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Abstract

We consider a public multi-user information embedding ésaiarking) system in which two mes-
sages (watermarks) are independently embedded into twelatmd covertexts and are transmitted
through a multiple-access attack channel. The tradeotfds the achievable embedding rates and
the average distortions for the two embedders is studied.given distortion levels, inner and outer
bounds for the embedding capacity region are obtained mlesiletter form. Tighter bounds are also
given for independent covertexts.

Index Terms: Capacity region, correlated covertexts, multiple acegtsck, multi-user information embed-
ding, inner and outer bounds, public watermarking.

1 Introduction

In the last decade, the single-user (point-to-point) imfation-hiding (information-embedding, watermark-
ing) model has been thoroughly studied from an informati@oretic point of view; see, e.g., [1, 9, 15]
and the references therein. With the rapid development dvand wireless communication networks,
situations arise where privacy protection is no longer atptmi-point problem. Therefore, it is of interest to
study information-hiding problems in multi-user settings

In this paper we consider the scenario in which two secresages (watermarks) are independently
embedded in two correlated sources (covertexts) and amgdimtly decoded under multiple-access attacks.
This scenario is motivated by, for example, the practiclasion where audio and video frames are wa-
termarked separately, but they are transmitted in a singkream and decoded by one multimedia player
(see [10, 12, 8]). The model is depicted in Fig. 1 and it assuthat two users separately embed their
watermarkslV; and W5 into two correlated discrete memoryless sources (DM8skndUs. Each user
can only access one of the two covertexts. The watermarkedages (stegotextsj;* and X3 are then

*This research was supported in part by the Natural Scienm$Eagineering Research Council of Canada (NSERC). The
material in this correspondence was presented in part dEfEE International Symposium on Information Theory, Tamrduly
2008.
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sent through a multiple-access attack channel (MAAC) toader which attempts to reconstruct the wa-

termarks. For this two-user information embedding systesrare interested in determining the embedding

capacity region; i.e., the two-dimensional set of all achlde embedding rate pairs under constraints on the
embedding distortions.

Wi
Ui Encoderf{™ Xi Destination
1 MAAC » Joint T
Y Decoder | (V1. W2)
Wy |x,x, )
Uz Encoderf{™ X3 Destination
Wa

Figure 1: A multi-user information embedding system witlo tambedders.

Our main result (Theorem 1) is an inner bound for the embegddapacity region. The proof is based
on the approach of Gelfand and Pinsker [5] and a strong thfyicading/decoding argument. The encoders
first map the watermarkd’; and W, and the correlated covertext§' and U3 to auxiliary codewords 7"
and 73, and then generate two stegoteX$ and X7 which are jointly typical with(U}*, U3, T, T3").

The decoder recovers the watermarks by examining the jgiitality of the received sequeng&® and all
auxiliary codeword pair§17*, 75").

One major technical difficulty is the problem of how to sepelsaconstruct the typical sequence en-
coders. In order to guarantee that the codewords togetliertind covertexts are jointly typical with a high
probability, we adopt a “Markov” encoding scheme from [Mhich was originally proposed for Gaussian
multi-terminal source coding (see also [13] and [6]). Therlkw& encoders can be briefly described as fol-
lows. One of the encoders (embedders), say Encoder 1, finssfan estimate of the source sequence of the
other encoder, and then generdlgswhich is jointly typical with the observed source sequeti¢eand the
estimated source sequence. The other encoder, Encodest &riins an estimate of the source sequence as
well as the auxiliary codeword of Encoder 1, and then geasiit which is jointly typical with the source
sequencé/y and all the other sequences estimated. For the resultirgrsghan extended Markov lemma
(Lemma 3) ensures that the auxiliary codewdfifsand7?’, although generated by separate encoders, are
jointly typical with the source sequences with a high pralitsth

We also derive an outer bound for the embedding capacitpmegith single-letter characterization
(Theorem 2), using Fano’s inequality and a standard infaomdaheoretical bounding argument. We spe-
cialize the embedding capacity region to independent ¢extsrand obtain inner and outer bounds for this
case (Theorem 3). The inner bound is a consequence of Thegretile in the converse part we sharpen
the bound of Theorem 2 by making use of the independence taamdi
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We note that the multi-user information embedding probléndisd in this paper is related to the works
[12] and [8]. In [12], the authors present an achievable etding region for correlated Gaussian covertexts
and parallel (independent) additive Gaussian attack alar{as opposed to the MAAC considered here).
In a recent work [8], the authors study the same system asamargive an inner bound for the capacity
region without a proof, stating that this inner bound can &=l proved via the coding procedure in [12].
However, the proof in [12] seems to be incorrect because ntheders cannot guarantee the typicality of
the output sequences with respect to the covertexts seggsie@ar code construction corrects this problem
and in Theorem 1 we show that the main result in [12] (the aethile region) and the inner bound given in
[8] are both correct. We also point out that a similar setupceoning a multi-user reversible information
embedding system was considered in [7] and [8] for two cexéstand a MAAC. Since in the reversible in-
formation embedding problem the secret messages and tbeexts are both reconstructed at the decoder,
Gelfand and Pinsker coding is not required and the codirdesgty is fundamentally different from ours.

The remainder of this paper is organized as follows. We sehepublic multi-user embedding (wa-
termarking) problem, define the embedding capacity regad,present our main results in Section 2. The
proof of the inner bound is given in Section 3, while the probfthe outer bounds are deferred to the
Appendix. We close the paper with concluding remarks iniSeect.

2 Problem Formulation and Main Results

Let|X| denote the size of a finite s&t If X is a random variable (RV) with distributioRy, we denote its-
dimensional product distribution b?)(?). Similar notation applies to joint and conditional distriions. For
RVs X, Y, andZ with joint distribution Pxy 7, we usePx, Pxy, Py x, etc., to denote the corresponding
marginal and conditional probabilities induced Byy . The expectation of the RX is denoted by (X).
All alphabets are finite, and all logarithms and exponentk in base 2.

Let U; and U, be two discrete memoryless host sources with alphatdetand U4, and joint dis-
tribution Qu,,. The watermarkdV; and W, are independently and uniformly chosen from the sets
Wy £ {1,2,...,M;} andW, = {1,2, ..., My}, respectively. The attack channel is modeled as a two-sende
one-receiver discrete memoryless MAAGy | x, x, having input alphabet&’; and X5, output alphabed’,
and transition probability distributiol’y| x, x, (y|x1, x2). The probability of receiving € )™ conditioned
on sending; € AT andx, € X3 is hence given bWé%lXQ (Y[X1, X2).

Letd; : U; x X; — [0,00) be single-letter distortion measures and defifté” = max d;(u;, x;) for
i=1,2. Foru; € Y andx; € X", letd;(u;,X;) = Z;‘:l d;i(uij, xij). o

A two-sender one-receiver multiple-access embedding (Mmﬁe(fl"), f2n),1/1(”)) with block length
n consists of (see Fig. 1) two encoders (embedders)

MWy xup — a0 and £ Wy x Uy — A
with embedding rate®, = 1 log, M; andRy, = X log, M>, respectively, and a decoder
Q/J(n) Y — Wy x Wh.

The system depicts a “public” embedding scenario since dlertexts are not available at the decoder.



The probability of erroneously decoding the secret messaggiven by

pm A PF(T/J(")(Yn) # (Wh, Wa))
My Mo

= gy 2o O 2o Q) g (v o) £ ()l

wi1=1wa=1 U] xXUF
wherex; £ fi(")(wz', u;) fori = 1,2.

Definition 1 GivenQu,v,, Wy x, x,, a rate pai( Ry, R) is said to be achievable with respect to distortion

levels (D1, Ds) if there exists a sequence of MAE codg&™, £{™,+/(™) at embedding rates no smaller
thanR; and R,, respectively, such théitm,, .. Pe(") =0and

hmsup E [di(Ui",fi(")(Wi, U,"))} <D;, i=12.

n—oo

The embedding capacity regid(D;, D,) is the closure of the set of all achievable rate pélts, R5).
Remark 1 It can be shown by using a time-sharing argument [4] @D, D-) is convex.

Definition 2 GivenQu,v,, Wy |x, x,, and a pair of distortion leveldD;, D), letSp, p, be the set of RVs
(Uy,T1,U2, T, X1, X5,Y) € Uy x T1 XU x T3 x X x Xy x ) for some finite alphabet®; and7; such that

the joint distributionPU1T1 UsTo X1 X2Y satisfies: (1)PU1T1 UsTh X1 XY = QU1 Us PT1X1 |1 PT2X2‘U2 WY|X1X27

Definition 3 GivenQu,v,, Wy x, x,, and a pair of distortion leveld1, D2), let Pp, p, be the set of RVs
(U1, T1,Us, T, X1, X2,Y) € Uy X T3 XUz x To x X X Xy x Y for some finite alphabet®;, and7; such that

the joint distributionPUlTl UsTo X1 X2Y satisfies: (1)PU1T1 UsTo X1 X2Y = QU1 Us PT1T2X1X2 |U1Us WY|X1X27
and (Z)E[dz(UZ,XZ)] < D;, fori= 1,2.

Note that the only difference between the two regions isithtite definition ofSp, p,, the conditional
distribution of (71, Ty, X1, X2) given (Uy, Us) is restricted to be in the forn®r, x|, Pr, x,ju,- This of
course impliesSp, . p, € Pp, ,p,-

The following are the main results of the paper.

Theorem 1 (Inner bound) Let R;,, (D1, D2) be the closure of the convex hull of &R;, R,) satisfying

R < I(Ty;12,Y) - I(Uy; Th), (1)
Ry < I(T3;1h,Y) — I(U; Tn), (2)
Ri+ Ry < I(Th,12;Y) — I(U,Ug; 11, T), 3)

for some(Ul, T,Us,Ts, X1, Xo, Y) S SD1,D2- Thean(Dl, Dg) - R(Dl, Dg).
The proof of the theorem is given in Section 3.

Remark 2 As we show in Appendix C, the cardinality of the alphabetshefauxiliary RVsI} andT5; for
Rin(Dla DQ) can be bounded agl| < |Z/{1||U2||XZ| +1,:=1,2



Remark 3 Although we only deal with discrete (finite-alphabet) s@sr@and channels, it is not hard to
see that, with the appropriate changes in the proof, theeagble region is also valid for a system that
incorporates a pair of correlated memoryless Gaussiartaes@and a Gaussian MAAC. In particular, when
the MAAC is a pair of parallel (independent) additive GaassthannelsR;, (D1, Ds) is the achievable
region obtained in [12], even though the proof provided i2] [ not entirely correct. Note also that our
inner boundR;,, (D1, D) is the same as the one given without proof in [8, Proposition 1

Theorem 2 (Outer bound) LetR,..(D1, D3) be the closure of the collection of all rate paif?;, R) sat-
isfying conditions (1)—(3) for som@/;, T, Ua, T, X1, X2,Y) € Pp,.p,.- ThenR(D1, D3) C Rout(D1 +
9, Dy + 6) for all § > 0.

The proof of the theorem is given in Appendix A. The proof iwes Fano’s inequality and a (by
now) rather standard information-theoretic argument geatteralizes the converse proof for a single-user
embedding system in [15].

Remark 4 The above theorem states tia{D1, D2) C (- Rouwt (D1 + 6, D2 + §). If we could upper
bound the cardinality of the alphabet sizes of the auxilR¥s 17 and% in the definition ofR .. (D1, D3),

it would be easy to show thdf)s. o Rout(D1 + 0, D2 + 6) = Rout(D1,D2), so thatR (D1, D2) C
Rout (D1, D2). However, without such an upper bound, we can only statehg@ém in the present weaker
form. The same remark applies to the outer bound in the nerrém.

We next consider the special case when the covertexts apendent; i.eQy, v, = Qu,Qu,. We then
have the following inner and outer bounds.

Theorem 3 Let Qu,v, = Qu,Qu,.- Let R}, (D1, D;) be the closure of the convex hull of dlR;, R»)
satisfying

Rl < [(Tl;Y’Tg) —[(Ul;Tl) (4)
Ry < I(TQ,Y|T1) —I(UQ;TQ) (5)
Ri+ Ry < [(Tl,TQ;Y)—I(Ul;Tl)—I(UQ;Tg) (6)

for some(Uy, T4, Uz, T, X1, X2,Y) € Sp,.p,, and letR}, (D1, Dy) be the closure of alR;, R») satis-

out

fying (4)—(6) for somgU,,T1,Us, T2, X1, X2,Y) € Pp, p,. Then
Ri(D1,D3) € R(D1,D2) € Ry (D1 + 6, D2 + 0)
forall 6 > 0.

The proof is given in Appendix B.

Remark 5 The cardinality of the alphabets of the auxiliary R¥sandT; for R}, (D, D2) can be bounded
as|7;| < |U;]|X;] + 1,1 = 1,2; see Appendix C.

Remark 6 Inthe simple case of independent covertéxtsy, = Qu, Qu, and parallel MAACWy | x, x, =
Wyi1x, Wy x, (Where) = Vs x )%), the inner and outer bounds of Theorem 3 coincide and retduite
capacity formula of two parallel single-user watermarkaygtems [9], [15].
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Example Let the covertexts be independent binary sources #ith= Uy = {0,1} andQy, (U1 = 0) =
0.05 and Qu, (U, = 0) = 0.1. Let the MAAC be a binary additive channel witkj = X, = ) =

Z = {0,1} andY = X; & Xy, ® Z, whereZ is independent of X, X3) with Pr(Z = 1) = 0.02
and @ denotes modulo 2 addition. L&)y = 0.45 and D, = 0.4. Fig. 2 illustrates the numerically
computed inner and outer regions of Theorems 1 and 2 (whictcide with the regions of Theorem 3
sinceU; andU; are independent). To compute},(0.45,0.4), we only need to consider auxiliary RVs
with alphabet§7;| = |73| = 5. For comparison, we also plot two subsets of the redign, (0.45,0.4)

by setting|71| = |72| = 6 and|71| = |72| = 7, respectively (recall that Theorem 3 does not give an
upper bound on the alphabet sizesTorandT; for the outer bound). It is seen that there exist noticeable
gaps betweerR? (0.45,0.4) and the numerically obtained subsetsRj,,(0.45,0.4). When computing
the above regions, we quantized the unit interval using prstee of resolution 0.1 to calculate the joint
distributions. We can conclude that the obtained inner artdrdounds do not coincide, and furthermore,
that in case there exists a finite upper bound on the auxiRdfyalphabet sizes for the outer region, this
upper bound must be at ledsfor the binary problem.

0.09 T T T
—s— Inner bound R(0.45,0.4)

© - Subset of R (0.45,0.4),[T|=IT,I=6 ||

out’

0.08

—— Subset of R (0.45,0.4),[T|=IT =7

out’

0.07
0.06

0.05
0.04
0.03

R (0.45,0.5)

0.011

i ! 1 I
0.05 0.06 0.07 0.08

L L L L
0 0.01 0.02 0.03 0.04

R,

Figure 2: The inner boun®}, (0.45,0.4) for the Example and two subsets®f;,,(0.45,0.4) obtained by

setting|7;| = |72| = 6 and|7;| = |72| = 7. The obtained regions lie between the corresponding solid o
dashed lines and the horizontal and vertical axes.

3 Proof of Theorem 1

We first recall some notation and facts regarding stroreflypicality. LetV £ (X1, Xo,..., X,,) be a
superletter (a collection of RVs) taking values in a finite Be= X; x X, x --- x X, and having joint
distribution Py (z1, ..,z ), which for simplicity we also denote bi (v). Denote byr™ (V) or 7™

the set of all strongly-typical sequences [4, p. 326] with respect to the jointritigtion Py (v). Let



Iy £ {1,2,..m}, andIg C Iy. We then letG = (Xgl,XgQ,...,XguG‘) € G be a “sub-superletter”
corresponding tds such thatg; € Ig. Let G, K, and L be sub-superletters df such that/q, Ik,
I, are disjoint, and let’;, Px and Pgx be the marginal and conditional distributions inducedy,
respectively. Denote by.™ (G) the projection off™ (V) to the coordinates ofi. Given anyk € K",
denoteT ™V (G|k) 2 {(G”,k) e (G, K)}. Clearly TV (G|k) = 0 if k ¢ T\ (K). The following
lemma (see, e.qg., [4, pp. 342-343]) restates the well knoyporeential bounds for the cardinality of
strongly typical sets. In the lemmg= 7(¢, n) is a generic positive term such thati. o lim,,_,, n(e,n) =

0.

Lemma 1 [4]

1) Foranyd < ¢y < 1 we havePéT}{(Te(”)(G|k)|k) > 1 — ¢ for n sufficiently large.

2) gn(H(E)-n) <

Te(”)(K)‘ < on(H(K)+n)

3) Foranyk e 7;(")(}(), on(H(GIK)=n) < ‘Z(")(G\k)‘ < on(H(GIK)+n),
Finally, we recall the Markov lemma for joint strometypicality.

Lemma 2 (Markov lemma [4, p. 579]) Le&¢ — K — L form a Markov chain in this order. For any
0 < e < 1and(g,k) € TV"(G, K),

P ((g, k, L") € T"(G, K, L)‘ k) >1-¢

for n sufficiently large, independently 6§, k).

3.1 Outline of Proof
It is enough to show that for giveQu,v,, Wy/|x, x,, and any(Ry, Rp) € Rin(D1, Ds), there exists a
sequence of code{s"l”), f2(n), (™) such thatP™ — 0 asn — oo and for any > 0,

1 n .
SE[(U7 S (Wi, UP)) < D46, i = 1,2

)

for n sufficiently large. Once this is proved, a standard subsemdiagonalization argument can be used
to prove a similar statement with= 0, which then directly implies the theorem.

FiX (Pry v, Px, iy Projvs s Pxs|vet,) SUCh thatl (U;; T;) > 0 and the following are satisfied for some
€ >0,

Ry < I(Ty;T5,Y) — I(Uy; Ty) — €, (7)
Ry < I(Ty;Th,Y) — I(Ug; T3) — €, (8)
Ri+ Ry < I(Th,T9;Y) — I(Uy,Ux; Ty, Ty) — €, 9)
E[d;(U;, Xi)] < Dy, i =1,2. (10)

We will choosefln) andfz(") in a random manner. Fer< define

0

pm 2 Pr(%di(Ui", FP Wi, UM) > Dy + ed;mx>, i=1,2.
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The technically challenging part of the proof is to show tfatany 0 < €; < ———om—mms, the

6 max{d*** ,dg**}?

probabilitiesPe(”), Pl("), ansz("), when averaged over the random choicgfﬁﬁ) and f2”), satisfy
EPM <, EPM<a, ERY<a

for n sufficiently large. TheriE{Pe(") + Pl(") + PQ(")} < 3e1, which guarantees that there exists at least one
pair of codesfln), f2(")) such thatPe(”)+P1(”)+P2(") < 3¢; and hence?™ < 3¢, Pl(") < 3¢y, Pz(") < 3¢
are simultaneously satisfied farsufficiently large. Finally, it can be easily shown tﬂa(l”) < 3¢; implies
for n sufficiently large that
Yol £y un , maz | p(n) gmax ,
- [ (U, £ (W, UL )] < D; + ed™ + pMgmar < D, 14,

)

3.2 Random Code Design

In what follows, the strongly-typical set’];(") is defined under the joint distribution

Puuynimaxi xov = Quyvs Pry oy Py i 1y Pro v P | 021 Wy 1 X, X (11)

and all the marginal and conditional distributions, e, 7,, PUl‘U2T2, etc, are induced by the joint distri-
bution. The parameter, which is chosen to be sufficiently small, will be specifiedtig proof.

Generation of codebooks. Fori = 1,2 and everyw; € W;, generate a codebook

Cwi = {tz(wh 1)7t2(w27 2)7 7tz(wzv LZ)}

with L; = 2nl(UsTi)+4d codewords such that eathfw;, I;) is independently selected with uniform distri-
bution from the typical seT.™ (T;). Denote the entire codebook for Encodéry C() = {C,,. ol where
we recall thatM; = 2. For eachu; and codeword;(w;, ;) (1 < w; < M;, 1 < I; < L;), generate a

codewordx; according toP)(:fU_T_ (X;|u;, t;). Denote the codebook of all the codeworddy B().

Encoder ™ Encoderf(" is the concatenation of a pre-encoddf’ : Wy x U — 77 and a
mappinggYL) SUP X T — AT
To definapgn), we need the following notation adopted from [11]. We introd a conditional probability

A(")(ul,tl) = P((JZ%“2|U1T1 ((Ug,tg) : (Ug,tg) S Z(")(U2T2|u1,t1)‘ Ul,tl) .

Forp € (0,1), let
]:;SZ)(ULTO = {(Ul,h) c AW (ug,ty) > 1 - ,u} :

By definition, we haver(” (U, T1) € 7™ (U1, Ty).

We now describe the pre-encoding functi@ﬁ”) = gp&") (w1, uy) which maps every paifw,,u;) to a
codeword inc®) C 7". Givenw; € {1,2,..., M; } anduy, cp&") seeks the first codewotd (w1, I1) (if any)
in Cy,, such tha(uy,ty (wy,11)) € ]—“,S@(Ul, Ty). If there is no such codeworqb,&") outputst; (wy, 1). Next,
for each output; (w1, ;) anduy, gln sends out the associated codewrytw;, u;) to the channel. Thus,

f1(n)(w1,U1) = QYL) (Ubsﬁgn)(whul))-



Encoder fz("): Encodeer(") is the concatenation of a pre—encod@é”) : We x Uy — 13" and a
mappinggé") SUR X T — AR

To definep!”, let

My
n 1 n n n
B{)(Uz,ts) = T > P[(Jl‘)UzTQ <U1 : (ur, @8 (wr, ) € T )(U1T1|U2,t2)‘ Uz,tz) :
wi=1

Also, forv € (0,1), define

FO Uy, Ty) & {(uz,tg) L BU (U, 1) > 1 — V}.

P1,V,€

By definition, it is seen that', (Us, Tz) € 7™ (U, Ty).

We now describe the pre-encoding functipﬁl) = (,pg”) (w2, Uuz) which maps every paifws, us) to a

codeword inC® C 7. Givenws € {1,2, ..., My} anduy, o™ seeks the first codewotd(ws, I») (if any)
in Cy, such that(ug, ta(we,l2)) € fé’f?y,e(Ug,Tg). If there is no such codewor«hé”) outputsta(ws, 1).
Next, for each outputy (w2, l2), gé") sends out the associated codewrshws, us) to the channel. Thus,

fz(n)(wm Uz) = gén) (Uzﬂogl) (wa, Uz))-

Decoder (™ Giveny, (™) seeks; (@1, 1) € CY andty(i@s, I2) € €@ such that
(t1(@1, 1), ta (@, 1), y) € TV (11, T, Y).

If such a pair(tl(zﬁl,lAl), to(ws, 2\2)) exists for a uniquei; , @), theny(™ outputsiv; and@, as the decoded
messages. If there is no such péif;, ws), or it is not unique, a decoding error is declared. Letting
ti(ws,l;) = gp(n) (w;, u;), it is easy to see that if there is a decoding error, then at larze of the following

)

events occurs:
1) Bt (ty(wn, 1), ta(wa, o), y) ¢ T (11, 0, Y),
2) Ey: there exist] andw] # w; andl, (I, may or may not be equal fg) such that

(tl(wllv lll)th(w% lé)vy) € z(n)(leT% Y)7

3) Ejs: there exist), andw), # we andl} (I{ may or may not be equal {9) such that
(ty(wr, 1), ta(wh, 15),y) € TNy, Ty, ),
or
4) Ey: there exist] andw) # w; andl), andw, # w, such that

(tl(wllv l/1)7t2(w/27 lé)vy) € Z(n)(ThT% Y)

In the following, we will bound the probabilitieEe("), Pln) andPQ(") averaged over the random choice
of all codesB"), B, (M), andC(®. To simplify the notation we abbrevialy ) g o) ce [ - ] asEal - ].
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3.3 BoundingEq[P"]

To analyze the average probability of error, we need theviellg lemmas.

Lemma 3 For anyw; € W, wy € W, and anye, € € (0,1), one can choosg, v € (0,1) small enough
such that

Ecoy ce [P[(J%Q ((wgn)(wlaU1),U1,U2780§n)(w2,uz)) € Z(")(T17U17U27T2))] 21—
for n sufficiently large, where the expectation is taken with eespo the random code¥") andC®.

The proof of Lemma 3 is very similar to the proof of the extashidéarkov lemma in [11, Lemma 3] for
correlated Gaussian sources and is hence omitted; readgralso refer to [14, Section 5.4.5].

Since the watermarks are independently and uniformlyibdiged, and by the symmetry of the code
construction, we can assume without the loss of gener&léydome fixedv; € W, andw, € W, are the
transmitted watermarks. Thus we bound the probability afreas

P = Pr({o () # (w1, w0)} )
Pr(dr) + Pr ({s™(y™) # (wr,w) }| 45) (12)

IA

whereA; is the event
Ay : (ty(wy, 1), Ug, Us, to(wa, 1), X1, X2) ¢ T (T, Uy, Us, T, X1, Xa).

Recall thatt; (w;, ;) = ¢§") (ws,u;), i = 1,2. We also lett;(w;, I}) andt;(w, ;) be thel/-th codeword in

the codeboolk’,,,, andeg, respectively.
We then introduce the event

Ag : (ti(wr, 1), Ur, Us, ta(wa, 1)) ¢ T (T, Ur, Ua, ).

Taking expectation in (12) and using the union bound, we have

4
Eq[P™] < EqPr(Ag) + Eq Pr (A1]A§) + Eq Pr (E1|A§) + > Eq Pr (Eg|AS) . (13)
k=2

It immediately follows from Lemma 3 that
Eq Pr (AO) = EC(U,C@) Pr (AO) < € (14)

for n sufficiently large, where we sef = ¢; /7 for a givene; > 0 throughout the proof. WhedA§ holds,

sincex; and X, are respectively drawn according to the conditional prdiizis P)(g)‘UlTl(.wl,tl) and

P um, (s, t2), andy is drawn according to the conditional distributiofy’}).

from two successive applications of Lemma 2 that

(-|X1,x3), it follows

Eq Pr (Al‘ Ag) < Eq [60] =€ (15)

11



and
Eq, Pr (E:| AS)

< EaPr({ (¢ (wn,U), U1, U3, 68 (w2, UF), 17 (1, U), 157w, UF), V") ¢ T} 45)
< Eqleo] = €0 (16)

for n sufficiently large. It remains to bourifl, Pr { Ej| A} for £ = 2,3,4. Using the union bound we
write

Eq Pr ( Ey| A9)
Ly
< 3> P (@, n), Y T s, 1) € TN, Ty, Y) } A5, (17)
wiFwy 1) =1
whereT]*(w},1}) is a RV uniformly drawn fronz™ (T1) which is independent of% (ws, 15),Y™) since
w) # wy. Thus we have

Pr ({71, 1), Y™, T3 (s, 1) € T(T1, o, V) }| 4F)
= Z Z Pr (Tzn(’UJQ,lé) =15, Y" = y‘ Ai)

(ta.y) €T (T0,Y) 1 7™ (T |ta.y)
Pr (T7(w},1]) = t1| T3 (w2, 1) = t2, Y™ =y, Af)
= > S Pr(T(wa, lh) = ta, Y™ = y| Af) Pi(T] (w), 1}) = ta)
()T (T2,Y) 1 €T (T [t2y)

T (Ty s,
- > Pr (T3 (wa,lz) = ta, Y™ = y| Af) [Z (Tt y)l

(n)
(t2 )T (1Y) 177 (Th))|
onlH (T4 [T2,Y ) 7] ) ) C
(t2.y)eT ™ (T2,Y)
< 2—”[1(T1;T2,Y)—277]’ (18)

where the first inequality follows from Lemma 1. Recallingtth — 0 asn — oo ande — 0, we can make

sure thaRn < € — 4e by choosings small enough and large enough. Thus from (17)
EQ Pr (E2| Ai) 2n[R1+I(U1;T1)+4e—I(T1;TQ,Y)+277]

2n[R1 +I(U1 ;Tl)—I(Tl 1o ,Y)—‘re,]

ININ TN

€0 (19)

for e sufficiently small and: sufficiently large, where (19) follows from the assumpti@. (Similarly we
have
EQ Pr (E3| Ai) S €0 (20)

for e small enough and sufficiently large. We next bound

Eq Pr ( E4| AT)

< 33 S S e ({@wh ), T (wh ), Y € TOV (T, Ty, Y) A5

wiFwy =1 wh#ws lh=1

12



whereT7"(w},1}) andTy(wh, 15) are RVs independently drawn fro; ™ (Ty) and 7" (T3) according to
the uniform distribution, respectively. We have

Pr ({(T (wh, 1), T3 (wh, 1), Y™) € TV (T4, T3, V) } | 45)

= ¥ S Pr(y" =yl4)
yeT " (Y) (t1,t2) €T ™ (T, Taly)
Pr(T7"(wh, 1}) = to, T3 (wh, 1) = to| AS, Y™ = y)
1 1
= > > Pr(Y" =y|Af)
(n) (n)
yerz-e(")(y) (tl,tz)E'fe(n)(Tl,TﬂY) |7—6 (T1)| |7—6 (T2)|
onlH(T1,T2|Y)+1]

< Z Pl“( = y|AC) n[H (T1)—n]9on[H (T2)—n]
yeT™ (v)
< 9 nll(T1 1Y)+ I(T3;T2) ~3n)

and hence

Eq Pr (Ey| A7)
on[Ri+Re+1(Us;T1)+1(Uz;T2) =1 (T, T2;Y ) = 1(T1;T2)+8¢+3n]

gn[Ri+1(U,U2;T1,To)—I(T1,T2;Y ) +€]

IANIAIA

€0 (21)

for n sufficiently large and small enough (such that + 37 < €¢'), where the second inequality holds by the
Markov chain relatioriy — U; — Us — T5 imposed in Definition 2, and the last inequality follows from
the assumption (9). Finally, substituting (14)—(16), (12P) and (21) into (13) yield&q [Pe(”)] < Teg = €1

for e sufficiently small anch sufficiently large.

3.4 BoundingEq[P")]

We only boundEq, [Pi(")] fori = 1, since the case= 2 can be dealt with similarly. Whefuy, X; (wq,u;)) €
ﬂ(n)(UlyXl)! 1
Edl (Ul, Xl(wl, Ul)) < E[dl(Ul, Xl)] + Gd?wx <D+ 6d71nax

for n sufficiently large, where the first inequality follows frornet definition of strong typicality and the
second inequality follows from (10). This means tha%ifl(U{“, fl(")(Wl, U1”)) > Dy + ed***, then we
must have(U7', £, up)) ¢ 7"(U,, X,) for n sufficiently large. Thus, we can bound
1 n n) n max

Pr(;dl(Ul MW, UP)) > Dy edy )

< Pr((Up A0, UD) ¢ 7O, X))

pr (U7 0 W, U £ (07, U7) € T (01 T X))

Pr ((Ul Lo (W, U) ¢ 7(")(U17T1))
+ Pr (U, e W1, UD), 17 (0, U7)) ¢ T (U, T, X) | (U7, 91 (W, U7)) € (01, 7))

IA

IN
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< Pr ((soi”)(Wl, ur),uy, Uy, soé")(W2, U3)) ¢ 7(T, Uy, U2,T2))

+ Pr (U7, o, UD), A7 W, U7)) & T (01, T4, X0) | (U7 ) (W1, U7) € T(0, ) )
(22)

Now taking expectation on both sides, the first term of (22)dended by by Lemma 3, and the sec-
ond term is bounded b¥- for sufficiently largen by Lemma 1. This completes the proof of the bound

Eq[P™] < ¢ for n sufficiently large. O

4 Concluding Remarks

We have studied a multi-user information embedding systemsisting of two information embedders and
one joint decoder connected via a multiple-access attaakred. We have obtained an inner bound for
the capacity region in a computable single-letter form. \ge aerived an outer bound for the capacity
region, but in this case the auxiliary random variables lve@ in the region’s characterization have no
upper bounds on their alphabet’s cardinality. Consequethittre may not exist an algorithm to compute
the outer bound with arbitrary precision. We have also e the special case when the covertexts are
independent of each other and inner and outer bounds forabecity region of this simplified system are
provided. Finally, we remark that using a similar technigueer and outer bounds are derived in [14,
Chapter 5] for the capacity region of private multi-user ediding systems with quantization.

Appendix

A Proof of Theorem 2

The proof is a generalization of the proof of the conversd §j for a single-user embedding system.

We need to show that any MAE codg¢™, £\, (™) with achievable rate paiiR;, R,) must satisfy
(1)—(3) for some auxiliary RV§} andT5 with joint distribution Py, 7,775 x, x.v € Pp,,p,- It follows
from Fano’s inequality that

H(Wy, Wa|Y™) < n(Ry + Ro)P™ + H(P™) £ ne,.
Itis clear that,, — 0 if P — 0 and

H(Wl‘Y") < H(Wl,ngY")gnen,
H(W2|Yn) S H(Wl,W2|Yn)§TL€n.

Becausél; is uniformly drawn from the message @t 2, ..., 2"} and is independent @f!*, we have

an = H(Wl) = [(Wl;Yn) + H(leyn) § [(Wl;Yn) — [(Wl; Uln) —l—nen.
N——

=0
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Hence we can write
I(Wy;Y™) — I(Wy; UY)

@ - _ n
= > [I(Wl;Yk\Ylk ) = I(Wy; Ulk‘Ul,k+1)}
k=1

= ) [H(Yk|Y1k_1) — H(Y[ W, YL U p) = (Vs U W, Y
k=1
—H(Urk|U 1) + H (U W1, Uiy 41)]

23T [HOYEY) = HOGWLYE U) = 100 Y W, U )

B
Il
—

—H(U1|UT)11) + HUw| W1, Ul 11)]

3

= [H(Yk\Ylk_l) — H(Y W1, Y= U 40)

k=1
—H(Uyg) + H(Uyg|[Wh, YF1, Uln,k-i—l)]
< H(Y3) = H(Yi[ W, U0, Y1) = (U W, Y Uln,k+1)}
k=1~
N v 0o ykel . k=1 g
= Z I(Yi; Wi, U1, Y1) = I(Ung; W1, Yy >U1,k+1)]
k=1~
(d It
< Z _[(W2a Uzn,k+17Y1k_17Yk3 W, Uln,k—l—hyl _1) - I(U1k3 Whylk_la Uln,k—l—l)]

=

S

[y

ol
—_

where in (@)Y}™! £ (v,Ys, ..., Y, 1) and Utirr = Uiks1, Urgsa, - Ury), (b) follows from the
“summation by parts” identity [3, Lemma 7], (c) holds sinbe sourcd/; is memoryless, in (dwzn,k-i—l =
(Uapr1, Us s oo Uzn), @nd in (€)Lyy, & (W1, Y1 Uy ) and Loy, & (W, Y{*™', US, ). Hence
we obtain the bound
1 n
Ry < = [I(Lug; Lok, Vi) = I(Uk; Lug)] + €n (23)
k=1

Similarly, we can show that
1 n
Ry < —~ > 1 (Lok; Lk, Yie) = I(Usis Lag)] + - (24)
k=1

To bound the sum of the rates, we write

n(R+ Re) = HWy,Wa) = 1(Wy,Wa; Y") + H(Wq, Wa|Y™)
I(Wl,WQ;Yn) —I(Wl,WQ;Uln,UQH) +ney (25)

=0

IN
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and
I(Wl, Wg;Y”) — I(Wl, Wg; Uln, U2n)

= Z {I(Wl, Wo; Vi | Y1) — T(W, W Uy, Uak|UT 41, U2n,k+1)}

k=1
n

= > |:H(Yk|Y1k_1) — H(YR[ W1, Uy 1, YF W, U ) — TV Uy, U [Wa, W, Y1)
k=1
—H(Ulk, U2k‘U{';k+17 ng-ﬁ-l) + H(Ulka U2k‘W17 W27 U{fk—i—l? ng—i—l)]

n
= > [H(Yk|Y1k_1) — H(Y W1, Uy, Y Wo,USyy1) — T(Urk, Uaiy Y W, W, Ui, Us g

B
Il
—

—H (Uvk, Us) + H (U, Ua| W1, Wa, Ul 1, U 11)]

3

= > [HOIYETY) — HOGIW, U, Y W, U)

e
Il
—

—H (Ui, Uzg) + H(Urg, Uaie| W1, W, U1, Ug i1 Y1k_1)]

3

< [H(Yk) — H(Yi|W1, Ul sy, Wo, Ug g1, Y1) = I(Usge, Uags L, L2k)}

e
Il
—

I
NE

[I(YM Wi, U1, Wo, Ug oy, Y1) — I(Uy,, Uzk;le,sz)]

Ed

S

[y

= [(I(Yy; L1k, Log) — I(Uik, Usg; L1k, Lok)],

e
Il
—

which implies

1 n
Ri+ Ry < — D Lk, Los i) = I(Urg, Uk Lug, Log)] + €. (26)
k=1
We next introduce a time-sharing RV to simplify the bound3)(Z24), and (26) using a single-letter
characterization. Define a RV with alphabet{1, 2, ...,n} and distributionPy (v) = 1/n. We next intro-
duce RVsl/; andU, such that

Pr(Ui = w1, Uz = ug) = Pr(Uyy, = w1, Ugg, = u2) = Quyu, (w1, u2)

for all (uq,us) € Uy x Uz, which are independent &f. Furthermore, we define new RVs, Lo, X7, Xo,
andY by

PI‘(Ll = ll,LQ = l2,X1 = 33‘1,X2 = QJ‘Q,Y = y|V = k‘)
= Pr(Lix =1, Loy = Iz, X1y = 21, Xop, = 22, Y}, = ¥)

16



for all (ll,lg,xl,xg,y) € L1 x Lo x X; x Xy x Y. It follows that

1 n

- > [(Lyk; Lok, i) — T(Urk; Lug)]
k=1
= I(L1; Lo, Y|V) — I(Uy; L1|V)

H(L1|V) = H(L1|L2, Y, V) = H(Uh|V) + H(U1|L1, V)

INE

H(Ly) — H(L1|Ly,Y, V) — H(Uy) + H(Uy|L1, V)
I(L1; Ly, Y, V) — I(Uy; L1, V)

I( 1,V LQ,Y V) (Ul;Ll,V)

(

I(Ty; T, Y) — I(T1;Uy)

= IA

where (a) holds since conditioning reduces entropy @nds independent o/, and in (b)Ty = (L1,V)
andTy = (Ls, V). This shows that

By < I(T;15,Y) — I(Th; Un) + €. (27)
By a similar argument, we can show
Ry < I(Tp; 11, Y) — I(T5; U2) + € (28)
and
Ri+ Ry < I(T1,T5;Y) — I(Uy,Us; Th, T) + €. (29)

Forsuch RV]Uy, U, T1, T, X1, X5,Y), it can be readily seen that the Markov chain relation, Us, 71, T>) —
(X1, X32) — Y holds. In fact,

Pr(Y = y|Ur = w1, Uz = ug, Ty = t1 = (1, k), Ta = t2 = (I2, k), X1 = 71, X2 = x2)
Pr(Y =ylUs = w1, Us = ug, L1 =11, Lo =19, X1 = 21, X2 = 22,V = k)

= Pr(Yy = y|Uix = u1, Usi, = ug, Lig = l1, Loy, = Iz, X1 = 21, Xo, = 72)

= Pr(Yy = y[ X = 71, Xop = 72)

= Wy x,x,(ylz1, 22).

Next we bound the distortionB[d;(U;, X;)]. Since(Ry, R2) is achievable under the sequence of codes
(£ £im () this implies that for ang > 0 and alln large enough, we have

' (O V.
D;i+6 > nQ”R ZQ <Uz,fi (wzau2)>
w;=1 U"

1

= — Z PI'(UZ'n:ui,X;L:Xi)di(uhXi)
" ursar
1 n

— _Z Z Pr(U" = u;, X' = X;)d; (wgn, T41,)
Ly

= Y PV =k D Pr(Ui = ir, Xir = zit)di (i, i)
= U; X X;

17



= Y P(V=k D Pr(Ui=u,X;=z|V = k)d;(uj, ;)
k=1 Ui X X;

kZIMZ‘XXZ‘

= Z Py, x, (ui, ) di (ug, ;).
Z/{iXXi

Thus we obtained thd[d; (U;, X;)] < D; + ¢ fori = 1,2. Combined with (27)—(29) and recalling that
lim,,_.o €, = 0 and thatR (D, D,) is closed, we conclude th& (D, D) C Rout(D1 + d, Dy + §) as

claimed.

O

B Proof of Theorem 3

The forward part (achievability) is a consequence of Theatesince(U1, 71) and(Us, T») are independent
and henCd(Tl; TQ, Y) = I(Tl; Y|T2), I(TQ; Tl, Y) = I(TQ; Y|T1), andI(Ul, UQ; Tl, TQ) = I(Ul; Tl) +
I(Uy; T5). To prove the converse part, we need to sharpen the bounls last proof. We start from

I(WyY") = I(Wh; U7)

—
S
=

IN

NE

Z 1 (Yi; W, Ul YY) = T(U: W1, Y, Uln,k+1)]

HW1, Ul YY) = HOW, U [V Ye) = T(Ues Wi, Y71 U )

Eod

S

[y

HW1, Uplgesa [Wa, Uz YFEY) — HOW, U1 W, Uy, Y1, V)

e
Il
—

—I(Uyg; Wh, Y1, Ul'kt1)

3

{I(Wh Ut i1s YilWo, Ug o1, Y1) = I(Ugs W, Y Uﬁk+1)}

e
Il
—

[I(Wh Uf o YT 15 Vi W, Ugl gy, Y1) = T(Ungs WA, Y, Uﬁkﬂ)]

ol

S

[y

> [(Lyg; YilLow) — I(Urg; L1
k=1

where (a) follows sincéily, U{fk+1) is now independent dfit’;, Ugfkﬂ), and in the last equality we still
let Ly, & (W, Y1 Ul'pyq) and Ly, £ (Wo, Y1, Us+1)- Thus, using Fano's inequality we have

1 n
Ry < - Z[I(Lm; YilLox) — I(Uik; Lk)] + €n-
k=1

Similarly we can obtain

1 n
R, < = I(Low:Y:|L — I(Usr.: L n-
2_nkZ:1[( ok Yi|L1k) — I(Usg; Loy)] + €

18



To bound the sum of the rates, we have

and

’I’L(Rl + RQ) = H(Wl, Wg) = I(Wl, Wa; Yn) + H(Wl, W2|Yn)
I(Wy, Was Y™ — (W3 UP) — I(Wa UD) + ney (30)

IN

I(Wy, Wo; Y™) — I(Wy; UT') — I(Wo; Uy)

—~
S
N

> [I(Wl;Yk!Ylk_l) A+ I(Wo; YW, Y1) = I(W U U y1) — T(Was Ui | US4y

k=1
n

> |:H(Yk|Y1k_1) — H(Y3 W1, YL U ) = T (Vs U W, Y
k=1
HH (YW, YY) = H(Yi Wi, Wo, Y71 U 1) — T(Yis Uy [W, W, YT

—H (U1 |UT 1) + HUw W1, U y) — H(Uak|Ug' g iq) + H(Uar|Wa, Uy )]
[H(Yk|Y1k_1) — H(Y W1, Y] L U1 ) — T(Uws Y W, Ul geyn)
k=

[y

+H (YW, YF) = H(Y W, Wo, Y Uy ) — T(Uas Y W, W, Uy 1)
—H(Uy) + H(U1g| W1, Ul gy 1) — H(Usk) + H (Ui |[W1, W2, U3y, 1)

n
(HYEY) = HOGWL Y UT)
k=

[y

HH (Y |W, YY) — HY Wy, Wa, YL US L)
—H(Urg) + H(U1| W1, Ufyr, YF) = H(Uai) + H(Ug| W1, W, Uz g, Y1)

[I(YM W, Uty [YETY) + TV W, Ugy [, YT
k=

[y

—T(Us; W, U1, Y1) = T(Uni; Wa, Ug'y 4, Y1k_1)}

3

(W1, UL V1) = HOW3, UL V1)
k=

[y

+H(Wa, U£k+1|W17 Ylk_l) — H(Wy, Ug,k—i—l‘Wlﬂ Ylk_17 )
— I(Ur; W1, U415 YY) = I(Uoi; W, U£k+1>y1k_l)}

n
(W3, U V) = BV, U V1 10
k=

[y

+H(W2> U£k+1|W1, Uﬁkz+1a Ylk_l) - H(W2a U2n,k+1|W1> Uﬁkz-i—l? Ylk_la Yk:)
— (U1 Wi, Ul YY) = 1(U Wa, Uy, V)|

{H(Wh Ul i1 Wo, Uy [YE1) = HW1, Uy, Wa, U [V Y0)
k=

—_

— (U1 Wi, Ul Y1) = 10 Wa, Uy, V)|
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I
NE

|:I(W17 Uln,k-}-la W27 U2n7k+1; kaylk_l) - [(Ulka W17 U1n7k+17 Yl _1) - I(U2k7 W27 U2n,k+17 Ylk_l)

E

S

[y

IN

{H(Yk) — H(Y|Wh, U1, Wa, Us o, V) = T(Uni; Wi, Uy, Y

B
Il
—

—1(Uak; W2, U 41,5 v

I
NE

{I(Wl, Ul Wo, Ug i, YE 1Y) = T(Uws W, Uy, YY) — T(Uni; Wa, Uy 1, Yf*)]

E

S

[y

= [I(L1k, Lok; Yie) — I(Urk; Lig) — I(Uzg; Log)]

B
Il
—

where (a) holds sincel(y, U7, ;) is independent of W, U3, , ;) and Ly, = (Wl,Yl’“‘l, U{fk+1) and
Loy & (Wy,Y}™', U, ;) in the last equality. The above implies

n

1
Ri+ Ry < = " [I(Lk, Low; Yie) = I(Uk; L) — I(Usis Lag)] + €.
k=1
The rest of the proof proceeds the same way as the proof ofr@ime®. O

C Upper Bounds on|7Z;| for R} (D1, Ds) and R;, (D1, Ds)

We only bound the cardinality df; and7; for the regioniR’, (D1, D2). The bounds fof7;| and| 7| for the
regionR;, (D1, D2) can be derived in a similar manner. We will need the followsngport lemma, which
is based on Carathéodory’s theorem on the convex hull dof ia sefinite-dimensional vector space.

Lemma 4 ([2, Support lemma, p. 311]) L&2(X') be the set of distributions defined on a finite &efrep-
resented as the probability simplex®&t*l) and letf;, j = 1,2, ..., k be real-valued continuous functions on
P(X). For any probability measureon the Boreb-algebra ofP(X), there exisk elementsP,, P, ..., Py

of P(X) andk non-negative reals;, as, ...y with Zle «; = 1 such that forevery =1,2,....k

k
/P o D) =D cufi (P,

Using this lemma, we will show that for any giveéfy, 7,7, and Px, 7, t,, there exists a R\fl with
|71| < |[t1]]X1] + 1 only depending of/; and X; such that the following hold

(T YD) — (UG TY) = I(TY|T) — (U Ty) (31)
I(To;Y|Th) — I(Ug; T2) = I(To;Y|T1) — I(Ua;T3) (32)
(T, To;Y) = I(Uy;Th) — [(Ug; Ta) = I(Th,Te;Y) — I(Uy;Th) — 1(Us; Ts), (33)

and that the expectation of the distortion betwégrand X, is preserved whef; is replaced b)TAL Note
that the upper bound dff; | does not depend dff3|.
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We first rewrite
I(TyY|) - 1(UnTh) = H(Y[h) - H(Y[T,T2) — H(Ui) + H(U: | Th),
I(Ty:Y|T) = I(Uy; T2) = H(Y[Th) - HY|T1,T2) — 1(Uz; T2),
and
I, 1Y) = I(U Th) — 1(Us; To) = H(Y) — H(Y|Th, T3) — H(Uy) + H(U1[Th) — I(U; T3).
Recall that the joint distribution afU;, Us, T, T3, X1, X2, Y') can be factorized as

Puymuamx, X,y = Quavs Pry x 10y Py xa 0. Wy 1 X1 X

We note that there exists a Markov ch@if\, X;) — U; — Uy — (1%, X3). Writing

Pu,ry v, x, x,v = Pry Py, x, 1 Pus vy Pry x| 0s Wy X1 X2

and noting thatPy, i, Pr,x, v, and Wy |x, x, are fixed, to apply the support lemma, we need- 1
functions to preserve the joint distribution @, X1) (see (34) below), where, =
we define the following real-valued continuous functionglistribution Py, x,r, (-, -[t1) on u1 x Xy for
fixedt, € 1y,

Jurar (Puy xymy (- [81)) = Poyxyr (un, ©1]ty)

forall (uq1,z1) € Uy x Xy except one paifuy, x1). Furthermore, we define real-valued continuous functions

Jm(Poyxym (5 -[t1)) & —Hp(Y|T1 = t1,T) + Hp(U1|Ty = t1),
Jm+1(Poxymy (5-101)) = Hp(Y|Ty = t1) — Hp(Y|T1 = t1,Th),

where the entropies are taken under thg joint distributi@uced byPy, x|z, (-, -[t1). According lo the
support lemma, there must exist a new RV(jointly distributed with(U;, X)) with alphabet sizéT;| =
m+1 = |Uy||X1]|+1 such that the expectation ¢f, i = 1,2, ..., m+1, with respect tdPr, can be expressed
in terms of the convex combination of + 1 points; i.e.,

PUle(Ul,xl) = Z PTI (tl)ful7-’ﬂl(PU1X1|T1('7 |t1))
t1€Th
= Y Pp (0) fures (P, 7, (- [0), (34)
heT
—H(Y|T\,Ty) + HUi|Th) = Y Pr(t1)fm(Poyxym (5 1t)
t1€Ty
= Y Pa @) (Pyyym, C0))
theT

= —HY|T),Ty) + H(U,|Ty),

HY|T\) - HY|T1,T) = Y Pr(t1) fme1r(Poxn (5 1t))
t1€T1

= Z t1 ) fma1 Plel‘fl('f‘?l))
heT

= H(Y|TY) - HY|T\,Ty).
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This implies that (31)—(33) hold. It should be point out thas Rvﬁ maintains the prescribed distortion
level, sincePy, x, (u1, 71) is preserved. Similarly, for any giveRy, 1, |, and Px, v, We can show that
there exists a R\ with |73| < |Us||X2| + 1 only depending o/, and X, such that

I(T:Y ) — I(UsTY) = I(Ty; YD) — (U Th) (35)
I(Tn:Y|Th) — I(UpTo) = I(To;Y|Th) — I(Us; To) (36)
(T, T9;Y) = I(Uy;Th) — [(Uy; To) = I(Th,Te;Y) — I(Uy;Th) — 1(Ua; Ts), (37)

and the distortion constraint betwe®h and X, is preserved. Thus we conclude that the cardinality;of
can be bounded by, ||X;| + 1,1 = 1, 2.

Finally, we remark that the support lemma cannot be stritghérdly used to bound the cardinality
for 7; and7; for the regionR .. (D1, D2) andR?,. (D1, Dy). For example, to bound the cardinality Bf
for Rout(D1, D2), we needlt; ||[Us|| X || X2|| 72| — 1 real-valued continuous functions to preserve the joint
distribution of (U1, Us, T», X1, X2). Therefore, we may nedt; |[Us||X) || X2|| 72| + 1 letters and this upper

bound depends ofT2|. O
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