,1) - p2q7k*71 - p2‘1717b

Vv

(3.20)

and thus P, — P, < 0. Hence, removing b from ), and adding it to ); does not

increase the error probability.

It can be concluded that, for any given mapping 6, by applying at most 27 — 1
replacement steps, as described above, #* can be obtained. Since each step either
decreases or does not change the error probability, 6* is the optimal symbol-by-symbol
decoder in the sense of minimizing the error probability of decoding the first source
bits. This completes the proof.

For the other sub-channel, considering its characteristics, the same proof holds
with only swapping the role of X and X’ (for example, P(1,0) and P(0,1) will be
swapped in the previous equations).

Note that we independently apply the same function (3.10) to y and y’, the de-
modulated outputs of the orthogonal MAC, and acquire binary symbols ¢ and 7/,
respectively. Since the parameters of the NBNDC-QB sub-channels can be differ-
ent, we denote the first instantaneous decoder by #* and the second by #* with the

q in (3.10) changed to ¢’. Hence, a joint symbol (y;,y.) is decoded correctly when

(i, 9i) = (2, 77).
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3.3.2 Equivalence between joint MAP and instantaneous de-
coding

The following result presents a necessary and sufficient condition for the mappings
(0*,6™) to form an optimal sequence detection rule in the sense of minimizing the
sequence error probability. In this case, the MAP decoder is unnecessary and can be

replaced by the singlet decoders (6*,0™), without increasing the error probability.

Theorem 3.1. Consider two correlated memoryless binary sources having joint dis-
tribution P(x,z") with the symmetry assumption (3.5) and an orthogonal MAC chan-
nel consisting of two independent NBNDC-QB sub-channels where the first one has
the correlation parameter ¢ > 0, memory order M = 1, ¢ > 1, and a noise one-
dimenstonal probability distribution satisfying pg > p1 > pa > -+ > paa_q. Similarly,
assume that in the second channel € > 0,4 > 1, M’ = 1, and py, > p} > ph >
oo > pog . Let (z,2")N be a source sequence of length N > 2, (y,y ) the chan-
nel output sequence, and let (7,7)~ = (0*(y), 0" (') be obtained by applying the
mapping functions component-wise to the corresponding output sequences of the un-
derlying channels.

Then, decoding as (,2)N = (7,9)" is an optimal sequence MAP detection rule

for all possible received sequences if
1_P0,0
mm{(lpm’o) )( G ))}Azl, (3.21)
E_P(070) P(Oa())

A=)y e4 (1 —€)paiy
A = min . /2/ L T q7 . (3.22)
T U=y | et (1= Do

where

Conversely, if (3.21) does not hold, then for all N large enough there is at least one
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sequence for which (2,2)N = (§,7 )Y is not an optimal sequence MAP detection rule.

A necessary condition which holds for any N > 1 is as follows

o1y Py P(0,0 1 P(0,0
min { 2201 T2t min{(l (0,0 )(2 ( ))}21. (3.23)
P2a-1 Pog'—1 §_P(070) P(O’ O)

Proof. See Appendix A m

It can be observed that, if (3.23) does not hold, we have

ol () (7o) =

/ 1
q—1_ q’'—1_ p y 5 P 0,0
min P2 17'02/ 11 min{(l (O()) )’(2 ( )>}<1’
paa-t Py 3 — P(0,0) P(0,0)

which implies that (3.23) is a loose necessary condition for the case of N — oo.

(3.24)

In order to illustrate Theorem 3.1, we have simulated the system under various
channel and source conditions, by generating N = 10° independent samples of two
correlated binary sources according to a joint distribution satisfying (3.5). These
binary sources can represent two correlated Gaussian sources quantized with two
level quantizers (n = 1). Each simulation is repeated 10 times and the average joint
symbol error rate is computed to ensure the results are consistent. Denoting the left-
hand term of (3.21) by C, when C' > 1 it can be observed from Tables 3.1-3.3 that
the performance of the instantaneous decoding (6*,6) and the joint MAP decoder
are identical, while for C' < 1 the joint MAP decoder outperforms the instantaneous
decoder. In Table 3.1. (a), we present results for the case when the MAC’s sub-
channels have identical parameters and in Table 3.1. (b) to (e) we use sub-channels

with different parameters in order to further illustrate the theoretical result.



3.3. CASE STUDY: JOINT MAP DETECTION OF BINARY
SOURCES 40

Theorem 3.1 states that when C' < 1, there exists an input-output sequence
pair for which the joint MAP decoder performs better than instantaneous decoders;
this may not hold for all input-output sequences. As a result, the tables are just
illustrations of Theorem 3.1 and not a verification. Looking at the tables, we find
situations where C' < 1 and the instantaneous decoders still perform as well as the
joint MAP decoder. It can be seen that as C' approaches one, the chance of getting
equal joint SER increases. Note that the joint distribution between two binary sources
can be defined using only one parameter 0 < P(0,0) < 0.5, where P(0,0) = 0.25
represents two independent sources and moving away from this value increases the
correlation between the sources. As explained, for a given P(0,0), there exists a
corresponding pair of correlated Gaussian sources with correlation parameter p which
will result in joint binary sources with the same joint distribution if quantized with
two level quantizers. Hence, we use P(0,0) and p interchangeably.

Table 3.1 presents simulation results for joint MAP decoding and symbol-by-
symbol decoding when two correlated binary sources are transmitted over an or-
thogonal MAC consisting of two sub-channels, one is fully interleaved (Cor = 0.0)
and the other one has a high noise correlation. Simulation results when both sub-
channels have high noise correlations has been shown in Table 3.2; it can be observed
that, due to the fact that both sources have the same marginal distribution and the
noise correlations in the both sub-channels are identical, there is a symmetry between
the situations (SNRy, SNR/, ¢1,q;) and (SNRy, SNRY, g2, ¢5), where SNR; =SNR),,
SNR] =SNRs, ¢1 = ¢4 and ¢ = ¢o. In Table 3.3, we present simulation results corre-
sponding to the case when a fully-interleaved memoryless channel (Cor = Cor’ = 0)

is used. Finally, in Table 3.4, we use sub-channels with (Cor, Cor’) = (2.5 x1073,0.5)
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in order to further illustrate the theoretical results.

Looking at Tables 3.1-3.3, the following observations can be made.

e The joint SER of the instantaneous decoder (¢, 6’) does not change significantly
with (q,¢"), (Cor,Cor’) and p; however, it increases when lowering (SNR, SNR/);
i.e., with noisier sub-channels. This behavior can be intuitively explained by
writing the definition of SER and noting that pg+- - -+ pos-1_1 = poe—1+- -+ pog

for the marginal distributions given in [29, TABLE I].

e In general, the joint SER of the MAP decoder improves when the parameters
(q,¢"), (Cor,Cor’), (SNR, SNR’) and p are increased. This implies that the joint

MAP decoder is taking advantage of these parameters to decode the outputs.

e The results show that (q,¢"), (Cor,Cor’), and p constructively contribute in
helping the joint MAP decoder to combat channel errors; i.e., each individual
parameter is more effective in the presence of other helpful parameters with
high values. Furthermore, increasing these parameters makes more significant

improvements in the sub-channels with low SNR.

e The improvement of the joint MAP SER with increasing (SNR, SNR/) is more

visible when the parameters (q, '), (Cor,Cor’), and p are small.

e When (SNR < SNR/), comparing the effect of ¢ and ¢’ through the results of
Tables 3.1-3.3 (b) and (e), we can conclude that it is usually more beneficial, in
terms of the joint MAP SER improvement, to increase ¢ instead of ¢’. However,
in the case when the sources are not highly correlated to each other and sub-

channels have Cor < Cor’, increasing ¢’ results in slightly better results.
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e When (SNR > SNR/), according to Tables 3.1-3.3 (d), it can be observed that

increasing ¢’ instead of ¢ usually results in a better joint SER improvements.

e It can be observed from Tables 3.1-3.3 (c) to (e) that having sub-channels with
Cor < Cor', increasing SNR rather than SNR’ (by investing power in the
corresponding source) has more significant effect on improving the joint SER.
When Cor = Cor’, improving the SNR of the sub-channel with less resolution
leads to better results. Furthermore, the joint SER improvement is more visible

when two sources are highly correlated.

3.4 Simulation Results

3.4.1 SQ-MAC-MAP system simulation

We next simulate the SQ-MAC-MAP system for sending two correlated Gaussian
sources (generated by (3.1)). First, the SQ is designed and the joint distribution of
the sources P(X, X') is calculated using a training set of 10° paired source symbols.
Then, 10° source symbols are transmitted for simulation and the average SDR with
the mean square error distortion is measured after repeating each simulation 10 times
(for getting consistent results).

Table 3.5 shows the average SDR (in dB) in the SQ-MAC-MAP system simulation,
where SDR is defined as

SDR 2 QEL BIX)T (3.25)
> et BI(XG — X5)?]
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It can be verified that in general the system performs better with highly cor-
related sources and high noise correlation which means that the joint MAP de-
coder successfully exploits the channel noise correlation and the correlation between
sources. For example, when the correlation between sources is high (0.81), a 5.4 dB
(at ¢ = 2,n = 3, SNR = 2) SDR gain is achieved by having a system with high
noise correlation Cor (instead of a fully-interleaved memoryless channel); also, in
such a system, increasing the correlation between sources (from —0.31 to 0.81) leads
to significant improvements as high as 4.2 dB (at ¢ = 2,n = 3, SNR = 2) in SDR.

Furthermore, it can be observed that incorporating more soft-decision information
has a positive effect on the performance of the system under joint MAP decoding. For
example using a 3-bit soft-decision quantizer rather a hard-decision quantizer (¢ = 1)
results in a 4.28 dB gain (at n = 3, SNR = 2, and p = 0.81).

Considering Table 3.6, increasing soft-decision information and also the corre-
lation between the sources do not have any significant effect on the performance
of the instantaneous decoder. These results are predictable because according to
(3.10), for 0 < i < N, the outputs of the instantaneous symbol-by-symbol decoder
(0*(y;), 0" (y)) can be written as functions of R; and R!, the unquantized outputs of

the Rayleigh fading underlying sub-channels

B 0, if R; <0 y 0, if R;<0
1, otherwise 1, otherwise
which shows no dependence on ¢, ¢, and P(z,x’).

Furthermore, considering a system with a 2-level quantizer (n = 1) and a fully

interleaved channel (Cor = 0), we can verify Theorem 3.1 by comparing Tables 3.2
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and 3.3 and observing that whenever C' > 1 in Table 3.1, the instantaneous symbol-
by-symbol decoder is performing as well as the joint MAP decoder.

The joint SDR (for both joint MAP decoder and symbol-by-symbol decoder) of
a system with 2-level quantizers (n = 1) shows the same behavior as its joint SER
which we examined in the previous section. Hence, we only fully present the results
for a system with 4-level quantizers (n = 2), simulated under various conditions;
see Tables 3.7 and 3.8 . It can be observed that all the arguments regarding the
joint MAP SER of the binary input system also hold for the join MAP SDR of a
system with more quantizer levels (n = 2). Unlike the system with binary sources,
the SDR results of the instantaneous decoder improve with the increase in the noise
correlations of the sub-channels. Intuitively, this is due to having symbols which are
made of n bits (n > 1) and have the higher probability of being received correctly
because of the correlation between the bits. It is also observed that increasing the
noise correlation in the sub-channel with lower SNR results in a more significant SDR
improvement.

Furthermore, looking at Table 3.5, we observe that there are situations when
increasing the sub-channels noise correlations does not increase the SDR of the binary
system (n = 1). This behavior can be explained by looking at the corresponding SER
performance. If C' > 1 for two sets of source-channel parameters that only differ in
the value of Cor, the joint MAP decoder becomes useless and can be replaced by
the instantaneous decoder whose performance does not change with C'or. As already
noted, the joint MAP decoder is not optimal in terms of SDR; as a result, the SDR
performance of the binary system may decrease if increasing Cor results in C' < 1.

To further illustrate this issue, we rewrite (3.21). Without loss of generality,
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assume that

- €+ 0 —phy iy e+ (1—pprg | e+ (1—€)ppiy
€+ (L=€)pyy, e+ (1—€)po e+ (1 —€)paar

and let

oem{(:250) ()

As a result, (3.21) can be written as

c+U =gy (3.27)
€+ (1 — E)pgq—l -

Thus, noting that Cor = € (since M = « = 1 in the sub-channels), (3.27) implies

that if

B(1 = paa-11) + poa-1 = U B(L—pl, ) +ply, —
(3.28)

1 — Bpaa-1_ Pog—1 — Bphy 1
max{Cor, Cor'} < min{ paet Paai-1 2 21 1(
changing the sub-channels noise correlations does not change the system SDR. Note
that for (3.28) to hold, since the denominator is always non-positive; the numerator

L. . _ p, ’_
must be non-positive (i.e., B > 2= or B > 27-L)
Paa—1_1 ga’—1_1
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3.4.2 Validating the NBNDC-QB model for the orthogonal

Rayleigh discrete fading MAC

Although it has been shown in [29] that NBNDC-QB is a good model for a point-
to-point time-correlated Rayleigh DFC in terms of the MAP decoder SDR, it is in-
teresting to verify that the NBNDC-QB model can effectively represent the time-
correlated Rayleigh DFC sub-channels of an orthogonal MAC in terms of the joint
SDR performance of the SQ-MAC-MAP system. As described in Section 3.2, we de-
sign the joint MAP decoder based on the NBNDC-QB parameters matched to a given
Rayleigh DFC (fixed SNR, fpT, g and §) using the techniques described in Section
2.1.2. Then, we run the SQ-MAC-MAP system simulations using the Rayleigh DFC
and the fitted NBNDC-QB (values in [26, Table 11| are considered as examples) and
compare their SDR performance. The fading coefficients for the Rayleigh DFC are
generated according to the modified Clarke’s method in [37]. As explained in Sec-
tion 3.2, the joint MAP decoder is designed using a modified version of the Viterbi
algorithm which consists of 4™ states and 27— M+1) 5 2(kn=M'+1) incoming and 4"
outgoing branches, where k is the smallest integer satisfying kn > max{M, M'}. We
simulate the SQ-MAC-MAP system with an input sequence of length N = 2 x 10°
and repeat each simulation for at least 4 times to find a trustable average result. Even
for relatively small memory orders such as M = 4, the joint sequence decoder has
a complexity which can result in very long simulation times. Hence, the validation
is done only for a Rayleigh DFC with noise memory M = 4 under SNR=15 dB and
q=2.

Looking at Table 3.9, we can see that the difference between the joint SDR per-

formances of the two channel models is very minor when the sources are quantized
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with two level quantizers (n = 1) but this difference becomes more significant as n in-
creases. The mismatch is more visible at low source correlation (p) since having high
correlation helps joint MAP decoder correct more errors. The joint SDR agreement
for low coding rate can be explained by noting that for the case of binary inputs,
the sub-channel inputs are almost i.i.d. uniform, the capacity-achieving distribution
for these two symmetric channel models. Thus, the two channel models will behave
similarly in this situation.

Furthermore, the conformity of the two channel models in a low rate SQ system
with instantaneous decoders (0*,0"™) can be verified from Table 3.10.

On the other hand, it can be seen from Tables 3.11 and 3.12 that there is a
significant mismatch between the two channel models in terms of the joint symbol
error rate.

We can observe that an orthogonal MAC with DFC-fitted NBNDC-QB sub-
channels can efficiently model the orthogonal MAC with original Rayleigh DFC sub-
channels in terms of the joint SDR when the system is operating under a low coding
rate. It is also interesting to note that in a system with a Rayleigh DFC orthogonal
MAC, the instantaneous decoders may outperform our joint MAP decoder because
the latter is designed based on the DFC-fitted NBNDC-QB parameters and used with
the original Rayleigh DFC orthogonal MAC which is not completely matched with
the NBNDC-QB model.
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Table 3.1: Joint symbol error rate (in %) of joint MAP decoding and instantaneous
mapping (6*,0™) for two correlated Gaussian sources with the joint distributions
P(0,0) = 0.2 and 0.4. The channel model is a MAC channel with two orthogonal
NBNDC-QBs, with M = a =1, Cor = 0.0, Cor’ =09 and ¢ = 1,2, 3.

Part (a): Two sub-channels with identical parameters (SNR, q).

(SNR, SNR') (dB)

P(0,0) | (¢,9) (15,15) (10,10) (5,5) (2,2)
MAP [ (6*,0™) | MAP | (6*,0™) | MAP | (6*,0™) | MAP [ (¢*,6")
(1.1) C=074<1 | C=074<1 | C=0T3<1 | C=0T72<1
7 1.61 | 161 | 463 [ 463 | 1246 [ 1247 [20.63 ] 20.66
02 | (22 [([£=067<1 ] C=067<1 | C=067<1] C=067<1
’ 130 | 148 | 400 [ 466 |11.28 ] 1242 | 19.17 [ 20.59
(3.3) C=067<1 | C=067T<1 | C=067T<1 | C=067<1
’ 128 | 154 | 387 [ 458 [ 1084 [ 1244 | 1849 20.53
(1,1) C=028<1 C=028<«1 C=027<1 C=027<1
’ 1.09 | 149 | 321 | 453 | 881 | 1239 | 14.86 | 20.25
04 | (22 [[£=025<1 ] C=025<1]| C=025<1] C=025<1
' 7 079 | 1.57 [ 223 | 462 | 643 | 12.56 | 10.41 [ 20.67
(3.3) C=02<1 | C=025<1 | C=025<1 [ C=025<1
’ 0.66 | 152 | 2.00 | 460 [ 572 | 1239 [ 9.75 | 20.32
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Table 3.1 (b): Two sub-channels with identical parameter SNR.
(SNR, SNR') (dB)
P0,0) | (¢,¢) (15,15) (10,10) (.,5) 2.2)
MAP | (6°,67) | MAP [ (6°,67) | MAP | (67,0%) | MAP | (67,07
(1,2) C=067<1 C=067<1 C=067<1 C=067<1
“) T35 [ 150 | 3.95 | 443 | 11.24] 12.36 | 18.04 | 20.67
(1,3) C=067<1 C=067<1 C=067<1 C=067<1
27129 [ 155 | 387 | 448 [ 10.67 | 12.19 | 1845 | 20.55
(2,3) C=067<1 C=067<1 C=067<1 C=067<1
0 ) 7127 [ 151 [ 395 | 456 | 10.90 | 12.51 | 18.46 [ 20.57
' (3.2) C=067<1 C=067<1 C=067<1 C=067<1
’ 1.32 ‘ 1.57 4.02 ‘ 4.56 11.25 ‘ 12.62 19.01 ‘ 20.56
(3.1) C=074<1 C=074<1 C=073<1 C=072<1
158 [ 158 | 461 | 4.61 | 12.27 | 12.27 | 20.42 | 20.48
(2,1) C=074<1 C=074<1 C=073«<1 C=072<1
’ 1.55 ‘ 1.55 4.53 ‘ 4.53 12.49 ‘ 12.49 20.65 ‘ 20.67
(1,2) C=025<«1 C=025<«1 C=025<«1 C=025<«1
“) 7089 [ 1.56 | 2.75 | 4.62 | 7.70 | 12.48 | 13.40 | 20.50
(1,3) C=02<1 C=02<1 C=02<1 C=02<1
’ 0.87 ‘ 1.53 2.57 ‘ 4.54 7.40 ‘ 12.34 12.77 ‘ 20.44
(2,3) C=025<«1 C=025<«1 C=025<«1 C=025<«1
04 2074 [ 159 | 206 | 473 | 611 | 1229 | 992 | 20.52
' (3.2) C=025<1 C=02<1 C=02<1 C=025<1
#7070 [ 151 | 213 | 457 | 6.05 | 12.42 | 1046 ] 20.51
(3.1) C=028<«1 C=028«1 C=028<«1 C=027<1
094 [ 154 | 271 | 462 | 7.22 | 12.36 | 12.00 | 20.33
2,1) C=028<«1 C=028<«1 C=027<1 C=027<1
’ 098 | 157 | 277 | 450 [ 7.59 | 12.34 [11.99 | 20.38
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Table 3.1 (c¢): Two sub-channels with identical parameter g.
(SNR, SNR/) (dB)
P(0,0) | (¢,¢) (15,10) (15,5) (15,2) (10,5)
MAP \ (0*,0™) | MAP \ (0*,6™) | MAP \ (0*,6™) | MAP \ (0*,0™)
(1,1) C=074<1 C=073<1 C=072<1 C=073<1
’ 3.21 \ 3.21 7.38 \ 7.38 11.42 \ 11.47 8.45 \ 8.46
0.2 (2,2) C=067<1 C=067<1 C=067<1 C=067T<1
’ 252 [ 317 [ 567 [ 724 | 912 ] 1158 | 720 | 8.73
(3.3) C=067<1 C=067<1 C=067T<1 C=067T<1
’ 236 | 327 [ 522 ] 712 | 816 | 1147 | 6.73 | 8.53
(1,1) C=028<1 C=027T<1 C=027T<1 C=027T<1
’ 1.69 | 298 [ 297 [ 731 [ 413 [ 1147 | 445 | 8.46
0.4 (2,2) C=025<«1 C=025<«1 C=025<«1 C=025<«1
’ 1.03 \ 3.08 1.67 \ 7.02 2.50 \ 11.34 2.98 \ 8.72
(3.3) C=02<1 C=025<1 C=025<1 C=02<1
7 0.83 [ 3.09 | 1.35 [ 724 | 1.97 [ 1136 | 2.54 | 857
(SNR, SNR/) (dB)
P(0,0) | (¢,¢) (5,10) (2,15) (5,15) (10,15)
MAP \ (0*,0™) | MAP \ (0*,6™) | MAP \ (0*,6™) | MAP \ (0*,0™)
(1,1) C=074<1 C=074<1 C=074<1 C=074<1
’ 8.59 \ 8.59 11.50 \ 11.50 7.17 \ 7.17 3.05 \ 3.05
0.2 (2.2) C=067<1 C=067<1 C=067<1 C=067<1
' ’ 824 [ 881 [1146] 1164 | 7.04 | 718 | 286 | 3.04
(3.3) C=067<1 C=067<1 C=067<1 C=067<1
’ 801 [ 861 [11.39] 1161 | 694 [ 713 [ 2.81 [ 3.07
(1,1) C=028<1 C=028<1 C=028<1 C=028<1
’ 741 | 860 |[11.25] 1153 | 6.78 | 7.14 | 2.66 | 3.09
04 (2,2) C=025<«1 C=025<«1 C=025<«1 C=025<«1
' ’ 5.63 \ 8.64 8.17 \ 11.57 5.29 \ 7.09 2.02 \ 3.06
(3.3) C=02<1 C=025<1 C=025<1 C=025<1
7 511 [ 857 [8.09 [ 1144 | 499 [ 716 | 1.81 | 3.05
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Table 3.1 (d): First sub-channel (with C'or = 0.0) has higher SNR.
(SNR, SNR’) (dB)
P(0,0) | (¢.4") (15,10) (15,5) (15,2) (10,5)
MAP | (0%,0™) | MAP | (9*,0™) | MAP | (¢*,0™) | MAP | (6%,0™)
(1,2) C=067T<1 | C=067T<1 | C=067<1 | C=067<1
’ 247 | 317 | 550 [ 7.06 | 897 [ 11.52 | 713 | 8.65
(1,3) C=067T<1 | C=067<1 | C=067<1 | C=067<1
’ 238 [ 321 [ 519 [ 724 | 819 ] 1159 | 6.78 | 8.61
(2,3) C=067T<1 | C=067T<1 | C=067T<1 | C=067<1
0. ’ 246 | 316 | 523 | 716 | 7.99 | 1153 | 6.86 | 8.65
' (3.2) C=067T<1 | C=067<1 | C=067<1 | C=067<1
’ 243 | 3.01 5.56 | 7.0 9.14 | 1157 | 7.20 | 8.67
(3.1) C=074<1 | C=073<1 | C=072<1 | C=073<1
’ 3.07 | 3.07 731 | 732 |11.75] 11.80 | 8.67 | 8.70
2,1) C=0714<1 | C=073<1 | C=072<1 | C=073<1
’ 3.07 | 3.07 6.97 | 697 |11.36 | 1140 | 8.56 | 8.56
(1,2) C=025<1 | C=025<1 | C=025<1 | C=025<1
’ 1.12 \ 3.03 1.84 \ 7.24 2.64 \ 11.57 3.41 \ 8.65
(1,3) C=02<1 | C=025<1 | C=02<1 | C=025<1
’ 1.01 | 295 [ 154 [ 713 [ 212 ] 1183 | 3.16 | 861
(2,3) C=02<1 | C=025<1 | C=025<1 | C=025<1
04 ’ 092 [ 308 | 141 [ 7.08 [ 203 ] 11.63 [ 2.69 | 8.46
' (3.2) C=025<1 C=02<1 C=025<1 C=025<1
’ 0.97 | 3.10 1.65 | 7.19 246 | 1159 | 2.84 | 875
(3.1) C=028<1 | C=02T<1 | C=02T<1 | C=027T<1
7 142 ] 299 [ 275 ] 713 [ 387 [ 1151 [ 3.94 [ 854
2,1) C=028<1 | C=02T<1 | C=02T<1 | C=027T<1
’ 155 [ 316 [ 281 | 6.96 | 400 [ 1147 | 412 [ 859
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Table 3.1 (e): Second sub-channel (with Cor = 0.9) has higher SNR.
(SNR, SNR/) (dB)
P(0,0) | (¢.4) (5,10) (2,15) (5.15) (10,15)
MAP [ (6%,6™) | MAP [ (6%,6) | MAP [ (6%,6™) | MAP [ (6%,07)
(1.2) C=067<1 | C=067<1 | C=067<1 | C=067<1
’ 810 | 854 [11.40] 1145 [ 696 | 714 [ 283 [ 311
(1.3) C=067<1 | C=067T<1 | C=067T<1 [ C=067<1
’ 793 [ 850 [11.39] 11.54 [ 6.95 | 7.13 [ 2.8 | 3.08
2.3) C=067<1 | C=067T<1 | C=067T<1 [ C=067<1
0. ’ 798 | 852 | 1147[ 11.59 | 6.99 | 7.17 | 2.83 | 3.10
' (3.2) C=067<1 | C=067<1 | C=067<1 | C=067<1
’ 814 | 853 [1143] 1160 | 7.01 | 717 [ 293 | 3.14
(3.1) C=074<1 | C=074<1 | C=074<1 | C=074<1
7 856 | 856 |11.49] 1149 | 7.08 [ 7.08 | 311 | 3.11
2.1) C=074<1 | C=074<1 | C=0T4<1 [ C=074<1
’ 8.65 | 865 [11.51] 1151 [ 716 [ 716 [ 312 [ 3.12
(1.2) C=02<1 | C=025<1 [ C=025<1 [ C=025<1
’ 6.86 | 865 [10.93] 1148 [ 653 [ 714 [ 246 [ 3.15
(13) C=02<1 | C=025<1 | C=025<1 | C=025<1
’ 6.73 | 852 [10.97 ] 11.55 | 655 | 7.16 | 2.39 [ 3.05
(2.3) C=025<1 | C=025<1 | C=025<1 [ C=025<1
0.4 ’ 524 | 863 | 813 | 1154 | 493 | 7.09 | 1.90 | 311
' (3.2) C=028<1 | C=028<1 | C=028<1 | C=028<1
’ 578 | 858 | 841 | 1160 | 519 | 711 | 2.08 | 3.08
(3.1) C=028<1 | C=028<1 | C=028<1 [ C=028<1
7 6.17 [ 8.68 | 839 | 11.54 | 557 | 7.14 | 222 [ 3.06
2.1) C=028<1 | C=028<1 | C=028<1 [ C=028<1
’ 6.17 | 868 [ 839 | 1154 [ 557 | 714 [ 222 | 3.06
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Table 3.2: Joint symbol error rate (in %) of joint MAP decoding and instantaneous
mapping (6*,0™) for two correlated Gaussian sources with the joint distributions
P(0,0) = 0.2 and 0.4. The channel model is a MAC channel with two orthogonal
NBNDC-QBs, with M =a =1, Cor =0.9, Cor’ =09 and ¢ = 1,2, 3.

Part (a): Two sub-channels with identical parameters (SNR, q).

(SNR, SNR') (dB)

P(0,0) | (¢,4") (15,15) (10,10) (5,5) (2,2)
MAP [ (6%,6™) | MAP [ (6*,6™) | MAP [ (6%,6) | MAP [ (6%,0™)
(1.1) C=074<1 | C=074<1 | C=073<1 | C=072<1
7 152 [ 1.52 | 450 | 450 |1263] 12.63 |20.32 | 20.34
02 | (22 C=067<1 | C=067T<1 | C=067T<1 [ C=067<1
’ 113 | 154 | 344 | 456 | 956 | 12.33 | 16.80 | 20.67
(3.3) C=067<1 | C=067<1 | C=067<1 | C=067<1
’ 1.03 [ 1.50 | 325 | 458 | 895 | 1221 |15.00 | 20.60
(1,1) C=028<1 C=028<«1 C=027<1 C=027<1
’ 1.08 [ 1.53 | 323 | 455 | 861 | 1227 | 1429 | 20.34
04 | (22 C=02<1 | C=025<1 | C=025<1 | C=025<1
' 7 028 | 157 [ 093 ] 455 [ 289 | 1251 [ 6.08 | 20.65
(3.3) C=02<1 | C=025<1 | C=025<1 | C=025<1
’ 019 | 151 [ 059 | 457 [ 1.99 | 12.09 [ 421 | 20.48
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Table 3.2 (b): Two sub-channels with identical parameter SNR.
(SNR, SNR’) (dB)
P(0,0) | (¢,4) (15,15) (10,10) (5,5) (2,2)
MAP ‘ (0*,0™) | MAP ‘ (0*,6™) | MAP ‘ (0*,6™) | MAP ‘ (0*,0™)
(1,2) C=067<1 C=067<1 C=067<1 C=067<1
“) 7132 [ 151 | 397 | 453 | 10.98 | 12.28 | 18.52 | 20.41
(1,3) C=067<1 C=067<1 C=067<1 C=067<1
) ITT28 ] 153 | 381 | 455 | 1043 | 12.35 | 1823 | 20.88
(2,3) C=067<1 C=067<1 C=067<1 C=067<1
0 )| TT02 [ 154 | 322 | 457 | 920 | 12.56 | 16.03 | 20.65
' (3.2) C=067<1 C=067T<1 C=067<1 C=067<1
’ 1.03 ‘ 1.46 3.21 ‘ 4.41 9.28 ‘ 12.24 | 16.03 ‘ 20.98
(3.1) C=067<1 C=067<1 C=067<1 C=067<1
) ITT28] 162 | 381 | 440 |10.44 | 12.04 | 1823 [ 20.55
(2,1) C=067<1 C=067<1 C=067<1 C=067<1
’ 1.32 ‘ 1.54 3.96 ‘ 4.36 10.97 ‘ 12.18 | 18.51 ‘ 20.31
(1,2) C=025<1 C=02<1 C=025<1 C=025<1
’ 0.54 ‘ 1.40 1.69 ‘ 4.62 4.66 ‘ 12.45 8.60 ‘ 20.63
(1,3) C=02<1 C=02<1 C=02<1 C=02<1
) 7046 | 152 | 1.30 | 478 | 398 | 1241 | 747 | 20.76
(2,3) C=025<1 C=025<1 C=025<1 C=025<1
04 ) 024 [ 148 | 0.74 | 457 | 244 | 1242 | 487 | 20.28
' (3.2) C=02<1 | C=025<1 | C=025<1 | C=025<1
“) 7024 [ 162 | 0.14 | 476 | 243 | 12.58 | 4.87 | 2051
(3.1) C=025<1 C=025<1 C=025<1 C=025<1
) 7045 [ 159 | 1.30 | 447 | 398 | 12.48 | 7.48 | 20.12
2,1) C=025<1 C=025<1 C=025<1 C=025<1
) 053 158 | 1.68 | 470 | 466 | 12.42 | 8.61 | 2048
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Table 3.2 (c¢): Two sub-channels with identical parameter g.
(SNR, SNR') (dB)
P(0,0) | (¢,4") (15,10) (15,5) (15,2) (10,5)
MAP [ (0%,6™) | MAP [ (6%,6) | MAP [ (6%,6™) | MAP [ (6*,0™)
(1.1) C=074<1 | C=073<1 | C=072<1 | C=073<1
’ 3.06 | 306 [ 721 ] 727 [11.60] 11.72 [ 859 [ 8.60
02 | (22) C=067<1 | C=067<1 | C=067<1 | C=067<1
’ 219 | 304 | 528 [ 730 | 877 | 11.50 | 6.50 | 8.27
(3.3) C=067<1 | C=067<1 | C=067<1 | C=067<1
’ 208 | 307 |48 ] 699 | 790 | 1150 | 585 | 845
(1.1) C=028<1 | C=027T<1 | C=027T<1 | C=027<1
’ 1.66 [ 3.01 | 284 ] 695 | 410 [ 11.35 | 451 | 8.63
0.4 (2,2) C=02<1 | C=025<1 | C=025<1 | C=025<1
’ 056 [ 294 | 1.26 [ 722 [ 205 [ 11.28 | 1.79 [ 8.69
(3.3) C=02<1 | C=025<1 | C=025<1 | C=025<1
7 036 | 313 [ 085 ] 723 [ 1.50 [ 1156 [ 1.17 [ 8.68
(SNR, SNR/) (dB)
P(0,0) | (¢,4") (5,10) (2,15) (5.15) (10,15)
MAP [ (6%,6™) | MAP [ (6%,6) | MAP [ (6%,6) | MAP [ (6*,67)
(1.1) C=073<1 | C=072<1 | C=073<1 | C=074<1
’ 8.65 | 898 [11.51] 1154 [ 713 [ 714 [ 3.07 [ 3.07
02 | (22 C=067<1 | C=067<1 | C=067<1 | C=067<1
' ’ 6.53 | 851 | 876 [ 11.59 | 526 | 6.86 | 2.20 [ 3.04
(3.3) C=067<1 | C=067<1 | C=067<1 | C=067<1
’ 583 | 835 | 789 | 1146 | 481 | 698 | 2.09 | 313
(1.1) C=027T<1 | C=027T<1 | C=027T<1 | C=028<1
’ 449 | 840 | 4.08 | 1147 [ 285 [ 712 [ 1.67 [ 3.05
04 (2,2) C=02<1 | C=025<1 | C=025<1 | C=025<1
' ’ 181 | 857 | 206 | 1156 | 126 | 731 | 056 | 3.01
(3.3) C=02<1 | C=025<1 | C=025<1 | C=025<1
7 117 | 866 | 148 | 1161 | 086 | 695 | 037 | 3.09
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Table 3.2 (d): First sub-channel has higher SNR.
(SNR, SNR/) (dB)
P(0,0) | (¢.4) (15,10) (15,5) (15,2) (10,5)

MAP [ (6*,0™) | MAP | (6*,0™) | MAP [ (9*,0™) | MAP [ (¢*,0")

(1.2) C=067<1 | C=067T<1 | C=067<1 | C=067<1

’ 249 | 305 | 561 | 730 | 896 | 11.56 | 7.03 | 8.69

(13) | £=067<1 [ C=067<1 | O=067<1 | C=067<1

’ 231 | 306 | 498 [ 7.02 | 817 | 1143 | 6.65 | 8.66

2.3) C=067<1 | C=067T<1 | C=067T<1 [ C=067<1

0. ’ 220 | 329 | 501 | 709 | 794 | 1138 | 6.11 | 859
(3.2) C=067<1 | C=067<1 | C=067<1 | C=067<1

’ 229 [ 316 [ 524 | 7.05 [ 870 | 11.37 [ 648 | 860

(31) | £=067<1 [ O=067<1 | C=067<1 | C=067<1

7 276 [ 294 [ 696 | 718 [11.24] 11.64 | 7.89 | 855

2.1) C=067<1 | C=067<1 | C=067<1 [ C=067<1

’ 294 [ 313 [ 710 ] 730 [11.28] 11.50 [ 8.01 | 849

(1.2) C=02<1 | C=025<1 [ C=025<1 [ C=025<1

’ 103 ] 304 | 172 ] 693 [ 261 [ 11.62 | 275 | 8.45

(13) C=02<1 | C=025<1 | C=025<1 | C=025<1

’ 072 [ 3.03 | 1.37 [ 7.08 | 2.06 | 1140 | 224 | 861

(23) | €=025<1 [ O=025<1 | C=025<1 | C=025<1

0.4 ’ 041 | 315 [ 095 ] 721 | 151 | 11.78 | 143 [ 883
' (3.2) C=02<1 | C=025<1 | C=025<1 | C=025<1
’ 046 | 299 [ 116 | 704 [ 210 [ 11.85 [ 1.50 [ 8.52

(31) | £=026<1 [ C=025<1 | O=025<1]| C=025<1

7 1.02 [ 310 [ 232 ] 733 | 348 [ 11.38 | 274 | 8.60

2.1) C=02<1 | C=025<1 | C=025<1 [ C=025<1

’ 106 [ 311 | 231 [ 713 | 363 | 11.76 | 290 | 8.55
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Table 3.2 (e): Second sub-channel has higher SNR.
(SNR, SNR/) (dB)
P(0,0) | (¢.4) (5,10) (2,15) (5.15) (10,15)

MAP [ (6%,6™) | MAP [ (6%,6) | MAP [ (6%,6™) | MAP [ (6%,07)

(1.2) C=067<1 | C=067T<1 | C=067<1 | C=067<1

’ 8.05 | 882 [11.23] 1140 | 7.08 | 723 [ 298 | 321

(1.3) C=067<1 | C=067T<1 | C=067T<1 [ C=067<1

’ 790 | 850 [11.20] 1142 | 701 | 724 | 278 | 3.05

2.3) C=067<1 | C=067T<1 | C=067T<1 [ C=067<1

0.9 ’ 6.51 | 872 [ 8.67 | 1144 [ 520 [ 6.99 [ 232 [ 3.28
' (3.2) C=067<1 | C=067<1 | C=067<1 | C=067<1
’ 612 | 860 [ 798 | 11.72 [ 498 [ 722 [ 217 [ 3.22

(3.1) C=067<1 | C=067T<1 | C=067T<1 [ C=067<1

7 6.68 | 8.62 | 820 [ 11.52 | 5.01 [ 697 | 228 [ 3.04

2.1) C=067<1 | C=067<1 | C=067<1 [ C=067<1

’ 704 | 864 | 891 | 11.56 | 558 | 7.07 | 251 | 3.07

(1.2) C=02<1 | C=025<1 [ C=025<1 [ C=025<1

’ 3.06 | 877 [ 357 [ 1163 [ 235 [ 7.05 [ 1.14 [ 319

(13) C=02<1 | C=025<1 | C=025<1 | C=025<1

’ 2.69 | 852 | 363 [ 1149 | 223 [ 714 | 099 | 3.07

(2.3) C=02<1 | C=025<1 | C=025<1 | C=025<1

0.4 ’ 143 [ 859 | 202 [ 1155 | 1.15 | 7.30 | 049 | 295
(3.2) C=02<1 | C=025<1 | C=025<1 | C=025<1

’ 141 [ 872 | 1.59 | 11.55 | 099 | 7.29 | 045 | 3.09

(3.1) C=02<1 | C=025<1 | C=025<1 | C=025<1

7 229 | 865 | 203 [ 11.77 | 1.34 [ 7.17 | 0.67 [ 3.04

2.1) C=02<1 | C=025<1 | C=025<1 | C=025<1

’ 288 | 868 | 253 | 1154 | 1.76 | 7.01 [ 0.95 | 3.04
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Table 3.3: Joint symbol error rate (in %) of joint MAP decoding and instantaneous
mapping (6*,0™) for two correlated Gaussian sources with the joint distributions
P(0,0) = 0.2 and 0.4. The channel model is a MAC channel with two orthogonal
NBNDC-QBs, with M =a =1, Cor = Cor’ =0 and ¢ = 1,2, 3.

Part (a): Two sub-channels with identical parameters (SNR, q).

(SNR, SNR') (dB)

P(0,0) | (¢,4") (15,15) (10,10) (5,5) (2,2)
MAP [ (6%,6™) | MAP [ (6*,6™) | MAP [ (6%,6) | MAP [ (6%,0™)
(1.1) C=8566>1|C=27198>1] C=972>1 | C=548>1
’ 151 [ 151 | 463 | 463 [1244] 1244 |20.52 | 20.52
02 | (22 C=208>1 | C=18>1 | C=190>1 | C=154>1
' ’ 153 [ 1.53 | 460 | 4.60 |[1244] 1244 |20.52 | 20.52
(3.3) C=120>1 | C=119>1 | C=109>1 | C=103>1
’ 153 [ 1.53 | 461 | 4.61 |1248] 1248 |20.54 | 20.54
(1.1) C=3212>1 | C=1049>1 | C=365>1 | C=205>1
’ 153 | 153 | 461 | 461 [1248] 1248 [20.56 | 20.56
04 | (22 C=078<1 | C=070<1 | C=071<1 | C=058<1
' 7 132 [ 153 | 377 | 460 [10.28] 1244 |15.94] 2045
(3.3) C=045<1 | C=045<1 | C=041<1 | C=039<1
’ 117 [ 154 | 347 | 458 | 950 | 1243 | 15.66 | 20.48
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Table 3.3 (b): Two sub-channels with identical parameter SNR.
(SNR, SNR/) (dB)
P(0,0) | (¢,4") (15,15) (10,10) (5,5) (2,2)
MAP [ (%,6™) | MAP [ (6%,6™) | MAP [ (6%,6) | MAP [ (6%,0™)
(12) C=208>1 | C=18>1 | C=190>1 | C=154>1
’ 154 [ 1.54 | 460 | 460 |1239] 1239 |20.54 | 20.54
02 | (13) C=120>1 | C=119>1 | C=1.09>1 | C=103>1
’ 1.57 [ 1.57 | 459 | 459 |[1248] 1248 |20.50 | 20.50
(2,3) C=120>1 | C=119>1 | C=109>1 | C=103>1
’ 155 [ 1.55 | 457 | 457 [1244] 1244 ]20.55 ] 20.55
(1.2) C=078<1 | C=070<1 | C=071<1 | C=058<1
’ 143 [ 154 | 418 | 462 [11.30] 1247 [17.95] 20.50
04 | (13) C=045<1 | C=045<1 | C=041<1 | C=039<1
' 7 137 [ 156 | 405 | 462 [10.96 | 1244 |17.94] 20.55
(2.3) C=045<1 | C=045<1 | C=041<1 | C=038<1
’ 124 [ 1.53 | 360 | 459 | 989 | 1248 |15.71 | 20.54
Table 3.3 (c¢): Two sub-channels with identical parameter g.
(SNR, SNR/) (dB)
P(0,0) | (¢,4") (15,10) (15,5) (15,2) (10,5)
MAP [ (6%,6™) | MAP [ (6%,6) | MAP [ (6%,6) | MAP [ (6*,07)
(1.1) C=2198>1] C=972>1 | C=548>1 | C=972>1
’ 310 [ 310 | 714 [ 714 [1148] 1148 [ 855 [ 855
02 | (22 C=18>1 | C=190>1 | C=154>1 | C=18>1
' 7 3.09 | 309 [ 711 ] 711 [11.54] 1154 [ 857 [ 857
(3.3) C=119>1 | C=1.09>1 | C=1.03>1 | C=109>1
’ 3.06 | 306 [ 717 | 717 [11.56 ] 11.56 | 861 | 8.61
(1.1) C=1049>1] C=365>1 | C=205>1 | C=365>1
’ 3.08 | 308 [ 716 | 716 [11.53] 11.53 [ 862 | 8.62
04 | 22 C=070<1 | C=071<1 | C=058<1 | C=070<1
’ 251 | 308 | 579 | 717 | 864 | 1159 | 7.06 | 8.63
(3.3) C=045<1 | C=041<1 | C=039<1 | C=041<1
’ 233 | 309 | 543 [ 712 | 853 | 11.52 | 6.54 | 8.61
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Table 3.3 (d): First sub-channel has higher SNR.
(SNR, SNR/) (dB)
P(0,0) | (¢.4) (15,10) (15,5) (15,2) (10,5)
MAP [ (6*,0™) | MAP | (6*,0™) | MAP [ (9*,0™) | MAP [ (¢*,0")
(1.2) C=18>1 | C=190>1 | C=154>1 | C=190>1
’ 308 [ 3.08 | 715 [ 715 [11.50 [ 11.50 | 8.63 [ 8.63
13 | E=119>1 [ C=109>1 | C=103>1 | C=109>1
7 311 | 311 [ 722 ] 722 [1153] 1153 | 863 [ 8.63
2.3) C=119>1 | C=109>1 | C=1.03>1 [ C=109>1
0.9 ’ 311 | 311 [ 714 ] 714 [11.53] 1153 | 856 [ 8.56
' (3.2) C=120>1 | C=120>1 | C=120>1 | C=119>1
’ 3.09 | 3.09 [ 713 ] 713 |[1147] 1147 | 855 [ 855
31) | C=120>1 [ C=120>1 | =120>1 | C=119>1
7 3.07 [ 307 | 716 [ 716 |11.54] 11.54 | 861 | 861
2.1) C=208>1 ] C=208>1 | C=208>1 [ C=18>1
’ 307 ] 307 [ 713 ] 713 [11487] 1148 | 858 [ 858
(1.2) C=070<1 | C=071<1 | C=058<1 [ C=071<1
’ 266 [ 311 [ 591 | 711 [ 865 ] 1150 [ 7.38 | 858
(13) C=045<1 | C=041<1 | C=039<1 | C=041<1
7 250 [ 307 [ 556 | 715 [ 8.68 | 11.51 [ 7.08 | 8.60
(23) | C=045<1 [ O=041<1 | O=039<1 | O=041<]
0.4 ’ 242 | 306 | 544 | 708 | 856 | 1147 | 6.66 | 8.59
' (3.2) C=045<1 | C=045<1 | C=045<1 | C=045<1
’ 250 | 312 | 578 | 716 | 858 | 11.61 | 6.88 | 8.58
(31) | £=045<1 [ C=045<1 | O=045<1 | O=045<1
7 287 [ 306 [ 7.02 ] 719 [11.39] 11.56 [ 8.03 | 856
2.1) C=078<1 | C=078<1 | C=078<1 [ C=070<1
’ 295 | 305 | 705 | 716 [11.36| 1146 | 8.21 | 8.63
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Table 3.4: Joint symbol error rate (in %) of joint MAP decoding and instanta-
neous mapping (6%, 0"*) for two correlated Gaussian sources with the joint distribution
P(0,0) = 0.2. The channel model is a MAC channel with two orthogonal NBNDC-
QBs, with M =a =1, Cor =25 x 1073, Cor’ =0.5 and ¢ = 1,2, 3.

Part (a): Two sub-channels with identical parameters (SNR, ¢).

(SNR, SNR/) (dB)

P(0,0) | (¢,q) (15,15) (10,10) (5,5) (2,2)

MAP \ (0*,0™) | MAP \ (0*,0™) | MAP \ (0*,0™) | MAP \ (0*,0™)
(1,1) C=132>1 C=129>1 C=121>1 C=114>1
’ 1.51 \ 1.51 4.67 \ 4.67 12.37 \ 12.37 | 20.59 \ 20.59
0.2 (2.2) C=068<1 C=069<1 C=073<1 C=074<1
' ’ 1.54 ‘ 1.55 4.51 ‘ 4.53 12.42 ‘ 12.49 20.40 ‘ 20.41
(3.3) C=067<1 C=067<1 C=068<1 C=069<1
’ 1.45 ‘ 1.50 4.43 ‘ 4.57 12.16 ‘ 12.44 20.15 ‘ 20.47

Table 3.4 (b): Two sub-channels with identical parameter SNR.

(SNR, SNR’) (dB)
P(0,0) | (¢,4) (15,15) (10,10) (5,5) (2,2)

MAP \ (0*,0™) | MAP \ (0*,0™) | MAP \ (0*,0™) | MAP \ (0*,0™)
(1.2) C=068<1 C=069<1 C=073<1 C=074<1
I 155 [ 157 | 446 | 450 | 1241 1243 | 20.51 [ 20.52
(1,3) C=067<1 C=067<1 C=068<1 C=069<1
’ 1.57 \ 1.61 4.44 \ 4.55 12.00 \ 12.30 | 20.15 \ 20.53
(2,3) C=067<1 C=067<1 C=068<1 C=069<1
0.9 ™ | 149 [ 154 | 445 [ 456 [ 12.10 | 1248 | 20.15 [ 20.42
' (3.2) C=068<1 C=069<1 C=073<1 C=074<1
149 ] 150 | 451 | 454 | 1247 12.54 | 20.59 | 20.68
(3.1) C=100>1 C=111>1 C=106>1 C=101>1
’ 1.52 \ 1.52 4.53 \ 4.53 12.31 \ 12.31 | 20.78 \ 20.78
(2,1) C=132>1 C=129>1 C=121>1 C=114>1
149 [ 149 | 460 [ 4.60 | 1237 1237 | 20.42 [ 20.42
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Table 3.4 (c¢): Two sub-channels with identical parameter q.

(SNR, SNR/) (dB)
P(0,0) | (¢.4) (15,10) (15,5) (15,2) (10,5)
MAP [ (0%,6™) | MAP [ (6*,6™) | MAP [ (6%,6™) | MAP [ (6*,0™)
(1.1) C=129>1 | C=121>1 | C=114>1 | C=121>1
’ 205 | 295 | 720 | 720 [11.27] 1127 | 871 | 871
02 | 22 C=069<1 | C=07<1 | C=074<1 [ C=073<1
' ’ 3.00 | 313 [ 697 | 7.07 [1130] 1148 | 846 [ 849
(3.3) C=067<1 | C=068<1 | C=069<1 [ C=068<1
7 298 [ 310 [ 670 | 7.02 [10.81] 11.38 [ 829 | 865
(SNR, SNR/) (dB)
P(0,0) | (¢.4) (5,10) (2,15) (5,15) (10,15)
MAP [ (6%,6™) | MAP [ (6%,6) | MAP [ (6%,6) | MAP [ (6*,67)
(1.1) C=129>1 | C=132>1 | C=132>1 [ C=132>1
’ 853 | 853 [11.51] 1151 [ 720 [ 720 [ 311 [ 311
02 | (22 C=069<1 | C=068<1 | C=068<1 [ C=068<1
' ’ 857 | 864 [11.60] 11.62 | 7.01 | 7.02 | 3.05 [ 3.07
(3.3) C=067<1 | C=067T<1 | C=067T<1 [ C=067<1
’ 852 | 864 [11.55] 1159 | 7.10 [ 713 | 3.07 | 3.14
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Table 3.4 (d): First sub-channel (with Cor = 2.5 x 107®) has higher SNR.

(SNR, SNR') (dB)
P(0,0) | (¢.4) (15,10) (15,5) (15,2) (10,5)

MAP [ (6*,0™) | MAP | (6*,0™) | MAP [ (9*,0™) | MAP [ (¢*,0")

(1.2) C=069<1 | C=073<1 [ C=074<1 | C=073<1

’ 3.07 [ 314 690 [ 7.01 [11.39] 11.66 | 848 [ 8.56

(13) | £=067<1 [ C=068<1 | C=069<1| C=068<1

7 283 [ 303 [ 679 | 716 [11.11] 11.69 [ 833 | 863

(2.3) C=067<1 | C=068<1 | C=069<1 [ C=068<1

0. ’ 290 | 302 | 682 | 709 [10.89| 1141 | 829 | 857
' (3.2) C=069<1 | C=073<1 [ C=074<1 | C=073<1
’ 297 [ 304 [ 704 ] 716 [11.56 ] 11.68 [ 849 | 856

31) | £=100>1 [ C=100>1 | O=100>1 | O=111>1

’ 310 | 310 [ 721 | 721 [11.52] 11.52 | 846 [ 8.46

2.1) C=129>1 | C=121>1 [ C=114>1 | C=121>1

’ 3.07 ] 307 [ 723 ] 723 [11.66] 11.66 | 855 [ 855
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Table 3.9: SQ-MAC-MAP simulation SDR results (in dB) for the DFC-fitted
NBNDC-QB and the DFC; both sub-channels have the same parameters SNR=15
dB, ¢ = 2.

: Channel model
fpT | Correlation between sources (p) | n NBNDC-QB | Rayleigh DFC
1 4.19 4.34
0.01 —031 2 8.45 9.045
' 0.81 1 4.30 4.34
’ 2 8.96 9.08
1 4.23 4.33
0.005 081 2 8.57 9.10
’ 0.81 1 4.32 4.31
’ 2 8.94 9.15

Table 3.10: SQ with instantaneous decoder (0*,6) - simulation SDR results (in
dB) for the DFC-fitted NBNDC-QB and the DFC; both sub-channels have the same
parameters SNR=15 dB, ¢ = 2.

. Channel model

fpT | Correlation between sources (p) | n NBNDC-OB ‘ Rayleigh DFC
1 4.17 4.34
0.01 —0-31 2 8.22 9.05
' 0.81 1 4.16 4.34
’ 2 8.19 9.05
1 4.20 4.33
0.005 —0.31 2 8.16 9.10
' 0.81 1 4.17 4.31
' 2 8.17 9.08
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Table 3.11: SQ-MAC-MAP simulation results in joint symbol error rate(%) for the
DFC-fitted NBNDC-QB and the DFC; both sub-channels have the same parameters
SNR=15 dB, ¢ = 2.

. Channel model

fpT | Correlation between sources (p) | n NBNDC-QB | Rayleigh DFC
1 1.41 0.29
0.01 —0.31 2 2.01 0.53
' 0.81 1 0.72 0.28
’ 2 1.12 0.50
1 1.15 0.40
0.005 —031 2 1.80 0.50
‘ 0.81 1 0.65 0.36
’ 2 0.94 0.51

Table 3.12: SQ with instantaneous decoder (6%, §"*) - simulation results in joint symbol
error rate(%) for the DFC-fitted NBNDC-QB and the DFC; both sub-channels have
the same parameters SNR=15 dB, ¢ = 2.

. Channel model

fpT | Correlation between sources (p) | n NBNDC-QB | Rayleigh DFC
1 1.53 0.27
0.01 —0.31 2 2.49 0.50
' 0.81 1 1.54 0.27
’ 2 2.53 0.49
1 1.35 0.38
0.005 —031 2 2.71 0.46
’ 0.81 1 1.50 0.35
’ 2 2.41 0.44
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Chapter 4

Transmitting Correlated Binary Markov

Sources over the Orthogonal MAC

In this chapter, we generalize the problem investigated in Chapter 3. We assume a
practical scenario which leads to a correlated source with memory. Then, we design
a sequence joint MAP decoder to exploit the memory and statistics in the source
symbols as well as statistics in the channel noise when the quantized sources are sent

over the orthogonal MAC.

4.1 System setup

We consider two correlated zero-mean and unit-variance Gaussian sources ¥ and )V,
where the correlation parameter is changing over time. These sources generate a
oo

sequence of input pairs {(V;, V’;)}22, which are real-valued samples taken according

to the bivariate normal density

1 02 40" — 2p00
(0,0) = ———exp [ — v A1
fuwlot) = o A= & ( 2(1 = pf) .
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where p; € {p,p'},—1 < p,p’ <1, is the correlation between the two sources at time
i > 1. The process {p;}52; is a first order Markov process described by a two state

transition matrix

T, = : (4.2)
1—1t t

o' o'
where ¢,, and t,, are the probabilities of the correlation parameter staying in the
same state for the next time slot given the current state p and p/, respectively.

This process can model a practical scenario where the correlation between two
environmental parameters changes over time according to weather conditions. We
model the memory for the correlation process using a first order Markov model.

The generated sequences {V;}22, and {V/}°, are used as inputs to the SQ-MAC-
MAP system depicted in Fig. 3.1 in which the real-valued sequences are separately
quantized by rate-n SQs and the the resulting bit sequences are sent over the or-

thogonal NBNDC-QB MAC channel followed by the joint MAP decoder described in

Section 4.2.

4.2 Joint MAP decoder design

Similar to Section 3.2, we design the joint MAP decoder to harness the residual redun-
dancy of the sources (which is now caused by memory in the correlation parameter
p and non-uniformity of the distribution after quantization) and channel statistics to
minimize the sequence error probability when decoding the received channel output
(y,y)V € (¥ x Y)"N. Assuming nN > max{M, M'}, the MAP decoder estimates
)N

binary input sequences (x,x')" € ({0,1} x o, 1})”N by (x,%X')" as
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(%, %)Y = arg max (Pr{(X,X)M = (x,x)V | (Y, Y)" = (y,¥)"})
(x,x")

= arg max { log [Pég(z?)P'g;(z’?)ﬂ(xl, Xll)} +
(x,x')

i+1)n in i+1)n in
> og [QUSEY" | 20 Q S | 2 a1 P (Kis, i) | (i, xXi) ]
(4.3)

where Q(2711)™ | Zim_ 1)) and Q (/0| i _(ar—1)) can be computed via (3.4).
Looking at scenario explained in Section 4.1, one can realize that the process {(Xj, X})}5%,
is in fact generated by a hidden Markov model (HMM) with {p, o'} as the hidden
states and 7T, as its corresponding transition matrix which emits (x,x’) € ({0,1} x
{0, 1})" with different probabilities. Due to the nature of the HMM, implement-
ing the joint MAP decoder based on the Viterbi algorithm is very complicated
and computationally expensive; hence, we approximate the input process with a
first-order Markov model. 7(x;,x1) £ Pr{(X;,X’;) = (x1,x'1)} is the stationary
joint distribution corresponding to the approximated first-order Markov model and
P (41, X i41) | (x3,%3)) £ Pr{(Xiz1, X'ie1) = (X1, X511) | (X3, X5) = (x3,%3)}

denotes the corresponding transition probabilities.
4.3 Case study: joint MAP detection of binary

sources

Using two-level quantizers (n = 1) in the SQ-MAC-MAP of Section 4.1, we obtain
sequences of binary symbols { X, }°°; and { X/ }22,. We approximate these two binary

sources with a first order Markovian super-source Sxx+ € {0, 1,2, 3}, where Sxx/, =
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2X,,+ X/ ; and the corresponding transition matrix is represented as the general form

of

where -P’Lj = PSXX’n‘SXX’n,l (j | 2) = P(SXX’n :j | SXX’n71 = 1)7 Zu] € {07 1a273} are

the transition probabilities found through simulation of the SQ-MAC-MAP system.

Lemma 4.1. The following symmetry holds for the transition matriz (4.4)

P00:P03:P30:P33:(1, P01:P02:P31:P32:bv

(4.5)
Pi3 = Pig= Po3 = Py =, Py = Py = Py = Py = d.
As the result, the transition matriz can be written as

a b b a
c d d c

T = , (4.6)
c d d ¢
a b b a

where we have a +b=c+d=1/2.

Proof of Lemma 4.1. Since the pair (V;, V}/) is generated by the bivariate Gaus-
sian density function (4.1), the marginal distributions are A/ (0,1) and independent
of the correlation parameter p;. Hence, each SQ selects zero as the quantization
threshold. Having the same proof as presented for (3.5), it can be shown that at any

time ¢ > 1, the conditional joint distribution has the properties P(0,0) = P(1,1) and
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P(0,1) = P(1,0); however, the values here depend on the p;. In fact, the correlation
parameter p, changing according to a Markov with the transition matrix 7, defines
the hidden state of the system. Denoting the conditional joint distribution of (X;, X/)
as m, = | Pr{(Xi, X0) = (0,0) | pi} , Pr{(X, X)) = (0,1) | pi} , Pr{(X;,X}) =
(1,0) | pi}, Pr{(X;, X]) = (1,1) | p;}| and noting that p; € {p, p'}, these conditional

joint distributions are in the form

m,=1[d, b,V ,d], and wy=[,d, d, ] (4.7)

The hidden Markov model for the pair (X, X’) is illustrated in Fig. 4.1.

tp/p/

L J L u v T

0,00 (0,1) (1,0) (1,1)

Figure 4.1: The HMM model for the sequence {(X,,, X))} ,. The hidden transition
probabilities and emission probabilities are given on the corresponding edges.

Approximating the HMM process with a first order Markov one, we find the

conditional probabilities in each row of the corresponding transition matrix 7. The
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conditional distribution in each row can be denoted as

Mawi_1,@l_y) = [Pr{(Xth/) = (070} | (Xi*th{fl) = (1’1;1,56;71)},
Pr{(Xiin) = (07 1) | (Xi—lﬁXi—l) = (xi—lﬁxz‘—l)}> (4.8)
Pr{(Xi’Xz{) = <1>0) ‘ (XiflﬁXz{—l) = (zi*hx;’—l)h

Pr{(Xi’Xz{) = (17 1) ‘ (XiflaXz{—l) = (xiflax;—l)} )

where (z;_1,2,_;) € {0,1}*. According to our model, we can write

Pr{pi=p | (zi-1,7;_;) = (0,0)} =
Prip;=p|pici=p,(zi1,2_y) = (0,0)} x Pr{pis = p| (zi-1,2}_;) = (0,0) }+

Pri{pi=p|pi-1 =0 (zii1, 2 ,) = (0,0)} x Pr{pi_y = p' | (zi1,2}_,) = (0,0)} =
L Pr{(zi-1,zi_1) = (0,0) | pi-1 = p} Pr{pi-1 = p}
"’ Pr{(z;-1,2;_,) = (0,0)}
Pr{(z;—1,2;_;) = (0,0) | pis1 = p'} Pr{pio1 =p'}
Pr{<xi—17 xé—l) - (07 0)} .

_I_

(1 —tyy) X

(4.9)

As a result,

tyy X a' X P (1—tyy)xdx(1—P,)

Pr{p; — 2 ) =(0,0)} = PP p PP P

o= p | (@i, 2i4) = (0,0} a x P,4+c x(1—P,) axP,+c x(1—-P,)

top X @ X Py+(1—tyy) xcd x(1—=DP,)
axP,+cdx(1—-PF,)

Y

(4.10)

1 - tplpl
2 - (tpp + tp’p’)

where P, £ Pr{p;, = p} = 1 —Pr{p;, = o'} = is the stationary

distribution of the Markov process {p;}32;.
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Similarly, it can be shown that

(1—t,,) xad xP,4+ty, xc x(1—-P,)
axP,+c x(1—-P,)

Pr{p; = p' | (xi-1,7;_1) = (0,0)} =

(4.11)

Finally, we have

m0,0 =T Pr{pi = p | (i1, 2i_1) = (0,0)} + 7y Pr{pi = p' | (2i-1,2i_;) = (0,0)}
_ mpla'tyy By + (1 = tyy)(1 = P,)] + myla' (1 —t,,) P, + 'ty (1 — B)]
aP,+c(1-P,)

(4.12)
In addition, (4.7) can be written as
Pri(zi-1,2; 1) = (0,0) | picx = p'} = Pr{(win, ;1) = (L, 1) | pica = p'}, (419
Pr{(z;i-1, 2} _y) = (0,0) | pim1 = p} = Pr{(zi-1, 7 _y) = (L, 1) | pimy = p},
which results in
Pripi = p | (wi-1,2i1) = (0,0)} = Pripi = p | (zi1,251) = (1L, 1)},
(4.14)

Pr{pi=p' | (zi-1,7;_;) = (0,0)} = Pr{pi = p' | (wi1,7;_;) = (1,1)}.
Thus,
mola't,y Py + (1 —tyy)(1 = P,)| + myla' (1 —t,,) P, + 'ty (1 = P,

aP,+c(1—P,) ’
(4.15)

T(0,0) = T(1,1) =
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Repeating the same steps, we have

T(0,1) = T(1,0) = TplV'tpp Py + d'(1 =ty ) (1 = Py)] + mpy [b'(1 — 1) By + d'tyy (1 — P,)]
(0,1) (1,0 b/Pp 4 d/(l _ Pp) ,
(4.16)

Hence, putting (4.7), (4.15) and (4.16) together, we can write the numerical transition

matrix for the approximated first order Markov as in (4.6), where

a'la't,, P, +c (1 —tyy)(1 =P, +[a'(1—1,,)P,+ty,(1—P,)

“= dP,+c(1-P,) ’

b— Va't,y B, + /(1 —tyy)(1 = Bp)] +d'a' (1 —ty) P, + 'ty (1 — P))]
ARSI )

c = a/[b/tpppp + d/(l — tp’p’)(l B Pp)] + Cl[b/(l — tﬂﬂ)PP + d/tp’p’(l B Pp)] '
VP, +d(1—P,) ’

d — b/[b/tpppp + d/<1 — tp’p’)(l — Pp)] + d’[b/(l — tpp)Pp + d/tp’p’(l — Pp)]_

VB, +d(1—P,)

The stationary distribution of the Markov source is the stationary joint distribu-
tion of the sources denoted by = = [ P(0,0) , P(0,1) , P(1,0) , P(1,1) ], where

P(z,2") 2 Pr(X = 2, X’ = 2'). Then, the following equations must hold

P(1,1) = P(0,0) (4.18)
P(1,0) = P(0,1) (4.19)
PO.0) = 5 (4.20)

Using the previous equations, we can write the following equivalent relations

1
b+d= - cta=g. (4.21)

In order to verify that 7 is the stationary distribution, we must show that 71" = .
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Finding the inner product of 7 and the first column of 7", and using (4.21), we have

[ P(0,0), P(0,1), P(0,1), P(0,0)]x | | =2P(0,0)a+2P(0,1)c = P(0,0). (4.22)

Similarly, we can write

[P(0,0), P(0,1), P(0,1), P(0,0)]x | | =2P(0,0)b+2P(0,1)d = P(0,1). (4.23)

In the following we present a necessary and sufficient condition under which the
mapping functions 6 and 6 given in (3.10) are optimal sequence detection rules and

can replace the joint MAP decoder.

Theorem 4.1. Consider two binary sources X and X' generating a sequence of pair
symbols {(X;, X])}52, according to a first order Markov model with a transition matriz
in the form of (4.6); and an orthogonal MAC channel consisting of two independent
NBNDC-QB sub-channels where the first one has the correlation parameter e > 0,
memory order M = o =1, ¢ > 1, and a noise one-dimensional probability distribution
satisfying pg > p1 > pa > -+ > paa_1. Similarly, assume that in the second channel

€ >0, 21, M =1, and py > phy > py > -+ > pl, . Let (z,2")N be a source

L
sequence of length N > 2, (y,y')™ the channel output sequence, and let (3,7 )N =

(0% (y), 0™ ()N be obtained by applying the mapping functions component-wise to the
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corresponding output sequences of the underlying channels.
Then, assuming (X1, X!) = (Y1,Y]), (2,2 )N = (5,9)N is an optimal sequence

MAP detection rule for all possible received sequences if

. a b c d a b d
A(mm{z’a’a c}mm{z’a’z

}) >1, (4.24)

where

) 4.25
¢+ (1 —€e)ph,, e+ (1—¢€)pa (4.25)

{6/ + (1 - El)pIQq’fl_l €+ (1 — E)qu—lfl }

and Pix xn(x,a") is the stationary distribution of the Markov process that can be
calculated via (4.20).
Furthermore, we can find a necessary condition for the joint MAP decoder being

unnecessary; given as

/
. P2a-1_1 qu’—l_l . a b
min s n min Z -
p2q71 p2q/—1 a

If (4.26) does not hold, it can be shown that there is at least one pair of input and

d} > 1. (4.26)

&Io

output sequences of length N > 2 for which (z,2")N = (4,9)" is not an optimal
sequence MAP detection rule. Interestingly, this condition has no dependence on the
sub-channels noise correlations.

For a large enough N, we have a tighter necessary condition as follows

- 2 2
min{ Amin{ 2 d , min par- 71,'0251 —=1 4 min a_7@’@7d_ > 1. (4.27)
d'a Pr-1 Phy s bc’ a?’ d?’ be

Proof. See in Appendix B. O]
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4.3.1 Comparing the results in Theorems 3.1 and 4.1

Herein, we examine how the proposed necessary and sufficient conditions (4.26) and
(4.24) relate to the ones in Theorem 3.1. It will be shown that Theorem 3.1 is a special
case of Theorem 4.1 when we make the system memoryless by assuming p = p/. As
a result, when the correlation between sources is a constant parameter in time, the
transition matrix (4.6) will have identical rows which results in

a=c=P(0,0)=P(1,1), (428)

b=d=P(0,1) = P(1,0).

Thus, the sufficient condition (4.24) becomes

A(min{%,§}> > 1, (4.29)

which is the same sufficient condition as given in (3.21) for optimal decoding of i.i.d.
correlated sources.

Similarly, the necessary condition (4.26) reduces into

q—1__ Iolq/—li . b
min{p2 ' L 2/ 1}mm{%,—} >1, (4.30)
P2a—1 p2q/71 a

which is equivalent to the necessary condition given in (3.23) of Theorem 3.1. Fur-

thermore, having the memoryless assumption for the sources, (4.27) can be written
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/
min < A min E’E , min p2q_171,p2q,71_1 min 2’9 = Amin 9’9 > 1.
b a P2a—1 p’Qq,_1 b a b a
(4.31)

which is equivalent to the converse part of Theorem 3.1 for the large enough N.

We illustrate Theorem 4.1 in Tables 4.1-4.3 under various source and sub-channels
conditions. The system has been simulated using two binary input sequences which
are jointly generated according to a first order Markov process with a transition
Matrix (4.6). This matrix can be interpreted as an enumerative approximation for
a bivariate Gaussian source where the correlation parameter is a two state Markov
process and the sources are separately quantized using two-level quantizers (n = 1);
see Section 4.3. It is important to mention that the assumption on (X3, X7) in the
theorem was not enforced in the simulations; yet the simulations indicate that the
theorem’s result holds without this assumption.

Furthermore, we define an average correlation parameter for this process

Pay = Ppx p+ (1= D) * p, (4.32)

1 - tp/p/
2 - (tpp + tp’p’)
{pi}2;. The numerical results show that p,, can be a good measure for evaluating

where P, = is the stationary distribution of the Markov process
the combined effect of the correlation between two sources and the memory in the
source sequences. Hence, we use p,, to address different source conditions in the
simulations.

We have assumed two scenarios for the joint binary sources. In the first scenario,
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we choose the the transition matrix to be

028 022 022 0.28
033 017 0.17 0.33
033 017 0.17 0.33

028 0.22 022 0.28

which has the form of (4.6) and is the transition matrix for the underlying HMM in
(4.1) with p = —0.31, p' = 0.81, t,, = t,7,» = 0.2 and the corresponding p,, = 0.25.

In the second one,

036 0.14 0.14 0.36
037 013 0.13 0.37
037 013 013 0.37

0.36 0.14 014 0.36

which is the transition matrix for the underlying HMM in (4.1) with p = —0.31,
p'=0.81, (t,p,tyy) = (0.1,0.8) and the corresponding p,, = 0.61.

Finally, in Table 4.4, we use the following transition matrix in order to further
illustrate the theoretical results.

023 027 027 0.23
027 023 023 0.27
0.27 023 023 0.27

023 027 027 0.23

which is the transition matrix for the underlying HMM in (4.1) with p = —0.5,
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p'=0.5, (t,,tyy) =(0.2,0.2) and the corresponding p,, = 0.0.

Similar to Section 3.4, denoting the left hand term of (4.24) and (4.26) by C
and C’, respectively, it can be observed from Tables 4.1 - 4.3 that when C > 1 and
consequently C” > 1, the performance of the instantaneous decoding (6%, 6'«) and
the joint MAP decoder are identical, while for C’ < 1, implying C' < 1, the joint
MAP decoder can outperform the instantaneous decoder. There is another possible
situation which C' < 1 and C" > 1; for this case, the instantaneous decoder can still
achieve the same performance as the joint MAP decoder.

All the observations made in Section (3.3.2) are valid in the tables of the current
section. The only difference is in the source correlation parameter p which is replaced
by pay. Furthermore, the results show that p,, is a good match for p and enables us to
compare the system performance in Chapters 3 and 4, the system with i.i.d correlated
sources and the system with correlated Markov sources. We observe that under the
same sub-channels condition, i.i.d. correlated sources with the correlation parameter
p result in a better performance, in the terms of SER and SDR, compared to when
the correlated Markov sources with p,, < p are sent over the channel. For example
comparing Tables 3.5 and 4.5, it can be observed that the SDR results for the i.i.d.
sources with p = 0.81 is always better than the case of correlated Markov sources
with p,, = 0.61. This verifies that p,, efficiently represents the total redundancy (in
terms of memory and non-uniform distribution) in the sources and provides a mean

for comparison between different source models.
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4.4 Simulation results

4.4.1 SQ-MAC-MAP system simulation

As described in Section 3.4, we simulate the SQ-MAC-MAP system for correlated
Gaussian sources with the correlation parameter modeled with a Markov chain. From
Table 4.5, we can observe that the joint MAP decoder successfully takes advantage
of the the redundancies and statistics in the sources (p., < p), sub-channels noise
memory and the resolution bits. However, there are some cases that increasing p,y
or sub-channels noise correlation does not improve the system SDR, (and sometimes
even worsens it). This phenomenon for n = 1 can be explained by rewriting the

sufficient condition (4.24) as

g—1 — Bpog—1_ ,q/—l_B ,q/—l
max{Cor, Cor'} < min p2a—1 P2a-1-1 7 PQ/ Py = ’
B(l—p2q—1,1)+p2q—l —1 B(l—p2q/_171)+;02q/_1—1
(4.33)
where
a b c d a b dc
B=mind - - — = ind—. —, —. =%, 4.34
mm{b’a’d’c}mm{c’d’b’a} (4:34)

In fact, while the sufficient condition (4.24) holds for two sets of source-channel
parameters with the same fixed SNR (the parameters Cor, p,y, and ¢ might vary),
the SDR performance of the joint MAP decoder is identical to the SDR, performance
of the instantaneous decoder which does not change under these two set of parame-
ters. These results also verify that modeling the quantized sources with a first order
Markov source is a good approximation; since the input sequences for the simulations
illustrating the theorem are generated by the Markov super-source while the system

simulation results are based on the quantizing the original real-valued sources.
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The general behavior of the system with changing the sources and sub-channels

parameters is similar to the SQ-MAC-MAP system with memoryless sources.

Table 4.1: Joint symbol error rate (in %) of joint MAP decoding and instantaneous
mapping (6*,6*) for two correlated sources with Markovian correlation parameter.
The channel model is a MAC channel with two orthogonal NBNDC-QB, with M =
a=1,Cor=Cor'=0and ¢g=1,2,3.

Part (a): Two sub-channels with identical parameters (SNR, ¢).

(SNR, SNR/) (dB)

pav | (0:4) (15,15) (10,10) (5:5) (2:2)
MAP [ (0%,6™) | MAP [ (6%,6™) | MAP [ (6%,6) | MAP [ (6%,0™)
C=51.00>1]C=1669>1] C=580>1 | C=327>1
(11) | C'=6614>1 | C'=2161>1| C"=751>1 | ("=423>1
152 [ 1.52 | 456 [ 456 |[1249] 1249 |20.59 | 20.59
C=124>1 | C=112>1 | C=113>1 | C=092<1
025 (22) | ¢'=161>1 | ("=145>1 | ("=147>1 | ("=119>1
154 [ 154 | 462 [ 462 |1236] 1236 | 20.57 | 20.57
C=071<1 | C=071<1 | C=065<1 | C=061<1
33) | ¢'=092<1 | "=092<1 | "=084<1 | "=0.79<1
151 [ 154 | 454 ] 461 [12.23] 1244 [20.34] 20.58
C=4390>1 | C=1434>1 | C=498>1 | C=281>1
(1,1) || ¢"=4592>1 | C"=1500>1| ¢"=521>1 | C"=294>1
151 [ 1.51 | 454 [ 454 [1237] 1237 |20.55 ] 20.55
C=107>1 | C=096<1 | C=097<1 | C=079<1
061 (22) | ¢'=112>1 | ("=1.01>1 | ("=1.02>1 | ¢"=083<1
157 [ 157 | 464 [ 464 [1237] 1237 | 19.20 | 20.49
C=061<1 | C=061<1 | C=056<1 | C=053<1
33) | ¢'=064<1 | "=064<1 | C"=058<1 | "=055<1
131 | 153 [ 399 | 459 [10.69]| 1239 [17.69 | 20.48
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Table 4.1 (b): Two sub-channels with identical parameter SNR.
(SNR, SNR’) (dB)

o | (@) [ 0515) (10,10) 55 22)
MAP | (0%,0™) | MAP | (0%,0™) | MAP | (6*,0™) | MAP | (6*,0™)
C=124>1 C=112>1 C=113>1 C=092<1
(1,2) C'=161>1 C'=145>1 C'=147>1 C'=119>1
153 | 153 | 450 | 459 | 12.37 | 12.37 | 2048 | 20.53
C=0"71<1 C=0"71<1 C=065<1 C=061<1
025] (1,3) || ¢"=092<1 | ("=092<1 | ("=084<1 | C"=079<1
153 | 1.54 | 458 | 4.62 | 12.37 | 1243 | 20.39 | 20.57
C=071<1 C=071<1 C=065<1 C=061<1
(2,3) C'"=092<1 | C"=092<1 | C"=084<1 | C"=079<1
1.55 ‘ 1.56 4.60 ‘ 4.64 12.38 ‘ 12.44 | 20.44 ‘ 20.59
C=107>1 C =096 <1 C=097<1 C=07<1
(1,2) C'=112>1 C'=101>1 C'=1.02>1 C'=082<1
1.55 ‘ 1.55 4.60 ‘ 4.60 12.41 ‘ 12.41 | 19.72 ‘ 20.55
C=061<1 C=061<1 C=056<1 C=053<1
0.61 | (1,3) C'=064<1 | C"=064<1 | C"=058<1 | C"=055<1
144 | 155 | 432 | 4.63 | 11.49] 1235 | 19.06 | 20.57
C=061<1 C=061<1 C=056<1 C=053<1
23) || C'=064<1 | C'=064<1 | C"=058<1 | C"'=055<1
144 | 1.56 | 433 | 461 | 11.50 | 1244 | 18.37 | 20.53
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Table 4.1 (¢): Two sub-channels with identical parameter q.
(SNR, SNR’) (dB)

o | (0:¢) | (15,10) (15,5) (15.9) (10.5)
MAP | (0%,0™) | MAP | (0%,0™) | MAP | (6*,0™) | MAP | (6*,0™)
C=1670>1| C=580>1 C=327T>1 C=57>1

(L) | ¢"=2161>1| C"=751>1 | C"=423>1 | C"=751>1
3.10 ‘ 3.10 7.16 ‘ 7.16 | 11.45 ‘ 11.45 | 8.59 \ 8.59
C=112>1 C=113>1 C=092<1 C=112>1

025| (22) || C"=145>1 | C"=147>1 | C"=119>1 | C"=145>1
3.06 | 3.06 710 [ 710 |11.46 [ 1153 | 8.60 | 8.60
C=071<1 C=06><1 C=061<1 C=065<1

33) || C"=092<1 | C"=084<1 | C"=079<1 | C"=084<1
3.04 [ 3.09 7.03 | 716 |11.22] 1151 | 844 | 8.60
C=1434>1 | C=498>1 C=281>1 C=498>1

(1,1) || ¢"=1500>1| ¢"=521>1 | C"=294>1 | C"=521>1
3.08 | 3.08 714 | 714 |11.51] 1151 | 8.63 | 8.63
C =09 <1 C=097<1 C=07<1 C =09 <1

061 (22) || ¢"=101>1 | ¢"=102>1 | C"=083<1 | C"=101>1
3.11 ‘ 3.11 7.10 ‘ 7.12 | 10.76 ‘ 11.59 | 8.62 \ 8.62
C=061<1 C=0.56<1 C=053<1 C=056<1

33) || ¢"=064<1 | C"=058<1 | C"=055<1 | C"=058<1
2.63 | 3.06 6.04 [ 7.08 9.85 | 1157 | 7.37 | 853
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Table 4.1 (d): first sub-channel has higher SNR.
(SNR, SNR/) (dB)
pov | (04 (15,10) (15,5) (15,2) (10,5)

MAP [ (6*,0) | MAP | (*,0) | MAP [ (7,6") | MAP [ (6*,6")
C=112>1 | C=114>1 | C=092<1 | C=114>1

(12) | ¢'=145>1 | ("'=147>1 | ("=119>1 | ("=147>1

310 [ 310 | 719 [ 719 [11.54] 11.55 | 865 | 8.65

C=071<1 | C=065<1 | C=061<1 | C=065<1

(13) | ¢'=092<1 | "=084<1 | "=079<1 | "=084<1

3.02 ] 305 [ 7.06 ] 717 [11.30 ] 11.57 [ 851 [ 8.62

C=071<1 | C=065<1 | C=061<1 | C=065<1

(23) | ¢'=092<1 | "=084<1 | "=079<1 | "=084<1

0.95 3.03 [ 306 | 7.00 [ 712 [11.26] 11.54 | 853 | 861
‘ C=071<1 | C=071<1 | C=0T71<1 | C=071<1
32) | ¢'=092<1 | "=092<1 | "=092<1 | "=092<1

3.09 | 311 [ 711 ] 712 [11.62] 11.62 [ 860 [ 8.63

C=071<1 | C=071<1 | C=071<1 | C=071<1

31) | ¢'=092<1 | ¢"=092<1 | ("=092<1 | ("=092<1

3.08 | 309 [ 715 ] 717 [11.49] 1150 [ 855 [ 8.59

C=124>1 | C=124>1 | C=124>1 | C=112>1

21) | ¢'=161>1 | ("=161>1 | ("=161>1 | ("=145>1

3.08 ] 308 [ 718 ] 718 [11.53] 11.53 [ 8.63 [ 8.63

C=096<1 | C=097<1 | C=079<1 | C=097<1

(12) | ¢'=101>1 | ¢"=1.02>1 | ("=082<1 | ("=1.02>1

3.08 ] 309 [ 718 ] 720 [10.59] 1146 [ 856 [ 8.56

C=061<1 | C=056<1 | C=053<1 | C=056<1

(13) | ¢'=064<1 | "=058<1 | ("=055<1 | "=0.58<1

277 ] 308 [ 626 ] 721 | 990 | 1152 | 7.57 | 851

C=061<1 | C=056<1 | C=053<1 | C=056<1

(23) | ¢'=064<1 | C"=058<1 | C"=055<1 | C"=058<1

0.61 277 | 308 | 618 ] 720 | 987 | 1152 | 7.65 | 852
‘ C=061<1 | C=061<1 | C=061<1 | C=061<1
(32) | ¢'=064<1 | ("=064<1 | ("=064<1 | C"=064<1

299 | 310 | 704 ] 714 [10.70 ] 11.62 | 825 | 853

C=061<1 | C=061<1 | C=061<1 | C=061<1

31) | ¢'=064<1 | C"=064<1 | C"=064<1 | C"=0.64<1

297 | 307 | 701 | 710 |[11.42] 1151 | 820 | 853

C=107>1 | C=107>1 | C=1.07>1 | C=096<1

2,1) || ¢"=112>1 | C"=112>1 | C"=112>1 | C"=1.01>1

3.04 [ 304 | 712 [ 712 [11.56] 11.56 | 855 [ 855
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Table 4.2: Joint symbol error rate (in %) of joint MAP decoding and instantaneous
mapping (6*,6*) for two correlated sources with Markovian correlation parameter.
The channel model is a MAC channel with two orthogonal NBNDC-QB, with M =

a=1,Cor=Cor' =0.5and ¢ =1,2,3.

Part (a): Two sub-channels with identical parameters (SNR, ¢).

(SNR, SNR’) (dB)

pav | (4,4") (15,15) (10,10) (5,5) (2,2)
MAP \ (0*,0™) | MAP \ (0*,6™) | MAP \ (0*,6™) | MAP \ (0*,0™)
C=078<«1 C=077<1 C=072<1 C=068<1
(1,1) | C"=6614>1 | C'=2161>1| C"=751>1 | C"=423>1
1.53 \ 1.53 4.61 \ 4.61 12.49 \ 12.49 20.55 \ 20.55
C=040<1 C=041<1 C=043<1 C=044<1
0.25 (2,2) C’'=161>1 C'=145>1 C'=147>1 C'"=119>1
150 [ 154 [ 449 ] 465 [12.26[ 1243 [20.19 ] 20.54
C=040<1 C=040<1 C=040<1 C=041<1
(3,3) C’'=092<1 C’'=092<1 C’'=084<1 C’'"=079<1
147 [ 157 [ 437 [ 468 [1L.71[ 1242 [19.36 | 20.49
C=068<1 C=066<1 C=062<1 C=058<«<1
(1) || C"=4600>1| C"=1503>1| C"=522>1 | C"=294>1
156 [ 156 [ 452 ] 453 [12.37[ 1237 [20.46 [ 20.50
C=03<«1 C=03<«1 C=037<1 C=038<«1
0.61 | (2,2) C’'=112>1 C'=101>1 C'=102>1 C'"=083<1
113 [ 1.50 [ 361 [ 461 [10.02] 12.46 [16.86 | 20.69
C=034<1 C=03<1 C=03<1 C=035<«1
(3,3) C'"=064<1 | C"=064<1 | C"=058<1 | C"=055<1
1.04 [ 155 [ 318 ] 456 | 8.94 [ 1244 [1530 [ 20.42
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Table 4.2 (b): Two sub-channels with identical parameter SNR.
(SNR, SNR’) (dB)

o | (@) [ 0515) (10,10) 55 22)
MAP | (0%,0™) | MAP | (0%,0™) | MAP | (6*,0™) | MAP | (6*,0™)
C=040<1 C=041<1 C=043<1 C=044<1
(1,2) C'=161>1 C'=145>1 C'=147>1 C'=119>1
150 | 153 | 453 | 458 | 12.35 | 1243 | 20.33 | 20.50
C=040<1 | C=040<1 | C=040<1 | C=041<1
025] (1,3) || ¢"=092<1 | ("=092<1 | ("=084<1 | C"=079<1
148 | 1.57 | 442 | 4.60 | 12.05] 1242 | 19.93 | 20.46
C=040<1 C=040<1 C=040<1 C=041<1
(2,3) C'"=092<1 | C"=092<1 | C"=084<1 | C"=079<1
1.44 ‘ 1.50 4.38 ‘ 4.59 11.94 ‘ 12.40 | 19.78 ‘ 20.50
C=03<1 C=03<1 C=037<1 C=038<1
(1,2) C'=112>1 C'=101>1 C'=1.02>1 C'=083<1
1.37 ‘ 1.54 4.01 ‘ 4.52 11.33 ‘ 12.54 | 18.55 ‘ 20.57
C=034<1 C=03<1 C=03<1 C=03<1
0.61 | (1,3) C'=064<1 | C"=064<1 | C"=058<1 | C"=055<1
126 | 152 | 393 | 458 | 10.70 | 1252 | 17.97 | 20.50
C=034<1 C=03<1 C=03<1 C=03<1
23) | C'=064<1 | C'=064<1 | C'=058<1 | C"=055<1
1.13 ‘ 1.54 3.41 ‘ 4.70 9.49 ‘ 12.40 | 16.03 ‘ 20.67
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Table 4.2 (¢): Two sub-channels with identical parameter q.

(SNR, SNR') (dB)
pav | (4,4 (15,10) (15,5) (15,2) (10,5)
MAP [ (67,0™) | MAP | (*,0™) | MAP [ (9*,0") | MAP [ (6*,6")
C=077<1 | C=072<1 | C=068<1 | C=072<1
(11) || ¢"=2161>1| C"=751>1 | ("=423>1 | C"=T751>1
313 | 313 [ 712 | 712 [11.55] 11.55 [ 860 | 8.60
C=040<1 | C=040<1 | C=040<1 | C=041<1
025] (22) | ¢'=145>1 | "=147>1 | "=119>1 | ("=145>1
291 [ 300 [ 698 [ 714 [11.25] 11.52 [ 841 | 852
C=040<1 | C=040<1 | C=040<1 | C=040<1
33) || ¢"=092<1 | ¢"=084<1 | C"=079<1 | C"=084<1
286 [ 3.05 [6.60 [ 713 [10.65] 1149 [ 7.97 | 851
C=066<1 | C=062<1 ] C=058<1 | C=062<1
(11) || ¢"=15.03>1| "=522>1 | ("=294>1 | "=522>1
307 | 307 [ 718 ] 720 [11.24] 1141 | 861 [ 8.62
C=035<1 | C=03<1] C=03<1| C=03<1
061] (22) | ¢'=101>1 | "=1.02>1 | ("=083<1 | ("=1.01>1
233 | 314 | 570 | 719 | 894 | 1159 | 6.77 | 857
C=034<1 | C=034<1 | C=034<1 | C=035<1
(33) | C'=064<1 | "=058<1 | ("=055<1 | ("=058<1
210 [ 301 [ 492 ] 711 [8.08 ] 11.72 [ 599 | 852
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Table 4.2 (d): first sub-channel has higher SNR.
(SNR, SNR’) (dB)
pu | (0.0 (15,10) (15,5) (15.2) (10,5)
MAP | (0%,0™) | MAP | (6%,0™) | MAP | (6%,0™) | MAP | (6*,0™)
C=041<1 | C=043<1 | C=044<1 | C=043<1
(1,2) C'=145>1 | C"=147>1 C'"=119>1 | ¢"=147>1
306 [ 313 [ 7.00 [ 711 [11.24] 1151 | 843 | 8.56
C=040<1 | C=040<1 | C=041<1 | C=040<1
(1,3) || ¢"=092<1 | ("=084<1 | C"=079<1 | C"=084<1
2.90 | 3.05 6.71 | 717 |10.80 | 11.58 | 8.15 | 8.58
C=040<1 | C=040<1 | C=040<1 | C=040<1
23) || ¢"=092<1 | ("=084<1 | ("=079<1 | C"=084<1
0.95 292 [ 311 [6.66 [ 713 [10.71] 11.54 | 814 | 8.62
' C=040<1 | C=040<1 | C=040<1 | C=040<1
32) || ¢"=092<1 | ("=092<1 | C"=092<1 | C"=092<1
2.97 | 3.09 6.93 | 710 |11.19] 1154 | 832 | 8.60
C=040<1 | C=040<1 | C=040<1 | C=040<1
3,1) || ¢"=092<1 | ("=092<1 | ("=092<1 | C"=092<1
299 [ 305 | 711 ] 716 [1145] 1149 [ 851 | 8.69
C=040<1 C=040<1 C=040<1 C=041<1
21) || ¢'"=161>1 | C"=161>1 | C"=161>1 | C"=145>1
3.06 | 3.06 7.07 [ 709 |11.61] 11.62 | 855 | 857
C=03<1 | C=03T<1 | C=038<1 | C=037<1
(1,2) || "=101>1 | ¢"=102>1 | C"=083<1 | C"=1.02>1
2.51 | 3.09 579 | 7.20 9.04 | 1155 | 7.15 | 861
C=03<1 | C=03<1 | C=03<1 | C=035<1
(1,3) || ¢"=064<1 | C"=058<1 | C"=055<1 | C"=058<1
2.32 | 3.0 518 | 7.22 832 | 11.73 | 6.60 | 847
C=03<1 | C=03<1 | C=03<1 | C=035<1
(23) || ¢"=064<1 | C"=058<1 | C"=055<1 | C"=058<1
061 214 [ 304 [ 500 [ 711 | 814 [ 11.69 | 6.24 | 8.56
' C=034<1 | C=034<1 | C=034<1 | C=035<1
32) || ¢"=064<1 | C"=064<1 | C"=064<1 | C"=064<1
234 | 320 | 541 | 7.02 | 886 [ 11.46 | 6.60 [ 8.64
C=034<1 | C=034<1 | C=034<1 | C=035<1
3,1) || C"=064<1 | ("=064<1 | C"=064<1 | C"=064<1
2.87 | 3.08 6.67 | 6.90 |11.29 ] 11.63 | 7.89 | 8.5l
C=03<1 | C=03<1 | C=03<1 | C=03<1
2,1) || ¢"=112>1 | C"=112>1 | C"=112>1 | C"=1.01>1
2.87 | 306 | 690 | 7.08 |11.20] 11.58 | 8.20 | 8.72
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Table 4.3: Joint symbol error rate (in %) of joint MAP decoding and instantaneous
mapping (6*,6*) for two correlated sources with Markovian correlation parameter.
The channel model is a MAC channel with two orthogonal NBNDC-QB, with M =

a=1,Cor=Cor' =0.9 and ¢ = 1,2, 3.

Part (a): Two sub-channels with identical parameters (SNR, ¢).

(SNR, SNR/) (dB)

pav | (0:4) (15,15) (10,10) (5,5) (2:2)
MAP [ (0%,6™) | MAP [ (6%,6™) | MAP [ (6%,6™) | MAP [ (6%,0™)
C=044<1 | C=044<1 | C=043<1 | C=043<1
(11) || ¢"=6614>1 | C"=2161>1| C"=751>1 | "=423>1
153 [ 1.53 | 476 [ 477 [1247] 1252 |20.38 | 20.50
C=040<1 | C=040<1 | C=040<1 | C=040<1
025 (22) | ¢'=161>1 | ("=145>1 | ("=147>1 | ("=119>1
1.09 [ 151 | 315 [ 446 | 953 | 1253 | 16.01 | 20.43
C=040<1 | C=040<1 | C=040<1 | C=040<1
33) | ¢'=092<1 | "=092<1 | ("=084<1 | "=079<1
097 | 155 | 293 | 456 [ 846 | 12.60 [14.53 | 20.45
C=038<1 | C=038<1 | C=038<1 | C=037<1
(1,1) || ¢"=46.01>1 | C"=1503>1 | ("=522>1 | "=294>1
120 [ 143 | 378 [ 468 [1018] 1249 |17.03 | 20.80
C=034<1 | C=034<1 | C=03<1 | C=035<1
061 (22) | ¢'=112>1 | ¢"=1.01>1 | ("=1.02>1 | ¢"=083<1
037 | 154 [ 1.53 | 457 [ 455 [ 1217 [ 874 [ 20.31
C=034<1 | C=034<1 | C=034<1 | C=034<1
(33) || ¢"=064<1 | "=064<1 | ("=058<1 | C"=055<1
029 | 147 | 1.04 [ 475 | 334 | 1237 | 6.83 | 20.63
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Table 4.3 (b): Two sub-channels with identical parameter SNR.
(SNR, SNR’) (dB)

o | (@) [ 0515) (10,10) 55 22)
MAP | (0%,0™) | MAP | (0%,0™) | MAP | (6*,0™) | MAP | (6*,0™)
C=040<1 C=040<1 C=040<1 C=040<1
(1,2) C'=161>1 C'=145>1 C'=147>1 C'=119>1
31 | 138 | 3.93 | 454 |10.76 | 12.33 | 18.12 | 20.18
C=040<1 | C=040<1 | C=040<1 | C=040<1
025] (1,3) || ¢"=092<1 | ("=092<1 | ("=084<1 | C"=079<1
126 | 1.63 | 385 | 4.66 | 10.54 | 1234 | 1741 ] 20.23
C=040<1 C=040<1 C=040<1 C=040<1
(2,3) C'"=092<1 | C"=092<1 | C"=084<1 | C"=079<1
102 | 147 | 322 | 470 | 9.03 | 1256 | 15.31 | 20.55
C=034<1 C=034<1 C=03<1 C=03<1
(1,2) C'=112>1 C'=101>1 C'=1.02>1 C'=083<1
0.85 ‘ 1.53 2.43 ‘ 4.47 6.67 ‘ 12.26 | 12.07 ‘ 20.60
C=034<1 C=034<1 C=034<1 C=034<1
0.61 | (1,3) C'=064<1 | C"=064<1 | C"=058<1 | C"=055<1
0.70 | 1.57 | 2.20 | 4.65 | 6.20 | 12.09 | 10.69 | 20.21
C=034<1 C=034<1 C=034<1 C=03<1
23) | C'=064<1 | C'=064<1 | C"=058<1 | C"=055<1
0.37 | 146 | 1.30 | 510 | 412 | 12.33 | 7.43 | 20.28
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Table 4.3 (¢): Two sub-channels with identical parameter q.
(SNR, SNR’) (dB)
b | (0.0) [ (15,10) (15.,5) (15.2) (10,5)
MAP | (0%,0™) | MAP | (0%,0™) | MAP | (6*,0™) | MAP | (6*,0™)
(1,1) C=04<1 C=043<1 C=043<1 C=043<1
' C'=2161>1| C"=751>1 | C"=423>1 | C"=T751>1
3.31 \ 3.32 7.07 \ 7.11 11.34 \ 11.48 | 8.64 \ 8.68
(2,2) C=040<1 C=040<1 C=040<1 C=040<1
0.25 ’ C'=145>1 | C"=147>1 | C"=119>1 | ("=145>1
216 | 312 | 516 | 729 | 855 | 11.77 | 6.23 | 8.56
(3.3) C=040<1 C=040<1 C=040<1 C=040<1
’ C'"=092<1 | C"=084<1 | C"=079<1 | C"=084<1
1.97 | 3.12 4.34 | 6.79 7.66 | 1147 | 553 | 848
(1,1) C=038<1 C=038<1 C=037<1 C=03<1
’ C'=1503>1] ¢"=522>1 | ("=294>1 | C"=522>1
2.28 | 3.0 440 | 6.86 6.45 | 11.64 | 6.10 | 8.59
(2,2) C=03<1 C=031<1 C=03<1 C=03<1
0.61 ’ C'"=101>1 | C"=102>1 | "=083<1 | C"=101>1
1.00 \ 3.21 2.14 \ 7.21 3.57 \ 11.42 | 3.01 \ 8.58
(3.3) C=03<1 C=034<1 C=03<1 C=03<1
’ C'"=064<1 | C"=058<1 | C"=055<1 | C"=058<1
0.67 | 3.20 1.78 | 711 2.81 | 11.01 | 2.04 | 842
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Table 4.3 (d): first sub-channel has higher SNR.
(SNR, SNR’) (dB)
pu | (0.0 (15,10) (15,5) (15.2) (10,5)

MAP | (0%,0™) | MAP | (6%,0™) | MAP | (6%,0™) | MAP | (6*,0™)
C=040<1 | C=040<1 | C=040<1 | C=040<1

(1,2) C'=145>1 | C"=147>1 C'"=119>1 | ¢"=147>1

228 [ 311 [ 520 ] 696 | 878 [ 11.72 | 7.02 | 8.61

C=040<1 | C=040<1 | C=040<1 | C=040<1

(1,3) || ¢"=092<1 | ("=084<1 | C"=079<1 | C"=084<1

232 ] 326 [ 470 [ 699 | 7.69 | 11.44 | 642 | 8.4l

C=040<1 | C=040<1 | C=040<1 | C=040<1

23) || ¢"=092<1 | ("=084<1 | ("=079<1 | C"=084<1

0.95 1.96 | 317 [ 450 [ 7.02 [ 750 [ 1144 [ 561 | 835
' C=040<1 | C=040<1 | C=040<1 | C=040<1
32) || ¢"=092<1 | ("=092<1 | C"=092<1 | C"=092<1

2.13 | 320 515 | 7.23 8.14 | 11.29 | 6.04 | 8.68

C=040<1 | C=040<1 | C=040<1 | C=040<1

3,1) || ¢"=092<1 | ("=092<1 | ("=092<1 | C"=092<1

273 ] 295 | 700 [ 734 [11.06] 1148 [ 775 | 8.44

C=040<1 C=040<1 C=040<1 C=040<1

21) || ¢'"=161>1 | C"=161>1 | C"=161>1 | C"=145>1

297 [ 314 [ 676 [ 695 [11.07] 1142 | 811 [ 8.79

C=034<1 | C=035<1 | C=03<1 | C=03<1

(1,2) || "=101>1 | ¢"=102>1 | C"=083<1 | C"=1.02>1

142 ] 318 [ 280 | 7.03 [ 400 [ 1129 [ 4.04 [ 854

C=034<1 | C=034<1 | C=034<1 | C=034<1

(1,3) || ¢"=064<1 | C"=058<1 | C"=055<1 | C"=058<1

112 | 3.32 2.25 | 6.88 3.39 | 11.39 | 3.58 | 877

C=034<1 | C=034<1 | C=034<1 | C=034<1

(23) || ¢"=064<1 | C"=058<1 | C"=055<1 | C"=058<1

0.61 073 | 300 | 1.76 | 7.03 | 272 | 11.35 | 246 | 8.64
' C=034<1 | C=034<1 | C=034<1 | C=034<1
32) || ¢"=064<1 | C"=064<1 | C"=064<1 | C"=064<1

0.85 | 321 228 | 7.07 3.62 | 11.71 | 2.53 | 826

C=034<1 | C=034<1 | C=034<1 | C=034<1

3,1) || C"=064<1 | ("=064<1 | C"=064<1 | C"=064<1

1.66 | 2.98 3.95 | 7.10 5.83 | 11.36 | 4.30 | 831

C=034<1 | C=034<1 | C=034<1 | C=034<1

2,1) || ¢"=112>1 | C"=112>1 | C"=112>1 | C"=1.01>1

177 ] 322 [ 415 ] 748 [ 592 [ 1140 | 467 | 873
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Table 4.4: Joint symbol error rate (in %) of joint MAP decoding and instantaneous
mapping (0%, 6) for two correlated sources with Markovian correlation parameter.
The channel model is a MAC channel with two orthogonal NBNDC-QB, with M =

a=1,Cor=5%x10"3Cor' =0.5and ¢ =1,2,3.

Part (a): Two sub-channels with identical parameters (SNR, q).

(SNR, SNR) (dB)
(5,5

Pav | (¢:4") (15,15) (10,10) ) (2,2)

MAP \ (0*,0™) | MAP \ (0*,0™) | MAP \ (0*,0™) | MAP \ (0*,0™)
C=151>1 C=148>1 C=139>1 C=131>1

(1,1) || C"=11239>1 | C"'=3672>1 | C'=1275>1 | C"=719>1

152 | 152 [ 457 [ 457 [1240] 1240 |20.53] 20.53

C=078<1 C=079<1 C=084<1 C=084<1

0.0 | (2,2) C'=273>1 C'"=246>1 | C"=250>1 | C"=202>1
1.54 \ 1.54 4.64 \ 4.64 12.46 \ 12.46 | 20.42 \ 20.42

C=077<1 C=077<1 C=078<1 C=079<1

(3,3) C'=157>1 C'"=157>1 | C"=143>1 | C"=135>1

153 [ 153 [ 460 | 460 |1239[ 1239 [20.52 ] 20.52
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Table 4.4 (b): Two sub-channels with identical parameter SNR.
(SNR, SNR') (dB)
pu | (a:¢) | (15,15) (10,10) (5,5) 2.2)

MAP | (6%,0™) | MAP | (6%,0™) | MAP | (6*,0™) | MAP | (6%,0™)
C=078<1 C=079<1 C=084<1 C=08 <1

(1,2) || ¢"=274>1 | C"=247>1 | C"=250>1 | C"=202>1

153 | 153 457 | 457 [ 1244 ] 1244 [20.50 | 20.50

C=077<1 C=077<1 C=078<1 C=079<1

00 (1,3) || C"=157>1 | C"=157T>1 | ("=143>1 | C"=135>1
152 [ 1.52 457 | 457 [ 1252 12.52 | 2048 | 20.48

C=077<1 | C=07T<1 | C=018<1 | C=079<1

(23) || ¢"=157>1 | C"=157>1 | C"=143>1 | C"=135>1

1.50 | 1.50 457 | 457 1239 1239 [20.54 | 20.54

C=078<1 C=079<1 C=084<1 C=08<1

(32) || C"=157>1 | C"=157>1 | C"=143>1 | C"=135>1

158 | 1.58 462 | 462 | 1246 1246 | 20.52 | 20.52

C=152>1 C=148>1 C=139>1 C=131>1

(3,1) || ¢"=274>1 | C"=247>1 | C"=250>1 | C"=202>1

155 [ 1.55 471 | 471 12.35 | 12.35 |20.73 [ 20.73

C=152>1 C=148>1 C=139>1 C=131>1

(2,1) || C"=274>1 | C"=247>1 | C"=250>1 | C"=202>1

155 [ 1.55 471 | 471 12.35 | 12.35 | 20.73 [ 20.73
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Table 4.4 (c): Two sub-channels with identical parameter g.
(SNR, SNR') (dB)

o | (@¢) [ 510 (15,5) (152 (105)
MAD [ (6°,67) | MAP [ (67,07) | MAP | (67,07) | MAP | (6,07
C=148>1 C=139>1 C=131>1 C=139>1

(L) | C"=3672>1|C"=1275>1| C"=719>1 | C"=1275>1
3.05 ‘ 3.05 7.16 ‘ 7.16 11.3 ‘ 11.39 8.65 ‘ 8.65
C=079<1 C=084<1 C=084<1 C=084<1

00 (22) | C"=246>1 | C"=250>1 | C"=202>1 | C'=246>1
348 | 318 | 719 | 719 | 1158 11.58 | 852 | 8.52
C=077<1 C=078<1 C=079<1 C=078<1

33) || C"=157>1 | C"=143>1 | ¢"=135>1 | C"=143>1
3.06 [ 3.06 | 715 [ 715 |11.64] 11.64 | 8.45 [ 8.45
(SNR, SNR') (dB)

o | (00) [ 510 @.15) G.15) (10,15)
MAP | (67,67) | MAP | (67,67) | MAP | (67,07) | MAP | (7,07
C=148>1 C=151>1 C=152>1 C=152>1

(L) | C"=1277T>1| C"=719>1 | C"=1277T>1 | (" =36.76 > 1
859 | 859 | 11.47 | 1147 | 715 | 7.5 | 3.1 | 3.1
C=079<1 C=078<1 C=078<1 C=078<1

0.0 (2,2 C'=247>1 C'=202>1 C'=250>1 C'=247>1
859 | 859 | 1148 ] 1148 | 715 | 7.5 | 3.1 | 3.1
C=0"77<1 C=077<1 C=077<1 C=0"77<1

33) | C'=143>1 | C'=135>1 | ¢"=143>1 | ¢'=157>1
8.57 ‘ 8.57 11.46 ‘ 11.46 7.13 ‘ 7.13 3.05 ‘ 3.05
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Table 4.4 (d): First sub-channel (with Cor = 5 x 1073) has higher SNR.
(SNR, SNR’) (dB)
pav | (0,4)) (15,10) (15,5) (15,2) (10.5)
MAP [ (9*,0%) | MAP [ (6*,0™) | MAP | (6*,6™) | MAP [ (¢*,0%)
C=079<1 C=08<1 C=08<1 C=084<1
(12) || C"=247>1 | C"=250>1 | C"=202>1 | C"=250>1
3.08 \ 3.08 7.20 \ 7.20 11.52 \ 11.52 | 8.67 \ 8.67
C=077<1 C=078<1 C=079<1 C=078<1
00| (1,3) | C"=157>1 | C"=143>1 | C"=135>1 | C"=143>1
308 [ 308 [ 721 [ 721 [11.72] 11.72 | 845 | 845
C=077<1 C=078<1 C=079<1 C=078<1
23) || C"=157>1 | C"=143>1 | C"=135>1 | C"=143>1
3.07 \ 3.07 7.16 \ 7.16 11.55 \ 11.55 | 8.68 \ 8.68
C=079<1 C=084<1 C=08<1 C=084<1
(32) || ¢"=157>1 | C"=157>1 | C"=157T>1 | C"=157>1
311 [ 311 [ 715 ] 715 [1148] 1148 | 852 | 852
C=105>1 C=105>1 C=105>1 C=121>1
(3,1) || C"=157>1 | C"=157>1 | C"=157T>1 | C"=157>1
3.08 [ 308 | 711 [ 711 [1L59] 11.59 | 850 | 8.50
C=148>1 C=139>1 C=131>1 C=139>1
(2,1) || ¢"=274>1 | C"=274>1 | C"=274>1 | C"=247>1
3.05 [ 305 | 711 [ 711 [11.70 [ 11.70 | 8.61 | 8.61
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Chapter 5

Conclusions and Future Work

In this work, we studied joint MAP decoding for a system with two correlated Gaus-
sian sources, scalar quantizers followed by properly chosen index assignments, and
an orthogonal Rayleigh DFC MAC modeled with two independent NBNDC-QB sub-
channels. The NBNDC-QB is a mathematically tractable model (its transition prob-
abilities, noise entropy rate and autocorrelation function are known in closed form)
and is numerically shown to be an effective approximation, in terms of SDR, for
an end-to-end Rayleigh DFC used with low coding rates. The system is called SQ-
MAC-MAP, where the joint MAP decoder is implemented via a modified Viterbi
algorithm. We investigated two scenarios for this system; first, the sources assumed
to be memoryless and generate symbols according to a bivariate Gaussian distribu-
tion with a correlation parameter which is constant in time. In the second scenario,
the correlation parameter is a first order Markov process with two state which causes
change in the joint distribution over time and creates memory in the source symbols.
Considering two-level quantizers in both scenarios, we derived a necessary and a suffi-

cient condition under which our instantaneous symbol-by-symbol decoder can replace
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the joint MAP decoder without loss of optimality. Finally, numerical results illus-
trate our theoretical results and verify that the proposed system can make use of the
sources’ correlation and statistics, channel noise memory, and channel soft-decision
information to improve SDR performance.

There are several extensions of the current work that can be investigated in the
future studies. Finding necessary and sufficient conditions under which the MAP de-
coder becomes unnecessary is still an open problem for systems with channel memory
order or coding rates greater than one. Also, it is interesting to study a system with
more than two users and derive similar results for it. Furthermore, evaluating the
system’s effectiveness under joint MAP decoding of the Markovian sources by fitting
it to the underlying fading channel is an interesting research direction. Many emerg-
ing topics such as data survivability in the distributed data storage can use the idea
of harnessing the correlation (or any other shared information) between the users to
jointly decode the data transmitted to a common node; this goal can be achieved by
considering the mutual information and designing a more efficient (simpler and faster)
channel coder for each node. On the other hand, studying the conditions under which
a simple instantaneous decoder is enough to optimally decode the messages, can give

guidelines on how to distribute the data and optimize the system.
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Appendix A

Proof of Theorem 3.1

For the pair of mappings (6*,0) to be optimal sequence detection rules in the sense
of minimizing the joint sequence error probability (i.e., they can replace the joint
sequence MAP decoder), it is necessary and sufficient that for all input sequences
(z, 2" )N € (X x X)N and output sequences (y,y )N € (¥ x V')V, where X = X’ =

{0,1} and Y = {0,1,...,2¢7 — 1} and )’ = {0,1,...,29 — 1}, the following holds

2 Pr{(X, XY = @90V Y)Y = (w, )} (A1)

T PH{(X, XN = (2,2 N[V, Y)Y = (y,5/)N} =

—

where (7, 7)Y = (6*(y),0 (v'))" represents the sequence of simultaneously decoded

pairs (i.e., 7; = 0*(y;) and g, = 6" (v}), i = 1,2,..., N).

A.1 Preliminaries
~ can be written as

_ Pr{ Y)Y = (g, y)M(X XY = (3,90 Pr{(X, XY = (5, 9)"}
Pr{(Y,Y")" = (y, y")"V|(X, X)N = (z, ')V} Pr{(X, X'}V = (z,2")N}

g
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Since the two sub-channels of the MAC are orthogonal and the input sequences are

independent of the noise processes, we have

_ Pr{y" = ¢V | X\ = 7| }Pr{yf =y |X/1 =1 Pr{(X, X)) = (5, 9)"}
Pr{Y¥ = yV| XY = 21 }Pr{Y/ =Y |X/ = 2} Pr{(X, X')N = (z,2)"}
_ Pr{Z) = aV} Pr{Z'} = 'V} Pr{(X, X")N = (3,9)"}
Pr{ZN =N} pr{ZY =1} Pr{(X XN = (z,2")N}

_ Pr{Zi = a} Pr{Z] = di} P(n, 9 ﬂ Q(ak|ar—1)Q' (ay|ay,_,) PG 1)
© Pr{Z, = 2} Pr{Z] = 2} P(xy, 7)) 5 Q2] 2r-1) Q@ (21|25 ) P(zg, 2'y)’

(A.3)

/
. A yi—(29-1)z; A yi—(29-1)g; A yi—(27 -1)a';
Where, for ¢ = 1 2 N Zi = % and a; = %)gl)yl, and Z; = %

= NL Since 6 and 6* are in the form of (3.10), we have a; < 277! —1

(=1)%
and a} <2771 — 1, for any i € {1,2,..., N}. The last equation in (A.3) comes from

and a;

the fact that for a queue noise model with M = 1, the noise process is a homogeneous

first-order Markov process where

Pr{Zy = 2z} = p.,, 2 €Y (A.4)

and

Qzk|2k—1) = €02 5y + (L —€)pz ], zmyzp1 €Y (A.5)

where 9, ., , = 1if 2, = 2,1 and 9, ,,_, = 0 otherwise.
Next, we review some properties regarding the NBNDC-QB sub-channels. Con-

sidering the first sub-channel, the following statements hold [29, Appendix C]:

ag, iz, < 201 1
2k = ke {l,2,... N} (A.6)
29 — 1 —ay, if otherwise
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For any k € {2,..., N},
o If T = gk and Lk—1 = gkfla

Q(ak|ak—1) Q(ak’ak—l)

QCrlzr ) Qaplapy) - (A7)
o If 7, = g and w1 # Y1,
 Qlaglag) o Qlagla)
MRS e M Ol — 1 —ae ) (A.8)

where the equality can be achieved if and only if ap # ax_1.
o If vy, # g and w1 = Yr1,

- Qlaglay—1) . Q(ar]ar—1) _ pae-ig A
i Q(zklz1-1) . Q21 —1—aglag-1)  paa—r (A.9)

where the equality can be achieved if z, = 297! and a;, # ax_;.
o If wy, # U and 241 # Yi—1,

. Qlaplag—1) . Q(ar|ar—1) et (1 —e)pra1
min ————— = min — 7
Q(2k|2k-1) Q29 —1—agl29 —1—ap_q) €+ (1 — €)pga—

(A.10)

where the equality can be achieved if z, = 2,1 = 2971

The previous results are also applicable in the second sub-channel, using its corre-

sponding parameters.
TP (ZL’k, Z)Z',k)
', @& g, = 1, where @ is modulo-2 addition. Otherwise, due to the symmetry in the

Furthermore =1ifx, @y =0and 2', ®y, =0o0r 2, ®yr =1 and
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source distribution, we have

P(Gk, 7 P 2 —P(0,0
B £ min —(yk’yk) =ming | —= "= (0,0) i R (0.0) . (A.11)
Plar,a'r) I=P(0,0) P(0,0)
We partition the index set K = {2,3,..., N} as follows:
15
IC = UA'M
i=0
where
A 2k € K:ap @G = is, s ®Fp, = la, th1 D Gp—1 = i1, T'h 1 D Yp_y = G}, (A12)

and (i3igirip) is the binary representation of i.

Hence
_ Pr{Z, = a1} Pr{Z] = a\ } P51, 71) 11_[ (A.13)
- Pr{Z =z} Pr{Z] = 2} P(a1,2")
where
H Qlax|ar—1)Q' (ay|af_) P (G Uk) (A.14)
Q (2l 26-1) Q' (21|24 1) P(2g, 2'k)

e In set Ay, we have

~ / ~/ ~ / ~/
Tk =Yk, Tk =Yg, Thk—1=Yk-1, Tk-1=Yr_1

/ / / /
2k = Ak, 2 = A, Zp—1 = k-1, Zp_q = Qp_q-

As a result

I
=

7o (A.15)
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e In set A;, we have

~ / ~/ ~ / ~/
T =Yk, Tk =Y Thk—1=Yk—1, T k-1 # Y1

/ / / ! /
2k = Qp, 2 = Qy, Zp—1 =01, Zp_ =21 —1—a,_,.

As a result
Q' (ay|ay_y) H
keA; Q'(a |2q - 1= ak 1 keA;
Q'(ajla)_4)

where 74, = min = 1.

!
Q'(af 27 1a)_,)

e In set Ay, we have

~ / ~/ ~ / ~/
T =Yk, Tk =VYg, Tk # Uh—1, Tpo1= Yr—1

/ / /
2 =g, 2 =a, 21 =21—1—ar1, 2,_,=0a;_4.

As a result

1 Q(ax|ar—1) ) > ] v = 1. (A.17)

q_—_ 1 —
keAs Q ak’2 1 A1 keAs

A : —
where 74, = mm% =1.

e In set A3z, we have

/ ~/ ~ / ~/
T = Yk, Tk =Yg Tk—1 7£ Yr—1, T k-1 7é Y1

! / ! ! /
2 =g, 2 =0, 2p—1=21—1—ay1, 2,_,=2"—-1—a;_4.



A.1. PRELIMINARIES 120

As a result

/ ! !/
H Q(ak|ar—1) Q'(ak|ak_,) H Y4, =1, (A.18)

keAs Qak|29 — 1 — ap—1) Q' (ap]29 — 1 —aj_,) keAs

where 4, = 74,74, = 1.

e In set A4, we have

~ / ~/ ~ / ~/
T = Yk, Tk 7£ Yk T—1 = Yk-1, Tk—1 =Yg

_ r_ 2q’ 1 I _ ’ 7
Zk — a/k-7 Zk — - - a/k, Zk_l — ak_l, Zk:—l — ak_l.

As a result

V—HQ/ PAGIUSY ><B>Hp2‘”1><B I 74 (A29)

—1—4d)la
e, k1) ped, Par KeAs

o _1
24 —1 X B'
p2q/ 1

where 4, =

e In set As, we have

~ / ~/ ~ / ~/
Tp=Tp, ThkF Yy, Th—1 = Yk—-1, Tk-1 # Yk

/ ! / / ! /
zp=ag, 2, =21—-1—ay, zx1=ap1, 2_1=27—-1—a,,.

As a result

(ajlar_y)
x B
Ll QR T a2 —1—d)

+ (1 — el)pIQq’71,1
ZH €+ (1—¢)p XB:H%%,

keAs )p2q,71 keAs

(A.20)
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e+(1-€)p! ,

AL 29’ —1_1
where YAs = W X B.
0a' —1

e In set Ag, we have

~ / ~/ ~ ! ~/
Ty =Yk, Tk# Y,  Tg—1 F Up—1, Tpo1 = Yi—1

/ ! / / /
e =ap, 2, =2"—-1—a;, zx1=2"—1—ax1, 2,_,=0a; 4.

As a result
Q(ap|ar—1) Q' (aglay_;)
=11 20— 1 2 —1-ala ) <P
pex, Qan29 =1 —ap ) Q27 — 1 — aja_y)
g (A.21)
r—1_
EH’Y-AQ 27 1XB:H7A67
keAs 24/ 1 keAg
A pqu 14
where 74, = X B =v4,.
p2q/ 1

e In set A7, we have

~ / ~/ ~ ! ~/
Tk =Yk, Tk # Y, Tk-1 7& Yk—1, Tk—1 7é Y1

/ ! / / !
zp=ap, 2, =2"—-1—a,, zx1=2"—1—ax1, 2,_,=2"—-1—a; 4.

As a result
Q(agag—1) Q' (ay|ay,_,)
H Py = - x B
e Qak|2q—1—a;C 1) Q27 —1—a, |29 —1—a}_,) Ao
6 + 1 _6)p2q/ ) . ( . )
HPYAQG—F ) B:H7A7>
ke Az p2q’—1 keAr
¢+(1-€)p! ,
Where ")/_A7 = T)Zq/lll X B = ’}/_A5.
a
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e In set Ajg,
~ r o~ o~ / o~
Ty # Yoy T = Yy Th—1=UYk-1, Tk-1= Y1
2 = 2q _ 1 _ P! o / !
k= Ak, 2 = Ak, Zp—1 = Ak—1, Zp_1 = Q_q-
As a result
Clk Ar—1
-1 o)
P Q 2q —1- ak|ak 1)
(A.23)
Poa-1-1 < B —
> 12 s = ]
keAg Pas= keAg
where 74, £ 221 « B.

Paq—1

e In set Ay, we have

~ / ~/ ~ / ~/
T Uk Tk =g Tho1="Uk-1, Lk-17 Yy

/ / / ! /
2 =21—1—ay, z,=ay, 2k-1=0ak1, 2,_4=22—1—a;_4.

As a result
Q(ar|ar—1) Q'(ag|ay,_,)
- X B
= kg Q2 — 1 — aplar_) Q@27 — 1 —dal_))
o (A.24)

H YA, X B = H YAgs

keAg p2q ! keAg
where 74, 2 211« B =4,

Pog—1
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o In set Ao, we have

~ / ~/ ~ / o~
Ty F Uk, T = Y, Tk-1 7& Yk-1, T k-1~ Yp_1

w=2—1—ap, z.=a, z1=21—1—ay1, 2,_,=0a)
As a result
ak\ak 1)
x B
710_ H Q 2q—1—ak|2q—1—ak 1)
hedwo (A.25)
1-— 1
S = § B
keAig 6+( - 6)p2q71 keAig

Hpy1 1 o g

h L
WNEere v4,, = e+ (1—€)pya—1

e In set Ay;, we have

~ / ~/ ~ / ~/
Tk F Uy Tk =T Theo1 7 Yooy Tho1 7 Yy

/ / / Y /
zp=2"—1—ar, z,=a,, 2z-1=2"—1—ap1, 2,_,=27—-1—a;;.

As a result
k%1 A
=[] Qlarlar) Qo) .
: k€A1 Q(2q —1- ak\Qq —1- ak—l) Q’(GHQ”/ -1 &271)

(A.26)

e+ (1—¢€)paa14
> X B = ,
= H VAL €+ (1 — e)pzqfl kyAh YA

A 6+(176)p2q_171 _
where Ya, = ~Famg, 0 X B =400
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e In set Ay9, we have

~ / ~/ ~ / ~/
Ty 7& Yk, Tk 7& Yey Tk—1=Yk-1, Tk-1 =Y

’ ! / / /
zp=21—1—ay, z,=27—-1—ay, 2p-1=0ak1, 24 =05 1.

As a result
SR R 7% Q'(alaj )
k€A Q27 — 1 — aplar—1) Q27 — 1 — a}lal_,) (A27)
P2a—-1-1 pzq -1_1 .
> H H YA = 1,
keAio paa—t p2q, 1 keAqa

A Pog—1_1q pzq -1
where v4,, = e > 1.
29 2q’—1

o In set A;3, we have

~ / ~/ ~ ! ~/
Ty # Yoy Tp# Yy, Th—1 = Yk—1, T k-1 # Y

/ ! / / ! /
zp=21—1—ay, 2z,=27"—-1—-aqay,, 2zp1=ak1, 2,4=2%—-1—a;_,.

As a result

~ 11 Q(a|ar—) Q'(ay|ay_,)
Q27 — 1 — aglar—1) Q'(27 =1 —a}]29 — 1 —a},_,)
(A.28)

Dot e+(1—e)p
ZH 94-1_1 2d/~1_1 H7A13_

bt ORI AL

keAis
/
+(1=€)p! ,
A Pyg—1_y € 20’ =11
where Az = Pag—1 e+ (1—e )qu/ 1 > 1.
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e In set Ay4, we have

~ / ~/ ~ / o~
Ty 7& Yk, Tk 7& Yk, Tk—1 # Uh—1, Tpo1 = Yr—1

! !
=2"—1—aqay, 2,=27—-1—aqa, zx1=2"—1—ay1, 2,_,=a, .

As a result
H Q(ak|ag—1) Q/(GUGZ—J
Q27 —1—agl29 — 1 —ap_1) Q'(27 — 1 —a}]a},_,)
k€A
’ ) ) (A.29)
€+ (L —€)paa—11 Paa—1_
> H e+(1—e)zq R H Vg 2 1
keA1a st p2q/71 k€A1,
where 74, 2 H1=pge- a1y > 1.

EJ"(I E)pgq 1 pq/ 1

o In set A5, we have

Tk 7& Uk lU/k 7& ?J;’w Tk—1 7é Yk—1, ﬂflk—l 7"é ?31;_1

! / ! /
=2"—1—aqay, 2,=29—-1—a, z1=2"-1-a1, 2.,=29—1—a,,.

As a result

H Q(ax|ar—1) (ai|a}_+)
Q27 —1—ag29—1—ap1)Q'(27 —1—a,]29 —1—a}_,)

_ €4+ (1—-¢€)p
ZHE‘l'(l E)p2q11 ( )2q11 H’}/Al5_

+ (1 — E)p2‘1*1 €+ (1 pzq -1 keAis

(A.30)
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A.2 Sufficient Condition

In order to derive a sufficient condition for optimal detection, we need to find a lower
bound for v which is greater than or equal to one for all input and output sequences;
so a comparison between ~;’s is required. A;, Ay, A3, A1, A13, A4 and A;5 are the
only cases with 7; > 1; so we need to evaluate the other remaining cases. Since the
number of elements in each A; (denoted by |A;]), i € {0,...15} is not deterministic,
we compare 7,4, which is the minimum value of v; when |A4;| = 1, for i = 0,...,15.

Cases Ag, Ag, A1o, and A;; can be compared with each other as follows,

Vas = VAg = VAo = VAn (A.31)

Cases Ay, As, Ag, and A7 can be compared with each other as follows,

YAy = VAs = VAs = YAz (A.32)

In (A.31) and (A.32) equality holds when ¢ = 0 and € = 0, respectively.
e
Finally, we must compare 74, and 74,, which will lead into comparing E,HT)QP‘ZM
2d'—1
+(1=6)pyg—1_4
d e+(1=€)pyg-1

As a result,
. o P(0,0) 31— PO,0NY
mln{/y.Am /YAsv ’Y.Aa’ 7./477 7./487 ’Y.Aga ’Y.Au)a 7./411} = min 1 P(O 0) ) P(O O) ’
2 ’ ’
(A.33)
where

. € + (1 - 6/)plq’—l, €+ (1 - E)pgq71_1
A = min - o 2/ 1, T - . (A.34)
e s e
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If condition (3.21) holds, by looking at (A.33), we can conclude that
min {y4,,7 € {1,2,...,15}} > 1 which results in v; > 1, for any 7 € {1,2,...,15}.

Hence
i=15

[[v>1 (A.35)
=0

Thus, we only have to consider value of the initial term in (A.13), denoted by

C 2 Pr{Z1=a\} Pr{Z]=a} } P(§1,5})
Pr{Zi1=z1} Pr{Z]{=2{}P(x1,2'1)"

Hence, we must compare four possible cases that
can occur for this term.

~ / ~/ / /.
Case 1) x1 = 41,21 =9} = 21 = a1, 2] = a}:

~ Pr{Z) = 2} Pr{Z] = 21} P21, 21)

C =
Pr{Z, = 21} Pr{Z] = 2} } P(x1, /1)

= 1. (A.36)

~ ~ /
Case 2) x1 =G1, 21 Z 9, = 21 =a1,2, =27 — 1 —a:

Pr{Z = i} Pr{Z] = d\}P(a1, 1 —a'y) Pog—1_4

= x B. A37
Pr{Z = a1} Pr{Z] =27 — 1 = a{ } P(z1,2"1) — ply ., ( )
Case 8) x1 £ 1,01 =9, =21 =21 —1—ay, 2} = ay:
C — Pr{Z, = a1} Pr{Z; = a{} P(1 /— 1, ') > Pri1 o (A.38)
PI'{Zl =29—-1— Cl,l} PI’{Z{ = al}P(arl, ZL'll) P2a—-1
Case 4) x1 # 1,21 #, => 21 =21 — 1 —ay,2, =29 —1 —a:
Pr{Zi = a } Pr{Z] = a |} P(1 — 21,1 — 24) S Pt Phar—1_4 -

T Pr{Z =20 1—a} Pr{Z] =2 — 1= }P(e,2h) T pat ph,
(A.39)
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We have the following inequalities

P2a—1_1 P2a—1_1 > €+ (1 —€)pa-14

>1 = > 5
p2q71 p2q71 € + (]_ — E)qufl
/ / E/ + (1 _ 6/) / (A40)
Pog'—1_4 >1 N Poa'—1_q > Poa'—1_q
:0/2q/_1 N pl2q’—1 T+ (1 o €/>pl2q’—1
Therefore,
. P
min { 222 22 s g (A.41)
p2q71 p2q’—1
which implies that
pl
1 /_
C>mind 222t 2 by ps Ax B, (A.42)
P2a-1 qu’fl

If condition (3.21) holds, C' > 1 in all the possible cases. Taking result (A.35) into
account, we have
i=15

y=cI[w>1 (A.43)

i=0
which means that the pair of mapping (6*,6") is an optimal sequence joint MAP

decoding rule.

A.3 Necessary Condition

To prove the converse, assume that (3.21) does not hold; i.e., B x A < 1, where

sl () (e )y e

% B P<070)
P(0,0)

Without loss of generality, assume that B = . Then, we present an
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example such that the corresponding v will be less than one.

If A= et+(1—€)pyq—1_,

s Pyt for the input and output sequences

(z,2")N = ((0,0),(0,0),...,(0,0) ),

(y.4)" = ((0,0),(0,0),...,(0,0),(27,0), (27", 0),..., (271,0) ),

(. 4

k times

we have

q—1__ 1 - q—1__ k-l
y=1x1x---x1x Pri-l o B il Gl L x B . (A.45)
p2q—1 € —|— (1 — E)qu—l

Note that (;)2;,7¢XB) may be greater than one; but limg,,.v = 0

29—1

which means that for NV large enough the corresponding v will become less than
Pag—1_1
og ——

one. To be more precise, for the worst case when e = 1, k > % will result in

v <1

1),

1
If A= ——F~%—=L the sequences
€,+(1_E/)p/2q/71 b q

(z,2")N = ( (0,0),(0,0),...,(0,0) ),

(y7y/)N'::< (O,O),(O,O),...,(070)’(O’Qthl)7(0’2qh*1)’.__’(072q“71> %

(. J
v~

k times

can be given as an example input-output pair resulting in v < 1.

Hence, if (3.21) does not hold, there exists some (z,2’)Y and (y,y' )" for large
enough N such that the mapping functions (6*,6) do not decode as well as the joint
MAP detector.
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For the necessary condition with general N, if (3.23) does not hold, we have

1 P(0,0) Paa—i_1 Poy-i 1 P(0,0)
2 ) < . 24 1 24 —1 2 ) 1. A4
A (—P<O, O) ) < mln{ Dya—1 ) p/2q1_1 } ( P(O, O) > < ( 6)

Now, if A = %, for the input and output sequences
e+(1—€)pyg—1

(z,2")N = ((0,0),(0,0),...,(0,0) ),

(y, y,)N = ( (Qq_17 0)7 (2q—1’ 0)7 SR (211—1’ O) )7

we have
s 1_ i N-1
yo (P ) (U BN (A.47)
P2a-1 €+ (1 — €)pga—
If A= m, the sequences

€+(1=€)p,qr 1

(z,2")N = ( (0,0),(0,0),...,(0,0) ),

()" = ((0,2771),(0,271),...,(0,2771) ),

can be given as the example input-output pair of sequences which results in

N—-1
/q/7 €/+ 1 — EI p,q/7
N = <p2, =Ly B) < ( ot 11 X B) < 1. (A.48)

9¢/~1 €+ (1= €)poy—

Hence, if (3.23) does not hold, there exists some (x,2")Y and (y,y )" for any

N > 1 such that the instantaneous decoders (6*,6) are not optimal.
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Appendix B

Proof of Theorem 4.1

For the pair of mappings (6*,0) to be optimal sequence detection rules in the sense
of minimizing the joint sequence error probability (i.e., can replace the joint sequence
MAP decoder), it is necessary and sufficient that for all input sequences (z,2')" €
(X x X')N and output sequences (y,y' )N € (¥ x V')V, where X = X’ = {0,1} and

y={0,1,...,2¢9 -1} and V' = {O, 1,...,29 — 1}, the following holds

Lo PO = @MY = ) ) (B.1)

Pr{(X, X"V = (z,2)N[(YV, Y)N = (y, )V} —

(7, 7)Y 2 (0*(y),0* (v/))" represents the sequence of simultaneously decoded pairs

(i.e., g = 0*(y;) and g, = 0" (y}), i = 1,2,..., N).

B.1 Preliminaries

v can be written as

_ Pr{(V Y)Y = (y,y)V[(X XN = (3,9)V ) Pr{(X, X)Y = (3.9)"}
Pr{(Y,Y")N = (y,y)N[(X, X')V = (z,2)N} Pr{(X, X')N = (z,2")V}

r-)/
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Since the two sub-channels of the MAC are orthogonal and the input sequences are

independent of the noise processes, we have

Pr{y¥ =y |XY =g} P {1 = NIy = g} Pr {6 XY = (5.5)Y)
TRy =X = e (Y =y ]xﬂV_xf}Pr X;X@N:(%x)N}
_Pr{Z —al}Pr{Z’jlv—a’N}Pr{XX (@, 9)"}

- Pr{Z)Y =2V} Pr{ZY —Z’N}Pr{(X X’)N—(CE fv)N}

_ Pr{Z =a} Pr{Z] = a1} P(41,91) II Q(ak|ar—1)Q (aylay, ) P((Gk, 1) (Fk-1, 1))
- Pr{Zi=a} Pr{Z] = 2} P(a1,27) 15 Q| 2n-1) Q' (2l 5y P (i, 2 ) (2, 2y ))

(ak|ar—1)Q (ar|ar_) P((Fr, )| (Gr-1, J—1))
H@

(k] 26-1) Q' (2| 2% ) P (i, )| (281, 7))

(B.3)

Here the last equality follows from the assumption X; = Y; and X 1= 371’ in Theorem
4.1 which results in 2, = a; and 2] = a}.

Similar to A, We partition the index set K = {2,3,..., N} as follows:

15
K=JA,
i=0
where
A &2k € K, @ gp = i3, 2}, ® §j, = ta, Tp1 B 1 = i1, Ty B Yjoy = o}

(13i2111¢) is the binary representation of ¢ and @ shows the addition in mod 2.

Hence

15
v=]]» (B.5)
=0
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where

[ Qo)) P )1 B0

pea, Qarlze1)Q (2|2 1) P((wh, ) [(2h1, 24 ))

Using the transition matrix 7" and the results in (A.7) to (A.10), we find a lower

bound for ~;,2 =0,...,15.

e In set Ay, we have

/ ~/ ~ / ~/
T =Yk, Tkp=VYg, Tk-1="Yk-1, Tk-1=Yr

/ / /
Zk — a/k, Zk — ak., Zk_l — ak_l, Zk*l — akil

As a result
e In set Ay, we have
Tp =Tk Tk =T Tho1 = Yoo, Tho1 7 Yoy
=g, 2 =ah, Zpe1 = e, 2 =20 —1—a}_,.
As a result
"= H Q/ (a]a)—1) P((zg, 23)| (21, 7'k-1))
U e 1= ) Plan )@, )
. Tl B B i B P Pe Bl
Py’ Piy” Pia’ Pis’ Poo’ Po1” Poe’ Pos ’

Sl s

= H min{%,g,

keAq

72} - H YA

ke Ay

. — A
where v4, = mln{‘é, Z, Z, g} and T =1 —x.



B.1. PRELIMINARIES 134

e In set Ay, we have

~ / ~/ ~ / ~/
T =Yk, Tk =Yg, Tk-1 # Uh—1, Tpo1= Yr—1

/ / / !/
2 =g, 2, =0, 21 =21—1—ar1, 2,_,=0a;_4.

As a result

ar|p—1 P T, ‘/‘EZ‘ T—1, x;{}—l
I Q(ak|ar—1) ((zx, z3.)|( )

7 W Ot =1 = ar ) P((wn o)l (@x 1, 7_,)

keAs

. b d
= Hmln{%7a757§}: HIYAW

ke Az
where v4, = V4,
e In set A3z, we have

~ / ~/ ~ / /
Tk =Yk, Tk=VYp, Tk-1 # Uh—1, Tp1F Yr—1

/ / / !
2k =g, 2 =05, 2x1=21—1—ar1, 2,_,=2"—-1—a;_4.
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As a result

V3 =

1T Q(ax|ax-1) Q'(ailaj_)  P((wr, 7)) |(Tp—1, 7'x1))
Q(ak|2

ied, T 1 —ap) Qay 27 — 1 —aj ) P((zg, 7)) (251, 75 4))

. [ Poo For Pio Pu Pos Poo Pis Pia| .
H mmsy —=— 75 575 1 " b *" b Db 1D - H YA = 17
keAs

(B.10)

where 74, = 1.

e In set A4, we have

~ ! ~/ ~ ! ~/
Tk =Yk, TkFYp Thot="Uk—1, Lh-1="Yp_q

. r_ 2q’ 1 ! . ! o
Zp=ag, & =2 —1l—ap, g1 = ag-1,  Zpoyp = Qg

As a result

(aklay_y) Pl 2)|(@h-1, 25 1))

Q
n= 1l Q27 —1 —aylaj_y) P((wx, 23)| (51, 7, _1))

kEAs
Py . [Poo Po2 Pii P2 Py Po3 Py Pis
> 1] = mm{P_P_P_P_P_P_’P_P_ (B.11)
heA Pog'—1 01 £o03 L710 £13 foo Loz f11 L2
Phr vy . {a b ¢ d}
= H 7 minse -, =, 5, = ¢ = H VA4
keAy p2ql_1 bia d c keAy
where v4, = P 1 Lmin {2, ¢ 4
P E o 5

2¢’—1
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e In set As, we have

~ / ~/ ~ / ~/
Ty =Yg, Tp# Yy, Thk—1 = UYk—1, T k-1 # Y1

/ ! / / ! /
2 =ap, 2, =2"—1—ay, zp_1=ar1, 2z, =21—-1—a,_,.

As a result

Y5 = H ALY P((wg, 2'1)| (w41, 2')-1))
KeAs Q27 —1—a}|29 —1—a),_,) P((zg, 2})|(xk-1,2},_4))

6/"‘(1_6,)/),2(/—1,1 . Poo Por Poa Pos Pi1 Pio P13 Pro
> H min

e e+ (1—¢€)pl, P’ Py’ Pis’ Piy’ Poo’ Pou” Poa’ Pos

B H 6/+(1 —e’)p;q/,l_l min{a b ¢ d} H y
- / PR, T g (T As s
pea, € + (=€)l dcba peds
(B.12)
e€+(1—€)p’ ,_
where Y4, = gy min {§, 3.5, 7
hal—

e In set Ag, we have

~ / ~/ ~ / ~/
Ty =Yk, Th# Yy Tk—1 # Uh—1, Tpo1= Yr—1

/ d / / /
zp=ag, 2, =2"—-1—a,, zz_1=29—1—ax1, 2,_,=0a; 4.
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As a result

Q(ax]ar— Qaglar o) Pl ¥l (T, 7))
H | ) o k

Yo =
KeAs Q(ag|27 — 1 — ag_1) Q/(Qq —-1- ak‘ak 1) P((xk>$§g)’($k—1’$§g_1))

o s [ B B B P P i P )
ey P Pyy" Py’ Pog’ Py’ Poy' Por” Poy’ Pos
Tt { B P B T P P T )
ped, Py Py’ Pis’ Pig’ Piy” Py’ Po1’ Poy’ Pos
p;q/,1_1 . {CL b ¢ d}
= H ; mmn<g-—,—,-,— ¢ = H YV As>
keAg p2‘1,_1 dcba keAsg
(B.13)
h _ Py a bcd
where 74, = <— min {4, 2 ¢ 41
29" —

e In set A7, we have

~ / ~/ ~ / ~/
Te =Tk, Tk #Up Tho1 7 Ubo1, Lho17 Uy

/ ! / / ! I
zp=ap, 2, =2"—-1—a,, zx1=2"—1—ay1, 2z,_,=2"—-1—a;_,.
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As a result

“ 11 Q(ax|ax-1) Q'(ay|ay_.) P((zr, ') [(Tr—1, k1))
e, QUar[20 =1 —ap ) Q27 =1 = |20 =1 — a3 ,) P((wg, 2)[ (241, 7}4))

WHHWMM@&@ﬁ&@&@}
T en ¢+ (1—€)pl, Ps1" Py’ Por” P’ Poo” Por” Pro” Py

€/+(1_€/)p/2q’71_1 . [ Po Por Pio Pii Poe Pog P2 Pi3
,g ¢+ (1= )Py, { ________ }

+1—=€)ysy . (abcd
= ==, mm{zaa’a’z}z 11 e

ke Az € )p2q/71 ke A7
(B.14)
e+(1-€)p’ ,
Where 7./47 = 5/+(1 € )pq /111 mln { b a7 27 d
e In set Ag,
Tp # Uy Tk =T Tho1 = Yoot Tho1 = Yoy
e=21—1—aqap, z.=a,, zZ_1=a 24 = a,
y 2k ky Pk—1 k=1  Zp_1 k—1-
As a result
“ 11 Qarlar—1) P&k, v) (21,7} _1))
pex, Q27 =1 —ayfar) P((xy, z)| (51, 24 4))
pocs g (B P o P B B P Bl
_keA P2a—1 Pyy’ Pos” Pia’ P13’ Poo’ Po1” Py’ P (B.
Poa—1 a b cd
>H i ln{gaa_}:H/yAw
reAs P2t keAs
where y4, = %Lmln{% g <, %}
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e In set Ag, we have

~ / ~/ ~ / ~/
Ty # Yoy T = Yy, Thk—1 = UYk—1, T k-1 # Y1

’ / / ! /
zp=21—1—ay, z,=ay 2k-1=0ak1, 2,_4=2%—1—a.4.

As a result
w=TI Q(axlag-1) Q' (aj|aj,_1) P((Zk, ) [(23-1, 2'5-1))
g =
AL Q=T = a0 Q27 — 1= ) Pl(we #)[(wx 1,75 )
>HP2(17171 . {Poo FPor P Fys P2 Pis Pio P11}
= mnsgs —=— 5575 75 > 15 ' 5 1 5
heo P2a—-1 Py Pi3s” Pig’ Piu Poo Pou Poo Pos
P2a—1 . [a b c d
— 21” 1 { } H YA
hed, P2 keAs
(B.16)
where 4, = p2p"2;:1 min {4,2 ¢ 4

e In set Ao, we have

~ / ~/ ~ / ~/
Tk 7& Ye, Tk =Y, Tk-1 7& Ye—1, T k-1 =Y

/ / /
2p=2"—1—ay, z.=a, z1=2"—1—ar1, 2, ;=0a, .
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As a result
I Q(axlar—1) P((Zk, )| (Zr-1, 74 y))
o= L Qe =T a2 1 ) Pl w74 1))

> H €+(1_€)qu—171m. {Poo Por Poo Pos Pay Pag Py P21}

e+ (1—€)pae Py’ Py3’ Poy’ Py’ Py’ P’ Poo’ Pos
keAio

] Sl (o B B o B B o Pl
- €+ (1 — €)p2q—l

Pll’PlO,Pl?)’PlQ’POO?POI’P02’P03

keAio
e+ (1—¢€)pg—1_1 . [a b c d
= H +((1_))2q 11’[1111{3,2,[—),5 = H Y Aios
keAio € €)P2a=1 keAio
(B.17)
e+(1—€)pyg—1_ : a b cd
where YA = e—i—(l—e)Qquill min {E’ b alt

e In set Ay;, we have

~ / ~/ ~ / ~/
Tk # Uy Tk =T Tho1 7 U1, Lro17 Up_q

/ ’ _ 1 9d _q
2p=2"—1—ar, z,=a,, 2z-1=21—1—ap1, 2_,=27—-1—a;,,.

As a result
- 11 Q(ax|ax-1) Q' (aj|aj,_y) P((Zg, 23)|(Zp-1, 2'k-1))
me ven, Q21— 1 —ap|29 =1 —ap ) Q"(ar[27 — 1= ap_y) P((wy, 2 (21, 2 _y))
11

> H €+(1—€)qul—1mm{Poo Poo Pig Pia Psy Py Py PQO}

+ (1~ €)par Py’ Py’ Poo’ Poo’ Poo' Po” Pro” Prs

QL SO R P P P o B P o)
B €+ (1 — €)paa—

keA1r
1-— -1- b d
_ H E-|-( 6)0211 1 1min{%,—,§a_}: H VA1,
ren, € (1= €)po © 8 e

(B.18)
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e+(l—€)pyg-1_1 . a b c d
where 14, = ———min {42 ¢ ¢}

P s P

e In set A9, we have

~ / ~/ ~ / ~/
Tk F Yoy Tk F Yoo Tho1 = Ybe1, Tho1 = Yp_q

/ ! / / /
2 =21—1—ay, 2,=27 —1—ay, 2p-1=0ak1, 24 =05 1.

As a result
=TI Q(axlay_1) Q' (ajlay_y) P((Zg, 2') (21, 23, _1))
12 — 7
A, QR — 1= arla) @27 — 1= dila,) Pl o) (017, )
> H Poat1 Pag—i_y {Poo Py Py P FPos Py Pis P12}
il / mnsgs —=— 45575 275 > b ' 5B 1 5
ke P2a=1 Poy Pos" Poo Pis” Pia” Poo Pon Pro P
P2a-1 1P a'—1
=1l =—=—=1]
keAi2 Paa- p2q/ 1 keAqa
(B.19)
h _ Pag-1_4 p2q’ 11
where 74, = 2 —+2—

Pog—1 qu/71

e In set A3, we have

~ / ~/ ~ / ~/
Tk F Yoy Tk F Jpo Tho1 = Jb—1, L1 7 Up_q

! ! / / ! /
zp=21—1—ay, z,=27"—-1—-aqay,, 2zp1=ar1, 2,,=2%—-1—a;_4.
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As a result
s = H Q(ak|ar-1) Q' (ai|ay_4) P((Zg, 2')|(2p—1, 2'5—1))
wea, Q1= T —aplay ) Q27 =1 = a4[27 =1 —ay ) P((wp, 23)(2x-1, 7 _y))
[ P U (P o R B T P P P
e, P €’+(1—€')P/2q/_1 Pi3" Py’ Pyy’ Py’ Poo' Pou” Poo’ Pos
H Poa—1_1 € (1—6’)p,2q/,1_1 min{(l b d C} H N
= BT A1z
rei, Pt € (L =€)y s c'd b a A '
(B.20)
pog—1_y € TA=EP sy fa b d c
where v4,, = qull T 6,)2‘: 1711 mm{c, o b,—}.

e In set Ay4, we have

~ / ~/ ~ / ~/
Ty 7& Yk, Tk 7& Yy Tk-1 F Uh—1, Tpo1 = Yr—1

!
=2"—1—aqay, 2,=2"—-1—aqa, zx1=2"—1—ay1, 2,_;=a,.

As a result
g = H Q(ag|ar1) Q' (ay|aj_y) P((@g, ') [(Th—1, 25, 1))
14 =
L QT a2~ T a0 ) Q@ 1 - ajlaf_) P(ae ) (wacr, 7))

HHmWMWHq@&@E%@&%

e+ (1—€)pa-1 Py, Pa3” Py’ Py’ Py’ Poo” Pou’ Poz’ Pos

:H”W%”W”%@&@E@ﬁ@@
€+ (1 - 6)02%1 pIQq’—l

e Py’ Pyy” Pia’ Pis’ Poo’ Po1” Poe’ Pos

B €+ (1 —€)paa—1_1 /0/24/71_1 . Ja b dc]
-1~ P il §

k€A1a + <1 N €)p2q_1 p2q'—1
(B.21)
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e+(1—€)pog—1 I 1
(1—€)pyq— 12q 1mn{ dg}

where v4,, = D v cd b’

e In set A5, we have

Tk Uy T F Uy Tho1 # Jb1,  Tho1 7 Uy

! !
2, =21—1—ay, 2,=29—-1-—qa), z1=2"—1—ap4, 2,.,=2"—-1—a; ;.

As a result
- 11 Q(aylay_1) Q' (ay|ay, 1) y
he s Q27 —1—ag29 —1—ap-1)Q'(29—1—a,]29 —1—a)_,)

P((!I?k,ai k)|<jk717 I,k,1>> > H €+ (1 — 6)[)211—171 €+ (1 — 6)p’2q71_1
P((zy, vl (@h-1,234)) — 2. €t (T =€)par e (1 —€)ph

= H Yas 2 1,

keAis

(B.22)

et+(1—€)pyg—1_; e+(1—€)p /2q 14
e+(1—€)pyg—1 e+ (1—€)p]

where y4,, = -
29—

In order to achieve a sufficient/necessary condition for optimal detection, we need
to find a lower bound for 7; so a comparison between ~;’s is required. For cases
Ao, A3, A12, and Ajs, we will have that 7o, 73,712, and 15 are greater than or equal
to one; so we evaluate the other cases by comparing their «y4;s.

Cases A, Ay, A3, A4 can be compared with each other as follows,



B.1. PRELIMINARIES 144

/ / /
pPaa—1_1 € +(1—€)02qul_1 . [a b d c . [a b d c
—_—— = > —_ ==y = >
Poa—1 e + (1 _6/)/)/2(1/_1 min cdba min dba VAz Z VA
e+ (1—€)poi1Pogy . [abdc . fa b dc
Ty Ty 3 T > TR > .
e+ (1 —€)par phy, S A R A A T = TAa

(B.23)

Similarly, we can look at cases Ay, A7, Asg, A1

Poray o fa e d\  E U=y fabedl
)0,2,1/_1 Vadel™ €,+<1_€,)p/2q/_1 ba'd ¢ YAy Z VA7
Poa—1_1 a b cd e+ (1—€)ppa-11 . [a b c d
2222ty 22z — >
Poa—1 mn{b Ta’d’ c} T e+ (1 —€)p T vade TAs = T

In the same way, we can compare the cases As, Ag, Ag, A1

Pygr—1_; abcd - E’—i—(l—g’)p;q/_lfl . [a bcd N S
ming —,—, -, — min< —, —, -, —
p/2q/71 d C’ b; a - €/+ (1 _61)[)/2(1,71 d’ C? b7 a /7./46 - 7./45
pa-11 . [a b cd e+ (1—€)pp-1-1 . [a bcd
Z 22 Zbs i QI >
qu*I mln{dacvbaa} - E‘{‘(l—E)qu*l min dac7baa ’Y.Ag ’YAlO
(B.25)
We define the following quantities:
a b dc
Ay =min< —, —, —, —
1 mln{cad)b7a}7
b d
Agzmin{%,a,g,z}, (B.26)
abcd
Az =min< —, -, -, — p.
’ mm{d’c’b’a}
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We need to find min {A;, A, A3} for further progress. For this purpose, we divide

the space of (a,c), 0 < a,c < 1 into four regions:
e Region1: 0<¢c<025and 0<c<a<05and0<a+c<0.5
e Region 2: 0.2 <a<0band0<c<a<0band05<a+c<1
e Region 3: 025 <c<0band0<a<c<0b5and05<a+c<1

e Region4: 0<a<020and0<a<c<05and 0<a+c¢c<0.5

Figure B.1: Regions

0.5
BING
0.25 @ @
®
0
0 0.25 0.5

In each region, using the fact that a + b = ¢ + d = 1/2 and performing algebraic
manipulation on the descriptions of that area, required results to make a comparison
between A, Ay, and Aj can be acquired. For the Region 1, the following results can

be acquired:

C )
a>c— — > —
c a
d b c
d>b - > = — A =—. B.27
>b= > 1= (B.27)
b c
<1/2 —= - > -
a+c / 77 )
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Furthermore,
d ¢ )
c<02 = —>—
c d
a ¢ c
- > - = Ay = - . B.28
0>c= > 2= (B.28)
b ¢
<1/2 - > =
at+c<l1/ = > )
Finally,
b ¢ )
a+c<1/2=c<b = ->3 (I)
d a c
at+c<l/2=a<d = - > (II) >:>A3:l_)' (B.29)
a
a ¢
a+c<1/2 o>y (III)

Since d > b and d > a , we will have Ay < A3 and Ay < A;.
Using the symmetry in the definition of the regions and the A, A, and Aj ex-
pressions, similar results can be derived.

For Region 2, we have

b b b
Al C—l, A2 - a, Ag - E (B?)O)
b bb b
1 —_— _— - = — :A B. 1
mm{d’a’c} a ? (B.31)
For Region 3, we have
d d d
Al - g, AQ - E, A3 - a <B32)
d d d d
min{—,—,—} =—-=A (B.33)
b’ c a c
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For Region 4, we have

a a a
Aj=—, Ay =—-, A3=-— B.34
1 c ) 2 b ) 3 d ( )
. (a a a a
mln{z,g,a} —Z —A2 <B35)
Considering the previous discussions, we can conclude that for all regions
min {A17A27A3} = AQ. (B36)
As a result,
Yar < Va5 and  ya, <4
(B.37)

Yas < VAq and YA < YA

Further comparison requires more knowledge about sub-channel parameters (SN R, q, €)
and (SNR',q¢,¢).

For any pair of input and output sequences {(X;,Y;)};~,, we define a sequence
of states {S;};—y; where S; = A;,j € {0,...,15}, if i € A; by the definition of
partitions. Since each state S; depends on the (z;,y;) and (24, y}) as well as (z;_1, yi—1)

/

and (z}_,,y._,), any state can only be followed by certain number of states which are

specified with one in Table (B.1).

B.2 Necessary Condition

Considering Table (B.1) and inequalities in (B.23) to (B.25) and (B.37), we prove

that the necessary condition in (4.26) must hold if the mapping functions (6, 6’) given
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in (3.10) are optimal sequence MAP detection rules. We present a pair of input and
output sequences which results in v < 1 if the necessary condition does not hold.

This condition can be written as

q—1_ p/ f—1_
min {4, 7, } = min § P2 22U 4, < (B.38)
qu—l p2q’—1

/ /
Paa—1_y Pag/—1_y | _ Paa'—1_,
Y / - *
Pogq—1 p2q/_1

Without loss of generality, assume that min {

c
o If A2 = C—Z,
the input and output sequences (x,z')Y = ( (0,1),(0,1),...,(0,1) ) and

(y,v )N = ((0,1),(0,2¢71 —1),(0,1), (0,297 —1),... ) result in

/ /
p2q’—1_1 C % b 102q/71_1 C

Py d d” g d

v = x%x.... (B.39)

b < 1. We can

we realize that (a,c) is in Region 1; hence, §

Since Ay = 4,

conclude that the proposed input and output sequences result in v < 1.

® IfA2:é7
a

the input and output sequences (x,z')Y = ( (0,0),(0,0),...,(0,0) ) and

(y,y )Y = ((0,0),(0,2¢71),(0,0), (0,2¢71),... ) result in

/ /
p q’—1_ C p q'—1_ b C
2 1 2 10

é><— — X ... (B.40)

/ /
Poyr @ @ Poyy @ @

’Y:

Since Ay, = (—lz, we realize that (a,c) is in Region 2; hence, ¢ < 1. We can

conclude that the proposed input and output sequences result in v < 1.

® IfAQZC—Z,
c
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the input and output sequences (z,z')Y = ( (0,1),(0,0),(0,1),(0,0),... ) and
(y,y)N = ((0,1),(0,2971),(0,1),(0,277"),... ) result in

/ /
o p2q/_171§ % g % p2q/—1716_l d

= X =X .... B.41
T T (BA1)

d

Since A, = g, we realize that (a,c) is in Region 3; hence, § < 1. We can

conclude that the proposed input and output sequences result in v < 1.

.H@:%

the input and output sequences (z,z')Y = ( (0,0), (0, 1),(0,0),(0,1),... ) and
(y,y )N = ((0,0), (0,277t —1),(0,0), (0,297 —1),... ) result in

/ /
. pquflilg % a p2q/—1712 a

v= X — X ..., (B.42)
Py b ¢ phy, b c

Since Ay = ¢, we realize that (a,c) is in Region 4; hence, ¢ < 1. We can

conclude that the proposed input and output sequences result in v < 1.

_ Pl - . . . .
Similarly, if min {p2q L2l } = 211 switching X with X’ and Y with Y7
Pag—1 p2q/_1 Pag—1
in the above input and output sequence examples will result in v < 1.
For the case when N is large enough, if the necessary condition 4.27 does not hold,

we will have

. . [a d | paamig Py . [a® bc be d?
mln{Amln{a,a},mln{ p— . Min § =, —5, =50 5o <1, (B.43)

where

A = min e+i- 6/)p/2q’*1—1 e+ (1—¢€)pa-1
(S (P
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There are two possible cases:

e First case, assume that Amin {%, g} < 1.

e+ (1-O)pye-1_,

Without loss of generality, let’s A = GRS PR

If min {4, %} = 2, the input and output sequences (z,2)N = ((0,1),(0,1),...,(0,1))

and

(y, )N = ((0,1), (2971, 1), (2971, 1),...,(2971,1) ) result in

P2a-1 d

€+ (1 — €)pga— d

Y= pria (e—l— (1 —€)pga—1_4 y a)N_I’

which goes to zero for a large enough N.

If min {2, ¢} = 4 the input and output sequences (z,z') = ( (0,0), (0,0),...,(0,0))

and (y7 y,)N = ( (07 0)7 <2q_17 O)? (2(1_17 0)7 ) (2‘]_1’ O) ) result 1n

P2a—-1_1 d €+ (]. — 6)p2q71_1 d Nt
y="——x—-X X — :
Pa—1 a €+ (1 — €)pga— a

which goes to zero for a large enough V.

+1-)pl

Similarly, if A = MT)?LI, switching X with X’ and Y with Y’ in the
2¢'—1

above input and output sequence examples will result in v = 0 for a large

enough N.

/

p

. Poq—1_ f—1_ . 2 2
e Second case, assume that min ¢ 22=L 2711 4 iy § oo be be dD L
Pag—1 Pog/—1 bc? a2’ d?’ be

One can verify that the input and output sequences given as examples in the
proof of the necessary condition (4.26) for general N will result in the v < 1 for

a large enough N.
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/ /
oo a1y Pogioal . 2 be be d? Pod=1_1 b
As an example, if min 2p —u Qp, ! mm{“b—c, e = Z, L5, the
24 0q’—1 5’ —1
input and output sequences (z,z')Y = ( (0,1),(0,1),...,(0,1) ) and

(v, )N = ((0,1),(0,2¢971 —1),(0,1), (0,297 —1),... ) result in

152

/ / / ,

gl b P b P [P be T
p2q’71 d d qu/,l d d p2q171 p2q,71 d

which goes to zero as N grows. Thus, there exists N large enough for which

v < 1.

B.3 Sufficient condition

In order to prove the sufficient condition (4.24) for the optimal detection, we show
that 7 computed via (B.3) for any input and output sequences is greater than or
equal to one under the sufficient condition.

First, we present a lower bound for the 7. Assume that {S,-}f\i2 is the state se-

N

quence assigned to an arbitrary input and output sequences { (z;, /)y~ , and { (s, )}y

We can write the following lower bound for the corresponding ~

N
7> s, (B.44)

i=1
where vs, € {Va,,-- Va5 t,0 = 2,3,...,N, is a lower bound for the contribution to

the v of the whole sequence by the input and output at time i. In fact,

Q(as|ai—1)Q(ailai_1) P((Gi, 9)|(Fi-1,9in)) .
Q(2il2i-1)Q (2]l 2 ) P (i, 2 [(wi1, 7 _y)) —
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Notice that the proposed lower bound only depends on the corresponding state se-
quence not the exact values of input and output sequences.

Furthermore, the sufficient condition (4.24) can be written as

min {74, Y., } 74 = 1. (B.45)
This inequality along with those in (B.23) to (B.25) and (B.37) result in

Vao = Vas = 1,

(B.45 .
"}/Al — ’)/‘A2 S 1 % mln{7A7:7A11} Z 1’

min {’}/.Am VAs> VAs» 7/47} = YAz > 17

(B.46)
min {Yaq; YAg» YAro> YA } = YAn = 1,
min {7A137 7A14} > min {7A7> YA } YA > 1,
min {7A127 ’%415} > 1.
which implies that for all i € {0,3,4,...,15}
Y4, = 1 (B.47)

and only 74, and 74, are less than one.

Lemma B.1. y computed for any input and output sequences { (s, ©5) Y~ and {(vs, v)) }ory
with N > 2 is greater than or equal to one under the sufficient condition (B.45).

Proof of Lemma B.1. We use strong induction to prove the lemma.
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First step: for N = 2, we have

72752

Noting (B.46) and the fact that S cannot be A; or Ay because of the assumption
(Y1,Y!) = (X1, X}) in the theorem, s, > 1 which results in v > 1.

The inductive step: We assume that the statement in Lemma B.1 holds for all
N €{2,3,..., M}, and show that it is true for N = M + 1.

Consider arbitrary input and output sequences {(z;, )}, and {(y;, ¥}) }~, with

the corresponding state sequence {SZ}Z]\L2 Looking at Sy, we have three cases.

o If Sy & { Ay, As}, we write 7y as

Q(zr| 261 Ql(zk’Zk 1>P(($k:$2>’($k 1, T 1)

Qanlan-1)Q (aylay_ ) P((In, In)(Tn—1,Tn_1))
Qznlan-1)Q' (2|2 1) P((xn, o) [(wn -1, 2y 1))

L ]i_f (ar|ar-1)Q"(ay|al 1) P((Frs 9| (Gr—1, Ui 1);
11 (B.48)

The first term is the v computed for the sequences; hence, it is greater than or

equal to one due to the induction hypothesis. As a result,

Y2y 2 1 (B.49)

o If Sy € {Ay, Ay}, we write 7 as

. —fo Qlarlar1)Q'(ag|a ) PG, 50) | (Gr-1,G11))

Q(zk|2r-1) (Zk|zk71)P((Ik7x;c>|(xk—1’x;cfl))

(B.50)
H Q(ak|ar—1) Q' (ak|aj,_1) P((Fk, Ji)| (Gr—1, Tp—1))
Q@

(2|28-1) @' (4|2 ) P (s ) [ (281, 3, 4))

k=N-1
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Based on the induction hypothesis, the first product term in (B.50) is greater

than or equal to one. Hence, we can write

Y > VSn-17Sn- (B51)

Looking at Table (B.1), if Sy = Ay, Sy-1 € { A4, A5, Ag, A7} From (B.46)

and (B.45), we know that

min {7./44 YA VA5V A1 VA VAL 7/177./41} = YA VA, > 1.

Similarly, if Sy = Ay, Sy-1 € { A4, A5, Ag, A7}. We have

min {/7-/487.427 VAoV Azs VA0V Azs VA1 P)/AQ} = VA1V Az > 1.

As the result, we can conclude

Y 2= Ysy 1 Vsy = L. (B.52)

This completes the proof.
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