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Abstract

The “d-sequence” is defined and given an interpretation in terms of the exterior
derivative of symmetric polynomial functions. The exactness of the sequence is proved.
This leads to the formal Poincaré Lemma, which is a statement of the usual Poincaré
Lemma in the setting where the role of functions is played by formal power series.

Introduction. The formal Poincaré Lemma is what comes out when one tries a power
series approach to proving the usual Poincaré Lemma (which, it will be recalled, says that
a closed form is locally exact). The key to the constructions we give is the realisation that
the usual exterior derivative can be represented algebraically in terms of power series. We
accomplish this by first looking at the formal exterior derivative for homogeneous power
series (i.e., those where the coefficients are homogeneous polynomials). For this “fixed-
order” exterior derivative we produce a sequence which we show is exact. This is the
analogue of the Poincaré Lemma for this restricted class of differential forms. We then look
at the case where coefficients are general power series; this leads to the formal Poincaré
Lemma.

The rth d-sequence. Although the d-sequence as introduced by Spencer [1962] arises in
terms of partial differential equations modelled as fibred submanifolds of jet bundles, the
d-sequence itself is purely an algebraic construction, (although with a differential interpre-
tation, as we shall see). We thus consider an n-dimensional vector space V. We shall be
interpreting V as a vector space and as a manifold. In the former case, elements of V will
be denoted by v, and in the latter case by x. By Si(V*) we denote the set of symmetric
(0, k)-tensors on V and by A;(V*) the set of skew-symmetric (0, k)-tensors.

The following lemma concerning symmetric tensors will come up repeatedly. Let us
denote by

P.(V)={f:V—=R| f(v) = A(v,...,v) for some A € TP(V)}

the symmetric homogeneous polynomial functions of degree k.

1 LEMMA: (Characterisation of symmetric tensors) Let V be a R-vector space and let f €
Py(V). Then there exists a unique Ay € Si(V*) such that Af(v,...,v) = f(v) for each
veV.

* Associate Professor, DEPARTMENT OF MATHEMATICS AND STATISTICS, QUEEN’S UNIVERSITY, KINGSTON,
ON K7L 3N6, CANADA

Email: andrew@mast.queensu.ca, URL: http://penelope.mast.queensu.ca/ andrew/



2 A. D. LEwIs

Proof: Let A € T,?(V) and denote by S the permutation group on k symbols. If f(v) =
A(v,...,v), v € V, define

1
Af(vr, ... 0p) = 7 z AVa(1)s > Va(k))-
og€ESy,
It is evident that A is symmetric and that f(v) = A¢(v,...,v), v € V. This gives the
existence part of the result.
Now we prove uniqueness. For k € Z~o and [ € {1,...,k}, let

S(k7l) = {{jla---v.jl} - {L?k} ‘ 7'7&3 = j'f %JS}
With this notation, the following result is useful.
1 SUBLEMMA: For A € TQ(V),
k
Z A(va(l)’ s ’UU(k)) = Z Z (_1)k_lA(Uj1 A i RN e e Ujl)'
€Sy =1 {j1,....5u}
eS(kl)

Proof: We prove this by examining the terms in the sum. For I € {1,...,k} and for
{j1,-- -, 5} € S(k,l), if we expand the expression

A(Ujl+"‘+Ujlv"~vvj1+”'+Ujl)

using multilinearity of A, we obtain the sum of all terms of the form A(v,,...,v,, ) where
T1,...,7% € {j1,...,71}. Thus this is a sum with ¥ terms. Therefore, the right-hand side
of the expression in the statement of the sublemma will itself be a linear combination of
terms of the form A(v,,,...,v,, ) where r,...,7, € {1,...,k}. To prove the sublemma we
shall show that the coefficient in the linear combination is 0 unless 71,...,r; are distinct.
When 71,..., 1, are distinct, we shall show that the coefficient in the linear combination is
1. This will prove the lemma since the terms on the right-hand side corresponding to the
case when rq,...,r; are distinct correspond exactly to the terms on the left-hand side of
the expression in the sublemma.

Let us fix r1,...,rt € {1,...,k} (not necessarily distinct) and examine how many terms
of the form A(vy,, ..., v, ) appear in the sum on the right in the statement of the sublemma.
This will depend on how many distinct elements of {1,...,k} appear in the set {r1,...,7%}.
Let us suppose that there are s distinct elements. For [ > s, in the set S(k,[) there will be
D(k,l, s) members which contain {ri,...,r;} as a subset, where

(k—s)!
(1= s) (k=0
To see this, note that to each member {ji,...,5;} € S(k,1) that contains {ry,...,7;} as
a subset, there corresponds a unique subset of | — s elements of a set of k — s elements
(the complement to {ri,...,rx} in {j1,...,751}). There are D(k,l,s) such subsets after we
note that D(k,l,s) = (ll“:j) This means that there will be D(k,[,s) terms of the form
A(vypy, ..., vy, ) which appear in the sum

D(k,l,s) =

ST (DR A, v ).

{g1,--0i}
eS(ki)
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Therefore, there will be ¢ (—1)*~'D(k, 1, 5) terms of the form A(v,,, . ..,v,, ) in the right-
hand side of the expression in the sublemma. We claim that

k

Z(_l)kilD(kﬂlvs) = {17 5=k,

ot 0, s<k.

For s = k the equality is checked directly. For s < k we note that, for z,y € R and for
k — s >0, we have

k—s
(x—i_y)k_‘s:z(k’_s)l'yks] ZDk,l,S)lsykl

7=0 l=s

Letting z = 1 and y = —1 we obtain

> (=) 'D(k,1,5) =0,

as desired. v

Now, if A € S(V*) satisfies f(v) = A(v,...,v) for all v € V we must have

A(’Ul,...,’l)k k' ZA 0'(1)7"'7 ())

O'Gsk

~ (Z > D (g + ""sz))

I=1 {j1,....51}
€S(k,l)

k'(z Z klqu;Jl '+szv-'~7vj1+"-+vjl))

I=1 {j1,....51}
€S(k,l)

ZAf Vo ()

! UESk

= Af(vr,..., ),

where we have used the symmetry of A in the first step and the symmetry of Ay in the last
step. |

The key point of the lemma is that a symmetric tensor is defined as soon as one knows
its values on the diagonal in H§:1 V. We shall use this idea frequently.
The following simple result is key to developing any intuition about the d-sequence.

2 PROPOSITION: (Characterisation of A (V*) ®S,(V*)) Let r,s € Z>o. The map ¢s, from
Ns(V*) @ Sp(V*) to the set of differential s-forms on the manifold V satisfying

Gsr(a®@A)(vr,...,v5) = Az, ..., x)a(vr, ..., vs), V1y. .y Us € TV V)

is a monomorphism of R-vector spaces.
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Proof: The map is clearly linear. To see that it is injective, suppose that ¢s,(aq ® A1 +
-+ 4 ag ® Ag) = 0. This means that the differential s-form
x— Az, ...,x)ag + -+ Ap(z, .., 2) oy
is zero. This means that

Az, ... x)aq(ve, .o vs) + -+ A, ..o ) ag (v, ..o, 0s) =0

for every x,vi1,...,vs € V. Now let uy,...,up,v1,...,v5 € V. Following the proof of
Lemma 1, for each j € {1,...,k} we have
Aj(ul,..., Z Z kZA’U,]l+"-+Ujl,...,u]'1+--'+’U,jl).
I=1 {j1,....51}
eS(kl)

We may then write

k
=> > (DM ag(vn, e v) Aglug, g, 4 ).

The terms on the right vanish since a1 ® Ay + -+ + a; ® A € ker(¢s,), and so we have
a1 ® AL+ -+ o ® A = 0, giving injectivity of ¢, .. |

This gives a handy identification of A,(V*)® .S, (V*) with a subspace of the vector space
of differential s-forms on the manifold V. The next result shows that the set of all such
differential forms is closed under exterior differentiation. We denote by d, the exterior
derivative on the manifold V restricted to differential s-forms.

3 PROPOSITION: (Invariance under exterior differentiation) Let r € Z~g and s € Z>g. If
a1 @ A1+ -+ ag @ A € Ny(VH) ® Sp(V*) then there exists $1 @ By +---+ [/ ® By €
Nsi1(V*) ® Sp—1(V*) such that

ds¢s,r(a1 ® Al +Fy® Ak) = ¢s+1,rfl(5l & Bl + -+ ﬁl ® Bl)

Proof: Let us first consider the case when s = 0. In this case, elements of A (V*) @ S, (V*)
are to be thought of, under the map ¢, as polynomial functions on V that are symmetric
and homogeneous of degree k. Explicitly, if A € S, (V*) then we have the function f4: z —
A(z,...,z). The exterior derivative satisfies

(dofa(z);v) = A(v,z, ..., x).
Now define A" € V* ® S,_1(V*) by asking that

A(v,u, ... u) =rAv,u, ..., u), u,v € V.
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Note that this uniquely defines A’ by Lemma 1. Clearly we have ¢ ,_1(A’) = d¢o(A), so
proving the result when s = 0.

For s > 0 we note that an arbitrary element in image(¢s ) is a finite linear combination
of elements of the form = — fa(z)a for A € S,.(V*) and a € A, (V*), thinking of a as a
constant section of A (T*V). We can write this differential s-form as f4 A a. We then have

ds(fana)=dofaNa— faNdsa=dofaNa,

using the fact that « is closed since it is constant. The definition of wedge product gives

(dOfA A Ck)(?]l, cee Us+1 Z Slgn dOfA )Oé(’[)o-(g), s 7“0(54—1))7

where the sum is over all permutations o of {1,...,s+ 1} which satisfy
o2)<o3)<---<oa(s+1).
This amounts to
(dOfA A Oé)(’l)l, R ,’Us+1) = Z<—1)j+1d0f,4(’l)j>06(1)1, <o 7@]'7 R 7,Us+1)7
j=1

where © means the term is omitted from the argument. In the above expressions we have
suppressed the base point z € V at which all tensors are evaluated. Restoring this, and
supposing that vi,...,vs41 € TV, we have

s+1
dofa(z) Na(x)(v,...,vs41) = Z(—l)JHA’(vj,L s )V, Dy Vs
j=1
Now define w € A, ;(V*) ® S,—1(V*) by asking that
s+1 )
W(U1y ey Vg1, Uy ey u) = Z(—l)]‘HA'(vj, Uy oo W)V, o, Dy ey Vggd)-
j=1

By Lemma 1 this uniquely defines an element of A, ;(V*) ® S._1(V*). Moreover, by
construction we have ¢gy1,-1(w) = dosr(a ® A). The result now follows by R-linearity of
the exterior derivative and of ¢, |

This enables us to define d,,: A (V*) ® S (V*) = Ay (V) ® Sp—1(V*) by asking that
the diagram

As(VF) © Sp(VF) 225 A1 (V9) @ Sp 1 (V)

(bs,'rl l‘ﬁs«kl,rl

I (As(TV)) = (As1(TV))

commute. Explicitly, ds, is defined by its satisfying

S

(Os (@ A))(V1,. .., Us1, UL, - ooy Up—1)
s+1
_Z j+1 ’Ul,... @j,...,vs+1)A(vj,u1,...,ur,1).
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We adopt the usual convention of simply denoting ds, by ¢ when this is convenient, sup-
posing any possible ambiguity to be resolvable from context.
The rth §-sequence is then given by

00— ST(V*) 46>V* ® Srfl(V*) 45> /\2(\/*) ® ST,Q(V*) 54) o (1)

e AL (V) © Sy (VF) —— 0

The rth d-sequence is exact. It is clear, since dgy10ds = 0, that ds41,-1°605, = 0.
Thus ker(ds41,—1) C image(6,,s). However, more is true; namely the d-sequence is exact.

4 PROPOSITION: (Exactness of the rth d-sequence) For each r € Zq, the sequence (1) is
exact.

Proof: For each s,r € Z~o we shall define a map H,,: A\, (V") ® Sr—1(V*) = A,(V") ®
Sr(V*) with the property that Hgiq,—190s41,—1 + 0sy0Hs, is the identity map on
Nsi1(V¥) @ Sp—1(V¥). For @ B € Ay 1(V*) ® S,—1(V*) define

1

H . (B® B)(v1,...,05,u,...,u) = T+SB(u,...,u)ﬁ(u,vl,...,vs),

for u,vq,...,vs € V, noting that this uniquely defines Hy, (6 ® B) € A\,.(V*) ® Ss(V*) by
Lemma 1. Using the definition of d5, we compute

dsroHsr(B® B)(v1,...,0s41,U,...,u)
1 s+1

= (X = DB, WA D v)

r+ S =

s+1

+Z(—1)J‘+1B(u,...,u)g(uj,vl,...,@j,...,USH)), (2)
j=1

for w,v1,...,vs41 € V. Using the definition of ds41,-1 we have
5S+1,T—1(ﬂ ® B)('Ul, sy Ust2, Uy - ,'LL)

s+2
= Z(—l)”l(r — 1)B(vj,u,...,u)B(v1,...,05,...,0512)
j=1

for w,v1,...,vs42 € V. Therefore, using the definition of Hs11,-1,

-Hs—i-l,'r'—l 065+1,T—1(ﬁ @ B)(Ulu sy Ust1, Uy e 7U)

= 7”41—3((7“ —1)B(u,y...,u)B(v1,...,Vs11)

s+1
+ Z(—l)j(r — 1)B(vj,u, ..., u)B(u,v1,...,0,... ,Us+1)) (3)
j=1
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for u,v1,...,vs+1 € V. Combining (2) and (3) we arrive at

(Hs+1,r71 O(Serl,rfl + 53,7" OHs,r)(ﬁ ® B)(Ula sy Ust1, Uy - - 7“)

- T":Il-—S((T_1)B(u""7u)5(v17"’7”84—1)
s+1
+Z(_1)]+1B(U, ,U)B('Uj,'l)l, '7&77”8-{-1))
=1
= 1J 1)B
_T—l—S((T_ ) (U,...,U)ﬂ(vh...,vs_,_l)

+ (s+1)B(u,...,u)B(v,. .. ,'US_H))

:B(uv"'au)ﬁ(vla"'vverl)
=R B(V1y...,Vs41,Uy...,u)

for w,vy,...,vs+1 € V. By extending the above computations using linearity and by us-
ing Lemma 1, it follows that Hsi 1 ,—1°0s41,—1 + 05, ©H,, is the identity on A, (V*) ®
Sr—1(V*).

Now, if ds41,-1(81 @ B1 + -+ + B ® By) = 0 for 8; ® B; € Ny 1(V
Jj € {1,...,k}, then we define a;; ® A; € N\ (V*) @ S.(V*) by a; ® A; =
je{l,...,k}. Then

k k
5s,r (Z a; ® A]) = 58,7‘ OHS,T‘ (Z ﬁj @ BJ)
j=1

=1

") @ Sp—1(VF),
HSJ’(ﬂj ® Bj)v

k

k
= (55,7‘ ollgy + Herl,rfl 055+1,r71) (Z /Bj b2y BJ) = Z ﬁj & Bj,
j=1 Jj=1

showing that image(ds,) C ker(ds11,—1) as desired. [ |

5 REMARK: The proof above is an adaptation of one of the more common proofs of the
usual Poincaré Lemma to the specific case needed, using the fact that d;, is the restriction
of dg to image(¢s ). The proof we adapted may be found in, for example, [Warner 1983]. o

The formal Poincaré Lemma. Recall that the Poincaré Lemma says that, for a man-
ifold M, if w € I'*(A4;1(TM)) satisfies dsy1w = 0, then for any 29 € M there exists a
neighbourhood U of zg and 6 € ' (A,(TUWU)) such that w|U = dsf. In the case when M
and w are analytic, one can imagine constructing € by Taylor expanding w, computing the
exterior derivative in terms of the Taylor expansion, and then using this to determine the
Taylor expansion of . If the Taylor expansion converges (and it does), then this can be
used to define . Note that this construction involves only looking at things defined at xg,
and so is really an algebraic construction. The formal Poincaré Lemma simply eliminates
all the annoyance of convergence dictated by analyticity, and works instead with formal
power series. The exterior derivative is then just defined using the maps d5, defined above,
so eliminating any obligation to talk about limits in the definition of derivatives, etc.

First let us try to be a little careful about what we mean by a formal power series about
g € M. To make the ties with the above discussion clear, and to emphasise the point that
this construction only involves objects defined at xg, let us denote V = T,,M.
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6 DEFINITION: (Formal power series) A formal power series at xg is an element of the
direct product [],cz.  Sr(V*) of R-vector spaces. The set of formal power series at z¢ is

denoted by R[[V]]. .

Let us be clear about what is meant by a formal power series at xy. It is a map
P:Z>9 — Urez.,5-(V*) which satisfies P(r) € S,(V*). If one want to understand how
a formal power series P relates to Taylor series, one can choose a coordinate chart (U, ¢)
about xg for which ¢(zp) = 0. Then one can attempt to define a function by

fr@)= > Pr)(¢(),....¢(x), =zl

TEZZO

The matter of convergence of this series depends only on P, and so one can speak of the
subset of R[[V]] consisting of convergent power series; we denote this subset by R[[V]].
There is a natural R-vector space structure defined on R[[V]] by

(P1+ Po)(r) = Pi(r) + Pa(r),  (aP)(r) = a(P(r))

(this is just the vector space structure of the direct product). There is also a commutative
ring structure on R[[V]] as follows. Let P, € S, (V*) and P» € S,,(V*) and note that
these are elements of R[[V]] since S, (V*) is a subspace of R[[V]] for every r € Z>(. Define
PP, € R[[V]] by

(PLPy)(uy...,u) = Pi(u,...,u)Pa(u,...,u), u€e V.
—— —— ——
1;1 +rg r1 times ro times
imes

This defines PiPy € Sy, 4, (V*) is the usual manner by noting that a symmetric tensor is
uniquely defined by its values when all entries are equal, cf. Lemma 1. Indeed, fiddling with
permutations gives PPy € Sy, 4r,(V*) by the formula

(P1P2)(v1’ R U7”1+7“2) = Z Py (vo(l)’ R Uo(rl))P2(va(r1+1)a s 77)0(7"14-7'2))’

where the sum is over all permutations satisfying
o(l)<o(2)<---<o(r1), olrmm+l)<o(ri+2)<---<o(r+ra).

This gives the product of elements of the subspaces S, (V*), r € Z>o, and this definition
can be extended to all of R[[V]] by linearity. If one restricts consideration to the set R[[V]]
of convergent power series, the sum and product in R[[V]] corresponds to the sum and
product of analytic R-valued functions. Put more precisely, the subring R[[V]] of R[[V]]
is isomorphic to the ring %, (M) of germs of analytic functions at xo. However, the ring
structure in R[[V]] makes sense, even for formal power series that do not converge.

Now note that A,(V*) @ R[[V]] can be thought of as the vector space of those differential
s-forms on V with coefficients in R[[V]] in exactly the way that A (V*) ® S,(V*) is, by
Proposition 2, to be thought of as the set of differential s-forms with coefficients that are
homogeneous polynomials functions. Indeed, if one wishes to be a little more precise about
this, one notes that

AV SRV = T AV @ S,(V7), @

T‘GZZQ
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and so A (V*) ® R[[V]] is isomorphic to the direct product of the subspaces image(¢s ),
r € Z>g, of differential forms on V. Of course, this only makes sense formally. But if one
restricts to R[[V]], one recovers bona fide analytic differential s-forms. The R-vector space
Ns(V*) @ R[[V]] has the structure of a module over the ring R[[V]] if one defines the scalar
product to satisfy

Pla® Q) =a® (PQ).

The module A,(V*) @ R[[V]] over the ring R[[V]] is then isomorphic to the module of germs
of analytic differential s-forms on M at zo which is thought of as a module over the ring

Gy (M) (using the fact that this latter ring is isomorphic to R[[V]]).
We now define the analogue of the exterior derivative for the module A (V*) ® R[[V]].

7 DEFINITION: (Formal exterior derivative) For s € Zsq define d5: A (V") ® R[[V]] —
Ns1(V*) @ R[[V]] to satisfy

(0s(a @ P))(r) = 0s (@ P(r))

(using the identification (4)). o

If one restricts to A,(V*) @ R[[V]], then &, is the representation of ds under the isomor-
phism of A,(V*) @ R[[V]] with the germs of analytic differential s-forms at xo. Again, when
it is convenient we shall simply write § for ds.

This leads to the sequence

0 —= R[[V]] == V* @ R[[V]] —> Ay (V*) @ R][V]] 8 (5)

6

Aa(V5) @ R[V]] —=0
One can now recast Proposition 4 as the following result, which tells us that the Poincaré
Lemma holds for formal power series, even when they do not converge.

8 THEOREM: (Formal Poincaré Lemma) The sequence (5) is exact.
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