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Abstract

This work focuses on the construction of optimized binary signaling schemes for two-sender uncoded transmis-
sion of correlated sources over non-orthogonal Gaussian multiple access channels. Specifically, signal constellations
with binary pulse-amplitude-modulation are designed for two senders to optimize the overall system performance.
Although the two senders transmit their own messages independently, it is observed that the correlation between
message sources can be exploited to mitigate the interference present in the non-orthogonal multiple access channel.
Based on a performance analysis under joint maximum-a-posteriori decoding, optimized constellations for various
basic waveform correlations between the senders are derived. Numerical results further confirm the effectiveness
of the proposed design.

I. INTRODUCTION

The requirement of transmitting correlated information appears in many practical scenarios. For example,
nearby measurement stations regularly report observed temperatures to a control center to track environ-
mental change. For transmitting correlated sources over Gaussian multiple access channels (GMACs), the
pioneering study in [1]] proposed a random coding scheme to establish reliable communication from the
channel capacity perspective. Using powerful channel codes, e.g., low-density parity-check codes [2] or
turbo codes [3]], practical code constructions with capacity approaching performance were also given for
various GMACs [4]-[6]. Unfortunately, most of these codes incur relatively high computational complexity
and long decoding delay. An alternative approach to channel coding is uncoded transmission in which
each source symbol is directly mapped to one channel input signal. This simple scheme is particularly
suitable for resource-limited systems such as wireless sensor networks [7/]. However, in the absence of
the protection provided by channel codes, recovering the transmitted data from the received noisy signal
becomes challenging.

In this paper, we study the optimization of uncoded transmission of correlated sources over GMAC:s.
Our objective is to design binary signaling schemes for each sender such that the system joint error
rate is minimized. The basic setup is briefly summarized as follows. The two senders are assumed to
employ binary pulse-amplitude-modulation (BPAM) such that each sender has its own energy constraint.
The GMAC we consider is a non-orthogonal channel. The two BPAM signals are transmitted in the
same time slot and frequency band and hence multiple access interference will occur if the senders’
basic pulse waveforms are not orthogonal. Furthermore, the two senders are assumed to transmit their
own messages independently. Cooperative transmission is excluded in this paper because it is usually
infeasible for resource-limited networks with separated transmitters. Lastly, a joint maximum-a-posteriori
(MAP) decoder which can exploit the correlation between the source messages is used at the receiver.
We note that a similar problem has been tackled recently in [8], in which an orthogonal GMAC was
considered. Our work can be viewed as a substantial generalization of [8]].

Under the above setting, it can readily be seen that using an identical BPAM signaling scheme at both
senders is inadequate because it results in a combined constellation for the transmitted pair of messages
in which the constellation of one user is exactly superposed to the constellation of the other user. In this
case, the receiver cannot decode the received signal without any error, even when the transmission is
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noise-free. To resolve this ambiguity, [9] and [10] respectively propose a rotation scheme and an energy
allocation scheme. While these schemes aim to enlarge the constrained constellation capacity for the
transmission of independent and uniformly distributed sources over GMACs, the proposed ideas may
also improve the error rate performance for correlated and non-uniform sources. However, as reported in
[L1]-[14], symmetric constellations are often not optimal for non-uniformly distributed sources. Using the
modulated signals obtained by either the rotation or energy allocation scheme is then likely to be sub-
optimal. Instead of significantly altering the conventional antipodal BPAM constellation, we propose to
directly design signals. In this approach, we explicitly construct constellations by analytically optimizing
the system’s exact error rate or its upper bound for high signal-to-noise ratios (SNRs). More importantly,
the correlation between sources is not only exploited to boost the decoding performance, but it is also
used to mitigate the interference between the two independently transmitted signals.

We next briefly review some prior work related to the subject of this paper. In [135], the authors
characterize the capacity region of the two-sender GMAC using PAM signals based on the notions of
root-mean-square and factional out-of-band energy. Achievable rates for the two-sender GMAC with
uncoded PAM signals are derived in [16]]. Prior work on designing non-binary constellations for non-
uniformly distributed sources sent over point-to-point channels, e.g., [12]-[14], [17], can be helpful when
higher order modulation schemes are considered for the GMAC. When the number of senders or the
modulation order increases, successive interference cancellation decoding [18] can be employed to reduce
the computational complexity of the receiver. Note that although our transmission model is simple, the
results obtained in this paper can be potentially applied to wireless ad-hoc networks [19]], cognitive radios
[20]], and non-orthogonal multiple access in the fifth generation (5G) mobile systems [21].

The rest of this paper is organized as follows. In Section II, we describe the system with a two-sender
GMAC and analyze its error rate performance under joint MAP decoding. In Section III, the design
procedure for correlated pulse waveforms is presented, and explicit optimized constellations are derived.
In Section IV, the performance of the proposed signaling schemes is systematically assessed via simulation.
Conclusions and future works are drawn in Section V.

II. SYSTEM DESCRIPTION AND ERROR RATE ANALYSIS

A. GMAC Transmission System

The transmission system we study is depicted in Fig. I, The system comprises two senders and one
receiver. In each time slot, the senders simultaneously transmit their binary source messages over a
multiple access channel with additive white Gaussian (AWGN) noise. The source messages are assumed
to be correlated, and hence a joint MAP decoder is employed at the receiver to minimize the joint symbol
error rate. The binary messages of sender 1 and sender 2 are denoted by U and V, respectively, and they
have the joint probability distribution p,, £ Pr (U = u,V =v), for u,v € {0,1}. Let p; = Pr(U = 0)
and po = Pr(V = 0). The joint distribution can be also described in terms of p;, pe, and the sources’
correlation coefficient as follows

po = 1—(1—=p1)—(1—p2)+pn
po = (1—p1)—pu
po1 = (1 —po)—pi1,

and

P11 = YV P11 = p1)p2(1 — p2) + (1 — p1)(1 — po).

where v, = Cov(U,V)/(oyoy) denotes the correlation coefficient between U and V, Cov(-,-) is the
covariance, and oy and oy are the standard deviations of U and V/, respectively. To avoid uninteresting
cases, we will assume p,, > 0 for all » and v.

To transmit data over the GMAC system, sender j uses BPAM with waveform signal a;,¢;(t), where
aj, denotes the amplitude for modulating binary source message b € {0,1} and ¢;(¢) is the sender’s
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Fig. 1: The block diagram of the GMAC transmission system.

basic BPAM pulse waveform. The ¢,(¢)’s are assumed to be of finite duration 7" and unit energy, i.e.,
fOT ¢3(t) dt = 1. The correlation between ¢;(t) and ¢,(t) is denoted by 4, where 74 = fOT é1(t)pa(t) dt
and —1 < v, < 1. Instead of using the continuous time description of signals, one can describe the
waveform signals in a two-dimensional signal space by choosing ¢; () and (¢2(t) —v401(t))/( fOT Oo(t) —
Yo®1(t) dt) to form an orthonormal basis. For simplicity, the two basis vectors are identified with the
real and imaginary axes on the complex plane. The waveform signal a;,¢;(t) can be now equivalently
described by a point S;, on the complex plane obtained by projecting the waveform signal onto the signal
space.

By this choice of basis, the signal points S1g and S7; are located on the real axis of the complex plane
with values Syy = a9 and S1; = ay1, while the points S5, and S5 are generally complex-valued. There
are two cases where both Sy and Sy; are either purely real-valued or imaginary-valued. When -4 = 0,
Soo and Sy; lie on the imaginary axis of the complex plane with values S5y = iagy and So; = ias,
where ¢ denotes the imaginary unit. In this case, the basic pulse waveforms are orthogonal and thus no
interference from the other sender will be introduced during transmission, and the transmitted signals are
only perturbed by the channel noise. Another special case is when v = *£1, i.e., ¢(t) = £¢;(¢). In this
case, Sy and Sy; are on the real axis. Here, strong multiple access interference occurs due to the high
correlation between the transmitted signals of the two senders. A simple example is when both senders
employ the same BPAM scheme, thereby producing S;p = Sy and S1; = Ss;. Later, we will see that even
under strong multiple access interference, it is possible to design appropriate BPAM signals to mitigate
the interference and improve the quality of transmission.

Let S; represent the BPAM signal constellation of sender j so that S; = {S10, 511} and Sy = {Sa, Sa1}.
We additionally impose an average energy constraint on the constellation given by

pilSiol* + (L =p)ISil = E;, j=1,2, (1)

where | - | denotes absolute value (magnitude) and E; is the average energy for transmitting sender j’s
input source message. When the source messages (U, V') are sent over the GMAC, the received signal at
the output of the matched filter can be written as

R = Sy + Sav + N, )

where N denotes complex-valued zero-mean Gaussian noise with variance o2 per dimension, having
independent components that are also independent of (U, V). Letting Ayy = S + Sav, can be
written as R = Ayy + N. Let A = {S1, + So, : u,v € {0,1}} denote the constellation that contains all
combined signal points Ay . Examples of the constellations Sy, Ss, and A are shown in Fig. 2| Note that
to avoid harmful interference, it is necessary to use constellations such that the mapping from S; X S; to
A given by Ayy = Sipy + Sov is bijective.

Suppose that (U, V') = (u,v) is sent. When the receiver observes signal R = r, the (optimal) joint MAP
decoder generates an estimate of the transmitted source messages based on the joint source distribution
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Fig. 2: An illustration of signal constellations of the two senders and the combined constellation.

puv and the observation r via the decision rule

(4,0) = argmax Pr(U =1,V =m|R=r)

(I,m)e{0,1}2
1 —|T’ — Alm)|2
= argmax m * ex
(l,m%e{()’l]ﬂpl 271'0'2 p 20’2

2Re[rA; ] — |Apnl?
= argmax Inpy, 5 ,
(I,m)e{0,1}2 20
where Re|z] and z* denote the real part and the conjugate of the complex number z, respectively. For
convenience, we define the random variable Hy,,, = Inpy,, + (2 Re[RA},] — | Aim|?) /202, Given R = r, the
realization of Hj,,, denoted by h;,,, can be viewed as a decision score for A;,,. The joint MAP decoder
simply outputs the pair of source messages with the highest score so as to minimize the probability of
erroneous detection.

B. The Error Rate Performance of the Joint MAP Decoder

The conditional probability P ., of correct decoding given that (U, V) = (u,v) is sent over the channel
is given by

Pc,uv =Pr ﬂ {Huv — Hy,,, > O}
(1,m)e{0,1}2:(I,m)#(u,v)

To simplify the notation, we define the scaled difference metric

Auv,lm é _02 : (Huv - Hlm)

A m 2 — Auv 2 uv
= Re[R(Apn — Aw)'] — [Aml” = [Auw| ~o?In 2w 3)
2 Pim
By substituting R = A,, + N in (3), we obtain
A m Auv 2 uv
Auv,lm = RG[N(Alm — Auv)*] — —| ! | - 0-2 In p_ (4)
2 Pim
Note that A, is a Gaussian random variable whose mean and variance are respectively given by
A m Auv 2 uv
Huw,im é _M - 02 In p_ (5)
2 Pim
and
Uiv,lm 2 0% | A — Awl”. (6)



The system’s error rate P, under joint MAP decoding can be written as

Perr = Z Puv Pr ((U, U) 7é arg min Auv,lm)

(u,v) (t;m)

=1- Zp“” Pr <(u, v) = arg min Auv,lm>
(u,0)

(t,m)

=1- me Pr (Auv,lm < 0 for all (I,m) # (u,v))
(u)

=1- Zpuvpc,uv- (7)
(w0)

In general, the probabilities . ,,, in (7)) cannot be easily determined because the decision regions of the
combined signal points on the complex plane are often of irregular shape, requiring complicated numerical
integration. Nevertheless, when 4 = £1, the decision regions become intervals on the real line. For this
case, we can directly identify the decision regions and calculate the probabilities F, ,,,. Specifically, for
v = *£1, the inequality A, ;, < 0 can be expressed as

D12w Im 2 Puv
Duyyim - Re[N] < ——= + 0" In —, (8)

2 Pim
where Doy im = Awy — Aty = (S1u + S2u) — (S + Sam). Given Dig o, Doioo» @and |Dig o] — |Do1ool,
(8) specifies a range of values in the form of an interval that Re[/N] can take. For each pair (u,v), the
decision region is specified by three such inequalities. Letting €2 be the intersection of the corresponding

intervals, we have
p / ( 1 ) -t dt 9)
couv — €x
’ o \V2mo? P 202

and the overall error probability is immediately obtained via (7). A detailed example for this procedure
is given in the Appendix.
For -, # £1, we can combine the techniques developed in [§]] and [22] to find the error probability.
First, based on (), it can be verified that
Auv,ﬂ?} = Auv,fw + Auv,uf) + Qi (10)

withe=0ife=1ande=1if e =0, and
o’ ln% - <7 if (U, U) < {(07 0)7 (17 ]-)}
o2 In AR 4 ¢ if (u,0) € {(0,1), (1,0)},
where C = Re[(Am — AOO)(A01 — Aoo)*]. Using , we have
Pc,uv - PI‘ ({Auv,z‘w < 0} N {Auv,uf) < O} N {Auv,fw + Auv,m‘; + Ay < 0}) .

Since each A, ;,,, is an affine function of N, A, 4, and A, .z are jointly Gaussian with joint probability
density function (pdf)

2
1 —1 T = fhyw,av
fAuv,ﬁv;Auv,ui (‘IE? y) = eXp ( ILL : )

Qyp =

zﬂauv,ﬂvauv,m’) 1 - 72 2(1 - 72> qu,fw

auv,ﬁvauv,uﬁ

2
T — Hyv,av - Muv,uv - Muv,uv
(u,)(yu,)+<yu,> |



where [ty 1 and oy, 1, are respectively given in @) and @, and v denotes the correlation coefficient
between A, 4, and A, .5 given by

A COV(Auv,au,Auv,mj) . ¢
7= Oy, w0 uv,u® B 02|Aav - Auv||Au17 - Auv|.
(11)
Let A; £ (Awvao — Muv,iv)/ Tuva and Ag = (Avvus — Huvus)/Ouvus. Then,
—Puv,ub —puv,av
Py = / / L exp ( -1 (X2 — 290\ + )\2]> A dy— 8 (12)
S S sy b T e H)

with 5 = 0 for o, <0 and

0 0
/8 = / / fAuv,ﬂvyAuv,u'U (‘1.7 y) dx dy
—OQuyy v —Y—Quv

for av,, > 0. Although we still do not have a closed form expression for the F ,,’s, their values are now
easily computable. With the values of P, the decoding error probability can be found via (7).

A special case where the error probability has a closed form expression is when v, = 0 and the source
messages are uniformly distributed, i.e., p; = po = 1/2. In this case, we have

P =1- (1_Q(|5112—0510|)> (1_Q(|5212—0520|)> (13)

where Q(z) £ [(1/v/2r) exp(#?/2) dt is the Gaussian Q-function. This expression is in fact the symbol
error rate of the rectangular four quadrature-amplitude-modulation (4-QAM) in AWGN channels for
uniformly distributed source messages. This result is expected because the transmission of two orthogonal
signals Sy and Ss over a GMAC under joint MAP decoding can be viewed as a one-sender 4-QAM
transmission over an AWGN channel. When the two bits of a 4-QAM symbol are independent of each
other, the decoding of 4-QAM can be decomposed into two independent detections, one for each bit. The
decoding is correct only if the detection of both bits are correct, thereby yielding the expression in ((13)).

III. OPTIMIZED DESIGN OF BINARY CONSTELLATIONS FOR TWO-SENDER GMAC

For given sender waveforms ¢;(t) and ¢.(t), our objective is to find the coefficients {a;, : j =
1,2,b = 0,1} that minimize F,,. From a signal space viewpoint, this is equivalent to designing two
BPAM constellations on the complex plane. In what follows, for the sake of completeness, the designs
for all possible values of v, are considered. Although for the case of v, = 0, the optimized constellations
were already derived in [8]], here we present a simpler way to arrive at the same conclusion. For v, = &1,
we derive the optimal constellations based on minimizing the error rate under joint MAP decoding in
the high SNR regime. For other values of «,4, since the expression of the exact error rate is generally
too complex, the union bound on the error rate in the high SNR regime is minimized. Specifically, let
P.(81, 82, 0?) denote the system’s error rate when the constellations S; and S, are employed and the
noise variance is 0. For 7, € {0,1, -1}, we determine constellations S; and S such that

2
im pe"(‘?l’éjz’a ) <
o2—0 Perr(81782702)

(14)

for any other constellations 5’1 and 5’2. For other values of ,, the constellations &; and S, are optimized
in the sense that

PYP(S),8,,02)

<1 (15)



for any other constellations 81 and 82, where Perr denotes the union bound on the error rate.

Lemma 1. For j = 1,2, the two signal points of S; which are separated by the largest possible distance

under the average energy constraint given in are in the form of Sjo = —me n and
Sj1 = \/m " where n € [0,27) and the largest separation distance is given by d; max =
VE;/(pi(1 = p)))-

Proof. Finding the signal points S, and S;; which simultaneously achieve the largest separation distance

and satisfy the average energy constraint is equivalent to solving the constrained quadratic minimization
problem [23]]:

max X subject to ||z||* =1,

where (-)7 and || - || respectively denote the transposition operation and the Euclidean norm, © =

(\/pj/Ej Re[8j0]7 \/ (1 —pj>/E] Re[Sjl], pj/Ej Im[Sj0]7 (1 —p])/E] Im[Sﬂ]) is a row vector in which
Im[z] denotes the imaginary part of the complex number z, and the 4 x 4 positive semidefinite matrix 3
is given by

% —— 0 0
Dby p;j(1=p;)
_ Ej 1€j ‘ 0 0
3 — pj(1=p;) Pj
0 0 E; B
5 vriize)
0 0 - 1
\/pi(1-p;) 1=p;

It is easy to verify that the zXa” = |S;o—S;1|?, and the constraint ||x||> = 1 represents the average energy
constraint for sender j. Using this formulation, the largest squared Euclidean distance and the corre-
sponding signal points can be immediately obtained by determining the largest eigenvalue of 3 and the as-
sociated eigenvector [24]. These are respectively given by E;/(p;(1—p;)) and (—(1—p,)E;/p;, p; E;/(1—
p;),0,0), yielding the signal points S;p = —\/(1 pj)E;/p; and S;1 = /p;E;/(1 —p;) with the
distance between them given by \/ E;/(p;(1 pj)) d; max- Moreover, since any constellation obtained
by rotating S; through an angle 1 about the origin has the same separation distance and also satisfies
the energy constraint, the desired binary signals have the general form Sj, = —+/(1 — p;)E;/p;e™ and

Si = /piE;/(1 —p;)e™, where n € [0,2m). u

We remark that the binary constellation given in Lemma |1 is in fact the optimal binary constellation
for a single sender system with a non-uniformly distributed source [11].

We now give a few definitions. When the constellations designed for two senders are constructed by
only considering the marginal probabilities p; and p-, the design is called an individually optimized design.
If the constellation design is based on the joint probability distribution py, we call it a jointly optimized
design. Based on the optimality criteria presented in (I4)) and (15, we next derive the jointly optimized
constellations for v4 = 0, 7, = £1, and other values of ,.

A. Design of Signal Constellations for 74 =0

Theorem 2. The optimized constellations for the orthogonal transmission in the high SNR regime in the

sense of are given by
1=
Sio=—/ plEl, S
1 —ps
Sao = Ey, Sy =1 (17)
— D2

E, (16)

?

and

S



TABLE I: The probability of correct decoding for v, = %1 in the high SNR regime.

Case | di | do | |di|S |daf P,
I |>0(|>0 > 1—Q(§—§) - (pm+pm)Q(d12§d2)
n|[>0/>0 < 1-Q (S—},) — (p10 + po1)@Q (dzz}dl)

m | >0 <0 > Q (S—f;) — (poo +p11)@ (dlgff”)

IV | >0 <0 < (p1o 4+ po1) — Q (%) + (poo + p11)@Q (dlztfdg)
\Y <0 | >0 > (p10 +po1) — @ (372,) + (poo +p11)Q (dlf;dz)
VI | <0 >0 < Q () = (poo +p11)Q (2522)

VI | <0 | <0 > Q (S—f,) — (P10 +po1)@ (d%g‘“)

VII | <0 | <0 < Q(£) - (o +p0)Q (152)

To prove this theorem which recovers the result of [8], we need the following lemma. Here, Perr(Sl, Sy, 0?)
denotes the right-hand-side of (13).

Lemma 3. For given constellations Sy = {S10,S11} and Sy = {Sa0, Sa1} with v, = 0 and any source
distribution Pyy, the error probability under joint MAP decoding is asymptotically given by (I3) as
o2 — 0, ie., lzim Po(S1,82,02) ) Porn(S1, Sa, 02) = 1.

g4—0

Proof. If 4 = 0, then v = 0 because of ¢ = 0 (see (1I)) and the joint pdf fa,, ...A,,.. (2, ) can be
written as a product of two Gaussian density functions. When o? — 0, we further have «,, — 0 and
B — 0 for all (u,v) € {0,1}2. It is easy to see that for any (u,v)

. 1 ‘Sll _510’ ‘521 _520| o
it (o (Sz) (o (S

which implies the lemma. 0

The result presented in Lemma [3] is intuitively clear since joint MAP decoding reduces to maximum
likelihood decoding for high SNRs, where the decoding performance is mainly dominated by the distance
between signal points independently of the source distribution. Based on the two previous lemmas, we
now prove Theorem

Proof of Theorem [2] By Lemma [3] to minimize the error probability in the high SNR regime, the mag-
nitudes of Si; — Sip and Sy — Sy in (I3) should be as large as possible. Under the energy constraint
(I), the signal points with the largest separation distance are given in Lemma [T} By respectively choosing
n =0 and n = w/2 for sender 1 and sender 2, the optimized constellations are obtained. O

B. Design of Signal Constellations for v, = %1

Given signal constellations S; and S, (which lie on the real line in this case) and source distribution pyy,
the decision region for each message pair on the combined constellation can be identified and the MAP
decoding performance can be readily evaluated. In the Appendix, we provide an example to demonstrate
this procedure, in which certain set of conditions such as D19 > 0, Doy 00 > 0, and | D1 0| —|Do1,00] > 0
are imposed on the signal points in order to explicitly characterize the decision region €2 given in (8).
However, to design optimal constellations, all such possible conditions on the signs of Dig o0, Do1,00s
and |Dig 00| — |Do1,00| must be taken into account. According to the relative position of Sy, and Sy,
u,v € {0,1}, and the distance between them, there are eight cases that need to be considered. Based on
(8), each of these cases will lead to a different decision region for which we derive the MAP decoding



performance in closed form. Then the case that achieves the minimum error rate is chosen as the optimal
design.

Although the above approach is straightforward, we note that tedious numerical computations and
comparisons are required to obtain the optimal constellation. To avoid designing signal constellations
numerically, we construct constellations under the high SNR assumption as in the case 4 = 0. In this
way, an explicit construction of the constellation is obtained, and we will see later that such a construction
results in an negligible performance degradation relative to the truly optimal construction.

For j = 1,2, let d; £ S;; — Sjo. Here, d; is real-valued with |d;| € (0, d; max), Where d; max is given in
Lemma |1} Without loss of generality, we assume that p;, ps, 1, and Es, are such that ds max < di max-
For the case of d2 max > d1 max, We only need to swap the role of the two senders in the main result.

Theorem 4. Suppose that ds ymax < dimax. For 74 = £1 and high SNRs, the optimized constellation (in
the sense of (I4)) for sender 1 is given by (I6), while the optimized constellation for sender 2 is given by

1_
So = —| —2 By, Sy = |2,
D2 1—po

if |d2| > damax, and otherwise we have

Sao = Sa1 — da, So1 = dopy £ \/(d2)2p2(p2 —1)+ E,

where
—40% In(p1o + P01)/ A1 max + di.max/2, if (Poo + p11) = (P10 + Por),

40 In(p11 + Poo)/d1,max — d1.max/2, if (Poo + p11) < (P10 + Po1),

With di max = \/El/(pl(l —p1))-

To prove this theorem, for each case we first find a closed form expression of the system’s correct
decoding probability P in the high SNR regime. The conditions on the signal points for all eight cases
are listed in Table I For Case I, I% is obtained using the derivation in the Appendix by applying the
high SNR assumption. The other P.’s are derived in a similar fashion. From Table . we observe that by
symmetry some cases can be disregarded without degrading our design. We need the following lemmas
to simplify the procedure.

Lemma 5. The maximum of P,(Case VII) is the same as the maximum of P,(Case ).

Proof. For Case VII, by defining Jj = —d; for j = 1,2, the correct decoding probability for high SNRs

can be expressed as
N —d. dy — d.
P.(Case VII) = @ (2—2> — (po1 + p10)@Q ( - 2)
o 20

=1-Q <§—;> — (po1 + p10)@ <d12_0d2> )

where d € (0, djmax]- The above expression reduces to P. (Case 1) after the substitutions d; — d; and
dy — d2 Moreover, the domain of the parameters are also the same, i.e., dj,d; € (0,d;max)> 7 = 1,2
Therefore, for any noise variance o2, we have

max P,(Case I) = max P.(Case VII).
d17d2 d1,d2
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The argument of Lemma E] can be extended to Cases II and VIII, Cases III and V, and Cases IV and
VI. Since the corresponding proofs are almost identical, we omit the details. Based on these results, we
can exclude Cases 1V, V, VII, and VIII from consideration.

Lemma 6. The maximum of P.(Case II) cannot be less than the maximum of P.(Case I).

Proof. Define
Gy, p2) =1-0Q <g—;) — (P10 + po1)@ (%)

for y1,y2 > 0. For the maximum of correct decoding we have

P (Case I) yle(rg}i%mx] yzE(O,IE,ajix—yl} G(y1,92)
and _
P*(Case 1) = eax L omax G(y1, y2).
Since di max > d2.max, W obtain ]50* (Case I) > PC*(Case II). O

By a similar argument, we can also show that P*(Case VI) < P*(Case III). Consequently, it suffices
to design the optimized constellations for Cases I and III, and the design with the larger P. of the two
cases is the best design. The next two lemmas help us explicitly derive the optimized constellations for
these two cases.

Lemma 7. For any fixed dy € (0, d3 max), Pe(Case I) is increasing in d.
Proof. Taking the partial derivative of P,(Case I) with respect to d; yields

OP.(Case I) 1 —(dy — dy)?
- ad, (o1 + o) V2mo exp( 802 >0

Lemma 8. R(Case I) is a concave function in dy for di = dy max-
Proof. By taking partial derivatives of P.(Case I) with respect to d,, we have

dP,(Case 1) 1 . —d3 (Por + pro) € —(d1,max — do)?
e X _— — X
ady o= p 302 Po1 T P1o p 302

and

9%P,(Case 1 1 —d? —(di max — d2)?
( ) = exp( 2) (—2da) —(po1 + pio) exp( (@, B 2) )2(d1,max —dy)

odi 160221 802 8¢
(19)

Since da max < dimax. the second derivative given in (19) is non-positive for all dy € (0, da max|. Hence,

P,(Case I) is a concave function of dy on the interval (0, da max)- O

Similarly, one can show that for any d; € (0, domax], Fe(Case III) is increasing in ds, where d; is
upper bounded by dj 1max due to the condition |d;| < |da|. Also, for do = d max, ]5C(Case III) is a concave
function in d; for dy € (0, dsmax], Since the proofs of these statements are almost identical to the proof
for Case I, the details are omitted. Based on the previous lemmas, we are readily to prove Theorem [}



11

Proof of Theorem [} First, we show that if po + p11 > P10+ po1, then P*(Case I) > P*(Case III), which
implies that we only need to consider Case 1. By letting dy = —d,, we can rewrite P,(Case III) as

f’c(Case ) = Q (%f) — (poo + p11)@ <d12_0d2>

=1—@<%J—@m+maQ(%¥%>, (20)

where d; € (0, d; max] and dy € (0, domax). Based on this expression and the correspondence dy < do,
the feasible set for P,(Case III) is observed to be identical to that for P.(Case I). Moreover, the new
expression for P,(Case IIT) only differs from P, (Case I) in the coefficient of the third term. Therefore,
when poo + pi1 > pio + por, we have maxg, 4, P.(Case I) > max,, g, P.(Case III) and the optimized
constellations for Case I should be selected. In contrast, when pyy + p11 < pio + Po1, the optimized
constellations for Case III is chosen. Next, we explicitly derive the optimal constellations for Cases I and
III to complete the proof. :

To find the optimized constellation S; that maximizes P.(Case I), d; should be set to its maximum
possible value d; = dj max according to Lemma [/, By setting n = 0 in Lemma I} this choice of d;
immediately gives the optimal constellation for sender 1:

1=
Sio = =4/ & E,, Si1= D E;. (21)
b1 I —p

Moreover, based on the concavity property in Lemma [§, the maximum of PC(Case I) in the variable d
is known to occur at either where the partial derivative is zero or at the boundary of its support interval.

SOlVll'lg BPL(Case I

= 0 for d,, we obtain

40’2 d max
dy = — In(p1o + por) + —o2, (22)

1,max 2

By substituting Sa; — Sop = dy into the average energy constraint ps|Sa|? + (1 — p2)|Sa1|*> = E, the
optimized S; is obtained. In summary, when d%pg(pg — 1) + E3 > 0 with dy given in , there are two
optimized constellations:

S0 = So1 — da, So1 = dapy + \/d%p2(P2 — 1)+ E,

and

S0 = Sa1 — dy, So1 = daps — \/d%pg(pg — 1)+ Ej.

When d3ps(py — 1) + Ey < 0, the optimized constellation for sender 2 is

]_ _
Sao = =4/ sz% So1 = P2 Es
D2 1—p

which follows from the result that the maximum of PC(Case I) occurs at dy = dy max and from Lemma
With the help of the expression in (20) and the above derivation, the optimal constellations for Case III
can be easily derived. For sender 1, the optimized constellation S; is the same as the one given in (21])

because the choice d; = dj yax also maximizes P.(Case III). For sender 2, solving 2£(Cee 1l C(ggze D)

= 0 gives

- 402 d1 max
dy = — In(poo + p11) + 1T

dl,max
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By substituting Syg — Sg1 = dy into py|Sa|? + (1 — p2)|Sa1|? = Es, there are two optimized constellations
S, in case of d3ps(p2 — 1) + Eo > 0 given by

Soo = So1 + dy, Sa1 = dopy + \/Jgp2(p2 — 1)+ E;

and

Sao = Sa1 + da, So1 = dapa — \/CZ%P2(Z)2 — 1)+ Es.

When d2p,(ps — 1) + E, < 0, the optimized constellation S, is given by

1_
S = | ——2Ej, Sy = —y | —2—E,.
D2 1—po

C. Design of Signal Constellations for v4 ¢ {0,1,—1}

When v, ¢ {0,1,—1}, the design procedure becomes more difficult since the performance of joint
MAP decoding is usually not known in closed form even at high SNRs. Instead, we use the union bound
to facilitate the design procedure. Specifically, a closed form upper bound for the error probability of MAP
decoding is first obtained via the union bound. The optimized constellations are then derived analytically
based on the minimization of this upper bound in the high SNR regime. Although this design approach is
less accurate than optimizing the exact system error rate (or errror bounds that are tighter than the union
bound [23]]), its effectiveness has been extensively demonstrated in, e.g., [26]-[28].

The union bound on the error rate of the joint MAP decoder is

Perr < Pe(lgB) = Z Z DPuv Pr(Auv,lm > O) (23)
(u0) (Lm)#(u,0)
In the high SNR regime, we further have that

lim
20 Pr(Ayom > 0)

=1

for all (u,v) # (I,m), and hence the right-hand-side of can be approximated for o2 sufficiently small
by PP given by

~ d d di|?2 + |ds|? + 2|d,]||d
Pe(r[rJB):Q M +Q M + (poo + p11)@ \/| ! 2 [dulda cos
20 20 20

(24)

dy|? + |ds|? — 2|dq]|ds]| cos
—i—(Pol +p10)Q<\/l 1‘ | 2| | 1“ 2‘ ¢>a

20

where d; = S1; — S1p and dy = S5 — Sy are generally complex-valued and ¢ is the angle measured
counterclockwise from d; to ds on the complex plane. We note that taking partial derivatives to minimize
(24) results in transcendental equations, so another method is proposed here. Our design procedure is to
first find optimal |d;|, |ds|, and ¢ that minimize (24), and then derive optimized signals based on the
energy constraints. We first note that for given basic waveforms with 7, = cosf, where ¢ denotes the
angle between the signal subspaces induced by ¢;(¢) and ¢»(t) on the complex plane, due to symmetry
it is sufficient to consider § € (0, 7). Also, by definition, ¢’ can take value in {6,0 + 7}.

Next, we give an example to illustrate our design approach. Suppose that v, > 0 and (poo+p11) > (po1+
p1o)- In this case, we have 0 < 6 < /2. To minimize , due to the possible values of 1), the symmetry
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— > |do] | :
0 ‘ d?Jnax' 0 | d?,ma.x | 0 ‘ d?.max'

(a) (b) ()

|da|

Fig. 3: The possible locations of the maximum of min(|ds|?, |di|? + |da|? — 2|d1||ds| cos ), in which
the maximum of (a) and (b) occurs at the boundary of support and the maximum of (c) happens at the
intersection of the two curves.

of the arguments of the () function in the third and forth terms of (24), and (poo + p11) > (po1 + p10), We
first choose ¢ = 6. Also, since the () function is decreasing and
C* d*
lim % —1, (25)
020 Pe(rr )
where d* denotes the minimum value among the arguments of the @ function in PU®), and ¢* is the
associated coefficient of that term, we next maximize

min(|d; %, |daf*, |di|* + |di|* — 2|d:]|da| cos ) (26)

over |dy| € (0,d; max]» |da] € (0, damax), and da max < di max- Note that due to |d;|?+ |d;|* +2|dy||ds] cos ¢
> |di|* + |di|? — 2|dy||dz| cosp, the term |d;|* + |dq|* + 2|d1]||d2| cos b has been excluded in (26).

To find |d;| and |d»| that maximize , we use a two-step procedure. Roughly speaking, for an arbitrary
but fixed |d;|, we first identify the candidates for an optimal |ds| in (26). These are either constants or
functions of |d;|. Using these candidates, we re-examine to find the optimal |d;|. A few pairs of |d;|
and |ds| which possibly maximize are then formed for further evaluation. We summarize the obtained
results in the next lemma; the details of the two-steps procedure are given in the proof.

Lemma 9. For any 0 < ¢ < /2, the optimal |d;| and |dy| that maximize (26)) are given by |di| = di max
and |dy| = dy max/(2cos ) if d? + d2 — 21 maxda max €08V < (dy max/2 cos)? < dj and

1,max 2, max 2, max’
|d2| = damax Otherwise.

Proof. For the given 0 < ¢ < 7/2, we fix |d;| € (0, d} max] and define w(|dz|) = min(|da|?, |d1|* + |da]* —
2|dy||dz| cos1)). Note that can be now expressed as min(|d; |2, w(|ds|)). We first analyze w(|ds|). Since
|da|? is increasing in |da| and |d;|? 4 |da|* — 2|dy||d2| cos ) is a quadratic function of |da| on (0, d2 max),
the maximum value of w(|dy|) appears at either the interval boundary or at the intersection of the two
curves. These cases are illustrated in Fig. [3| For cases (a) and (b), the optimal |ds| is simply da pax. For
case (c), the optimal |ds| can easily be found by solving the equation |d; |> +|da|?* — 2|dy||d2| cos ¢ = |da|?
for |dy|, which immediately gives |dy| = |d1|/(2 cosv)). Two possible candidates for optimal |ds| are then
obtained. We note that the method of finding |d»| in the latter case does not take the domain of |ds| into
account so that we have to check whether or not the obtained |ds| is on (0, d27max]. If not, then this case
degenerates to the former one and we have |dy| = damax. With the two candidates for the optimal |dy
the function min(|d;|?, w(|dz|)) can be rewritten as

: dy|?
min <|d1|2, (2l30+¢)2’ |d1|2 + d%,max — 2|d1|d27max COS @ZJ, damaX) . (27)

)

In (27), it is observed that the first three terms are increasing in |d;| and the fourth term is a constant so
that we choose |d;| = di max to maximize the minimum value. Consequently, two possibly optimal pairs
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(|d1], |d2]) are formed. Moreover, to provide conditions for identifying the optimal pair, it suffices to find
the case where the maximum value of is achieved by |di| = di max and |da| = di max/(2cos?). As
illustrated in Fig. finding the condition is straightforward. The intersection is located between the
boundary values of the two curves at |da| = da max, i.€.,

d 2
2 1,max 2
dl ,max + d2 ,max levmade,maX CO8 ¢ S <m> S d2,max'

Combining the above observations, the lemma follows. O]

We are now ready to derive the optimized constellations for the case v, > 0 and (poo+p11) > (Po1+P10)-
By the choice |d;| = di max, S1 is the same as in . For sender 2, if the best choice of |da| iS d2 max,
then by Lemma [I| the optimized constellation S, is given by

VE E, .
SQU = p2 2 ”] and 821 P22 e
1 —p;

with n = 4. In contrast, if the best choice of ]dg\ is dy max/ (2 cos ), the optimized constellation of sender
2 can be obtained by solving the equation |Sy; — Sy| = |d2| under the average energy constraint. After
some algebra, the optimized constellation is found to be

Sao = Sa1 — ]dﬂew

and

S = (paldal & Vpa(p2 = DIdaP + B2 ) e

where both choices of Sy, result in optimized signals. The results for the general cases are summarized in
the following theorem. We remark that the above derivations rely on the assumption that ds max < di max-
There is no loss of generality because for da max > dimax We only need to swap the roles of senders 1
and 2 in Lemma 9 and the main theorem. The proofs are almost identical as before.

Theorem 10. Suppose that dymax < dimax. For given v, = cosf with § € (0,7), the optimized
constellation for sender 1 is the same as the one given by (16) in Theorem [} For sender 2, the optimized
constellation is given by

520 =5 — |d2’6w

and

So1 = (p2|d2| + \/P2(p2 —1)|da|? + Ez) e

where the value of 1) for the cases poy + p11 > pio + por and poy + p11 < pio + po1 is respectively 0 and
0 + 7 and |dy| = dymax/|2cos Y| if dF oy + 5 1y — 201 max@amax] €08 V| < (dimax/[2 cosY|)? < d3 s
and |ds| = do max otherwise.

Proof of Theorem For the case v, > 0 and (poo + p11) > (po1 + P1o), the optimized constellations
have been derived above. The same procedure can be applied to other cases. To shorten the proof, we
only point out some key points when applying the same procedure to other cases. Taking the case that
Yo > 0 and (poo + p11) < (Po1 + p10) as an example, here, ¢ should set to be 6 + 7 to minimize . By
this choice of ¢ and (23), we should maximize

min(|d|?, |daf?, |di[* + [da]* + 2|di ||da] cos ¥).

By defining 1) = ¢ — m, we can rewrite costy) as —cos and obtain an expression identical to (26)).
From that expression, based on our previous argument, the optimal pair (|d;],|d2|) and the optimized
constellations can be easily obtained. Extending to the case of 7, < 0 is straightforward and hence we
omit the details. 0
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TABLE II: The BPAM constellations for sources with Py Casel’ where 7, = 1, E; = E5 = 1, and SNR
= 18dB. ’

[ [S20, S21] [Aoo, Ao1, A1o, A11]
Conventional Antipodal BPAM | [ [—1,1] [—2,0,0,2]
Individually Optimized BPAM | [-3,1/3] | [-3,1/3] [—6,—8/3,—-8/3,2/3]
[ - -
[ - -

Jointly Optimized BPAM 2.421,—0.678] | [-5.421, —3.678, —2.088, —0.345]
Numerically Optimized BPAM 2.401, —0.686] 5.401, —3.686, —2.068, —0.353]

TABLE III: The BPAM constellations for sources with Py Cased’ where 74 = 1, By = Ey = 1, and SNR
— 18dB. ’

[S10,S11] | | [Aoo, Ao1, A1o, A11]
Conventional Antipodal BPAM | [—1,1] [ [-2,0,0,2]
Individually Optimized BPAM | [—2,0.5] [—1,1] [-3,—1,-0.5,1.5]
- [ -
- [ -

Jointly Optimized BPAM 2,0.5] —1.408, —0.131] 3.408,—2.131, —0.908, 0.369]
Numerically Optimized BPAM 2,0.5] —1.406, —0.151] 3.406, —2.151, —0.906, 0.349]

We close this section with some observations.

Observation 1: The optimized constellation for 7, = %1 can possibly be constructed using (I5) in-
stead of (14 - For example, letting # = 0 in Theorem [10, we observe that the optimized constellation
based on is 1dentlca1 to that given in Theorem [ for high SNRs. This result is expected because
Ulggo Perr(51, Sy, 0%)/ pLYB (81, S,,0?) = 1. However, since the error rate approximation 1 — PC(Sl7 Sy, 0?)

is tighter than P (81, 8,,0?) at high SNR, the optimized constellation given in Theorem @ is better
than that obtained from Theorem

Observation 2: Unlike the 4-PAM constellation designed for single sender AWGN channels with a non-
uniformly distributed source, the signal points at the boundary position of the combined constellation
may not have the highest probability. This is because the optimized constellation is not only designed to
combat channel noise but also to mitigate user interference.

Observation 3: When the two sources U and V' are uniformly distributed, the optimal combined constel-
lation for 7, = 1 depends on the SNR and their signals are not equally spaced. This is related to the
fact that the conventional uniform 4-PAM constellation for single sender AWGN channels is not optimal
under the average energy constraint [29]. However, when the SNR increases, the combined constellation
signals become equally spaced.

Observation 4: When Iy = E, and the marginal probability distributions of the sources are very biased
(p1 < p2), the jointly optimized constellations are identical to the individually optimized constellations.
This indicates that if Sy and S}, are separated by a large distance, the interference from sender 2 becomes
negligible. For example, suppose that Sy and Si; can be separated by di max and damax < di max. In
this case, the system’s error rate is expected to be dominated by the distance |ds| between the two signal
points of sender 2. Hence, Sy and S3; should be separated by the largest possible distance |da| = da max
to lower the error rate, which results in the same constellation optimized only for ps.

I'V. SIMULATION RESULTS

In this section, we evaluate the effectiveness of our constellation designs via simulations. We let £} =
E5 =1, and the SNR is defined as (F; + Fy)/Ny = 2/Ny, where Ny = o2 if 74 = £1 and Ny = 202
otherwise. For performance comparison, the conventional antipodal BPAM is considered. For v, = 1,
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these BPAM signals simply correspond to the signal points S1g = Sy = 1 and S1; = S31 = —1 on the
complex plane. The optimal constellation designed for a single sender AWGN channel with a non-uniform
binary source is also included [11]. As before, we call such a constellation individually optimized. The
decoding performance of numerically optimized constellations, i.e., constellations that minimize the exact
system error rate and are obtained by exhaustive search, is also provided as a reference

We only present simulation results for 7, # 0 because the constellation design for orthogonal transmis-
sion (74 = 0) was tackled in [8]. The joint source distributions we consider are Py asel 2 [poo, Po1, P10, P11]
[0.091,0.009, 0.009, 0.891] with p; = p, = 0.1 and Pirvicasez = [0.18,0.02,0.32,@.48] with p; = 0.2 and
p2 = 0.5. Here, the first source distribution has a stronger correlation than the second. The individually
optimized constellations are simply generated by Lemma |I| while the jointly optimized constellations for
76 = £1 and 7, # 0,+£1 are constructed using Theorems 4| and respectively.

A. Results for v4 = £1

We consider the case 7, = 1, which results in the strongest user interference. For the joint distribution
Puv caser e signal points for various BPAMs at SNR = 18dB are listed in Table. F and their decoding
performance is shown in Fig. d From the simulation results, the conventional antipodal BPAM is observed
to exhibit poor decoding performance. This is partly due to the fact that identical BPAM at both sender
introduces an ambiguity for the transmitted signals, i.e., Ag; = Ajp = 0 (recall that A, = Sy, + S2,). The
same is true for the individually optimized BPAM because of the identical marginal distributions. However,
since the individually optimized constellation achieves a larger average separation distance between the
combined signals, its decoding performance can be slightly better than the conventional BPAM. This
result indicates that not all non-bijective combined constellation are equally bad. In contrast, the jointly
optimized constellation derived from our analysis is shown to provide significant improvement. Compared
with the performance of the numerically optimized constellations, the difference is negligible.

For 7, = 1 and Pyv case2’ the constellations designed for SNR = 18dB are listed in Table As
already noted, using the conventional antipodal BPAM for 4 = 1 unavoidably leads to an ambiguity
for the transmitted signals and is also sub-optimal for non-uniform message sources. Nevertheless, due
to the distinct marginal distribution for U and V/, the individually optimized BPAM now has different
constellations at the two transmitters, thereby resulting in some performance improvement. Our designed
constellation still significantly outperforms the individually optimized BPAM. The decoding performance
of our designed constellation and the numerically optimized constellation are also nearly identical.

B. Results for v, ¢ {0,1,—1}

We next present simulation results for 4 = 0.924, in which the user interference due the non-orthogonal
transmission is less harmful than in the previous examples. The error rate graphs corresponding to the
joint probability distributions Py cas , and Py cases A€ plotted in Figs. |6l and [/ I respectively. From the
simulation results, the conventional ant1p0da1 BPAM is found to be adequate because the ambiguity has
been resolved. However, due to the non-uniform distribution of the sources, the individually optimized
BPAM is still better than the conventional BPAM. Moreover, for both source distributions, our BPAM
designs provide nearly optimal performance in the high SNR region. We note from Figs. [| and [7] that at
an error rate of 107>, our joint designs achieve about a 1dB and 2dB SNR gain, respectively, over the
individually optimized design. The minor performance degradation observed in the low SNR region is in
fact the drawback of using the union bound in signal design.

C. Other Results

In Fig. [§] we depict the decoding performance under various correlation values between the senders’
basic pulse waveforms for the joint probability distribution p,_.. . . The values 74 = 0,0.383,0.707,0.924

and 1 correspond to the angles § = 7 /2,37 /8, 7/4,7/8 and 0, respectively. As expected, the smaller Voo
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the better the decoding performance of the conventional BPAM and individually optimized BPAM. We
observe that the orthogonal waveform transmission provides the best performance as intuitively expected.
Moreover, it is worth mentioning that our design for v, = 1 is better than both the conventional and
individually optimized BPAM for 4 = 0.924 in the high SNR regime. This observation has practical
importance because if orthogonal waveform transmission is unavailable for resource-limited networks,
we may simply employ identical waveforms, i.e., 7, = 1, with our proposed constellations to achieve a
good decoding performance. This way, the receiver only needs one matched filter for processing received
signals.

Lastly, we present an example in which the two senders transmit their signals with different average
energy F; = 2FE5. Here, the case Pyv casel and -4 = 1 is considered, and the simulation results are depicted
in Fig. O] Clearly, due to the unequal energy allocation, the signal sets of both conventional antipodal
BPAM and the individually optimized BPAM for the two senders are distinct, thereby yielding a better
error rate performance than that of equal energy allocation (see Fig. @) At an error rate of 107°, the jointly
optimized constellation achieves about 3dB gain over the individually optimized design. Also, there is
about 1dB SNR gain from the unequal energy allocation for our design (compare Figs. {] and [9)). This
example demonstrates that combining the energy allocation scheme [10] with our design for two-sender
GMAC can further improve the decoding performance.

V. CONCLUSIONS

In this work, we investigated the design of optimized binary signaling schemes for sending correlated
binary sources over non-orthogonal GMAC. For a wide range of SNRs and correlated source distributions,
the error rate performance of the analytically derived signaling schemes was found to be quite close to
the optimal performance under joint MAP decoding. In our experiments, the SNR gain achieved by our
schemes is at least 2dB over the individually optimized design for an error rate of 107° and strong
interference. Future research directions include optimal energy allocation for different senders, nonbinary
signaling, signaling design for the GMAC with more than two senders, fading channels, and constellation
design for coded transmission.

APPENDIX

We consider the case Diog0 > 0, Do190 > 0, and | Dy 00| — |Do1,00] > 0, and evaluate @]) explicitly.
For other cases, the same procedure applies. Recall that d; = S7; — Sip and dy = So; — So. Note that for
the considered case we have S < Si1, S20 < So1, and Sy — Sog < S11 — Si0. Based on these conditions,
each of the four events in is investigated as follows. Define & £ {Ago10 < 0}, & 2 {Awoo1 < 0},
and &; = {A()(],ll < O}

Case 1. When (U, V) = (0,0), the ranges of N specified by &, &, and & are respectively given by

(dy + dy D11 2

i po &3 A
Re[N] < — - [0 P02 L G| 2
e[ ] dl o np10+ 2 q11

i Poo dé— A
Re[N] < — - [o? 2% L 2| 2
e[ ] d2 o np01+ 2 qd12

1 d dy)?

Re[N] < (o [021H@+M .

Since Re[N] is a zero mean Gaussian random variable with variance o2, we then have

P00 = Pr(Re[N] < min(qi1, q12, q13))

~Q (—min(%h%z,(ha)) .

g
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Case 2. When (U, V) = (1,0), the constraints on N specified by &;, &, and & are respectively given by

—1 P1o d% N
Re[N] > — - |02 20 4 &) &
e[ ] dl [0- np00+ 92 421
1 P1o d% A
Re[N] < — - [o?m P | &2 2
e[ ] dQ [0- npll_'_ 92 G22

1 pro  (do—di)?| 4
Re N > . 0'2 ln —_— | = .
[ ] d2 - dl [ Do1 2 q23

According to the values of ¢91, ¢22, and ¢o3, we have

Q (%) -Q (%) , if qog < g1 < q22
Fewo=19 @Q (quS) - Q (%) ;1 ga1 < qo3 < g22

0, otherwise.

Case 3. When (U, V) = (0,1), we obtain

—1 Po1 d% N
Re[N] > — - |o?ln— + 2| £
e[V] a5 [0 oo + 5 d31
1 DPo1 d% A
Re|N| < — W4 L2
e[N] a4 [0 'y + 5 32
1 Po1 (di — d2)2 A
Re|N| < 0 [ R St . T [
el dy — dy [0 nplo " 2 s
Therefore,
Q (%) - Q (quB) ;1 g31 < g3z < @32
Poor =14 @ ((1?71) - Q (q?%) , 1 g31 < g32 < g3
0, otherwise.

—1 [ b1 d%- A
Re[N] > — - |¢?ln— + 1| &
e[ ] dl _U n Do + 9 | qda1
—1 [ b1 d%- A
Re[N] > — - |¢?ln— + 2| &
e[ ] dg _U n Do + 9 | qd42
—1 pu . (di+ d2)2 A
Re|N| > o?lnt—= 4~ =L | £ .
[ ] dl + dQ Doo 2 qa3

Consequently, we have

P11 = Pr(Re[N] > max(qu1, ¢a2, qa3))
) (max(q41, 442, Q43))

o

Using the above results, the decoding performance for one-dimensional combined constellation can be
obtained via (7).



(1]

(2]
(3]

(4]
(5]
(6]

(7]
(8]

(9]
[10]
(11]
(12]
(13]
[14]
[15]
[16]
(17]

(18]
[19]

(20]
(21]
(22]
(23]

(24]
[25]

[26]
[27]
(28]

[29]

19

REFERENCES

T. M. Cover, A. El Gamal, and M. Salehi, “Multiple access channels with arbitrary correlated sources,” IEEE Trans. Inf. Theory, vol.
26, no. 6, pp. 648-657, Nov. 1980.

R. G. Gallager, Low-Density Parity-Check Codes, Cambridge, MA: MIT Press, 1963.

C. Berrou and A. Glavieux, “Near optimum error correcting coding and decoding: turbo-codes,” IEEE Trans. Commun, vol. 44, no.
10, pp. 1261-1271, Oct. 1996.

A. Abrardo, G. Ferrari, M. Martalo, M. Franceschini, and R. Raheli, “Optimizing channel coding for orthogonal multiple access schemes
with correlated sources,” in Proc. Inf. Theory and Applicat. Workshop, San Diego, CA, USA, Feb. 2009, pp. 5-14.

D. Truhachev, “Achieving Gaussian multiple access channel capacity with spatially coupled sparse graph multi-user modulation,” in
Proc. Inf. Theory and Applicat. Workshop, San Diego, CA, USA, Feb. 2012, pp. 331-337.

A. Abrardo, G. Ferrari, M. Martalo, M. Franceschini, and R. Raheli, “Orthogonal multiple access with correlated sources: achievable
region and pragmatic schemes,” IEEE Trans. Commun., vol. 62, no. 7, pp. 2531-2543, Jul. 2014.

M. Liu, N. Patwari, and A. Terzis, Eds., “Special issue on sensor network applications,” Proc. IEEE, vol. 98, no. 11, Nov. 2010.

T. P. Mitchell, F. Alajaji, and T. Linder, “Binary signaling of correlated sources over orthogonal multiple access channels,” IEEE
Wireless Commun. Lett., vol. 4, no. 5, pp. 501-504, Oct. 2015.

J. Harshan and B. S. Rajan, “On two-user Gaussian multiple access channels with finite input constellations,” IEEE Trans. Inf. Theory.,
vol. 57, no. 3, pp. 1299-1327, Mar. 2011.

J. Harshan and B. S. Rajan, “A novel power allocation scheme for two-user GMAC with finite input constellations,” IEEE Trans.
Wireless Commun., vol. 12, no. 2, pp. 818-827, Feb. 2013.

I. Korn, J. P. Fonseka, and S. Xing, “Optimal binary communication with nonequal probabilities,” IEEE Trans. Commun., vol. 51, no.
9, pp. 1435-1438, Sep. 2003.

H. Nguyen and T. Nechiporenko, “Quaternary signal sets for digital communications with nonuniform sources,” in Proc. IEEE Can.
Conf. Elect. Comput. Eng., Ottawa, ON, Canada, May 2005, pp. 2085-2088.

L. Wei and I. Korn, “Optimal M-amplitude shift keying/quadrature amplitude shift keying with non-equal symbol probabilities,” IET
Commun., vol. 5, no. 6, pp. 745-752, Apr. 2011.

L. Wei, “Optimized M-ary orthogonal and bi-orthogonal signaling using coherent receiver with non-equal symbol probabilities,” IEEE
Commun. Lett., vol. 16, no. 6, pp. 793-796, Jun. 2012.

R. S. Cheng and S. Verdd, “Optimal signal design for band-limited PAM synchronous multiple-access channels,” in Proc. 23th Ann.
Conf. Inform. Sci. Syst., Baltimore, MD, USA, Mar. 1989, pp. 321-326.

D. Toumpakaris and J. Lee, “The gap approximation for Gaussian multiple access channels,” in Proc. IEEE Global Commun. Conf.,
Honolulu, HI, USA, Nov. 2009, pp. 1-6.

B. Moore, G. Takahara, and F. Alajaji, “Pairwise optimization of modulation constellations for non-uniform sources,” IEEE Can. J.
Elect. Comp. Eng., vol. 34, no. 4, pp. 167-177, Fall 2010.

S. Verdu, Multiuser Detection, Cambridge, UK: Cambridge Univ. Press, 1998.

O. K. Tonguz and G. Ferrari, Ad Hoc Wireless Networks: A Communication-Theoretic Perspective, Chichester, UK: John Wiley &
Sons, 2006.

N. Devroye, P. Mitran, and V. Tarokh, “Cognitive multiple access networks,” in Proc. IEEE Int. Symp. Inf. Theory, Adelaide, Australia,
Sep. 2005, pp. 57-61.

L. Dai, B. Wang, Y. Yuan, S. Han, C.-L. I, and Z. Wang, “Non-orthogonal multiple access for 5G: solutions, challenges, opportunities,
and future research trends,” IEEE Commun. Mag., vol. 53, no. 9, pp. 74-81, Sep. 2015.

L. Szczecinski, S. Aissa, C. Gonzalez, and M. Bacic, “Exact evaluation of bit- and symbol-error rates for arbitrary 2-D modulation
and nonuniform signaling in AWGN channels,” IEEE Trans. Commun., vol. 56, no. 4, pp. 1049-1056, Jun. 2006.

V. P. Ipatov, “Comments on “Optimal binary communications with nonequal probabilities”,” IEEE Trans. Commun., vol. 55, no. 1, pp.
231, Jan. 2007.

R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge, UK: Cambridge Univ. Press, 2012.

H. Kuai, F. Alajagi, and G. Takahara, “Tight error bounds for nonuniform signaling over AWGN channels,” IEEE Trans. Inf. Theory,
vol. 46, no. 7, pp. 2712-2718, Jul. 2000.

G. J. Foschini, R. D. Gitlin, and S. B. Weinstein, “Optimization of two-dimensional signal constellations in the presence of Gaussian
noise,” IEEE Trans. Commun., vol. 22, no 1, pp. 28-38, Jan. 1974.

R. Krishnan, A. Graell i Amat, T. Eriksson, and G. Colavolpe, “Constellation optimization in the presence of strong phase noise,”
IEEE Trans. Commun., vol. 61, no. 12, pp. 5056-5066, Dec. 2013.

M. Maleki, H. R. Bahrami, A. Alizadeh, and N. H. Tran, “On the performance of spatial modulation: optimal constellation breakdown,”
IEEE Trans. Commun., vol. 62, no. 1, pp. 144-157, Jan. 2014.

A. M. Makowski, “On the optimality of uniform pulse amplitude modulation,” IEEE Trans. Inf. Theory, vol. 52, no. 12, pp. 5546-5549,
Dec. 2006.



Symbol Error Rate

107

—_
o
IS

—
o
&

—
o
&

107

—&o— Conventional Antipodal BPAM
—¥— Individually Optimized BPAM
—E— Jointly Optimized BPAM
—&— Numerically Optimized BPAM

2 4 6 8 10

SNR (dB)

18

20

Fig. 4. The decoding performance of various BPAM for correlated sources with Prvcasers WhETe 7o =1

and E1 = EQ.

Symbol Error Rate

—&o— Conventional Antipodal BPAM
—¥— Individually Optimized BPAM
—e— Jointly Optimized BPAM
—&— Numerically Optimized BPAM

2 4 6

8 10
SNR (dB)

12

18

Fig. 5: The decoding performance of various BPAM for correlated sources with p_.. . . where 74 =1

and El = EQ.



Symbol Error Rate

Fig. 6: The decoding performance of various BPAM for p, .. . .

Symbol Error Rate

10-10

10-12

10—10 L

10712

$Conventional Antipodal BPAM
Individually Optimized BPAM
—©— Jointly Optimized BPAM

—&— Nummerically Optimized BPAM

6 8 10 12
SNR (dB)

14

16

20

= (0.924 and E1 = EQ.

ﬁConventional Antipodal BPAM
Individually Optimized BPAM
—6— Jointly Optimizd BPAM

—&— Numerically Optimized BPAM

1
6 8 10 12
SNR (dB)

14

16

20

Fig. 7: The decoding performance of various BPAM for Povcaseyr Where 7o = 0.924 and E, = E,.

21



[0)

Symbol Error Rate

-I- N N 9
N[

109 NN i 1

\ |
\ H
7,=0.383 and 0/ v/

) N n
1070+ B ]
—*— Conventional Antipodal BPAM 5
—— Individually Optimized BPAM 1|
—&— Jointly Optimized BPAM
10'12 1 1 1 1 1 1
6 8 10 16 18 20

12 14
SNR (dB)

Fig. 8: The decoding performance of various BPAM and various 7, for Pov Cases? where E; = Fs.

—_
o
IS

Symbol Error Rate
3

—
o
&

—
o
S

—&o— Conventional Antipodal BPAM
—¥— Individually Optimized BPAM
—E— Jointly Optimized BPAM

—&— Numerically Optimized BPAM

10-8 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18

SNR (dB)

Fig. 9: The decoding performance of various BPAM for Povcaser> Where 7o =1 and F, = 2F,.



	I Introduction
	II System Description and Error Rate Analysis
	II-A GMAC Transmission System
	II-B The Error Rate Performance of the Joint MAP Decoder

	III Optimized Design of Binary Constellations for Two-Sender GMAC
	III-A Design of Signal Constellations for =0
	III-B Design of Signal Constellations for =1
	III-C Design of Signal Constellations for -.25ex-.25ex-.25ex-.25ex{0, 1, -1}

	IV Simulation Results
	IV-A Results for =1
	IV-B Results for -.25ex-.25ex-.25ex-.25ex{0, 1, -1}
	IV-C Other Results

	V Conclusions
	Appendix
	References

