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A famous  conjecture  o f  E. Ar t in  [ t ]  s tates  that  for any  integer a 4= +_ I or  a perfect  
square,  there are  infini tely many  pr imes p for which a is a pr imit ive  roo t  (modp) .  
This conjecture  was shown to be true i f  one assumes the general ized R ie ma nn  
hypothes is  by Hoo ley  [5]. The pu rpose  o f  this note  is to exhibi t  a finite set S such 
that  for  some a e S ,  a is a pr imi t ive  roo t  ( m o d p )  for  an infini ty o f p r i m e s p .  

To this end,  let q, r and  s denote  three dist inct  pr imes.  Define the fol lowing set: 

S = {qs 2, q3r2, qZr, r3s 2, rZs, qZs3, qr 3, q3 rs z, rs 3, qZr3s, q3s, qr2s 3, qrs}. 

Theorem, For some a ~S,  there is a 6 > 0 such that for  at least 6x / log2x primes 
p < x, a is aprimitive root (modp) .  

Our  theorem is p roved  in the  fol lowing way. F i r s t  we show tha t  there are  at  least  
cx/log2x primes p < x such that  all odd  pr ime divisors  o f  (p - 1) exceed x ~+'. F o r  
such primes,  we prove  tha t  IF* = (q,  r, s )  with at  mos t  o (x/log2x) except ional  
pr imes p < x. Hence,  for  a t  least  cx/logZx primes p < x, IF* has  a genera to r  o f  the 
form q" r v s w for some u, v, w. The  final step is to show tha t  we can find u, v, w 
bo u nded  by three. In  fact, we can take  a genera tor  as in the set S above.  

Lemma 1. Fix a prime q, and O < ~ < �88 I f  c~ = �88 - ~, there is a constant c > 0 such 

t h a t c a r d ( p < x : ~ ) = - l , t , ( p - 1 ) , t p r i m e ~ t = 2 o r t > x ~ ) >  cx 
= = logZx - 

Remark. Results  o f  this na ture  are  p roved  by using the lower  b o u n d  sieve m e t h o d  
and  are  very classical. Indeed,  the lower b o u n d  Selberg sieve, coupled  with  the 
Bombie r i -V inogradov  theorem on pr imes  in a r i thmet ic  progress ions  yields the 
result  with an exponen t  o f  c~ = ~ - e ins tead  o f  �88 - ~. A beaut i ful  expos i t ion  o f  this 
can be found  in Bombie r i  [2, p. 71-75]. The  result  with an exponent  e = �88 - e can 
be ob t a ined  f rom Theo rem 1 o f  Iwaniec  [7] by uti l ising the  Bombie r i -V inogradov  
theorem.  A weighted fo rm of  the la t ter  theorem was p roved  for an ex tended  range 
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o f  progressions beyond  x ~, by Fouvry  and  Iwaniec [3]. Utilising this finer result 
in [6] yields L e m m a  1 with an exponent  ~ > �88 An a > 0 in L e m m a  1 suffices to 
yield a finite set in Theorem 1. The  size o f  the set decreases with any increasing value 
o f  ~ allowed by L e m m a  1. We therefore assume L e m m a  1 with c~ = �88 + e to obta in  
an " o p t i m a l "  set S. 

N o w  consider 
F = {qarbsr a ,b ,c~7l} .  

Let  Fp be the reduct ion o f  F (modp) ,  for  any pr ime p > max  (q, r, s). 

L e m m a  2. The number of  primes p satisfying 

Irpl < Y 
is O(y~). 

Proof We consider all triples (a, b, c) such that  l a I + I bl + I c l < Y. The  number  of  
such triples is easily seen to be ~ y3 + 0 (y2). Choosing  Y = y~, we find that  i fp  is a 
pr ime satisfying tFp[ < y, then for at  least two distinct such triples (a,b, c) and 
(c~,/~, 7) we have 

q'r~ s ~ =- qarb sC (modp) .  

Hence,  p divides the n u m e r a t o r  of  (q~-ara-bsr -C-  1). The number  o f  pr imes 
dividing the numera to r  is ~ Is - al + I~ - bl + IT - cl < 2Y. I f p  is a pr ime such 
tha t  I/'~1 < y, then p divides the n u m e r a t o r  o f  (qUrVsW- 1) for some (u,v, w) 
satisfying I u[ + I v I + I w I < 2 Y. The n u m b e r  o f  such triples is 

34-(2Y) 3 + O ( Y  z) 

and each such triple gives rise to at  mos t  O (Y) pr ime factors o f  the numera tor .  The 
total  numbe r  of  pr imes is therefore O (y4)  = O (y~), as desired. 

L e m m a  3. There is a 6 > 0 such that for  at least 6x/log z x primes p < x, we have 
IF* = (q ,  r, s). 

Proof L e t p  be a pr ime < x such t h a t p  does not  split in Q ( l / q )  and so that  any odd 
pr ime divisor o f p  - 1 is > x "~+~. By L e m m a  1, the number  o f  such p r i m e s p  < x is 
6x/log2x. For  these primes,  we count  how often IF* :~ (q, r,s). Let t be a pr ime 
dividing the index o f  (q , r , s )  in IF*. Then t = 2 or  t > x ,~+~. I f  t = 2, then 
2 [(IF*: (q) ) ,  but  then q must  be a quadra t ic  residue m o d p ,  cont ra ry  to our  choice 
o f p .  Therefore,  if  t [(IF*: (q,  r, s))  then t > x ,~+~. Hence,  

I (q ,r ,s) l  < x ~'-~. 

By L e m m a  2, we find the n u m b e r  of  such primes is O (x a -~). This est imate counts  
the exceptional pr imes and  we have the desired result. 

N o w  suppose we are given a 3-tuple o f  non-negat ive  integers u = (ul ,  u z, u3). 
We  shall write (q, r, s)" for  qU~ r"~s "3 . 

L e m m a  4. Suppose we have a set S of  thirteen 3-tuples satisfying: 
(i) u ~ (0,0,0) (mod2) for  any u~S ,  

(ii) for  each u ~ S, there is at most one u' ~ ~, u' ~ u with u = u' (mod  2), 
(iii) for  each two dimensional subspace V o f  ( Z / 2 1 )  3, any three elements of  

S v = {u ~ :  u #fi v (rood 2)for any v ~ V} are linearly independent. 
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I f  IF* -- ( q, r, s )  , then f o r  s o m e  u ~ S,  ( q, r, s)" is a p r i m i t i v e  roo t  (modp)p rov ided  
that  ( p -  1) has  a t  m o s t  three  o d d  p r i m e  divisors,  all  s u f f i c i en t l y  large. 

P r o o f  Let g be a primitive roo t  ( m o d p )  and  let us write q = g~,, r ~ g~2, 
s -  ga3(modp).  Set a = ( a x , a z , a 3 ) .  Since g c d ( a l , a z , a 3 ,  p -  1) = 1, a is not  the 
zero vector  m o d  2. Therefore,  the o r thogona l  complement  V of  the subspace 
of  (Z/27/) 3 generated by a has dimension two. Condi t ions  (i) and (ii) imply that  
LSvL > 7. An element u ~ S v  will correspond to a primitive roo t  (q, r , s )  ~ if and 
only if gcd ( a . u , p  - 1) = 1, where a ' u  = a 1 u 1 + a 2 u z + a 3 u 3 . Suppose that  none  
of  the odd divisors o f  p - 1 divides the de terminant  corresponding to any three 
elements o f  Sv .  Then for each odd pr ime t l (  p - 1), at  most  two of  the numbers  
a . u ,  u ~ S  v are divisible by t. Moreover ,  2X a ' u  for any u ~ S v .  Thus, for some 
Uo ~ S v ,  gcd ( a . u o ,  p - 1 )  = 1 and  (q, r, s) "0 is a primitive root  (modp) .  

P r o o f  o f  the T h e o r e m .  In  view o f  L e m m a s  3 and  4, it suffices to write down a set 
satisfying the given conditions. Indeed,  

,~ = {(1, O, 2), (3, 2, 0); (2, 1,0), (0, 3, 2); (0, 2, 1), (2, O, 3); (1, 3, 0), (3, 1,2); 
(0, 1,3), (2, 3, 1); (3, 0, 1), (1,2, 3); (1, 1, 1)}. 

(The pairs between semi-colons are congruent  modu lo  2.) We need only verify 
condit ion (iii) as (i) and (ii) are evident. 
We consider two cases: 

(a) ul  , u 2, u 3 ~ S v are incongruent  (mod  2). 
I fv~,  v2, v 3 are the reductions (mod 2) o fux ,  u2, u3, then {v 1 , v 2, v3} is a basis o f  

(Z/27/) 3. This is because v 3 :# v 1 + v 2 as a . v  1 @_ 0 (mod2) ,  a . v  z ~- 0 (mod2)  
implies a - ( v l - b v 2 ) = 0 ( m o d 2 ) .  Thus  d e t [ u l , u 2 , u 3 ]  is odd  and u l , u 2 , u  3 are 
linearly independent.  

(b) u 1 -= u 2 (mod  2). The cross p roduc t  of  ul and u 2 is a multiple of  one o f  the six 
vectors ( 2 , - 3 , - 1 ) ,  ( - 1 , 2 , - 3 ) ,  ( - 3 , - 1 , 2 ) ,  ( - 3 ,  1,4), ( 4 , - 3 ,  1), ( 1 , 4 , - 3 ) .  
For  each o f  these, the only vectors  in S which are perpendicular  are u~ and u 2 . Thus  
u I , u2, u 3 are linearly independent  in this case as welt. 

This completes  the proof .  

R e m a r k .  The largest pr ime dividing any of  the de terminants  is 19. To  apply  
L e m m a  4, it suffices to have all the odd  pr ime divisors o f  (p - 1) greater  than  19. 

One can show that  the set o f  thirteen elements above is "op t ima l" .  Ifu~ . . . . .  u12 
are 3-tuples o f  non-negat ive  integers and  ( p -  1) has three distinct odd  pr ime 
factors, ql ,  q2, qa, then it is not  hard  to see that  one can find a v z s (Z/22~) 3, v z 4 : 0  

such that  at least six o f  the numbers  u~" v2 are - 0 (mod 2); say u~' v 2 - 0 (rood 2), 
for 1 < i _< 6. Then  we can find a v(q~)  e (Z/q12~) 3, v (q l )  ~ 0 (rood q0 ,  with 

u v �9 v ( q 0  - us" v (q0  = 0 (mod ql)  

and similarly Ug"V(q2) = U l o ' V ( q 2 )  =-- 0 (modq2) ,  u l l "v (q3)  - u12"v(q3)  =- 0 

(modq3).  By the Chinese remainder  theorem,  there is some a = (a~ ,a2 ,a3)  
( Z / ( p -  1)Z)  3 with a -= v2 (mod  2), a - v ( q  0 (modql) .  I f g  is a generator  o f  IF*, 
then IF* = (go, ,  g %  g%) bu t  none o f  the twelve numbers  (g% g %  g~3),,, 
1 < i < 12 is a primit ive root  (rood p). 
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Final ly ,  we r e m a r k  tha t  an ana logous  result  can be es tabl ished for the elliptic 
curve ana logue  o f  the Ar t in  conjecture  as fo rmula ted  by  Lang  and  Tro t t e r  [8]. 
Indeed,  in [4], it  was shown tha t  if  E is an elliptic curve over I~ with complex  
mul t ip l ica t ion  by the full r ing o f  integers in an imag ina ry  quadra t i c  field and  r ank  
E ( • )  > 6, then there is a finite set S o f  ra t iona l  points  such tha t  for some a e S ,  
E (IFp) is genera ted  by the reduc t ion  o f  a ( m o d p )  for infinitely m a n y  pr imes  p. 
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