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Abstract

Performancenalysisplaysa centralrole in the designof reliablecommunicatiorsys-
tems. It helpsto reducethe probability of errorin the transmissiorof digital dataor to
improve the quality of the recoveredsignalswhenanalogsignalsare communicated.In
this dissertationwe first addresshe problemof performanceanalysisby presentingana-
lytical methoddo derive upperandlowerboundgor theerrorratesof varioussystemsWe
thendesigna joint source-channatoding systemfor the transmissiorof analogsources

over amultiple antennacommunicatiorink.

We begin by consideringa single-antennaystemwith additve white Gaussiamoise
aswell asblock Rayleighfadingchannelslt is shovn thatonecanreducethe compleity
of someof the existing methodsand, at the sametime, obtain tighter results,which is
very favorableparticularlywhenthe compleity of the problem(i.e., the codebooksize)
is prohibitive. Closed-formformulasfor the block pairwiseerror probabilitiesarederived

everywhere.

Wethenconsiderlamulti-antenna&ommunicationink with space-timerthogonablock
codingandestablishtight upperandlower boundson the symbolandbit errorratesof the
system.The signalingschemeandthe mappingbetweenthe signalsandbits canbe arbi-

trary.

We next considerthe casewherethe input bit-streamhasa non-uniformdistribution,
which allows the use of maximuma posteriori (MAP) decoding. We derive the MAP
decodingrule, calculatea closed-formformulafor the symbolpairwiseerror probability,

and establishtight upperand lower boundsfor the symboland bit error rates. Another



contrikbution is to demonstrateéhat systemswith MAP decoding,which is a form of joint
source-channa&loding,canoutperformthosewith separatsourceandchannekoding(i.e.,

tandemsystemshtall errorratesof interest.

Finally, we proposea joint source-channetodingsystemfor the transmissiorof ana-
log sourcesover multiple-antenndinks. The proposedsetupusessoft-decisiondecod-
ing channel-optimizedectorquantization(COVQ) to achieve a large portion of the soft-
decodinggain with reducedcompleity. Two COVQs with fixed encodersand adaptve
decodersarealsodesigned.The superiorityof the proposedCOVQ over tandemsystems

is alsodemonstrated.
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Chapter 1

| ntroduction

The next generationof wirelesscommunicatiorsystemsacesthe demandfor increased
datarates,highermobility, larger carrierfrequenciesandmorelink reliability. Wireless
channelsarecharacterizetdy fading,multipath,limited bandwidth andfrequeng andtime
selectvity which make systemdesigna challenge.lt is thereforecrucialto have anunder
standingof thebehaior of wirelesschannelsn orderto know their performancédimits and
to beableto designefficient communicatiorsystemdor them. This dissertatiorconsiders
theanalysisof the performancef wirelesssystemswith singleor multiple antennastthe
transmitandthereceve sides.It addresseboth of the casesvherethe transmitteddatais
or is not protectedagainstchannelnoise(i.e., channelcoded).An applicationof the anal-
ysisresultsis presentedy designinga robustcommunicatiorsystemfor the transmission

of analogdatasuchasspeeclover a multiple antenna&communicatiorink.

This chapterbeginswith a shortdescriptionof corventionalcommunicationsystems.

Two methodsto improve the performanceof the generalsystemarethendescribed.The



discretechannel

input
sequence—  encoder modulator
waveformchannel
reconstructed
sequence——  decoder demodulator

Figurel.l: Block diagramof a digital communicatiorsystem.

two problemsconsideredn this thesis,i.e., performanceanalysisand systemdesign,are

next introduced.Thechapterendswith areview of therelatedliterature.

1.1 The Communication System Model

A typical communicatiorsystemis depictedin Figure1.1. We considerthe transmission
of discrete-timgdiscreteor continuous-amplitudegequencesver noisy waveform chan-
nels. Theassumptiorthattheinputis discretein time is justified by the samplingtheorem
which stateghatany band-limitedsignalcanberepresentedly its samplesvithoutlossof
informationprovidedthatit is samplecataratewhichis atleasttwice thesignalbandwidth
[143, 162. In practice the signalsto be transmittedoy a communicatiorsystemarefirst

low-pasdiltered,andhenceit is reasonabléo considerband-limitedsignals.

The encoderanddecoderaresignalprocessindlocks. The encodeaimsto represent
the sourcein an efficient form (sourceencoding)andto protectthe information against
channelnoise (channelencoding). The decoderexploits the error detectionstructureto

cancelthe effect of channehoiseandreconstructheinputmessage.



Theuseof sourcecodingis inevitabledueto restrictionson channebandwidthor stor
agespace. Sourceencodingaimsto remove the redundang of the input and represent
it with aslow a bit rate andinaccurag aspossible. In effect, the sourceencodemaps
the input sequenceo a string of binary symbols. For analogsourcesthis mappingin-
corporategjuantizationwhich causegpartiallossof information. Theencodemlsoinserts
controlledredundang to helperrordetectiorandcorrectionattherecever, whichis known
aschannekoding. Themodulatormmapsblocksof certainlengthfrom theencodewoutputto
multidimensionalvaveforms,sothatthe datasequenceanbetransmittedover theanalog
channel.We assumehat pulseshapingis alsoincludedin the modulatorblock. By pulse
shapingwe meanusinga modifiedwaveforminsteadof the rectangulapulse,suchasthe
raisedcosinepulse,in orderto reducenter-symbolinterferencg1Sl) attherecever[150].
Amplitude attenuatiorandnoiseadditionarethe two main effectsof the waveform chan-
nel. While bothof thesephenomenaccurin channelsvith afrequeng responseotequal
to unity, suchasthe Rayleighfadingchannelthe soleeffect of theadditive white Gaussian
noise(AWGN) channelis the additionof a constanpower densitynoiseto the waveform
atthe channelinput. The demodulatoestimatesvhatwaveformwastransmittedover the
analogchannel. The outputof the demodulatoiis a discrete-timestreamwhich is passed
throughthe decoderso that the errorscausedoy the channelare detectedand corrected.
The decoderalso mapsits input sequenceo symbolsthatarein a subsetof the original
inputalphabeto reconstructhetransmittednessageNotethattheinputandoutputof the
concatenatiorof the modulator the waveform channel,andthe demodulatorare discrete
sequenceandhencethesethreeblocksmayberegardedasadiscretg(in termsof time and

alphabetchannehlsindicatedin Figurel.1.



1.2 The Source-Channel Separation Theorem

The designof the encoderdecoderpairs can be performedbasedon resultsfrom infor-
mationtheory Theresultsstatethat, for a givendistortion D, thereexists a rate R(D) —
calledtherate-distortiorfunction— belov which the sourcecannotbe compresseavith a
distortionlessthanD. In thepositivedirection,therate R(D) is asymptoticallyachievable
at distortionlevel D by encodinglarge blocksof the sourcetogether The resultsfurther
statethat,for every communicatiorchannelthereexistsa quantitycalledchannekapacity
C, which is the maximumrate thatinformation canbe transmittedover the channelwith
arbitrarily small probability of error. The rate-distortionfunction dependon the source
statistics.The capacityof a single-antennavaveformchanneldependn the channeffre-
gueng responsend noisedistribution. For discretechannelschannelcapacitydepends

onthechannekrosseerprobabilities.

Letusassumeéhatasource-chann@&odewith transmissiomater sourcesymbolg'channel
symbolsis usedat the encoder From the lossy joint source-channetoding theorem

[160, 161,63, 31], it followsthataslong as
R(D)r <C
holds,communicatiorwithin distortion D is asymptoticallypossible.
Many communicatiorsystemsaredesignedaccordingo thefollowing interpretatiorof
thefirst two results:*communicationwith distortion D canbe achiezed by designingtwo
independentodes:a sourcecodewith rater, anda channelcodewith rater.. Theonly

constrainis that R(D)r./rs < C; thereis no performanceenaltyassociategvith the sep-

arateindependendlesign’. Thisresultis calledthesource-channeleparatiomrinciple. For



uniformi.i.d. source error-freechannel

discretesource—{ sourceencoder channelencoder‘l

discretechannel

decodednessage~— sourcedecoder channeldecoder<—/

Figurel.2: Theideaof the source-channaleparatiorprinciple for discretesources.

discretememorylessourcesif we requirelosslesdit errorrate performancethis results
in the Hammingdistancedistortion measure)thenwe replaceR(D) by sourceentrory
H(X) torequireH (X)r./rs < C. Thisresulthasgivenrise to the communicatiorsys-
temmodelof Figurel.2. Accordingto this model,channelcodingwill correctall channel
errors,no matterwhatthe sourcestatisticsare,andhencethe sourceencoder/decodegrair
shouldbe designedasif the channelwaserrorfree,no matterwhatthe channekconditions

are.

1.3 Performance Enhancement

In this section,we describetwo methodswhich leadto performancegainsover the com-
municationsystemof Figure1.2. Thefirst schemeaeconsidershe separatiorof thesource
andchannetodesandthesecondnethodchangeshe physicalsetupby deploying multiple

antennastthetransmitandreceve sidesto obtainperformanceyains.



1.3.1 Improvement via Joint Source-Channel Coding

The source-channedeparatiorprinciple simplified the theoryandtechnologyby dividing
adifficult probleminto two lesschallengingoroblemswhich maybe solvedindependently
In agreementvith the literature,we usethe term “tandemsystems’for systemsdesigned
basedon this principle. Thereare numeroussuccessfutheoreticalresultsand practical
systemsavailabletodaywhich are basedon tandemsystems.In fact, the performanceof
sometandemsystemss becomingvery closeto thetheoreticalimits for simplechannels,
suchassingle-uselGaussiamoiselinearchannelg29, 151]. However, therearea number
of factsaboutthe separatiomrapproachwhich merit attention. The first point is that in
order for this resultto hold, the sourceand channelcodelengthsneedto grow without
bound.As aresult,communicatiorsystemsouilt from independentlylesignedsourceand
channelcodesmay require greatercomputationalresourcesand causemore delay than
jointly designedsystems.Separation-basetbdesmay be far from the optimal designfor
systemswith critical constrainton delayandcomplexity, suchaswirelesscommunication
systems.Joint source-channetodingwas shown in [123] to outperformtandemcoding
for systemshaving delay or compleity below a certainthreshold. It wasfurther proved
in [216] that given a probability of block error, optimal joint source-channetodingmay

requirehalf of theencoding/decodingdelayof optimaltandemcoding.

Secondly the separatiorprinciple ignoresthe imperfectionsin real systems.In par
ticular, sourcecodesare designedassuminghat the channelcodeswill correctall errors
introducedby thechannel Knowing thatthisis notalwaysthe casesvenfor the mostpow-

erful channelcodes,oneis notinformedby this theoremhow to modify the sourcecodes



to dealwith noisy channels.Similarly, channelcodesare usuallydesignedcassuminghat
all bits createdby the sourcecodeare of equalimportanceg31]. This assumptionwhich
resultsfrom the assumptiorof a perfectsourcecode,leadsto the designof channelcodes
thatprotectall bits equally In alarge numberof applicationghe sourceoutputbit-stream
is the binary expansionof somedecimalnumbersor it is relatedto more“sensitve” parts
of the data(asin the casewheretransformcoeficientsareencodedrndhenceallocating
more protectionto the more significantbits than the lesssignificantbits is a betterway
to usethe bit rate. Indeed,equalerror protectioncausegperformancealegradationin such

conditions.

The third point is that thereare channeldor which the separatiomprinciple doesnot
hold. An exampleof suchchannelds the multiuserchannelwhosecapacitydependson
thelengthof thesourcecode[31]. Clearly, joint designof the sourceandchannelkodess

amoreviableway to designcodesfor suchsystems.

Severalmethodshave beenproposedor joint source-channedoding. They arebriefly

describedandreviewedin Subsectiorl.5.2.

1.3.2 Improvement via Diversity in Spaceand Time

Diversity providesthe recever with several replicasof the transmittedsignal. Therefore,
it is a powerful techniqueto mitigate fading and interferencefrom other users,thereby
improving link reliability. Dependingon the domainwherediversityis createddiversity
techniquesnay be divided into threemain cateyories;i.e., temporal,frequeng, andspa-

tial. Thefirst two techniquesiormallyintroduceredundang in thetime and/orfrequeng



domain,causinglossin transmissiorefficiency. Spatialdiversity techniquesemploy mul-
tiple antennagor transmissiorand/orreceptionwithout necessarilysacrificingbandwidth
or power. Therefore,it is naturalto considerchannelsvith multiple input (transmit)and
multiple output(receve) antennaspftenreferredto asMIMO channelsto obtainimproved

reliability and/orincreasedlatarateswherever possible.

Higherdataratesandmorereliablecommunicatiorover MIMO channelsarepromised
by informationtheoreticresults. For the coherentcase;i.e., whenthe recever knows the
channeffadingcoeficientsperfectly andfor independenRayleighfading,channelcapac-

ity ata high channekignal-to-noiseatio (CSNR)is approximatelyequalto [196]
C ~ min(K, L) log~s bits/sec/Hz

whereK and L arethe numbersof transmitandreceve antennagnd-;, is the CSNR.For
thenon-coherentasewhichis thescenaridhatthechannels notknown atthetransmitter

or therecever, channekapacityat high CSNRapproximatelyequalg215]

K* .
C~K* (1 ~ ) log s bits/sec/Hz

where K* = min(K, L,T./2) andT, is the coherencdime of the channel,thatis the

numberof symbolintervals over which the channeis static.

Both of the above resultsare very significant,becausehey shav thatthe capacityin-
creasedinearly in the minimumof the numberof receve andtransmitantennagprovided
thatT, is large enoughfor the non-coherentase)andthereforeit canbe muchlargerthan
the single-antennaase. To increasechannelcapacityin the single-antennacenarioone
hastwo options: increasingthe bandwidth,for which the capacityis asymptoticallyup-

perboundedby a constantor increasinghe transmitpower which leadsto a logarithmic



growth in capacity Linearincreasen channekapacityis thereforevery attractve for wire-

lessapplications.
For thecoherentase channelkapacityis plottedin Figurel.3for threecasespnamely

for a systemwith a singletransmitantennabut multiple receve antennasa systemwith a
singlereceve elementbut multiple transmitantennasanda systemwith the samenumber
of transmitandreceve antennaslt is obseredthatthe gain of having multiple antennas
at both sidesis muchlargerthanhaving a numberof antennast only oneside. If oneis
constrainedo have a single antennaat one side of the channelthenreceve diversityis
more promising. Transmitdiversityis the choicewhenthe mobile haslimited processing

resources.
One signal processingapproachto exploit the larger capacityof MIMO channelss

spatialmultiplexing. In thisapproachwhichis typically known asthe BLAST architecture
[56], the input bit-streamis de-multiplexed to a numberof branchesvherecorventional
channelcodingmay be employed. Theinformationat eachbranchis thentransmittedn a
certainorderover the transmitantennasAt the recever side, the signalsareestimatedn
a step-by-stegashionaccordingto the CSNR of the receved signals. Anotherapproach
which combinescodingandmodulationis known asspace-timeoding. Space-timeodes
introducetemporalandspatialcorrelationinto thesignalstransmittedrom differentanten-
naswithout increasinghe total transmitpower andoften without extra bandwidth. There
is a diversity gain that resultsfrom multiple pathsbetweenthe transmitand the receve
terminals anda codinggainthatresultsfrom the correlationamongthe symbolsacrosghe

transmitantennas

In thiswork, we areinterestedn point-to-pointcommunicationsTherefore cooperatie diversity [158,

103 114, in whichthemobilesrelay eachother's messagew obtaindiversitygains,is not considered.
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b= [b,bm] | channelencoder] € = [¢1:¢] | modulator| 8 = vV Es[s1, - su]
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[

Figurel.4: Block diagramof a communicatiorsystemwith MAP sequencestimation.

1.4 Summary of the Thesis

1.4.1 Problem Statement
Error Analysisof Communication Systems

Let us considerthe communicationsystemin Figure 1.4, which encodesa group of
databits b = [b4, ..., b,,] atatime andmapsthemto a sequencef basebandignals.The
above mappingmay includeary kind of channelcodingwith rater,, suchaslinearblock
codes for which the codedbits aredenotedby ¢ = [¢y, ..., ¢,] With n = m/r, or trellis
codedmodulation. Eachof the signal sequencesvill be calleda “frame” and denoted
by s; = [s%,...,s%],4 = 1,---, M, whereM = 2™, w = m/(r.p) is the framelength
in symbols,and 2? is the constellationsize to which s¢ belongs. We assumethat st is
selectedrom a unit-enegy constellatiorandweightedlater at the modulator Whens: is

transmittecandfor atransmitpower of E, = r.pE,, whereFE} is thepower peranuncoded

(information)bit, theinput-outputrelationshipof the channeis representety

R, = /E,Hs! + N,

11



whereR; and N, arethechannebutputandadditive noise respectrely, and H is thechan-
nelgain. WeassumehatN;, H, ands: areindependentTheadditive noiseis assumedo be
complex Gaussiarwith independenandidentically distributed(i.i.d.) realandimaginary
parts,eachhaving distribution N'(0, Ny /2). We denotesucha distribution by CA (0, Ny).

We hereinconsiderthreecases:H = 1 = const., which indicatesthe AWGN channel,
H beingi.i.d. CN(0,1) amongframes,which is the block Rayleighfadingmodel,and H

following ani.i.d. chi squaredistribution, which modelsthe block Rayleighfading chan-
nel with diversityreceptionandalsothe space-timerthogonablock codedchannelqsee
Chapter3). In thefadingcasesye assumeoherentletectionwhichis the casewherethe

recever canaccuratelyestimatehe channelain H.

We areinterestedn finding upperand lower boundson the error ratesof the above
system.More preciselywe wantto derive upperandlower boundson theframeerrorrate,

whichis the probabilitythata frameis detectedn error;i.e.,
FER=Pr (s # s),

wheres and s arethetransmittedanddecodedrames,respectiely, aswell asthe proba-

bility thatabit is detectedvrongly, whichis givenby

M
1
BER= — VP(s =s;|s =
2 p(s0) Y Dirlu, j)P(3 = sjls = 5.),
u=1 jFu

whereDy (u, j) is thenumberof bit differencedetweerthe databits correspondingo s,
ands; andP(s = s;|s = s,) is theconditionalprobabilitythats = s; is detectedjiven
thats = s, is transmitted.

We areinterestedn bothuniformandnon-uniformi.i.d. binaryinputsequenceslhere-

fore, we consideraximuma posteriori(MAP) decoding.
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Quantization for MIMO Wireless Channels

Unlike the previous systemin which the input is a bit-stream,in mary applicationsthe
problemat handis to transmitananalogsource suchasthe speechor imagesignals,over
adigital communicatiorsystem.In suchcasesit is requiredto quantizethesourcej.e., to

approximateat with a sourcewhich hasafinite alphabet.

The performanceof a quantizeris expressedy its signal-to-distortiorratio (SDR).
Therefore,whenan analogsourceis transmitted,it is reasonabléo chooseto minimize
theend-to-endlistortionof the systemasthe designgoal,asopposedo approachewhich
opt to minimize the systembit, symbol, codevord, or frame error rate. We measurehe
inaccurag by a distortionmeasuresuchasthe squarecerror betweerthe original andthe

decodedsequences.

Let x andz be, respectiely, the original and reconstructegourcevectors,i.e., the
systeminput and output. We are interestedn this caseto transmitanalogsourcesover
communicatioriinks with multiple transmitand possiblymultiple receve antennas.Our

objectiveis to minimizethe mean-squarerror; namely we wantto minimize
— ~112
D =E{|lz — |}

subjectto constraintson the averagetransmitpower and channelbandwidth. The band-
width constraintcansimply be metby fixing thequantizatiorrateanddimensionthemod-

ulationschemeandthe constellatiorsizeasdescribedn [150, 20Q.
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1.4.2 Thesis Organization and Contributions

This dissertations divided into eight chapters.Relevant upperandlower boundson the

probability of a union of a finite numberof eventsarereviewedin Chapter2. We present
theseboundsin their generalform and employ themthroughtoutthis thesisto establish
upperandlower boundson the error ratesof variouscommunicatiorsystems.In Chapter
3, we briefly review the space-timeorthogonalblock codes. Thesecodesare frequently
usedin the following chaptersof the thesis. The maximumlikelihood (ML) decoding
rule andthe symbol pairwiseerror probability of space-timeorthogonalblock codesare
alsoreviewed. As a contribution, an alternatederivation of the codevord pairwiseerror

probability of generakpace-timeodess presented.

In Chapter4, we derive upperandlower boundson the error ratesof channelcoded
singleinput-singleouput(SISO) AWGN aswell asblock Rayleighfading channelswith
arbitrarysignalingschemesndunderML decoding.In this chapterwe shav how to use
the Hunter and Kouniasupperand lower bounds,which are Bonferroni-typebounds,to
boundthe errorratesof suchsystemsandalsoimprove an alreadyexisting lower bound,
known asthe KAT bound. We alsodevise a way to make the computationof the above
boundsfeasiblewhenthe codebooksizeis large. Furthermorewe find a closed-formex-
pressiorfor the probability of theintersectiorof two pairwiseerroreventsunderRayleigh

fading.

MIMO systemswhich usespace-timeorthogonalblock codesand ML decodingare
consideredn Chapter5. As suchMIMO channelsareequivalentto a numberof parallel

SISO channelswith chi squarefading, a similar approachto thatin Chapter4 is usedto
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derie tight upperand lower boundson the symboland bit error ratesof the system. A
closed-formexpressiorfor the probability of the intersectionof two pairwiseerror events

is alsoderived.

We considerthe error ratesfor orthogonalspace-timecodedchannelaunderMAP de-
codingin Chapter6. We derive the MAP decodingrule and shav that, similar to ML
decodingsymboldetections decoupledn this case.Themaincontribution of this chapter
is thatwe derive aclosed-formexpressiorfor the symbolpairwiseerrorprobability. Signal
mappingandcomparisorwith tandemsystemsyhich performsourceandchannekoding

independentlyarealsopresented.

In Chapter7, we designacommunicatiorsystentor thetransmissiomf analogsources
overMIMO channelsThecontributionis to shav how to usespace-timesoft-decodingnd
soft-decisiondecodingchannel-optimizedrectorquantization(COVQ) to achiere perfor
mancegainsover tandemsystemscomprisingvector quantization,channelcoding, and
space-timecodingandalsoover systemswvhich employ COVQ with harddecoding.Two
COVQs which do not assumehe knowledgeof the CSNR at the transmitterare alsode-

signed.

Chaptei8 presenta summaryof thethesis.

1.5 Literature Review

In what follows, we mentionthe major work on the subjectof this thesis;namely per

formanceanalysisjoint source-channeloding,andspace-timeodes.For anovervien on
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thefundamentaproblemsn informationtheory onecanreferto Shannors original papers
[160, 161], furtherdescription®nratedistortiontheoryin [163], andGallagerstutorialon

Shannors contributionsin [64].

1.5.1 Error Analysisof Channel Coded SISO Systems

Themostcommonestimateof theerrorrateof acommunicatiorsystems theunionbound
whichonly depend®nthe pairwiseerrorprobabilities(seee.g.,[150]). Theunionbound,
which presentsan upperboundto the codevord error rate, is loose particularly at low
CSNRvalues. Shannorpresentedh lower boundto the codevord error rate of systems
with AWGN channeland M -ary modulationin [164] using a spherepackingapproach.
Shannorslowerboundis tight atlow CSNR,but it become$ooseasthe CSNRgrows. An
upperboundto the codevord errorrateof BPSK-modulatedAWGN channelsvasderived
in [149], extendedio PSK-modulated¢hannelsn [84], andtightenedfor somelong binary
blockcodedn [211]. A lowerboundto deCaenslowerboundontheprobabilityof aunion
[39] wasderivedin [156] and appliedto BPSK-modulatedAWGN channelswith linear
block codes Althoughthelowerboundin [156] is poorevenat moderatelylow errorrates,
it is significantbecauset is asymptoticallytight andcorvergesto the union upperbound
athigh CSNR[156] andit only depend®ntheweightenumeratiorof thecode.Thelower
boundin [39] wasimprovedin [109], wherethe KAT boundwasintroducedby solvingthe
sameoptimizationproblemasin [39], but usingstrongeranalysis.Sincethelower bounds
in [39, 109] are strongerthanthe boundin [156], they alsocorverge to the union upper

boundasthe CSNRgrows to infinity whenappliedto the samecommunicatiorsystemas
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in [156]. Thelower boundsin [39, 156 109 areall in termsof sumsof ratios. Another
improvementof the boundin [39] is givenin [30], wherethe lower boundis expressedn
termsof aweightedsumof ratiosandtightenedvia carefulselectionof theweights(aswell

asexhaustve search) Thesemethodsaredescribedn detailin Chapter2.

1.5.2 Joint Source-Channel Coding Methods

We categyorizejoint source-chann&lodingapproacheasunequakrrorprotectionchannel-
optimizedvector quantizationoptimizationof index assignmentand exploitation of the
(residual)redundang at the sourceencoderoutputvia MAP decoding.COVQ andMAP

decodingarereviewed herewith moreemphasisincethesetwo methodsare usedin the

following chapters.

Unequalerror protection(UEP) tradesoff sourceresolutionandchannelerror protec-
tion to allocatethe availablebit rate. The rate of the channelkcodedepend®n the channel
conditions,suchasthe bit errorrate. As the channelbecomesnore noisy, the numberof
bits usedfor channelcodingincreasesTheaim in UEPis to find the optimal balancebe-
tweenthe sourceandchannelcoderates.Most UEP systemsareimplementedusingrate-
compatiblepuncturedconvolutional (RCPC) codesfor error protection[76], often with
a measureof parity checking,suchas cyclic redundang check(CRC) [205], for detec-
tion of errorsin the channel-decodedequence Goodexamplesof UEP systemsnclude
thework in [187] — whereentrofy-codedsubbandcodingtogetherwith pacletizationand
RCPCchannelcodingwereusedfor imagetransmissiorover memorylessioisy channels

— andthework in [165] which follows [187], but insteadof ad hoc sourcecoding, it uses
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the strongimagecoderSPIHT introducedin [152]. A differentapproachto UEP canbe
foundin [4], wherelargerenegy levelsandsmallersignalingschemesvereassignedo the
moresensitve transformcoeficientsin imagetransformcodingusingthe discretecosine
transform(DCT). A major sourceof compleity in UEP methodsss the allocationof the
availablebit rate betweenthe sourceandchannelcodes.An adaptve sourceandchannel
codingrateallocationschemdor finite statechannelsincludingthe Gilbertchanneimodel
[68, 48], wasexaminedin [94]. In [142], thelogarithmof thechannelkodeblock errorrate
wasassumedo have alinearrelationwith thechannelcoderate. Rateallocationwasnext

doneusingiterative optimization.

Channeloptimized scalariector quantizationis anotheralternatve to joint source-
channekoding.In thisapproachchannektonditionsin theform of COVQ index crosseer
probabilitiesareincorporatedn quantizeresign.As aresult,thesources compressede-
pendingon the channelconditions.The optimality conditionsof a generaldigital commu-
nicationsystemwith noisy channelsandreal-valuedinputandoutputwerestudiedin [54].
Later, the necessargonditionsfor optimality of scalarquantizatiorfor binary symmetric
channelgyivenafixedindex assignmentverederivedin [113]. In [50], it wasshown that
the algorithmin [113] neednot corverge and a realizability constrainton the codevords
wasimposedto guaranteeornvergence.The generalized_loyd algorithm(GLA) [66] for
joint source-channalodingover noisy channelsvasstudiedin [14] for trellis andpredic-
tive codingandit wasshavn thatthe consideredscheme®utperformedandemsystems.
Theapproachesowardvectorquantizatiorfor noisy channeldeganwith thework in [43]
wherethe optimality conditionsof the encodemwerefound. Finally, in [111], COVQ op-

timality conditionswereformulated. Among the variousalgorithmsthatare proposedor
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COVQ design,we cite the modified GLA initialized by simulatedannealing[49], noisy
channefelaxation[60, 61], stochastiaelaxation[214], deterministicannealing136], and
COVQ designusingfuzzylogic [92]. Theoreticaktudiesonvectorquantizatiorweredone
in [125, 126, 213]. For example,it wasshaowvn in [126] that, as expected,the distortion
of a quantizerapproacheso whatis predictedby the ratedistortionfunction asthe quan-
tizer dimensionincreasesin [125], therateof corvergenceof a quantizerin the presence
of channelnoisewas studied. In [147], COVQ designfor the Polya channelwith finite
memory[5] wasaddressedndit wasshavn thatsignificantgainscanbeachiezedthrough
exploiting the memory of the channel(insteadof interleaving). The work in [25] used
subbandcoding,all-passfiltering, and COSQfor subbandmagetransmissiorover mem-
orylessnoisy channels. This methodis similar in spirit to the approachin [20, 21, 22],
wherechanneimemoryis exploitedanddiscretewavelettransform(DWT)-basedsubband
coding, which is substantiallylesscomple< due to reducedfilter lengths,is used. Soft
decodingCOVQ wasintroducedn [200, 179 andappliedto imagecodingin [177]. Soft-
decodingCOVQ is computationallydemandingdueto the needfor matrix inversionand
evaluationof trigonometricfunctions.In aneffort to reducethe computationatompleity
of the decoder COVQ with soft-decisiondecodemwas developedin [6] for non-coherent
Rayleighfadingchannelsandusedin [146] for channelsvith additve Gaussiamoisewith

inter-symbolinterference.

Anotherapproacto joint source-channalodingassignsndicesto the quantizercode-
vectorsaccordingto channelconditions. The sourceis codedfor a noiselesshanneland
no explicit channekodingis applied.Then,takingthe channekrosswer probabilitiesinto

accountjndicesareassignedo source(scalaror vector)samplesuchthatthe end-to-end
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distortionis minimized. Theindex assignmen@pproacho joint source-channe&odingwas
studiedin [212], whereclosercoderectorsin the Euclideandistancesensevereassigned
to closerindicesin the Hammingdistancesensdn aniterative manner The simulatedan-
nealingalgorithmwasappliedin [49] to find the bestassignmenof indicesvia perturbing
theindex assignmenandacceptinghelabelingwhich couldincreaselistortionaccording
to aprobabilisticmeasureln [106], the codevectorswerewritten asalinearsummatiorof

theindex bits andthe Hadamardransformwasusedto find the bestindex assignment.

The fourth methodof joint source-channetodingconsiderssourcea priori probabil-
ities in channeldecoding. Ideally, a sourcecoderwould compressary discrete-alphabet
sequencénto ani.i.d. bit-streamhaving a rateequalto the sourceentropy rate[31]. Nev-
erthelessno sourceencodelis ideal. The outputof the sourceencodemvould thencontain
redundang in theform of memoryand/ornon-uniformdistribution. A MAP detectormay
exploit this residualredundang to gain performancemprovementsover ML detection.
MAP decodingwasfirst usedin [154] for scalarquantization. This work was later ex-
tendedto the vectorcasein [148]. In [145], the characteristic®f the arithmeticsource
coderandthe sourcewere modeledby a Markov sourceof orderoneandMAP decoding
was employed using the model statistics. A similar approachwastaken in [52], where
MELP-compressedpeechwasmodeledasa first-degreeMarkov chain. SequencéMAP
decodingdor varioustrellis codingsystemsandchannekonditions,includingthe Rayleigh
fadingchannelwasstudiedn [13, 75]. MAP decodingvasusedfor channelsvith memory
in [7, 178] and, later, in [182], wherethe Gilbert channeimodelwasused.Rolustspeech
transmissiorvia MAP decodingwasdevelopedin [8] andapplicationof MAP decodingo

imagecommunicatiorover noisy channelsvasstudiedin [210].
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1.5.3 Multi-antenna Systems

Communicationsystemswith receve antennadiversity have attracteda lot of attention
sincerelativelylongago.In fact,in currentcellularapplicationsreceve diversityis already
in usefor improving receptionfrom mobiles. A few generalideason receve diversityare
explainedin [150]. A more advancedstudy canbe found, for example,in [16]. In the
following, we cite the major reference®n the studieson channelsvith multiple transmit
and multiple receve antennas.This subsectioris divided into four partswhich address
the informationtheoreticissues codedesign,performanceanalysis/galuation,and other

issueswhich areimportantin MIMO channeldut arenotdirectly relatedto thisthesis.

Let us considera multiple-antennaystemwhich emplgys K transmitand L receve
antennassdepictedin Figure1.5. The encodercorvertsa block of m input bits b into
matrix codevordsof size K x w symbolsdenotedby S = (s1, 82, ..., 8y ), Wheres, =
(81,4 S245 -, SK1)T With s;, beingthe signalassignedo transmitantenna at time index
t and? denotingtransposition. At time index ¢, the entriesof s, aretransmittedsimul-
taneouslyfrom the transmitantennas At the recever, the L receve antennasollectthe
incomingsignalsattenuatedy fadingandperturbedby additive noise. The receved sig-

nalsarethendemodulate@nddecoded.

In this thesis,we considerRayleighflat fading, so that the complex path gain from
transmitantenna: to receve antennaj, denotedby H;;, hasa zero-mearunit-variance
complex Gaussiardistribution, denotedby CN (0, 1), with i.i.d. realandimaginaryparts.
In mary scenariosjt is assumedhat the channelis quasi-staticwhich meansthat the

path gainsremainconstantduring a codevord transmissionput vary in ani.i.d. fashion
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Figure 1.5: Block diagramof a typical multi input-multi output system,whereb =
[b1, ..., by,] is encodedo S = (s, s, ..., S»), attenuateddy H, receved as R, andde-

codedto S which correspond$o b = [by, ..., by

from onecodevord interval to the other The additive noiseatrecever j attimet, N;;, is
assumedo beCN (0, 1) distributedwith i.i.d. realandimaginaryparts.We assumehatthe
input, fadingcoeficients,andchannehoiseareindependenfrom eachother Basedonthe
above,for aCSNRof ~, ateachreceve branchandattime ¢, thesignalat receve antenna

j canbewrittenasR;; = /% S K Hjisi4+ Nj,, or in matrix form,
Vs
Ty = —Hst—f—nt, (11)

WherE’I‘t = (Rl,ta ceey RL,t)T, n; = (N1 Ly oney NL’t)T, andH = [Hj,l]

I nformation Theoretic Studies

Researclon systemswith multiple transmitantennaeganin the late 1980sand early
1990s. The potentialfor lower error ratesat no extra bandwidthandtransmitpower with
multiple transmitantennasvasdemonstrategia simulationsn [206, 207,208 209]using
delay elements transmit-antennaiversity, and equalization. It was shovn in [196, 57]
that the capacityof fastfading MIMO channelsscaleslinearly in the minimum of the

numberof the transmitandreceve antennaassumingndependentading betweeneach
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transmit-recaie antenngpair. This potentialincreasewas shovn to hold also for block
Rayleighfadingchannelsn [134]. In [87], it wasshawvn that temporaldiversity canbe
replacedwith transmitantennaliversityto gainnon-zerocapacityin asinglecoherencén-
terval if the numberof transmitantennasndthe coherenceéime cangrow without bound.
Capacityreductiondueto spatialcorrelationwasinvestigatedhroughMonte-Carlosimu-
lationsin [169] andtheoreticallyin [26], whereit wasshavn thatthe reductionin outage
and Shannorcapacityis not significantwhenthe correlationcoeficient betweenthe fad-
ing coeficientsis lessthan0.5. In [27] somedegeneratechannelmodelsto accountfor
spatial correlationand keyhole (whereeachentry in the channelmatrix is a productof
two complex Gaussiamandomvariables)wvereinvestigatedandvalidatedthroughphysical
measurementsJsingtheideaof [72], tight upperboundsfor the capacityof spatiallycor-
relatedanddouble-scaterrin/IMO channelsveredevelopedin [168] which canbeused
togethemith the lower boundderivedin [144]. The capacityof keyhole MIMO channels
was calculatedin closedform in [168]. Using randommatrix theory[93] and Gaussian
approximatiorof the unaveragedchannelcapacity asymptoticbehaior of MIMO outage
capacitywasstudiedin [72, 138 159]. Finally, in [59], spherepackingboundswere de-
rived for codavord error rate of space-timecodesover block Rayleighfading channels.
It wasshaown thatthe codevord error rate significantlyimprovesasthe codevordsspana

largernumberof fadingblocks.

Code Design for Multi-Antenna Systems with Coherent Detection

The stepnext to informationtheoreticstudiesis to designcodesto achieve a performance

ascloseaspossibleto theinformationtheoretidimits. In this subsectionwe considercode
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designmethodsfor coherentscenariosnamely the methodsin which the channelmatrix
is assumedo be known attherecever. Thisassumptions dueto thefactthatthe channel

fadingcoeficientsneedto be estimatedat therecever for synchronizatiorpurposes.

We divide codedesignapproachemto threegroups: spatialmultiplexing, space-time
coding,andad hoc methods.Spatialmultiplexing containsmostly the schemesvhich add
little (or no) redundang at the transmittey and usesignal processingechniquedor de-
tection. Spatialmultiplexing wasintroducedn [56], wherethe diagonalBell Laboratories
layeredspace-timgD-BLAST) architecturevasdeveloped.In D-BLAST, the input data
bits arefirst de-multiplexed into K sub-sequencegachof which may be channelcoded
by a corventional (SISO) encoder The codedbits are then modulatedand sentvia an-
tennasin turn; for example,modulatorl sendsits first symbolvia antennal, its second
symbolvia antenna, andsoon. At therecever, the symbolsaredetectedn aniterative
mannervia “nulling andcancelling”which detectsandremovesthe effect of the symbols
with thehighestsignal-to-noiseatio ateachiteration. TheD-BLAST decodesuffersfrom
beingtoo computationallyintensive. A simplifiedversionof D-BLAST, calledthe vertical
BLAST (V-BLAST) wasproposedn [58], wheremodulatori sendsK symbolsover the
K transmitantennasitthe i symbolperiod. Typical variationsof BLAST arethework in
[129, 157], whereinterleaving, BLAST, anditerative decodingwere usedto improve the
BLAST performance.The majordravbackof BLAST is its compleity asthe numberof

transmitand/orreceve antennagrows.

In orderto designspace-timeodesthecodeavord pairwiseerrorprobability (PEP)was
consideredn [194]. The codevord PEPis the probability of the eventthatwhen S was

sentandbetweenS andS, S is detectedWe shalldenotethis probability by Pr(S — S).
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Usingthe Chernof bound,it wasshown in [194] thatthe codevord PEPis upperbounded

by
Pr(S — S’) < (A"ys/4)LT,

wherer is the rank of the matrix S — S and A, alsoknown asthe codingadwantage s
givenby
A=|(S-8)(S-8)",

where! denotesomplex conjugateransposand|A | for amatrix A is the determinanbf
A. TheproductLr is known asthe diversityorder The codedesigncriteriaproposedn
[194] is to maximizethe worse-caséminimum) rank » anddeterminanbf the codevord
differences.The maximumvaluethatr cantake onis K. Codesfor whichr = K are

calledfull-rank (or full diversity)codes.

The first coding schemefor multiple transmitantennasvas designedin [9], where
a rate-1full-diversity space-timecodewith orthogonalcolumnswas designedor a dual
transmitantennasystem.Using a generalizatiorof the theory of orthogonaldesignsthe
work of [9] wasextendedto any numberof transmitantennasn [192], wherecodesfor
two to eight transmitantennasvere given. The codevords of suchcodeshad orthogo-
nal columnsandwere henceknown asspace-timeorthogonalblock (STOB) codes.Such
codesdo not dependon the numberof receve antennasThe key advantageof space-time
orthogonalblock codesis that decodingof the STOB codedsymbolsis decoupled. In
otherwords, one canperformscalarML decodinginsteadof vectordecodingandhence
have polynomialasopposedo exponentialdecodingcompleity. An importantresultin

[192] is that rate-1space-timeorthogonalblock codesexist only for two transmitanten-
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naswith complex signalingschemes.Space-timeorthogonalcodeswere also studiedin
[82, 120, 121, 185. An interestingresultin [121] is thatthe maximumrateof space-time
orthogonakodeswith comple signalingand K = 2m or K = 2m—1 transmitantennass

(m+1)/2m. Space-timerthogonablock codesarereviewedin moredetailin Chapter3.

Space-timeorthogonalblock codesachieve full diversity gain, but they fail to have
a large coding gain. In orderto achiese a codinggain (at the price of increaseddecod-
ing — andpossiblyencoding- compleity), onemay usea concatenatiomf corventional
channekodingandeitherspace-timerthogonakodessee for example,[10]) or BLAST
(suchasthe work in [132]). Otherchoicesare space-timetrellis coding[194, 95] (and
their designvia computersearch18, 73, 189), usingiterative (turbo) codingideas(with
parallel[34, 98, 98, 184] andserial[23, 70, 124,127, 183 encoderconcatenation)and
non-orthogonablock coding. An importantclassof high-ratenon-orthogonablock codes
wasintroducedin [80] andcalledthe linear dispersion(LD) code. Every entry of anLD
codevordis aweightedsumof the basebandignalswith theweightschosersuchthatthe
mutualinformationbetweenthe channelinput and outputcodevordsis maximizedgiven
the numberof transmitandreceve antennas.Othermajor space-timecodedesignmeth-
odsincludethework in [35, 36], whereconstellatiorrotationandthe Hadamardransform
were used,andin [46, 77] andtheir extensionin [47], wherea connectionbetweenthe
rankcriterionof [194] with binaryfieldsto designspace-timeodedor PSKconstellations
usingAlgebraictoolswascreated Amongadhoc methodswe cite thework in [118] that
usedcorventionalchannelkcodingto obtaincodinggainfollowedby randomconstellation

mappingof the samedataat every transmitbranchto achieve diversitygain.
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Perfor mance Evaluation/Analysis

Ourmainfocusin thisthesis(exceptfor Chapter7) is performancenalysisof digital com-
municationsystems. Many corventionalmethodsfor analysisof SISO communication
systemsbecomeinfeasiblein multi-antennasystemge.g.,dueto their large codebooks).
Thereforejt is requiredto find waysto eitherextendthe existing methodso MIMO chan-

nelsor to comeup with new analysisstratgies.

Early paperson space-timeodedesigndervedthe Chernof upperboundon the pair-
wise error probability betweencodevords[194, 74]. Chernof upperboundsfor channels
with correlatedRicianfadingandcorrelatednoisecanbe foundin [41]. The pairwiseer-
ror probability underfastfadingwasconsideredn [173], wherean integral solutionwas
found,andin [199] wherethe solutionwasin termsof a derivative. In [190] a form of the
momentgeneratingunction of the ML metricwasderivedwhich wassimplerto evaluate
for block fading channelsandthe PEPswere found numerically The exact expression
and a lower boundfor the pairwise error probability of arbitrary space-timecodevords
underquasi-statidadingwerefoundin [131] (we will preseni@analternatve derivationin
Chapter3). For aland-mobileto satellitelink, the pairwiseerror probability wasfoundin
[197] for Rician-lognormafadingandin [198] for Rician-Nakagamin fading.A moment-
generatingunctionapproactwasusedin [176], wherethe pairwiseerrorprobability of the
so-calledsuperorthogonalspace-timerellis codeswasfound, andin [222], whereupper
boundson the symbolerrorrateof D-BLAST systemswithout channelcodingwereeval-
uated. The transferfunction methodcanbe usedto derive upperboundson the bit error

rateof space-timdrellis codesaswasthe casein [173, 223], but theboundsareoftenover
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anorderof magnituddargerthansimulationresultsevenat high signal-to-noiseatiosand

they becomeoo comple to evaluatefor large diversityorders.

For standardM-ary PSK and QAM constellationswvith Gray signal mapping[150],
thestandardapproactor performancenalysisn [175], whichis widely adoptedn mary
referencesis to usethe exact conditionalsymbolerror rate and approximateconditional
bit error rateformulasof [175) which are conditionedon the channelfadingcoeficients.

For example the conditionalsymbolerrorrate P;(£) of standardV/ -ary PSKis givenby

1 [M-Dr/M o sin?(m /M) h?
P(E|H = h) = ;/0 exp {_7 Si(nZ/H ) }da, (1.2)

andthe conditionalSERof standardsquareM -ary QAM is givenby

4 /2 . 2 4 2 /4 . 9
0

sin? 6 T Jo sin? 6

(1.3)
whereq = 1 — 1/v/M andgoam = 3/2(M — 1). Similar expressionsold for the BER,
which we do not reportherefor brevity. To derive the error rates,one needsto find the
distribution of the equialentfadingcoeficientsbasedon which the symbolerrorrateand
approximatebit error may be evaluated. An exampleof suchan approachs the work in
[53], in which an approximateexpressionfor the bit error rate of space-timeorthogonal
block codedchannelswith correlatedNakagamim fadingwasderived. In [19] and[166],
the symbol error rate for space-timeorthogonalcodedchannelswith i.i.d. Rayleighand
keyhole Nakagamim fadingwere found, respectiely (althoughthe resultsof the latter
referenceare comple to evaluate). An interestingresultin the latter paperis that the

symbolerrorrateof keyholespace-timerthogonakodedchannelsvith agrowing number
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of receve antennaspproacheshat of thei.i.d. channelswith a single receve antenna,
which is expectedbecauseéeyhole channelshave only onedegreeof freedom(i.e., their
diversitygainin one).Notethattheabove resultshold only for standardignalingschemes

andGraysignalmapping.

Miscellaneous | ssues

We have left out mary areaswhich are appliedin MIMO systemspecausehey are not
directly relatedto this thesis. Many of theseissuesareimportantby themseles. An im-
portantissueis space-timecodedesignfor non-coherentletection. Differentialandnon-
coherentechniquesn communicationglo not requireanexplicit carrierphasereference.
Thesetechniquesare speciallyneededor wirelessradio communicationsystemswhere
carrierphasesynchronizations difficult dueto fading,high mobility, severeinterference,
andtheuseof shortdatapaclets.Non-coherendetections requiredalsowhentherearea
lot of antennasn the systemandtraining sequencebecometoo largeto be possible.The
ideasfor communicatiorover non-cohereng1SOchannelsanbeappliedto MIMO chan-
nelsaswell. Thesesolutionsincludefrequeng shift keying (FSK) [117] anddifferential

transmission.

It wasshownin [86] thatfor asymptoticallylargechannekignal-to-noiseatiosor when
thechannekoherencéime 7T, andthe numberof transmitantennadgs< grow withoutbound
but theratio of 7./ K is fixed,capacity-achigng codevordsarethe productof anisotrop-
ically distributed unitary matrix with an independenteal non-ngative diagonalmatrix.
A systematianethodto designunitary constellationsvasproposedn [88], but decoding

compleity of suchconstellationgemainedexponential.Designof differentialspace-time
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codesbasedon the orthogonaldesignswas addressedh [191, 96], but thesecodesexist

only for certainratesand certainnumbersof transmitantennas.In orderto designnon-
coherentspace-timecodeswith somestructure(so that decodingcompleity is reduced),
space-timeodeswhich form a groupundermatrix multiplicationwerestudiedanddevel-

opedin [85,89,90,170, 171,170, 172,99, 81]. As groupcodesdo not exist for arbitrary
rates,other stratgies suchas codeconcatenatiorjl2, 15, 155 188 needto be devised.
An interestingcodedesignmethodproposedn [79] (andits extensionto non-squareode-
wordsin [100]), consideredhe designof unitary space-timecodesbasedon the Cayley

transform. The key advantageof the Cayley transformis thatit makesit possibleto do

codedesignin alinearvectorspaceovertherealsinsteadof thenon-linearandnon-concae

spaceof complex unitarymatrices significantlyreducingencodinganddecodingcomplex-

ity.

Many algorithmshave beenproposedo reducethe complexity of encoding/decoding
in multi-antennacommunicatiorsystemsWe cateyorizethesealgorithmsin threegroups:
algorithmswhich areaimedto reducethe decodingcompleity throughsub-optimaimeth-
ods(suchas[37, 78]), thosethat usefewer antennago reducecomputationsand combi-
nationsof spatialmultiplexing and space-timecoding. The algorithmin [37] appliedthe
spheredecodingalgorithmof [202] to multi-antennaapplications. The key advantageof
thisalgorithmis thatit doesnotdependn thetransmissiomate. Althoughit hasexponen-
tial compleity [97], it hasa smallerexponentascomparedwvith ML decoding.Antenna
selectionfor space-timeorthogonalblock codeswasaddressedh [193] (and extendedin
[104]), where,amongthereceve antennagheonewith thehighestchannekignal-to-noise

ratio was chosen. An optimal algorithm for receve antennaselectionfrom a capacity-
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maximizingperspectie wasgivenin [69], where,at eachiteration,the antennavhich had
the leasteffect on channelcapacitywasremoveduntil the desirednumberof antennase-
mained.In [67], a sub-optimaklgorithmwasgivenwhich hadareduceccomplexity by an
orderof magnitudeascomparedvith the algorithmin [69] by addingthe antennawith the
largestincreasdn channelcapacityat eachstep. Thethird approachs to combinespatial
multiplexing and space-timecoding. In suchmethods the transmitantennasre divided
into a numberof groupsamongwhich the incomingbit-streamis de-multiplexed. A form
of space-timecodingis thenappliedto eachgroup;for example,in [38, 45] the diagonal
space-timecodesare usedwith this method,while in [195] space-timdrellis codes,in

[105] space-timerthogonablock codesandin [203] V-BLAST wereapplied.

An importantissueis the estimationof the channelfading coeficientsat the recever,
whichis madefor coherentetection. Channekstimatiormethodsanbefound,for exam-
ple,in [133,32, 153 24]. As thetransmissiorbandwidthincreasedveyondthe coherence
bandwidthof the channel,equalizationrbecomesndispensable An overview of practical
equalizatiortechniquegor space-timeodedsystemsanbefoundin [11]. Whenthechan-
nelis frequeng selectve, it may be divided into a numberof sub-channelsvhich canbe
assumedrequeng flat and multiple tonescanbe used. This methodis known asorthog-
onal frequeng division multiplexing (OFDM). OFDM for MIMO channelsvasstudied,
for example,in [17, 119,139]. Notethatasshown in [219], frequeny selectvity canbe
exploited to obtaindiversity gains. If, at least,the channelcovariancematrix canbe fed
backto thetransmitteyoptimal power allocationvia waterfilling [31] andalsobeamform-
ing canbe employedto increasehe throughput. The main resultin beamformings that

theoptimalbeamformeshouldhave multiple beamgointingalongthe eigervectorsof the
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channekorrelationmatrix with properpowerloadingacrosdbeamd218]. Otherissuesn-
cludemultiuserMIMO communicatiorf130, 141, 204], broadcasMIMO channelg115],

andMIMO channelmodeling[2, 28, 65,102,122 137).
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Chapter 2

Bounds on the Probability of a Finite

Union of Events

2.1 ThelLower and Upper Bounds

2.1.1 Introduction

Let{A;, As, ..., Ay} beafinite setof eventsandlet P(A;) bethe probabilitythatthe out-
comeof the experimentis A;. In this section,we review a numberof upperandlower
boundson P(U;A;), which is the probability of the union of A;. The upperand lower
boundsthatwe considelin this chapterequirethe knowledgeof the probability of thein-
dividualeventsP(4;),i = 1, ..., M, whichwehereinreferto asthefirst orderprobabilities,
andthe secondorderprobabilitiesP(A; N A;), 4,7 = 1, ..., M (whichis the probability of

theintersectiorof apairof eventsA; andA,). Theseboundsholdfor ary probabilityspace.
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We areinterestedn suchboundsecauseasis demonstrated thefollowing chaptersthe
errorratesof communicatiorsystemsanbeexpressedn termsof sumsof probabilitiesof
theunionof errorevents.Thereforegstablishingipperandlowerboundsonthe probability

of afinite unionhelpsto establishboundson theerrorrates.

We mentiontwo typesof bounds. The first two boundsare Bonferroni-typebounds
[62] which areexpressedn termsof sumsof thefirst andsecondorderprobabilities. The

secondgroupof boundsarein termsof ratios.

2.1.2 TheHunter Upper Bound

A Bonferroni-typeupperbound,dueto Hunter for the probability of the union of a finite
numberof eventsis givenby [91]

P (U Az-) <) P(4;) - max P(A;N Ay), (2.1)

(iaj)ETO

whereT is the setof all spanningtreesof the M indices,i.e., the treesthat include all

indicesasnodes.

Thecomputationatompleity of findingtheoptimalspanningreevia exhaustvesearch
is exponentiaimakingit infeasiblefor mostof theapplicationsln [91,110],it is notedthat
the problemof finding the optimal spanningreecanbe recastinto determiningthe maxi-
mal spanningreeof a completelyconnectedveightedgraphwhosenodesaretheindices
of the eventsandthe weightof the edgebetweena pair of nodesi and; is the probability
of thejoint event A; N A;. Thisideamakesit possibleto useKruskal's greedyalgorithm
[3] whichfindstheoptimalspanningreefor aweightedgraph.This algorithmis described

in Subsectior?.2.1.
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2.1.3 TheKouniasLower Bound

For the setof events Ay, ..., A, the Kouniaslower bound, which is a Bonferroni-type
bound,is givenby [108§]

P (6 AZ) > max Y PA) - > PANA) (2.2)

i€T ij€T
1<J

whereZ is a subsebf the setof indicesS 2 {1,2, ..., M'}. Thecomputationatompleity
of directsearclto performtheabose maximizationis exponential.UnliketheHunterupper
bound,thereis no algorithmicsolution(or otherwise)to find the optimalindex setin this
problem. Neverthelessa sub-optimalalgorithm with complecity O(M?) is proposedn

[110Q]. Thisalgorithmis describedn Subsectior?.2.2.

2.1.4 ThedeCaen Lower bound

In [39], alowerboundon the probabilityof a unionof eventsis derived. Thislowerbound,

whichis dueto de Caen,is givenby

} (U Ai) ? 2 S P Ay &)

=1
Noticethattheabove boundis differentfrom thetwo previousonesin thatit is in termsof
aratio. In the following, we review two otherlower boundswhich arealsoexpressedn

termsof a sumof ratiosandimprove over de Caens lower bound.
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2.15 TheKAT Lower Bound

A lower boundon the probability of the union of a finite numberof eventsis derivedin

[109]. Thisbound,to whichwe referasthe KAT lowerbound,is givenby

M 0;P(A;)?
P(UA) - Z(z] T P(A; N A;) + (1— 6, P(A,)

S P(AiNA)) —6:P(A) ) '

=212
O!Z (67}

with |z | beingthelargestintegersmallerthanz,

where

o; = P(AZ) and ﬁz = Z [—:)(14Z N AJ)
Ju#

Notethatthe above boundreducedo de Caens lower boundif we setf; = 0 for all 7. The

KAT boundis tighterthande Caens lower boundby a factorof at most9/8[40].

2.1.6 The Cohen and Merhav Lower bound

Anotherlower boundfor the probability of a finite unionis derivedin [30]. Similarto the
KAT bound thislowerboundis animprovementover the de Caenlower boundalthoughit
requiresmoreinformationthanjust the knowledgeof P(A4;) and P(A; N A;). For afinite
eventset,CohenandMerhar’ s lower boundis givenby

p (L__J1A1> Z a:eA p(x)m (33)) (x)’ (2.5)

=1 leweAﬂA p()
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wherem;(z) > 0 is anarbitraryrealfunctionwhich canbe chosersothatthelowerbound
is tightened.It is notedin [30] thatequalityin (2.5)is achieeedwhenm;(z) = 1/ deg(z),

wheredeg(x) is the numberof eventsto which z belongsin otherwords,
A .
deg(z)={ie S:z € A}

Finally, notethatfor m;(z) = 1, CohenandMerha/’s lower boundreducedo de Caens
lower bound. Therefore py includingm;(z) = 1 in the possiblechoicesfor m;(z), oneis

guaranteedo getalowerboundwhichis atleastastight asde Caens lower bound.

2.2 Algorithmic Implementation of the Hunter and Kou-

nias Bounds

2.2.1 TheHunter Upper Bound

A greedyalgorithm, known as Kruskal’s algorithm, is givenin [3] to find the optimal
spanningtree that maximizesthe sumon the right handside of (2.1). The algorithmis
describedasfollows. First, all nodes; and;j areconnectedia edgesof weight P(4, N A;)
to form a fully connectedgraph. To form the tree T, the algorithmstartsfrom the edge
with the largestweight (the (z, j) with thelargestP(4; N A;)). Then,at eachstep,the
edgewith thelargestweightis addedo T}, subjectto the constrainthatno cycleis formed
in Ty. This stepis executeduntil all of the nodesarein T,. This algorithmis formally
statedasfollows [110]. Considera fully connectedyraphwith M edges(i, j) of weights

P(A; N A;). Constructasetof edgesl; accordingo thefollowing steps:
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Figure2.1: Formingthe optimal spanningreeto evaluatea Bonferroni-typeupperbound.
1. SetT, = 0.
2. Add theedgewith maximumweightto 7.

3. Fromtheremainingedgesaddto T; the edgewith maximumweight subjectto the

constrainthatT, remainscycle-free.

4. Gobackto step3 until T, containsM — 1 edgeqi.e.,all nodesandacompletetree).

Figure 2.1 shaws the result of applying the above algorithmto a setof eventswith
P(A1NAy) = 0.2, P(A1NA;) = 0.3, P(A1NAy) = 0.02, P(AsNA;3) = 0.1, P(AsNAy) =
0.04, and P(A; N A4) = 0.05. Thefirst edgeto addto thetreeis the onebetweenl and
3, becausat is hasthe largestweight. The last edgeis the one between3 and4. Note
thatalthoughP (A, N As) is largerthan P(A; N A,), theedgecorrespondingo theformer

probabilityis notaddedo thetree,becausé resultsin aloop.

2.2.2 TheKouniasLower Bound

A stepwisealgorithmis proposedn [110] which findsanindex setto maximizetheright

handside of (2.2). The algorithmin [110] startsfrom two setsZ; = () andZ, = S,

38



andoptimizesZ; andZ, in aniterative (stepwise)mannerby addinganindex to Z; and
removing anindex from Z, andvice versa,until they corverge. The algorithmis detailed
below [110]. In thefollowing, V' (Z) denotegshetermto bemaximizedin (2.2)for asubset

Z C S. Also, A\B denoteghesetwhich containghe elementsn A but notin B.

[ —

. Begin from two setsZ; = ) andZ, = S. SetV (Z;) = 0 andcomputeV/ (Zs).
2. a. If possible,augmentZ; by addingto it the bestindex : € S\Z;; thatis, the
index for which V(Z; U {i}) is maximizedandV (Z, U {i}) > V(Z,).

b. If possible,shrinkZ, by remaoving from it the bestindex i € 7,; thatis, the

index for which V' (Z,) is maximizedandV (Z;\{i}) > V().

w

. Repeastep2 until thetermontheright-handsideof (2.2) cannolongerbeimproved.
4. a. If possible,shrink Z; by removing from it the bestindex i € Z;; thatis, the
index for which V (Z;) is maximizedandV (Z;\{i}) > V(7).

b. If possible,augmentZ, by addingto it the bestindex i € S\Z,; thatis, the

index for which V(Z, U {i}) is maximizedandV (Z, U {i}) > V(Z,).

(62

. Repeastep4 until thetermontheright-handsideof (2.2) cannolongerbeimproved.

6. Gobackto step2 until themetricV cannolongerbeimproved. In sucha casethe

outputof the stepwisealgorithmis

max{V(Z,),V(Z,)}.

Notethatthisalgorithmis sub-optimabnddepend®nthewayit isinitialized (in theabove

algorithm, the initial setsarethe emptysetandthe global setS). Onecanusedifferent
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initial sets(otherthan(® andS) or usemorethantwo initial setsto find a better(yet still

sub-optimal)setof indicesfor 7.

2.3 Final Remarks

As is shown in the following chaptersthe block error rate,the symbolerrorrate,andthe
bit errorrateof single-andmulti-antennacommunicatiorsystemswith arbitrarysignaling
schemesndsymbolmappingscanbeexpressedn termsof sumsof probabilitiesof unions
of errorevents.Thereforetheabore boundsarepowerful toolsto establistupperandlower
boundsfor the errorratesof the systemaunderstudy Whenspecializedo the analysisof
the communicatiorsystemsthe overall error rate of the systemcanbe representedby a
finite unionof events,whereP(4;) is thepairwiseerrorprobability, and P(A; N A4;) is the

secondrderpairwiseerrorprobability.
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Chapter 3

A Brief Review of Space-Time

Orthogonal Block Codes

3.1 Introduction

Space-timeorthogonalblock codesarea sub-clasf space-timecodeswhosecodavords
have orthogonalcolumnsandhencethey arefull-rank. Thesecodesareimportantbecause
of their simpleencodingand, specially becauseheir decodingcompleity is polynomial
(asopposedo exponential)in the size of the signalingscheme. Space-timeorthogonal
block codeswereintroducedby Alamoutiin [9] for a systemwith two transmitantennas
andary numberof receve antennas.A theoryto extendthesecodesfor morethantwo

transmitantennasvaspresentedhn [192)].

In thefollowing, we describeencodinganddecodingor Alamouti’'scode whichis also

known asthe G2 code,in detailfor a dual-transmitandsingle-receie antennaystem.ML
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constellation space-timévlock coder
mapper

input bits (1 ¢2) o —c
b1 s b2 (61 02) —
c2

Figure3.1: Thetransmitterof Alamouti’s space-timerthogonablock codingscheme.

decodingandthesymbolpairwiseerrorprobability(PEP)of generakpace-timerthogonal
block codesarenext explained. As a contribution, we presentan alternatve derivation of
the codevord PEPof multi-antennacodeswith arbitrarystructure.This PEPexpressions

valid for bothspace-timeodesandBLAST.

3.1.1 Encodingin Alamouti’s System

Let us considera dual-transmitsingle-receie antennasystem. The encodingstrateyy
of Alamouti’'s schemeis asfollows (seeFigure 3.1). First, every incomingp bits b =
b1, ..., by] (Where2? is thesizeof thesignalingschemejpremappednto abasebandignal
usingascalarfunction. For example,if b; andb, aretwo consecuiie blocksof p bitseach,
they aremappedo ¢; = f(b;) ande, = f(bs), respectiely, wheref(-) is themodulation
functionandc; andc, arebasebandgignals.At a givensymbolperiod,two signalsaresi-
multaneousltransmittedrom the two transmitantennasAt symbolperiodone,we have
511 = ¢1 andsg1 = co. During the next symbolperiod,s; o = —c; is transmittedfrom
antennaoneands,, = cj is transmittedrom antennawo, where* denotessomplex con-

jugate. Notice that no explicit channelcodingis performedandbecausdwo consecutie
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symbolsaresentin two symbolintervals,therateof this channekodeis unity. We assume
thatthefadingconditionsremainthe sameduringthetwo consecutie symbolperiodsused
to transmitsymbolsc; andc,. Denotingthe channefadingcoeficientsby H; and Hs, at

symbolperiodone,we receve
Rl = chl —+ HQCQ + N1
andatsymbolperiodtwo, we get

Rg = —H1C; + HQCT + NQ.

3.1.2 Decoding in Alamouti’s System

Defining
_ H, Hy
H= ,
H; —H;f
we notethat H is anorthogonaimatrix; namely H'H = (|H,|? + | H,|?) L.

For# 2 (R, R)T,c=(ci )T, andi = (N, N;)T,wecanwrite
r=Hc+n. (3.1)

At this stage,ML decodingmay be performeddirectly using (3.1); i.e., choosinge =

(¢, ¢)" which satisfies

¢ =amgmin||# — Hel/?, (3.2)

C
wherez denotesthe estimateof = and minimizationis doneover all two-tupleswhose

elementsaarebasebandgignals.However, decodingmaybefurthersimplified by exploiting
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the orthogonalityof the pathgainsmatrix H. Multiplying (3.1) from the left by IEIT, we

have

b
>

H'r=H'He+ H'n=(H]+|H})c+Hn
= (Hi|* + [H|*)c + . (3.3)
In otherwords, R, = (|H, > + |H|?)c; + Ny andR, = (|Hy > + |Hy|?)c;, + No, where

R\ 2 HIR, + HyR,, (3.4)

Ry = HiRy — HiRy, (3.5)

N, 2 H*N,+H,N,, andN, 2 H;N,— H,N,. Astheentriesof 7 arei.i.d. andH; andH,

areknown to therecever, ML decodingof theentriesof ¢ canbe doneindependentlyia

& = amgmin|Ry — (|Hy|> + |Hy|?)c|? (3.6)
& = amgmin|R, — (|Hi|> + |Ha|?)c], (3.7)

whereminimizationis doneover thesignalalphabetSincethemodulationfunction f (-) is

A

scalar the estimatedbits would simply beb, = f~1(¢,) andb, = f~1(é,).

For asignalingschemeof size M = 2P, while usingtheML detectiorrule ontheoutput
vector7 asoutlinedin (3.2) will requireM? ML costfunction computationsthe number
of the computationill only be2M if #, definedin (3.4) and(3.5), is usedfor detection
asoutlinedin (3.6)and(3.7). Thiswill resultin muchshorterdecodingimes,speciallyfor
large signalalphabetsin atypical implementatiorof the systemwith 16-QAM signaling,
decodingof 5 million bits with detectionrule (3.2) took 62918secondswhile employing
thedetectionrulesin (3.6) and(3.7) took about100 secondsThetestswererun ona Sun

Ultra 60 computer
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3.1.3 Extension to Threeand Four Transmit Antennas

Alamouti's work wasgeneralizedo K transmitantennasinsteadof only 2 antennasin
[192]. There,it wasstatedthatit is not possibleto constructspace-timeorthogonablock
codesof rateonewith comple signalingschemesvhentherearemorethantwo transmit
antennasAlso, two examplesof space-timeorthogonalblock codeswereintroducedfor
threeandfour transmitantennasis
€1 —Cy —C3 —C4 C —C —C3 —C
G’ = cg € €4 —C3 € € ¢ —C3 (3.8)
3 —C4 C ca €3 —C; Cy
and
(01 —cy —C3 —cC4 €7 —c¢ —c§ —c
cs cs —C3 G

Gt = . (3.9)

c3 —C4 C co €3 —C¢ c5

\04 c3 —Cy ¢ ¢ € —C
Note thatboth of the above codevordstransmitfour symbolsin eightsymbolperiodsand

hencethey have arateof 1/2.

For encoding four blocksof p bits eachare mappednto a block of four signalsec =
(c1,¢9,c3,c4)". A codavordis thenformedaccordingo (3.8) or (3.9) andtransmittecbver

thechannelwith onecolumnof the matrix transmittecat atime.

Thedecodingphasds similarto thedualinput system.It is assumedhatthechannels
slow fading(quasi-static)with the pathgainsremainingconstanduring the transmission

of a codavord (eight symbolintervals). Therefore,we canusethe sameapproachasin
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Subsectior8.1.2. In orderto find the ML detectionrules,we definethe outputandnoise

vectorsas
r= (RlaR25R3aR4:R;aR;aR;aRg)T and n = (NlaN25N3aN4aN.;aNgaN’=7kaN§)Ta

respectrely, sothatthe input-outputrelationshipbecomesasin (3.1), with the pathgains

matrix H givenby
(Hl H, H; 0 \

Hy, —-H, 0 —Hj

Hi 0 —H H;

\ 0 Hj —H; —Hj |

for thethreetransmitantennasndby

( H1 HQ H3 H4 \
H, —-H, H, —H;
H3 —H4 —Hl HZ

H4 H3 —HQ _Hl

H: —Hf —H' H;

\H; Hj —Hj —H} )



for systemswith four transmitantennasNote thatthe abose matricesareorthogonaland

henceaftermultiplying (3.1) from theleft by H' wehae
r=2Yc+n (3.10)

whereY = Zfil |H;|%. It canbe shown thatthe elementsof 7 arei.i.d. andhenceML

detectioncanbe performedseparatelyn eachentryof 7.

3.2 General Treatment of Space-Time Orthogonal Block

Codes

Letusnow considerasystemwith K transmitandL receiveantennaslLetc = (cy, ..., ¢;)”
be a vectorof 7 consecutie symbolsto encodeand S = (s, ..., s,,) be the space-time
codevordcorrespondingoit. In thecaseof STOB codeswehavew = g7, whereg = w/7
is the codinggainand S S' = g||c||?l x. As anexample,for the codeg? in (3.8),w = 8,
7 = 4, andg = 2, andfor Alamouti'scode,g = 1 andw = 7 = 2. It canbe shown that

(1.1) canbere-writtenas[140]
T‘j:1/%ﬂjc+ﬁj j=1,---,L, (3.11)

where7’ = [R!,...,RI]", ad = [N?,...,NJ]", andwe have R/ = R} andN} = N/ for
1<t<% andR] = R* andN{ = N} for % < ¢+ < w and H’ is derivedfrom the ;"
row of H via neggationandcomplex conjugationof someof its entries.lt is cIearthatth

arei.i.d. CN(0,1).
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We will hereafterconsiderthe set of orthogonalcodesfor which the corresponding
matrix H’ hasorthogonalcolumns,i.e., H'H’ = gV;I,, whereY; = 3. |H;|2, j =

1,..., L. Thereforewhen(3.11)is multiplied from theleft by H’" we obtain
# 2 H'Y = g, /%Y;c + R, (3.12)

whererd £ H''nd = [N7, ..., NJ]T. Notethateachentryof # = [R!, ..., RI]T is associ-
atedwith only onesymbol. Since,given H, R = [#!, ..., #%] is aninvertible function of

R =ry,..,1my], ML decodingcanbebasedn R insteadof R in thefollowing way
¢; = agmaxP(c|{R}E | H),
which canbe shown to beequialentto

L ~

. Rl — ¢'Yic|?

¢; = argmin E %, (3.13)
c =1 l

whereg' = g+/7s/ K.

3.3 The Symbol PEP for General Space-Time Orthogonal

Block Codes

Basedon (3.13),it canbeverifiedthatthe PEPbetweera pair of symbolstransmittedover

thespace-timerthogonablock codedchannekonditionedon the pathgainsis givenby

P(e; — ¢;|H) = Q (5ij\/17) : (3.14)

2This classof orthogonalkodesincludesmostof suchcodespublishedin theliterature,including Alam-

outi's codeandthosein (3.8)and(3.9).
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wherec; — ¢; denoteghe eventthatc; hasasmallerML metricthanc; (in (3.13))when
¢; is sent(c; andc; areapair of symbolsinputto the STOB encoder)()(-) is the Gaussian

tail functiongivenby

Qz) = %z—w / Cetlar

(51-]- = \/g}ﬂci —Cj|, and

2, (3.15)

L
Z |H\

1 1=1

y=> V=

=1

K
k=
To find the PER one shouldaverage(3.14) with respectto the distribution of Y, which
canbe derived asfollows. Let usdefinerandomvariableZ; as Z;_.)x+; = ®{H,,} and

Zri(-1)k+i = S{Hj} fori=1,..., K andj = 1, ..., L, whereR andS aretherealand

imaginaryparts,respectiely. We notethat 7 ~ i.i.d. A/(0, %), andwe canwrite Y as
2n
Y =) | Hl =) R{H; )+ S{H;} =) 7],
i,j i,J i=1

wheren = K L. Usingthemomentgeneratingunctionof normalrandomvariablesyields

the probability densityfunctionof Y as

fr(y) = = 1)!?/"’16"”, y >0, (3.16)

Hence,Y hasa scaledchi-squaredlistribution with 2n degreesof freedom.The expected

valueof (3.14)is thereforeequalto

P(CZ’ — C]') =

= /0 YeQ (85/5) dy- (3.17)

As noticedin [19], the PEPof diversityreceptionsystemswith maximumratio combining

hasa form similar to thatof (3.17)with the exceptionthatd;; is givenby /v;/2|c; — ¢;/.
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ThereforetheconditionalPEPfor thosesystemss thesameas(3.14). MRC systemsvere
previously analyzed for example,in [150, 175], whoseresultscanbe usedto obtainthe

expectedvalueof (3.14)as
1 5 S 2k 1
P(ei = ¢) =3 (1—%” ; (k)(2(5§j+2))k>' (3.18)
3.4 TheCodeword PEP of Arbitrary Space-Time Codes

Here we presenta new simple derivation of the codevord PEPfor arbitrary space-time
codes We show thatthe conditionalPEPof any two space-timeodeavordsis in theform of
adoublesumof anexpressiorsimilarto (3.14),andhenceits expectationcanbe evaluated

with the sameapproachasthatfor the STOB codes.

For arbitrary space-timecoding schemeghe recever computesthe squareddistance

betweerany pair of fadedtransmitteccodedsequence$ and.S

w L
Ags= % >
t=1 j=1

whered; , = s;; — ;4, D = [d;;], U = DD, andh,; is thetransposef the ;" row of H.

K 2

Z Hj;d;,

=1

L
Vs
=2 > hUTh;, (3.19)

i=1

Let P(S — S) denotethe probabilitythat S hasa largermetricthan.S whens is sent.lt

is easyto verify that[190]
N 1
= 2 - 2 ~ . .
P(S—>S)_EA3’S {Q( 2A3,3>} (3.20)
Let 62 = 728[’\(’6, where )\, is the k" non-zeroeigervalue of U with multiplicity n,. To

computethe expectationof (3.20), we determinethe pdf of %A?S 3 andwrite (3.20)asa

weightedsumof expressionsimilarto (3.14).

50



SinceU is Hermitian(i.e., UT = U) andnon-neative definite,it canbe decomposeds
U = VIDV, whereV is unitary(i.e., VIV = | ¥) andD is anon-ngative definitediagonal
matrix having the eigervaluesof U onits maindiagonal.V is aunitarymatrix (i.e., VIV =
| ) andits columnsarethe unit-normeigervectorsof U. Substitutingthe decomposedJ

in (3.19),we have

L K

L L
SAZ = P NTRIVIDVA; = 2 Y 2lDe; = ;—%Ai\x.,i\% (3.21)
7j=1 7j=1

2788 oK & 2K £ e
wherez; = Vh;, X, is thei" elementof z;, and\; = D, ;. We notethatthe entriesof
x; arei.i.d. CN (0, 1). Thereforethemomentgeneratingunctionof %AQSS canbewritten
as

K
1
P12 (—8) = | | —_— . 3.22
EAS,S( s) Pl (1+ 62s)Lma ( )

In order to find the pdf of %Azs which equals£ 1 {(P%AQ h(—s)} (where £ is the
) 28,8

Laplacetransform)we convert(3.22)into asumandusethelinearity of the Laplacetrans-

form. Letting py = % andusing partial fraction expansion[112], we canwrite (3.22)

as

K
Qg1
Piaz (=9)=D_ ) — (3.23)
; k
where

i=0,..,Lng—1.  (3.24)

S=Pk

1(d .

TakingtheinverselLaplacetransformof (3.23),we have

K Lng—1 - 2K
frag @ =30 3 =Frae ™, w20 (3.25)
’ k=1 =0 )
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Thenext stepis simply using(3.25)to evaluate(3.20). Thisyields

P(S—8) =3 >, (Z‘i’“l 7 / Caile 7 (Vz) de. (3.26)

0

Theintegralin (3.26)is the sameasthe onein (3.17)which wassolvedin (3.18). Using

(3.17)and(3.18)in (3.26)andsettingd; = 7;?(’9 , We obtaintheexpressiorfor thecodevord

pairwiseerror probability of arbitraryspace-timeodesas

K Lng

PS—8=33

k=1 =1

1

b N~ (2
(- s Omts) oo

wheregs; , = 6%«; . Theabove resultagreeswith theresultin [131].

Bik
2
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Chapter 4

Bounds on the Block and Bit Error
Rates of Coded AWGN and Block

Rayleigh Fading Channels

4.1 Introduction

Let usconsiderthe communicatiorsystemof Figurel.4. This systemcanuseary type of
channelcodingandany comple signalingscheme.In this chaptey we assumehe input
to the systemto beuniformi.i.d. andhencewe considerML decodingattherecever. Our
goalis to establistupperandlower boundsontheblock errorrate(BIER) andbit errorrate
(BER) of the system.To this end,we first write the BIER andBER in termsof a sumof
the probabilitiesof a union of errorevents. We will thenusethe KouniasandKAT lower

boundsaswell asHunterupperbound,whosegeneraformsweredescribedn Chapter2,
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to derive boundson the block and bit error ratesof SISO AWGN and block Rayleigh
fading channelsunderML decoding. Theoretically theseapproachesan be appliedto
ary signalingschemesndchannelcodesof ary type or rate. For large m, wherem/n is
the channelcoderate,computatiorof mostof theboundsin theliterature,includingthose
considerechere,becomesnfeasible. One of the contributionsof this chapteris to usea
subsetf the codebookio evaluatethe bounds. In fact, it is shovn thatthe performance
of thelower boundscanbeimprovedin thatthe boundsbecometightenedby considering
a subsetof the codebook.Anothercontrikbution of this chapteris derving a closed-form
formulafor the probability of the intersectionof two pairwiseerror eventsfor the block

Rayleighfadingchannel.

4.2 ThekError Ratesin Termsof Probabilities of a Union

As explainedis Subsectiori.4.1,we considetacommunicatiorsystemwhich mapsblocks
of inputbits{b,},u = 0, ..., M — 1 into blocksof basebandignals{s, },u =0, ..., M — 1

which aretransmittedover the channel.The block errorrateof the systemis givenby

BIER = Z_: P(e|sy)p(sy) = Z_: p(s4) P, <U em-) , (4.1)

u=0 u=0 1£U

wherep(s,) = p(b,) is the probabilitythatb, is emittedfrom the source,P,(+) 2 P(-|84)
is the conditionalprobability giventhat s, wassent,ande,; indicatesthe pairwiseerror
eventbetweens, ands;; i.e., the eventthatwhens,, is sentandbetweens,, ands;, s; is

detectedcatthedecoderSimilarly, the BER canbe computedrom

M-1
BER =) " p(s.)Pu(e”), (4.2)
u=0
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where

| M
P, (e®) = — Dy (j,u)P(5 = sj|s = sy)
m <=
| M1
j=0 i#]

wheres is thedecodedignalsequencandDy (4, u) is theHammingdistancebetweerthe
databits correspondingo s; ands,. Notein the abose equationghatbecauseve assume

theinput bit-streamto be uniformi.i.d., all symbolsareequallylikely andp(s,) = 1/M.

Equationg4.1)and(4.3) expresshoththe BIER andBER in termsof the probability of
a union, which canbe boundedusingthe KAT, Kounias,and CohenandMerhar’s lower

boundsaswell asthe Hunterupperboundwhich arepresentedan Chapter2.

In the computationof the above bounds we needto computethe first andthe second
orderPEPs(see(2.1)-(2.5)). Clearly, the PEPexpressionslependon the channelmodel.
In thefollowing, we will considertwo channelmodels:the AWGN andtheblock Rayleigh

fadingchannel.

4.3 The AWGN Channd

For the AWGN channelwe have
Ry = sy + Ny,

whereR; is the receved signalat symbolinterval ¢ and N, ~ CN (0, Ny) is the additive

white Gaussiamoiseattherecever. Let s, = [s%,--- , s*] betheu™ possiblesequencef

1w
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signalsin ablock,andlet d;" = si — s*. TheML decodingrulein this casds givenby
8 = agmin|r — s|?,
8

wherer = [Ry, ..., R,)].

The pairwiseerrorprobability betweens,, ands; is givenby

Pu(ew) = P(su— si) = P(llr = sull” > lIr = sill*| s = 51)
_ \/§<3u - Sian> 1
=7 ( oo —sl¥ = val™ " Si”> o

wheren = [Ny, ..., N, (z, y) isthestandardnnerproductof z andy, A2, = v, 3, |dy" |2,

and@(-) is the Gaussianail function. We alsohave v, = E, /N, for BPSKsignalingand
vs = Es/2N, for two dimensionakignaling. Note thatthe agumentof the expressioron
theleft-handsideof (4.4)is aunit-variancereal Gaussiamandomvariableandhence(4.5)

easilyfollows.

The probability of theintersectiorof two pairwiseerroreventsis equalto

Pu(eiu N 6ju) = P(Su — 8, Sy — Sj) =v (puija Ai,ua Aj,u) ; (46)
where
U(p, z,y) ! / T[T TR Gran 4.7)
ST, Y) = ——F— e =% dr .
P Y 27’(’\/ 1-— ,02 T Y

is thebivariateGaussiarfunctionand

Z;U:I <di’u7 dg”) .
(0 ) (0, lat™ )

Puij =
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From (4.3), we needto evaluateP, (¢;;) and P, (ej; N €;;) for the BER bounds.These

guantitiesaregivenby

Puesi) = P(llr —sl* > [Ir — sil*| s = s4)
A2 — AZ?
— Q ( 7,U ],u)
AZ,]

P,(eiNe€jr) =T (pjika ,A 22 ’Ak,j L >

1,

and

4.4 TheBlock Rayleigh Fading Channel

For theblock Rayleighfadingchannelwe have
Rt = HSt + Nt,

where H, which is the only parameteraddedto the channelmodel, is a zero-mearunit-
variancecomplex Gaussiamandomvariable: H ~ CA(0,1). We assumehat H remains
unchangediuringthetransmissiorof a codevord andchangesn ani.i.d. mannerto anew

valueafterwards.

Similarto the AWGN channelkasewe first needto evaluatethe first andsecondorder
PEPsto calculatethe BIER andBER upperandlower bounds.The pairwiseerror proba-
bilities conditionedon the pathgain H aresimilar to the AWGN case.More specifically

we have
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and

Pu(em N Eju) =FEy {\Ij (pm’ja A

julH)} - (4.9)

We notethatequation(4.8) is the sameas(3.14)with Y = |H|2. Hence,it equals(3.18)

with K = L = 1. Thereforethe PEPIs givenby

1 A,
Pe)==|1- i LS
2 ( ,/2+A§,u)

As for the expectationin (4.9), we canusethe resultof [174] to write the ¥ (-, -, -)

A apum _ z2u
AW HY) —/ exp{2 24 }d@

(p(A ;Puzj) _A2
I |H|? 5 dh, (4.10

wherep(z, p) = tan~ <x\/1 —-p?/(1 = px ) andtan!(z) is re-definedhereas —

tan~!(—z) for negative z. Wethenuse[175, Eq. 5A.35] (with n = 1) to finally derive the

functionas

\II (puija

+
2 Jo

expressiorfor thesecondrderPEPIn theblock Rayleighfadingcaseas

A
P, (€ N €ju) = Upuijs Diw, Dju) = L (Diuy Djus Puij) + 1(Dju, Nia, puij),  (4.11)

where

I(z,y,p) =

3 | =

(¢ )

with

y— px
P Mo D i () g,
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N = 221+ 22sin2¢, and D = (1 + 22%) cos 2¢ — 1 (with the definition of tan'(z)

beingthe sameasthatin (4.10)).

For the BER boundspnecansimilarly obtainthefirst andsecondordererrorprobabil-

Pu(€zj) = 5 1- ’ -
V202, + (82, - A2,)?

2 2 2 2
Ai,u - Aj,u Ak,u - Aj,'u)
b) b)

A AVY

ities asfollows

and

Py(eij M exg) = Q (sz’k,
where)(-, -, -) is definedin (4.11)andwhenthesecondandthethird agumentof ¥ (-, -, -)

arenon-ngative. If atleastoneof the two argumentsare negative, the (-, -, -) function

canbe written assumof a numberof ¥(-, -, -) functionswith non-ngative agumentsas

follows
( \Il(paaao) + \II(_paaa 0) - \II(_paaa _5) o 2 075 < Oa
v aOa ‘11_501 _‘I’_a_a Oa _Oa
¥(p.aB) = | (p,0,8) +¥(=p,0,8) = ¥(=p, —, §) a<0,82>
1- \I/(p,o’ _/B) - \I/(—p’[]’ _B)
. _\II(pa —Q, 0) - \I](_,O, —aQ, 0) + \Il(p, —a, _ﬁ) a <0, /B < 0.
(4.12)

Thereforetheclosed-formexpressiorfor theprobabilityof theintersectiorof two pairwise

erroreventscanalwaysbe computedrom (4.11).
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4.5 Linear Block Codesand BPSK Signaling

451 Preliminaries

Sincethe numberof the block PEPsgrows exponentiallyin m, the computationaktom-
plexity of theabove boundsbecomegprohibitive for largedatablocks. In importantspecial
casessuchaswhenlinear block codesand BPSK modulationare usedor for geometri-
cally uniform codeg55] with matchedsignaling[128], it is possibleto consideronly one
codevord insteadof thesumsin (4.1) and(4.2). In otherwords,onecanuse

M-1
BIER = P, (U em) ., and BER= % Y Dy(j,u) (1 - P, (U eﬁ>) , (4.13)

i#u i#j
wherec, is an arbitrary codevord. Furthersimplification canbe madeby considering

the all-zero codevord (v = 0) whenbinary modulationis used,becausehis will allow
to benefitfrom informationsuchasthe weight distribution of codesto simplify or speed
up analysis.We illustratethis in the following via reviewing Seguin’s lower boundon the
BIER of acodedBPSK modulatedsystemwith AWGN channebasedon de Caens lower

boundonthe probability of aunionwhichis givenin (2.3).

deCaenslowerboundcanbeusedio derive alowerboundfor theblock errorratefrom

601
BIER = P, coi | > , (4.14)
0 (g 0) Z M 1P(£01 N 60])
where,from [156],
2Eyr,
Pleos) = Q ( N W(ca) ,
and




whereW (c;) is theweight(i.e., thenumberof ones)of codevord ¢; and

W(e;) +W(c;) — W(ei + cj)_
2 W(Cz)W(CJ)

Pij =
It is shovnin [156] thatW (p, z, y) is strictly increasingn thecorrelationcoeficient p. This
allows to computeanupperboundon p;; andhenceon P(eg; N €y;) onthedenominatoof
(4.14)which depend®nly onthe codevord weightsandis thereforevery fastto compute.

Theupperboundon p;; is asfollows

W(e:) + W(c;) = D
2y W(e)W(c;)

pij < )

whereD,,;, is theminimumweightof the code.

Finally, we presentCohenandMerha/’s dot-productower bound[30]. Assumingthat

¢, is sent,this boundreducedo

BIER > ¢(#/~26)5m Z Q (ke e o)) , (4.15)
j 1 \II(pZ]a (alv Ci, NO)a H(alv Cj, NO))

wherea =1 -+ GN()/Q, Of =1 +GNO, ,B = (]_ - )/N(), B’ = (1 - (1 +GN0)2)/N0, and

Eyr W (c;) .

L Np) =2
k(a, ¢;, Np) o Ng

Parametern canbechoserto tightenthebound.Thebestvalueof « is foundin [30] through

anexhaustve search.

45.2 Evaluation of the Algorithmic Boundsfor Large Blocks

It followsfrom (2.4)thatevaluatingthe KAT boundon a subsebf thecodebookwill result

in alower boundto the original KAT lower bound.This follows from

P(LAjAZ) > P (UA) > KAT (P(4),i € T),

t€L
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whereZ C {1, ..., M }. Theabove canbefurthertightenedby
M
P(gm)z%mmnm&ymzy

The evaluationof the algorithmicHunterandKouniasboundsmay still be tediousfor
large m. It would be desirableto useonly a subsetof the codebookto computethese
bounds.An examinationof thelower boundin (2.2) directly indicatesthatcomputingthis
boundon a subsetf the codebookwill resultin a lower boundfor (2.2). We shall refer
to this boundasthe “K ouniaslower bound,subset”. It is exponentiallyexpensve to find
the optimal subsefor the Kouniaslower bound.To find a sub-optimalkolutionwith alow
compleity, oneoptionis to employ thestep-wisealgorithmusedn Subsectior2.1.3to find
agood(yetstill sub-optimal)subsetA typical behaior of the applicationof the stepwise
algorithmto the KAT boundis describedn thefollowing for acodewith a smallcodebook
sizefor clarificationpurposesWe have obsenedthe samebehaior for mary othercodes,
suchasGolay andBCH codes.Hamming(7, 4) codehas15 non-zerocodavordsandits

generatomatrixis givenby

1000101
0100111

0010110

\ 0001011

Table4.1shownstheindicesof the codevordsfor variouscodevord weights.Eachindex is
thedecimalequialentof thedatabits which correspondo a codevord (e.g.,databits 0001
areencodednto codevord 0001011 which hasa weight of 3). Table4.2 reportswhich

codevordsare chosenby the stepwisealgorithmto computethe KAT lower bound. The
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initial index setsareZ; = () andZ, = S = {1, ..., 15}. We noticethatatlow E;/N, (e.g.,
-5 dB), only the closestcodevordsto codavord O are used. As the signal-to-noiseatio
increasege.g.,at4 dB), morecodevordsareaddedto theindex set. Eventually at hight
Ey/Ny (e.g.,at10dB), theentirecodebookis usedto calculatethe KAT lower bound.For
theGolay(23,12) code,usingthe codevordswith weight7 allows usto computethe KAT
boundusing253 codevordsinsteadof using2047codevords. For the BCH (63, 24) code,
we only considercodevordsof weight15. Thereareonly 651 codevordswith this weight
andcomputatiorof the KAT boundtakesa very smallamountof time andmemory while

usingtheentirecodeboolof size16777216codavordsis computationallynotfeasible.

If oneevaluateghe expressioron theright handsideof (2.1) for a subsebf the code-
book, onewill obtainneitheran uppernor a lower bound. We will referto this quantity
asthe“Hunter-basedestimate”.Restrictingthe maximizationof the secondsum(e.g.,via
Kruskal’s algorithm)on the right handside of (2.1) will leadto alooseupperbound. To
tightenthisbound,morenodeseedto beaddedo the“sub-tree”which containghenodes
correspondingo the subset. Figure 4.1 demonstratean ideato derive an upperbound
basedn Kruskal's algorithm. First, we considera subsethatcontainghe codevordswith
minimumweightandapply Kruskal’s algorithm. This will maximizethe sumof the sec-
ond orderPEPsfor thosecodeavords. We next considerthe remainingcodevords (whose
weightsare largerthan D,,,;,). Letc;,@ = 1,..., I be the subsetof the codevords with
minimum weight andlet ¢; be a codavord not in this subset. For eachj, we compute
P, = Po(eoi Negy;) fori = 1,..., 1. To includeevery nodej in the spanningree,we add

theedgewith maximump?;;.
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4.6 Numerical Results

We considera systemwith a uniform i.i.d. binary source,variouschannelcodes,and 2-
and 1-dimensionakignaling. A typical plot for a two dimensionalsignalingschemeis
shown in Figure4.2, wherethe incomingbits areBCH (15, 5) coded,8-PSKmodulated,
andsentoverthe AWGN channel. The entirecodebookis usedto calculatethe boundsfor
thisfigure. We considerthe Hunterupperboundandthe Kounias KAT andde Caenlower
boundsandobsenre thatthe Kouniaslower boundis thetightestamongthe lower bounds.
A similar behaior is obsenedfor othercodesandcoderates,suchasthatin Figure4.3,
which shawvs the boundsfor a systemwith BCH (15, 7) code, AWGN channelandBPSK

modulation.

Figure 4.4 compareghe resultof computingthe KAT lower boundusing the entire
codebookwith that of usingonly the codevordswith the minimum Hammingweight for
theGolay(23,12) code.For the subsetwe only usethe closestcodevordsto codevord ¢
in the Hammingdistancesensebeingmotivatedby the resultof Table4.2, which suggests
thatatlow E, /Ny, it is enoughto considerithe codevordswith theminimumweight. Inter-
estingly we noticethatthe KAT boundcomputednthe subsetgivesatighterlowerbound
atlow to moderateFE, /N, ascomparedvith the KAT boundcomputedon the codebook
andalsothe bestlower boundin [30]. As predictedby Table4.2,athigh E;,/N,, the KAT
boundusedon the entirecodebookis slightly tighter; but this tightnessis achieved at the

price of having amuchhighercompleity andtheimprovements almostnegligible.

Figures4.5,4.6,and4.7 comparethetightnessof the BIER boundsfor the casewhere

only a subsebf the codebookis usedto computethe boundsfor the Golay (23, 12), BCH
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(31, 16), and BCH (63, 24) codes,respectrely. BPSK modulationis used,hencethe
lower boundof [156] canalsobe computed.The KouniasandKAT lower bounds(usinga
subsebf the closestcodavords)arestill tight, but the Hunterupperboundis looseat low
Ey/Ny. Poltyres’s upperbound[149] is superiorto the Hunterupperboundoptimizedon
the subsetalthoughthey areboththe sameasthe unionboundat BIER valuesof interest
(BIER < 10~?). NotefirstthattheHunterupperboundis easietto computethanPoltyre/’s;
therefore|t is the choiceat BIER valuesof interest. Secondthe KAT andKouniaslower
boundsaretighterthan Seguin’s bound;hencethey arealsotighterthan Shannors lower
bound[164] at leastat mediumto high E,/N,. Also noticethatthe KAT boundis always

tighterthanthe CohenandMerhar (dot-product)ower boundof [30].

Figures4.8 and4.9 demonstrate¢he performanceof the union,Hunter Kounias,KAT,
and Séguinboundsfor the Rayleighfadingchannelfor Hamming(7, 4) andBCH (15, 5)
codes.TheKouniasower boundis still tight, but the Hunterupperboundis not astight for
theRayleighfadingchannelsuggestinghatthe higherorderprobabilitiesaresignificantin
theblock fadingcase As for the BER, we obsere in our calculationghatthe upperbound
(resultingfrom the Kouniaslower bound)is tight, but the lower bound(derived from the

Hunterupperbound)is too looseto be useful.
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edge to complete the tree

optimal subtree at D,

Figure4.1: Theideato form a spanningreeandcomputeanupperboundfor the BIER. i*

is theindex of codevord ¢;- for which P.; > P;,

i=1,..,1.
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Figure4.2: Block andbit errorratecurvesfor BCH (15, 5) code,8-PSKmodulation,and

AWGN channel.
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Figure4.3: Block errorratecurvesfor BCH (15, 7) code,BPSK modulation,andAWGN

channel.
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codevordweight | databits (in decimal)

3 1,2,5,6,8,11,12
4 3,4,7,9,10,13,14
7 15

Table4.1: Thedatabits (in decimal)correspondingo variouscodevord weightsfor Ham-

ming (7, 4) code.

E,/N, | codevordindices

-5dB |1,2,5,6,8,11,12

4dB |1,2,5,6,8,9,10,11,12,14

10dB | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15

Table4.2: Codevordsusedin the optimizationof the KAT boundvia the stepwisealgo-
rithm. Only theclosesitodevordsareselectedatlow E;/N,, while thewhole codebookis

usedat high E,/Ny.
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Figure 4.4: Comparisonamongthreelower boundson the BIER. Golay (23, 12) code,

BPSKsignaling,andAWGN channel.
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Figure4.5: Block errorrateboundsfor Golay (23, 12) code,BPSKsignaling,andAWGN

channel.
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Figure4.6: Block errorrateboundsfor BCH (31, 16) code,BPSK signaling,andAWGN

channel.
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Figure4.7: Block errorrateboundsfor BCH (63, 24) code,BPSK signaling,and AWGN

channel.
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Figure 4.8: Block error rate boundsfor Hamming (7, 4) code, BPSK signaling, and

Rayleighfadingchannel.
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Figure4.9: Block errorrateboundsfor BCH (15, 5) code,BPSK signaling,andRayleigh

fadingchannel.
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Chapter 5

Boundsfor the Symbol and Bit Error
Rates of Space-Time Orthogonal Block

Codes

5.1 Introduction

The original paperson space-timetrellis codes[194] and space-timeorthogonalblock
codes[192] adoptthe Chernof upperboundto estimatethe pairwise error probability
of codevordsandto establishcodedesigncriteria. Althoughthe Chernof boundyields
successfutodeconstructionsit is quitelooseevenat high valuesof thechannekignal-to-
noiseratio. Furthermoreit is commonpracticeto usethe unionboundto approximatehe
symbolerrorrateor bit error rate. However, the union boundis loose,particularlyat low

CSNRs.Therefore usingthe Chernof boundtogethemwith the unionboundmay resultin

76



poorapproximationgo systemperformancdsee,e.g.,Section5.4).

With respecto the SER/BERanalysisof space-timeorthogonalblock codes,onecan
usethe closed-formconditional SER formulasin [175] (see(1.2) and(1.3)) andaverage
them over the fading coeficients distribution to derive exact SER formulasfor standard
PSK and square2?™-ary QAM, wherem is a positive integer; this approachis takenin
[167]. However, theresultingSER formulasdo not hold for arbitrary constellationsuch
asstarQAM andit is not clearhow to extendthis approacho evaluatethe BER, specially
if Gray mappingis not used. The symbolPEPscanbe usedto derive an upperboundon
the BER; however, aswill beshaowvn in the sequeltheresultingBER upperboundis very

looseevenatmediumCSNRs.

In this chaptey we shov how to usethe symbol PEPresultsto derive boundsfor the
SERandBER of STOB codesvia establishinghe HunterandKouniasbounds.Oneimpor-
tantfeatureof theboundss thatthey hold for arbitraryconstellation@andsignalmappings
sincethey do notdependnthegeometryof thesystemathand.Numericalresultsindicate
thatthe boundsfor STOB codesoften coincidewith the true error probabilitiesobtained
via simulationseven at low CSNRs. Furthermorethe computationatompleity of these
algorithmicboundsis very modesteven for large constellationsaandlarger numberof an-

tennas.

The approachpresentedn the previous chaptercanalsobe appliedto studythe error
rateof space-timerthogonablock codedMIMO channelsisedin conjunctionwith error

controlblock codeswe however do not considetthis for the sake of simplicity.
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5.2 Boundson the Codeword Pairwise Error Probability

of Space-Time Orthogonal Block Codes

Let usdenotetwo STOB codevordsby S and$S, anddefinematrix D = [d;s] With d;; =
s+ — 8;; andmatrix U = DD'. For STOB codes,U hasonly one eigervalue A with
multiplicity K. To verify this point, we notethata STOB codevord hasthe propertythat

S8 = ||S||* x, hencewe have
U=DD' = (§-8)(S—85)" = (IIS]” + 151" &

which indicateshat

A A
A== Ag =X =||S]*+||S]*

It is shavn in [131] thatthe PEPbetweenS andS is givenby

A 1 [2 sin? @ "
P = — ——— | db. 51
(55 T /0 (i%)\ + sin? 9) (5-1)

A lower boundis givenin [131] whichis derivedby replacingsin? # atthe denominatoof
(5.1) by 1, resultingin

P(S = 8) > g (1 + %%A) _n,
wherex = 4—"(2:). A simpleupperboundcanbe derivedby minimizing thedenominator

of (5.1),i.e., by replacingsin® # by zero,to get

1

nys)\) o (5.2)

P(S—>S)<g<

Note that asthe CSNR grows, the above upperand lower boundscorverge. Figure5.1

shows a typical behaior of the above boundsfor the codavords S = (} ‘11) andS =
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(j ‘ii) for Alamouti’'s schemewith onereceve antennaandquadraturgphase-shifkeying
(Q-PSK)signaling. Thetightnessof the new upperboundandthelower boundin [131] is
obvious. Ourupperboundis closerto the actualPEPat mediumto high CSNRandcanbe

usedfor space-timeodedesignasin [131].

5.3 BoundsontheError Ratesof Space-Time Orthogonal

Block Codes

In this sectionwe shov how theapproactof the previouschapterfor theHunterupperand

Kouniaslower boundscanbe usedfor space-timerthogonablock codes.

5.3.1 The Symbol Error Rate

Following theapproachn (4.1),for aconstellation{c;,i = 1, ..., M }, wherem = log, (M)
is apositive integer, anda uniformi.i.d. bit-streamthe SERIs givenby
SER= i P, (U em) . (5.3)
M u=1 iu
P,(e,;) is the PEPandis givenin (3.18). In orderto find lower andupperboundson the
probability of eachunionin (5.3)via (2.2) and(2.1), respectrely, we alsoneedto find the
probability of the intersectionof ¢,; ande,;, the secondorder PEPof symbolsc; andc;

with ¢,. This probabilitycanbederivedfrom

Pu(en Nen) = By {qf (p,,-u, 5V, 5ju\/?) } , (5.4)
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where

(€i — cy, 5 — Cy)
|Ci - CuHCj - Cu| ’

Piju =
(z,y) = R{z}R{y} + H{z}{y} R{-} andI{-} arethe real andimaginaryparts,re-
spectvely),Y isdefinedin (3.15),and¥(p, ¢;(y), ¢;(y)) is thebivariateGaussiariunction

(givenin (4.7)) with ¢;(y) = diu/y. AS ¢:i(y) andg;(y) arenon-ngative, we canusethe

resultof [174] to write ¥ (p, ¢:(y), #;(y)) as

O
(p’ w\/_ 5]u\/_ / (25111 0 )d0
@) ) a, 5.5
+27T 0 eXp(an@) (5:9)

whered;, = |¢; — ¢, ¢(z,p) = tan™ (a:\/l - p?/(1 —px) andtan~'(z) is asre-

definedbelow (4.10). Usingthe pdf of Y in (3.16),we find the expectedvalue of eachof

theintegralsin (5.5) asfollows.
yn 1 — / a(G)dedy

(%)
Ey [/ ea(a)yd9:| =
0 (n— 1 !
n=le=(1+a(®)y gy qg (5.6)

- / (1+ <9>)nd9’ &0

wherea(6) is a givennon-ngative function of §. The stepfrom (5.6) to (5.7) follows by

Il
3
|
o—_\o\
°\8
Neyd

writing theinnerintegralin (5.6)in termsof the (n—1)t derivative of theLaplacetransform

of the unit stepfunction. Using (5.7) with a(f) = 62/2sin? § and[175, Eq. 5A.35], we
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have

A 1 [? 2sin” 6
I(p,0) = — de
(:9) 27 (52+281n 9)
_ ¥y _ B nzi 2k
27 27T \/2-1-52 prs k 2+52
Rt 2k) 1)m+k s1n[2ﬁ(k m)] (5.8)
7r\/2+52 — = \m 2+52 2(k —m) 7 '

where

B = %tan_l % + g [1 — (H—sfgr(B)) sgr(A)} ,

with A = §v/2 + 6%2sin2¢, B = (1 + 6%) cos 2¢ — 1, andsgn(z) £ |z|/x if z # 0 and0

otherwise.From (5.4) and(5.5), we obtainthe following expressionfor the secondorder

Pu(eiu N 6ju) =1 <S0 (5_apmu> a51u> + 1 <S0 <6j aﬂzgu) a(sju) ) (59)
Ju i

wherel(-, -) is definedin (5.8).

PEP

5.3.2 TheBit Error Rate

The samealgorithmcanbe usedasoutlinedin the previous chapterto estimatethe BER.

We have

1
R__E: ()
BE —MUZIPU(G

wherePu(e(”)) is thebit errorprobabilitywhenc, is sentandis givenby

ZDHJ, = cjle=c) = — ZDHJ, ( Pu(Ueij)),

1#£]
(5.10)
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whereDp (7, u) is the Hammingdistancebetweerthe bit assignmentsf ¢; andc,. From
theabove, it is clearthatfinding upperandlower boundson the BER requiresevaluating
lower and upperboundson the probability of the unionin (5.10), respectiely. These

boundsijn turn, requirethe computatiorof

Pu(e;) = Ey {Q <6Z2“5m J”\/_)}

1 - 0z, — 0%, KzL:l 2k 8% k
2 (0 — 0302 =267 | = \ k) \2((6, — 67,)2 +25) )

aswell as

52 ju 51%11 92u
P,(eijNex;) = Ey Y | pikj, VY 5 VY
j
= 1 (90 (W—évpikj>a 5. ’ )
ZJ( ku — ju) ]
01 (0, — 02,) o — O3
! (gp <5kj(5z'2u - 592'u)’pikj) Y ) ’ 5-11)

wherel (-, -) is definedin (5.8). Equation(5.11)holdswhenthe secondandthe third amu-

mentsof ¥(-, -, -) arenon-ngative. Negative agumentsshouldbe dealtwith asexplained

below (4.12),shawving that,in any case anexpressiorexistsfor the seconcdorderPEPR

5.4 Numerical Results

For this part, the length of the input bit-sequencés max(100000,100 x BER™!). The
computatiortime of the algorithmic Bonferroniboundsis negligible for our codethatis
writtenin C andrunson a SUN Ultra 60 machine.The Chernof andtheunionboundsare

alsogivenfor the SER.
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The SERandBER versusCSNR curvesare presentedn Figures5.5 through5.9 for
variousK, L, space-timeodesand M -ary PSKandQAM constellationsvith Gray map-
ping. Figures5.5 and 5.6 showv the performanceof Alamouti’'s G? code[9], while the
performancef thecodesg? andG* of [192] arepresentedn Figures5.7 and5.9, respec-
tively. The HunterandKouniasboundsfor both SERandBER curvesarevery tight and
canhardly be distinguishedrom eachotherandfrom the performancecurve obtainedvia
simulation. It canbe seenthatasthe constellationsize grows, the union boundbecomes
lessreliableandthe Chernof boundgetsfartherfrom the othercurves,while thelowerand
upperboundsremainverytight. Figure5.7 shavsthe BER upperandlower boundsaswell
assimulationresultsfor a systemwith threetransmitand L = 1, 2, and4 receve antennas
for awide rangeof CSNRs.Theboundsaretight evenat negatve CSNRvaluesandhigh
diversityorders.Noticethatthe Star8-QAM constellatiorof Figure5.9 (with signalpoints
andmappingsasdepictedin Figure5.8)is not a regular squareQAM nor 8-PSK, but the

boundsarestill verytight.

An upperboundon the BER canbe computedby upperboundingP (¢ = ¢jlc = ¢,) in

(5.10)by the PEPto get

1 .
BER< +— ; ; Dy (u, 1) P(cy = ¢;).
Thisboundis alsoplottedin all figures.lt is clearlyobsenedthatour upperboundis much
tighter, particularlyfor largerconstellations.

As Graymappings usedn theabove systemsit is expectedhatathighenoughCSNRs
the BER of PSK-modulatedystemsorvergesto [150] BER = % SER where2™ is the

constellationsize. The curveslabeledwith “SER/m” in Figure 5.5 shaw this approxima-
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tion. We alsoobsenre that asthe constellationsize shrinksor the numberof the receve
antennagrows, this estimatebecomegighter. Therefore at high enoughCSNRvalues,jt
would be enoughto find only one of the SERboundsto obtaina goodestimateof system
SERandBER. For example,for 16-PSKsignalingandata CSNRof 15dB, thecoinciding
SERIlowerandupperboundsareequalto 0.195682.The above approximatioryieldsBER
~ 0.048921 while thelower andupperboundson the BER coincideandequal0.051838.
It is alsoimportantto notethat althoughwe have presentedhe BER resultsfor the Gray
signalmapping(exceptfor Figure5.9), our boundsalsoapplyto arny othermappingand

shawv thesamebehaior.
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Figure5.1: Our upperboundandthelowerboundson P ((; 7') — (2! 7)), Alamouti’'s

codewith Q-PSKmodulation,K = 2, andL = 1.
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Figure5.3: Resultsfor 8-PSKsignalingwith K = 2 andL = 1 (3 bits/s/Hz).
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Figure5.4: Resultsfor 16-QAM signalingwith K = 2 and L = 2 (4 bits/s/Hz).
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Chapter 6

Error Ratesof STOB Coded Systems

under M AP Decoding

6.1 Introduction

Whentheinputto thecommunicatiorsystenis uniformi.i.d., theoptimaldecodingrulein

theminimumcodevord errorratesenseis theML decodingule. Thiscasewvasconsidered
in the previous chapter wherewe derived tight upperand lower boundson the symbol
and bit error ratesof space-timeorthogonalblock codedchannelswith arbitrary signal

geometryandsignalmappings.

In this chapter we study how exploiting the non-uniformsourcedistribution at the
transmitterand/orthe recever canimprove the performanceof MIMO systems.In par
ticular, the effects of symbol MAP decodingas well as signal designand mappingare

addressedor systemswvhich usespace-timeorthogonalblock coding. As will be seenin
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the sequel obtainingthe symbolpairwiseerror probability of the MAP decodedsymbols
requiresfinding the expectedvalueof Q(X + %), where) is arealnumber Thisis more
involvedthantherelatedderivationin the ML decodingcase wherethe problemis com-
puting the expectedvalueof Q(X). The MAP decodingrule, which we alsoderive here,
andthe pairwiseerror probability expressiorunderMAP decodingshow thattherecanbe

alargegainin performingMAP decodingascomparedvith ML decoding.

MAP decodingfor sourceswith redundang (dueto non-uniformdistribution and/or
memory)is aform of joint source-channaloding.It would thenbeinterestinggo compare
the performanceof MAP-detectedschemeswvith that of separateindependensourceand
channelcoded(tandem)systems.For BPSK signaling, it is obsered that at low CSNR
values,MAP decodingis superiorto tandemcoding. As the size of the signalingscheme

grows, thisresultholdsfor all practicalerrorratesof interest.

Another contribution of this chapteris the establishmenof tight Hunter (upper)and
Kounias(lower) boundson the SERand BER of STOB codedchannelsunderMAP de-
coding.Similarto the previous chapterwe determinethe probability of theintersectiorof
two pairwiseerror eventsanduseit togetherwith our closed-formPEPformulato derive
Hunterand Kouniasbounds. We demonstratehat the boundsprovide an excellentesti-
mateof the error rateseven at low (negative) CSNRvalues. For moderatevaluesof the
CSNR,the upperandlower boundsare often the sameup to four significantdigits. The
SERboundsare muchtighterthanthe unionbound,andthe BER boundsaresignificantly

betterthantwo computationalljiessexpensve estimates.
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6.2 TheMAP Decoding Rule

6.2.1 Decoupled Symbol Detection

As outlinedin Chapter3, theinput-outputrelationfor aMIMO channelwhich usesspace-

time orthogonablock codingcanbecorvertedto theform givenby (3.12),whichwerepeat

72 H' =g, /%ch + 7,

We recallin the above equationthateachentry of #/ is associatedavith only onesymbol.

herefor simplicity

Thereforejn thenew case(i.e.,underMAP decoding)jf we show thatthe noisevectorsn’
is composeaf i.i.d. randomvariablesthenwe candetectsymboli by only consideringhe
i entryof thevectorsi/, 1 < j < L, whichmeanghatdetectionof symbolsis decoupled

underMAP decoding.

In orderto find the distribution of the noisevector 2/, we considertwo noise sam-
ples J\?’f1 and N;{Z at two arbitrary symbolintervals 7, and r», andfor two arbitrary re-
ceive antennask andgq. Since]ifj?1 and N;!Q are weightedsumsof independentormal
randomvariablesthey have Gaussiardistribution. Also, it is straightforvardto verify that
E{N*} = E{NZ} = 0. Hence thecorrelationof thesenoisesampless

s{viar) - s{(Lana) (L) |

i=1 j=1

= D> HH E{NNI}
i

Sinceth, 1 < j < L, arezero-mean.i.d., theabove sumis zerounlessk = ¢ andi = j,
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in which caseit equals

ZHfileT2E{\Nf|2} = H’“* Z (6.1)

1,71 Z’TQ

Hf |?=gY, ifrn=r
_ ) 2l S 6.2)

0 otherwise,
where(6.1) follows from the fact that th is unit-varianceand (6.2) follows from the or-

thogonalityof H. Thus,we obtainthat
NF ~iid. CN(0, gY5). (6.3)

As we mentionedn thefirst paragraptof this section,the above result,i.e., the factthat
the entriesof the noisevectori* = [N*, ..., N¥|” arei.i.d., provesthat symbol detection

is decoupledsimilarto the ML decodingcase.

6.2.2 TheMAP Decoding Rule
For MAP decoding,R = [#!, ..., #L] canbeusedinsteadof R = [r4, ..., 7,,] becauseR is
generatedrom R throughinvertible operationsThedetectiorruleis givenby

¢ = amgmaxP(c{Ri}/;, H)

= amg maxf({f%ﬁ-}f:l lc, H) - p(c)

= argmaXHsz ({R} - g'Yic}) - plc) (6.4)

=1

IRl — ’YC\Q}
= agmax In {p(c) Z , (6.5)
{ =1 gn

whereg’ = g\/% ,and(6.4)and(6.5)hold becauséV{“ arei.i.d. andGaussiantespectiely,

asindicatedin (6.3).

97



6.3 Exact Symbol Pairwise Error Probability with MAP

Detection

6.3.1 The Conditional PEP

Without loss of generality we considerMAP decodingfor the £ symbol period. The
errorprobabilitiesmay be determinedusingthe MAP detectionmetricgivenin (6.5). The
recever shouldevaluatethis metricfor symbolsc; andc; giventhatc; is transmittedhence

R. = ¢'Yic; + N}) anddecidein favor of the onewhichyieldsalarger metric.

From (6.5), the probability thatc; is preferredover ¢; wheng; is sent,Pr(¢; — ¢;), is

the probability of the event

R! Yic; RL — ¢'Yc,|?
In{p(c;)} Z —| }‘?2 | < In{p(c;)} Z | g J‘

whichis equivalentto

L L
c,,Nl> 1 K . p(e) s
E > In—= +glc; —ci|y/ == E Y. (6.6)
¢l l¢j — cil p(¢)) ! 2K —

=1 2/)/5

From(6.3),it foIIowsthat% arei.i.d. CN (0, gY;). Hencethesumontheleft hand
sideof (6.6)isCN (0, g 21:1 Y;). Thereforethe probability of the eventin (6.6), whichis

the pairwiseerrorprobability conditionedon the pathgains,is givenby

_ [97s 1 ple) 1
P(c; — ¢|H) =Q ( 2K|CZ VY + 2975 P lnp(cj) \/?) ,  (6.7)

where,asmentionedn the Chapter3,

L K L
TS YA

=1 k=1 =1
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6.3.2 Interpretation of the PEP asa L aplace Transform

Basedon the probability densityfunction of Y, which wasderivedin (3.16),andusinga

changeof variablesthe averageof (6.7) canbewritten as

1 R
P(Cz‘_>cj) = WA le y/&,JQ(

whered;; = /5|c; — ¢;| and \;; =

dy, 6.8
f) y 6.8)

%1 e ; We notethatthe integral in (6.8) is the
) =

Laplacetransformof y"1Q (\/y + A” evaluatedat s = 4;; 2. We know thatif f(¢) and

F(s) are Laplacetransformpairs (F'(s L{f(#)}), soaret"f(t) and (—1)"L F(s).

dsm

Thereforewe needto find then — 15t derivative of £ {Q (\/y + A—\/;) } Usingintegration

. )\ij
by parts,we have derivedthe Laplacetransformof () (\/y + ﬁ) as

Aij
Fuls) = £{Q (““ﬁ)}
1 —sgn(\;) 1 1 sgn(\;) —(Aij+Aij V25 HT)
(s\/Qs—l— 1 + s ) et 6.9

2s 2
We now needto evaluatethe n!" derivative of (6.9) which is calculatedn the next subsec

tion.

6.3.3 ThePEPIin Closed Form

Herewe derive then!™ derivative of (6.9)with respecto s. First,we presentalemmawhich

canbeprovedeasilyvia induction.

Lemma-Thefollowing hold
a) 4 dsm ( ) = (;i)rln!
n—1

b) £ (2s+1)% = (25 + )¥ [ [(» - 2)

1=0
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C) (gl_"nef(aquy) — (_1)nbn€f(a+by).

The deriative of thefirst termin (6.9) maybefoundvia (a). As for the productterm,

we usetheLeibniz’sformula[l1] to treatthetwo termsseparatelyThe formulais

dn—i
ﬁ B Z ( )dazZ dzn—i (6.10)

We apply (6.10)with u = ¢ + —— andv = ¢ ~(a+0v25FT) | ysing(6.10)againto find the

i derivative of thesecondermin u with u; = N Landv, = \/ﬁ’ andapplying(a) and(b)

with p = —1 resultsin

S’H—l

d_i(2+ 1 ) _ (Dila g~ (D% JH@-D)
ds' \'s  sv/2s+1 B 1 — )5J+1(25+1)Z it3

=
| (2] k
_ (— )za (—1)! s . (6.11)
8z+1 Sz+1 = k Qk(QS + 1)k+5

As for theexponentialterm,we useaformulafor then™" derivative of acompositefunction

from [71] which stateghatfor f(z) = F(y), y = ¢(z), we have

dn n U ) 1—1 Z dn '
i 1(4) o _1\k, k i—k
—f(x) = E “F9(y), where U 1;:0 <k>( 1)*y Ty (6.12)

dzx™ — il n

Letting F(y) = e (%) andy = /25 + 1, we use(6.12),(b), and(c) to get

dsn—t j !

j=1 k=0

(6.13)

Using (6.11)and (6.13)in (6.10)with a = X;; andb = |\ yieldsthe n™ derivative of
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(6.9)as

d (1 —sgnAij))(=1)"n! T _ (x4 nlvase)
_F = - = 4 Y
PR 25n+1 2°

§ Z( ) ’“*klk! (ng” i Z ( >2m(238—r1)m+2)
Xgl, _,c_% > ( ) l*”nf[l(l—p—zq)- (6.14)

=1 (25+ p=0 q=0

Using (6.14) with (6.8) resultsin the following expressiorfor the exact PEPof MAP de-

codedspace-timerthogonablock codes

P(c; —¢j) = 1=sady) 16_()‘”“)‘“‘ V205 +1)

2 2

ani 1)tk sgr(A~)+¢zk: <2m>;
k:() 2+52 n—k—1 ] /—2+522] — m (253]+4)m

—k—1 17 ¢2 /2 -1 n—k—2

i (5 + 2 l

o5 P06 H2DTSS (Y o T (- p-20), (6.15)
=1 l'5 p=0 p q=0

wherewe have sety"" , w; = 1for L > U.

A specialcaseis ML decodingfor which \;; = 1 1n ﬁéi} = 0. Hence thefirst sumin

(6.15)is non-zeroonly for £ = n — 1 andwe have

1 8ij = (2k 1
P(Ci—)Cj):<1—z] o9 o e |
2 ) Zk_o k) (267 + 4)F
iy F=

which agreeswith theresultin (3.18).
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6.4 TheOptimal Binary Antipodal Signaling

In this subsectiorwe considerbinary antipodalsignalingand optimizeit in the senseof

minimizing the BER givenby
BER= P(¢ = cs|lc =¢1) - p(c1) + P(é = c1|c = ¢2) - p(ca). (6.16)

Normally, oneshouldusetheaveraged®EPin (6.16)with ¢; = a andc, = —b, differentiate
theresult,andfind the optimala andb. However, this canbe atediousjob consideringhe
PEPgivenin (6.15). Thereforewe usethe PEPsatthereceiverside,i.e., given H, to find
thesolutionin aneasiemway. Theoptimalconstellatiorderivedin thisway will notdepend

on H, thusjustifying our approach.

Let usassumehatp(c;) = p, andthebits 0 and1 aremappedo ¢; = —b and¢; = a,
respectiely. Letting 3 = /22, VA = 42, /5 and B = In L2, we canwrite the

BER conditionedonY as

BERy = p(Q (xf— %) +(1-p)Q <\/Z+ %) . (6.17)

It is easyto verify thatthe BER is a strictly decreasindunction of A (regardlessof B).
Hence given+y, andp, in orderto minimizethe BER, onehasto maximizeA. Notethat A
is a scaleddistancebetweerthe signalpoints,therefore signalingschemesvith the same
distancebetweertheir signalshave identicalperformancelt is clearthatthe constellation
with constantveragesignalenegy % which maximizesA is the zero-mearconstellation,
becausea constellationwith a non-zeromeancansimply be shiftedto reduceits enegy

without performancedoss.
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Fromthezero-meartondition,we have

andthe averageenegy conditionrequiresthat
pa® + (1 —p)b* = 2
Theabove two equalitiesresultin

which is thereforethe optimal binary antipodalconstellation. The above constellationis

identicalto the antipodalsignalingresultin [107] for the caseof the AWGN channel.

6.5 Boundson the SER and BER of STOB Coded Chan-

nelsunder MAP Decoding

In this sectionwe shav how the approactof the previous chapterin deriving Bonferroni-
type upperandlower boundscanbe appliedto space-timeorthogonalblock codesunder
MAP decoding. Two lessexpensve upperanda lower boundson the BER arealsopre-

sentedn Section6.6 andcomparedvith the Bonferronibounds.
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6.5.1 The Symbol Error Rate

As seenin the previous chapteyfor a constellatiorof size M = 2™, wherem is a positive
integer, andani.i.d. bit-streamthe SERIs givenby

SER= 2_: P(e|ea)p(cy) = z_: p(cu) Py (U e,-u> . (6.18)

u=0 u=0 EN

Notethat P, (¢,;) is the PEPandis givenin (6.15). We now needto find the probability of

theintersectiorof ¢,; ande,; whichis givenby

Ayi Ay
Py(€ui Newi) = Ey U | piin, 0,VY + ——2— 5, VY + —4 , 6.19
(6 6]) Y{ (:0] 51“\/}_/ J 51”\/}—/ ( )

wherep;j, = Gtz g — |¢; — ¢,|, Y is definedin (3.15),and ¥(p, a, b) is the

diudju

bivariate Gaussiarfunction definedin (4.7). After trying a few numericalmethods,we
choseto compute(6.19)usinga combinationof 96-pointGaussianntegration[1] together
with Donnelly’s algorithm[42] for eachY = y. This selectionled to the fastestandthe

mostaccurateesults.

6.5.2 TheBit Error Rate

Similarto the previouschapterwe write the BER as

BER = Z_: p(cy) Pu(e®), (6.20)
u=0

whereP, (¢®) is givenin (5.10). Now, we needto computethe pairwiseerror probability

betweer; andc; giventhatc, is sent.i.e.,

0o — 0oj = Aij
Pu(elj) = EY Q 5.]_ Y + S \/? )
1 Z]
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whoseclosed-formsolutionis givenin (6.15). We alsoneedto find the probability of the

intersectiorof ¢;; ande;;, giventhatc, is sent,whichis givenby

Pulesy M) = By 40 [ puy, 0Oy D OOy A L
ul€ij [ €k v ikj> 5 5@'3‘\/?’ Ok; Sk VY

Thereforetheresultsof Section6.5.1canbeusedhereto computdowerandupperbounds

ontheBER.

6.6 Numerical Results

6.6.1 Binary Antipodal Signaling

We first study the BER of binary antipodalsignalingto showv the exactnessof our PEP
formulas. We simulatethe transmissiorof ani.i.d. bit sequencever the MIMO channel.

Thelengthof thebit-sequencés max(10°, 100x BER ') bits. Wealsolet P(X = 0) = p.

We considera systemwith two transmitandonereceve antennasisingthe G2 (Alam-
outi) space-timecodein Figure 6.1. It is seenthat the analysisand simulation curves
coincideeverywhere.This simulationalsoindicateshow MAP decodingcanimprove the
BER performanceThe MAP decodinggainover ML decodings 0.63,1.57,and5.98dB
for p = 0.8,0.9, and0.99, respectiely, at BER = 10~3. Figure6.2 presentghe resultsof
Section6.4. It shavsthatalarge gaincanbe obtainedthroughmodifying the constellation
accordingto the prior probabilities. At aBER of 10~3, thegainof usingthe optimalbinary
signalingand MAP detectionis respectiely 2.7,6.1,and20.1dB for p = 0.8,0.9, and

0.99 overanML decodedsystemwith BPSKmodulation.
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In Figure 6.3, we comparefour systemsj.e., two systemswith BPSK signalingand
ML or MAP decodingandtwo systemswith optimalsignalingandML or MAP decoding.
Thesesystemsareindicatedby ML symmetric MAP symmetric ML optimum,andMAP
optimum,respectiely. We seethatif theCSNRIs highenoughpptimumsignalingandML
detectionoutperformsBPSKandMAP detection.In otherwords,usingadaptve signaling
is superiorto MAP detection. Whenrecever noiseis strong(i.e., at low ~,), the second
termin the argumentof the Q(-) functionin (6.7) hasthe dominanteffect; henceMAP
decodingwith BPSKsignalsis moreeffective thanML decodingwith optimumsignals.In
lessnoisy channelconditions(high ;), thefirst termin theargumentof the Q(-) function
becomesdominantand henceML decodingwith optimum signalingoutperformsMAP
decodingwith symmetricsignals.As previously mentionedMAP decodingwith optimum

signalingis alwaysbetterthanothersystems.

6.6.2 Tandem versus Joint Source-Channel Coding

Figures6.4 and6.5 comparea MAP decodedsystemwith two tandemsystemdor a dual
transmit-singleeceve channelwith BPSKand16-QAM signaling respectiely. Theinput
bit-streamis i.i.d. with P(X = 0) = 0.89 so that the sourceentropy is H(X) = 0.5.

The tandemsystemsare composeaf 4" order Huffman codingfollowed by eithera 16-

stateor a 64-staterate-1/2cornvolutional codingblock. The cornvolutional codesare non-
systematiandchosenfrom [101]. Thelengthof the input bit-streamis 10000bits. The
testis repeated.000timesandtheaverageBER is reported.It is obseredthatthetandem

systembreaksdown (dueto error propagatiorin Huffman decoding)for E,/N, < 13 dB

106



for thesystemwith BPSKsignalingandamuchhigherE; /N, of 30 dB for the systemwith
16-QAM modulation. For the systemwith 16-QAM signaling,the MAP-decodedsystem
outperformghe 16-statg64-stateyandemcodedsystenmfor BER > 4 x 10~7 (> 2 x 1077),
whichis therangeof theerrorratesof interestin mostpracticalapplications.Thisis avery
interestingresultwhich shavs that MAP decodingwhichis farlesscomplex thantandem
coding,shouldbethechoicefor applicationgn whichtheinputbit-streamis not uniformly
distributed (suchas FAX). Notice that as the constellationsize (which translatego the

systembit rate)grows, the MAP decodedsystembecomesnoresuperior

6.6.3 SER and BER Boundsfor M-ary Signaling

Figures6.8to 6.14 shav the SERand BER boundsandthe simulationresultsfor various
PSKandQAM signalingschemesgor adualtransmit-singleeceve system.They compare
the curvesfor two systems:onewith an equiprobabld.i.d. bit-streamand ML decoding
andanothemwith ani.i.d. bit-streamwith P(X = 0) = 0.9 andMAP decoding.Thelength

of thebit-sequencés 2000000bits. For the SER,the unionboundgivenby

Union bound= Zp(cu) Z P(cy, = ¢;)

is alsoplotted. For the BER, we alsoplot SER/p, where2? is the constellatiorsize. This
approximationis goodonly athigh CSNRvaluesandwhenGraymappings usedfor signal
mapping.Theothercurve asa BER estimatds basedn thesymbolPEPs.TheexactBER
is givenin (6.20). At high CSNR,onecanreplaceP (¢ = ¢;|c = ¢;) with P(¢; — ¢;). This

will resultin anupperboundonthe BER, becauselearly P(c; — ¢;) > P(¢ = cjlc = ¢;).
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Figure6.8demonstratethe SERbounddor 16-QAM signalingandGraymapping(the
mappingis shavn in [186, Figure8]). The upperandlower boundsprovide an excellent
approximationto the SER for all (even negative) CSNRvalues. It is interestingto note
thatasthe sourcebecomesnorebiasedthe boundsbecomeighter. The curvesalsoshawv
that the union boundbecomedooserasthe CSNR decreases Finally, we obsere that
the MAP-decodedsystemis considerablysuperiorto the ML-decodedsystem.The MAP

decodinggainatBER = 102 is 5.5dB.

TheSERandBER curvesof 32-PSKsignalingareshavn in Figure6.9andFigure6.10,
respectrely. We obsene from Figure6.10thatthe BER upperandlower boundsarealso
very tight for the entire CSNR range. This figure also shows that the PEP-basedBER
estimates oftenvery looseascomparedwith the otherbounds.The MAP decodinggain
for BER (SER)= 102 is 1.85dB (1.68dB). Figure6.11 presentthe SERcurvesfor 64-
QAM andGray mapping. The MAP decodinggainat SER= 1072 is aslarge as6.7 dB.
Theupperboundfor the ML-decodedsystemis up to 10% largerthanthe lower boundat
low CSNRvalues,but it becomegight asthe CSNRgrows. Both boundsaretight for the
MAP-decodecdcase. The boundsfor smallerconstellationsretighter and othervaluesof

P(X = 0) areatleastastight asthosereportedabove.

6.6.4 The Effect of Constellation Mapping

We next demonstratéhat a large gain canbe achieved via signalmappingsdesignedac-
cordingto the sourcenon-uniformdistribution over Gray and quasi-Graymappings.The

M1 mappingwasintroducedn [186] andwasdesignedor thetransmissiomf non-uniform
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binary sourcesover single antennaadditive white Gaussiamoisechannels.It minimizes
the SER union boundfor singleantennaRayleighfadingchannelswith AM-ary PSK and

squareQAM signaling[217].

Basednthedesigncriteriaproposedn [186], we construcnM1-typesignalmapping
for thestarQAM signalingschemeasshown in Figure6.12. The SERperformancef the
M1 and quasi-Graymappingsare comparedn Figure6.13. It is obsered that even for
this small signalingschemethe CSNRgain of M1 mappingover quasi-Graymappingis
nearly2 dB with MAP decodingat SER= 10~3. Thegaindueto sourceredundang when
the sourcedistribution variesbetween0.5to 0.9is 7 dB with M1 mapping. Figure6.14
compareghe SER curnvesfor the Gray and M1 mappingsfor 64-QAM signaling. This
figureshownsthatthe M1 mapperformsvery well for MIMO channelsThegainof theM1
mappingover Gray mappingis 3.7 dB at SER= 10~3. Thegaindueto sourceredundang

is10.4dB.

Note that the specificM1 mappingsusedin the above scenariosare not designedo
minimizethe BER atall p; they outperformthe Gray mappingfor p = 0.9. Thisis demon-
stratedfor 64-QAM signalingin Figure 6.15, wherethe M1 mappingis shovn to have
superiorperformanceo the Gray mappingfor p = 0.9, but it is outperformedoy Gray

mappingfor p = 0.5.
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Figure6.1: Resultsfor BPSKsignaling,K = 2, andL = 1.

110



Bit Error Rate

—— ML, p = 0.5, Analysis

—-- ML, p = 0.5, Simulation

—0— Optimum, p = 0.8, Analysis
—+ - Optimum, p = 0.8, Simulation
—&— Optimum, p = 0.9, Analysis H
- Optimum, p = 0.9, Simulation |1
—— Optimum, p = 0.99, Analysis
- Optimum, p = 0.99, Simulation |]

-10 -5 0 5 10 15
CSNR in dB

Figure6.2: Resultsfor the optimumbinaryantipodalsignaling, K = 2, andL = 1.
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Chapter 7

Quantization with Soft-decision

Decoding for MIMO Channels

7.1 Introduction

Like mary othererror protectionschemeshataredesignedn the spirit of Shannors sep-
arationtheoren|160, 161], space-timeodesaredesignedo operateon uniformindepen-
dentandidentically distributedbit-streams.As explainedin Subsectiorl.3.1,Shannors
separatiortheoremdoesnot take into consideratiorconstraintson systemcompleity and
delay Sincereal-world communicatiorsystemsareconstrainedsystemswith independent
sourceand channelcodes,known astandemcoding systems,may have inferior perfor

mancecomparedvith systemswvhich performsourceandchannelcodingjointly.

In this chaptey we considerthe transmissiorof continuous-alphabganalog)sources

over MIMO channels.Our proposedsystemaddsonly two blocks, with modestcompu-
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tationalneedsto a cornventionalspace-timecodedsystem.As the systemmay have mul-
tiple receve antennasan importanttaskis the properprocessingf the receved signals
from the differentantennasWe proposeo addresshis problemby performingspace-time
soft-decodingollowed by linear combiningat the recever. The linear combinerhasthe
following key advantagesi) it hasavery simplestructureji) its designcriterionallowsthe
COVQ index transitionprobabilitiesto be determinedn closedform, andiii) its outputis
continuousmakingsoft-decisiondecodingpossible.Inspiredby thework in [6, 146, we
usesoft-decisiordecodingasopposedo soft-decodingnethodssuchasthework in [179],
to exploit the soft informationavailable at the outputof the linear combiner Our choice
is motivatedby two factors.First, soft-decisionrdecodingmay be implementedria a ¢-bit
uniformguantizemattherecever (notto beconfusedvith the COVQ blocksatthetransmit-
terandtherecever)which makesthetaskof decodingcomputationallysimple.In contrast,
thefirst versionof soft-decodingn [179] needghecomputatiorof trigonometricfunctions
andmatrix multiplication andthe secondversionalsorequiresmatrix inversion. Second,
asdiscussedn [6], the performancef soft-decisiordecodingcanbe closeto thatof soft-
decodingandrequiredesscomputationatompleity (althoughits storagecompleity may

be higher).

We shawv that the concatenatiorof the space-timeencoder the MIMO channel,the
space-timesoft-decoderthe combiner andthe uniform scalarquantizeris equivalentto a
binary-input,2?-outputdiscretememorylesshanneDMC) usedkr times,wherek andr
arethe quantizerdimensionandrate,respectrely. The step-sizeof the uniform quantizer
usedfor soft-decisiordecodings numericallyselectedsothatthe capacityof the equiva-

lentDMC is maximizedfor eachvalueof the channekignal-to-noiseatio (CSNR).Thisis
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a heuristic(sub-optimal)criterion, but asthe simulationresultsof [146] demonstratethere
is a substantiatorrelationbetweenmaximizing channelcapacityand minimizing distor
tion. We shaw thatthetransitionprobabilitiesof this equivalentDMC canbe expressedn
termsof the symbolpairwiseerror probability of the ML-decodedspace-timeorthogonal

block codedchannel Hence theseprobabilitiescanbe determinedising(3.18).

We designthree soft-decisiondecodingCOVQs for the equivalent DMC. The first
COVQ is the classicalCOvVQ which assumeghat the index transition probabilitiesare
known at both the transmitterandthe recever. The COVQ codebookis determinedter-
atively usingthe modifiedgeneralized_loyd algorithm[66]. As the CSNRis not always
availableat the transmittey we considerthe designof two fixed-encodeadaptve-decoder
(FEAD) COVQs. In a FEAD COVQ, the encoderis designedor a fixed CSNRandthe
decoderwhich canestimatehe channefadingcoeficientsandthe CSNR,adaptstself to
thechannetonditions.Ourfirst FEAD COVQ usesonly theknowledgeof the CSNRatthe
recever (asin [180]), while the secondne,which we call the On-lineFEAD COVQ, em-
ploys alsothe knowledgeof the channelffadingcoeficientsattherecever and,asaresult,
it outperformghe FEAD COVQ. An importantfeatureof FEAD COVQ is thatits decoder
codebooksarecomputedn termsof thetransmitterparametersandnot throughatraining
processasfor classicalCOVQ. Therefore,this methoddoesnot needa large memoryat
thereceverto storeadifferentcodebookor eachvalueof the CSNR.We demonstrat¢éhat
with a properchoiceof the designCSNR,the performancdossof FEAD COVQ canbe

significantlyreducedascomparedvith the classicalCOVQ.
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The Equivalent DMC

x € IRF| COVQ |I € {0,1}F BPSK | a € {—1,1}*" | space-time | § € {—1,1}K*»
encoder modulator encoder }
MIMO
. . channel
COVQ g-bit linear space-time
& € IRF| decoder |J € {0,1}9|quantizer |5 ¢ IR*"|combiner| R ¢ IR™*L|soft-decoder | R ¢ RFX®

Figure7.1: Systemblock diagram,whereevery 7 bits in a kr-bit index I is transmitted
via a space-timecodavord S = (sy, ..., 8,) (With orthogonalcolumnss;,i = 1,...,w =
g7), recevedas R = (ry, ..., r,), andspace-timesoft-decodedis R = (7!, ..., #). For

simplicity, we have assumedhat = kr.

7.2 System Components

The systemblock diagramis shovn in Figure7.1. A COVQ encoderformsa vectorz of
dimensionk from theincomingscalarsourcesampleslt thenencodes atarateof r bits
per sample(bps)into a binary index I of length kr bits, whosebits are eachmappedto
a signalin the BPSK signalingschemeconsistingof ¢;y andc). Encodingis specified
by the decisionregions {S;} ¢, (N. = 2*7), which form a partition of the k-dimensional
space,usingtherulethat/ = i if x € S;. Index I is thensentover the channeland
recevedasindex J. The COVQ decodessimply usesv ;, the J™ elemenin the codebook,
to reconstructe as& = v;. Thegoalin COVQ designis to minimize the expectedvalue

of ||z — || throughfinding the optimal partitionandcodebook.

Our objectve is to modelthe concatenatiowf the blocksbetweerthe encoderandthe
decodeof thevectorquantizeby a discretechannelndthendesignefficientvectorquan-

tization systemdor this channel. The systemis designedso that the channeljudiciously
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incorporateghe soft-informationof the STOB-codedchanneland admitsa closed-form
expressionfor its transition probabilities. This is achieved by designinga soft-decision
decodingspace-timaecever which consistsof a space-timesoft detectoy followed by a
linear combiner(with optimizedweight coeficients), and a simple ¢-bit scalaruniform
guantizer(whosecell sizeis chosenso the capacityof the equivalentdiscretechannelis
maximized). As a resultof the simple memorylessstructureof our recever and dueto
the orthogonalityof the space-timecode,we obtainthatthe equivalentdiscretechannels
indeeda binary-input2?-outputmemorylesshannelwhosedistribution canbe easily de-
terminedanalyticallyin termsof the systemparametersln thefollowing, we describethe

systemcomponentsn detail.

7.2.1 TheChannd
From(3.12),the outputof the STOB soft-decoders givenby
';:’] = g’}/}'c + 'flj,

whereg’ = g+/7,/K. We remembethateachentry R/ of #/ is associatevith only one

transmittedsymbolin ¢. From(6.3), we know that
N} ~iid. N(0,gY;), j=1,..,Lit=1,..,7, (7.1)

and hencesymboli canbe detectedby only consideringthe ;™ entry of the vectors#,
1 < 5 < L. For our application,this will imply that the bits correspondingo a COVQ

index canbe detectedndependentlyThe pairwiseerror probability betweenra pair of ML

129



decoded5TOB codedBPSK symbolsc(;y) andc(;) wasgivenin (3.18)as

A(6) £ P(cw — cg)) = By [Q <5\/?)}

1 s &' 2k 1
- 5(1_\/2+52 ,; (k)(252+4)’“>’ (7.2

whered = /2g7,/ K.

7.2.2 Soft-Decision Decoding and the Equivalent DM C
Soft-Decision Decoding: Linear Combining and Scalar Quantization

Many communicatiorsystemsmploy harddecodingn processindghe recevedsignalsof
space-timeodedsystemsandsodo notexploit the softinformationavailableat the space-
time soft-decodeoutputs#!, ..., #. Methodsthat exploit soft information can provide
significantperformancegains. In our case,in additionto usingthe soft information effi-
ciently, thesolutionshouldallow the COVQ index transitionprobabilitiesto bedetermined

in closedform, sincethis is requiredfor the COVQ designandencodingphases.As we

illustratebelow andin Section7.4,linearcombininghasboth of the above properties.

This designproblemis a variationof the classicalmaximumratio combining(MRC)
setup[150] in whichthesignalsto be combinedthe space-timeoft-decodedignals)have
differentnoisevariancegsee(7.1)). Letting 5/ = R!/(¢'Y;), we canwrite theoutputof the

linearcombineras(seeFigure7.2)

L

. R & o
pi:zo‘jg%:;%(cﬁnf), 1=1,..,7, (7.3)

Jj=1
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wherec; is the i transmittedsymbolandthe «;’s areweighting coeficientsto be deter
mined. From (7.1), we know that the distribution of ﬁf the noise componentof ”i', is

N(0,g/(g%Y;)). Thereforethe SNRatthe outputof thelinear combineris

2
e

J=1 g"2y; 7d

(7.4)

In linear combining, the objective is thento choosethe weights {«;}}_, sothat SNRco
is maximizedby enforcingthe constrainth:1 a; = 1. Therefore,the problemis to

minimizethe denominatoof (7.4),i.e.,finding

L
minE LaQ
19 ja
— %Y
J_

subjectto Zle a; = 1. Minimizing the Lagrangian

Dy = ,fya§+A Sa-1],
— g°1; r

J

we obtainthat A = —2¢/(g?Y), anda; = Y;/Y. Therefore the outputof the combiner

canbewrittenfrom (7.3)as
pi = ¢ + 1, (7.5)
wherefj; = 3" | o;iil. We notethat E [7?] = (¢'Y) 2., E [7°], andtherefore,

K
ﬁi NN<O’g"}/—Y> 5 1= 1,...,7’. (76)

It is easyto verify thatwheng = 1 (i.e., harddecoding)the concatenatiorf the linear

combininganddecisionblocksis equialentto ML decoding.

The linear combineroutput, p;, is next fed into a “uniform” scalarquantizerwhich

actsasthe soft-decisiondecoder Let usindicatethe decisionlevels of this quantizerby

131



{ux}p=", andits codepointdy {w }, -, , whereN = 27 is the numberof the codevords.
As p; cantake ary realvalue,the quantizershouldhave two unboundediecisionregions.

Thedecisionregionsof the uniform quantizeraregivenby

/

—00, if k=-1

ug =19 (k+1-N/2)A, ifk=0,--- ,N—2

400, ifk=N-1,

\

andthequantizatiorrule f(-) is simply

f() =k ifpe(upr,up, k=0,---,N—1.

Transition Probabilities of the Equivalent DMC

For COVQ designwe needo derivethetransitionprobabilitiesof the 2*"-input29*” -output
discretechannelrepresentedby the concatenatiorof the space-timeesncoderthe MIMO

channelthespace-timesoft-decoderthelinearcombinerandthe uniform quantizer Since
the detectionof bits which correspondo eachquantizerindex is decoupledwe notethat
thetransmissioranddecodingof COVQ indicesareindependenodf oneanotheyandalso
thediscretechanneis equialentto abinary-input2?-outputDMC usedkr times.We shall

referto this discretechannekbsthe“equivalentDMC”.

Therequiredsetof thetransitionprobabilitiesare P(wy|c(1y) and.P(wy|c(2)) for all wy,,
wherec(;y andc) arethe BPSK constellationpoints which, without loss of generality
areassumedo correspondo 1 andO, respectiely. Decisionis madein favor of the &

codepointf the outputof thelinearcombinerfallsinto the (u;_1, u| interval of lengthA.
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Using (7.5)and(7.6) we canwrite

P(wk|c(i)aH) = P(up— < ca) T < ug| H)

= @ ((Uk—1 - C(i))5\/1_/) -Q ((uk — c(i))éx/?) . (7.7)

Theexpectationover H of eachof theabove Q(-) functionscanbedeterminedising(7.2)

toyield
P(wile) = A ((ue-1 = ) ) = A ((uk — ¢@) 9) , (7.8)

whereA(-) isdefinedn (7.2). Notethatthe DMC transitionprobabilitymatrixis symmetric

in thesenseof [63].

For our k-dimensionalCOVQ with rater shown in Figure 7.1, we denotethe natural
binary representationf the index of decisionregion S; by {¥;}#7, andthatof codesector
w; by {B;}¥r,, whereB, is abinary g-tuple. As the DMC is memorylessthe COVQ index

transitionprobabilitiescaneasilybe computedas

kr
Pri(jli) = [[ P (wa,lc@—s)) - (7.9)
=1

7.2.3 The Step-Size of the Uniform Quantizer at the Decoder

Thefinal designparametepf thesystemis A, the step-sizeof the uniform quantizeratthe
recever. For agivenCSNR,we numericallyselectthe A which maximizesthe capacityof
theequivalentDMC. Thisis a sub-optimalcriterionsinceour ultimategoalis minimizing
the MSE, not maximizingthe capacity but asthe simulationresultsof [146] demonstrate,
thereis a strongcorrelationbetweenhaving a high channelcapacityand reducedmean-

squarecerrordistortion.
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Foragivensoft-decisiorresolutiony andCSNRr,, we determinghestep-sizeA which
maximizesthe capacityof the DMC by maximizingthe mutualinformation betweenthe
DMC input andoutput. Becausehe channeltransitionprobability matrix is symmetric,a
uniforminput distribution achiezeschannelkcapacity[63]. Notethatthe step-sizedoesnot
dependon therateor dimensionof the COVQ (usedto quantizethe source)andis only a
functionof ¢ andthe CSNR.As atypical setof resultswelist, in Table7.1,the capacityof
theequialentDMC versughe“optimal” step-sizeof theuniform quantizerfor Alamouti’'s
[9] dual transmitsingle receve setup. Similar resultscan be derived for systemswith a
differentnumberof transmitantennasteceve antennasor space-timecodes. As shavn
in Figure 7.3, whenthe step-sizds very small (closeto zero)or very large, soft-decision
decodingdoesnot significantlyincreasechannekapacity We alsonotethatif the CSNRis
high, soft-decisiordecodings not very beneficialin termsof improving channelcapacity
However, for moderateandlow CSNRs,andwith the optimal choiceof A, soft-decision
decodingsignificantly increasexhannelcapacity For example,at CSNR= —2 dB in
Table 7.1, thereis a 15% benefitin usingsoft-decisiondecodingwith ¢ = 5 bits. Also
notethatthe channelcapacityincreasesessthan1% from ¢ = 3 to ¢ = 5 evenfor severe
channelconditions. This shaws that typically ¢ = 3 achieresmostof the capacitygain

offeredby soft-decisiordecoding.
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7.3 Quantization with Soft-Decision Decoding

7.3.1 Soft-Decision Decoding COVQ

Thetransitionprobabilitygivenin (7.9) canbeusedin themodifiedgeneralizedsLA algo-

rithm [66] to designa soft-decisiordecodingCOVQ for space-timeodedMIMO channels
asexplainedbelow. Every input k-tupleis encodedht a rate of r bits per sample.There-
fore, the input spaceis partitionedinto N, = 2*" subsets.As we useBPSK modulation,
a vectorof kr real-valuedsignalsis receved for every transmittedindex. This vectoris

soft-decisiondecodedat a rate of ¢ bits per dimension. Therefore,eachk-dimensional
sourcevectoris decodedo oneof the N, = 29" coderectors.Theinput spacepartitioning
andthe codebookare optimizedbasedon two necessargonditionsfor optimality using

trainingdata{x;, = 0, ..., M — 1} asfollows.

e Thenearestneighborcondition for a fixed codebookand: = 0,--- , N, — 1, the
optimalpartitionP* = {S}} is
Ng—1 Ng—1
S = {m Y Pra(jli)d(x,v;) < Y PJ|I(j|l)d(w,vj),Vl} (7.10)
j=0 j=0
wherez is a training vector {v;,j = 0,..., N; — 1} is the codebookd(z, v) is
the squarecEuclideandistancebetweenr andwv, andtiesarebrokenaccordingto a

presetule.
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e Thecentoid condition givena partiton? = {S;,i = 0, ..., N. — 1}, theoptimal
codebookC* = {v}} is
Ne—1
> Pralili) ) =
« _ 1=0

l:x;€S;
v; = Ne—1 ?

> Pulili) il
1=0

j=0,---,Ny— 1. (7.11)

where|S;| is thenumberof thetrainingvectorsin S;.

Trainingconsistf usingthe above conditionsiteratively to updatethe codebookuntil the

averagetrainingdistortiongivenby

M—1Ng—1

D=3 N Pl d(a, v;)

1=0 j=0

corverges,whereZ(z) is theindex of the partitioncell to which 2 belongs.

7.3.2 Fixed-Encoder Adaptive-Decoder Soft-Decision Decoding COVQ

Equations(7.2), (7.7)-(7.9)shav that the CSNR shouldbe known at both the transmit-
ter andthe recever to computethe COVQ index transitionprobabilities. The CSNR can
be estimatedat the recever andthenfed backto the transmitter As the feedbackpath
may not always be available, it is of particularinterestto considerthe casewhereno in-
formationaboutthe channelstateis availableto the transmitter In [180], afixed-encoder
adaptve-decodel(FEAD) COVQ is proposedwhich addresseshis issuefor a different
setupinvolving hybrid digital-analogSISO transmissiorsystems. In the following, we
showv how to designa FEAD COVQ for the soft-decisiondecodedSTOB codedchannel.

In additionto having multiple antennaspur FEAD COVQ differsfrom the onein [180]
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in thatwe have a digital channel(insteadof a hybrid digital-analogchannel). The block
diagramof the FEAD COVQ looksthe sameasin Figure7.1. The key differenceis that
herethe encodepartitionmatchesa “designCSNR” andtherecever codebooks adapted

to theactualCSNR.Theencodetusesa designcodebook{ z;} X<, to find its partitionvia

Ne—1 Ne—1
SZ* = {CC : Z PJ‘I(]|Z)d(w7z‘]) < Z PJ|I(]‘l)d(m7 zj)7Vl} .
j=0

j=0
Becauseave assumeompleteack of informationat the transmitteythe encodercodebook

{z;} is designedassuminghechanneis harddecodedi.e, thatq = 1).
Theproblemis thento adapthedecodercodeboolkaccordingo theactualCSNRvalue,

while the encodercodebookremainsfixed. Let us denotethe encoderindex by I andthe

decodetindex by J. Theaveragedistortionperdimensionis givenby

] 1 Ny—1
D = tElle—vl"] =1 > Elle—ol’l7 =] Ps())
§=0
Ng—1
1 . .
= 4 2 Elle vl =] P,y (712
j=0

The goalin quantizerdesignis to derive the v; which minimize (7.12). This givesthe

optimalv; in theminimumMSE senseas

Ne—1
v; = Ele|lJ=j]=Y El|l=iJ=j] Pl
=0
Ne—1
=0

wherem,; = fsi zp(x)dx denoteshemeanof thesamplesn S; and(7.13)followsbecause
Elz|I =1i,J =j] = E[x|l =i = m,. Note thatthe decodercan simply determine

Py 4(ilj) as

PGP
Pualili) = Sov=rp G

, (7.14)
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wherePy (i) = P(I = i) = P(x € S;). Also notethat P;(i) andm,; canbeapproximated

in thetraining phaseof the encodeiasfollows

Pyi) ~ \f}l, i~ ‘;i‘ 3 (7.15)
Liz,€5;

From (7.13), we obsere that unlike COVQ, given the encodermeans{m}~,*, the

FEAD-COVQ doesnot requirea training phaseto determine{v;}. In otherwords, the

decodercodebookis computedrom the channeltransitionprobabilitiesand the encoder

meangvia (7.13)and(7.14).

7.3.3 On-line FEAD Soft-Decision Decoding COVQ

Oneof our assumptionss that the recever hasperfectknowledgeof the channelfading
coeficientswithout error. In light of this assumptionwe obsere in equation(7.5) that
the outputof the linear combinerhasanidenticalform to the outputof an additive white
Gaussiamoise channelwith the varianceof the additive noise7; known at the recever
andgivenby (7.6). This motivatesusto apply soft-decisiondecodingdirectly on p; using
the step-sizeA derivedin [146, Sectionll]) for AWGN channels.The channeltransition

probabilities giventhe pathgainsmatrix H, aregivenby

P(wlcg), H) = Plugp-1 < ¢y + 1 < ug|H)

= Q ((Uk—l — C(j))(S\/?) -Q ((Uk - C(j))5\/?) ’

Note that the above derivationis valid if the channelfading coeficientsremainconstant

duringthetransmissionime of anindex.
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7.4 Numerical Results and Discussion

7.4.1 Implementation I ssues

We considetthetransmissiomf zero-meamnit-varianced.i.d. GaussiarandGauss-Markv
sourcesover MIMO channels.500,000training vectorsand850,000testvectorsareem-
ployed. Eachtestis performed5 timesandthe averagesignal-to-distortiorratio (SDR) in
dB is reported.MIMO systemswith K transmitand L receve antennasrereferredto as
(K-L) systemsAlamouti’'scode[9] is usedfor thedualtransmit-antenngystemsThereal
(ratel) codeof [192] is employedfor the quad-transmisystembecaus@ur constellation

isreal.

Several training strategjies were examined,and the bestonein termsof having con-
sistentresultsand high training SDR was usedasfollows. For ary given COVQ rater,
dimensionk, andnumberof soft-decisiondecodingbits ¢, we first train a k-dimensional
rateqr VQ with the Split algorithm[66]. We next usethe SimulatedAnnealingalgorithm
[49] which aimsto minimize the averageend-to-endlistortionfor a givenVQ codebook
throughoptimizing the assignmenbf indicesof the VQ codevectors.The averageoverall

distortioncanbewritten as

Ne—lNd 1
D = —E[da:'u ZZE (e, )| =i,J =4 P ,(I=1iJ=j)
=0 7=0
1 . .
= EZP[(Z)ZPJUQ\@)/' |z — v | p() dae
1.
= 2E (=] ZPI ZPJU (513) (Wn(s)s (V) — 2m)), (7.16)

where (o, B8) = ), a;f; is the standardinner productand 7 : {0,--- ,N; — 1} —
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{0,---, Ny — 1} is the one-to-onemappingfunction to be optimized. It follows thatthe

costfunctionto be minimizedequals

Ne—1 Ng—1
Z Pr(i) Z Pr1(510) (i), (V) — 2mi))-
=0 j=0

SimulatedAnnealingis usedonly at the highestCSNR.We thenusean approachsimilar
to the onein [50]; namely we usethe modified generalized_loyd algorithmto derive
the COVQ codebooksstartingfrom the highestCSNRto the lowestandvice-versa. This
methodis referredto asthe “decrease-increas€DI) method. Anotherway to obtainthe
codebookgouldbestartingfrom the highestCSNRdown to thelowest,which we referto

asthe“decreasing’method.

Table 7.2 compareghe resultsof the DI and descendingnethodsfor variousSTOB
codedsystemslt is obsenedthatthe DI methodis mostly beneficialatlow CSNRvalues.
This is becauset low CSNR someencodercells areempty Empirical resultsshowv that

thesecellsareoptimizedmoreefficiently throughthe CSNR-increasindpop.

742 COVQ for VariousMIMO Channels

Figure 7.4 plots the SDR curves of variousCOVQ-basedspace-timecodedsystemsasa
function of the CSNR. Even at the low COVQ dimensionand rate considerechere,the
gainof usingMIMO channelover the SISOchannelis obvious. For example,at SDR =
5 dB, the (2-1) systemoutperformsthe SISO systemby 6 dB (for hard-decodingandis
outperformedy the(2-2) systemby 4.3dB. Thisfigurealsodemonstratetheeffectiveness

of ourlinearcombiner Notethatasthe signalpower collectedby the (2-2) systemis twice
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thatof the (4-1) systemtheformerhasabetterperformancealthoughthe diversitygain of

both of the systemss the sameandequalsK L = 4.

We obsenre in Table 7.1 that soft-decisiondecodingbecomedess beneficialas the
CSNRgrows. Increasingthe numberof transmitor receve antennagesultsin a CSNR
gaindueto spacediversity Thereforewe expectthatincreasingthe numberof transmit
or receve antennasvould leave little roomfor furtherenhancemerthroughsoft-decision
decoding. It follows from (7.6) that betweentwo systemswith the samediversity gain,
codinggaing, andCSNR~,, the onewith fewer transmitantennasiasa higherSNR at its
linearcombineroutput.In otherwords,giventwo systemawith thesamediversitygain,the
onewith moretransmitantenna®btainsa larger soft-decisiondecodinggain. This result
can be statedmore intuitively: systemswith more receve branchescollect more signal
power. Hence,the SNR at their linear combinerwould be higher making soft-decision
decodingesseffective. This obsenationis supportedy the simulationsof Figure7.4: at
CSNR= 4 dB, the soft-decisiordecodinggainin SDRis 0.29dB for bothof the (2-1) and

(4-1) systemsthis gainreducego 0.12dB for the (2-2) system.

7.4.3 COVQ versus Tandem Coding

We next compareour COVQ-basedsystemwith traditionaltandemcodingschemesvhich
useseparatesourcecodingandchannelcodingblockswith VQ andcorvolutional coding
(CC), respectiely. We considerin Figure7.5, a (2-1) systemand quantizationwith di-
mensionk = 2. Theoverall rateis 3.0 bpsandhencetherearesix choicesfor the (VQ,

CC) coderates;namely (0.5,1/6), (1.0, 1/3), (1.5,1/2),(2.0,2/3), (2.5, 5/6), and (3.0,
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0). Thefirst four convolutional codeshave 64 statesandarenon-systematigvith free dis-
tancesof 27 [116], 14,10, and5 [101]. For rate5/6, we usea rate-compatiblgpunctured
convolutional (RCPC)codewith a rate-1/2 mothercode. The generatompolynomialsof
therate-1/6,1/3,1/2,and2/3 corvolutionalcodesaregivenby (754,644,564,564,714,
574),(574,664,744),(634,564),and(3, 4, 5; 4 37). They arethe strongestodesgiven
in [101, 150] for the given numberof states.The generatopolynomialsare definedasin

[101]. Thegeneratopolynomialsof the mothercodefor therate-56 codeare(554,744)

11010

andits puncturingmatrix is given by (10101

) [150]. Figure7.5 shows atypical behaior:
the jointly designedCOVQ outperformsthe substantiallymore complex tandemsystems
almosteverywhere. Furthertestswith i.i.d. sourcesyield even more supportve results

towardsCOVQ.

Notethatif oneaimsto designanunequalerrorprotection(UEP)joint source-channel
coderwith the above separatecoders(i.e., selectthe besttandemcoderat eachCSNR),
oneneedsto designan algorithmto allocatethe sourceand channelcoderatesfor each
givenCSNR,thusincreasinghe complexity of the UEP system.COVQ doesnot have this

problemsinceerrorprotectionin COVQ is built-in.

744 COVQ, FEAD COVQ, and On-line FEAD COVQ

Figure 7.6 demonstrateshe performanceof a (2-1) systemquantizingan i.i.d. M'(0, 1)
sourcewith variousrate-2bps FEAD COVQs with dimensionk = 2. A FEAD, COVQ
is onewhosedesignCSNRIis v dB. The FEAD VQ assumeshatthe channels noiseless;

hencdt hasalowercomputationatompleity attheencoderThefigureshavsthatsuchan
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assumptiorwill leadto a significantSDR lossat low to mediumCSNRs.FEAD, COVQ
alsosuffers from a considerablgerformancedegradationat high CSNRs. It seemshat
assumingamid-rangeCSNRof 8 dB (for thegivenMIMO system)will leadto reasonable

performancewverywhere.

Thethreequantizergpresentedh this chapterarecomparedn Figure7.7,whereaunit-
varianceGauss-Markv sources quantizedwith dimension2 andratel bpsandsentover
a(2-1)system.TheFEAD VQsaredesignecssumingnoiselesshannelhencehe SDR
of the threesystemdecomecloserasthe CSNRgrows becausehe channelmismatchof
the VQs decreasesThe On-line FEAD VQ maintainsits gain over the FEAD VQ when
soft-decisiondecodingis employed. It is alsoobsened that althoughthe On-line FEAD
VQ encoderassumeshe channelis noiseles{CSNR — o), it slightly outperformsthe

COVQ, whichis designedor theexact CSNR,at high CSNRs.
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Figure 7.2: Linear combinerwhich follows the space-timesoft decoderat the recever.

Left: problemstatementright: solutionto the problem.
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CSNR || ¢g=1 q=2 q=3 qg=1 qg=25

(dB) C C A C A C A C A

16.0 || 0.9945| 0.9969| 0.414| 0.9973| 0.219| 0.9974| 0.183| 0.9974| 0.108

14.0 || 0.9881| 0.9929| 0.403| 0.9937| 0.214| 0.9939| 0.109| 0.9940| 0.109

12.0 || 0.9752| 0.9842| 0.394| 0.9858| 0.209| 0.9862| 0.107 | 0.9864| 0.111

10.0 || 0.9506| 0.9660| 0.390| 0.9695| 0.207| 0.9702| 0.107| 0.9705| 0.113

8.0 || 0.9070| 0.9333| 0.393| 0.9381| 0.208| 0.9392| 0.108| 0.9397| 0.116

6.0 | 0.8374| 0.8760| 0.405| 0.8833| 0.214| 0.8849| 0.111| 0.8855| 0.120

4.0 || 0.7386| 0.7891| 0.430| 0.7987| 0.226| 0.8009| 0.118| 0.8015| 0.128

2.0 | 0.6164| 0.6741| 0.472| 0.6852| 0.248| 0.6877| 0.129| 0.6884| 0.139

0.0 || 0.4849| 0.5427| 0.536| 0.5540| 0.280| 0.5565| 0.146| 0.5572| 0.157

-2.0 | 0.3608| 0.4142| 0.627| 0.4223| 0.327| 0.4246| 0.170| 0.4252| 0.183

-4.0 | 0.2560| 0.2974| 0.751| 0.3057| 0.390| 0.3076| 0.203| 0.3081| 0.219

Table 7.1: Capacity(in bits/channeluse) of the DMC derived from ¢-bit soft-decision
decodingof BPSK-modulategpace-timeodedMIMO channelwith K = 2 andL = 1.
A is the step-sizevhich maximizeshe capacityandg is numberof soft-decisiordecoding

bits.
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CSNR (2-1) (4-1) (2-2)

indB DI decreasing| DI decreasing| DI decreasing

10 7.385 7.368 7.809 7.795 7.899 7.876

8 6.886 6.845 7.551 7.536 7.867 7.839

6 6.119 6.026 6.949 6.908 7.712 7.691

4 5.167 4.968 5.948 5.832 7.288 7.272

2 4.178 3.830 4.781 4.508 6.477 6.416

0 3.315 2.783 3.714 3.245 5.353 5.179

-1 2.916 2.329 3.266 2.700 4,772 4.508

-2 2.546 1.930 2.830 2.224 4.217 3.853

-3 2.202 1.578 2.436 1.818 3.713 3.245

Table7.2: Comparisorbetweerthetraining SDR (in dB) of two COVQ training methods
for aunit-varianceGauss-Markv source(p = 0.9) channel-optimizedectorquantizedat
rater = 1.0 bps. Quantizationdimensionis £ = 2. ThreeMIMO systemsareconsidered

with (K-L) = (2-1), (4-1), and (2-2).

147



SDR in dB

-3 -2 0 2 4 6 8 10
CSNR in dB

Figure 7.4: SimulatedSDR in dB for a zero-mearunit-varianceGauss-Markv source
(p = 0.9) vectorquantizedat rater = 1.0 bps and soft-decisiondecodedwith ¢ bits.

Quantizatiordimensionis & = 2.
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Chapter 8

Summary

In thisthesiswe studiedtheanalysisof theerrorratesof codedSISOchannelsanduncoded
MIMO channelswith both uniform and non-uniformsources. We also designeda soft-
decisiondecodingCOVQ for the transmissiorof analogsourcesover MIMO channels.

The contributionsof this thesisaresummarizedn thefollowing.

e We presentednalternatve derivationof the pairwiseerrorprobability of space-time
codesof arbitrarystructureunderquasi-statidading. Our method whichis basecn
amomentgeneratingunction approachijs very simpleandcanbe appliedto mary
scenariosn singleor multiple antennasystemslt canalsobe specializedo exploit

thestructureof certaincodesto simplify the derivation,aswasdonein [176].

¢ We establishedupperandlower Bonferroni-typeboundson the block andbit error
ratesof single-antenn@ommunicationsystems. The KAT lower boundwas also

studied.The AWGN aswell astheblock Rayleighfadingchannelsvereconsidered.
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We derived closed-formformulasfor the pairwiseerror probability andalsofor the
probability of the intersectionof two pairwise error events. Thesequantitiesare
requiredfor the computatiorof the BonferroniandKAT bounds.We alsoproposed
to usea subsebf the codebookandsuggeste@ goodinitial setfor the computation
of thebounddor the casewherethenumberof bitsinputto thechannetoderis large
(thatis, for largek, wherer. = k/n is thechannektoderate). Theboundswereoften

identicalup to four significantdigits for the AWGN channel.

For MIMO channelsvith auniformi.i.d. binaryinput, we consideredhecasewhere
space-timeorthogonalblock codingis usedand establishedight Bonferroni-type
upperandlower boundson the symbolandbit errorratesof the system.We derived
the probability of the intersectionof two pairwiseerror eventsin closedform. The
boundswhich canbeappliedto ary kind of signalinggeometryandarbitrarysymbol
mapping areoftenthe sameup to six significantdigits. In the caseof PSKsignaling
(with ary size),the boundsareidenticalup to ten significantdigits evenat negative

channekignal-to-noiseatios.

We developeda new approachto derive the symbol pairwise error probability of
space-timeorthogonalblock codesunder MAP detectionfor non-uniforminputs.
With the pairwise error probability in hand, we computedtight upperand lower
boundson the symboland bit error ratesof the system. It was shovn that gains
up to 10 dB canbe obtainedvia MAP decodingandusingsymbolmappingsbetter
thanGraycoding.Furthermorewe dervedthe optimalbinarysignalingschemeand

demonstratedhat very large gainsexist in usingthis schemensteadof BPSK sig-
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naling. Moreover, it wasshovn that MAP decodingcansignificantly outperforma
typical tandemcoding systemwhich is muchmore comple. In fact,it wasshown

thatMAP decodings superiorto tandemcodingfor the bit errorratesof interest.

In additionto MAP decoding,which is a form of joint source-channetoding, we
consideredhe casewherethe input to the MIMO systemis a continuous-alphabet
(analog)signal. We designedh soft-decisiondecodingCOVQ for robust compres-
sionandcommunicatiorof theanalogsource We alsoconsideredhe casevherethe
transmitterdoesnot have thechannekignal-to-noiseatio anddesignedwo COVQs
for the systemone of which exploits the knowledgeof the channelgainsat the re-
ceiver to gain betterperformance.Comparisonsvith typical tandemsystemswere
alsopresentedandit was shown thatthe COVQ cannot only outperformtandem
systemsbut alsoit can beatunequalerror protectionsystemswhich use another

approacho joint source-channeloding.
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