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Abstract

We study the error exponent, E;, for reliably transmitting a discrete stationary ergodic Markov
(SEM) source Q over a discrete channel W with additive SEM noise via a joint source-channel (JSC)
code. We first establish an upper bound for E; in terms of the Rényi entropy rates of the source and
noise processes. We next investigate the analytical computation of F; by comparing our bound with
Gallager’s lower bound [10] when the latter one is specialized to the SEM source-channel system. We also
note that both bounds can be represented in Csiszar’s form [5], as the minimum of the sum of the source
and channel error exponents. Our results provide us with the tools to systematically compare E; with
the tandem (separate) coding exponent Ep. We show that as in the case of memoryless source-channel
pairs, £y < 2E7 and we provide explicit conditions for which E; > Ep. Numerical results indicate that
E; = 2E7 for many SEM source-channel pairs, hence illustrating a substantial advantage of JSC coding

over tandem coding for systems with Markovian memory.
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1 Introduction

The lossless joint source-channel (JSC) coding error exponent, E, for a discrete memoryless source (DMS)
@ and a discrete memoryless channel (DMC) W with transmission rate ¢t was thoroughly studied in [5],
[6], [10], [26]. In [5], [6], Csiszar establishes two lower bounds and an upper bound for E; based on the
random-coding and expurgated lower bounds and the sphere-packing upper bound for the DMC error
exponent. In [26], we investigate the analytical computation of Csiszar’s lower and upper bounds for E;
using Fenchel duality, and we provide equivalent expressions for these bounds. As a result, we are able to
systematically compare the JSC coding error exponent with the traditional tandem coding error exponent
Er, the exponent resulting from separately performing and concatenating optimal source and channel
coding. We show that JSC coding can double the error exponent vis-a-vis tandem coding by proving that
E; < 2Ep. Our numerical results also indicate that E; can be nearly twice as large as Ep for many
DMS-DMC pairs, hence illustrating the considerable gain that JSC coding can potentially achieve over
tandem coding. It is also shown in [26] that this gain translates into a power saving larger than 2 dB for
binary DMS sent over binary-input white Gaussian noise and Rayleigh-fading channels with finite output
quantization.

As most real-world data sources (e.g., multimedia sources) and communication channels (e.g., wireless
channels) exhibit statistical dependency or memory, it is of natural interest to study the JSC coding error
exponent for systems with memory. Furthermore, the determination of the JSC coding error exponent
(or its bounds), particularly in terms of computable parametric expressions, may lead to the identification
of important information-theoretic design criteria for the construction of powerful JSC coding techniques
that fully exploit the source-channel memory. In this paper, we investigate the JSC coding error exponent
for a discrete communication system with Markovian memory. Specifically, we establish a (computable)
upper bound for E; for transmitting a stationary ergodic (irreducible) Markov (SEM) source Q over a
channel W with additive SEM noise Pw (for the sake of brevity, we hereafter refer to this channel as the
SEM channel W). Note that Markov sources are widely used to model realistic data sources, and binary
SEM channels can approximate well binary input hard-decision demodulated fading channels with memory
(e.g., see [16], [24], [25]). The proof of the bound, which follows the standard lower bounding technique
for the average probability of error, is based on the judicious construction from the original SEM source-
channel pair (Q,W) of an artificial! Markov source Q.+ and an artificial channel V with additive Markov
noise f’wa*, where o is a parameter to be optimized, such that the stationarity and ergodicity properties
are retained by Qa* and f’wa*. The proof then employs the strong converse JSC coding Theorem? for
ergodic sources and channels with ergodic additive noise and the fact that the normalized log-likelihood

ratio between n-tuples of two SEM sources asymptotically converges (as n — o) to their Kullback-Leibler

!The notion of artificial (or auxiliary) Markov sources is herein adopted from [21], where Vasek employed it to study the
source coding error exponent for ergodic Markov sources. However, it should be pointed out that the auxiliary source concept

was first introduced by Csiszar and Longo in [4] for the memoryless case.
2The idea of using a strong converse coding theorem for error exponents was first initiated by Haroutunian in [12], where

a strong converse channel coding theorem is used to bound the channel error exponent.



divergence rate. To the best of our knowledge, this upper bound, which is expressed in terms of the Rényi
entropy rates of the source and noise processes, is new and the analytical computation of the JSC coding
error exponent for systems with Markovian memory has not been addressed before.

We also examine Gallager’s lower bound for E; [10, Problem 5.16] (which is valid for arbitrary source-
channel pairs with memory), when specialized to the SEM source-channel system. By comparing our upper
bound with Gallager’s lower bound, we provide the condition under which they coincide, hence exactly
determining E;. We note that this condition holds for a large class of SEM source-channel pairs. Using
a Fenchel-duality based approach as in [26], we provide equivalent representations for these bounds. We
show that our upper bound (respectively Gallager’s lower bound) to E;, can also be represented by the
minimum of the sum of SEM source error exponent and the upper (respectively lower) bound of SEM
channel error exponent. In this regard, our result is a natural extension of Csiszar’s bounds [5] from the
case of memoryless systems to the case of SEM systems.

Next, we focus our interests on the comparison of the JSC coding error exponent E; with the tandem
coding error exponent Ep under the same transmission rate. As in [26], which considers the JSC coding
error exponent for discrete memoryless systems, we investigate the situation where E; > FEp for the
same SEM source-channel pair. Indeed, as pointed out in [26], this inequality, when it holds, provides a
theoretical underpinning and justification for JSC coding design as opposed to the widely used classical
tandem or separate coding approach, since the former method provides a faster exponential rate of decay
for the error probability, which often translates into improved performance and substantial reductions in
complexity /delay for real world applications. We prove that E; < 2Fp and establish sufficient conditions
for which E; > Ep. We observe via numerical examples that such conditions are satisfied by a wide class
of SEM source-channel pairs. Furthermore, numerical results indicate that E; is nearly twice as large as
Er for many SEM source-channel pairs.

The rest of the paper is organized as follows. In Section 2, we present preliminaries on the JSC coding
error exponent and information rates for systems with memory. Some relevant results involving Markov
sources and their artificial counterparts are given in Section 3. In Section 4, we derive an upper bound
for Ej for SEM source-channel pairs and study the computation of E; by comparing our bound with
Gallager’s lower bound. Section 5 is devoted to a systematic comparison of F; and Er, and sufficient
conditions for which E; > Ep are provided. In Section 6, we extend our results to SEM systems with
arbitrary Markovian orders and we give an example for a system consisting of an SEM source and the

queue-based channel with memory introduced in [24]. We close with concluding remarks in Section 7.

2 System Description and Definitions

2.1 System

We consider throughout this paper a communication system with transmission rate ¢ (source symbols/channel
use) consisting of a discrete source with finite alphabet S described by the sequence of tn-dimensional dis-

tributions Q £ {Q(t") : 8™} and a discrete channel described by the sequence of n-dimensional



transition distributions W £ {Ww ™) . x — Y152, with common input and output alphabets X =) =
{0,1,..., B — 1}. Given a fixed ¢t > 0, a JSC code with blocklength n and transmission rate ¢ is a pair of
mappings: f, : S — X" and ¢, : Y" — S

In this work, we confine our attention to discrete channels with (modulo B) additive noise of n-
dimensional distribution Pw = {P‘S(,L) : 2199 1. The channels are described by

Yi = XZ' ® ZZ' (mod B),

where Y;, X; and Z; are the channel’s output, input and noise symbols at time i, and Z; € Z = {0,1, ..., B—
1} is independent of X;, i =1,2,...,n

Denote the transmitted source message by s = (s1,82,...,5t) € S™, the corresponding n-length
codeword by f.(s) = x = (v1,22,...,7,) € X™ and the received codeword at the channel output by
Yy = (y1,92, ..., Yn) € Y". Denote Y™ 2 (Y1,Y5s,...,Y,) and S™ £ (51,5, ...,S,) as the random vectors
in Y" and 8™, respectively. The probability of receiving y under the conditions that the message s is

transmitted (i.e., the input codeword is f,(s) = x) is given by
Pr(Y" = y|8" = 8) = W (y|fu(s)) = W (ylx) = W (y © xlx) = B (=),

where the last equality follows by the independence of input codeword x and the additive noise z = y © x,
noting that & is modulo-B subtraction here. The decoding operation ¢, is the rule decoding on a set of
non-intersecting sets of output words Ag such that (J; As = Y". If y € Ay, then we conclude that the
source message s’ has been transmitted. If the source message s has been transmitted, the conditional error
probability in decoding is given by Pr(Y™ € A¢|S™ =s) £ EyeA; W (y|f(s)), where AS = Y™ —
and the probability of error of the code (fy, ¢n) is

QW) = Q") 3 W16, (1)

YEAS

2.2 Error Exponent and Information Rates

Roughly speaking, the error exponent F is a number with the property that the probability of decoding
error is approximately 275" for codes of large blocklength n. The formal definition of the JSC coding error

exponent is given by the following.

Definition 1 The JSC coding error exponent E;(Q, W, t) for source Q and channel W is defined as the
supremum of all numbers F for which there exists a sequence of JSC codes (f,, ¢,) with transmission rate
t blocklength n such that

E < hm 1nf—— logy, P (Q, W, 1).

When there is no possibility of confusion, E;(Q, W, t) will be written as F; (as in Section 1). A lower

bound for E; for arbitrary discrete source-channel pairs with memory was already obtained by Gallager



[10]. In Section 4, we establish an upper bound for E; for SEM source-channel pairs. For a discrete source
Q, its (limsup) entropy rate is defined by

1

H(Q) & limsup - H(Q"),
k—o0

where H(Q™)) is the Shannon entropy of Q*); H(Q) admits an operational meaning (in the sense of the
lossless fixed length source coding theorem) if Q is information stable [11]. The source Rényi entropy rate
of order av (o > 0) is defined by

1

Ra(Q) 2 lim sup - Ha(Q™)),

k—o0

where

HQM) 2 ——ton, Y QW)

—
s€SF: Q) (s)>0

is the Rényi entropy of Q*), and the special case of & = 1 should be interpreted as

QW) £l gy Y QW) = HQW)

a—l ]l —«
seSk:Q*) (s)>0

The channel capacity for any discrete (information stable [11], [23]) channel W is given by

C(W) = liminf ! sup I(W™): Pxn),

where I(-;-) denotes mutual information. For discrete channels with finite-input finite-output alphabets,
the supremum is achievable and can be replaced by maximum. If the channel W is an additive noise

channel with noise process Pw, then
C(W) =log, B— H(Pw),

where H(Pw) is the noise entropy rate.

3 Markov Sources and Artificial Markov Sources

Without loss of generality, we consider first-order Markov sources since any L-th order Markov source
can be converted to a first-order Markov source by L-step blocking it (see Section 6). For the sake of
convenience (since we will apply the following results to both the SEM source and the SEM channel), we
use, throughout this section, P £ {p(”) : Z/{”}Zozl to denote a first-order SEM source with finite alphabet
U ={1,2,..., M}, initial distribution

pi =Pr{U; =i}, ielU

and transition distribution
bij £ Pr{Uk-i-l = ]|Uk = Z}v Za] € uv



so that the n-tuple probability is given by

™ (™) Pr{U; =iy, ..., Up = in}

= pilpil’iz te 'pin,1i7la ila seey Zn S Z/{
Denote the transition (stochastic) matrix by P = [p;;]axam, we then set

P(a) & 0<a<l)

[p%]MxM’

which is nonnegative and irreducible (here we define 0° = 0). The Perron-Frobenius Theorem [18] asserts
that the matrix P(«) possesses a maximal positive eigenvalue A, (P) with positive (right) eigenvector
v(a) = (v1(a), ..., var ()T such that >, vi(a) = 1, where -T denotes transposition. As in [21], we define
the artificial Markov source P {A{") L{"}n ) with respect to the original source P such that the

transition matrix is P(a) £ [Dij ()] arxar, where

It can be easily verified that ; Dij (o) = 1. We emphasize that the artificial source retains the stochastic
characteristics (irreducibility) of the original source because p;j(c) = 0 if and only if p;; = 0, and clearly,
for all n, the nth marginal of f’a is absolutely continuous with respect to the nth marginal of P. The

entropy rate of the artificial Markov process is hence given by

H Z Z 7Tz pzy 10g2 pl]( )

where 7(a) £ (7(@)y, 7(a)a, ..., m(a)ar) is the stationary distribution of the stochastic matrix P(a). We

call the artificial Markov source with initial distribution 7(«) the artificial SEM source. It is known [21,
Lemmas 2.1-2.4] that H (f’a) is a continuous and non-increasing function of a € [0,1]. In particular,
H(Pg) = log, A\o(P) and H(P1) = H(P). The following lemma illustrates the relation between H(Pg) and
the entropy of the DMS with uniform distribution ( A ﬁ)

Lemma 1 H(Pg) < logy M with equality if and only if P > [0]asxars, i.e., pij > 0 for all 4,5 € U.

The following properties regarding the artificial SEM source are important in deriving the upper and

lower bounds for the JSC coding exponent of SEM source-channel pairs.
Lemma 2 Let {U;}:°; be an SEM source under P and P, (0 < a <1), then

50
1 (um) l—a = 1

1 H Pa - _1 )\a P 9
n Og2 p(")(U") - a ( ) Qa Og2 ( )

almost surely under p, as n — oo.



Lemma 3 [17], [21] For an SEM source P and any p > 0, we have
PR (P)=(1+p)log A1 (P),

and 5
H (PL) = 5,1+ P loga ) 1 (P).

The proofs of Lemmas 1 and 2 are given in the appendix. Lemma 3 follows directly from [17, Lemma
1] and [21, Lemma 2.3]. Note that there is a slight error in the expression of H(«) in [21, Lemma 2.3],

where a factor « is missing in the second term of the right-hand side of (2.11).

4 Bounds for E;(Q,W,t)

We first prove a strong converse JSC coding theorem for ergodic sources and channels with additive ergodic

noise; no Markov assumption for either the source or the channel is needed for this result.

Theorem 1 (Strong converse JSC coding Theorem) For a source Q and a channel W with additive
noise Pw Such that Q and Pw are ergodic processes, if C(W) = logy, B — H(Pw) < tH(Q), then
lim,, o P, (Q W,t)=1.

Proof: Assume C(W) =tH(Q)—e¢ (¢ > 0). We first recall the fact that for additive channels the channel
capacity C'(W) is achieved by the uniform input distribution Pxn (x) £ 1/B". Furthermore, this uniform

input distribution yields a uniform distribution at the output

XEXT

T B

Define for some § (0 < § < ¢)

. ™) (y] £, (s)) Q) (s
As = {y logy W (ygzi(;))cz &) < cw) - tH(Q) +5)}.

Considering that
"(Q. W, 1) ZQ““ Ny € Aslfals)), (3)

we need to show that Y Q™) (s)W (™) (y € Ag|f,.(s)) vanishes as n goes to infinity. Note that

Y QUIHWM(y € Ayl fuls) < ZQW( W (y € As 0 Agl fuls))

S

F3 QW Oy € Al fule))



For the first sum, we have

ZQ““ W (y € As N Aglfa(s)) = Y QU(s) Y WM(y|fuls))

yeAsﬁAs
Pyn(y) .
(tn) Y n(C(W)—tH(Q)+9)
S ZQ (S) ZA Q(tn)(s)z
s yeAsﬁAs
< W NN Pyn(y
s y€EAs
= 27D, (4)

For the second sum, we have

S QW y € Alfuts)
() SO (s
R {<s,y> L 1og, VEWENOTS) _ owry - 111(q)) > 6}
n Pyn(y)
(n) SO (5
< Pyumwon {<s,y>: L togy VRGNS 0wy — 1r1(q))| > 6
n Pyn(y)
— Pgupp {501 1om AP @) - L1000 s) - HPw) - @) >3 )
< Pou {s: |- 006 - HQ)| > 3}
—l—PP‘(;) {z : '—%logz P‘S;)(z) - H(Pw)‘ > g}, (6)

where Pgn)yy(n) denotes the probability measure under the joint distribution QU (s)W ™ (y|f.(s)), and
(5) follows from the fact that PV(I;L) (z) = W (y|fn(s)). It follows from the well known Shannon-McMillan-
Breiman Theorem for ergodic processes [1] that the above probabilities converge to 0 as n goes to infinity.

On account of (4), (6) and (3), the proof is complete. [

We next establish an upper bound for E; for SEM source-channel pairs (Q, W). Before we proceed,

we define the following function for an SEM source-channel pair:
Fp) 2 plogy B~ (14 p)logs | X, (@A (Pw)|, p =0 ¢

Lemma 4 F(p) has the following properties:
(a) F(0) =0 and

£(6) £ 5 F(p) = log, B - (tH (@ )+n <ﬁw 1 )) ®)

T+p 5

is continuous non-increasing in p.

(b) F(p) is concave in p; hence every local maximum (stationary point) of F(-) is the global maximum.
(¢) sup,>q F(p) is positive if and only if tH(Q) < C(W); otherwise sup,~q F'(p) = 0.

(d) sup,>q F(p) is finite if \§(Q)Xo(Pw) > B and infinite if A\j(Q)Ao(Pw) < B.

8



Remark 1 If \j(Q)Xo(Pw) > B, then sup,>q F(p) = lim, .o, F/(p), no matter whether the limit is finite

or not.

Proof: We start from (a). F(0) = 0 since the largest eigenvalue for any stochastic matrix is 1. (8) follows

from Lemma 3. f(p) is continuous non-increasing function since H (Q 1 > and H ( Pw | > are both
T+p THp

continuous nondecreasing functions. (b) follows immediately from (a). (c) follows from the concavity of
F(p) and the facts that F'(0) = 0 and that f(0) = C(W) —tH(Q). (d) follows from the concavity of F(p)
and the facts that F(0) = 0 and that lim,_, f(p) = logy B — logy[Ah(Q) o (Pw)]. [ |

Theorem 2 For an SEM source Q and a discrete channel W with additive SEM noise Pw such that
tH(Q) < C(W) and M\;(Q) o (Pw) > B, the JSC coding error exponent E;(Q, W,t) satisfies

E;(Q W, t) < max F' (p)- (9)

Remark 2 We point out that the condition Aj(Q)M\o(Pw) > B holds for most cases of interest. First
note that the eigenvalues \o(Q) and Ao(Pw) are no less than 1. By Lemma 1, we have that A\g(Pw) = B
if the noise transition matrix Py has positive entries (i.e., Py > [0]pxp); in that case, the condition
A (Q)\o(Pw) > B is satisfied if \j(Q) > 1 (i.e., if the source transition matrix @ is not a deterministic
matrix). In fact, when A\j(Q)A\o(Pw) < B, max,>o F(p) = 400 by Lemma 4 (d), and hence it gives a
trivial upper bound for E;. When \(Q)A\o(Pw) = B, we do not have an upper bound for E;.

Remark 3 Using the first identity of Lemma 3, the upper bound can be equivalently represented as

E;(Q W, t) < max {p {bga B—tR 1 (Q) - RL(PW)] }

T+p

where R = (Q) and R L (Pw) are the Rényi entropy rates of Q and Pwy, respectively. Meanwhile, the
upper bound (9) holds for any one of the following source-channel pairs: DMS @ and SEM channel W,
SEM source Q and additive DMC W, and DMS @ and additive DMC W (note that the more general cases
of DMS @ and arbitrary DMC W are investigated in [26]), all with finite alphabets. For example, when
the source is DMS with distribution q £ {q1, 2, ..., qar } such that ¢; > 0 for all i = 1,2, ..., M, the source

could be regarded as an SEM source Q with transition matrix

qgQ q2 - 4M

9 q2 - 4M
eR=1\ . . . .

_Ch q - QM_

and initial distribution q. It is easy to verify that for such a @, the eigenvalue A\ 1 (Q) reduces to
P

1
A1 (Q)=>"; qi1 /17 which agrees with the results for memoryless systems given in [26]. Thus, the above
T+p

bound is a sphere-packing type upper bound for £; for SEM source-channel systems.



Proof of Theorem 2: Under the assumption tH(Q) < C(W) and \,(Q)\o(Pw) > B, it follows from
Lemma 4 that f(0) > 0 and lim, . f(p) < 0. Since f(p) is continuous and non-increasing, there must
exist some p, € (0,+00) such that f(p,) + & = 0, where € > 0 is small enough. For the SEM source Q,
we introduce an artificial SEM source Qq, (as described in Section 3) such that o, 2 1/(1 + po) € (0,1).
For the SEM channel W, we introduce an artificial additive channel V for which the corresponding SEM
noise is f)Wao-

Based on the construction of the artificial SEM source-channel pair (QQO,V), we define for some d;
(61 > 0) the set

_ W (31 £a(5) Q) (5)
Ag = : lo =
{y % V31 u(9) QL)

> (1 0g, B 4 2) ~ o, [¥, (@a, (Pw)] + 01 )},

o

where we set Ag = ) for those s such that W) (y|f,(s))Q" (s) = 0 for some y € Y. We then have a

lower bound for the average probability of error

PMQW, 1) > Y Q"(s) Y W(ylfals)

yEASNAg

© (logy B+e)— 2= log, [\, (Q) Ay (Pw)]+51)

(5
xZQ@" "(y € ASN Ag|fn(s)), (10)

v

where the last sum can be lower bounded as follows

D QUM (s)VIM (y € ASN Ag| fuls)) }j@ "Ny € A fals))

S

=D QU (y € AL fuls))- (11)

S

We point out that the first sum in the right-hand side of (11) is exactly the error probability of the JSC
system consisting of the artificial SEM source an and the artificial SEM channel V. Since by definition
f(po) < 0, which implies

tH(Qa,) > log, B — H(Pw,,) = C(V),

then applying the strong converse JSC coding Theorem (Theorem 1) to an and V, the first sum in the

right-hand side of (11) converges to 1 as n goes to infinity. We next show that the second term in the

10



right-hand side of (11) vanishes asymptotically.

ZQ Ny € AL fuls))

. { g, WLt
fave ™) (y| £a(5)Q ()
(s

“(logy B+¢) — — 108“2 (AL, (Q)Aa, (PW)]> < —51}
Q(t")v(n) {

1 W(" (y1£n(s)QU™ (s)
log ~(n)
V("( | fn(8))Qa, (8)
(2008, B49) - 1o [V, @1eu(Pw)] )| > 51}
1 ﬁé&’jo(Z) 1 0
= PQ(m)PV%O {(s,z): Elog2 Pv({})(z) + Elog2 Q) (s)

IN

_ [t (1 —H(Qu,) - L log, Aao(Q)>

Qo (6%
1- o = 1
(tn)
1 Ao (S) 1 —a, ~ 1 01
< ~(tn PO — a . o ‘1
s Fauw {S in o8 Q) (s) [ o H(Qa,) o logy A O(Q)H > 275}
By) @) [1-a,, = | 5
+P5m) {2z log, VE/:)" - [ H(Pw,,) — —log, )\ao(PW)] > 51 : (13)
Wa P (2) g o

where P@fjf)v(n) denotes the probability measure under the joint distribution @(()Z‘) (s)V ™) (y|fn(s)), and
(12) follows from the facts that PV(I;L) (z) = W™ (y|fn(s)) and that ]SV(IZ) (z) = V) (y|fals)).

Applying Lemma 2, the above probabilities converge to 0 as n — 00.3 On account of (10), (11) and

(13) and noting that ¢ and 0; are arbitrary, we obtain

1—

liminf —— log2 (Q(m (n ) <
n

n—oo

Q, 1
logy B — o logy [AL, (Q) A, Pw)] -

o
Finally, replacing «, by 1/(1 + p,) in the above right-hand side terms and taking the maximum over p,
complete the proof. [ |

We next introduce Gallager’s lower bound for E; and specialize it for SEM source-channel pairs by

using Lemma 3.

Proposition 1 [10, Problem 5.16] The JSC coding error exponent E;(Q, W,t) for a discrete source Q

and a discrete channel W with transmission rate t admits the following lower bound

E;(Q,W,t) > Orélg%clE(p), (14)

3Convergence almost surely implies convergence in probability.

11



where E(p) £ E,(p) — tEs(p), in which

E(p) £ lim Sup

tn—oo

82 Z Q™ (s 1“ (15)

seStn

is Gallager’s source function for Q and

E,(p) = lim inf max — E (p, Pxn) (16)

n—oo Pxn TN
with
1+p
Eo(p, Pxn) & —logy » (Z P (x) W y\x)lw)
yeEY" \XEX"

is Gallager’s channel function for W.

We remark that this bound is suitable for arbitrary discrete source-channel pairs with memory. Par-
ticularly, when the channel is symmetric (in the Gallager sense [10]), which directly applies to channels
with additive noise, the maximum in (16) is achieved by the uniform distribution: Pxn(x) = 1/|X|" for

all x € X". Thus for our (modulo B) additive noise channels, E,(p) reduces to
1 n), i
E,(p) = plogy, B — lim sup H_Tp) log, < Z P{E{/)(Z)li”) . (17)
n—oo ZEZTL

It immediately follows by Lemma 3 that for our SEM source-channel pair,

E(p) = plogy B = ptR 1 (Q) = pR_L (Pw) = F(p). (18)

That is, the SEM source-channel function we defined in (7) is exactly the same as the difference of Gallager’s
channel and source function. In light of Theorem 2 and Proposition 1, we obtain the following regarding

the computation of Ej.

Theorem 3 For an SEM source Q and an SEM channel W with noise Pw such that tH(Q) < C(W) and
A(Q)\o(Pw) > B, E;(Q,W,t) is positive and determined exactly by E;(Q,W,t) = F(p*) if p* < 1,
where p* is the smallest positive number satisfying the equation f(p*) = 0. Otherwise (if p* > 1), the
following bounds hold:

(Pw)| < E;(Q.W,1) < F(p").

1
2

logy B — 2log, [Ag Q)X

Remark 4 If tH(Q) > C(W), i.e., tH(Q) + H(Pw) > log, B, then E;(Q,W,t) =0.

Remark 5 According to Lemma 4 (c) and (d), there must exist a positive and finite p* provided that
tH(Q) < C(W) and M\;(Q)M\o(Pw) > B. Using Lemma 4 (a), such p* can be numerically determined.
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The proof of Theorem 3 directly follows from Theorem 2 and Proposition 1 and the use of Lemma
4. The following by-product results regarding the error exponents of SEM sources and SEM channels

immediately follow from Theorems 1 and 2.

Corollary 1 For any rate 0 < R < log, A\o(Q), the source error exponent e(R, Q) for an SEM source Q

satisfies
e(R,Q) <e(R,Q), (19)
where
e(R,Q) = iglg[Rp —(1+p)logy A 1 (Q)). (20)

Particularly, for 0 < R < H(Q), e(R,Q) = 0.

Note that logy Ao(Q) = logsy |S| when the source reduces to a DMS (with alphabet §). This upper
bound is exactly the same as the one given by Vasek [21]. In fact, he shows that €(R, Q) is the real source
error exponent (also see [3]) for all R > 0. We point out that €(R, Q) can be equivalently expressed in
terms of a constrained minimum of Kullback-Leibler divergence [15], as the error exponent for DMS [22];

also see (35) in Appendix C.

Corollary 2 For any rate logy (B/Xo(Pw)) < R < oo, the channel error exponent E(R, W) for an SEM
channel W satisfies
E(R,W) < B(R, W), (21)

where

B(R,W) £ sup {pllogy B—R) = (1+ p)logy A_1_(Pw)}- (22)

Particularly, for C(W) < R < oo, E(R, W) = 0.

When the SEM channel reduces to an additive noise DMC, log, (B/Ao(Pw)) = Roo [10, p. 158]. Note
that the usual case (when the transition matrix is positive) is that logy (B/Ao(Pw)) = 0 (see Lemma 1).
It can be shown that E(R, W) is positive, non-increasing and convex, and hence strictly decreasing in
R. Comparing with Gallager’s random-coding lower bound for E(R, W) [10] (when specialized for SEM
channels) given by

E,(RW) £ max {p(logy B~ R) — (14 p)logy A1 (Pw) . (23)
and applying the results of Section 3, we note that the upper and lower bounds are equal if R > R, where
Re £ log, B — H (f’Wl > is the critical rate of the SEM channel. Thus, the channel error exponent for
SEM channel is determfned exactly for R > R.,.

Example 1 We consider a system consisting of a binary SEM source Q and a binary SEM channel W

with transmission rate ¢ = 1, both with symmetric transition matrices given by

D 1—19]

1_
Q= q q and Py =
q I-p p

1—g¢q

13



such that 0 < p,q < 1.* The upper and lower bounds for E;(Q,W,t) are plotted as a function of
parameters p and ¢ in Fig. 1. It is observed that for this source-channel pair, the bounds are tight for a

large class of (p, q) pairs. Only when p or ¢ is extremely close to 0 or 1, is F; not exactly known.

One may next ask if the lower and upper bounds for the SEM source-channel pair enjoy a form that
is similar to Csiszar’s bounds for DMS-DMC pairs [5], which are expressed as the minimum of the sum of
the source error exponent and the lower /upper bound of the channel error exponent. The answer is indeed

affirmative, as given in the following theorem.

Theorem 4 Let tH(Q) < C(W) and \;(Q)\o(Pw) > B. The following equivalent representations hold

R _
max F = min te | —, + E(R,W)|, 24
p>0 () logy (B/Xo(Pw )< R<t log, AO(Q)|: <t Q) ( )] (24)
R
F = i — E.(R,W)| . 2
Jmax, (p) L. [te < ; ,Q> + Er(R )} (25)

where F(p) is defined in (7), e(R, Q) = (R, Q) is given by (20), and F(R, W) and E,.(R, W) are given by
(22) and (23), respectively.

Note that we write “min” instead of “inf” in (24) and (25) because the optimizations are achievable
due to the convexity of the source and channel exponents. Theorem 4 can be proved via the Lagrange
multiplier method, since the functions logy A /(14,)(Q) and logy Ay /(14,) (Pw) are differentiable functions
of p and their derivatives admit closed-form expressions (recall Lemma 3). Alternately and more succinctly,
we can prove (24) and (25) using Fenchel duality [14]; the reader may consult [26, Theorem 1] for details.
When the source Q and channel W are discrete memoryless, the right-hand side of (24) and (25) reduce
to Csiszar’s lower and upper bounds for E; [5]. In fact, Csiszar establishes the upper bound for E; for a
DMS-DMC pair (Q, W) in terms of the exact source and channel exponents e(R, Q) and E(R, W) [5]:

E(Q,W,1) < min {te <§ Q) + E(R, W)] . (26)

Meanwhile, he points out that if we replace the channel exponent in (26) by its sphere-packing bound
Egp(R,W), we can obtain a (possibly) looser but computable upper bound

min [te <§ Q) + E,(R, W)} : (27)

which is called the sphere-packing bound to E; by the authors in [26]. In Appendix C, we show that the
bound (26) still applies for SEM source-channel pairs, i.e., E; is upper bounded by the minimum of the
sum of the SEM source exponent e(R, Q) and the SEM channel exponent E(R, W), by which we prove
that the JSC exponent can at most double the tandem coding exponent (see Theorem 5). However, the
bound in terms of e(R, Q) and E(R, W), though tighter than the sphere-packing type bound (24), is not

“Note that Py is not the channel probability transition matrix; it is the transition matrix of SEM channel noise.
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computable in general, since the behavior of the SEM channel error exponent E(R, W) is unknown for
rates smaller than the critical rate R.,.

We point out that the parametric expressions of these bounds (the left-hand side of (24) and (25))
facilitate the computation of F;, while the bounds in Csiszar’s form are instrumental for the comparison

of JSC and tandem coding exponents, a subject studied in the next section.

5 JSC vs Tandem Coding Error Exponents

5.1 Tandem Coding Exponent for Systems with Memory

A tandem code (f¥, %) = (fen © fsn,Psn © Pen) for a discrete source Q and a discrete channel W is
composed “independently” of a (tn, L,) block source code (fsp, psn) defined by f, : S — {1,2,..., L, }

and Qg : {1,2, ..., L, } — S with source code rate

log, L
R, £ th " source code bits/source symbol,
n

and an (n,L,) block channel code (fen,@en) defined by fen : {1,2,....,L,} — X" and ¢¢ : Y —
{1,2,..., L, } with channel code rate

R A log, Ly,
c,n —

)

source code bits/channel use,

3 : CE log, L
exists, i.e., liminf,,_ o —82=n —

logy Lin
n n

where “o” denotes composition, and we assume that the limit lim,,

b&%. Here “independently” means that the source code is designed without the knowledge

lim sup,,_,
of the channel statistics, and the channel code is designed without the knowledge of the source statistics.

The error probability of the tandem code (f}, @5 ) is hence given by
PI(Q, W, 1) 2 Pr (g [pen(Y™)] # 5™) . (28)

Definition 2 The tandem coding error exponent E7(Q, W, t) for source Q and channel W is defined as the
supremum of all numbers F for which there exists a sequence of tandem codes (£, 0%) = (fen© fons PsnOPen)
with transmission rate ¢ blocklength n such that

~ 1 "
E <liminf —=log, Pe(* )(Q, W, t).

n—oo n

In the sequel we sometimes refer to E7(Q, W, t) by Ep when there is no possibility of confusion. Since
tandem coding exponent results from separately performing and concatenating optimal source and channel
coding, it can be shown® (e.g., [5, 27]) that

Er(Q. W) = supmi {te (? Q> ,E(R,W)} , (29)

5To prove (29), one needs to assume that the source and channel coding operations are decoupled via common randomization
(by applying a randomly selected permutation map, e.g., see [13]) at their interface in both the transmitter and the receiver.
This is a natural assumption needed to achieve total (statistical) separation between source and channel coding; see [27] for
the details.
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where ¢(R, Q) and E(R, W) are the source and channel error exponents, respectively. To evaluate Er
for an SEM source-channel pair (Q, W), we recall that e(R, Q) is 0 for R < H(Q), strictly increasing in
H(Q) < R <logy M\(Q) and infinity for R > logy Ao(Q) ([15], [21]), while E(R, W) is non-increasing and
positive in R < C(W), and vanishes at R = C(W).

Therefore, if the graphs of te (R/t,Q) and E(R, W) have an intersection at R,, then it immediately
follows from (29) that

Br(Q W) = te (RT Q> — B(R, W),

If there is no intersection between te (R/t, Q) and E(R, W) then
ET(Q7 Wa t) = E(t 10g2 )‘O(Q)v W)

by (29).

Note that E; > Ep; meanwhile, E; = Ep = 0if tH(Q) > C(W) for SEM source-channel pairs. We are
hence interested in determining the conditions for which E; > Er when tH(Q) < C(W). Although both
E; and Ep are not always determined, we can still provide some sufficient conditions for which E; > Erp.
Before we proceed, we first show that for SEM source-channel pairs, the JSC coding exponent can at most

double the tandem coding exponent. Note that the same result holds for DMS-DMC pairs, as shown in
[26].

Theorem 5 For an SEM source Q and an SEM channel W, the JSC coding exponent is upper bounded

by twice the tandem coding exponent

EJ(Q7 W7 t) < 2ET(Q7 W7 t)

To prove this result, we need two steps. The first is to establish another upper bound for Ej, as we
discussed in the end of the last section, in terms of e(R, Q) and E(R, W) by using the technique of Markov
types ([8], [9], [15]), and the second is to justify that the bound is at most equal to twice Ep. Although
the approach for the first step is analogous to the one that Csiszar used for DMS-DMC pairs [5], we still

give a self-contained proof in Appendix C for the sake of completeness.

5.2 Sufficient Conditions for which E; > Er

When the entropy rate of the SEM source is equal to log, Ag(Q), the source error exponent would be zero
for R < logy A\o(Q) and infinity otherwise. In this case, the source is incompressible and only channel
coding is performed in both JSC coding and tandem coding; as a result, E;(Q,W,t) = Ep(Q,W,t) =
E(tlogs Mo(Q), W) by (24), (25) and (29). Note that logy A\o(Q) might not be equal to log, |S| by Lemma
1, as compared with the DMS. Thus, we assume in the rest of the section that H(Q) < logy Ao(Q) (such
that the source is compressible ) and that tH(Q) < C(W) (such that both E; and Ep are positive). We

also assume in the sequel that all the sources and channels are SEM.
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Theorem 6 Let f be defined by (8). If f(1) < 0, i.e., tH (QQ tH (§W1> > log, B, then E;(Q, W,t) >
2
ET(Q7W7t)'

Proof: Since we assumed that tH(Q) < C(W) or equivalently f(0) > 0 (see Lemma 4), if now f(1) <0,
then there exists some p (0 < p < 1) such that f(p) = 0 by the continuity of f(-). Let p* be the smallest
one satisfying f(p*) = 0. According to Theorem 3, the JSC coding error exponent is determined exactly
by E;(Q,W,t) = F(p*). On the other hand, we know from (24) that

R _
F(p*) = i te | —, E(R,W)|.
) = a5 20 (P <t () “t Q)* ( )]

Suppose the above minimum is achieved by some R,,, i.e.,
. R, (B

It can be shown (cf. [26]) that R, is related to p* as follows

R, — tH (Qﬁ> log, B — H (

)

Since p* is positive, from the above we know tH(Q) < R,, < C(W) by the monotonicity of H <Q1+ >
P

and H <f’W . |- In the following we first assume that te(R/t, Q) and E(R, W) intersect at R,, i.e., there

T+

exists an R, € (tH(Q),C(W)) such that
Er(Q, W, 1) = te (RT Q) — E(Ry, W) > 0.

If R,, > R,, then

E(Q.W.1) 2 te <%,Q) > te (%&2) = Br(Q W, 1),

If R,, = R,, then
EJ(Q7 W7 t) = 2ET(Q7 W7 t) > ET(Qa W7 t)

If R,, < R,, then
E;(Q,W,t) > E(R,,, W) > E(R,, W) = Er(Q, W, 1).

We next assume that there is no intersection between te(R/t, Q) and E(R, W), i.e., te(R/t,Q) < E(R, W)
for all R < tlogy M\o(Q). If R, = tH(Q), then

EJ(Q7 Wa t) = E(Emv W) > E(t 10g2 AO(Q)7 Q) = ET(Qv W7 t)

since H(Q) < logy A\o(Q) is assumed. If R, > tH(Q), then

EJ(Q7W7t) > te <%7 Q> + F(tlogZ )‘O(Q)7 Q) > E(tlog2 )‘O(Q)a Q) = ET(Q7W7t)

17



since the source error exponent is positive at R, > tH(Q). |

Theorem 6 states that if £ is determined exactly (i.e., its upper and lower bounds coincide), no matter
whether Er is known or not, then the JSC coding exponent is larger than the tandem exponent. Conversely,
if B is determined exactly, irrespective of whether E; is determined or not, the strict inequality between

E; and Ep also holds, as shown by the following results.

Theorem 7
(a) If tH(Q) = Rey, then E;(Q, W, 1) > Er(Q, W, 1).
(b) Otherwise, if tH(Q) < Rey and tlogy Ao(Q) > Rey, there must exist some p satisfying tH(Q 1 ) = Re-

itp
Let p,, be the smallest one satisfying such equation. If

(1+ pu)HH(Q _1_) — logy A

1
+pm 1+pm

(Q)] < logy B —2logy A1 (Pw),

then F;(Q,W,t) > Er(Q, W,t).

Remark 6 By the monotonicity of H(Q_1 ), pm, can be solved numerically.
T+p

Proof: Recall that R., =log, B — H <I~’W1) is the critical rate of the channel W such that the channel
exponent is determined for R > R, i.e., E(R,W) = E.(R,W) = E(R,W) if R > R,... We first show
that Ej > Ep if te(Re/t, Q) < E(R¢r, W), and then we show that te(R.,/t, Q) < E(R¢, W) if and only
if (a) or (b) holds.

Now if te(Rer/t,Q) < E(Rq, W), then E7(Q, W,t) is determined exactly. There are two cases to

consider:

1.) If te(R/t,Q) and E(R, W) intersect at R, such that R., < R, < C(W), then

R,
Er(Q, W, 1) = te (7, Q> — E,(Ry, W) > 0.
On the other hand, (17) and (18) yield

> =
E;(Q W, t) > OggglF(p) F(p.),

where p, = min(1, p*) > 0 and recall that p* is the smallest positive number satisfying f(p*) = 0. It
follows from (25) that

F(p.)= _ min )[te@Q)wT(R,W)]

 0<R<tlogy o(Q

Similar to R, in the last proof, it can be shown (cf. [26]) that the above minimum is achieved by

some R, such that

Em:tH<(§ . >2tH(Q).

1+px
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If R, > R,, then

QW) 2 te (£2.0) > e (B2.Q) - Eri@ W)
If R, = R,, then
E;(Q,W,t) =2E7(Q,W,t) > Ep(Q, W, ).

If R, < R,, likewise, we have

E;(Q,W.t) > E.(R,,, W) > E.(R,, W) = Ep(Q, W, 1).

2.) If te(R/t,Q) and E(R, W) have no intersection, we still have, as in the last proof, if R,, = tH(Q),
then
EJ(Q7 Wa t) > ET(ETI’L? W) > Er(t 10g2 AO(Q)7 Q) = ET(Q7 W7 t)7

otherwise if R,, > tH(Q), then

E;(Q,W,t) > E.(R,,, W) > E,(tlogy \o(Q), W) = Ep(Q, W, ).

Finally, we point out that the sufficient and necessary conditions for te(R.,/t,Q) < E(R.., W) is that (a)
tH(Q) > R, such that te(R.-/t,Q) = 0; or (b) te(R./t,Q) > 0 but te(R./t, Q) < E(R., W). Using
the fact that

E(Rer, W) = H(Pw, ) = 2loga Ay (Pw),

we obtain Condition (b) and complete the proof. [

Example 2 We next examine Theorems 6 and 7 for the following simple example. Consider a ternary

SEM source Q and a binary SEM channel W, both with symmetric transition matrices given by

p l-p
l—p p
such that 0 < p,q < 0.5. Suppose now the transmission rate ¢ = 0.5. If (¢,p) satisfies any one of the

conditions of Theorems 6 and 7, then E;(Q,W,t) > Ep(Q,W,t). The range for which the inequality
holds is summarized in Fig. 2. For the channel with p = 0.025 and p = 0.05, we plot the JSC coding

q (1-9)/2 (1-4q)/2
Q=1 (1-9)/2 q (I1-¢)/2 | and Py =
(1-9)/2 (1-q)/2 q

and tandem coding error exponents against the source parameter ¢ whenever they are exactly determined,
see Fig. 3. We note that for these source-channel pairs, E;(Q, W) substantially outperforms Ep(Q, W)
(indeed E;(Q, W) = 2Ep(Q, W)) for a large class of (¢,p) pairs. We then plot the two exponents under
the transmission rate ¢ = 0.75 whenever they are determined exactly, and obtain similar results, see Fig.
4. In fact, for many other SEM source-channel pairs (not necessarily binary SEM sources or ternary SEM
channels) with other transmission rates, we observe similar results; this indicates that the JSC coding

exponent is strictly better than the tandem coding exponent for a wide class of SEM systems.
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6 Systems with Arbitrary Markovian Orders

Suppose that the SEM source {U;}7° ; with alphabet U has a Markovian order Ky > 1. Define process
{Si}22, obtained by Kjs-step blocking the Markov source P; i.e.,

Sn 2 (Un, Unity ooy Uni k1)
Then
Pr(sn :jn|5n—1 :jn—la --->51 = ]1) = Pr(Sn :jn|5n—1 = jn—1)7 jly---ajn eS= Z/{KS

and the source Q is a first order SEM source with [U/|%s states. Therefore, all the results in this paper
can be readily extended to SEM systems with arbitrary order by converting the K,-th order SEM source
to a first order SEM source of larger alphabet. Also, if the additive SEM noise Pw of the channel has
Markovian order K. > 1, we can similarly convert it to a first order SEM noise with expanded alphabet. In
the following we present an example for the system consisting of an SEM source (of order Ky = 1) and the
queue based channel (QBC) [24] with memory K. = 2, as the QBC approximates well for a certain range
of channel conditions the Gilbert-Elliott channel [24] and hard decision demodulated correlated fading
channels [25].

Example 3 (Transmission of an SEM source over the QBC [24]) A QBC is a binary additive
channel whose noise process Pw = {pgj) : Z”}OO (where Z = {0, 1}) is generated according to a mixture
mechanism of a finite queue and a Bernoulli pr?):c}ass [24]. At time i, the noise symbol Z; is chosen either
from the queue described by a sequence of random variables (Q; 1, ..., Qi k.) (Qi; € {0,1}, 1 =1,2,..., K,)
with probability € or from a Bernoulli process with probability 1 — ¢ such that

e If Z; is chosen from the queue process, then

e Bl
if K. > 1 and a > 0 is arbitrary; otherwise Pr(Z; = Q;1) = 1if K. = 1.
o If Z; is chosen from the Bernoulli process, then Pr(Z; =1) =p (p < 1/2) and Pr(Z; =0) =1 —p.
At time ¢ 4 1, we first shift the queue from left to right by the following rule
(Qit1,15 - Qir1,k.) = (Zi, Qity vy Qi i —1),

then we generate the noise symbol Z;;1 according to the same mechanism. It can be shown [24] that the
QBC is actually an K.-th order SEM channel characterized only by four parameters ¢, «, p and K..

Now we consider transmitting the first order SEM source Q with transition matrix

01 05 04
Q=1 04 04 0.2
0.056 0.15 0.8
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under transmission rate ¢t = 1 over the QBC with K. = 2 such that the noise process Pw is a second order

SEM process. After 2-step blocking Pvw, we obtain a first order SEM process P{f‘; with transition matrix

e+ (1—¢)(1—p) 0 (1—¢e)p 0

oo | =90 ) 0 s-p 0
W 0 L (1-¢)(1-p) 0 e (1 -e)p
0 (I1—-2)1—p) 0 e+(1—e)p

We next compute E; and Ep for the ternary SEM source and the QBC given above. When p = 0.05,
a =1, Fj and Ep are both determined exactly if ¢ € [0.001,0.992]. We plot the two exponents by varying
e. We see from Fig. 5 that E; ~ 2E7 for all the £ € [0.001,0.992]. When we choose p = 0.05, « = 0.1
for which E; and Ep are both determined exactly if ¢ € [0.001,0.968], we have similar results, see Fig.
5. It is interesting to note that when ¢ gets smaller, £y and E7 approach the exponents resulting from
the SEM source Q and the binary symmetric channel (BSC) with crossover probability p = 0.05. This is
indeed expected since the QBC reduces to the BSC when ¢ = 0 [24].

7 Concluding Remarks

In this work, we establish a computable upper bound for the JSC coding error exponent £ ; of SEM source-
channel systems. We also examine Gallager’s lower bound for E; for the same systems. It is shown that
E; can be exactly determined by the two bounds for a large class of SEM source-channel pairs.

As a result, we can systematically compare the JSC coding exponent with the tandem exponent for
such systems with memory and study the advantages of JSC coding over the traditional tandem coding.
We first show E; < 2E7 by deriving an upper bound for E; in terms of the source and channel exponents.
We then provide sufficient (computable) conditions for which E; > Ep. Numerical results indicate that
the inequality holds for most SEM source-channel pairs, and that F; = 2E7 in many cases even though
E; is upper bounded by twice Ep, which means that for the same error probability P,, JSC coding would

require around half the delay of tandem coding, that is,

P6 ~ 2_nET(Q7W7t) — 2_%EJ(Q7W7t)

for n sufficiently large. Finally, we note that our results directly carry over for SEM source-channel pairs

of arbitrary Markovian order.

Appendices

A  Proof of Lemma 1

Let H be the M x M matrix with all components equal to 1, i.e., H £ [1]arxas. Clearly, u = [ﬁ, ey %]

is the unique normalized positive eigenvector (Perron vector) of H with associated positive eigenvalue M;
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thus when P > [0]arxar, Ao(P) = M. We next show by contradiction that A\g(P) < M if there are zero

components in matrix P. We assume that there exist some p;; = 0 and Ao(P) > M. Then
Mo(P)u > Mu = Hu = Hv(0),
where the last equality holds since u and v(0) are both normalized vectors. We thus have
(H = P(0))v(0) < Xo(P)(u — v(0)).
Now summing all the components of the vectors on both sides, we obtain

Zazjvj(o) <0,
4,3

where a;; is the (7,7)th component of the matrix H — P(0) such that a;; = 0 if p;; > 0 and a;; = 1 if
pij = 0. This contradicts with the fact that all v;(0)’s are positive and thus A\o(P) < M if P has zero
components. We also conclude that P > [0]arx s is the sufficient and necessary condition for A\o(P) = M.
|

B Proof of Lemma 2

Since {U;}°, is SEM source under P and Py, it follows by the Ergodic Theorem [1] that the normalized
log-likelihood ratio between P and f’a converges to their Kullback-Leibler divergence rate almost surely,
ie.,
~(n) n
1 pa(U™) 5
—log, PO D(P, || P)

almost surely under p, as n — oo, where
~ 1
D(P, || P) £ lim —D@E || p™).
n—oo n
Note that for any n we can write

1 1 1
L hEm) ) pmy — L)y LN A e (my(my ano_ (i n
nD(pa | »'"™) nH(pa ) - § po (1) loge p™ (1), " = (i1---in) €U™. (30)

Z’n
Recalling that P is described by the initial stationary distribution 7 = {my, 79, ..., mps } and transition matrix
P = [pijlmxm, and that P, is described by the initial stationary distribution 7(c) = (7()1, ()2, ..., 7(a)ar)
and transition matrix P(a) £ [Dij(a)]vrxar given by (2), we have

(0% (0%
Piiy " Py _yin Vi ()

ﬁgn)(zn) = m(a);, A P) L (@)

P (™) ()i vi, (@)
Ao(P) 1 72w (@)
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for all ™ € U™. Consequently, using (30) and (31), we have

1—al 1n—

1
Ioam )y — Iomy 1
nD(pa | p*"™) - nH(pa) - 10g2>\ (P)

11 S i ()

ETP <w<a>i1vin ) o

11,in

Taking the limit on both sides of (32), and noting that the last term approaches 0 since

T v (@) M?
Zpa i1,1n)logy ( Yo (@) < — . nax
21 Yip

11,in
Zlv'ln

T, (a)
o ) <o
2\ (@) vi, (@)
where 7, 7(a), and v(a) are all positive for SEM sources (according to the Perron-Frobenius Theorem
[18]). We hence obtain

~ 11—«
D(P, | P)=

~ 1
H(P,) — —logs Ao (P).
—CH(Pa) - ~ logs Aa(P)

C Proof of Theorem 5

Step 1: We first set up some notations and basic facts regarding Markov types adopted from [8] and [15].
Given a source sequence s = (81, 82,...,s5) € S¥ (|S| = M), let k;;(s) be the number of transitions from
i1 € S toj €S in s with the cyclic convention that s; follows si. We denote the matrix
[’%’(S)]
k MxM
by ®*)(s) and call it the Markov type (empirical matrix) of s, where >_ijkij(s) = k and it is easily seen
that >, kij = >, kj; for all i. In other words, the (k-length) sequence s Of type P has the empirical matrix
<I>(k)( ) which is equal to P. The set of all types of k-length sequences will be denoted by &. Next we

introduce a class of matrices that includes & for all k£ as a dense subset. Let

&= PiP:[pij]MxM,Zpij:L and p;; >0, Zpij:iji for all 4
7 :

,J
Note that & — &£ as k — oo in the sense that for any P € &, there exists a sequence of {CIJ(k)} € &, such

that ®*) — P uniformly.
For P € £ and any M x M transition (stochastic) matrix @ = [q;;]srxar (such that . g;; = 1 for all

i), define
Z Pij 10g2

JU

be the conditional entropy of P and

Db
P H Q pijlogg —=——
Z VS g > pig
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be the conditional divergence of P over Q). Let P € &, be a Markov type, and let 7p = {S e Sk:otk(s) = P}
be a Markov type class. We define Mp(i,j) £ {s = (s1, 82, ...,5k) € Tp : 51 = i, 8, = j}. Clearly, Mp(i, j)
partitions the entire type class 7p over (i,j) € S x S, and all sequences in M p(i, j) are equiprobable under

QW().

Lemma 5 [8] Let Q be a first-order finite-alphabet irreducible Markov source with transition matrix
Q = [¢ijlmxm and arbitrary initial distribution q > 0. Let £ min; ¢;. Then we have the following
bounds.

(1) For any i,j € S and P € &, such that Mp(i,j) # 0, [Mp(i,5)| > k=M (k + 1)—M22kHC(P)'

(2) QW (Tp) > k=M (k + 1)~ M a2 kDe(PIQ),

Remark 7 Remark that in [8], the authors assume both irreducibility and aperiodicity for the Markov
source Q and also derive an upper bound for the probability of type classes QU ( p). Here we only need

the lower bound above for Q*)(7p); thus the aperiodicity assumption is not required.

Note also that M and « are quantities independent of k, and that for SEM sources, the stationary
distribution (which is the initial distribution) is unique and positive.
Step 2: Set k = tn. Rewrite the probability of error given in (1) as a sum of probabilities of types and
lower bound it by

PM(Q, W, 1)

= 2 2 QW) X WGfals)

Pe&, seTp yEeAS

S (k) (n)

> 113?5:2@ (s) > W (y[fals))
se€Tp yEAS

= max > > (s) > W (y|fuls)
(i,j)eSxS:Mp(i,j);é@se/vlp(z',g) yEAS

(B) (o QM) (s

= max > > WE) | Y S Q ZW (y1fu(s))
F (1.5)ESXSMp(i,j)£0 \s'EMp(i.j) seM(i,j) —s'€EMp(i.7) yeAc

_ k /

= max > B Z”Q()(S)Pe(MP(Z,J)) (33)
(4,7 ) ESXS:Mp(3,5)£0 s’ € Mp(,5)

where

PMp(i i) 2 —— S WOy fa(s)).

(MG, 7)] SEMp(i,j) yEAS
We note that P.(Mp (i, j)) is actually the (average) probability of error of the n-block channel code (fn, ¥n)
with message set (source) Mp(i,j) and channel W. Recall that the channel error exponent E(R, W) is
the largest exponential rate such that the probability of error decays to zero [7] over all channel codes of
rate no larger than R. Then P.(Mp(i,j)) is lower bounded by

Pe(MP(’i ])) > 2—nE(7—1L logy [Mp(i,5)[,W)+o(n) ~ 2_"E<tHC(P)_% log, k_MT2 1og2(k+1),W> +o(n)

)
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where the second inequality follows from the monotonicity of F(R, W) and Lemma 5 (1), and o(n) is a

term that tends to zero as n goes to infinity. It then follows from (33) and Lemma 5 (2) that

PM(Q, W, t)
> max QW (TP)Q‘”E(tHc(P)—% log, k— 2L 10g2(k+1)7w) +o(n)
T Pe&
> max KM (% + 1)—M2aﬂ2—ch(P||Q)2—nE(tHc(P)—% logy k—22 1og2(k+1),w) +o(n)
€&k

holds for any source-channel codes ( fy, ¢n), where a; > 0 denotes the smallest component in the stationary
distribution, which is independent of k. Since when n — oo, & — & (recalling that k = tn and ¢ is a

constant). By the definition of JSC coding error exponent, we obtain

EJ(Qa W7 t)

IN

rlgleig[tDc(P | Q)+ E(tH.(P),W)]

i tD.(P E(R,W
Pesthc(P)zRgﬁ{r—rll(Qmogz )\O(Q)}[ (P Q)+ E( )

IA

= min [ min D.(P | Q)+ E(R, W)]
tH(Q)<R<tlogy Ao(Q) [PEEtH(P)=R
= min [ < ) ] (34)
tH(Q)<R<tlogy Mo(Q)
In (34) we used the facts that
PES:I%-I(IIIDI)ZR/t De(P ]| Q) = PES:I-IIIcl(llg):R/t De(P 1 Q) (35)

is an equivalent representation of e(R, Q) given in Corollary 1 (cf. [15]), and that €(R, Q) actually de-
termines the source error exponent e(R,Q), where the second equality of (35) follows from the strict
monotonicity of e(R/t,Q) in [tH(Q),tlogs Ao(Q)].

Step 3: We recall that te (R/t,Q) is a strictly increasing function when tH(Q) < R < tlogy A\g(Q) and
is infinity when R > tlogy Ao(Q), and E(R, W) is a non-increasing function of R. We thereby denote R,
to be the rate satisfying te(R,/t, Q) = E(R,, W) if any; otherwise we just let R, be tlog, A\o(Q). Thus
according to (29) we can always write that E7(Q,W,t) = E(R,, W) and R, is a rate in the interval
[(tH(Q),tlogy Ao(Q)]. To avoid triviality, we assume that Ep(Q, W, t) (or E(R,, W)) is finite, which also
implies that E;(Q, W,t) is finite by (34). Suppose now the minimum of (34) is attained at R,,. We then

have

IN

EJ(Q7W7t) te <%7Q> +E(R7TL7W)

N

< te(.Q) + B, W)
E(R,, W)
= QET(Q,W,t).

IN
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. Upper Bound
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Figure 1: The lower and upper bounds of E; for the binary SEM source and the binary SEM channel of
Example 1 with ¢t = 1.
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Figure 2: The regions for the ternary SEM source and the binary SEM channel of Example 2 with ¢ = 0.5.
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Figure 3: Comparison of £; and Er for the ternary SEM source and the binary SEM channel of Example
2 with ¢t = 0.5.
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Figure 4: Comparison of E; and Er for the ternary SEM source and the binary SEM channel of Example
2 with ¢t = 0.75.
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Figure 5: Comparison of F; and Er for the SEM source and the QBC of Example 3 with ¢ = 1.
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