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Abstract

Most of the conventional communication systems use channel interleaving as well as
hard decision decoding in their designs, which lead to discarding channel memory and
soft-decision information. This simplification is usually done since the complexity of
handling the memory or soft-decision information is rather high.

In this work, we design two lossy joint source-channel coding (JSCC) schemes that
do not use explicit algebraic channel coding for a recently introduced channel model,
in order to take advantage of both channel memory and soft-decision information.
The channel model, called the non-binary noise discrete channel with queue based
noise (NBNDC-QB), obtains closed form expressions for the channel transition distri-
bution, correlation coefficient, and many other channel properties. The channel has
binary input and 2%-ary output and the noise is a 29-ary Markovian stationary ergodic
process, based on a finite queue, where ¢ is the output’s soft-decision resolution.

We also numerically show that the NBNDC-QB model can effectively approxi-
mate correlated Rayleigh fading channels without losing its analytical tractability.
The first JSCC scheme is the so called channel optimized vector quantizer (COVQ)
and the second scheme consists of a scalar quantizer, a proper index assignment, and
a sequence maximum a posteriori (MAP) decoder, designed to harness the redun-

dancy left in the quantizer’s indices, the channel’s soft-decision output, and noise
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time correlation. We also find necessary and sufficient condition when the sequence
MAP decoder is reduced to an instantaneous symbol-by-symbol decoder, i.e., a simple

instantaneous mapping.
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Chapter 1

Introduction

Looking at the recent ever increasing demands for communication systems, it is ob-
vious that in order to meet the present needs, modern communication systems are
required to become faster, more reliable, and more suitable for wireless and mobile
communications. As a result, the need arises for designing systems with less delay
and complexity without sacrificing reliability in wireless mobile environments. In
order to design such systems, some improvements can be proposed to enhance the

performance of conventional systems.

1.1 Literature Review

It is well known that the separate treatment of source and channel coding, as in
Shannon’s source-channel coding theorem [31,32], is not optimal in the presence of
complexity and delay constraints. A variety of different joint-source channel coding

schemes have been proposed to address this problem, such as [5, 20,23, 26, 34| and
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Source Source Channel Channel Channel Source Receiver
Encoder Encoder Plx) Decoder Decoder

Separate source and channel coding system

Joint Source-Channel | Receiver
Decoder

Source | Joint Source-Channel Channel
Encoder P(y[x)

Joint source-channel coding system

Figure 1.1: Block diagram of a separate (tandem) source and channel coding system
and a joint source-channel coding system.

many others for the case of lossy coding. It is also known that the capacity of a well-
behaved (ergodic) channel with memory is strictly greater than the capacity of its
memoryless counterpart channel (with identical one-dimensional transition distribu-
tion) realized by ideal (infinite) interleaving [10,37]. Consequently, given the memory
statistics, a communication system can be designed to take advantage of the channel’s
memory and outperform systems that discard memory information via interleaving.
Furthermore, it has been shown that the channel’s soft-decision information can im-
prove capacity and system performance over hard-decision decoded schemes (e.g.,

see [4,6,25,33,35].

1.2 Thesis Contribution

In this thesis we design a joint source channel-coding scheme, known as channel opti-

mized vector quantizer (COVQ), and a joint source-channel decoding scheme, which
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consists of a scalar quantizer (SQ) with a maximum a posteriori (MAP) decoder. Both
systems are source centric joint source-channel coding schemes (JSCC) and have less
complexity than the conventional tandem source-channel coding systems in which
the problem of source coding and channel coding are dealt with separately (Figure
1.1). There are other methods of JSCC such as channel centric approaches (that use
explicit channel coding) or unequal error protection approaches.

Both system performances are studied for the non-binary noise discrete chan-
nel (NBNDC) and the correlated Rayleigh fading channel used with soft-decoding
demodulation. The NBNDC is a channel model recently introduced in [28], where
the channel has binary input and 2%-ary output, making it possible to model soft-
quantized output channels with memory. We use the NBNDC channel with the
queue-based noise, introduced in [28], as the noise process in the NBNDC model to
provide closed form expressions for the channel transition distribution, and then use
the obtained model as an alternative representation of a correlated Rayleigh discrete
fading channel (DFC). Note that in contrast to the NBNDC with queue-based noise
model (which we refer to as NBNDC-QB), for the Rayleigh DFC no closed form tran-
sition distribution expression are known for block lengths of greater than 3, so the
distribution must be determined via numerical methods. We test the system designed
for the NBNDC model over the equivalent correlated Rayleigh DFC to simulate its
performance in wireless communications.

We also obtain necessary and sufficient condition for the sequence MAP detector
in the SQ-MAP system over the NBNDC-QB to reduce to an instantaneous symbol-
by-symbol mapping with the same sequence error probability of decoding.

We show numerically that both systems can successfully exploit the channel’s
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memory and soft-decision information in order to gain better signal-to-distortion ratio
(SDR) performance, in contrast with systems that use interleaving and hard quantiza-
tion, hence disregarding the channel’s memory and soft-decision information. We also
validate numerically that the NBNDC-QB can effectively approximate the Rayleigh
DFC while in spite of the Rayleigh DFC, the NBNDC-QB maintains its analytical

tractability.

1.3 Thesis Overview

The organization of the thesis is as follows. In Chapter 2, we describe an overview
of digital communication channel models and source coding theory. The design and
study of the COVQ system is explained in Chapter 3 and the study of the SQ-MAP
system is presented in Chapter 4. Chapter 5 is devoted to conclusions and future

works.



Chapter 2

Preliminaries

2.1 Communication Channel Models

A communication channel whose input and output each have a finite alphabet is called
a discrete channel. In a discrete (digital) channel model, the transmitted message is
modeled as a digital signal. In contrast, in an analog channel model, the transmitted
message is modeled as an analog (continuous) signal.

The physical transmission of signals over a transmission medium always takes
place via analog signals. As a result, in order to transmit a digital signal on a physical
medium, a digital to analog conversion must take place. Similarly, an analog to digital
conversion is done at the receiver to retrieve the transmitted digital data. Consider
Figure 2.1 as a generic point-to-point digital communication system. As can be seen,
the data symbols are discrete before they are sent through the modulator, as well as
the data symbols after the demodulator. Therefore, the whole modulation process,
analog channel model, and demodulation process can be considered as a black-box,

performing as a digital input, digital output channel. Hence, a discrete channel can

5
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Equivalent Discrete channel

Source Channel X

Encoder Encoder Modulator

Source

A 4
A 4

A 4

Channel

A

. Source | Channel Y P
Decoder |- Decoder : Demodulator

Figure 2.1: Block diagram of a digital communication system.

model an equivalent analog channel model, which uses a specific modulation scheme.

From another point of view, different channel models can be classified into two
large classes: memoryless channels and dynamic channels (channels with memory). A
channel is said to be memoryless if the probability distribution of the output depends
only on the input at that time and is conditionally independent of previous and future
channel inputs or outputs [9]. For a channel which is not memoryless, we consider
the case where the statistical properties of the output signal at time ¢ depend only
on the present and past transmitted signal.

In the following, we review some of the well-known channel models, as well as

some recently introduced channel models which are relevant to this thesis.
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2.1.1 Memoryless channels
Discrete Memoryless Channels

The discrete memoryless channel (DMC) is a discrete channel with finite input al-

phabet X" and finite output alphabet ). Its transition probabilities, Pynxn(y"|2"),

for any input n-tuple 2™ = (z1, 29, ..., 2,) and received n-tuple y" = (y1, Y2, .-, Yn),
satisfies
Pyapen(y"|a") = [ [ Prarx, (wiles), (2.1)
i=1
for every n = 1,2,.... A DMC is uniquely determined by the channel transition

matrix Q = [P(y|x)]. Condition (2.1) is actually equivalent to the following two sets

of conditions:

PYn|X",Y”71(yn|xn7ynil) = PY|X(yn|xn)7 Vn = 17 27 s T YT

PYn—lan (yn_1|xn) — PYn—l|Xn—l(yn_1|$n_1), Vn — 17 2, ey J,’n, yn_l.

PYn|X”,Y”71(yn|xn7 ynil) = PY|X(yn|$n)7 Vn - 17 27 ceey :L.n7 yn7
Py, jyn—1,xn-1(zp|y" 1, ") = P, xn-1(z,]2" 1), Yn=1,2,..., 2" y

These conditions imply that the current output Y,, only depends on the current input
X,,, but not on the past inputs X" ! and outputs Y™ 1. Also, given the current
input, the past outputs Y~ ! do not depend on the current input X,,. The current
input X, is also independent of past outputs Y™~ ! given the past inputs X" 1.

A simple example for a DMC is the binary symmetric channel (BSC) depicted

in Figure 2.2, which has binary input and output alphabets, and is described by the
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Figure 2.2: Binary symmetric channel.

transition matrix

It can be seen that the BSC can be described by a single parameter ¢, referred to as

the crossover probability.

Additive White Gaussian Noise

The additive white Gaussian noise (AWGN) channel model is a well-known example
of analog memoryless channels. The model is discrete in time and continuous in
amplitude, with input and output alphabets X = ) = R. The output Y; at sample

time ¢ is the sum of the input X; and the noise Z; (Figure 2.3)
Yi=Xe+ 2, Z ~N(0,Ny/2)

where the noise is white (has a constant spectral density). Thus the noise random
variables, Z;, t = 1,2,..., are independent and identically distributed (i.i.d.) each
having a Gaussian distribution, which we assume to have zero-mean and variance
No/2.

This channel provides tractable mathematical model which is very useful in some
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Z

X W, >

Figure 2.3: The additive white Gaussian noise model.

simplified real world applications, such as single user wireline communications, but

cannot model phenomena such as fading, interference, and dispersion.

2.1.2 Channels With Memory

Discrete channels with memory are studied in detail in [16, p. 97-111]. A simple model,
used extensively in the literature, is the Gilbert-Elliott Channel (GEC). The GEC is a
varying binary symmetric channel, the crossover probabilities of which are determined
by the current state of a discrete stationary binary Markov process (Figure 2.4) [24].
According to this model, the channel has two states known as the good state (with
low crossover probability) and the bad state (with high crossover probability). Since
the state of the channel cannot be determined from the observations, the channel is
a so-called hidden Markov model.

A more explicit channel with memory is the binary Markov channel, in which the
channel memory is represented by an additive Markovian noise process. The output

Y; at time j is affected via the additive noise Z;, which is assumed to be independent
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b
] ° e -
g
1-Pg 1-Pg
X X
1-Ps 1-Pg

Figure 2.4: The Gilbert-Elliot channel model.

of the input of the channel X,
}/]:X]@ZJ7 j:17273,..-,

where the @ represents modulo 2 addition. The noise process {Z;}52, is a binary
stationary ergodic Markov process with memory order M, generated by the finite-
memory contagion urn model described in [1]. More precisely, according to this model,

the noise transition probabilities are given by

P?"{Zj = 1|Zj_1 = Zj-1y-- .,Zl == 21} = PT{Zj = 1}Zj_1 = Zj-1y-- '7Zj—M = zj—M}

j—1 j—1
= Pr{Z;=1] ) Zi= ) =z}
i=j—M i=j—M
€+ (ZZ;;_M zl> )
1+ Mo ’

where z; € {0, 1}, € is the channel bit-error rate (BER), and § determines the noise
correlation via Cor = §/(6+1). It can be seen that letting 6 = 0, the channel is equiv-
alent to a BSC with crossover probability €. This channel can be fully characterized

by the parameters 9, ¢, and memory order M.
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Non-Binary Noise Discrete Channel

The Non-Binary Noise Discrete Channel (NBNDC) [28] is a binary-input and 29-
ary-output channel model. The input data bits X; are affected by noise Z; via the
relation

Y, = (27— )X, + (-1 2, (2:2)

where Y;, Z; € {0,1,...,27 — 1} for j = 1,2,..., with {Y;} denoting the channel
output process, and {X;} denoting the channel input binary process. Also, {Z;} is
the noise process assumed to be independent of {X}. According to (2.2), Z; can also

be written in terms of input and output symbols,

Vi — (27 -1)X;
7= S

j=1,2,.... (2.3)

We will extensively use this channel model in this thesis, since we are interested
in taking advantage of the soft-decision information for improving the system’s per-
formance, which is feasible using the NBNDC because it has a non-binary output.
Furthermore, the number of the NBNDC’s parameters, and hence the model’s com-
plexity, is independent of the channel noise memory order M, so that noise models
with arbitrarily large memory orders can be implemented with no extra complexity.
On the other hand, the complexity is exponentially proportional to the soft-decision
quantization resolution ¢, although typical values for ¢ are as low as 2 or 3.

The noise process {Z; };";1 can in general be any stochastic process. For example,
if {Z,} is a binary stationary memoryless process (hence ¢ = 1), the NBNDC reduces
to the BSC. The noise process applied in [28] (and also in this thesis), is a non-binary
generalization of the queue-based (QB) noise [37]. We refer to this channel model

as NBNDC-QB. The noise is modeled via a 29-ary M"-order Markovian stationary
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ergodic process with 2942 independent parameters. According to this model, at each

sample time j, the noise is generated via one of the two following packages:

e A queue with M cells, shown in Figure 2.5, that contains a ball in each cell.
The balls are numbered, with integers ranging from 0 to 2¢ — 1. Each number

represents an error symbol.

e An urn that contains a large set of numbered balls; the same numbered balls as

in the queue(Figure 2.6).

Figure 2.5: A queue of length M.

elelelole
OO0
OOOO
OOG

urn

Figure 2.6: An urn of numbered balls with 2¢ different numbers.
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At each sample time j, a biased coin is flipped to choose one of the packages.
Assume that the queue is selected with probability . If the queue is selected, the
noise symbol is determined by selecting one of the M cells and taking the number of
the ball it contains as the generated noise symbol. The probability of selecting the

kth cell of the queue is chosen as

L ifk=1,2...,M—-1:

M—1ta’
iy k=M

If the urn is selected, one of the balls will be taken out of the urn, and the ball
number will determine the noise symbol. The numbered balls in the urn satisfy the
probability distribution (pg, p1, - . ., p2e_1), i.€., a ball with number i on it is taken out
of the urn with probability p;. After the noise symbol is generated, no matter which
package was selected, a ball with the same number as the generated noise symbol will
be pushed in front of the queue, pushing out the ball in Mth cell of the queue.

The resulting QB noise process is a stationary Mth order Markov source and
has only 29 + 2 independent parameters: the size of the queue M, the probability
distribution of the balls in the urn, and correlation parameters 0 < e < 1 and a > 0.

The state process of the queue based noise {S,}>,_, which is defined by S, =
(Zns Znts -y Zn—prs1) € {0,1,...,27 — 1}M is a homogeneous, first-order Markov

process. Define the noise state transition probability by
Q(Sn|sn—1> = PT{Sn - sn|Sn—1 - Sn—l}a

where s, = (2n, Zn—1, -+ s Zn—m+1), 2n € {0,1,2,...,27 — 1}. According to [28§],

M-1

9

Q(snlsn-1) ( Oz T aézn,an) M—-1+a + (1 =¢)p.,, (2.4)
(=1
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where,
, it =
0, if i+#j.
Since the noise process is independent of the input, we have
Pr{Y™ =y™ | X" =2am} = Pr{Z™ = 2"}. (2.5)
Hence, the m-fold channel transition probability Pr{Z™ = 2™} £ PIETTgl)\IDC(Zm) =

Prxgnoe-qe{Z1 = 21, Z2 = 29, ..., Zy, = 2, } 18 given by [28]:

e For m > M

m i—1

PIEITS%\IDC-QB<Zm) = H [( Z 5Z¢,Zz + 04621721'—1»1) (26)

i=M+1 {(=i—M+1

1—e¢ 25 21,2 ZM )0
a/—'—( ):0 1]7T( 1,22, M)

where

M
Where gg = Zk:l (5%,@,

o Form< M

Plng%\IDC-QB(Z ) = mj,l ) (2.8)



CHAPTER 2. PRELIMINARIES 15

where & = > " | d,, 0. Note from (2.8), for m = 1 we have PlélB)NDC_QB(Zl) = p,, for

z € {0,1,...,29 — 1}. Finally the channel noise correlation is given by
Cor — E(Z1Zy11] — B[Zi]* _ M7
Var(Zy) 1— (M -2+ a)m'

Rayleigh Fading Channel

The Rayleigh fading channel is a continuous alphabet, discrete time example for
channel with memory. The channel noise affects the input data X, k = 1,2, 3, ... with
both multiplicative and additive noise. The multiplicative noise Ay, k =1,2,3,... is
a sequence of Rayleigh distributed random variables (correlated in general), known as
the fading coefficients, which cause an attenuation of the received signal. The additive

noise is an AWGN with zero-mean and variance Ny/2. As a result, the output Y} is

given by
Yk:Aka—i-Nk, /{721,2,3,....
Correlated Rayleigh Fading channel
LA Ne
X, BPSK A /l\ R, ¢-bit Uniform | Y
—E _» [ F oy X + : .
modulator SN/ N Soft-quantizer

Figure 2.7: Rayleigh discrete fading channel, with BPSK modulation.

The channel setup we are using in this thesis is a discrete fading channel model
(DFC) consisting of a binary phase-shift keying (BPSK) modulator, a time-correlated

flat Rayleigh fading channel with additive white Gaussian noise (AWGN), and a g-bit
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soft-quantized demodulator, shown in Figure 2.7. Let the input and output alphabet
be X = {0,1} and Y = {0,1,...,29 — 1}, respectively. Denoting the DFC binary

input by {Xx}, £k =1,2,..., the received channel symbols are given by
Ry =V EsAiSy + N, k=1,2,...

where E is the energy of signal sent over the channel, Sy = 2X;, —1 € {—1,1} is the
BPSK modulated signal and { N} } is an additive white noise process, represented by a
sequence of independent and identically distributed (i.i.d.) Gaussian random variables
of variance Ny/2. {Ax} is the channel’s fading process with A, = |G|, where {Gy} is a
time-correlated complex wide-sense stationary Rayleigh process with autocorrelation
function given by R[k] = Jo(2wfpT|k|) from Clarke’s model [8], where fpT is the
normalized maximum doppler frequency and Jy(-) is the zeroth-order Bessel function
of the first kind. Therefore, A, is Rayleigh distributed, with unit second moment. The
fading process { Ay} is assumed to be independent of the noise and input processes.
The channel signal-to-noise ratio (SNR) is given by SNR= E/Nj.

In the last part of the DFC model, a soft-decision demodulator consisting of a
uniform quantizer with a resolution of ¢ bits, takes the output Ry to produce the
discrete channel output:

Yi=j, ifRy e (T, T)),

where the TJ’ are uniformly spaced thresholds with step-size A, such that

Ti=9 G+1-207A, if j=0,1,...,27-2
00, if j=21-1.

Let 6 £ A/VE; and Tj £ T;/V'E,. The m-fold transition probability for the DFC
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can be calculated via [28]
Porey™ |a™) & Pr{y™ =y" | X" =a"} (2.9)

= EAl...Am [quk:yk<Ak>
k=1

Y

where y™ = (Y1,Y2, -, Um), " = (21, Ta, ..., Tm), Gj(ax) & Pr{Yy = j|X;x =
i, A = ax}, and Ex|-] denotes expectation with respect to the random variable X.
For m = 1, there is closed form expression for P](DlF)C(y|x) = PSF)C (4), yely, v ek,
which is given by

Powo(i) = n(=Tj-1) = n(=T), (2.10)

where j = % € Y, and

2
T

T2

T;) = 1 - Q(T;V25NR) - [162(?:2]1()

where Q(+) is the Gaussian Q-function. In general, for m < 3, ng)c(ym | ™) can be

n(

calculated in closed form. For m > 3, since the joint probability density function of
arbitrarily correlated Rayleigh and Rician random variables is not known in closed
form, it can only be determined via numerical methods. It can be shown that the DFC

is actually an NBNDC as given by (2.2) with a stationary ergodic noise process [28].

2.2 Source Coding and Quantization

Consider Figure 2.1 again. In a general digital communication system, in order to
send the information from the source to receiver, at first some processing on the

source data takes place (encoding). The data is expressed using the symbols of a
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given alphabet and sent over a channel with a certain statistical characteristics. As
well, the receiver needs to do some processing on the received data, as a means to
retrieve the source information (decoding). This encoding/decoding process is often
performed in two separate steps. The first step is referred to as source coding and

the second step is called channel coding.

2.2.1 Source Coding

In a separate source and channel coding system, also known as a tandem coding sys-
tem, the source coding process aims to represent the source information as compactly
as possible. To do this, source redundancy should be removed. The redundancy of a
source can be measured quantitatively, via the concept of source entropy. According
to Shannon [30], entropy is a measure of the uncertainty of a random variable. As-
sume the source is a stationary discrete memoryless source (DMS). Hence it can be
modeled as a random variable X with alphabet X = {0,1,..., N — 1}. The entropy
H(X) of such source is defined as:
H(X)=-> p(z)logp(x) = —Ex[log p(X)].

zeX
where p(x) = Pr{X = z}. For a source with memory, the source can be modeled as
a stochastic process {X;}, i = 1,2,.... The amount of randomness or uncertainty for

such sources is measured via the entropy rate, Hy(X), defined as

o1
H(X) = lim _(_EXl,Xg,.A.,Xn[lng(XhX27-~~7Xn)])7

n—oo 1M

(if the limit exists,) where p(x1,2s,...,2,) = Pr{X; = 21, Xo = z2,..., X;, = 2, }.

Note that for a DMS, the entropy and entropy rate are equal. Setting the base
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of the logarithms to 2, the unit of these measures is expressed in bits. It can be

shown [9, p. 29-30], that for any stochastic process {X;},i=1,2,...,
H(X) <log, N,

where N is the size of the source alphabet, i.e. |X| = N.
For a discrete source {X;}, i = 1,2,... with alphabet size N, the redundancy is
defined as
pr = logy N — Hoo(X).

The redundancy of a source can be due to non-uniformity of its marginal probability
distribution or its memory. As a result, the total redundancy pr can be decomposed

into two parts:

pr = pPp+ Pum,
pp = logy N — H(X1),

Here pp is the redundancy due to non-uniformity and p,; is due to the memory.

In general, we distinguish between two kinds of source coding; lossless and lossy
source coding. In lossless source coding, the aim is to remove all the source’s re-
dundancy by compressing the source, while the data is still fully retrievable; i.e., the
retrieved data after decompression is identical to the source data. In [30], Shannon
showed that for a lossless fixed-to-variable length source coding scheme and a sta-
tionary ergodic source {X;}°,, the coding rate R can be arbitrarily close to source
entropy rate H.(X'). Conversely, he showed that for a source code with coding rate
R less than the entropy rate H,(X'), the probability of decoding error is arbitrarily

close to one, for sufficiently large source blocks k.
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In a lossy source coding scheme, the minimum coding rate is a function of the
amount of allowed distortion. The rate distortion function R(D) is the infimum of
rates R such that (R, D) is in the rate distortion region of the source for a given dis-
tortion D, where the rate distortion region for a source is the closure of the achievable
rate distortion pairs (R, D) [9, p. 306]. In the rate distortion theorem, it is proved
that for an independent and identically distributed (i.i.d.) source X with distribution

p(z) and bounded distortion function d(x, z), the rate distortion function satisfies

R(D) = min I(X: X),
P([2):5, 5 p(2)p(#l2)d(2,2)<D

where I(X;X) is the mutual information of the two random variables X € X and

A~ ~

X € X and is defined as

p(z, &)
0= 33 rle o oy

TEX TeX

where p(z, Z) is the joint probability distribution of the two random variables.

2.2.2 Quantization

Since the conventional entropy function H. (&) is undefined for continuous sources,
the information content of such sources is theoretically infinite. Thus it is practically
impossible to present a continuous source using a source code with finite rate. As
a result, using lossy source coding rather than lossless coding is inevitable. This is
a process in which the analog source is converted to a discrete (digital) source at
the cost of some distortion with respect to the original source. This task is done via
quantization.

A quantizer in general, partitions the continuous domain R of the source into a

finite number of regions and assigns a value to each region, which represents all the
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members of that region. The representing values are called output levels or recon-
struction points. More specifically, consider a source X with a continuous alphabet
R. An N-level quantizer () is a mapping from the domain R to a set of output levels,
known as codebook C = {¢; : i € T}, with Z being the index set of the quantizer,
such that

#2Q(x)=c¢ ifandonlyif z€7R,;.

Equivalently, R; = {r € R : Q(z) = ¢;}.

To measure the quality of a quantizer, a distortion measure d(X, X ) is defined,
where X is the continuous random variable to be quantized and X is the quantized
value. Different distortion measures may be chosen to quantify the quality of a
quantizer. When R is the real line, a popular choice is the rth power of the magnitude
error d(X,X) = |z — 2", r > 0. A very common distortion measure which is
exclusively used in this thesis is the square error distortion d(X, X) = (z — ). For
a random variable X, often called a random source X, the expected distortion is

considered as measure of quality for a quantizer )
D(Q) = Eld(X, Q(X))). (2.11)

For the square error distortion, E[d(X, Q(X))] is called mean square error (MSE) and
is calculated via D(Q) = E[d(X,Q(X))] = E[(X — Q(X))?].
There are two necessary conditions for a quantizer to be optimal. One of the

conditions is about the quantization regions and the other is about output levels [17,

p. 176-185], [9, p. 303]:

e The Nearest neighbor condition (NNC): Given a codebook C, the distortion

is minimized by mapping a random source X to the output level ¢; that has
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minimum distortion with respect to it. The collection of quantization regions
in R defined by this mapping is called a Voronoi or Dirichlet partition indexed

by the output levels. These are given by

e The centroid condition (CC); The reconstruction points should minimize the
conditional expected distortion over their respective assignment regions. Hence,
the output level is simply the centroid of the part of source that lies in the region
R;, ie.,

= arggré%l Eld(X,z)|X e R)], 1€T. (2.13)

For the MSE distortion, it can be shown that the centroid of a region is its

center of mass, given by

i = E[X|X eR)], i€l (2.14)

As can be seen, according to the above optimality conditions, the quantizer regions
can be obtained from the codebook and vice versa. Consequently, in order to describe
a quantizer, it is enough to specify its codebook.

Applying the NNC and CC conditions to design a quantizer, if the quantizer only
takes one source symbol at a time and outputs L g-ary symbols, it is called a scalar
quantizer (SQ) with rate R = (Llog, ¢)/1 bits/sample. If the output alphabet is ¢-
ary, then the quantizer’s codebook will have N = 2% output levels. In this thesis we
always consider output of the quantizer to be binary. The most common algorithm for
SQ design is the Lloyd algorithm [22]. Furthermore, a quantizer that takes k source

symbols at a time and outputs L quantized symbols, is called a vector quantizer
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(VQ) with rate R = (Llog, q)/k bits/sample and N = 2% output levels. The design
algorithm for VQ is the generalized Lloyd algorithm, also known as Linde-Buzo-Gray
vector quantizer algorithm (LBG-VQ) [21].

The Lloyd algorithm for SQ design is an iterative algorithm. Its idea comes di-
rectly from the CC and NNC conditions: For a fixed codebook, optimize the partition
set {R;}. For the resulting partition, optimize the codebook C. Iterate. Algorithm
2.1 depicts the Lloyd-Max algorithm in more detail. A quantizer that is designed
using the Lloyd algorithm, is called a Lloyd-Max quantizer. When using the Lloyd
algorithm, the distortion in each iteration is either reduced or will be leaved un-
changed. As a result, since the distortion is nonnegative, the algorithm is guaranteed
to converge.

In order to start the algorithm, an initial codebook must be given. A well-known
technique for initial codebook selection is the splitting algorithm, [12,21] which has
experimentally been shown to yield well-designed final codebooks. The splitting al-

gorithm is described in Section 3.1.2.

Algorithm 2.1 The Lloyd algorithm for SQ design (for MSE distortion)

Input: pdf f(z), initial codebook C; = {2, 2V, ..., 2P}, threshold .
M+ 1
Dy + oo
Dy + Eld(X,QW(X))]
while @ > ¢ do
m<<m TF_l
R™ « {x:d(z, ™) <d(z,2™), j=1,2,...,N} i=12_.. N
™ argminger E[d(X, #)| X e RI™), i=1,2,...,N
Cpo  {2{™, 2™ . 2l
Dy, = E[d(X, Q™ (X)
end while
Output: C,,




CHAPTER 2. PRELIMINARIES 24

The generalized Lloyd algorithm for vector quantizer design also follows the same
idea as the Lloyd algorithm. The only difference is that since the input is a vector

x = (21,...,7), the distortion measure is extended to k-dimensional vectors. For

k

instance the square error distortion is defined as d(x, Q(x)) = Y., (¥; — &;)?, where

%X 2 Q(x). Note that (2.12), (2.13), and (2.14) also change into vector forms

R; C {x:d(x,%;) <d(x,%;),j €L} i1€I, (2.15)
X; = arg mi7r21 EldX,x)|X eR;], 1€TI, (2.16)
Xe
and
x;, =FEX|XeR)], iel (2.17)

The per-sample MSE distortion for a k-dimensional vector quantizer is calculated via

1

DQ) = EldX QX)) (2.18)
_ %ZE X — %X € R] P(X € Ry)
_ %Z / FOLESERES

where ||a — b2 £ 31 (a — b)?, for k-dimensional vectors a, b.

Note that in order to send the quantized values (output levels) over a channel,
or store them in a storage medium, it is not necessary to send the actual quantized
values. In practice, assuming that the receiver already knows the quantizer codebook
C, it is enough to send the index i € Z of an output level ¢; to retrieve it in the receiver.
The index i is coded to be sent over the channel. As a result, each output level ¢; is
in correspondence with a codeword. For a binary input channel, the codewords can

be the binary form of the indices ¢ € 7.
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A quantizer can also be viewed from another perspective. Consider a digital com-
munication system with a continuous valued stochastic process {V;} as source (Figure
2.8). The VQ (or in general any quantizer) can be considered as an encoder/decoder

pair, where the source is encoded via the mapping ~, and decoded via the mapping (8
y(v)=1i ifveR,,

Bi) = ¢j, ¢; €C,
where c; is the output level corresponding to index j € J and J is the output
index set. Note that we assume here that the quantizer codewords are sent through a
noiseless channel. As a result, for a quantizer model j = i, but for a general channel
this is not the case. Since the channel is noiseless, the end-to-end distortion can be
calculated via (2.18). It is interesting to note that in this case, assigning the indices
to the output levels can be done arbitrarily (as long as the same assignment is used
for quantization regions), with no effect on the system’s end-to-end distortion. That
is because a different index assignment will only change the order of integrals over
the quantization regions in (2.18). Since the sum of elements is independent of the
order of summation, the VQ’s performance is independent of index assignment. Note

that SQ is a specific case of VQ and hence the statement holds for SQ as well.

Source v VQ-Encoder i noiseless J VQ-Decoder ¢; Receiver
) channel B(/) —
! P(jli)

Figure 2.8: Block diagram of a vector quantizer in a communication system.

In Chapter 3, we survey the case where the channel is noisy and discuss that in

that case, in contrast with the noiseless channel case, the end-to-end distortion is not
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only due to quantization, but also the distortion due to channel noise and hence the

index-assignment has a vital effect on the end-to-end distortion.



Chapter 3

Exploiting Channel Memory and
Soft-Decision Information in

COVQ Design

As mentioned earlier, where applicable, the performance of a communication system
can be potentially improved by using joint source-channel coding instead of tandem
coding, as well as using the channel memory, rather than discarding it via interleaving,
and using soft-decision decoding, in contrast to hard decoding. In this chapter we
review a well-known joint source-channel coding scheme, channel optimized vector
quantization (COVQ), and present the design procedure of the COVQ for the non-
binary noise discrete channel with queue based noise (NBNDC-QB), described in
Chapter 2. We numerically illustrate that such a system can successfully exploit the
channel memory and soft decision information, in order to improve the performance
over systems designed for ideally interleaved (hence memoryless) channels and hard-

quantized output channels. We end this chapter by numerically confirming that the

27
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NBNDC-QB is an effective model for approximating the Rayleigh DFC, described in
Chapter 2, for COVQ design. The confirmation is done via fitting the NBNDC-QB to
the Rayleigh DFC, designing a COVQ for the NBNDC-QB, testing the COVQ over
the Rayleigh DFC, and comparing the training result of the COVQ for the NBNDC-

QB with the simulation results for the Rayleigh DFC.

3.1 Channel Optimized Vector Quantization
(COVQ)

In Chapter 2 we reviewed vector quantization (VQ) and its design procedure. Since
VQ is a source coding method, it disregard the channel’s statistics. As a result, since
the channel’s noise plays a vital role on the overall performance of a communication
system, it is not beneficial to send the output codewords of the VQ encoder directly
over the channel. Therefore, in a tandem coding system, a channel coding module is
added to the system, whose aim is to make the codewords robust to channel errors
at the cost of adding extra bits (and thus increasing the coding rate) to the VQ
codewords. This also adds extra online computational complexity and delay to the
system. However, in COVQ), as a joint source-channel coding scheme, the VQ is
designed by incorporating the channel’s statistics into the design algorithm. As a
result, the COVQ is expected to be more robust to noisy channels, in comparison with
VQ, while adding no extra redundancy to the codes, and adding less computational
complexity and delay to the encoder/decoder in comparison with channel coding
schemes.

The COVQ approach was first introduced by Kumazawa et al. [20]. It was further
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Source Vv | COVQ-Encoder | i I.ndex X Channel y COVQ-Decoder ¢y Receiver
—_— assignment Y
Y(v) b(i) P(y[x) By)

Figure 3.1: Block diagram of a COV(Q system.

developed and studied by Farvardin and Vaishampayan in [12,13]. Later in [14], it
was shown that the complexity of the encoding of a COVQ is proportional to the
number of non-empty encoding regions, and it was observed that as the channel gets

noisier, the number of non-empty encoding regions decrease.

3.1.1 System setup

Consider the communication system depicted in Figure 3.1. The input source to the
COVQ encoder is a real-valued stationary and ergodic process {V;}3°,. The COVQ
encoder is a mapping v that takes a vector of k source symbols v € R* and outputs

an index i € {0,1,...,2" — 1}, such that
v(v)=1i ifves,

where {S; : i € {0,1,...,2"—1}} is a partition of R*. Note that the encoder is similar
to a VQ encoder, except that the quantization regions S; are chosen according to both
the source and channel statistics.

The index ¢ is then mapped to a binary vector x € {0, 1}" via an index assignment

mapper b(-). The index assignment is a one-to-one mapping

b:{0,1,...,2" — 1} — {0,1}", b(i) =x



CHAPTER 3. EXPLOITING MEMORY AND SOFT-DECISION IN COVQ 30

where x is binary n-tuple. Since the mapping is one-to-one, for a given index mapping
b, we can denote the quantization regions by Sy instead of S;, where b(i) = x.

The binary n-tuples x € {0, 1}", each representing k source symbols, are then sent
over the NBNDC-QB. As noted in Chapter 2, the channel output is 2%-ary. Denote
the channel output by y. The decoder is a mapping 3 that maps the received n-tuple

29-ary y to output levels of the quantizer codebook:
Bly)=cy, ¢y €R* y€{0,1,...,29 —1}".

For a given k dimensional source symbol v = (vy,...,v;) and its corresponding
retrieved output level ¢y = (¢y1, ..., ¢y , the end-to-end per-sample distortion of the

system is given by

| =

1
av.ey) = v — eyl =

k
Z(Ui — i)
i=1

3.1.2 COVQ Design

The COVQ training algorithm aims to select the codebook C = {c;, i € {0,1,...,29—
1}"} and the partition set P = {S;, i € {0,1}"}, as well as the index mapping b, to

minimize the following average distortion-per-sample measure:
1
pe.pn = 13 [ o) 5 Pt e )dv (3.1)
1
= 12 [ T POy - av
x 5 y
1
= 1X X PR [ sl —elfav.
X Yy x

where p(v) is the source k-fold probability density function and P(y | x) is calculated

via (2.6)-(2.8). The performance of this coding system is generally measured via
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D(C,P,b) and the encoding rate R, which is given by

1
R= A log, |P| = % bits/sample.

31

It can be seen that the COVQ design problem is similar to the VQ design problem;

the difference is that the codebook and partition index sets are not the same here,

since the partition sets are indexed via binary n-tuples Z = {0, 1} and the codebook

is indexed via 2%-ary n-tuples J = {0,1,...,27 — 1}", where ¢ is the soft decision

resolution. Another difference between the two design problems is the applied dis-

tortion measure. For a VQ the distortion is given by (2.18), while COV(Q distortion

is given in (3.1). Having these differences in mind, the LBG-VQ algorithm can be

generalized to be used for COV() design. In this algorithm, two necessary optimality

conditions are satisfied iteratively. The conditions are called the generalized NNC

and generalized CC conditions:

o Generalized NNC' [14]: Let P* = {S%} be the optimal partition set for a fixed
codebook C and a given index mapping b. The MSE distortion is minimized if
the partitions satisfy
o= {: T romiv ol < S rumiv ol xezf. xez
yeJ yeJ
(3.2)

As a result, the encoder function v cascaded with the index mapping can be

written as

b(v(v)) = arggleigzp(ﬂX)HV—CyHQ- (3.3)
yeJ

It can be seen that the computational complexity of encoding, using (3.3) is

O(|Z| x |J| x k) = O(k2(¢+1)") which becomes intractable, even for moderate
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values of ¢ and n. In order to decrease the computational complexity, the
following technique is proposed in [14]. For a fixed C and b, the encoding region

S% can be written as

= ﬂ Sxt*7
xF#t
where S}, is described as follows:

Skt = {V 2 [P(ylx) = P(ylt)] (vicy) < > [P(ylx) — P(ylt)] HCsz}
yeJ yeJ
(3.4)
where (v, cy) represents the inner product of v and cy. According to (3.4), the
region S}, is characterized by a hyperplane Hy¢, which separates the encoding
regions S} and S} and is described by
H, = {v 2> [P(ylx) = P(ylt)] (v.cy) = Y [P(y}x) — P(y[t)] HCsz} :
yeJ yeJ
(3.5)
This fact can be used to reduce the encoding complexity in the following way.
Define for all nonempty encoding regions

U 2E[VIX €8] =) Plylx)e,, x€ZI

yeJ

and

ax £ BIVIPIX €S, = 3 Pyl ey’ x €T,

yeTJ

where V denotes the random variable at the output of the decoder. Then, it

can be shown that (3.5) can be written as
Hy = {V : 2<V7{’t - {’x> = Q — ax}~ (36)

It can also be shown that the distance of v to ¥y, dx(V) £ ay — 2(v, V) can be

used to determine which side of Hy¢ the point v belongs to. In other words, to
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determine the quantization region for a source symbol v, the following relation

can be used as the encoder function

b(y(v)) = arg rg?el%l dx(v) = arg I;qelg (ax — 2(v, ¥x)). (3.7)

Using this technique, the parameters v, and ay are calculated only once with
complexities O(2"?) and O(k2"?) respectively, and for each source vector v to
be encoded, the complexity is O(k2"). It can be seen that the second technique
has a notable speedup over the technique that uses (3.3) for encoding, specially
for higher values of ¢. Furthermore, it is important to note that we only need
to calculate dy(v) for the non empty regions, whose number increases as the

channel gets noisier.

e Generalized CC [14]: Similar to the CC condition, the generalized CC condition
states that for a fixed index mapping b and fixed partition set P = {Sx},x € Z,

the optimal codebook C* = {cy},y € J satisfies
cy = argmin E{d(V,V)[Y =y}, ye€J, (3.8)
VERk

where Y denotes the random vector at the channel output. For the MSE dis-

tortion, this relation is simplified to

o S PO i v )y
TS PO s TV

(3.9)

Similar to the Lloyd algorithm, a successive application of (3.2) and (3.9) will
lead to a non-increasing sequence of distortions. Hence the algorithm has to con-
verge. Therefore, we start with an initial point and iteratively satisfy one of the two

aforementioned conditions, in succession.
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To select the initial codebook C° we have used the splitting algorithm [12,21]. This
method, which is also used for initial codebook selection in VQ and SQ design, first
designs a VQ (COVQ with noiseless channel) with only one output level C? £ {cy}
using the CC. Then, the number of output levels are doubled to 2 by letting CJ =
{co +d,cy — d}, where d is a vector with very small values in each coordinate, and
training the quantizer using the initial codebook C3. After the algorithm converges
to the locally optimum code C} = {cy, c1}, the number of output levels is doubled to
4, by letting C = {co+d,cop—d, c; +d, c; —d}, and again training the quantizer for
4 output levels. This procedure is continued until an initial codebook with desired
number of output levels (i.e., 2") is obtained.

To design the COVQ we also need to address the index assignment problem. In
Chapter 2 we mentioned that for a VQ (over a noiseless channel) the order of assigning
indices to code levels does not affect the performance of the system. This is not the
case when the channel is noisy. According to the distortion expression (3.1) for a
COVQ), it can be shown [12] that for the MSE distortion and for a COVQ satisfying

the generalized CC, the average end-to-end distortion can be broken into two terms
Dcovg = Dvg + De,

where

1
Drg=1 Z/S PV — x| Pdv (3.10)

x€T
where ¢, represents the output level from the codebook C, the output of the COVQ

decoder, when the channel is noiseless and v € Sy. In other words, Dy is the
expected distortion when the channel deterministically outputs y € J corresponding
to each binary vector x € Z sent over the channel. The other term D¢ is the distortion

due to the channel noise. Recalling that v(v) =iif v € S; and x = b(7), D¢ is given
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2" —1

De=1 53 Priv e SEPyIbi) e — el (3.11)

i=0 yeJ

It can be seen that for a different index mapping x' = ¥/(7), the distortion caused
by the channel can be different. As a result, it is important to choose the mapping
b judiciously, in order to minimize the channel distortion Do. We have used the
simulated annealing algorithm, as suggested in [12], to perform this minimization.

The simulated annealing (SA) algorithm is a well-known probabilistic algorithm
[7,19] which is shown to yield a good approximation to a globally optimum solution
in a large search space. At each step, the SA algorithm replaces the current solution
by a random nearby solution, chosen with a probability that depends both on the
difference between the corresponding function values and also on a global parameter
called temperature 7', which is gradually decreased during the process. At the final
steps with 7" close to zero, the search is more local (downhill), while at the beginning
(high temperatures) it is more likely to have random solutions selected from the state
space to avoid being trapped in a local optima. Algorithm 3.1 generally describes how
the SA algorithm is applied to the index assignment problem. In this algorithm, the
system state is defined as a particular mapping b = (b(1),b(2),...,b(2")), and the
energy function is defined as the channel distortion D¢ of the system, given in (3.11).
Some minor modifications can be made to the general algorithm, such as terminating
the algorithm if the number of trials exceeds an specific number, implying relative
stability of the state. The SA algorithm parameters we have used in this thesis are
the same as those used in [12] and are listed in Table 3.1

To select the initial codebook, at first we consider the error free channel and
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Algorithm 3.1 Simulated annealing algorithm for index assignment

Input: random initial state b, initial temperature Ty, temperature decrease factor
a, final temperature T, and number of failed trials allowed, before temperature
decrease Ny
T+ T
count < 0
while 7" > T} do

while count < N, do
choose state b’ by randomly perturbing b
ADC — Dc(b/) — Dc<b)
if ADe <0 then
b« b’
count < 0
else {with probability e2P¢/T do}
b+ b’
count < 0
end if
count <— count + 1
end while
T+ oT
end while
Output: b

train the COVQ with the initial codebook obtained from the splitting algorithm,
followed by simulated annealing for a locally optimum index assignment. Then we
use the resulting codebook as the initial state for a channel with high SNR. After
the training for high SNR channel is done, we decrease the channel SNR slightly and
train the COVQ again, setting the previously trained codebook (for higher SNR) as
the initial state of the system with the new SNR. We continue this process until we

eventually reach the desired channel SNR.
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Table 3.1: Simulated annealing parameters.

To 10.0

Ty | 25x107*
Q@ 0.97

Neut 200

3.2 Numerical Results

We now present the numerical results obtained using the training algorithm and the
NBNDC-QB channel model described previously.

Several source distributions were tested, including independent and identically
distributed (i.i.d.) Gaussian and Laplacian sources and correlated Gauss-Markov

sources. The correlated source was modeled via a Markov process of first-order :
Vi=oVia + U,

where ¢ € (—1,1) is the correlation parameter and {U;} is a Gaussian i.i.d. process.
All of the source models had zero mean and unit variance.

For each source model, the COVQ was trained using 500,000 source vectors.

3.2.1 Exploiting memory and soft-decision information

Tables 3.2 and 3.3 depict COVQ training results for the memoryless Gaussian source
and NBNDC-QB with different channel noise correlation coefficients. The NBNDC-
QB noise one-dimensional distribution p; is expressed in terms of the SNR of the
underlying DFC by setting p; = PSF)C (7), where = P](;F)C(j) is given in (2.10) for j €
{0,1,...,29—1} and § is chosen as in [28] to maximize the DFC capacity. The values

of p; and 0 are shown in Table 3.14. In practice, the memoryless channel behavior
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is realized by interleaving. It can be shown that by ideal (infinite) interleaving, a
correlated channel is reduced to its memoryless counterpart. It can be seen that
the highly correlated channel consistently outperforms the memoryless channel and
gains of more than 5 dB are achievable (e.g., for ¢ = 1, R = 3, k = 3, SNR=0 in
Table 3.2), using the channel memory. Note that since the COVQ only makes use
of intra-block memory, for rate R = 1 and low dimensions k, the block length is
so small that there is not much channel memory to be harnessed. As a result, the
performance is constant for different channel correlations. However, it is observed
that in some cases, interleaving may give better COVQ performance over channels
with lower noise correlations. For example, the SDR performance of the memoryless
channel for ¢ = 3, R = 3, k = 2 (see Tables 3.2 and 3.3,) is slightly better than the
corresponding performance for noise correlations 0.5 and 0.7 at high SNRs. Since
the capacity of the correlated channel is strictly higher than that of the memoryless
channel, this degradation may be due to poor selection of the initial codebook for the
vector quantizer. However, the results indicate a general trend of improved COVQ
performance when the channel noise correlation is increased. Similar observations
can be made for sources with Laplacian or Gauss-Markov distributions (see Tables
3.4 and 3.5).

Additionally, it is observed in Tables 3.2-3.5 that the system with soft-decision
quantization (¢ > 1), considerably outperforms hard-quantization (¢ = 1), by as
much as 2.3 dB (for R = 3, k = 1, Cor = 0, SNR=5) for a memoryless Gaussian
source, when using only a 2-bit soft-decision quantizer (¢ = 2). For 3-bit quantization
further gain is obtained, although the gain for ¢ = 3 over ¢ = 2 is less than the gain

for ¢ = 2 over ¢ = 1.
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Comparing the overall performance of a COV(Q system that uses the combination
of memory and soft-decision information to a system that uses interleaving to discard
channel memory and hard-decision quantization in the output, it can be seen that
gains more than 5.7 dB (at R = 3, k = 3, SNR=0) can be achieved for memoryless
Gaussian sources. More gain is obtained for correlated Guass-Markov sources. It
is important to notice that in a uniform soft-quantized output system, the SDR
performance also depends on the soft-quantizer step size 0. However, according to
our results, the system’s performance is not very sensitive to the choice of 9. In this
work, we selected the § values that maximize the capacity of the memoryless channel
as the initial choice and then tried to improve the performance by applying a local
search over the J values.

In Tables 3.6-3.8, the training results for memoryless Gaussian source with differ-
ent channel parameters a and M are depicted. Table 3.9 shows the results of using
the same COVQ design technique, with a slight modification in the initial codebook
selection. More precisely, in the modified version, after training the COVQ for the
lowest SNR, the resulting codebook was again used as an initial codebook for design-
ing a new COVQ with higher SNR and the training is continued until the COV(Q for
the highest SNR is trained. We did the same decrease-increase method [6] 5 times
to obtain the final COVQ codebooks for desired SNRs. As can be seen, the results
show a good improvement (up to 2.1 dB at ¢ =1, R =3, k = 1, Cor=0.9, SNR=10)

at the cost of extra complexity in the training algorithm.
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3.2.2 Validating the NBNDC-QB model

As mentioned earlier, the m-fold probability distribution of correlated Rayleigh ran-
dom variables is not known in closed form, for m > 3. As a result, the channel
transition distribution P](D?é(ymmm) can only be calculated numerically. It is shown
in [28] that the NBNDC-QB model can approximate the Rayleigh DFC in terms of
channel capacity and noise autocorrelation function, while providing closed form ex-
pression for the channel transition distribution for arbitrary channel block length m
and memory order M.

Approximating a given Rayleigh DFC (with fixed SNR and fpT and q) via the
NBNDC-QB is done via the following steps:

e Matching the noise one-dimensional probability distributions (as in Section
3.2.1) by setting p; = Pl()ll)mc(j) for j € Y, where Pg}c(j) is given by (2.10), in

terms of ¢, ¢, and SNR. The values of p; are given in Table 3.14.
e Matching the noise correlation coefficients (so that parameter « is determined).

e The remaining QB parameters (M, €) are estimated by minimizing the Kullback-

Leibler divergence rate between the two (2%-ary) noise processes.

It is important to notice that in general, two channel models can not be matched
to have the exact same behavior. However, for the memoryless case (with Cor=0),
the NBNDC-QB is statistically identical to the ideally interleaved DFC. We have
used the values given in [29] in which the Kullback-Leibler divergence rate between
the two channel (29-ary) noise processes is minimized over M and e for SNR4p) €
{2.0,5.0,10.0,15.0}, fpT € {0.005,0.01}, and ¢ = 2. The resulting values for g = 2,

given in Table 3.10, are also used for case of ¢ = 1.
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Using the approximated NBNDC-QB to fit a given Rayleigh DFC, we trained a
COVQ using the previously described COVQ design algorithm. The resulting channel
optimized quantizer’s performance was then tested over the given Rayleigh DFC. For
generating the fading coefficients, we used the modified Clarke’s method introduced
in [36]. Training and simulation results (over the NBNDC-QB and Rayleigh DFC
channels) in terms of SDR are shown in Tables 3.12 and 3.13 for memoryless and cor-
related Gaussian sources, and in Table 3.11 for a memoryless Laplacian source . The
channel parameters used for training/simulation are given in Table 3.10. Comparing
the training and simulation performance of the COVQ, we observe that there is a
good conformity between the results of the two channel models, where the NBNDC-
QB is used for training and the Rayleigh DFC for testing. However, for higher rates,

some degradation between the simulation and training results is observed.
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Table 3.2: COVQ Training SDR results (in dB) for the memoryless NBNDC-QB and
the highly correlated NBNDC-QB with parameters a = 1.0, M = 1; memoryless
Gaussian source.

Memoryless (Cor=0) Cor=0.9

g R|k SNR (dB) SNR (dB)
15 ] 10 [ 5] 210 15 [ 10 [ 5 ] 2 |0
1] 418 | 3.77 | 288 | 2.16 | 1.67 || 4.18 | 3.77 | 2.88 | 2.16 | 1.67
112 416 | 3.75 | 287 |2.15|1.66 | 4.16 | 3.75 | 2.87 | 2.15 | 1.66
3| 423 | 3.78 | 287 | 2.15 | 1.67 || 427 | 3.88 | 3.64 | 3.26 | 2.97
1| 816 | 6.58 | 423|285 |2.06| 835 | 7.05 | 5.24 | 5.70 | 5.09
1122 832 | 672 | 488 |3.67 | 288 | 855 | 7.32 | 7.05 | 6.13 | 5.82
3| 857 | 7.12 | 5.10 | 3.78 | 2.95 || 881 | 837 | 7.49 | 6.91 | 6.47
1 11.12 | 8.09 | 4.83 | 445 | 3.57 || 11.71 | 9.68 | 9.45 | 8.04 | 7.22
312 11.64 | 930 | 6.60 | 4.90 | 3.88 || 12.09 | 11.63 | 9.98 | 8.89 | 8.24
3] 11.99 | 9.76 | 6.90 | 5.08 | 3.97 || 12.54 | 12.40 | 10.79 | 9.69 | 9.03
1 423 | 3.88 | 3.10 | 243 | 1.95| 423 | 3.88 | 3.10 | 243 | 1.95
112 421 | 387 [ 3.09| 242 | 1.94 || 421 | 3.87 | 3.09 | 242 | 1.94
3 428 | 390 | 3.09 | 242|195 | 431 | 3.99 | 3.77 | 3.43 | 3.17
1] 837 | 7.00 |4.75]3.35| 251 | 854 | 740 | 5.62 | 6.13 | 5.52
212 12| 855 | 713 | 546|429 | 341 || 876 | 7.67 | 748 | 6.75 | 6.20
3| 878 | 7.59 | 5.76 | 442|354 9.02 | 7.79 | 7.50 | 6.94 | 6.77
1] 11.67 | 881 | 7.20 | 5.34 | 4.13 || 12.18 | 11.24 | 9.57 | 8.46 | 7.76
3121242 1 10.37 | 7.73 | 5.88 | 4.61 || 12.51 | 11.74 | 10.27 | 9.52 | 8.87
3 || 12.57 | 10.71 | 8.01 | 6.09 | 4.85 || 13.13 | 12.33 | 11.13 | 10.30 | 9.74
1] 424 | 391 | 3.16 | 2.49 | 2.01 || 424 | 3.91 | 3.16 | 2.49 | 2.01
112 422 | 3.89 | 3.15 | 2.48 | 2.00 || 4.22 | 3.89 | 3.15 | 2.48 | 2.00
3 429 | 393 | 3.15 | 248 | 2.01 || 4.32 | 4.01 | 3.81 | 3.48 | 3.22
1 842 | 7.08 | 4.89 | 3.46 | 2.61 || 858 | 7.48 | 5.73 | 6.24 | 5.64
312 12| 860 | 7.22 | 561|443 |355| 880 | 7.74 | 743 | 6.90 | 6.42
3| 883 | 7.69 | 591 | 457|368 9.07 | 7.86 | 7.50 | 6.83 | 6.48
1| 11.79 | 896 | 7.45 | 5.60 | 4.35 || 12.28 | 10.41 | 9.01 | 8.44 | 7.90
3 12| 1257 | 10.61 | 7.96 | 6.15 | 4.85 || 12.63 | 11.58 | 10.35 | 9.46 | 9.10
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Table 3.3: COVQ Training SDR results (in dB) for the NBNDC-QB with parameters

a = 1.0, M =1 and channel correlations 0.5,0.7 ; memoryless Gaussian source.

Cor=0.5 Cor=0.7

qg| R |k SNR (dB) SNR (dB)
15 \ 10 \ 5 \ 2 \ 0 15 \ 10 \ 5 \ 2 \ 0
1 4.18 3.77 | 2881216 | 1.67 | 4.18 3.77 | 2.88 | 2.16 | 1.67
112 4.16 3.75 | 2.87 | 2.15 | 1.66 || 4.16 3.75 | 2.87 | 2.15 | 1.66
3 425 | 3.82 [ 292220 | 1.72| 4.26 | 3.85 | 2.99 | 2.69 | 2.31
1] 826 | 6.81 | 4.66|3.37|2.64 | 830 | 6.92 | 491 |3.75 | 3.69
112 (2| 844 6.99 | 491 | 3.68 | 2.91 8.49 7.13 | 5.29 | 4.59 | 4.07
3 865 | 7.09 | 5.04 394|327 | 872 | 7.17 | 6.15| 5.11 | 4.46
11 11.34 | 8.56 | 5.56 | 4.01 | 3.20 || 11.50 | 896 | 6.51 | 5.26 | 4.41
312 11.64 | 9.13 | 6.35 | 4.72 | 421 | 11.78 | 9.25 | 7.79 | 6.49 | 5.70
3| 11.79 | 9.48 | 6.88 | 5.41 | 4.47 || 11.88 | 10.48 | 8.19 | 6.81 | 6.00
1] 423 | 3.88 | 3.10| 243|195 | 423 | 3.88 | 3.10 | 2.43 | 1.95
12| 4.21 3.87 13.09]242]1.94 | 4.21 3.87 13.091]242]1.94
3 430 | 3.94 | 3.14 | 2.47 | 2.00 || 4.30 | 3.97 | 3.20 | 2.93 | 2.57
1 847 | 7.20 | 5.11 | 3.84 | 3.10 || &8.50 7.30 | 5.34 | 4.20 | 4.17
21221 866 | 7.34 | 548|430 |3.75 | 871 | 745 | 5.84 | 5.08 | 4.45
3| 887 | 7.53 | 5.80 | 4.65 | 3.89 || 8.94 | 7.57 | 6.14 | 5.57 | 5.07
1] 11.93 ] 9.21 | 6.30 | 4.75 | 3.90 || 12.04 | 9.53 | 7.28 | 6.05 | 5.27
312 |1221 1022 | 7.74 | 598 | 5.14 || 12.34 | 10.18 | 8.36 | 7.20 | 6.59
3 || 12.51 | 10.67 | 8.24 | 6.50 | 5.47 || 12.62 | 10.97 | 9.05 | 7.78 | 7.03
1 4.24 3.91 | 3161249 | 201 424 | 391 | 3.16 | 2.49 | 2.01
12| 4.22 3.89 | 3.15 | 248 | 2.00 || 4.22 3.89 | 3.15 | 2.48 | 2.00
3 431 | 397 | 3.21]2.54 207 | 431 | 3.99 | 3.26 | 3.00 | 2.66
1] 851 | 7.28 | 5.26 | 3.97 | 3.24 || 855 | 7.37 | 547 | 4.33 | 4.34
312 (2| 871 | 7.42 | 571|449 |4.02| 876 | 7.52 | 6.02 | 5.26 | 4.68
3 893 | 7.62 | 6.01 492|419 899 | 7.64 | 6.27 | 5.61 | 5.06
11 12.05| 9.36 | 6.59 | 5.04 | 4.24 || 12.16 | 9.65 | 7.57 | 6.42 | 5.61
3 12| 12.34 | 10.48 | 8.09 | 6.46 | 5.51 || 12.47 | 10.57 | 8.69 | 7.68 | 6.85
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Table 3.4: COVQ Training SDR results (in dB) for the memoryless NBNDC-QB and
the highly correlated NBNDC-QB with parameters a = 1.0, M = 1; Gauss-Markov
source with correlation parameter ¢ = 0.9.

Memoryless (Cor=0) Cor=0.9
q| R |k SNR (dB) SNR (dB)
5 [ 10 ] 5 |20 15]10] 5 ] 2] 0

4.17 | 3.76 | 2.87 | 2.14 | 1.66 || 4.17 | 3.76 | 2.87 | 2.14 | 1.66
7.09 | 585 | 3.87 | 263|191 | 723 | 623 | 474 | 5.13 | 4.61
8.05 | 6.63 | 5.00 | 3.69|3.10| 826 | 7.30 | 7.22 | 6.38 | 5.85

817 | 6.57 | 422 | 283|205 | 836 | 7.05 | 523 | 5.70 | 5.08
10.66 | 8.79 | 6.61 | 5.01 | 3.93 || 11.46 | 11.25 | 9.40 | 827 | 7.59
12.03 | 10.31 | 7.70 | 5.75 | 4.81 || 12.53 | 12.08 | 10.60 | 9.88 | 9.37

11.14 | 8.10 | 4.82 | 4.44 | 3.56 || 11.73 | 9.70 | 9.53 | 821 | 7.44
13.93 | 11.62 | 833 | 6.43 | 5.02 || 16.00 | 14.38 | 12.28 | 11.20 | 10.50
1553 | 13.10 | 9.81 | 7.71 | 6.33 || 17.25 | 15.82 | 13.80 | 12.63 | 11.96

422 | 3.87 | 3.09 | 242 | 1.94 || 422 | 3.87 | 3.09 | 242 | 1.94
7.25 | 6.19 | 4.32 | 3.08 | 232 | 7.37 | 6.51 | 5.06 | 549 | 4.98
830 | 740 | 5.84 | 448 | 3.56 || 848 | 7.59 | 748 | 6.77 | 6.30

838 | 7.00 | 4.74 | 3.34 249 | 855 | 7.41 | 5.61 | 6.13 | 5.51
11.32 ] 9.90 | 7.55 | 6.00 | 4.83 || 11.71 | 11.45 | 10.35 | 9.46 | 8.90
12,79 | 11.15 | 884 | 7.12 | 5.84 || 13.21 | 12.50 | 11.41 | 10.63 | 10.00

11.69 | 882 | 7.19 | 5.33 | 4.12 || 12.21 | 11.12 | 9.82 | 874 | 8.04
15.06 | 12.85 | 9.83 | 7.86 | 6.30 || 16.13 | 14.99 | 13.30 | 12.15 | 11.38
16.26 | 14.30 | 11.41 | 9.18 | 7.64 || 17.32 | 16.27 | 14.75 | 13.69 | 13.12

423 | 3.90 | 3.15 | 248 | 2.00 || 4.23 | 3.90 | 3.15 | 248 | 2.00
728 | 6.26 | 444 | 3.19 | 241 | 740 | 6.56 | 5.15 | 5.58 | 5.08
835 | 7.51 | 6.00 | 4.66 | 3.74 | 853 | 7.64 | 7.60 | 6.94 | 6.49

843 | 7.08 | 489 | 345|260 | 859 | 748 | 5.72 | 6.24 | 5.64
11.42 { 10.15 | 7.51 | 5.94 | 5.09 || 11.78 | 10.80 | 10.03 | 9.13 | 8.71
1294 | 11.44 | 9.17 | 7.25 | 6.16 || 13.22 | 12.57 | 11.51 | 10.98 | 10.47

11.81 | 897 | 7.45 | 5.59 | 4.34 || 12.31 | 10.40 | 10.01 | 8.98 | 8.31
15.33 | 13.22 | 10.15 | 8.11 | 6.56 || 15.61 | 14.62 | 13.15 | 12.18 | 11.57

[\
[\
DN FWN FRWN WK FRWN WK WK —WN W -
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Table 3.5: COVQ Training SDR results (in dB) for the memoryless NBNDC-QB and
the highly correlated NBNDC-QB with parameters a = 1.0, M = 1; memoryless
Laplacian source.

Memoryless (Cor=0) Cor=0.9

¢| R |k SNR (dB) SNR (dB)
5 [ 10 | 5] 2] 0 1510 ] 5 ]2]0
1] 287 | 2.63 | 207 | 1.58 | 1.25 || 2.87 | 2.63 | 2.07 | 1.58 | 1.25
1 (2] 346 | 3.12 | 242 | 1.84 | 144 || 3.48 | 3.16 | 245 | 1.85 | 1.44
3 406 | 346 | 244 1190 | 1.48 || 4.26 | 3.93 | 3.38 | 2.91 | 2.60
1] 6.64 | 539 | 348|232 | 1.67 | 6.71 | 5.64 | 412 | 434 | 3.83
11212 767 | 618 | 418 | 3.12 | 239 | 7.76 | 7.08 | 6.44 | 5.62 | 5.12
3 811 | 6.61 | 4.55|3.38|2.59 | 840 | 816 | 7.07 | 6.38 | 5.88
1] 970 | 7.08 | 421 | 354|266 | 9.84 | 9.15 | 801 | 6.78 | 6.07
31211092 | 852 | 5.96 | 4.36 | 3.37 | 11.27 | 10.91 | 9.33 | 8.17 | 7.71
31140 | 9.25 | 6.41 | 4.65 | 3.59 || 12.26 | 11.97 | 10.23 | 9.10 | 8.43
1] 290 | 270 | 221 | 1.77 | 1.44 || 290 | 270 | 2.21 | 1.77 | 1.44
112 350 | 3.22 | 259 | 2.06 | 1.67 || 3.52 | 3.25 | 2.63 | 2.08 | 1.68
3 4.14 | 3.63 | 2.66 | 2.03 | 1.72 || 4.31 | 4.04 | 3.46 | 3.10 | 2.81
1] 6.85 | 5.79 |3.96 | 2.77 | 2.06 || 6.95 | 6.05 | 4.48 | 4.74 | 4.21
21212 791 | 659 | 488 |3.73 291 | 806 | 7.01 | 6.69 | 5.98 | 5.46
3| 837 | 713 | 5241394 | 3.14 || 866 | 7.62 | 7.25 | 6.51 | 6.18
111032 | 7.84 | 597 | 4.41 | 3.38 || 10.63 | 846 | 8.45 | 7.31 | 6.61
312 11.45 | 9.51 | 7.04 | 5.30 | 4.18 || 11.71 | 10.52 | 9.02 | 8.51 | 8.01
3| 12.08 | 10.13 | 7.52 | 5.62 | 4.44 || 12.53 | 11.58 | 10.36 | 9.65 | 9.00
1] 290 | 271 [ 225 | 1.81 | 148 || 290 | 2.71 | 2.25 | 1.81 | 1.48
112 351 | 324 | 264|211 | 1.72 | 3.53 | 3.27 | 2.68 | 2.14 | 1.73
31 4.16 | 3.66 | 2.73 | 2.08 | 1.77 || 4.31 | 4.06 | 3.51 | 3.15 | 2.86
11 6.89 | 586 |4.08 |2.88 215 | 699 | 6.12 | 4.59 | 4.84 | 4.31
3122 79 | 6.67 |5.02|386 (303 811 | 7.01 | 6.72 | 6.23 | 5.81
3 842 | 7.26 | 5.40 | 4.08 | 3.30 || 871 | 7.53 | 7.20 | 6.60 | 6.21
1] 1043 | 7.99 | 6.18 | 4.62 | 3.56 || 10.77 | 859 | 7.57 | 7.07 | 6.60
3121159 | 9.72 | 7.26 | 5.53 | 4.39 || 11.87 | 10.41 | 9.18 | 8.61 | 8.24
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Table 3.6: COVQ Training SDR results (in dB) for the memoryless NBNDC-QB and
the highly correlated NBNDC-QB with parameters o = 0.5, M = 5; memoryless
Gaussian source.

Memoryless (Cor=0) Cor=0.9

g R|k SNR (dB) SNR (dB)
15 ] 10 [ 5] 210 15 [ 10 [ 5 ] 2 |0
1] 418 | 3.77 | 288 | 2.16 | 1.67 || 4.18 | 3.77 | 2.88 | 2.16 | 1.67
112 416 | 3.75 | 287 |2.15|1.66 | 4.16 | 3.75 | 2.87 | 2.15 | 1.66
3| 423 | 3.78 | 287 | 2.15| 1.67 || 427 | 3.88 | 3.69 | 3.30 | 3.03
1| 816 | 6.58 | 423|285 |2.06| 835 | 7.05 | 5.24 | 5.70 | 5.09
1122 832 | 672 | 488 | 3.67 | 2.88 | 856 | 7.35 | 7.40 | 6.53 | 6.01
3| 857 | 7.12 | 5.10 | 3.78 | 2.95 || 885 | 873 | 7.74 | 6.92 | 6.41
1 11.12 | 8.09 | 483 | 445 |3.57 | 11.71 | 9.72 | 9.31 | 830 | 7.51
312 11.64 | 9.30 | 6.60 | 4.90 | 3.88 || 12.22 | 12.43 | 10.28 | 8.96 | 8.26
3] 11.98 | 9.76 | 6.90 | 5.08 | 3.97 || 13.75 | 12.65 | 10.55 | 9.35 | 8.65
1 423 | 3.88 | 3.10 | 243 | 1.95| 423 | 3.88 | 3.10 | 243 | 1.95
112 421 | 387 [ 3.09| 242 | 1.94 || 421 | 3.87 | 3.09 | 242 | 1.94
3 428 | 390 | 3.09 | 242|195 | 431 | 3.99 | 3.31 | 347 | 3.21
1] 855 | 7.13 | 546|429 | 341 | 876 | 7.70 | 7.76 | 7.00 | 6.49
212 12| 837 | 7.00 |4.75] 335|251 854 | 740 | 5.62 | 6.13 | 5.52
3| 878 | 7.59 | 5.76 | 4.42 | 354 | 9.05 | 890 | 8.05 | 7.30 | 6.82
1] 11.67 | 881 | 7.20 | 5.34 | 4.13 || 12.18 | 12.02 | 10.06 | 8.84 | 8.09
3|21 1242 | 1037 | 7.73 | 5.88 | 4.61 || 12.56 | 12.69 | 10.77 | 9.60 | 8.92
3 || 12.57 | 10.71 | 8.01 | 6.09 | 4.85 || 13.93 | 12.91 | 11.19 | 10.14 | 9.53
1] 424 | 391 | 3.16 | 2.49 | 2.01 || 424 | 3.91 | 3.16 | 2.49 | 2.01
112 422 | 3.89 | 3.15 | 2.48 | 2.00 || 4.22 | 3.89 | 3.15 | 2.48 | 2.00
3 429 | 393 | 3.15 | 248 | 2.01 || 4.32 | 4.02 | 3.36 | 3.51 | 3.26
1 842 | 7.08 | 4.89 | 3.46 | 2.61 || 858 | 7.48 | 5.73 | 6.24 | 5.64
312 12| 860 | 7.22 | 561|443 |355 | 880 | 7.77 | 7.86 | 7.12 | 6.63
3| 883 | 7.69 | 591 | 457|368 9.09 | 894 | 812 | 7.44 | 7.01
1| 11.79 | 896 | 7.45 | 5.60 | 4.35 || 12.29 | 11.45 | 9.66 | 8.85 | 8.21
3 12| 1257 | 10.61 | 7.96 | 6.15 | 4.85 || 12.68 | 12.26 | 10.96 | 9.89 | 9.22
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Table 3.7: COVQ Training SDR results (in dB) for the memoryless NBNDC-QB and
the highly correlated NBNDC-QB with parameters a = 1.0, M = 5; memoryless
Gaussian source.

Memoryless (Cor=0) Cor=0.9

g R|k SNR (dB) SNR (dB)
15 ] 10 [ 5] 210 15 [ 10 [ 5 ] 2 |0
1] 418 | 3.77 | 288 | 2.16 | 1.67 || 4.18 | 3.77 | 2.88 | 2.16 | 1.67
112 416 | 3.75 | 287 |2.15|1.66 | 4.16 | 3.75 | 2.87 | 2.15 | 1.66
3| 423 | 3.78 | 287 | 2.15| 1.67 || 427 | 3.88 | 3.69 | 3.30 | 3.03
1| 816 | 6.58 | 423|285 |2.06| 835 | 7.05 | 5.24 | 5.70 | 5.09
1122 832 | 672 | 488 | 3.67 | 2.88 | 856 | 7.35 | 7.40 | 6.53 | 6.01
3| 857 | 7.12 | 5.10 | 3.78 | 2.95 || 885 | 873 | 7.74 | 6.93 | 6.42
1 11.12 | 8.09 | 483 | 445 |3.57 | 11.71 | 9.72 | 9.31 | 830 | 7.51
312 11.64 | 930 | 6.60 | 4.90 | 3.88 || 12.22 | 12.36 | 10.36 | 9.03 | 8.27
3] 11.98 | 9.76 | 6.90 | 5.08 | 3.97 || 13.73 | 12.70 | 10.57 | 9.35 | 8.63
1 423 | 3.88 | 3.10 | 243 | 1.95| 423 | 3.88 | 3.10 | 243 | 1.95
112 421 | 387 [ 3.09| 242 | 1.94 || 421 | 3.87 | 3.09 | 242 | 1.94
3 428 | 390 | 3.09 | 242|195 | 431 | 3.99 | 3.31 | 347 | 3.21
1] 837 | 7.00 |4.75]3.35| 251 | 854 | 740 | 5.62 | 6.13 | 5.52
212 12| 855 | 713 | 546|429 |341 || 876 | 7.70 | 7.76 | 7.00 | 6.49
3| 878 | 7.59 | 5.76 | 442|354 ] 9.05 | 894 | 8.03 | 7.30 | 6.84
1] 11.67 | 881 | 7.20 | 5.34 | 4.13 || 12.18 | 12.02 | 10.06 | 8.84 | 8.09
3|21 1242 | 1037 | 7.73 | 5.88 | 4.61 || 12.56 | 12.68 | 10.76 | 9.62 | 8.93
3 || 12.57 | 10.71 | 8.01 | 6.09 | 4.85 || 13.99 | 12.94 | 11.20 | 10.16 | 9.55
1] 424 | 391 | 3.16 | 2.49 | 2.01 || 424 | 3.91 | 3.16 | 2.49 | 2.01
112 422 | 3.89 | 3.15 | 2.48 | 2.00 || 4.22 | 3.89 | 3.15 | 2.48 | 2.00
3 429 | 393 | 3.15 | 248 | 2.01 || 4.32 | 4.02 | 3.36 | 3.51 | 3.26
1 842 | 7.08 | 4.89 | 3.46 | 2.61 || 858 | 7.48 | 5.73 | 6.24 | 5.64
312 12| 860 | 7.22 | 561|443 |355 | 880 | 7.77 | 7.86 | 7.12 | 6.63
3 883 | 7.69 | 591 | 457|368 9.09 | 896 | 815 | 7.43 | 6.97
1| 11.79 | 896 | 7.45 | 5.60 | 4.35 || 12.29 | 11.45 | 9.66 | 8.85 | 8.21
3 12| 1257 | 10.61 | 7.96 | 6.15 | 4.85 || 12.68 | 12.20 | 10.89 | 9.87 | 9.22
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Table 3.8: COVQ Training SDR results (in dB) for the memoryless NBNDC-QB and
the highly correlated NBNDC-QB with parameters a = 2.0, M = 5; memoryless
Gaussian source.

Memoryless (Cor=0) Cor=0.9

q| R |k SNR (dB) SNR (dB)
15 ] 10 [ 5] 210 15 [ 10 [ 5 ] 2 |0
1] 418 | 3.77 | 288 | 2.16 | 1.67 || 4.18 | 3.77 | 2.88 | 2.16 | 1.67
112 416 | 3.75 | 287 |2.15|1.66 | 4.16 | 3.75 | 2.87 | 2.15 | 1.66
3| 423 | 3.78 | 287 | 2.15| 1.67 || 427 | 3.88 | 3.69 | 3.30 | 3.03
1| 816 | 6.58 | 423|285 |2.06| 835 | 7.05 | 5.24 | 5.70 | 5.09
1122 832 | 672 | 488 | 3.67 | 2.88 | 856 | 7.35 | 7.40 | 6.53 | 6.01
3| 857 | 7.12 | 5.10 | 3.78 | 2.95 || 885 | 878 | 7.72 | 6.91 | 6.40
1 11.12 | 8.09 | 483 | 445 |3.57 | 11.71 | 9.72 | 9.31 | 830 | 7.51
312 11.64 | 9.30 | 6.60 | 4.90 | 3.88 || 12.23 | 12.49 | 10.36 | 9.08 | 8.32
3] 11.98 | 9.76 | 6.90 | 5.08 | 3.97 || 13.76 | 12.74 | 10.63 | 9.40 | 8.69
1 423 | 3.88 | 3.10 | 243 | 1.95| 423 | 3.88 | 3.10 | 243 | 1.95
112 421 | 387 [ 3.09| 242 | 1.94 || 421 | 3.87 | 3.09 | 242 | 1.94
3 428 | 390 | 3.09 | 242|195 | 431 | 3.99 | 3.31 | 347 | 3.21
1] 837 | 7.00 |4.75]3.35| 251 | 854 | 740 | 5.62 | 6.13 | 5.52
212 12| 855 | 713 | 546|429 |341 || 876 | 7.70 | 7.76 | 7.00 | 6.49
3| 878 | 7.59 | 5.76 | 442|354 ] 9.05 | 894 | 8.06 | 7.31 | 6.84
1] 11.67 | 881 | 7.20 | 5.34 | 4.13 || 12.18 | 12.02 | 10.06 | 8.84 | 8.09
3|21 1242 | 1037 | 7.73 | 5.88 | 4.61 || 12.56 | 12.69 | 10.80 | 9.62 | 8.95
3 || 12.57 | 10.71 | 8.01 | 6.09 | 4.85 || 14.05 | 12.97 | 11.25 | 10.23 | 9.58
1] 424 | 391 | 3.16 | 2.49 | 2.01 || 424 | 3.91 | 3.16 | 2.49 | 2.01
112 422 | 3.89 | 3.15 | 2.48 | 2.00 || 4.22 | 3.89 | 3.15 | 2.48 | 2.00
3 429 | 393 | 3.15 | 248 | 2.01 || 4.32 | 4.02 | 3.36 | 3.51 | 3.26
1 842 | 7.08 | 4.89 | 3.46 | 2.61 || 858 | 7.48 | 5.73 | 6.24 | 5.64
312 12| 860 | 7.22 | 561|443 |355 | 880 | 7.77 | 7.86 | 7.12 | 6.63
3| 883 | 7.69 | 591 | 457|368 9.09 | 896 | 810 | 7.45 | 7.00
1| 11.79 | 896 | 7.45 | 5.60 | 4.35 || 12.29 | 11.45 | 9.66 | 8.85 | 8.21
3 12| 1257 | 10.61 | 7.96 | 6.15 | 4.85 || 12.68 | 12.21 | 10.92 | 9.90 | 9.28
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Table 3.9: COVQ Training SDR results (in dB) for the memoryless NBNDC-QB and
the highly correlated NBNDC-QB with parameters a = 1.0, M = 1; memoryless
Gaussian source- Decrease increase method (5 times).

Memoryless (Cor=0) Cor=0.9

q| R |k SNR (dB) SNR (dB)
5 [ 10 | 5] 20 1510 ] 5 | 2 |0
1| 418 | 3.77 | 288 | 2.16 | 1.67 || 4.18 | 3.77 | 2.88 | 2.16 | 1.67
112 417 | 3.75 | 287 |2.15|1.66 | 4.17 | 3.75 | 2.87 | 2.15 | 1.66
3| 423 | 3.78 | 2.88 | 2.15 | 1.67 || 4.37 | 416 | 3.68 | 3.27 | 2.98
1| 816 | 6.58 | 4.23 | 285 |2.06| 884 | 8.08 | 6.69 | 5.70 | 5.09
1122 842 | 6.98 | 4.95 | 3.67 | 288 | 9.20 | 854 | 7.29 | 6.40 | 5.84
3 868 | 7.21 | 512379296 | 951 | 889 | 7.76 | 6.97 | 6.47
1] 11.12 | 848 | 5.80 | 4.45 | 3.57 || 13.41 | 11.80 | 9.45 | 8.04 | 7.23
312 11.64 | 930 | 6.60 | 4.94 | 3.88 || 13.92 | 12.36 | 10.27 | 9.05 | 8.34
3] 12,16 | 9.78 | 6.92 | 5.11 | 3.99 || 14.40 | 12.94 | 10.95 | 9.76 | 9.06
1 423 | 3.88 | 3.10 | 243 | 1.95| 423 | 3.88 | 3.10 | 2.43 | 1.95
112 421 | 3.87 [3.09 | 242|194 | 421 | 3.87 | 3.09 | 242 | 1.94
3 428 | 391 | 3.10 | 243 | 1.95 || 4.39 | 422 | 3.81 | 3.44 | 3.17
1] 837 | 7.00 [4.75]3.35|251 | 894 | 832 | 7.06 | 6.13 | 5.52
212 12| 855 | 743 | 565|432 |343 | 934 | 877 | 7.60 | 6.75 | 6.20
3| 886 | 7.64 | 579|444 | 354 9.60 | 9.07 | 8.00 | 7.28 | 6.80
1] 11.67 | 943 | 7.21 | 5.35 | 4.13 || 13.69 | 12.34 | 10.10 | 8.72 | 7.91
3121 1242 | 10.38 | 7.78 | 5.88 | 4.61 || 14.02 | 12.87 | 11.04 | 9.94 | 9.22
3| 12.80 | 10.84 | 8.07 | 6.12 | 4.86 || 14.51 | 13.35 | 11.65 | 10.60 | 9.94
1] 424 | 391 | 3.16 | 249|201 | 424 | 3.91 | 3.16 | 2.49 | 2.01
112 422 | 3.89 | 3.15| 248 | 2.00 | 422 | 3.89 | 3.15 | 248 | 2.00
3 429 | 393 | 3.15| 249|201 || 440 | 423 | 3.85 | 3.49 | 3.23
1| 842 | 7.08 | 489|347 |2.61 | 896 | 837 | 7.17 | 6.25 | 5.64
31212 860 | 7.52 |5.75|4.46|3.56 | 932 | 880 | 7.75 | 6.95 | 6.45
3| 887 | 7.74 | 594 | 458 | 3.68 || 9.57 | 9.06 | 8.05 | 7.33 | 7.07
1| 11.79 | 9.65 | 7.47 | 5.60 | 4.35 || 13.74 | 12.44 | 10.32 | 8.95 | 8.16
3|2 12.57 | 10.61 | 8.01 | 6.15 | 4.86 || 13.86 | 12.87 | 11.24 | 10.24 | 9.58
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Table 3.10: NBNDC parameters for fitting the Rayleigh DFC with ¢ = 2.

~v(dB) fpT =0.005 | fpT =0.01
M =11 M =28
2 e =0.7537 | £ =0.6846
(0=05) | «a=0.6362 | a=0.5313
Cor =0.22 | Cor =0.22
M =10 M=T
5 e =0.7967 | € =0.7260
(0=04) | «=0.6318 | a=0.5286
Cor =0.29 | Cor =0.29
M=7 M=5
10 e =0.7563 | € =0.6765
(65=02) | a=05932 | a=0.4818
Cor =0.32 | Cor =0.32
M =5 M =4
15 e=0.7076 | € =0.6371
(0 =0.12) | a=0.5511 a = 0.399
Cor =0.35 | Cor =0.34
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Table 3.11: COVQ training results (for DFC-fitted NBNDC-QB) and simulation
results (for the Rayleigh DFC) in terms of SDR (dB); memoryless Laplacian source.
foT = 0.01.

Training Simulation

q = |k SNR (dB) SNR (dB)
n/k 15 [ 10 ] 5 | 2 15 [ 10 | 5 | 2
1] 2.87 1263]207|159] 2.87 | 263|207/ 1.59
1 | 2| 347 312|242 | 1.84 | 3.46 | 3.12|2.41 | 1.84
3| 4.15 | 3.63|2.64 | 1.88 || 4.06 | 3.45 | 2.39 | 1.70
1] 667 |5.46]3.62]246 ] 6.71 | 5.45 | 3.58 | 2.42
1| 2 |21 769 [622]4.14]290 | 7.71 | 6.20 | 4.10 | 2.89
3| 821 |6.62|4.56|3.21 | 817 |6.53 | 4.50 | 3.17
11965 | 7144402011 973 [ 7.15|4.30 | 2.83
3 |21 10.78 [ 820 | 5.31 | 3.93 || 10.79 | 8.19 | 5.26 | 3.94
3| 11.16 | 8.69 | 5.92 | 4.24 || 10.95 | 8.60 | 5.89 | 4.27
1] 290 [270]221 177 290 [270]221]1.77
1 |21 351 |3.23]260|206]| 350 | 322|259 2.06
3| 421 |3.78 286|213 4.15 |3.62]2.62 | 1.94
1] 6.89 [5.83]4.09 289 6.96 | 5.98]4.21]2.97
21 2 |2 797 |6.69 |4.75|3.57 || 801 | 6.76 | 4.76 | 3.53
31 850 | 7.08|5.15|3.89 || 846 | 7.04 | 4.95 | 3.66
111045 [8.00[5.01 [4.19] 10.64 | 8.28 | 5.18 | 4.03
3 |2 11.50 | 9.16 | 6.60 | 4.97 || 11.48 | 8.95 | 6.08 | 4.55
3111195 |9.87 | 7.25 | 5.41 || 11.49 | 8.87 | 6.18 | 4.67
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Table 3.12: COVQ training results (for DFC-fitted NBNDC-QB) and simulation
results (for the Rayleigh DFC) in terms of SDR (dB); memoryless Gaussian source.

fpT = 0.005.
Training Simulation
q| R=1k SNR (dB) SNR (dB)
n/k 15 ] 10 | 5 ] 2 15 [ 10 [ 5 [ 2

1 417 | 3.76 | 2.87 | 2.14 || 4.17 | 3.76 | 2.86 | 2.13
1 210 7.14 | 5.96 | 4.05 | 2.78 || 7.08 | 5.86 | 3.84 | 2.60
3| 8.11 6.75 | 4.52 | 3.10 || 8.07 | 6.54 | 4.23 | 3.03
1 8.23 6.71 | 443 | 3.01 8.26 6.71 | 4.38 | 2.95
1 2 21 10.87 | 827 |5.46 | 4.21 || 10.84 | 8.16 | 5.45 | 4.31
3| 11.79 | 9.25 | 6.43 | 4.87 || 11.79 | 9.37 | 6.60 | 5.08
11 11.29 | 836 | 5.16 | 3.41 || 11.29 | 8.32 | 5.02 | 3.31
3 21 13.21 | 10.02 | 6.85 | 5.14 || 13.25 | 10.18 | 7.14 | 5.41
31 14.25 11093 | 7.54 | 5.78 || 14.25 | 11.11 | 7.93 | 6.19
1 4.22 3.87 | 3.09 | 242 | 4.21 3.87 | 3.09 | 2.42
1 21 729 | 629 | 448 | 322 7.26 | 6.19 | 4.30 | 3.05
3| 837 | 7.02 | 5563 429 | 830 | 6.91 | 5.89 | 4.49
1 8.45 713 | 492 | 3.49 || 8.50 7.19 | 4.94 | 3.49
2 2 21 11.30 | 9.26 | 6.79 | 5.28 || 11.38 | 9.02 | 6.36 | 4.90
31 12.40 | 1045 | 7.94 | 6.27 || 12.32 | 9.85 | 7.05 | 5.59
11 11.89 | 9.07 | 6.19 | 5.03 || 12.01 | 9.23 | 6.03 | 4.83
3 20| 14.34 | 11.72 | 8.65 | 6.78 || 14.03 | 10.86 | 7.54 | 6.00
3| 15.62 | 13.05 | 9.94 | 7.77 || 14.27 | 11.29 | 8.15 | 6.54
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Table 3.13: COVQ training results (for DFC-fitted NBNDC-QB) and simulation
results (for the Rayleigh DFC) in terms of SDR (dB); Gauss-Markov source with
correlation factor ¢ = 0.9. fpT = 0.005.

Training Simulation

q| R=1k SNR (dB) SNR (dB)
n/k 15 [ 10 [ 5 | 2 15 [ 10 [ 5 | 2
1 418 | 3.77 | 2.88 | 2.16 || 4.18 | 3.76 | 2.88 | 2.16
1 2| 4.16 3.75 | 287|215 | 4.16 | 3.75 | 2.87 | 2.14
3 4.24 3.81 | 289|215 423 | 3.78 | 2.85 | 2.14
1 8.23 6.71 | 444 | 3.02 || 823 |6.71 | 4.36 | 2.95
1 2 2 8.43 6.88 | 4.72 | 3.40 || 839 | 6.83 | 4.72 | 3.42
3| 8.67 | 7.08 | 494|359 | 865 | 7.05|4.96 | 3.61
1 11.26 | 836 | 5.17 | 3.42 || 11.25 | 8.29 | 5.00 | 3.32
3 21 11.66 | 885 | 598 | 4.42 || 11.62 | 8.88 | 6.04 | 4.53
3 11.71 | 9.13 | 6.27 | 4.61 || 11.46 | 9.06 | 6.34 | 4.72
1 4.23 3.88 | 3.10 | 2.43 || 4.23 | 3.88 | 3.10 | 2.43
1 2| 4.21 3.87 | 3.09| 242 | 421 | 3.87 | 3.08 | 2.42
3| 4.29 3.93 | 3.11 | 243 || 4.28 | 3.90 | 3.08 | 2.41
11 844 | 7.12 | 493 | 3.50 || 847 | 7.18 | 4.93 | 3.50
2 2 2| 8.65 729 | 5.34 | 4.00 || 863 | 7.29 | 5.19 | 3.89
31 890 | 7.49 | 554 | 4.27 || 887 | 7.48 | 5.34 | 4.07
11 11.86 | 9.06 | 6.20 | 5.03 || 11.97 | 9.21 | 6.05 | 4.82
3 2112251 994 | 7.20 | 5.54 || 12.25 | 9.65 | 6.58 | 5.06
31| 12.43 | 10.30 | 7.68 | 5.82 || 11.96 | 9.23 | 6.57 | 5.11
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Table 3.14: The p and ¢ values for the NBNDC-QB for soft-decision resolutions
q=1,2,3.

[SNRB)[a] 6 [ po | o [ p2 | o5 [ pa | 05 | ps | pr |

0.992 | 0.008

15 0.12 || 0.972 | 0.020 | 0.006 | 0.001

0.60 || 0.955 | 0.018 | 0.012 | 0.008 | 0.004 | 0.002 | 0.001 | 0.000

0.977 | 0.023

10 0.20 || 0.924 | 0.053 | 0.019 | 0.005

0.11 || 0.865 | 0.051 | 0.037 | 0.024 | 0.013 | 0.006 | 0.003 | 0.001

0.936 | 0.064

0.40 || 0.782 | 0.154 | 0.054 | 0.010

0.18 || 0.703 | 0.100 | 0.078 | 0.055 | 0.034 | 0.018 | 0.008 | 0.005

0.892 | 0.108

0.50 || 0.695 | 0.196 | 0.085 | 0.024

0.25 || 0.563 | 0.132 | 0.112 | 0.084 | 0.054 | 0.031 | 0.015 | 0.009

0.854 | 0.146

0.60 || 0.627 | 0.227 | 0.110 | 0.036

DN | W DO | W DN ] W DO ] W DN —[Q

0.31 ]| 0.472 | 0.145 | 0.132 | 0.104 | 0.071 | 0.041 | 0.021 | 0.013




Chapter 4

Joint Source-Channel MAP
Decoding of the NBNDC-QB

The COVQ system explained in Chapter 3 is only able to take advantage of the intra-
block memory (the dependency within each codeword block) of the data sent over the
channel. As a result, the inter-block memory of codewords (the dependency on the
previous received blocks of the current block) are discarded during the system design.
In this chapter, we describe a source-channel decoding approach which utilizes inter-
block memory. This also extends the work in [26], where only binary output channels
with Markovian noise are examined. In particular, we study the sequence maximum-
a-posteriori (MAP) decoding problem of quantized sources over the NBNDC-QB and
the correlated Rayleigh DFC described in Chapter 2. We consider a scalar quantizer
(SQ) designed for a noiseless channel. The SQ output is passed through an index
assignment mapping and then sent over the channel. The output is soft-demodulated
with resolution ¢ and delivered to a sequence MAP detector to combat channel errors.

As in [26], we refer to such a coding scheme as SQ-MAP. We use scalar-quantization,

95



CHAPTER 4. SQ-MAP OVER THE NBNDC-QB 56

rather than vector-quantization (VQ), since although VQ achieves better signal-to-
distortion (SDR) performance due to the space-filling gain, it retains less redundancy
in the index codewords at the quantizer output; but using SQ, such redundancy is
kept to be exploited by the MAP decoder together with the channel’s characteristics,
for error correction. As a result, it is likely for the system to perform better using an
SQ.

It is important to mention that the SQ-MAP scheme is designed to minimize the
sequence error probability, while we evaluate the performance of the system via the
signal-to-distortion ratio (SDR) with the mean square error (MSE) distortion mea-
sure. Hence, the SQ-MAP is not necessarily optimal in terms of achieving minimum
mean square error (MMSE). However, this system has tractably low complexity as
well as good performance according to simulations results, which makes it an efficient
joint source-channel coding scheme. MMSE optimal and suboptimal MAP decoding
metrics are studied in [23,34]. Furthermore, in this work, we study the use of residual
source redundancy as well as noise correlation and soft-decision information on the
NBNDC model, in order to achieve better SDR performance. Minimizing distortion
via improved MAP metrics is not studied here.

Similar to Chapter 3, we show that the channel’s memory and soft-decision in-
formation can be exploited to improve the SQ-MAP system performance. We also
numerically show that the NBNDC-QB effectively models the Rayleigh DFC when
measured in terms of SDR performance. Furthermore, we prove a theorem for a spe-
cific case of our system setup (SQ-MAP for the NBNDC-QB), in which we provide
necessary and sufficient condition for a sequence MAP decoder to be replaceable with

a simple instantaneous (symbol-by-symbol) decoding rule.
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4.1 Sequence MAP decoding

>

Source v [ SQ-Encoder | i I.ndex X Channel y MAP
B — ) assignment

b(i)

SQ-Decoder | €x Receiver
P(yx) Detector B(X) —

Figure 4.1: Block diagram of an SQ-MAP system.

4.1.1 System setup

Consider the communication system depicted in Figure 4.1. The analog source V =
{V;}$2, is assumed to be a real-valued stationary ergodic process. The scalar quantizer
(SQ) encoder is a mapping v from the real domain of source symbols to the index set
{0,1,...,2™ — 1}, such that
y(v) =1 ifves,,

where {S; : i € {0,1,...,2" — 1}} is a partition of R. Hence the SQ rate is R = n.
The partitions are chosen according to Lloyd-Max formulation given in Chapter 2,
with the initial codebook selection obtained via the splitting algorithm, described in
Section 3.1.2.

As in the COVQ system, the index assignment module is a one-to-one mapping,

which maps each index ¢ to a binary vector x € {0,1}"
b:4{0,1,...,2" =1} —» {0,1}", b(i) =x

where x is represented in binary form. Since the mapping is one-to-one, for a given

index mapping b, we can present the quantization regions by Sy instead of S;, where
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R R: R [Ri Ry R R
[ | | [ | | ’

NBC 000 100 010 110 001 101 011 111

FBC 011 001 010 000 100 110 101 111

Figure 4.2: FBC and NBC index assignments for an hypothetical source distribution
and its quantization regions; MSB is the rightmost bit.

b(i) = x.

To assign a binary n-tuple codeword to each index, different index assignment
methods such as the natural binary code (NBC), the folded binary code (FBC),
simulated annealing, and some heuristic assignment methods were tested. The FBC
was selected because of its simplicity and good performance. An example of the
FBC and NBC index assignment (with the right-most bit as the most significant
bit) is depicted in Figure 4.2, for a hypothetical source with the probability density
shown in the figure. The horizontal line represents the real axis and the quantization
regions are separated by the short vertical lines. Note that the FBC index assignment
tends to set more zeros to the rightmost bits of the codewords corresponding to code-
levels with moderate values. Since the source distributions used here are symmetric
and denser around the origin, the rightmost bits are more likely to be zero. This

non-uniformity of the distribution of zeros and ones in each codeword leads to more



CHAPTER 4. SQ-MAP OVER THE NBNDC-QB 59

redundancy in the codewords which helps to improve the performance of the sequence
MAP decoder. The n-tuple codeword x is then sent bit-by-bit over the NBNDC-QB
channel where it is affected by the error n-tuple 2.

The channel output y € {0,1,...,29 — 1}"] corresponding to each binary n-tuple
x sent over the channel, is fed to a MAP decoder where the data redundancy is used
for error correction. Finally, the SQ decoder 8 maps the decoder output X into output

levels of the quantizer codebook

B()A() =cz, 3 €ER, X € {0, 1}”

4.1.2 MAP decoder design

The MAP decoder is designed to minimize the sequence error probability by exploiting
the residual redundancy of the source and channel model statistics to combat channel
errors. Since we are considering a general source, the redundancy pr, in general, is
due to a combination of non-uniformity of the distribution (pp) and memory (pys),
such that pr = pp + ppr. Similar to [26], we first assume to have an i.i.d. source and
then we modify the metric for sources with memory.

If V is i.i.d., then the SQ encoder output process, X = {X;}, is also i.i.d. Hence
pv = 0 and the only remaining redundancy is due to non-uniformity of the source.
Consequently, the MAP detector could be considered as a system observing a sequence

of n-tuples
yN = (y1)y277yN) E {0,1,...72q - 1}”N,
where ¢ is the soft-decision quantization resolution, N denotes the number of source

symbols to be transmitted over the channel, and n is the codeword length. Note

that since the transmission over the channel is done bit-by-bit (and not n-tuple
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by n-tuple), the observation of the MAP detector can also be considered as se-
quence of 2%-ary symbols ¥ = (y1,y2,...,ynn) € {0,1,...,27 — 1}V where y;, =
(Yk—1)n+1> Y—Dnt2: - - - Ykm))s kB = 1,2,..., N. y¥ is a noisy observation of the
source sequence

xV = (x1,X,...,xy) € {0,1}",

which can be similarly represented bit-by-bit via 2™V = (21, 79,...,2,n) € {0, 1}V,
where X = (T(k—1)nt1, Te—1)n+2, - - - » T(km))s kK = 1,2,..., N. Therefore, the n-tuple
by n-tuple and bit-by-bit notations can be interchangeably used for ease of explana-

tion. The channel contaminates the source bits via 29-ary error symbols
2N = (21,29, .., 2zan) € {0,1,...,27 — 1}V,
The MAP decoder estimates xV by %V according to
%V = arg max PrixX¥ =x"| YV =y"}.
Similar to the reasoning in [2,27], the above equation is equivalent to
XV = arg max Pr{Y™ =y | X" = "V} Pr{X" = 2"V}

$"N€{0,1}"N

= arg max Pr{Z"™W = "V}Pr{X" = 2"V}
znNe{0,1}nN

N-1
where
Q(ZZ——::ﬂZZ—k) = PT{ZH—I = Zit+1, Zi+2 = 242y oy Zi+j = Zi+j|Zi = Ziy ey Zi—k = Zz’—k:},

i ke{1,2,...,nN—1}, i+j<nN, i—k>1,

and P(x;) = Pr{X; = x;} is the probability mass function of the n-tuple codewords.
Note that since the channel model we are considering is the NBNDC-QB with Marko-

vian memory order M, for nN > M (which is always the considered case since N is
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assumed to be large,) it can be shown that (4.1) is equivalent to

A~ () 1 mn
%N = arg max{log[ IEIB)NDC ae(21)p(x1)] + Z log[@ 'L(n—frl | Zin——1))P(Xi1)]},
(4.2)
where
QT 12 _(in) = (4.3)
Jjtn i—1 c
H .Z@m + a0z M —ixa ™ (1 —2)paif -
i=j+1| \ £=i—(M—1)
which is obtained from (2.4), z; £ 0ifi < 1, 2/ = (25, zis1, -5 %), 5 > 4, PISI%)NDC_QB(Z?) =

Pr{Z} = 2"} is given via (2.6)-(2.8), and z is related to its corresponding symbols
x,y via (2.3).

According to (4.2) and (4.3), the MAP detection can be implemented using a
modified version of the Viterbi algorithm [15]. We consider the state space to be the
set of all possible n-tuple codewords. Therefore, the trellis has 2" states, each having

2™ outgoing and entering states and the path metric at step 7 is

i+1)n in
log[Q(z )" | Zin— -1 P (X:)].

When the source has memory, we assume that it forms a discrete Markov chain of
order 1 with state transition probability matrix P(x; | x;_1), and the path metric will

be updated to
i+1)n in
logl @Y | 20— ar-1)) P | i)
The pmf P(x;) and state transition matrix [P(x; | x;_1)] of the source codewords are

calculated from a training set of symbols (the same training set used for designing

the SQ).
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The SQ-MAP system has low complexity due to the Viterbi algorithm and the
simplicity of SQ encoding/decoding. On the other hand, the sequence MAP detector
imposes a significant amount of delay in the receiver since the decoder needs to
receive all of the n/N symbols to be able to minimize the sequence probably of error.
Furthermore, the storage complexity of the system grows with asymptotical growth
order O(nN2"). Hence, the storage requirement becomes unmanageable for very
large values of nN. Therefore, it is useful to know when it is possible to replace
the MAP detector with an instantaneous (symbol-by-symbol) decoding rule, without

sacrificing the system’s optimality in terms of sequence probability of error.

4.1.3 A specific case of the SQ-MAP system

In this section, we consider the MAP decoder system with the SQ coding rate R =
n = 1 for the NBNDC-QB with memory order M = 1. We investigate necessary and
sufficient conditions for the MAP detector to be replaceable with a symbol-by-symbol
instantaneous decoder (mapping) without losing system optimality. We call the MAP
detector useless, when it can be replaced with the instantaneous mapping.
According to Figure 4.1, the output of the SQ is a binary n-tuple. Letting R =
n = 1, the SQ output is binary. The binary sequence z;, 1 = 1,2,..., N is transmitted
across the NBNDC-QB. According to the queue noise model, as stated in Chapter
2, for M = 1, the noise process is a homogeneous first-order Markov process. Recall

that
Q(zn) 2 Pr{Z, = z,}

and

Q(2nl2n-1) 2 Pr{Z, = zu|2pn_1 = 2n_1}, 20 €{0,1,2,...,27 — 1}.
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In this section, we always consider the special case M = 1. As a result, according
to the channel noise model, @ = 1. Furthermore, it can be seen that the probability

distribution of the noise is

Q(2n) = pzy 2 €, (4.4)

where p,, is known from the noise model.
The matrix Q = [Q(i]j)], 4,7 € {0,1,...,27—1} can be calculated in closed form,

for arbitrary ¢, via

Q(”]) = [géi,j + (1 - 8>pz¢] ) (45>
where
1, if i=7y
(Si,j =
0, if i#j.

[ QO0) Q(10) Q20) Q3/0)
o - | Com eam eem eew
Q012) Q112) QEI2) Q32)
| QOB) QUB) QEB) QEP) |
[ cv(-ap (-9p  (-9p (- |
_ (L=e)po e+(L—e)pp  (1—¢)po (1 —¢€)ps
(1= ¢)po (I—e)pr e+(l—g)pz  (1—¢)ps
| (I=¢)po (L—¢e)m (I—=¢)p2 e+ (L—¢)ps |

The channel output is fed to the MAP decoder described in the previous section.
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To figure out when the MAP detector is useless, we find necessary and sufficient
conditions such that applying MAP detector does not yield a lower sequence error
probability than applying a mapping €, where 6 is a mapping from the set of channel

output alphabet to the binary input alphabet, i.e.

e(yn):: gnv Yn € Y= {0717---72q'_'1}7gn € {071}7 (4‘6>
with
- 07 if Yn € yOa
Yn =
1, if UYn € yl,

where, Yy = Y5 C V. To replace the MAP detector with the mapping we simply skip
the MAP detector and set z; =9;, 1 =1,2,..., N.

Lemma 4.1. For the NBNDC-QB with parameters satisfying the condition

Po= P12 P22 . = Prai, (4.7)

among all mappings 6 : {0,1,...,27 — 1} — {0,1}, the following mapping 0* yields

the lowest symbol probability of error:

. 0, ify, < k*;
1, otherwise.

(>

0" (yn)

where k* € {0,1,...,29} is the smallest value satisfying

qu*k‘*fl - P(O)’

where p_y 2 00, pae = 0, and P(x) = Pr{X = 2},z € {0,1}. In other words,

(4.9)

assuming (4.7) holds, setting Yo = {0,1,...,k* =1}, Yy = V5 ={k* k" +1,...,29—
1}, with Yo =0 for k* =0 and Yy = 0 for k* = 29, yields the best symbol probability

of error, among all instantaneous mapping rules.
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Proof. We first show that any general mapping other than 6* defined via (4.8), can
be modified to have a less than or equal symbol error probability. To this end, we
consider the mapping as a classification rule that classifies 29 different output symbols
from {0,1,...,27— 1} into two classes )V and ). According to (4.8), for 6* we have
Vi=10,1,...,k* =1} and Yy = {k*,k* 4+ 1,...,27 — 1}. Let P. denote the symbol

error probability under mapping 6
P. = Pr{O(Y) # X}.
If 0 # 0%, at least one of the two following cases happen:

i) There exists an element a € Yy, such that a < k*. Removing a from ), and

adding it to ) yields

Po—P, = Pr{Y=a|X=1}Pr{X =1} — Pr{Y =a|X =0} Pr{X =0}
= Q2" -1-0a)P(1) - Q(a)P(0)

= P(1)paa-1-a — P(0)pa,

where P.; represents the error probability after a is placed in )y and P.; is the
error probability before this modification. According to (4.7), p, > pr+—1 and
P2a—k* > P2q4—-1—q- Hence by (49),

P(O) P2a—k* P2a—1—q

and therefore,

P€2_P61§O'

Thus, putting a into Y, will not increase the error probability.
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ii) There exists an element b € ), such that b > k*. Similarly, it can be shown
that

PeQ - Pel - _P(l)qu—l—b + P<O)Pb
According to (4.7), pp < pr+ and pag_g+—1 < paa_1_p. Hence by (4.9),

)Z Phx > Pb
P(0) = paa—ir—1 — paa—1-b

and therefore,

sz—PdSO.

Thus, removing b from ), and adding it to ), does not increase error probability.

The proof is complete by observing that by repeatedly applying the above replace-
ments, the mapping obtained will be identical to 6*.

O

As mentioned in the previous section, the sequence {X;} (which is the same as

{X.} here, since R = 1) is modeled via a first order stationary Markov chain. Define
Panony = P(@n|vn 1) & Pr{X, = z,| X, 1 =2, 1} (4.10)

and

D £ P(x,) £ Pr{X, =z,},

n

where x,, € {0,1}. For the special case of a symmetric binary Markov source i.e.,

P(0)/P(1) =1, it can be seen from (4.9) that for k* = 27!

Pk Paat

P24 —k*—1 P2a-1-1
Prr—1 _ P2a-1-1 > 1.

P29 —k* pP2a-1

<1

—_ )

i)
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From now on in this subsection, we will only consider symmetric binary Markov
sources (i.e., we assume that poo = p11).
Define the auxiliary binary noise symbol z, which is related to its corresponding

noise symbol z, via
: ~1.
5 — 0, if z, <2977 (4.11)
1, otherwise.
The sequence of auxiliary binary noise symbols represents the auxiliary noise process
{Z,}2,. Since the noise process {Z, }2°, is independent of the input process { X, }°°,
and the auxiliary binary noise variable Z,, is only a function of Z,, the auxiliary noise

process {Zn}fle is also independent of the input process {X,}>° ;. Correspondingly,

we can define

Q) & Pr{Z,=2}

Q(gnygnfl) £ Pr{Zn = 271’27171 = gnfl}-

It can be seen that

- Pr{Zz,€{0,1,...,2¢7 = 1}}, if 2, = 0;
Qz) = (4.12)
Pr{Z,e {2071 207 4 1,...,20 —1}}, if z, = 1.

Therefore, according to (4.4)

Q) =1-Q(1)=po+pi+p2t...+pu1_1. (4.13)

Lemma 4.2. The auxiliary noise process {Zn},‘f:l forms a first order Markov chain,

if {Z,}°, is a first-order Markov chain.
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Proof. We use a theorem given in [11, p. 325] [18] which states that if {Z,}32, is
a Markov process, then a sufficient condition for the process {Z,}%°,, where Z, =

f(Z,), to be a Markovian is that
Pr{Zpi1 = 01| Zn = 20} = Pr{Zni1 = Zns1|Zn = f(2)}, (4.14)

for all Z,,;1 and z,, where f(-) is a function mapping the state space Sz = ) into the

set {0,1}. Let the function f be given by (4.11). Then using (4.5), we have

Pr{Z,1=01Z,=2,} = Pr{Z,,€{0,1,...,27" —1}|Z,, = z,}
= Pr{Z,.1=0Z,=z,}+ Pr{Z,1=1Z,=z,}+...+
Pr{Z,.1 =27~ 1|2, = z,}
= Q(0]z,) + Q(1zn) + ... + Q217" = 1]2,)

€+ Z?:)l_l(l —e)p;, if 2z, <2171

- o (4.15)
S = e)p, if z, > 2071,
Also
. - . Pr{Z,=0
Pr{Zps1 =07, =0} = Pr {Zn+1 0|7, = 0} Pri{Z, =0}
Pr{Z, =0}
. Pr{Z, =1
Pr{ZnH =02, = 1}—7‘{~ )
Pr{Z, =0}
T (4.16)
Pr{Z, =2 1)

Pr {Znﬂ — 02, =211 — 1} _
Pr{Z, =0}

Note that according to (4.15),

P’/“{Zn-‘rl = O|Zn = O} = {Zn-‘rl = 0|Zn = 1} = e
241—1

={Zp1 =01Z, =2~ 1} =c+ Y (1—e)p:

1=0
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Hence, (4.16) is equal to

29—1_1
PriZ,=0Y+Pr{Z,=1}+ ...+ Pr{Z,=21"1—-1
e+ Z (1—e)p;] x { ) { } { }
— Pr{Z, =0}
2q—1_1 ~
Pr{Z, =0}
= [e+ (1—e)pi] X ——=———
; Pr{Z, =0}
2¢—1_1
i=0
With the same reasoning, it can be shown that
2911
Pr{Z,,,=01Z,=1}y=1—-Pr{Z, 1 =1|Z, =1} = (1—¢)p;- (4.17)
i=0

Thus condition (4.14) is satisfied for the NBNDC-QB with memory order M = 1 and
for the function f(-) given via (4.11). Consequently, the process {Z,}22, is a first

order Markov chain. O

Since {Zn}jl’ozl is Markov process, it can be shown that its state transition proba-

bility matrix Q is

g - c~2(0|0) c~2(1l0) (4.18)
Q(0[1) Q(1]0)

e+ (1-6)Q0)  (1-2)Q(1)
(1-9)Q(0) e+(1-)Q(1)

where Q(%,) is given in (4.12).
Note by the definition of the NBNDC given via (2.2), the mapping 6* described
in (4.8), and the fact that for symmetric binary Markov sources k* = 277! it can be

seen that if 7, = z,, then z, < 297! (and hence Z, = 0) and vice versa. As a result,
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the auxiliary binary noise symbol can also be defined in terms of the input x,, and g,

Z, 2 O = (4.19)
1, if y, = ¢,
where ¢ is the binary complement of x,, and g, = 0*(y,).

We next seek the answer to question “for a given sequence MAP decoder system,
when 1s it optimal to replace the N-sequence MAP detector with an application of an
instantaneous mapping (such as 0*) applied N times?”. In other words, “when is
XN =YV an optimal sequence (MAP) detection rule, in the sense of minimizing the
sequence error probability?” .

The answer to this question is partly given in [3]. To be more specific, for ¢ = 1
the NBNDC model is identical to the queue based channel (QBC) model which is
introduced in [37]. It is shown there that for & = 1 (which is the case here since
M = 1), the channel reduces to the binary Markov channel described in Chapter 2.
Theorem 1 of [3] states necessary and sufficient conditions for the MAP decoder to
be useless over a binary Markov channel and for binary Markov sources. In this case,
a MAP decoder is defined to be useless when it decodes what is sees (i.e., XV = YV)
and thus does not make any improvement in the channel bit error rate. As a result,
they show that under certain conditions, it is optimal to skip the MAP decoder and
believe in what is seen in the receiver. Note that skipping the decoder and believing
in the output sequence can only be applied for ¢ = 1 so that the output sequence is
also binary. On the other hand, for ¢ > 2, the received sequence is not binary; hence,
we use the mapping 6* in order to convert the 2%-ary received sequence Y, into a

binary sequence Y. Since 6* is also (trivially) defined for ¢ = 1 (k* = 1 here and

g = y), Theorem 1 of [3] yields necessary and sufficient conditions for the mapping
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0* to be an optimal sequence detection rule for ¢ = 1. The following theorem gives
a necessary and sufficient condition for the mapping 6* to be an optimal sequence

detection rule for ¢ > 1.

Theorem 4.1. For a symmetric binary Markov source with poy = p11 € [%,

the NBNDC-Q)B with correlation parameter € > 0, memory order M =1, ¢ > 1, and

1] and

satisfying (4.7), assume that sequence length N > 3, X, = Yy, and Xy = Yy. Then

XN =YV s an optimal sequence MAP detection rule if and only if

o 1— 2
P2a-1-1 % [ poo] > 1, (4.20)
P2a-1 Poo

where YN = 0~ (YN) is obtained via applying the mapping 6* N -times component-wise

to YN,

Proof. For 0* to be the optimal detection rule, then V¥ € {0,1}" and Vy" €

{0,1,...,27 — 1}V we should have

o XY =YY =gy
Pr{XN = gN|YN =¢yN} =
~ can be written as

PriY®N = yN| XN = gN}Pr{X"N = jV}
Pr{YN = yN|XN = gN} Pr{XN = xN}’

Note that by (2.3) and (2.5), we have Pr{Y" = yN| XN = 2N} = Pr{ZN = "},

A i—(29-1)x;
where z; £ Y= ((_1)%.)%

k* = 2971, we have that a; = % €{0,1,...,2¢71 — 1}, where g; = 0*(y;), i =

, i =1,2,...,N. Also note that by definition of #* (with
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1,2,..., N. Define

A 2 Pr{ZN =d"}yPr{XN = ¢V}, oV €{0,1,..., 207 — 1}V,
B & pPr{zV = M}Pr{X" =2V}, 2N e{0,1,...,29 -1}V,
where a® = (ay,as,...,ayx) and 2V = (21, 2, ..., 2,) are defined above. Hence,
A Pr{ZN =V} Pr{XN =gV}
v = 5=

B~ Pr{ZN = zN}Pr{XN = zN}
Pr{Z; = a1 }P(th } ar|ar—1)P(Jk|Jr-1)
| g

PriZ, = x}P(x (2| 2k—1) P(2k|TK—1)

H Clk|ak 1 yk\yk 1)
Q Zk\Zk 1 P SCk|SUk 1)

72

where the last equality follows from Pr{Z; = a1}P(71) = Pr{Z; = z1} P(x;) since

X, =Y according to the hypothesis.

We partition the index set as follows: K = A; U Ay U A3 U Ay, where

K 2 {2,3,...,N},

A 2 {keK:ap= Gk h1=Gp1},
Ay £ {keK:ap# Uk vh1 # Gp1},
As £ {keK:xp# Gk 21 = o1}y
Ay = {keK oy =T Tp1 # Ur1}

Hence,

T Q(ak|ar—1) P (Jk|Jr-1)
7= H H Q )

i=1 keA; (2k|2k—1) P (2] T-1)

In set A4, since x, = g, and x;_1 = Jr_1 we see that z, = a; and z,_1; = ag_1. Thus,

H ak|ak 1 yk\yk 1 H ak|akz 1 $k|$k 1) _1
Q Q ’

heAs Zk\Zk 1 $k|$k 1 heds ak|ak 1 (Ik|xk 1)
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In Ay, z # U and xp_1 # yp_1 imply that z, = 1 -7 and zp_1 = 1 —g_1. Also,
if 7 # Jr and 2,1 # Yr_1, then by (4.11) and (4.19) 2z, 2z > 2771, Now since the
Markov source is symmetric (poo = p11), we obtain that P(gx|Uk—1) = P(zk|rr—1).

Noting ay, ax_1 < 297! and according to (4.5) and (4.7)

H @k|ak 1 P yk’yk 1 H Q ak\ak 1 >1
Q

o QGlz-)Plaglrn) 23 Qarlzi-t) —

We next note that since X; = Y; and Xy = ffN, for each k € Az there should
exist a corresponding index ¢ € A4 and vice versa. As a result, |A3| = |Ay| where
| A3| denotes the number of elements in set Az. Furthermore, in A3 we have x #
implying xp = 1 — g,. Therefore, according to the definitions of z; and a; and using
(2.3), it can be seen that z, = (29 — 1) — ay, and 21 = ag_;. Similarly, in set A4, we
have 2z, = a; and 2,1 = (29 — 1) — aj_1. Besides, due to the source symmetry and
noting that poo € [3, 1], we have

- P(Oklr—1) . P(l9-1)  pio 1 —Doo
min ———————-— = M —————" = — = :
keAs P(xg|zp—1) €A P(zj|lz—1)  Dpoo Doo

Now according to (4.5) and (4.7), we have

H Qak|ar—1)P(Tk|Tr-1) H Q(ar|ar—1)P(Uk|Tr-1)
Q(2k|2k—1) P(zk|Th—1) Q(2k|2i—1) P(xk|Th—1)

keAs €Ay
> H ak\ak 1 1—poo H &k\ak 1 (1—1700)
T ked Q(27 — 1 — aglak—1)poo e, 8 Q(a|27 — 1 — ap—1)poo
(@)
> H (1 —¢€)paa—1-1(1 — poo) H 1—1700
kel (1— 5)P2q 1P00 e, Poo
|As|
_ Hp2q 14 [1—]900] 7
iy P2t DPoo

where («) follows by noting that % > 1, Vk € A,. Evidently, if (4.20)
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holds, then

|A3] B 1— 2
Hpgq _1 % [ Poo] > 1.

i1 P2a-1 Poo

Thus v > 1 and the mapping #* is an optimal MAP decoding rule.

To prove the converse, assume that (4.20) does not hold; i.e.,

-1 1-— Yy 2
P2a-1_1 % { 00} <1
P2a—1 Poo

Now for X¥ = (0,0,...,0) and Y~ = (0,0,...,0,2971,0,...,0) where the only non-

zero component of Y is in any arbitrary position i € {2,..., N — 1}, we have
L 1 — poo]?
7=1><1><...><(p2q ‘1><[ poo})x1><...><1<1.
P2a—1 Poo

Hence, if (4.20) does not hold, there exists some X~ and Y such that the mapping
0* does not decode optimally.
O

For the binary symmetric first-order Markov sources with pog = p11 € [0, £), with

the same approach, a similar theorem can be proved with the following condition

2
P2a-1-1 % [ Poo } > 1.
P2a-1 1 — poo

Tables 4.1-4.4 depict the simulation results for three binary symmetric sources, in
terms of symbol error rate over the NBNDC-QB with noise correlations C'or = 0.0, 0.9,
soft-decision resolutions ¢ = 1,2, 3, and different SNRs. The calculated values for
condition (4.20), denoted by C, are also given in the tables. For ¢ = 1, the values C'
are calculated via the condition in Theorem 1 of [3]. The p values for the simulations
can be seen in Table 3.14. It is observed from Tables 4.1-4.4 that the results verify

Theorem 4.1, since for all the cases where (4.20) holds the MAP decoder and the
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instantaneous mapping perform equally (they both actually output the same decoded
sequence). It is also observed that for the cases where (4.20) does not hold, the
mapping 6* does not perform as well as the MAP decoder, so that it is not optimal
in these cases. An other interesting observation is that for ¢ = 1, the optimality
of the mapping #* is dependent on the channel noise correlation (as it is observed

numerically and analytically in [3]), while for ¢ > 1, this is not the case.
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4.2 Numerical Results

We now present numerical results for the described communication system, over both
the NBNDC-QB model and the Rayleigh DFC model.

Similar to Chapter 3, several source distributions are tested, including memoryless
(i.i.d.) Gaussian and Laplacian sources and Gauss-Markov sources. All of the source
models have zero mean and unit variance.

For each simulation, the SQ training and statistics collection is done over a set
of 1,000,000 source symbols. Afterwards, 100,000 source symbols are transmitted for
simulation and the SDR with the mean square error distortion is measured. We ran

each simulation 10 times and took average for more consistent results.

4.2.1 Exploiting memory and soft-decision quantization

Tables 4.5-4.11 depict simulation results (in dB) for different sources over the NBNDC-
QB model with several parameters of SNR, SQ codeword length n, noise correlation

Cor, channel memory order M, and soft-decision resolution ¢.

Memoryless sources

As can be seen from the tables, the performance of a system with high noise correlation
(or even moderate correlation as in Table 4.6,) can be significantly better than a
system working over a fully-interleaved (Cor = 0) channel. For example, more than
2.5 dB of SDR gain is obtained for memoryless Gaussian sources at ¢ = 3, n = 3,
SNR = 2 (see Table 4.5). Furthermore, for n = 1 since the quantized codewords

form a symmetric i.i.d. source, the results illustrate Theorem 1 of [3] and Theorem
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4.1 (compare the results of Tables 4.5 and 4.12 for n = 1). Considerable gains (up
to 2.25 dB) are also obtained by increasing the quantizer resolution to ¢ = 2 (at
n =3, SNR =5, Cor = 0.9 for Laplacian sources). More gain is obtained for a 3-bit

quantizer.

Gauss-Markov sources

For Gauss-Markov sources, we have up to 3.8 dB SDR gain (at ¢ = 3, n = 3,
SNR = 0), by exploiting the noise correlation instead of interleaving the channel.
As can be seen, in general better performance is observed when channel is highly
correlated.

At low rates, especially at n = 1, the SDR performance for the correlated channel
is worse than that for the uncorrelated channel. This behavior was expected for
n = 1 and ¢ = 1 using Corollary 3 of [3]. According to this corollary and the
numerical results, for the correlated channel, the source memory has a mismatch with
the channel memory. As a result, increasing the channel noise correlation will also
increase the mismatch between the source and channel memory information. This
makes the SQ-MAP perform worse on correlated channels than over uncorrelated
channels. However, this mismatch does not occur for higher rates (n > 2) and the
SDR performance of the system significantly improves with increasing channel noise
correlation.

The mismatch between the source and channel memory is investigated for the
binary Markov channel in [3], in which to handle this mismatch a convolutional coder
is proposed in order to convert the source memory redundancy py; to redundancy pp

due to non-uniformity.
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It is also observed that system gains up to 2.8 dB (at n = 3, SNR = 2, Cor = 0.9
for Gauss-Markov sources) using only a 2-bit soft-decision quantizer in the receiver
over a hard-decision quantizer (¢ = 1). More gain is obtained by further increasing

of q.

4.2.2 Validating the NBNDC-QB model

We next assess how well the NBNDC-QB model can approximate the correlated
Rayleigh DFC in terms of SDR performance of the SQ-MAP system.

To validate the NBNDC-QB model as a good representation of the Rayleigh DFC
for SQ-MAP systems, we design the MAP detector using the path metric obtained
for an NBNDC-QB (with proper parameters to match a specific Rayleigh DFC) and
run simulation using both the NBNDC-QB and the Rayleigh DFC to compare their
performance. For a given DFC (with fixed SNR and fpT') and a given ¢, we have used
the same technique described in Chapter 3, to fit the NBNDC-QB to the Rayleigh
DFC. The p; values and other channel parameters used for simulation are given in
Tables 3.14 and 3.10 respectively.

To simulate the Rayleigh DFC, we generate the fading coefficients using the mod-
ified Clarke’s method introduced in [36]. Simulation results (over the NBNDC-QB
and Rayleigh DFC channels) in terms of SDR are shown in Tables 4.14-4.16 for mem-
oryless i.i.d. Gaussian sources, Gauss-Markov sources with correlation factor ¢ = 0.9,
and memoryless i.i.d. Laplacian sources, respectively. The results in symbol error
rate are depicted in Tables 4.17-4.19.

Comparing the performance of the system for the two channels, we observe that

for lower rates (codeword lengths n = 1 and 2 for the memoryless Gaussian source),
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there is a good conformity between the results for the two channel models. This
agreement in SDR performance can be heuristically explained by noting that for
low rates (n = 1 and 2), the SQ output sent to the channel input is nearly i.i.d.
uniform. But the NBNDC-QB and DFC channels were matched by minimizing the
divergence rate between their noise processes. Hence, when both channels are driven
by the same capacity-achieving input (which must be i.i.d. uniform as both channels
are symmetric), they will then have a similar probability of error performance in
addition to nearly identical capacities. The same agreement in SDR performance is
also observed for memoryless Laplacian and Gauss-Markov sources for n = 1. We
finally note that for n > 3, some disagreement in SDR performance is observed
between the two systems (in this case the SQ output is not i.i.d. uniform). The

distribution P(x) of the quantized symbols is depicted in Table 4.20.
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Table 4.5: SQ-MAP Training SDR results (in dB) for the memoryless NBNDC-QB
and the highly correlated NBNDC-QB with parameters M = 1, a = 1; memoryless
Gaussian source.

Memoryless (Cor=0) Cor=0.9

q|n SNR (dB) SNR (dB)
5 [10] 5] 20| 5] 10 5] 20
1] 417 | 3.75 1278|194 | 133 | 419 | 3.77 | 2.85| 1.97 | 1.35
112 815 [6.49|3.85| 214|110 | 837 | 6.89 | 447 | 2.84 | 1.82
3 11.05 | 7.80 | 4.02 | 1.93 | 0.70 || 11.58 | 8.43 | 4.76 | 2.76 | 1.62
1] 417 | 3751278 | 194|133 | 419 | 3.77 | 2.85| 1.97 | 1.35
212 815 |649 | 385|214 | 1.10 | 869 | 7.68 | 5.61 | 4.03 | 3.05
3| 11.10 | 7.94 | 4.33 | 2.53 | 1.45 || 12.61 | 10.15 | 6.64 | 4.51 | 3.30
1] 417 | 3751278 194|133 | 419 | 3.77 | 2.85| 1.97 | 1.35
312 817 |6.54|4.02 241 | 144 | 876 | 7.77 | 5.91 | 4.48 | 3.56
3| 11.15 | 7.98 | 4.38 | 2.57 | 1.51 || 12.86 | 10.52 | 7.16 | 5.12 | 4.00

Table 4.6: SQ-MAP Training SDR results (in dB) for the NBNDC-QB with param-

eters M =1, a = 1, and correlations 0.5, 0.7; memoryless Gaussian source.

Cor=0.5

Cor=0.7

SNR (dB)

SNR (dB)

15 [10] 5] 20

15 [10] 5 | 2 [0

1 417 | 3.74 278 1 1.95 | 1.32 || 4.18 | 3.75 | 2.79 | 1.94 | 1.34
1121 826 | 667|413 ]244 | 1.38 || 828 | 6.75 | 4.23 | 2.57 | 1.52
3| 11.18 | 7.90 | 4.16 | 2.06 | 0.84 || 11.30 | 8.06 | 4.30 | 2.22 | 1.00
1] 417 | 3.74 1278|195 | 1.32| 418 | 3.75 | 279|194 | 1.34
212 | 831 | 6.77 427|264 |161 | 843 | 7.01|4.59 |3.01 | 2.00
3]l 11.40 | 8.31 | 4.61 | 2.66 | 1.51 || 11.76 | 8.76 | 5.08 | 3.08 | 1.92
1 417 | 3.74 1280 | 1.95 | 1.33 || 4.17 | 3.73 | 2.79 | 1.95 | 1.35
3121 833 |68 ]444|283 | 1.86| 843 | 7.06 | 4.78 | 3.21 | 2.25
31| 11.49 | 843 | 4.82 | 2.87 | 1.76 || 11.87 | 8.92 | 5.36 | 3.38 | 2.22
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Table 4.7: SQ-MAP Training SDR results (in dB) for the memoryless NBNDC-QB
and the highly correlated NBNDC-QB with parameters M = 1, o = 1; Gauss-Markov
source with correlation factor ¢ = 0.9.

Memoryless (Cor=0) Cor=0.9

q|n SNR (dB) SNR (dB)
5 10 5 [ 20 15]10] 5 ] 20
1 421 | 3.78 | 3.74 | 3.22|3.09 || 423 | 3.81 | 289 | 2.01 | 1.39
112 895 | 829 | 697 | 6.34 | 541 || 894 | 824 | 6.88 | 5.71 | 4.90
3| 13.38 | 11.84 | 9.46 | 7.52 | 6.18 || 13.89 | 12.69 | 1043 | 8.69 | 7.51
1] 438 | 423 | 3.89 | 3.61 | 3.22 || 435 | 4.14 | 3.44 | 2.65 | 2.02
212 9.16 | 881 | 8.00 | 6.98 | 6.08 || 924 | 897 | 826 | 7.36 | 6.59
3| 13.98 | 12.87 | 10.72 | 8.91 | 7.56 || 14.47 | 14.02 | 12.88 | 11.51 | 10.34
11 439 | 430 | 401 | 3.65 | 3.39 || 4.37 | 420 | 3.62 | 2.97 | 2.39
312 918 | 887 | 8.09 | 724 [6.43 | 929 | 9.18 | 8.64 | 8.00 | 7.38
3 || 14.07 | 13.06 | 10.96 | 9.16 | 7.81 || 14.57 | 14.34 | 13.47 | 12.58 | 11.58

Table 4.8: SQ-MAP Training SDR results (in dB) for the memoryless NBNDC-QB
and the highly correlated NBNDC-QB with parameters M = 1, o = 1; memoryless
Laplacian source.

Memoryless (Cor=0) Cor=0.9
g |n SNR (dB) SNR (dB)
5 [10] 520 | 1510 ]5]2]0
2.87 1262|200 | 144 | 1.00 | 2.88 | 2.63 | 2.05 | 145 | 1.01
6.65 | 5.27 | 2.91 | 1.30 | 0.27 || 6.89 | 5.88 | 4.28 | 3.21 | 2.56
9.59 1649 | 2.72 | 0.58 | 0.82 || 10.14 | 7.64 | 4.88 | 3.34 | 2.51

2.87 1262 200|144 |1.00 | 2.88 | 2.63 | 2.05|1.45 | 1.01
6.69 | 542 | 3.32 | 2.01 | 1.18 || 7.26 | 6.72 | 5.53 | 4.47 | 3.79
9.90 | 7.09 | 3.81 | 2.06 | 1.06 || 11.59 | 9.86 | 7.14 | 5.35 | 4.30

2.87 1262200144 |1.00 | 2.88 | 2.63 | 2.05 | 145 | 1.01
6.72 | 545 | 3.27 | 2.01 | 1.20 || 7.32 | 6.91 | 5.88 | 4.97 | 4.36
996 | 7.12 | 3.75 | 1.99 | 1.27 || 11.85 | 10.47 | 7.94 | 6.23 | 5.27

[\]
DN | W DN | W DN —
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Table 4.9: SQ-MAP Training SDR results (in dB) for the memoryless NBNDC-QB
and the highly correlated NBNDC-QB with parameters M = 5, a = 0.5; memoryless
Gaussian source.

Memoryless (Cor=0) Cor=0.9

q|n SNR (dB) SNR (dB)
5 [10] 5 ] 20| 5] 10 5 | 20
1 417 | 375|278 194|133 | 422 | 3.86 | 2.89 | 2.03 | 1.45
112 815 16.49 385|214 |1.10| 837 | 7.06 | 461 | 291 | 1.80
3| 11.05 | 7.80 | 4.02 | 1.93 | 0.70 || 13.11 | 11.11 | 8.24 | 6.69 | 5.81
1] 417 | 375|278 1194 | 1.33 || 422 | 3.86 | 2.89 | 2.03 | 1.45
2121 815|649 |38 214|110 | 9.03 | 832 | 6.77 | 5.34 | 4.35
3| 11.10 | 7.94 | 4.33 | 2.53 | 1.45 || 14.09 | 13.03 | 10.87 | 9.21 | 8.09
1 417 | 3.75 278 1194|133 | 422 | 3.86 | 2.89 | 2.03 | 1.45
312 817 | 654 402|241 | 144 9.14 | 875 | 742 | 6.39 | 5.69
3| 11.15 | 7.98 | 4.38 | 2.57 | 1.51 || 14.29 | 13.65 | 11.74 | 10.34 | 9.38

Table 4.10: SQ-MAP Training SDR results (in dB) for the memoryless NBNDC-QB
and the highly correlated NBNDC-QB with parameters M = 5, o = 1; memoryless
Gaussian source.

Memoryless (Cor=0) Cor=0.9
q|n SNR (dB) SNR (dB)
5 105 ] 20 15 105 | 2 |0

417 | 375278 | 1.94 | 1.33 || 426 | 3.91 | 290 | 2.09 | 1.44
8.15 | 649 | 3.85 | 2.14 | 1.10 || 8.40 | 7.07 | 4.61 | 295 | 1.85
11.05 | 7.80 | 4.02 | 1.93 | 0.70 || 13.18 | 11.27 | 8.50 | 6.90 | 6.07

417 | 3.75 | 2.78 | 1.94 | 1.33 || 4.26 | 3.91 | 290 | 2.09 | 1.44
8.15 | 6.49 | 3.85 | 2.14 | 1.10 || 9.09 | 835 | 6.57 | 5.25 | 4.20
11.10 | 7.94 | 4.33 | 2.53 | 1.45 || 14.33 | 13.02 | 11.03 | 9.32 | 8.36
417 | 3.75 1278 | 1.94 | 1.33 | 4.26 | 3.91 | 290 | 2.09 | 1.44
817 | 6.54 | 4.02 | 241 | 144 ] 9.12 | 872 | 7.46 | 6.38 | 5.46
11.15 | 7.98 | 4.38 | 2.57 | 1.51 || 14.29 | 13.75 | 11.87 | 10.46 | 9.59

\}
W DO | W DN | W DN —
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Table 4.11: SQ-MAP Training SDR results (in dB) for the memoryless NBNDC-QB
and the highly correlated NBNDC-QB with parameters M = 5, a = 2; memoryless
Gaussian source.

Memoryless (Cor=0) Cor=0.9

g |n SNR (dB) SNR (dB)
5 [10] 5] 20| 5] 105 | 20
1] 417 | 375 [ 278 1 1.94 | 1.33 || 4.19 | 3.85 | 2.93 | 2.23 | 1.43
112 815 [6.49 385|214 |1.10| 841 | 7.09 | 452 | 2.86 | 1.68
3| 11.05 | 7.80 | 4.02 | 1.93 | 0.70 || 13.25 | 11.42 | 8.84 | 7.26 | 6.33
1] 417 | 375 [ 278 1 1.94 | 1.33 || 4.19 | 3.85 | 2.93 | 2.23 | 1.43
2121 815 [ 649|385 |2.14|1.10 || 9.03 | 8.00 | 6.12 | 4.56 | 3.57
3] 11.10 | 7.94 | 4.33 | 2.53 | 1.45 || 14.33 | 13.28 | 11.11 | 9.63 | 8.66
1] 417 | 375 (278 1 1.94 | 1.33 || 4.19 | 3.85 | 2.93 | 2.23 | 1.43
312 817 | 6.54 [ 4.02 241 | 144 | 9.07 | 854 | 7.06 | 5.74 | 4.84
3| 11.15 | 7.98 | 4.38 | 2.57 | 1.51 || 14.31 | 13.76 | 11.89 | 10.79 | 9.80

Table 4.12: SQ with instantaneous mapping- Training SDR results (in dB) for the
memoryless NBNDC-QB and the highly correlated NBNDC-QB with parameters
M =1, a =1; memoryless Gaussian source.

Memoryless (Cor=0) Cor=0.9

q|n SNR (dB) SNR (dB)
5 0] 5 ] 20| 15 [10]5 ] 2]0
1 417 | 375278 194|133 || 419 | 3.77 | 285 | 1.97 | 1.35
112 815 1649 |3.85| 214 | 1.10 | 837 |6.89 | 4.42 | 2.74 | 1.66
3] 11.05 | 7.80 | 4.02 | 1.93 | 0.70 || 11.58 | 8.38 | 4.61 | 2.47 | 1.21
1] 417 | 3.75 1278|194 | 1.33 | 4.19 | 3.77 | 2.85 | 1.97 | 1.35
212 815|649 | 385|214 | 1.10 || 837 | 6.89 | 4.42 | 2.74 | 1.66
3] 11.05 | 7.80 | 4.02 | 1.93 | 0.70 || 11.58 | 8.38 | 4.61 | 2.47 | 1.21
1 417 | 3.75 1278|194 | 133 | 419 | 3.77 | 285|197 | 1.35
3121 815 649|385 214 |1.10| 837 | 6.89 | 442|274 | 1.66
3] 11.05 | 7.80 | 4.02 | 1.93 | 0.70 || 11.58 | 8.38 | 4.61 | 2.47 | 1.21
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Table 4.13: SQ with instantaneous mapping- Training SDR results (in dB) for the

memoryless NBNDC-QB and the highly correlated NBNDC-QB with parameters
M =1, a = 1; Gauss-Markov source with correlation factor ¢ = 0.9.

Memoryless (Cor=0) Cor=0.9

g |n SNR (dB) SNR (dB)
5 [10] 5] 20| 15 [10]5]2]0
1] 421 | 378|282 (197|136 | 4.23 | 3.81|2.89 | 2.01 | 1.39
112 819 |6.52|3.87 216 | 1.11 | 840 |6.91 | 4.44 | 2.74 | 1.66
3 11.13 | 7.81 | 4.03 | 1.93 | 0.71 || 11.59 | 8.38 | 4.64 | 2.51 | 1.24
1] 421 | 378|282 (197|136 | 4.23 | 3.81 | 2.89 | 2.01 | 1.39
2121 819 | 652|387 216 | 1.11 || 840 | 6.91 | 4.44 | 2.74 | 1.66
3 11.13 | 7.81 | 4.03 | 1.93 | 0.71 || 11.59 | 8.38 | 4.64 | 2.51 | 1.24
1] 421 | 378|282 ]197|1.36 | 4.23 | 3.81 | 289|201 | 1.39
3121 819 |6.52 387|216 | 1.11 || 840 | 691 | 4.44 | 2.74 | 1.66
3] 11.13 | 7.81 | 4.03 | 1.93 | 0.71 || 11.59 | 8.38 | 4.64 | 2.51 | 1.24

Table 4.14: SQ-MAP simulation SDR results (in dB) for the DFC-fitted NBNDC-QB
and the DFC; memoryless Gaussian source, ¢ = 2.

Channel SNR (dB)
model foT | n 15 10 ) 2
Cor=0.35 | Cor=0.32 | Cor=0.29 | Cor=0.22

1 4.18 3.76 2.77 1.94
0.005 | 2 8.34 6.73 4.01 2.29
NBNDC- 3 11.75 8.62 4.48 2.28
QB 1 4.17 3.75 2.80 1.94
0.01 | 2 8.34 6.75 4.07 2.28
3 11.60 8.59 4.67 2.35
1 4.17 3.75 2.78 1.94
0.005 | 2 8.15 6.52 3.91 2.18
Rayleigh 3 11.05 7.7 3.97 1.89
DFC 1 4.18 3.75 2.79 1.95
0.01 | 2 8.17 6.51 3.88 2.18
3 11.13 7.7 3.91 1.90
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Table 4.15: SQ-MAP simulation SDR results (in dB) for the DFC-fitted NBNDC-QB
and the DFC; Gauss-Markov source with correlation factor ¢ = 0.9, ¢ = 2.

Channel SNR (dB)
model foT | n 15 10 5 2
Cor=0.35 | Cor=0.32 | Cor=0.29 | Cor=0.22

1 4.35 4.15 3.73 3.19
0.005 | 2 9.19 8.76 7.66 6.33
NBNDC- 3 14.25 13.07 10.48 8.02
QB 1 4.35 4.16 3.74 3.21
0.01 |2 9.20 8.80 7.71 6.41
3 14.19 13.22 10.72 8.26
1 4.22 3.88 3.28 2.82
0.005 | 2 8.82 7.99 6.39 5.05
Rayleigh 3 13.28 11.38 8.38 6.41
DFC 1 4.24 3.93 3.39 2.85
0.01 | 2 8.90 8.15 6.59 5.33
3 13.35 11.52 8.60 6.66

Table 4.16: SQ-MAP simulation SDR results (in dB) for the DFC-fitted NBNDC-QB
and the DFC; memoryless Laplacian source, ¢ = 2.

Channel SNR (dB)
model T |'n 15 10 5 2
Cor=0.35 | Cor=0.32 | Cor=0.29 | Cor=0.22

1 2.87 2.62 2.00 1.44
0.005 | 2 6.92 5.77 3.26 1.66
NBNDC- 3 10.73 8.09 4.06 1.69
QB 1 2.87 2.62 2.02 1.44
0.01 |2 6.91 5.82 3.01 1.76
3 10.62 8.03 4.21 1.80
1 2.87 2.61 2.01 1.43
0.005 | 2 6.50 4.99 2.68 1.16
Rayleigh 31 950 6.42 2.64 0.63
DFC 1 2.87 2.61 2.00 1.43
0.01 | 2 6.57 5.09 2.67 1.20
3 9.64 6.42 2.64 0.71
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Table 4.17: SQ-MAP simulation results in symbol error rate(%), for the DFC-fitted
NBNDC-QB and the DFC; memoryless Gaussian source, ¢ = 2.

Channel SNR (dB)
model | fpT n 15 10 5 2
Cor=0.35 | Cor=0.32 | Cor=0.29 | Cor=0.22
1 0.73 2.27 6.45 10.86
2 10.005 1.12 3.65 10.73 18.21
NBNDC- 3 1.33 4.31 13.10 22,77
QB 1 0.74 2.31 6.36 10.87
2 0.01 1.13 3.61 10.55 18.36
3 1.42 4.35 12.75 22.94
1 0.75 2.31 6.41 10.85
2 0.005 1.46 4.29 11.61 19.42
Rayleigh | 3 2.03 6.06 16.32 26.70
DFC 1 0.73 2.30 6.39 10.76
2 0.01 1.42 4.34 11.78 19.53
3 2.05 6.24 16.61 26.92

Table 4.18: SQ-MAP simulation results in symbol error rate(%), for the DFC-fitted

NBNDC-QB and the DFC; Gauss-Markov source with correlation factor ¢ = 0.9,

q=2.
Channel SNR (dB)
model | fpT n 15 10 5 2
Cor=0.35 | Cor=0.32 | Cor=0.29 | Cor=0.22
1 0.36 1.20 3.30 6.27
2 | 0.005 0.36 1.36 4.55 9.36
NBNDC- | 3 0.43 1.69 5.95 12.40
QB 1 0.37 1.21 3.44 6.31
2 0.01 0.38 1.39 4.67 9.65
3 0.50 1.71 6.07 12.82
1 0.77 2.14 5.27 8.14
2 0.005 1.21 3.43 8.97 14.87
Rayleigh 3 1.57 4.61 12.39 20.32
DFC 1 0.72 2.02 5.02 8.05
2 0.01 1.15 3.37 8.96 14.57
3 1.59 4.72 12.66 20.46




CHAPTER 4. SQ-MAP OVER THE NBNDC-QB 91

Table 4.19: SQ-MAP simulation results in symbol error rate(%), for the DFC-fitted
NBNDC-QB and the DFC; memoryless Laplacian source, ¢ = 2.

Channel SNR (dB)
model | fpT n 15 10 5 2
Cor=0.35 | Cor=0.32 | Cor=0.29 | Cor=0.22
1 0.73 2.27 6.45 10.86
2 | 0.005 0.89 2.95 9.76 16.75
NBNDC- | 3 0.99 3.33 10.91 19.95
QB 1 0.74 2.31 6.36 10.87
2 0.01 0.91 2.87 9.01 16.52
3 1.08 3.43 10.71 20.29
1 0.77 2.34 6.44 10.88
2 0.005 1.66 4.89 12.48 20.09
Rayleigh 3 2.06 6.14 16.42 26.85
DFC 1 0.74 2.33 6.43 10.83
2 0.01 1.59 4.78 12.59 20.09
3 2.07 6.34 16.89 27.10

Table 4.20: P(x) for different source distributions and SQ coding rates.

| Distribution | R || P(x)

1 || 0.499 | 0.501 - - - - -
Gaussian | 2 || 0.335 | 0.165 | 0.335 | 0.165 - - - -

311 0.186 | 0.111 | 0.160 | 0.043 | 0.186 | 0.111 | 0.160 | 0.043

1 {] 0.500 | 0.500 - - - - -
Laplace 2 |1 0.397 | 0.104 | 0.396 | 0.103 - - - -

311 0.258 | 0.072 | 0.152 | 0.019 | 0.257 | 0.072 | 0.151 | 0.019

1 | 0.497 | 0.503 - - - - -
Gauss— 2] 0.334 | 0.163 | 0.336 | 0.167 - - - -
Markov 3|1 0.185 | 0.110 | 0.160 | 0.043 | 0.185 | 0.111 | 0.161 | 0.045




Chapter 5

Conclusions and Future Work

We designed two joint source-channel coding schemes for the NBNDC-QB channel in
order to take advantage of channel memory and soft-decision information.

The COVQ performance results show that the COVQ system, as a joint source-
channel coding technique, can successfully exploit the channel’s memory and soft-
decision information to combat channel errors while having the advantage of low
encoding/decoding delay in comparison with tandem coding systems. Furthermore,
the NBNDC-QB model, which (unlike the Rayleigh DFC) is mathematically tractable
by virtue of having closed-from expressions for its statistics, was experimentally shown
to be a practical model for the Rayleigh DFC in terms of COV(Q performance.

A scalar quantizer based MAP decoding system (SQ-MAP) was also designed
over the recently introduced channel model NBNDC-QB, which consists of a scalar
quantizer, a proper index assignment and a sequence maximum a posteriori (MAP)
decoder designed to harness the redundancy left in the quantizers indices, the channels
soft-decision output, and noise time correlation. The system was tested for both
correlated and uncorrelated source distributions and numerical results show that the
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proposed system can successfully utilize memory and soft-decision information over
the NBNDC-QB channel model. It was also observed that for correlated sources, in
some cases the system with interleaved channel (system with no noise correlation)
performs better than the system with highly correlated channel. This observation
was investigated and necessary and sufficient condition for this phenomenon to occur
was obtained at rate R = 1. Finally, the channel model was compared to the Rayleigh
DFC, in terms of SDR, and it was shown numerically that the NBNDC-QB model
can effectively approximate the Rayleigh discrete fading channels for low coding rates,
while providing closed form expression for transition distribution. However, some
degradation was observed for approximating the Rayleigh DFC for high rates.

This work can be extended in some directions. The COV(Q system we presented
here does not use the optimal quantizer step size ¢ for soft-decision decoding. Note
that since our training algorithm uses the resulting codebook of each COVQ with a
specific SNR and an initial codebook of an other COVQ with lower SNR, each § value
affects the whole collection of COVQ systems (for different SNRs). Consequently, the
choice of proper ¢ value for a COV(Q with specific SNR is rather complicated since
each candidate ¢ value improves the performance for some cases and deteriorates it
for some others. Defining a proper qualifying factor and further optimization of the
systems performance by finding the optimal set of § values could a subject of interest
for future work.

For the SQ-MAP system, further investigations can be made in order to find the
cases were the MAP-decoder is useless for higher rates or channel noise memory or-

ders. Furthermore, the optimal index assignment is still an open problem, and we
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observed that proper choice of index assignment can critically improve the perfor-

mance of the SQ-MAP system.
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