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Abstract

In this work, a Rényi variable length source coding theorem for memoryless sources
[5] for which Shannon’s source coding theorem is a particular case, is studied in detail.
A natural question to ask is whether this theorem can be extended to more general
sources. This question is addressed by solving the formula for the Rényi entropy rate
of ergodic Markov sources of arbitrary order. This leads to an extension of the Rényi
source coding theorem for ergodic Markov sources. The main tool used to obtain the

Rényi entropy rate result is Perron-Frobenius theory.
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Chapter 1

Introduction

In this chapter we present the literature review of articles upon which our research
is based. We then specify the main contributions of this project. Finally, we outline

the general flow of the project.

1.1 Literature review

A detailed analysis of Campbell’s variable length source coding theorem for memo-
ryless sources associated with Rényi’s entropy is given [5,6]. We also examine several

topics from matrix algebra specifically Perron-Frobenius theory [11],[13],[12].



1.2 Contributions

The contributions of this project are as follows:

e A formula for the Rényi entropy rate of ergodic Markov sources of first order.

e A Rényi’s variable length source coding theorem for 1% order ergodic Markov

sources.

e The extension of these results for ergodic Markov sources of arbitrary order.

1.3 Thesis overview

This project consist mainly of two major parts.

The first part given in Chapter 2 is a detailed analysis of [5] which is a generaliza-
tion of the source coding theorem to the case of Rényi’s entropy where an exponen-
tial length function is taken into consideration rather then the usual expected mean

length. The main tool in accomplishing this result is Holder’s inequality.

The second part consists of Chapters 3 and 4. Primarily, a general review of
Markov chains, entropy rate, determinants, and Perron-Frobenius theory is first pro-
vided in Chapter 3 . Then, we calculate the Rényi entropy rate for 1% order ergodic
Markov sources when the probability transition matrix is positive. Also we look into

the case when the probability transition matrix is non-negative. The last section



illustrates the theory with some examples.
Chapter 4 is an extension of the results of Chapter 3 for ergodic Markov chains of
order k. In this case, the probability transition matrix is non-negative. Finally, some

numerical examples are given.



Chapter 2

A Rényi source coding theorem for

memoryless sources

2.1 Preliminaries [8]

We will first introduce the concept of entropy, which is a measure of uncertainty of
a random variable. Let X be a discrete random variable with finite alphabet X and
probability mass function p(z) 2 Pr{X =z}, Vx € X.

Definition: The entropy H(X) of a discrete random variable X is defined by

H(X) =~ p(x)logp(z).

zeX
The log is usually in base 2 and entropy is expressed in bits. If the base of the

logarithm is e, then the entropy is measured in nats. If the log is in base D, then the



entropy is denoted by Hp(X).
Definition: The joint entropy H(X,Y") of a pair of discrete random variables (X,Y)

with a joint distribution p(z,y) is defined as

H(X,)Y) ==Y pz,y)logp(z,y).

rzeX yey

Definition: The conditional entropy H(Y'|X) is defined as

HY|X) ==Y plz,y)logp(y|z).

rzeX yey

Definition: The joint entropy H(X1, Xs,...,X,) of a sequence of random variables

X1, Xy, ..., X, with a joint distribution p(z1, xs,...,z,) is defined as
H(Xy, Xy, ..., X)) = — Z p(r1, T, ..., xy) logp(xy, 29, ..., xp)

Now, we will introduce some definitions and theorems about source coding.
Definition: A variable length source code C' for a random variable X is a mapping
from X', the range of X, to D*, the set of finite length strings of symbols from a D-ary
alphabet. Let C'(x) denote the codeword corresponding to = and let [(z) denote the
length of C'(x).

Definition: The expected length L(C) of a source code C(z) for a random variable

X with probability mass function p(z) is given by

= > p(2)l(z)

reX

where [(z) is the length of the codeword associated with z.



Without loss of generality, we can assume that the D-ary alphabet is
D=1{0,1,...,D —1}.
Definition: A variable length code is said to be non-singular if every element of X

maps into a different string in D*, i.e.,
r; # x; = C(z;) # C(x;).

Definition: The eztension C* of a code C' is the mapping from finite length strings

of X to finite length strings of D, defined by
C(x129 1) = C(x1)C(239) - - C(xy),

where C'(z1)C(z3) - - - C(x,,) indicates concatenation of the corresponding codewords.

Definition: A code is called uniquely decodable if its extension is non-singular.

Theorem 2.1.1 (Kraft inequality) The codeword lengths ly,ls, . .., 1y of any uniquely

decodable code must satisfy the Kraft inequality

YD hi<1.
Conversely, given a set of codeword lengths that satisfy this inequality, it is possible
to construct a uniquely decodable code with these codeword lengths.
Theorem 2.1.2 The expected length L of any uniquely decodable D-ary code for a

random variable X is greater than or equal to the entropy Hp(X), i.e.,

L> Hp(X)



with equality iff D% = p; for each i.

Theorem 2.1.3 If L* is the minimum expected length, then

The following inequalities are useful in order to prove the lemma in the next
section and some lemmas in Section 2.3.
Definition: A function f(z) is said to be convex over an interval (a,b) if for every

x1,22 € (a,b) and 0 < A < 1,
FAzy + (1= Nxg) < Af(x1) + (1= N) f(x2).

Definition: A function f is concave if —f is convex.

Theorem 2.1.4 If the function f has a second derivative which is non-negative ev-

erywhere, then the function is conver.

Theorem 2.1.5 (Jensen’s inequality): If f is a conver function and X is a random

variable , then

E[f(X)] = f(E[X]),

where E denote expectation.

Theorem 2.1.6 (Log sum inequality ): For non-negative numbers, ay, as, ..., a, and

by, by, ..., by,

Z a; log & > (Z ai> log ffl ai
i=1 bi i=1 bi

=1




with equality if and only if ‘g—: = constant.

Theorem 2.1.7 H(X) < log|X|, where |X| denotes the number of elements in the

range of X, with equality iff X has a uniform distribution over X.

Definition: A discrete memoryless source (DMS) is a source for which the symbols

are independently generated and identically distributed.

2.2 A measure of length [5]

Consider a DMS with alphabet X = {xy,25,...,25} and distribution
p = (p1,p2,--.,pn) where we assume that the probability of x; is p; > 0 Vi from
now until the end of this chapter. Suppose that we wish to represent the letters in X
by finite sequences of symbols from the set {0,1,..., D—1} where D > 1. It is known
that there exists a uniquely decodable code which represents each x; by a sequence

of [; D-ary symbols iff the lengths [; satisfy the Kraft inequality

ZD‘“ <1. (2.1)

An interesting problem is to minimize the average code length subject to (2.1). This
is a good procedure if the cost of using a sequence of length [; is directly proportional
to [;. But, this is not always the case. In some occasions, the cost can be a non-linear

function. For example, an exponential cost occurs frequently in many interesting



applications. This could be the case for example if the cost of encoding and decoding
equipment were an important factor, or, if buffer overflow caused by long codewords
is important. Therefore, for these kinds of applications, a better procedure is to

minimize the quantity

N
C = ZpiDtlia

=1

where ¢ # 0 is some parameter related to the cost.
For arbitrary cost functions refer to [6].

Definition: A code length of order t is defined by

Mﬂ:%%ﬂimﬁﬁ (0 < < o0). (2.2)

i=1

Since L(t) is clearly a monotonic function of C', minimizing C' is equivalent to
minimizing L(t).

The code length of order ¢ has several properties.
By I'Hospital’s rule

N
L(0) = lim L(t) = >l (2.3)

which is the expected length of the source X.

When t is large the sum Y~ | p; D% is dominated by the term ij”f, where [; is the

largest of the numbers [y, s, ..., [y. Therefore
L(00) £ Jim L(t) = mazicicn s (2.4)

Lemma 2.2.1 ([4], p. 16) L(t) is monotonic nondecreasing function of t.



Proof: Since the logarithm is a monotonic nondecreasing function, it is equivalent
to prove that the function f(t) = (SN, p;D")%. Let f'(t) denotes the derivative of

f(t) with respect to t. Then

f(t)

f' = W(Zpil)tli In D" — ZPiD”i IH(ZPiDtli))-

i

By Theorem 2.1.6 (Log sum inequality), if a; = p; D" and b; = p; then
ZpiDtli In D% — ZpiDtli In(> pi DY > 0.

Since f(t) > 0, then f'(t) > 0. Hence, f(t) is monotonic nondecreasing function of ¢
which yields that L(t) is also monotonic nondecreasing function of t. 0
Note that when the maximum length is an important factor, L(co) is a good measure
of the cost. L(0) is used when the cost is linear. Intermediate values of t provide a
measure of length which lies between these limits.

Note also that when [; = for all i = 1,2,..., N, then L(¢) = [. This is a reasonable

property for any measure of length to possess.

2.3 Rényi’s entropy

In this section we introduce Rényi’s entropy and examine its properties [3],[5],[7],]9].
Definition: Rényi’s entropy of order o for a random variable X with distribution

(p1,-..,pN) is defined by
1

H, =
1l -«

IOgD(Z: pi), (2.5)

10



where @ > 0 and o # 1.
Rényi’s entropy has several important properties. Some of these properties are clear,
so we just declare them without proof.

L’Hospital’s rule shows that

N
A .
H, = il_)ﬁi H, = — sz' logp pi. (2.6)

i=1
Thus H; is the ordinary Shannon entropy. The entropy of order o behaves in much
the same way as H;. For example, H, is a continuous and symmetric function of

pi,...,pn. If p; = N~ for each i, H, = log,, N.

Lemma 2.3.1 If X1, X,,..., Xy is a sequence of independent and identically ran-

dom variables with alphabet X = {x1,xs,...,xN}, then

Ho(X1, Xs, ..., X)) = Ho(M) = MH,. (2.7)

Proof: Consider a typical sequence of length M, say s = (iy,1s,...,%r). The prob-
ability of s is
P(s) = piPis ** * Dins- (2.8)

Then

where

Q= > P(s)~

sexM

11



It follows directly from (2.8) that

Q="M

i=1
and hence that

Ho (M) = MH,. (2.9)

Lemma 2.3.2 The Rényi’s entropy of order « is a decreasing function of .

Proof: The derivative of H, with respect to « is given by

1 —a) X pilogp + (32 pf) log(X; P?)

p
H =
* 2ip (1 —a)?

The denominator is clearly positive.
Using Theorem 2.1.4, it can be verified that the function f(z) = zlogx is a convex
function Yz > 0. If we denote by E[X] the expected value of the random variable X

then
>_pipy Hlogpf ' = Elpf Mlogpf '],
By Jensen’s inequality (Theorem 2.1.5) we obtain that
Elp? ™ logpf™'] > Elpf ™ log Elpf™'] = 3" pf log >_ v
Therefore

> pflogpdt > pilogd pf,

12



and thus
(1-— Q)pr‘logpi +pr‘log2pf‘ < 0.
We conclude that H] < 0, hence, H, is a decreasing function of a.

Note that H!, = 0iff p; = N~! Vi by direct calculation. Hence H, is strictly decreasing

unless p is the uniform distribution. =
Lemma 2.3.3 Ifa — oo, then, Hy, 2 limg oo Hy = — logp B, where p = max(py,...,pN)-

Proof: Since 0 < p; < 1, as a — o0, the sum Y, p¥ is clearly dominated by p°.
Therefore

H, = lim

a—o00 ] — oy

logp p* = —logpp.

Lemma 2.3.4 The Rényi entropy H, is non-negative.

Proof: If 0 < a < 1, then p{ > p; Vi. Hence, >;p¢ > >;p; = 1. Therefore,
log(>>; p%) > 0. Since 1 —« > 0, we get that H, > 0.

If @« > 1, then p < p; Vi. Hence, >;p < >;p; = 1. Therefore, log(>; p?) < 0.
Since 1 — a < 0, we get that H, > 0.

Note that H, = 0 iff the distribution is a point mass. =

Lemma 2.3.5 H, < log|X| with equality iff (p1,...,pn) is uniform.

13



Proof: Consider first the case o > 1. By Lemma 2.3.2, H, < H;. But H; = H by
(2.6). Also by Theorem 2.1.7, H < log |X|. Therefore, H, < log|X]|.

If 0 < @ < 1 we need the following observation.

Let p;, g; be non-negative numbers defined over a finite set of i with >, ¢; = >, p; = 1.

Then
a l—a
sz' g " <1
The function f(r) = z® is concave by Theorem 2.1.4 since its second derivative is

negative.

Note that

sre- (e o-s[()]

where E' denote the expectation with respect to the probability distribution g;.

Applying Jensen’s inequality to the function X® where X is a random variable taking

() - 520 -

dopia <1

on the values p;/¢q;, we get

)

Therefore

and the observation is proved.

Let ¢; = 1/|X|. This substitution is valid since

1
S =1
| X

reX

14



Therefore
>.p <L>1_a <1
PN o
or equivalently
(p)<la)
Taking the logarithms of both sides of the last inequality, and then dividing by 1 — «

yield the desired result.

Note that by direct calculation H, = log|X| iff p is uniform on X. ]

2.4 A source coding theorem [5]

Lemma 2.4.1 Let ly,ls, ..., [N satisfy Kraft’s inequality. Then
L(t) = Ha, (2.10)

where o = 1/(t + 1).

Proof: If t = 0, the result is given in Theorem 2.1.2.
If t = oo, we have L(oco) = max(l;) by (2.4). Also, by simple calculation,

Hy =logp N. If the Iis satisfy Kraft’s inequality we must have

Dl < N7T

for at least one value of 7 and hence for the maximum /;. Otherwise, if D% > N~}

for all i, then 3, D% > >, N=! = 1. This yields that 3; D~% > 1 which contradicts

15



Kraft’s inequality. Taking the log on both sides of the inequality D—™e() < N~

yields maz(l;) > log, N, and hence L(oo) > H,.

[t remains to prove the lemma for 0 < ¢ < co. By Hélder’s inequality ([4] p. 19),

N N N
)Py < S (2.11)

where p™' +¢ ' =1land p< 1. In (2.11),let p=—t,¢q=1—a, z; = p{l/tD_li, and

Yi = p}/t. Substituting p and ¢ by their values in the equation p~! + ¢ ! = 1, yields
a = (t+1)"!. With these substitutions (2.11) becomes
(ZpiDtli)_l/t(zp?)l/(l_a) < Z D_li.
Therefore
. Zz pza 1/(1_a) o —
(ZpiDtll)l/t > (Z% > (sz )1/(1 ), (2.12)

where the last inequality follows from the assumption that Kraft’s inequality is sat-
isfied. Taking logarithms of the first and last member of (2.12) proves the statement

of the lemma. -

Lemma 2.4.2 Under the same assumptions of the previous lemma, there exists some
l;’s,1=1,...,N such that

Ho < L(t) < Ho + 1. (2.13)

Proof: We observe first that we have an equality in (2.10) and (2.12) if and only if

we have an equality in (2.1) and (2.11). By ([4] p. 19), equality in Hélder’s inequality

16



occurs when ¥ = ay!, i = 1,..., N, for some real number a. If we replace z; and y;

by their values from the previous lemma we get

D—li — 1 tp
= arp;"p;

)

49 1

14
= arp; (1/p+1/q=1)

1 l—a

= aip " (a=1/(1+1)

1
= arpi.

Equality in (2.1) occurs when Y°; D% = 1. This yields

1 1
ar = ~.
> D§
Therefore, we conclude that
Dill — pza
2 pf
Thus,
logp D" = log,, p¢* — logp, (D~ 1),
J
yielding
N
li = [—alogp p; +logp (D )1,
7=1

since [; the length of the i codeword must be an integer. If we choose the [;’s to

satisfy the above equality, letting

N
W=> 1,
7=1

17



yields

—alogp pi +logpW < l; <1 —alogp p; +logp W,

or equivalently

p;atwt S Dtli < Dtp;atWt.
Now, if we multiply each member by p;, sum over all 7, and use the fact that at = 1—a,
we get
W1+t < ZpiDtli < thl«kt.
i
By taking logarithms, dividing by ¢, and using the relations 1+t = o ! and ot = 1—a,
we get

Ho < L(t) < Ho + 1. (2.14)

We can now prove a coding theorem for a DMS.

Theorem 2.4.1 Let a = (1 +t)~'. By encoding sufficiently long sequences of input
symbols of a DMS it is possible to make the average code length of order t per input
symbol as close to H, as desired. Also, it is not possible to find a uniquely decodable

code whose average length of order t is less than H,.

Proof: Let a sequence s of input symbols of length M be generated independently,

where each symbol is governed by the probability distribution (p1,...,pn). We

18



can consider these sequences as supersymbols from the alphabet X™. Hence by
Lemma 2.4.2

Ho(M) < Lys(t) < Ha(M) +1. (2.15)

Let Ly (t) denote the length of order ¢ for the M-sequences given by
1 tl(s)
Lur(t) = Hlog, 37 P($) D"

where the summation extends over the N sequences s. Let [(s) denote the length

of the codeword associated with the sequence s.

Now, by Lemma 2.3.1, if we divide (2.15) by M, we get

Lu(?) 1
H, + —. 2.16
i < + i (2.16)

By (2.16), if we choose M sufficiently large the average length can be made as close
to H, as desired. -
Remark 1: Note that when ¢ = 0, this theorem is just the extension of Theorem 2.1.3
to supersymbols from XM,

Remark 2: Note also that the theorem holds when ¢t = co. By Kraft’s inequality,
ZD—l(s) S 1’

where the summation extends over the N™ sequences s.
Clearly, D7!) < N=M for at least one sequence s. Otherwise, if D="5) > N=M for

all s then ¥, D7/) > > N~M = 1 which contradicts Kraft’s inequality. Therefore
l(S) Z MlOgD Na

19



and hence

mazx(l(s)) > Mlog, N.

Taking into consideration the integer restriction of [(s) we must have,
Mlogp N <l(s) < Mlogp N + 1.
Since Hy = logp N and Ly (00) = max(l(s)), dividing by M we get

1
< Hy+ —.
M ot 7

Thus the theorem follows as before.

20



Chapter 3

Rényi’s entropy for 1% order

ergodic Markov sources

3.1 Markov chains [8]

A stochastic process is an indexed sequence of random variables. In general, there can
be an arbitrary dependence among the random variables. The process is characterized
by the joint probability mass functions Pr{(Xi, Xs,...,X,) = (x1,22,...,2,)} =
p(T1, Ty X)), (X1, T2y, x,) € X" for n=1,2,....

Definition: A stochastic process is said to be stationary if the joint distribution of

any subset of the sequence of random variables is invariant with respect to shifts in

21



the time index, i.e.,

P’I“{Xl :Il,XQ :IQ,...,Xn = .'L'n} = P’I“{XH_l = Il,XQ_H :IQ,...,Xn_H = In}

for every shift [ and for all z, xs,...,2, € X.
Definition: A discrete stochastic process X1, X, ... is said to be a Markov chain or

a Markov process if, for n = 1,2, .. .,

Pr(Xn+1 - xn+1|Xn = Tnp, anl =Tp—1y---, Xl = xl) = Pr(Xn+1 = xn+1|Xn - xn)

for all zy,x9,...,2p, xp11 € X.

In this case, the joint probability mass function of the random variables can be

written as

p(x1,22,. .., 2n) = p(x1)p(22|21)p(23]22) - - - P(Xn|Tn—1).

Definition: The Markov chain is said to be time invariant or homogeneous if the

conditional probability p(z,1|x,) does not depend on n; i.e., forn=1,2,...

Pr{X,,1 =b|X, =a} = Pr{X, =b|X; =a}, forall a,beX.

From now on all Markov chains are time invariant. If {X;} is a Markov chain,
then X, is called the state at time n. A time invariant Markov chain is characterized
by its initial state and a probability transition matriz P = [p;;], i,j € {1,2,...,m},

where p;; = Pr{X,11 = j|X, =i}.

22



Definition: If it is possible to go with positive probability from any state of the
Markov chain to any other state in a finite number of steps, then the Markov chain
is said to be irreducible.

Definition: A distribution on the states such that the distribution at time n + 1 is

the same as the distribution at time n is called a stationary distribution.

The stationary distribution draws its name from the fact that if the initial state

of a Markov chain is drawn according to the stationary distribution, then the Markov
chain forms a stationary process.
Definition: The period of a state ¢ is defined as the greatest common divisor of those
values of n for which pj; > 0 where p; denotes the i7" element of the n' power of
the transition matrix P. If the period is 1, the state is said to be aperiodic. If the
period is 2 or more, the state is said to be periodic. An irreducible Markov chain is
aperiodic if the period of any of its states is 1.

Definition: An irreducible and aperiodic Markov chain is called ergodic.

Theorem 3.1.1 If the finite state Markov chain is ergodic, then the stationary dis-
tribution s unique, and from any starting distribution, the distribution of X, tends

to the stationary distribution as n — 0o.

Theorem 3.1.2 (/11], page 108) If a finite state Markov chain is ergodic and has N

states, then pit >0 for all i,j, and allm > N(N —1).

23



3.2 Entropy rate [8]

Definition: The entropy rate of a stochastic process {X;} is defined by

H(Xy, Xs,...,X,)

H(X)= lim
n— 00 n

when the limit exists.
Example: If X, Xo,... are i.i.d. random variables, i.e., independent and identical,
then

H(X, X,,..., X, H(X

H(x) = tim B0 X2 X)) gy nH D) _ e
n—o0 n n— n

which is what one would expect for the entropy rate per symbol.

We can also define a related quantity for entropy rate:

H'(X) = lim H(Xp|Xno1, Xn_a, ..., X1),

n=y%0
when the limit exists.

The two quantities H(X) and H'(X) correspond to two different notions of entropy
rate. The first is the per symbol entropy of the n random variables, and the second
is the conditional entropy of the last random variable given the past. An important

result is that for a stationary process both limits exists and are equal.

Theorem 3.2.1 For a stationary stochastic process, H(X) = H'(X).

Corollary 3.2.1 For a stationary Markov chain, the entropy rate is given by

H(X)=H'(X)=lim H(X,|X, 1,...,X1) = lim H(X,|X, 1) = H(X,|X,),

n—o0 n—oo

24



where the conditional entropy is calculated using the stationary distribution.

Corollary 3.2.2 Let {X;} be a stationary Markov chain with stationary distribution

q and transition matriz P. Then the entropy rate is

H(X) = H(X>|X1) = q;pij log pi;.

]
Remark: If the Markov chain is ergodic, then it has a unique stationary distribution
on the states, and any initial distribution tends to the stationary distribution as
n — oo. In this case, even though the initial distribution is not the stationary
distribution, the entropy rate, which is defined in terms of long term behavior, is

H(X) as remarked in the two previous corollaries.

3.3 Perron—Frobenius theory [11]

Definition: A real vector x is defined to be positive, denoted x > 0 if z; > 0 for each
component 2.

Definition: A real matrix P is positive, denoted P > 0, if p;; > 0 for each 1, j.
Definition: x is non-negative, denoted x > 0, if x; > 0 for all 1.

Definition: P is non-negative, denoted P > 0, if p;; > 0 for all ¢, j.

Remark: Note that it is possible to have z > 0 and x # 0 without having z > 0,

since x > 0 means that all components of = are positive and x > 0, x # 0 means that
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at least one component of x is positive and all are non-negative.

Definition: The row vector a is a left eigenvector of P of eigenvalue \ if a # 0 and
aP = )\a.

Definition: The column vector b is a right eigenvector of eigenvalue A if b # 0 and

Pb = X\b.

Theorem 3.3.1 (Perron) Let P > 0 be a square matriz. Then P has a positive
eigenvalue \ that exceeds the magnitude of each other eigenvalue. There is a positive
right eigenvector, b > 0, corresponding to X\, and the following properties hold for A

and b:

1. If \x < Px for x > 0, then \x = Pux.

2. If A\x = Px, then x = ab for some scalar .

Definition: Let P be an N x N non-negative square matrix. A directed graph
is associated with P by drawing a directed edge that goes from ¢ to j if p;; > 0,
1,7 =1,2,...,N. P is irreducible if for every pair of nodes 7, j in this graph, there is

a walk from 7 to j.

Denote a typical element of P™ by pij. If P is irreducible, a walk exists from
any ¢ to any j # ¢ with length at most N — 1, since the walk needs to go through
at most each of the other nodes. Thus p;; > 0 for some m, 1 < m < N — 1, and

ZN_lp?} > 0. The key to analyzing irreducible matrices is the fact that the matrix

m=1

26



S N=8 P™ is positive. The m = 0 term, P is just the identity matrix, which covers

the case i = j.

Theorem 3.3.2 (Frobenius) Let P > 0 be an irreducible square matriz. Then P
has a positive eigenvalue X\ that is greater than or equal to the magnitude of each other
eigenvalue. There is a positive right eigenvector, b > 0 corresponding to A\, and the

following properties hold for A and b:

1. For any non-zero x > 0, if \x < Pz, then \x = Pux.

2. If \x = Px, then x = ab for some scalar «.

Corollary 3.3.1 The largest real eigenvalue A of an irreducible matriz P > 0 has a
positive left eigenvector a. a is unique (within a scale factor) and is the only non-

negative non-zero vector (within a scale factor) that satisfies Aa < aP.

Corollary 3.3.2 Let )\ be the largest real eigenvalue of an irreducible matriz and
let the right and left eigenvectors of A be b > 0 and a > 0. Then, within a scale
factor, b is the only non-negative right eigenvector of P (i.e., no other eigenvalues

have non-negative eigenvectors). Similarly, a is the only non-negative left eigenvector

of P.

Corollary 3.3.3 Let P be the transition matriz of an irreducible Markov chain. Then

A =1 is the largest real eigenvalue of P, e = (1,1,...,1)T is the right eigenvector of
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A =1 unique within a scale factor, and there is a unique probability vector a > 0 that

15 a left eigenvector of A = 1.

Corollary 3.3.4 The largest real eigenvalue A of an irreducible matriz P > 0 is a

strictly increasing function of each component of P.

Corollary 3.3.5 Let A be the largest eigenvalue of P > 0 and let a(b) be the positive

left (right) eigenvector of X\ normalized so that ab= 1. Then

. P
A, S = b

Theorem 3.3.3 Let P be the transition matriz of an ergodic finite state Markov
chain. Then X\ = 1 is the largest real eigenvalue of P, and X\ > |N'| for every other
eigenvalue \'. Furthermore, lim,,_.. P™ = ea, where a > 0 is the unique probability
vector satisfying aP = a and e = (1,1,...,1)T is the unique b (within a scale factor)

satisfying Pe = e.

3.4 Some determinant properties [12]

Some important properties about determinants are useful for the last section. Let A
be an n x n square matrix. We start by defining a diagonal of A.
Definition: A diagonal of A is a sequence of n elements of the matrix containing one

and only one element from each row of A and one and only one element from each
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column of A. A diagonal of A is always assumed to be ordered according to the row

indices; therefore it can be written in the form

Q1415 A25gy + + + 5 Anjp s

where (j1,j2,--.,7,) is a permutation of the numbers 1,2,...,n. In particular, if
(J1,725 -+ -5 Jn) = (1,2,...,n), we obtain the main diagonal of A. Clearly, A has
exactly n! distinct diagonals.

Definition: We say that a pair of numbers jj and j, in the permutation (jy, ja, - - ., jn)
form an inversion if j, > j, while £ < p, that is, if a larger number in the permutation
precedes a smaller one. Each permutation j = (ji, ja, - . ., j) has a certain number of
inversions associated with it, denoted briefly by ¢(j).

Definition: The permutation is called odd or even according to whether the number
t(j) is odd or even. This property is known as the parity of the permutation.

Definition: The determinant of A, denoted det A or |A], is defined by

Al =Y (-1)"Dayj a9, -+ - ang,, (*)

J

where j varies over all n! permutations of 1,2,...,n.

In other words, |A| is a sum of n! products. Each product involves n elements of
A belonging to the same diagonal. The product is multiplied by +1 or —1 according
to whether the permutation (ji, jo,...,Jn) that defines the diagonal is even or odd,

respectively.
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Lemma 3.4.1 If B denotes a matrixz obtained from A by multiplying one of its rows

(or columns) by a scalar k, then |B| = k|A|.

Lemma 3.4.2 If the matriz B is obtained by interchanging two rows (or columns)

of A, then |B| = —|A|.

Lemma 3.4.3 Let B be the matriz obtained from A by adding the elements of its it
row (or column) to the corresponding elements of its ;' row (or column) multiplied

by a scalar o (j #1). Then |B| = |A|.

Lemma 3.4.4 Suppose that the entries of A are functions of some parameter «. Let
|A|; be the determinant obtained from |A| by replacing the elements in the i row by

their derivatives with respect to o and leaving the other rows unchanged. Then

A= 1Al
i=1

Proof: If we differentiate (x), then by the sum rule of derivatives

Al =3 (1) () a0, - - - ),

)

where j varies over all n! permutations of 1,2, ..., n. By the product rule of derivatives

, — , . . . , . . o . . . ,
(a1, @ojy - - - Anj,) = @15, Q2), - - Qnj, + Q1j Aoy - - - g, 0o Q1jy Gy - - - Gy

Therefore
AP = 1O 0, ng, + (1) Dty -,
j

4+ .4 Z(—l)t(j)aulmjz v 'alnjn'



Hence, we conclude that

A=Al

)

|

Definition: A Minor of order n — 1 of A is defined to be the determinant of a
submatrix of A obtained by striking out one row and one column from A. The minor
obtained by striking out the i row and j" column is written M;; (1 <i,5 < n).

The cofactor A;; of an element a;; is given by: A;; = (—1)"7 M;;.

Theorem 3.4.1 (Cofactor expansion). The determinant of A can be computed as
follows:

Al = an A + aipdip + -+ + i Ain,
or similarly,

Al = a1 A1 + agjAgj + -+ + anj A,
For the following two lemmas refer to ([13], page 10).

Lemma 3.4.5 Let A(\) = |\[—A|. Denote by A;;(\) the cofactor of the ij™" element

of the matriz A\I — A. I is the n X n identity matriz. Then

dA(N) &

Proof: By applying Lemma 3.4.4 to the determinant A()), the i row of A;()\)
consists of zeroes except the i position which is 1. Then expanding each A;(\)

along this row by the previous theorem yields the desired result. 0
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Lemma 3.4.6 Suppose in addition to the previous lemma that A\ = 1 and each row
of A sums to 1. Then

An(1) = Ap(l) =+ = Ain(1),

foralli=1,2,...,n.

Proof: This statement follows by using the properties of determinants in Lemma,

3.4.1, Lemma 3.4.2, and Lemma 3.4.3. ]

3.5 Perron’s formula and some applications

Let A denote an n x n square matrix. Perron’s formula permits to express an arbitrary
element af; of the matrix A* in terms of the eigenvalues of A and the cofactors of the

matrix \I — A.

Theorem 3.5.1 (Perron’s formula) Let Ao, Ay, ..., A\ be the eigenvalues of A, with

algebraic multiplicities mg, mq, ..., m,., respectively. Define 1y (\) by
AN) =M = Al = (A= )™ (N), t=0,...,7

such that ¥y(X\) are polynomials of degree n — my which differ from zero for A = \;.

Then, we have identically for all i,7 =1,...,n and k=1,2,3,...

PN~ ] mi—1 )‘kAij()‘)]
CLij - ; (mt — 1)’D)\ [ ¢t(A) . )
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where A;j(\) is the cofactor of the ij’th element of A\I — A. In this equation, Dyt

denotes the derivative of order m; — 1 with respect to X\, evaluated at X = )\

For a proof of this result refer to ([13], Section 5.). The proof is not included
because it is not directly relevant to this work. What is important for this project
is the applications of Perron’s formula to the probability transition matrix P for an
ergodic finite state Markov source. For the remaining of this section refer to ([13],

Section 6.).

Note first that the largest eigenvalue of P is equal to 1 by Theorem 3.3.3. Applying

Perron’s formula to P yields

pk — —1 D;’lofl [AkR](A)]
Y (mo — 1)' po(A) 1oy
NeP(N)
+ Dmt—l [ L] ] , *
Z mt - 1 A pt()\) Ny ( )
in which \g =1, A\y,..., A, are the eigenvalues of P and mgy, my,..., m, their respec-

tive multiplicities, so that mg+m;+- - -+m, = n. The polynomials po(A), p1(A), ..., p-(A)

are defined by

PA)=(A=1)"pe(A) = (A= X)™p(N), t=1,...,m

where
po(1) #0, (M) #0, t=1,...,r.
This relationship has a particular importance for the ergodic Markov chain associated

with P when Ay = 1 is a simple eigenvalue, i.e., mg = 1. But this follows directly
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from Theorem 3.3.3 since Ay > |X| for every other eigenvalue \'. Indeed, if Ay = N
for some X then |\g| = |\'|. But, A\g > |\'| clearly implies that |A\g| > |\'| which yields

a contradiction. In this case, the formula (%) assumes the form

ko Pl < 1 me—1 [A’“sz(h)
Pi; =

SR e v i il N

By Lemma 3.4.6, P;;(1) = P;(1). Also, since P(A\) = (A — 1)po(A), then, P'()) =
2N + (A= Dph(\), and, P/(1) = po(1) £0.
But by Lemma 3.4.5 P'(\) = 3, P;i(\). Therefore, P'(1) =Y, P, (1) # 0.

For simplicity let

1 me—1 [N Py(N) RN
(my — 1)1 > l )\fp:()\)]/\/\t = Qije(k);

Clearly, Q;;:(k) represents a polynomial in k of degree not greater than (m, — 1), and

we can therefore write
= om
Qie(k) = > Qijlk",
h=0
where the let) represent some specific numbers which do not depend on k. We

conclude that (*%) can be written as
,
Py =pi+ Y Qij(k)AY,
=1
where

Pi(1) _ Pa(1)
P(1) 5, Py(1)

Pi =
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Note that by Theorem 3.3.3 the magnitude of all the remaining eigenvalues of P are

less than unity. Since @Q;;:(k) are polynomials of finite degree in £, it follows that

lim pz(f) =p;, 1=12,...,n,
k—o0
since
lim k"\F =0,
k—o0
which is equivalent to
lim k"|\|F = 0.
k—o0

This argument follows by taking the ratio of two successive terms of the sequence
{k"A|*}. Tt can be shown easily that this ratio is equal to |A| asymptotically. Since
|A| < 1, the sequence of positive numbers {k"|\|¥} is asymptotically decreasing, and

hence converges to 0. Finally, we have the following theorem.

Theorem 3.5.2 Let P be the n x n probability transition matriz for an ergodic

Markov chain. The stationary distribution is given by
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3.6 Rényi’s entropy rate

3.6.1 Assumptions

Let Xi, X5, ... be an ergodic Markov chain with transition matrix P = (p;;) where
pij 2 Pr{Xen = j|Xe =i}, i,j=1,2,...,N.
Suppose X has distribution q = (¢1,...,qx). Then
PriXi=1i1,..., X0 = im} = QiuPivio " Ping_ying-
Let
a

A
V(M7 O[) = Z (qilpilig v 'piM,liM) )

01,02,50eny000

where a > 0, a # 1.

The Rényi entropy of (X1,..., Xy) is

1
H.(M) = . log V(M, ).

-«
The base of the logarithm is arbitrary. For coding purposes, as seen in Theorem 2.4.1

from the previous chapter, we need the Rényi entropy rate defined as

_ H.(M)
m

3.6.2 The limit
Define a new matrix R = (r;;) by
rij:(pij)aa iaj:1727"'7N7
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and define new vectors s = (s1,...,sy) and 1 by
si=(q)% 17 =(1,1,...,1).
Then, clearly V (M, a)) can be written as
V(M,a) =sRY'1,

Theorem 3.6.1 If P > 0, then

lim H,(M) _ log A(«, P)

M—x M 1l—«

Y

where A(«, P) is the largest positive eigenvalue of R.

Proof: By definition of R, if P > 0 then clearly R > 0. By Theorem 3.3.1, R
has a positive eigenvalue A = A(«, P) with the property that A > |X| for any other
eigenvalue \' of R. Also, R has positive left and right eigenvectors a and b, say,
corresponding to the eigenvalue A. Here, q, a, and s are row vectors, while b and 1

are column vectors. By Corollary 3.3.5,

) RMfl
e = ba
Also, we have
. logV(M,a) 1 sRM'1 ),
W T i, M log | = AT

Consider first the limit

_ sRM-11
W 108 | XA
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Since the logarithm is a continuous function and the limit of its argument exists then

by definition of the limit of a function we have

lim log

M—00 AM—1

M—oo \M—

M—ll M—1
[SR ] = log [s lim %11 = log[sbal] = C,

where C' is some constant. Therefore,

= lim M 'C =0.

M-1
, 1 sRY ™1
]\/}fgnoo M lOg [ )\M*I ] M—o0

Now, clearly

lim M~"log [\M~'] = lim M~'(M — 1)log A = log \.

M —o00 M— 00

Since

sRM-11
M1

sRM-11

M~"log [W')\M_I] = M"log l ] + M~ "log [)\M_l] ,

and the limit of each term of the right hand side of this equality exists, then,

lim log V(M, «)
M—o0

=0+ log A =log A(a, P),

and so

. Ho(M) _log A(e, P)
WA T i (3:1)

Now, we need two lemmas in order to prove a similar result when P > 0.

Lemma 3.6.1 If P > 0 then there exists some positive number m such that R™ > 0.
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Proof: By Theorem 3.1.2, there exists a positive integer m, such that P™ > 0. An
arbitrary entry of P™ is a linear combination of products of length m of elements of

P, so it has the following form:
ZpiljlpinQ * Dimgim
where the sum is over some i, jx, € {1,2,..., N}, where k =1,2,... m.
Since P™ > 0, then each entry is strictly positive; therefore
> DinjiPisjs - i > 0-
But, clearly this will imply that
> PP Pingm > 0

where the sum, as before, is over some i, jr € {1,2,..., N}, where k =1,2,...,m.

But this sum is in fact an arbitrary entry of R™; therefore R™ > 0. =

Lemma 3.6.2 The largest eigenvalue of R™ s equal to the largest eigenvalue of R

raised to the power m.

Proof: Let {\;}, i = 1,2,..., N be the eigenvalues of R. Clearly {\"} are the
eigenvalues of R™. By the previous lemma, R™ > 0; therefore, by Theorem 3.3.1,
there exists A such that: (A™) > |(A)™| for any other eigenvalue X' of R, where
(A™) > 0. But clearly, [(\)™| = |N|™; hence A™ > |X|™. This implies that A > |X|;
therefore A is the largest eigenvalue of R. We conclude that the largest eigenvalue A™

of R™ is equal to the largest eigenvalue of R raised to the power m. 0
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Theorem 3.6.2 If P > 0, then

lim H,(M) _ log A(«, P)
M=o M 11—«

Y

where \(«, P) is the largest positive eigenvalue of R.

Proof: By Lemma 3.6.1 there exists m such that R™ > 0. By Theorem 3.3.1, R™ has
a positive eigenvalue \* with the property that A\* > |\| for any other eigenvalue \’
of R™. Also, R™ has positive left and right eigenvectors a and b, say, corresponding
to the eigenvalue \*. Here, q, a, and s are row vectors, while b and 1 are column

vectors. By Corollary 3.3.5,

M—oo \ \*

m~ M—1
lim (R ) — ba.

Also, we have

log V(M, «) [ s -I
tim B2 =l M log - () " rxes )J .

M—o0 M—o00

Consider first the limit

pmy M=t
lim 1 — 1].
s ()7
Since the logarithm is a continuous function and the limit of its argument exists, then

by definition of the limit of a function we have

R Lt R M—1 L
: m : 1.1
A}l{)noo log [s ( v > 1] = log [s (A}gréo ( v > ) 1] = log [s(ab)ml] =C,

where C' is some constant. Therefore,

R™\ m
lim M~"log [s (—) 1] = lim M~'C =0.

M—o00 ¥ M—o00
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Now, clearly

. M —
lim M ~log [\*(5)] = lim M~{(=——)log\* =
m

M—o00 M—o0

Since

M-1 e
M log {S <}§—> h I.A*(Mn?l)} = M~'log {s (f—) " 1} + M 'log [A*(Mw],

and the limit of each term of the right hand side of this equality exists, then,

1 M 1 * | *
lim og V( ’a):0+ og A _ og)\‘

M—00 M m m

But by Lemma 3.6.2, \* = A™, where A is the largest eigenvalue of R. Therefore

log\*  log A™
—— =

= log \.

Thus
. H,(M) logX\(a,P)
| = 3.2
Mgnoo M 1 — [6% ! ( )
which is the same result as when P > 0. =

Remark: The function

_log Ao, P)

1l -«

fla)

Y

is not monotonic in «. For notational convenience set A(«, P) = .

N(l—a
7(A )+log)\]

(1—a)?

f'(a) = |

We have two cases.

First case: 0 < a < 1. By Corollary 3.3.4 A is a strictly decreasing function of a.
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Therefore, \' < 0. But A > 0 and 1 — a > 0, therefore

N1 — )

0.
3 <

Since A(a, P) is a decreasing function of & and 0 < o < 1, then A(a, P) > A(1, P) = 1.
Hence log A > 0. Therefore, if log A is greater then the absolute value of X'(1 — ar)/A,
then f'(«) > 0, otherwise, f’(«) < 0. Hence, f(a) is not monotonic.

Second case: « > 1. In this case X'(1—a)/\ > 0, and log A < 0. By similar argument
as before, f(«) is not monotonic.

Some numerical examples will be given in Chapter 4.

3.7 A source coding theorem for 1* order Markov

sources

By (2.15) we have

Ho(M) < Ly (t) < Ho(M) + 1.

Dividing by M yields

By Theorem 3.6.1 and Theorem 3.6.2 we have

I H,(M) logA
im = :
M —o0 M 11—«
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Therefore,

y Ly(t)  logA
im = .
M—oo M 1 —«

Thus, the following theorem holds for ergodic Markov sources of first order with

probability transition matrix P = (p;;).

Theorem 3.7.1 Let o = (1 +t)"'. By encoding sufficiently long sequences of input
symbols from an ergodic Markov source of first order, it is possible to make the average

code length of order t per input symbol as close to

log A(«, P)
11—«

as desired where M o, P) denotes the largest positive eigenvalue of the matriz

R = (pfj)-

Now, we will illustrate with some examples.

3.8 Special cases

3.8.1 Memoryless sources

If the source is memoryless, p;; = p; and R consists of N identical rows, each being

(p%,...,p%). For this R, 1 is a right eigenvector with eigenvalue



Since the right eigenvector is positive, this is the largest eigenvalue by Corollary 3.3.2.

Thus, by (3.2)

 HL (M) log (XX (p)?)
lim =
M=o M 1 -«

= Hou

which is consistent with Lemma 2.3.1.

3.8.2 Markov sources with symmetry properties

The last result generalizes to any matrix P for which every row is some permutation
of the first row. Let every row of P consist of the numbers pq,...,py in some order,

where p; > 0 and Y p; = 1. Then 1 is a right eigenvector of R, with eigenvalue

As before,

o Ha(M) log (Zfil(pi)a)_

M—oco M o 1l —«

3.8.3 Binary Markov sources

For a binary Markov source we can calculate the eigenvalues and eigenvectors explic-

itly and examine the result. Let the transition matrix be
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where z > 0 and y > 0. The stationary distribution for this P is the left eigenvector

v:< -y _1-2 ) (3.3)

2—r—y 2—x—y

The largest eigenvalue of R is found to be

Ma, P) =

il_)rr{ Ma, P)

Then, by I’'Hopital’s rule

From (3.1) and (3.4),

lim lim
a—1 M—oco

Ho (M)

DN | —

(2% 452+ [(@* = y)? +4(1 — 2)*(1 = )°]'/?). (3.4)
S (ot y+ (- 440 - )1 - )7
%(x+y+($2+y2+2xy+4—4y—4x)1/2)

3 (= v [ —vr]”)
%(:c+y+2—:c—y)

—_

(natural logarithm is used for convenience), we find that

lim In A(«v, P)

a—=1 1 —

= —X(1, P). (3.5)

-\ (1,P)
(z*Inz + y*Iny)
2 a=1
@ =y — o)t -y
A =y +4(1 = 2)2 (1= )] Py
2-z—ylrhr+yhy) + (z—y)(zhz —yly)
22—z —1y)
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(1 —2)(1 —y)(In(l —z) + In(1 —y))

2—x—y
_ zhe+yhhy—aylny —azyhe
N 2—x—y
(=2 —y)In(l —2)+ (1 —z)(1 —y)In(l —y)
2—zr—y
1—
= —ﬁgy[xlnij(l —z)In(1 — )]
1—=x
- m[ylﬂ?hL (1 —y)In(l —y)].

In view of (3.3), this is the Shannon conditional entropy associated with this Markov

chain.

3.8.4 Limiting case for N-ary Markov sources

We now consider an ergodic Markov source {X,} of first order with alphabet size
N. Let P = (pi;) denotes the probability transition matrix and R = (pf}), i,j =
1,2,...,N. The goal is to find the limit of (3.2) as @« — 1. For binary Markov
sources, as seen in the previous section, the limiting value of (3.2) is easy to compute
since the eigenvalues and eigenvectors can be explicitely determined. However, this
calculation for N-ary Markov sources is more complicated, because in general there
is no closed form for the eigenvalues and the eigenvectors. The eigenvalues of P are
continuous functions of its elements [12]. Note that as & — 1, R — P and that the

largest eigenvalue of the matrix P is 1 by Theorem 3.3.3. Hence
lim A(a, P) = 1.
a—1
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From this we see that (3.5) holds for any N. The equation defining the largest positive

eigenvalue of R, A(«, P) is

Pl — A o T PN
P PR —A - Py
=0 (3.6)
PR Pio o PyN — A

By differentiating this equation with respect to «, we get by Lemma 3.4.4
Dy +Dy+ -+ Dy =0, (3.7)
where D; is the determinant obtained from (3.6) by replacing the i-th row by
(P& Inpir, Py Inpia, ..., peInp; — N .o pfy Inpin).

and leaving the other N—1 rows unchanged. In this equation, A’ denotes the derivative

of A with respect to a.

Note that if @« = 1 then A = 1. Also, by Lemma 3.4.3 if we add in D; all the
other columns to the i-th column, the value of the determinant remains unchanged.

Therefore, for « = 1 D; is the determinant with i-th row
(pil Inpii, pioInpio, .. ., —H(X|i) - X, - PiN lﬂpiN),

where

N
j=1
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The k-th row of D; for k& > i is

(pklapkﬂa"'aoapkk - ]-7"'7pkN)7

and for k < 1,
(pklapk27"'7pkk - ]-707"'7pkN)-

A 0 occurs in the i-th position because clearly

N
> ok —1=0.
7=1

We conclude that

D; = (—H(X]i) = X, (3.8)

where ¢; is the N —1 x N — 1 cofactor of p;; — 1 in the determinant of (3.6) for the

case o = 1, given by

pin—1 P12 . P1i—1 P1,i+1 cee PN
P pe—1 ... D2i—1 D2,i+1 .o DN
%=\ picig  DPici2 --- Pictici— 1 Diciin cee Dic1N
Pi+11  Pi+12  ---  Ditli-1  DPitli+1 — 1 ... Dit1N
PN1 DN2 .- DN,i—1 DN,i+1 ... pnv—1

By Substituting (3.8) in (3.7) we get

lim In A, P)

a—=1l 1 —

=-XN(1,P) = ﬁ:piH(Xﬁ), (3.9)
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where

C;

225 G

Di

But, from Theorem 3.5.2 (p1,...,pn) as defined above, is the stationary probability
vector of P. Hence the value given in (3.9) is just the Shannon conditional entropy

H(X,|X;) associated with the Markov source {X,}.
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Chapter 4

Extension for k" order ergodic

Markov sources

We first examine second and third order ergodic Markov sources, and then generalize
for ergodic Markov sources of order k. We start by defining a k™ order Markov chain.
Definition: A discrete stochastic process Z;, Zs, ... is said to be a k'* order Markov

chain if, for n > k

PT(ZR+1 — Zn+1|Zn = Zn, anl = Zp—1y--+y Zl = Zl)

= Pr(Zn—I—l = Zn+1|Zn = Zn, Zn—1 = Zn—1, -+ -, Zn—k—l—l = Zn—k:—i—l)-

For the sake of simplicity, and without loss of generality, all Markov sources in this

chapter are assumed to be binary with state space Z = {0,1}.
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4.1 Second order ergodic Markov sources

Let {Z,} be a second order ergodic Markov source. Define the process {W,} such

that each random variable W, is a 2-step blocking of the process {Z,}, i.e.
A
WTL — (ZTU Zn+1).
We have

P(Wn = wn|Wn—1 = Wnp—1y+--, WI - wl) - P(Zn—l—l = Zn+1, Zn = Zn|Zna sy Zl)
- P(Zn+1 — Zn+1|Zn = Zn, anl — anl)

- P(Wn - wn|Wn71 — wnfl)a

where z, € {0,1} and w,, € {(0,0);(0,1);(1,0); (1,1)}. Therefore {W,,} is a first order
Markov source with 4 states. We denote each state by its decimal representation; i.e.,
state 0 corresponds to state (0,0) or (00); state 1 corresponds to state (01); state 2
corresponds to state (10) and state 3 corresponds to state (11).

Now, we would like to write the joint distribution of {Z,} in terms of the conditional

AN

probabilities of {W,,}, p(w,|w, 1) = P(W, = w,|W,,_1 = w,_1). Suppose that W,

has distribution ¢(w;). Then
P(Z1 :Zl,...,ZM:ZM)
= P(Z1 = 21,4y = ZQ)P(Z3 = Z3|Z1 =2z1,240 = Z2)
P(Z4 = Z4|Z2 = 29,73 = 23) .. -P(ZM = ZM|ZM71 =2 1,4 2 = ZM72)
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= p(Zh Z2)P(Z3 = 23,49 = Z2|Zl =2,y = Zz)
.- -P(ZM =2My LM—1 = zM71|ZM71 =2M—1, 4 M—2 = ZM72)
= q(w)P(Wy=wy|]Wy =wq) ... P(Wy—1 = wyr—1|[War—o2 = wpr_2)
= q(wi)p(wa|wy) ... plwy—1|wir—2)
= GuiPwiws - - - Pwnrsoywps1-
Let
V(M,«a) = Z (Qui Pwrws - - - Pwsgamwng1)-

W1,W2,.- WA —1

The Rényi entropy of (Z1,...,Zy) is

The base of the logarithm is arbitrary.
For simplicity of notation denote by p;; the transition probability that W, goes from

state i to state j; i, 7 = 0, 1,2, 3. Therefore, the probability transition matrix of {1V, }
is P = (pz])

Define a new matrix R = (r;;) by
ri; = (pi;)*, 4,7 =0,1,2,3.
Also, define new vectors s = (so, 1, S2, s3) and 1 by
si=(g:)% 1" =(1,1,1,1),
where T denote the transpose operation. Then, clearly V (M, ) can be written as
V(M,a) = sRM21,
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We next observe that the matrix P is non-negative.

Poo Po1r Po2 Po3
Pio P11 P12 P13
P20 P21 P22 P23

D30 P31 P32 p33J

Poo por O 0

0 0 pi2 pi3

p2o P2 0O 0

0 0 ps2 p33J

The zeros in the above matrix occur because of grouping. For example,

Po2 = p(wg = 2|7~Ul = 0)
= p(wz = (1,0)[w; = (0,0))
= p((22,23) = (1,0)|(21, 22) = (0,0))

= p(za=1,23=0|z1 = 0,20 =0)

Therefore, {W,} is an ergodic source with probability transition matrix P > 0.

In the next section we examine the case of third order Markov sources.
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4.2 Third order ergodic Markov sources

Let {Z,} be a third order Markov source. Define the process {W,} such that each

random variable W, is a 3-step blocking of the process {Z,}, i.e.
A
Wn — (Zn; Zn+1; Zn+2)-
We have

P(Wn = wn|Wn—1 = Wp—1y.--, W1 = wl)
= P(Zn+2 = Zn+42, Zn+1 = Zn+41, Zn = Zn|Zn+17 Znyees ZI)
= P(Zn+2 = Zn+2|Zn+1 = Zn+41, Zn = 2ny Lp—1 = Zn—l)
- P(Zn+2 = Zn+42, Zn+1 = Zn+1, Zp = Zn|Zn+1 = Zn+1, Zp = Zny Lp1 = anl)

- P(Wn - wn|Wn71 = wnfl)-

where z, € {0,1} and w, € {(000),(001),(010),(011),(100),(101),(110),(111)}.
Therefore {W,} is a first order Markov source with 8 states. Again, We denote

each state by its decimal representation. Now, we would like to write the joint dis-

tribution of {Z,} in terms of the conditional probabilities of {W,}, p(wy|w,—1) 2

P(W,, = w,|W,_1 = w,_1). Suppose that W; has the distribution ¢(w;). Then
P(Z1 :Zl,...,ZM:ZM)
= P(Zi=2,2y = 290,23 = 23)P(Zy = 2a|Z1 = 21, Zy = 29, Z3 = 23)
P(ZM = ZM|ZM71 =2ZM-1,LM—2 = ZM—2, LM—3 = ZM73)
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= p(Zh Zz,Zs)P(Z4 = 24,43 = 23, Ly = Z2|Zl =21,0y = 29,03 = Z3)
.- -P(ZM =AMy LAM—1 = ZM—1, LM—2 = ZM72|
Zy-1= 21,4 M2 = ZM-2, Zp—3 = ZM—3)
= q(w)P(Wy=wa|]Wi =wq)... P(Wy_o = wpr—o|Wir_3 = wpr_3)
= q(wi)p(wa|wy) ... plwrr—o|wrr—3)

= QuPwi,ws -+ - Pwrr—z,war—o-

Let

V(M,a) = Z (Gur Pwrws - - - Puons_swnr—s) ™

W1,W2,.., W —2

The Rényi entropy of (Z,..., Zy) is

The base of the logarithm is arbitrary.
For simplicity of notation denote by p;; the transition probability that W, goes from

state i to state j; 4,5 = 0,1,...,7. Therefore, the probability transition matrix of

Define a new matrix R = (r;;) by

rij = (pij)*, 1,7 =0,1,...,7.

Also, define new vectors s = (so, s1,...,57) and 1 by



where T denote the transpose of the vector 1 which contains 8 components.

Therefore, V (M, «) can be written as

V(M,a) =sRY 7?1,

Also, because of grouping, some entries of P are zeros. This matrix has the following

form

Poo Poir Po2 Po3 Posa Pos Pos Dot
Pio Pu1 P12 P13 Pia P15 Pie DPir
P20 D21 P22 D23 P24 P25 P26 D27
P30 P31 P32 P33 P34 P35 P36 D3r
Pao Pa1 P42 Pa3 Paa Pas Pas Par
Pso Ps1 Ps2 P53 Psa Pss Pse DPst

Peo DPe1 DPe2 P63 Pea Pes Pee Dot

Pro Pr1 Pr2 Pr3 Pra Prs Pre Prr
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poo por O 0

0 0 pi2 pi3

0 0 0 0
0 0 0 0
poo puu 0 0

0 0 ps2 Dps3

0O 0 0 O

0 0 0 O

0 0 0 0
0 0 0 0
P2 P25 O 0

0 0 ps3s D37

0 0 0 O

0 0 0 O

Pea Pes 0 0

0 0 pw D7

Therefore, the ergodic Markov source {I¥,,} of order 3 has the probability transition

matrix P > 0.

Now, we will look at the general case.

4.3 k' order ergodic Markov sources

Let {Z,} be an ergodic Markov source of order

by k-step blocking the process {Z,}, i.e.,

Wn é (Zna Zn-i—la cee

We have that

P(Wn = wn|Wn—l = Wp—1,-- .,W1 = wl)

= P(Zn+k71 = Zn+k—1, Zn+k72 = Zn+k—2

o7

k. Define {W,,} as the process obtained

) Zn—l—k—l)-

SR Zp = Zn|an2+k; Zn73+k7 SR Zl)



= P(Zn+k71 = Zn+k71|Zn+k72 = Zntk-2 Zntk-3 = Zntk-3s-+rLn-1 = anl)

= P(Wn = wn|Wn71 - wnfl)-

Therefore, {W,} is a first order ergodic Markov source with 2F states;
w, € {(0---00),(0---01),...,(1---11)} where each string is of length k. As be-

fore, we denote each state by its decimal representation. We next write the joint

distribution of {Z,} in terms of the conditional probabilities of {W,,}, p(w,|w,_1) &

P(W,, = wy|Wy—1 = wy_1). Suppose that W; has the distribution ¢(w;). Then

P(Zy=2z1,...,7Zm = zu)
= P(Zi=21,Zy=29,..., 72 = 2)-
P(Zyy1 = zk01|Zk = 25, -, Z1 = 21)
o PZy=z2m|Zm =201, 202 = 2M -2, s ZM -k = ZM k)
= p(21,.v, 26) P(Zks1 = Zhi1, Tk = Zky ooy Lo = 22| 0 = 2y ooy 21 = 21)
o P(Zy =20, 201 =201y -y ZM k1 = ZM -kt 1]
Zyo1 = 2ZM—1, -, ek = ZM—k)

= q(w))P(Wy = wa|Wy =wy) ... PWr—ks1 = War—s1 [Wr—e = war—g)

- lepwl,wz .. 'pUJM—k-,U)M—k-+1'

Let

V(M; 05) = Z (qwlpwl,wz e .pr—k,wakJrl)a'

W1, W2y WM — k41
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The Rényi entropy of (Z,...,Zy) is

1
H,(M) = . log V(M, ).

—

The base of the logarithm is arbitrary. For simplicity of notation denote by p;; the
transition probability that W, goes from state i to state j; 7,5 = 0,1,...,2F — 1.
Therefore, the probability transition matrix of {W,} is P = (p;;).

Define a new matrix R = (r;;) by
rij = (pij)®* 4,5 =0,1,...,2F — 1.
Also, define new vectors s = (s, S1,...,S2_;) and 1 by
si=(g)* 17 =(1,...,1),

where T denotes the transpose of the vector 1 which contains 2¥ components.

Then, clearly V (M, «) can be written as

V(M,a) =sRM "1,
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Also, because of grouping some entries of P are zeros. This 2¥ x 2¥ matrix has the

following form

Poo Dot 0 O

0 0 pi2 piz 0

p2k-—1’0 p2k—1’1 0 0

0 0
0 0
0

0 Pok—1_1 g(2k=1_1) P2k—-1_1,2(2k—1-1)+1

0 0

0 Dok _12k_2 Pok_12k_1

It is easy to check that all entries of P are zeros except possibly for the positions (3, j)

such that j = 2i (mod 2¥), and j = (2i + 1) (mod 2¥). Therefore, {W,} is an ergodic

Markov source of first order with probability transition matrix P > 0.
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4.3.1 Rényi entropy rate

For coding purposes we need

m H, (M)

M — o0

We obtain the following result.

Theorem 4.3.1 For an ergodic Markov source of order k

lim H,(M) _ log A(«, P)
M—=oco M 11—«

)

where P = (p;;) is the probability transition matriz of the associated first order ergodic
Markov source obtained by k-step blocking the original k’th order Markov source, and

Aa, P) is the largest positive eigenvalue of the matriz R = (pg;).

Proof: By Lemma 3.6.1 there exists m such that R™ > 0. By Theorem 3.3.1, R™ has
a positive eigenvalue \* with the property that A\* > |\| for any other eigenvalue \’
of R™. Also, R™ has positive left and right eigenvectors a and b, say, corresponding
to the eigenvalue \*. Here, q, a, and s are row vectors, while b and 1 are column

vectors. By Corollary 3.3.5,

m~ M—k
lim (R ) ~ ba.

M—oo \ \*

Also, we have

k
log V(M Ry % _
lim W — lim M~'log [s (—) 1.A*<Mm’“>] .

M— o0 M—o0 ¥
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Consider first the limit

ey Mk
lim 1 — 1.
b ()]
Since the logarithm is a continuous function and the limit of its argument exists, then

we have

Ry R\ Mk o 1
A}gnoo log |s <7> 1| =log |s (A}gnoo ( v ) > 1| =log [s(ab)ml] =C,

where C' is some constant. Therefore,

M—o0 ¥

lim M *log [s (R—> K 1] = lim M'C=0.

Now, clearly

_ M—k
lim M~ log [M5)] = lim M~'(——=)log \* = =2
M —00

M —00 m

Since

1 R™ % (M=t 1 R™ %
M log S(F) 1.) m =M log S(F) 1

and the limit of each term of the right hand side of this equality exists, then

+ M og [MC]

1 M 1 * | *
lim og V( ’a):0+ og A _ og)\‘

M—00 M m m

But by Lemma 3.6.2 \* = A\™, where X is the largest eigenvalue of R. Therefore

log A*  log A™

= log A\.
m
Thus
. Hy(M) logA(a, P)
]\/lll—r>noo M N 11—« . (41)
]
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4.4 A source coding theorem for k" order Markov
sources

By (2.15) we have

Dividing by M yields

M S M ST M M
By Theorem 4.3.1 we have
I H,(M) logA
im = .
M —o0 M 11—«
Therefore,
I Ly (t)  logA
im = :
M—oo M 1 —«o

Thus, the following theorem holds for ergodic Markov sources of order k with proba-

bility transition matrix P = (p;;).

Theorem 4.4.1 Let o = (1 +t)"'. By encoding sufficiently long sequences of input
symbols from an ergodic Markov source of order k it is possible to make the average

code length of order t per input symbol as close to

log A(«, P)

11—«
as desired where A(«, P) denotes the largest positive eigenvalue of the matriz R =

(%)
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4.5 Numerical examples

This section is devoted for some numerical examples which are described in Chapter 2
of [2]. We compute the Rényi entropy rate for different Markov sources. We also verify
that as a — 1, the Rényi entropy rate reduces to the Shannon entropy rate. The first
example is a second order stationary binary Markov source {Z,} with state space
{0,1}. The process {W,} such that each random variable W, is a 2-step blocking of
{Z,}, ie.
Wi = (Zn, Zn11),

is a first order stationary Markov source with 4 states. The probability transition
matrix P of {W,} is given by

Poo Por Po2 Po3
Pio Pun P12 P13
P20 P21 P22 P23

P30 P31 P32 P33

o+29 P
1426 1426 0 O
o+d  ptd
. 0 0 1+26 1+26
- )
o490 p+0 0 0
1426 1426
o p+26
L 0 0 1+26 1+26 J

where p + o = 1. The Shannon entropy rate of {Z,} is given by:

oo +9) p ) 2p0 p+9 p(p+9) p+20
H(Zs|25, 2,) = 1+6 h”<1+25 +1+5h” 1125) " 149 oy 1+25)°
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where hy(.) is the binary entropy function. Now, we will illustrate equation (3.9)
numerically for two different sets of numerical values for the variables p, o and §.

First set: p = 0.4, 0 = 0.6, and, 06 = 0.5. By direct calculation we get

The Rényi entropy rate is calculated for different values of « (close to 1 from above

and below) and displayed in the following table.

logy Ma,P) __ 1: Ho (M)
o = = limyy 00 =7

1.001 0.8466999879

0.999 0.8471080727

1.0001 | 0.8468478218

0.9999 | 0.8469669159

1.00001 | 0.8465902779

0.99999 | 0.8469171509

Observe that as « approaches 1, the Rényi entropy rate converges to the Shannon
entropy rate.

The second set is: p=0.3, 0 = 0.7, and, § = 0.2.

In this case, we get:

H(Zg|ZQ, Zl) = 0.5875376 nats.

The Rényi entropy rate is calculated for different values of « (close to 1 from above

and below) and displayed in the following table.
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InX(a,P) __ 1: Ho (M)
o = IMyoee =

1.001 0.5873896795

0.999 0.5876852792

1.0001 | 0.5875212587

0.9999 | 0.5875727376

1.00001 | 0.5873817251

0.99999 | 0.5875982736

Observe that as « approaches 1, the Rényi entropy rate converges to the Shannon
entropy rate.
The last example employs a third order stationary binary Markov source {Z,}. The

process {W,} obtained by 3-step blocking of {Z,}, i.e.

Wn = (Zna Zn+17 Zn+2)7
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is a first order stationary Markov source with 8 states. The probability transition

matrix of {W,} is given by

Poo Poi Po2 Po3 Pos Pos Pos Dor
Pio P11 P12 P13 Pia P15 Pie DPir
P20 D21 P22 P23 P24 P25 P26 Dot
P3o P31 P32 P33 P34 P35 P36 D37
P10 P41 P42 P43 Paa P45 Pas  DPar
Pso DPs1 DPs2 P53 Psa Pss Pse  Dst
Peo DPe1 Pe2 P63 Pea Pes DPes Dot

Pro Pri Pr2 Pr3 DPra Prs Pre Prr

0+30
11'35 ﬂ% 0 0 0 0 0 0

o+20 +0
0 0 1135 ﬁ 0 0 0 0

0+20 +0
0 0 0 0 11'35 lerW 0 0

o+4 424
0 0 0 0 0 0 1_:“35 ﬁ

ot20 p£0 g o 0 0 0 0

1+35 1438
ot+d  p+20
0 0 5 e O 0 0 0

o+4 424
0 0 0 0 1_:“35 ﬁ 0 0

el p+34
1+35 1436

where p + 0 = 1. The Shannon entropy rate of {Z,} is given by:

o(o+9)(o + 29) o+ 30 3op(o +9) o+ 20
H(Z =
(2423, 22, 21) (1+6)(1+ 26) "\ 153 +(1+5)(1+25)h” 1+36
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3op(p+6) oc+d\  plp+0)(p+26) o
A0 i+20)" <1 +35> T T (1 +35> ’

where hy(.) is the binary entropy function.

Let 0 = 0.3, p= 0.7, and, 6 = 0.4. Then
H(Z4|Zg, ZQ, Zl) = 0.533205 nats.

The Rényi entropy rate is calculated for different values of « (close to 1 from above

and below) and displayed in the following table.

In\(a,P) _ 1: Ho (M
«Q 1(—a ) - hmM%oo a]\(/[ )

1.001 0.5329080703

0.999 0.5335056605

1.0001 | 0.5332282164

0.9999 | 0.5332657811

1.00001 | 0.5333614224

0.99999 | 0.5327985806

Clearly, as a — 1,
H,(M
lim (M)

M — 00

— H(Z4|Zg, ZQ, Zl)
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Chapter 5

Conclusions and future work

5.1 Summary

Primarily, we examine in detail a Rényi variable length source coding theorem for
memoryless sources. Then, a formula for the Rényi entropy rate of ergodic Markov
sources of arbitrary order is derived using Perron-Frobenius theory. This formula

extends the previous theorem for these more general sources.

5.2 Future work

A possible direction is to examine more general sources. One possible source for which

the results of this project can be applicable is the non-Markovian stationary ergodic
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source.
In the literature several information measures other than the Shannon and the Rényi
entropies have been introduced. Some of these entropies are cited in [7] along with
several references about their applications. Probably, it will be also useful to obtain

formulas for the asymptotic rate of these measures.
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