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Abstract

We study the maximuma posteriori (MAP) decodingof memorylessnon-uniform
sourcesover multiple-antennahannels.Our modelis generalenoughto include space-
time coding, BLAST architecturesand single-transmitmulti-receve antennasystems
which emplgy maximalreceve combining(MRC) andary kind of channelcoding. We
derive a closed-formsingle-letterexpressionfor the codavord pairwise error probabil-
ity (PEP)of generalmulti-antennacodesusingmomentgeneratingunctionandLaplace
transformamguments. We then utilize this resultto designspace-timdinear dispersion
codeswhich are optimizedfor the sourcedistribution. Two codesare given herewhich
outperformV-BLAST by 9.3 dB at a frame error rate (FER) of 2 x 10~3 with uni-
form i.i.d. input and BPSK signalingandby 8 dB for a non-uniformbinary sourcewith
Do = P(0) = 0.9, MAP decodingandQ-PSKsignaling. Theissueof bit-to-signalmap-
ping is also studied. For a systemwith 1 transmitand 2 receve antennasvhich uses
trellis-codedmodulationwith 16-QAM signaling,we obsere thatabetterthanGraymap-
ping outperformsGray mappingby 1.0 dB whenMAP decodingis usedfor transmitting
binarysourceswith py = 0.9.

1 Introduction

Ideally, a losslesssourcecoderwould compressdatainto an independentjdentically dis-

tributed (i.i.d.) bit-streamat a rate equalto the entrogy rate of the source(for sufficiently

long blocklengths).However, mostsourcecodingmethodsarenot ideal; hencethereexists a

residualredundang (in theform of non-uniformdistribution or memory)attheir outputwhich

will be presentat the input of the channelencoder For example,in facsimileand medical
imagery the probability of having a“0” (asopposedo a“1”) in the resultingbit-streamcan

be ashigh as85% on average.A similar non-uniformityexists at the outputof CELP speech
vocodergsee,e.g.,[1]). Anotherexampleis the bit-streamat the outputof vectorquantizers
with moderatéblocklengths.
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In this paper we studyhow exploiting the sourcenon-uniformityat the transmitterand/or
therecever canimprove the performancef multi-antennasystemsOur contributionis three-
fold. First,we derive the maximuma posteriori (MAP) decodingrule for multi-antennacode-
words. We thenderive a closed-formsingle-letterexpressiorfor the codavord pairwiseerror
probability (PEP)of generaimulti-antennacodes(including space-timeandBLAST codesas
well ascoded/uncodedhaximalreceve combining(MRC)) underMAP decoding.For max-
imum likelihood (ML) decoding,the main challengein finding the PEPsof interestunder
fadingis to averageQ(v/ X ) whereQ(-) is the Gaussiarerrorintegraland X is anon-neyative
randomvariable.A closed-formexpressiorfor the codevord PEPof space-timeodesof arbi-
trary structureunderslow RayleighfadingandML decodings derivedin [8]. Thedervationis
basedon analternateformulafor the Q(-) functionin [3], which only worksfor non-n@ative
arguments As will be seenin the sequelcomputingthe PEPbetweenra pair of MAP decoded
codevordsrequiresfinding the expectedvalueof Q(vX + A/v/X), where) is a real (posi-
tive or negative) number which is moreinvolvedthanthe ML decodingcase.We make eigen
decompositiorand Laplacetransformargumentsto derive the above PEP We thenshaow that
therecanbealargegainin performingMAP decodingascomparedvith ML decoding.

Finally, we apply our resultsto two scenarios.First, we find space-timdinear dispersion
codesunderboth ML and MAP decoding. Unlike [5] — wherethe codedesigncriterion is
to maximizethe mutualinformation betweenthe channelinput and output— we opt to min-
imize the union upperboundon the block error rate of the code. We shav that even for a
simple dual-transmitsingle-recaie systemwith BPSK modulation,gainsup to 11.2dB can
be obtainedover V-BLAST for a uniformi.i.d. sourceat a bit errorrate (BER) of 10~3. Sec-
ond, we addresdit-to-signalmappingswhich take the input non-uniformityinto accountto
minimize the union upperboundon the frameerror rate (FER) of a systemwhich usestrel-
lis codedmodulation(TCM) in a single-transmiimultiple-receve antennasetupwith MRC.
We obsene thatthe gainswith betterthan Gray mappingscanbe significantif the sourcehas
non-uniformdistribution. For example,in a TCM-basedVRC systemwith 2 receve antennas
andpg 2 P(b = 0) = 0.9 (whereb is a databit), at BER = 10~ %, a channelsignal-to-noise
ratio (CSNR)gainof 1.6dB canbeobtainedhroughMAP decodinginsteadof ML decoding)
andan additionalgain of 0.8 dB canbe achiezed usinga signalmappingwhich is carefully
designedhenceatotal gainof 2.4 dB over Gray mappingandML decoding).

Therestof this paperis organizedasfollows. Section2 describeghe multi-input multi-
output(MIMO) channelmodelandformulatesthe MAP decodingrule. The exactcodevord
PEPis derivedin Section3. Applicationsto linear dispersioncodedesignand bit-to-signal
mappingfor TCM-basedVIRC systemsarepresentedn Sectiord. Section5 presentsiumeri-
cal resultsandthe paperis concludedn Section6.

2 System Model and The MAP Decoding Rule

The MIMO communicatiorsystemconsiderechereemploys K transmitand L receve anten-
nas. The input to the systemis a streamof i.i.d. databits {b;} which canhave non-uniform
distribution. The basebandonstellatiorpointsaredenotedoy {c)}7-, wherep is a positive
integer. We will assumehat E{|c()|*} = 1. We assumehat every block of input symbols
is encodednto a codevord matrix S = (81, 89, ..., 8), Wheres, = (s14, So.4, -, Skt)? IS
simultaneousltransmittedw is the codavord lengthin symbolperiods,and? denotegrans-



position! The channelis assumedo be Rayleighflat fading, so that the complex pathgain
from transmitantenna to receve antennaj, denotedby H; ;, hasa zero-mearunit-variance
complex Gaussiardistribution, denotedby CN (0, 1), with i.i.d. realandimaginaryparts. We
assumehattherecever, but notthetransmitteyhasperfectknowledgeof the pathgains.More-
over, we assumehatthe channelis quasi-staticmeaningthat the pathgainsremainconstant
during a codevord transmissionput vary in ani.i.d. fashionfrom one codevord interval to
another Theadditive noiseatthe ;™ receive antennattimet, N;,, is assumedo be CA/ (0, 1)
distributedwith i.i.d. realandimaginaryparts. We will assumehatthe input, fading coefi-
cients,andchannehoiseareindependentrom eachother

Basedon the above, for a CSNRof ~, at eachreceve branchandat time ¢, the signalat

receve antenng canbewrittenasR;, = /% Y5, H;;s;, + Nj,, orin matrix form,

Ty = \/%H'St'ﬁ'nt, (1)

wherer; = (Rl,t: Rg’t, ceey RL’t)T, H = {Hj,i}s andn,; = (Nl,t; N2,t7 ceey NL,t)T.

Let us denotethe receved signalscorrespondindo S by R = (7,79, ...,7,) andthea
priori probability of codevord S by p(S). Assumingthatperfectchannelkstateinformationis
available,in MAP decodingoneaimsto maximizeP(S|R, H) overthecodebook.The MAP
decodingrule is hencegivenby

agmax P{S|R,H} = amgmax P{R|S, H}p(S)
S S

= argmax P{R—\/EHS‘S,H}p(S)
s K
2
Vs
Rj,t_\/%ZH',iSi,t }
gt \/%ZH,zszt }(2)

3 TheCodeword PairwiseError Probability under MAP De-
coding

= amgmax p(S)L Hexp {—
S .

= arg;nin {—ln +ZZ

The codevord PEPbetweenS and S is definedasthe probability that S hasa larger MAP
metricin (2) than.§ giventhatS is transmitted.Therefore,

FZ idiz + Njs| —Inp(S <ZZ|NJt|2 In p( )}

whered, ; = s;; — ;. Thecodavord PEPis thereforeequalto
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P(S — S|H) = {
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Notethatonecaninterpretw astheframelengthandhencethis modelis generaknoughto includespace-time
trellis codessuchasthosein [10].




where

and Ag g = 1ln p(*?)-

2
A =1 Hjd;
S,S K Z Z Z 75 it 9 p(S)
We notethatA ¢ & cantake on negatlve values.Hence onecannotusethealternateformulaof
the Q() functionin [3], asis donein [8] for ML decoding.We thereforeproceedasfollows.
To computethe expectation(3) in closed-formwe determinethe probability densityfunction
(pdf) of 2 AS & convert(3) into alinearcombinationof the derivativesof £ {Q (v/x)}, where

L() isthe LapIacetransformoperatorandthenevaluatethesederivatives. First, we notethat

2

75 t
= Zh Uh,;, (4)
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whereuy; = 32, d;dy, ,, andh; is the transposeof the ' row of H. SinceU is Hermitian
(i.e.,UT = U, where' representsomplex conjugatetranspositionandnon-neative definite,
it canbedecomposeds

U=V'DV, (5)

whereD is anon-ngative definitediagonalmatrix having theeigervaluesof U onits maindi-
agonal.V isaunitarymatrix (i.e., VIV = | ) andits columnsaretheunit-normeigervectors
of U. Substituting(5) in (4), we have

L
WVIDVh; =] > 2! Da; = Z 2 6)
‘7:

1
ZAZ . —
2755 2K & S 2

wherez; = Vh;, X;; is thei™ elementof z;, and\; = D, ;. As V is unitary, the entriesof
x; arei.i.d. CMV(0, 1) andthemomentgeneratingunction (MGF) of %AZS 3 1S

=1 )

()

whereZ is the numberof distinctnon-zero),’s eachof multiplicity n, (with appropriatee-
orderingof the eigervalues).The pdf of arandomvariable© is theinverselLaplacetransform

(£71) of ®g(—s). In orderto find £~ {(blAz . (—s)}, we corvert (7) into a sumandthen
2788

usethelinearity of the Laplacetransform.Letting p, = % we canwrite the partial-fraction
expansionof (7) as

1 Z L’I’Lk Z Lnk 1

Z
. _ P a/z—l—l k

55 k—1 k—1 = = (s+pk)

where

. i=0,..,Lng— 1. 9)

=Pk

di
OLny—ih = {ﬁ [(8 +pk)L”’“<1>%A§S(—S)]}

TakingtheinverselLaplacetransformof theright handsideof (8), we have

Z Lnip—1

IROEDID I z>0. (10)

k=1 =0



Thenext stepis simply using(10) to evaluate(3). Thisyields

R - S 2K Ag e
P(S—S)=> > (iof,kl)! ; y e WY Q <\/3j+ %) dy. (12)

k=11:=1
We notethattheintegralin (11)is the Laplacetransformof 4 *Q (\/g + AS,S/\/y) eval-
uatedat s = 6> 2 2K /v k. We know thatif f(¢) and F'(s) are Laplacetransformpairs

(F(s) = £{f(t)}), soaret"f(t) and(—1)"4F(s). Thereforewe needto find thei — 1%

derivative of £ {Q (\/y + AS,S/\/g)}. It canbe shown that Fiyap(s), the Laplacetransform
of Q (\/g + AS,S/\@), is equalto

FMAP(S) — ]__Lr(/\s’s) _ 1 ( \/17 + Sgr(AS,S)> e_(AS,S+|AS,S|‘/2‘S+1) (12)
sv2s+1 s ’

2s 2
wheresgnz) = % if z # 0 and0 otherwise.Thetermin thesumin (11)is simply

—1
Qi kg i d'

A .
(’L _ 1)' (—1) WFMAP(S) = O!i’kéz’ﬂ'(’t, 5k; AS,S)‘

We usedthe Leibniz’s formulafor the ;™ derivative of a multiplicationaswell asinductionto
find the ;™ derivative of (12). The resultis the following expressionfor the exact codevord
PEPof MAP decodedspace-timeodes
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wherey . Lzz— 1ifL>U.

4 Applications

4.1 Linear Dispersion Code Design for MAP Decoding

Linear dispersioncodes(introducedin [5]) constituteanimportantclassof space-timeblock
codes. Every entry of an LD codevord is a weightedsum of the basebandignalswith the
weightschosersuchthatthe mutualinformationbetweerthe channeinputandoutputis max-
imizedgiventhe numberof transmitandreceve antennasAn LD codevord is written as

M
S = Z (a’mAm + ]ﬂmBm)a
m=1



whereA,, andB,,, are K x w matricegsimilarto [5], we assumeéhat A,,, and B,,, havereal
entries),c,, = o, + jBm is asymbolto beencodedj = v/—1), and M is theblock lengthin
symbols(i.e.,the numberof datasymbolsto beencodedat atime).

Insteadof maximizingthe mutualinformation,herewe optto designLD codesvia mini-
mizingtheunionupperboundontheframe(block) errorratewhich canbe computedisingthe
codevord PEPformulagivenin (13). As mentionedn [5], calculatingthe codevord PEPat
high CSNRscanfacenumericalproblemsput we have noticedthatthe codesarenot sensitve
tothedesignCSNR;i.e.,thosewhicharedesignedtlow CSNRshave alsoagoodperformance
athigh CSNR.Therefore pur designCSNRis oftensetat5to 10 dB.

Our designmethodis asfollows: to guaranteenaximumthroughputandto make surethat
theperformances alwaysbetterthanV-BLAST, we begin with the A,, andB,,, matriceswhich
correspondo V-BLAST andaregivenby [4, 5]

AK(T_1)+k = BK(T—1)+k = CTdZ, T = 1, .., W, k= ]_, ...,K,

wherec, andd;, arew-dimensionalndk-dimensionatolumnall-zerovectorsexceptforalin
the " andk™ entriesrespectiely. We thenimprove the codeby addingzero-mearGaussian
noiseto the A,, and B,,, matricesnhormalizingthe A,, and B,, matricesto satisfythe power
constraintaccordingto [5, equation(18)jvhichis givenby

> (trAf A, +trBi B,,) = 2wk, (15)

m

andupdatingthe codeif the nev FER unionbounddecreases/Ve have choserthevarianceof
the additive noiseto decreas@ccordingto o> = 0.25 (1 — i/Imax)3 .1 = 1,2, ..., Imax, Wherei
is theiterationnumber This regimeis choserfollowing [12] dueto its fastcorvergencerate
andgoodresults.Notethatthis new codeis still alineardispersiorcode.Therefore:

1. Similarto [5], we have noticedthatthe performancef theresultingcodess notsensitve
to thedesignCSNR.Thereforeto avoid numericalproblemsresultingfrom theaddition
of very smallnumberswe setthedesignCSNRat 5 to 10 dB, dependingon thenumber
of antennas.

2. The designcriterion in [5] is to maximize mutualinformation betweenchannelinput
and outputassumingthat the real and imaginarypartsof the signal sethave A/ (0, 1)
distribution, which may be far from the particularsignalingschemeand non-uniform
distributionto be used.In our method ,we optimizethe codefor the particularsignaling
schemendprior probabilitieswhich aregoingto beused.Obviously, thedesignmethod
worksaswell with theassumptiorof having A/(0, 1) distribution for the signals.

3. The power constraint(15) can be mademorerestrictve. For example,one could use
Al A, = B} B,, = L1 form = 1,.., M. Itis notedin [5] thatthis power con-
straintgenerallyleadsto lower errorrates but we have used(15) in our designto “relax”
the condition as much as possibleand let the searchalgorithm corverge to ary local

minimumwhich satisfieghe power constraint.

4. Oblviously, the searchmethodis randomand may corverge to a local minimum. The
varianceof the additive noiseis large at the initial loopsto allow large improvements,
but it reduceswith the iterationsto allow corvergenceand small refinement.We have
obseredthatmary smallchangesremadeat lower noisevariances.



5. In orderto have the possibility of finding betterminima, we run thealgorithmtwice with
the secondround initialized with the resultsof the first. This allows “escaping”from
a badlocal minimum at the beginning of the secondround, whenthe varianceof the
additive noiseis large.

4.2 Treliss=Coded M odulation and M aximal-Receive Combining

As alreadymentionedtheresultsof Section3 arevalid for single-inputmulti-outputsystems
aswell. This subsectiompresentanapplicationof the MAP decodingulein (2). In particular
we describenow (13) canbeusedto find TCM encodeiandsignalmappingsvhich,whenused
with the MAP decodingulein (2), will reducetheframeerrorrate(FER)andBER of aTCM-
codedMRC system. The discussionis madefor Ungerboeck-typesystematicconvolutional
encodesstructureswith feedbacksee[11, Fig. 10]).

First, we notethatfor a singletransmit-antennaystemwe have

0 fori =1,2,...,L—1
i = (Ais)L fori=1T
andhencewe have X
P(S — 8) =n(L,5,Agg), (16)

whered? = v,/2 3, |d:|?. In [7], amethodis presentedo approximatethe unionupperbound
for theFERof trellis codesover AWGN channelainderMAP decodingfor asymmetridinary
Markov sources.Using (16) andthe methodin [7], onecansearchfor goodtrellis codesfor
themultiple receve-antennaystemconsideredere.

5 Numerical Results

5.1 Linear Dispersion Code Design

Figurel demonstratethe performanceof our LD codesearchmethodfor uniform andnon-
uniform (with p, = 0.9) binaryi.i.d. sourcesyespectrely, for a dual-transmitsingle-recere
antennasystem. As mentionedin Subsectiord.1, we startfrom a V-BLAST structure,so
M = 4. It is obsenedthatthe new codesignificantlyoutperformsv-BLAST andits gainover
V-BLAST continuedo grow asthe CSNRincreasesWe believe thatthis behavior is dueto the
larger diversity orderof LD codesover V-BLAST, asthe LD codessendeachsignalover all
transmitantennasvhile in V-BLAST eachsignalis sentoncefrom only onetransmitantenna,
soit experience®nly onefadingcoeficient.

We first usedBPSK modulationwith uniforminput. The new code,denotecby LDC1 and
designedor CSNR= 5 dB, is specifiedby

0.74342773 —0.08692446 —0.36902827 0.54303939
Al = 3 A2 = )

0.40936511 0.50797666 0.75611440 —0.00025825
A — 0.30229420 0.83952155 A, = —0.47303478 —0.03771225
37| —0.45246174 0.09078508 |’ 47| —0.21804135 0.85410106 |’

andB; = 0y,5,7 = 1, ..., 4 (because¢he signalsarereal). At FER=2 x 1073, the CSNRgain
in usingthe LDC1 codeis 9.3dB over V-BLAST and3 dB overthe LD codeof [5, eq. (31)].
Thisgainis 7.1dB atBER = 10~2 over V-BLAST and6 dB overthe LD codeof [5, eq. (31)].
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Figure 1: ComparisonramongV-BLAST, the LD codeof [5, eq. (31)], andthe new code;
K = 2,L = 1. Left: BPSK modulationand ML decodingwith p, = 0.5, Right: Q-PSK
modulationandMAP decodingwith p, = 0.9.

A non-uniformsourceis consideredn Figure 1 (right) with Q-PSK modulationandthe
new LDC4 code,whichis designedor CSNR=5 dB, is foundas

0.53118783

0.68193007  0.59598146 0.30826739

—0.61393180 A, _ [ 082682148
’ 2= —0.79915328

A, — [ —0.20327547 ] |

0.78416847 0.62394886

A = 0.60912624
371 0.10937077 —0.58952535 ’

0.51194349

A, — | —0:05075264
’ 47| —0.76206220

and

0.19613700  0.49555234

Bi= [ 0.30362879 —0.28257270 0.04153397

B, _ | 0-27837874
’ 271 0.37751169

0.52828956 ]

B.— 0.39168615 0.03146527 B, — 0.67666998  0.13030253
37| 0.49255746 —0.57514978 |’ + 7| —0.16359026 —0.54365423 |

At FER=4 x 1073, theCSNRgainfor LDC4 is 8 dB overV-BLAST and3.1dB overthecode
of [5, eq. (31)]. At BER=10"3, the CSNRgainis 6.2dB over V-BLAST and3.1dB overthe
codeof [5, eq. (31)], respectrely. Similargainsareobsenedfor othersourcedistributionsand
numbersof transmitor receve antennas.

5.2 Tréelis-Coded M odulation with M aximal-Receive Combining

The systemconsiderecherehasonetransmitandtwo receve antennas.The framelengthis
120 bits andthe testis repeated200000times. A frameerroris countedwhenthe decoded
andtransmittedsymbolstreamado not exactly match(i.e., evenif onesymbolis different).As
outlinedin Section4.2, we optimizetwo TCM systemausingMRC via minimizing the union
upperboundexpressionon the FER which is in termsof the PEPformulain (16). Thefirst
systemis optimizedin termsof the convolutional encoderstructurefor a fixed bit-to-signal
mapping;while the secondsystemis optimizedwith respecto the bit-to-signalmappingfor a
fixed corvolutionalencodesstructure.

We first considerrate2/3 8-state8-PSKtrellis codes. Figure 2 shawvs thatwhile thereis
a4 dB gainin CSNRatBER = 10~2 in MAP decodingover ML decodingthe error ratesof
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andnaturalbinary codemapping.Theinputis ani.i.d. bit-streamwith p, = 0.9. Theencoder
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Figure3: Comparisorbetweenthe M1 and Gray mappingsfor the rate3/4 8-statel6-QAM
TCM-codewith L = 2 receve antennasTheinputis ani.i.d. bit-streamwith p, = 0.9.

thetrellis codewith the optimized(15, 2, 4) encodelarenot significantlylessthanthe original
(11,2, 4) system(from [6, Pagel74]).

Figure3 demonstratethe performancef arate3/4 8-statel6-QAM trellis codedsystem.
We optimizethe bit-to-signalmappingusingthe symbolPEPformulain [2] andtheguidelines
of [9], whichresultin theM1 mappingof [9, Figure8]. We compargheM1 andGray mapped
systemdfor the sameencoderstructurespecifiedby (hg, h1, h2) = (11,2,4). It is obsened
that, sincethe M1 mappingis moreenegy-eficient, it achieresa 1 dB CSNRgainover Gray
mappingwith MAP decodingat FER = 103, andan additional0.8 dB CSNRgain over ML
decoding;i.e., 1.8 dB gainin CSNRover the corventionalwhich useGray mappingandML
decoding.

6 Conclusion

In this paper we addressethe maximuma posteriori decodingof non-uniformi.i.d. sources
in a multiple-antennaetting. We derived the MAP decodingrule anda closed-formsingle-
letterexpressiorfor thecodevord PEPof generamulti-antennacodes.We alsoexploredsome



applicationsof our two results. We designedspace-timd.D codeswhich wereoptimizedfor
thesourcedistribution. Two typical codesveregivenwhichoutperformed/-BLAST by awide
magin. We alsoaddressetheissueof bit-to-signalmappingin TCM-codedMRC systems.

Extensionf this work may includeoptimizationof bit-to-signalmappingfor space-time
codedchannelswvith non-uniforminput andfinding the codevord PEPfor the casewherethe
sourcehasmemoryin additionto non-uniformdistribution.
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