Crossings of set-partitions and addition of graded-indep enden t random variables

James A. Mingo^∗ Departmen t of Mathematics and Statistics, Queen’s University

Kingston, K7L 3N6, Canad a

james.mingo@queensu.ca

Alexandru Nica^† Departmen t of Mathematics

University of Michigan Ann Arbor, MI, 48109, U.S.A.

andu@math.lsa.umic h.edu

Abstract We consider a q-deformation, introduced in [7], of the cumulants associated with a linear functional on polynomials; combinatorially , the deformation is defined using crossing numbers of set-partitions. The paper is concerned with the case q = − 1. We show that if the linear functional μ : C[X] → C is symmetric (i.e. μ(X^n ) = 0 for n odd), then the exponential generating function of the even (− 1)-cumulants of μ is equal to log � e^{t 2 z} dμ(t) � , (as a formal power series in z). We discuss the connection of this fact with the form of independence for (non-comm utativ e) random variables which corresp onds to the operation of Z_2-graded tensor product.

1 In tro duction and statemen t of the result

The idea that counting crossings of set-partitions might play a role in non-commutativ e probabilistic considerations appeared in [7], in the context of a q-deformation of the Rtransform of Voiculescu. The R-transform plays a central role in the “harmonic analysis” of free random variables, and can be approac hed in two ways: (a) by the original metho d of Voiculescu [13], which consists in modeling probabilit y distributions via a construction with Toeplitz operators; (b) by the metho d of Speicher [10], which uses the combinatorics of non-crossing partitions and the so-called “free (or non-crossing) cumulants” associated to a probabilit y distribution. For the q-deformation in [7], one starts with the approac h of Voiculescu, and replaces (in the Toeplitz construction of [13]) the unilateral shift S by

∗ Researc h supp orted by the Natural Sciences and Engineering Researc h Council of Canada †Supp orted by a Canada International Fellowship AMS Classification (1991) 46L 50, 05A 18

a weighted shift S_q satisfying the relation S^∗_qS_q = qS_qS^∗_q + I. Then the R_q-transform so obtained turns out to also have a nice combinatorial description in terms of q-cumulants . The latter notion is defined by formula (1.1) (which, modulo certain renormalizations with q-factorials, is the same as Equation (1.10) of [7]).

1.1 Definition Let μ : C[X] → C be a linear functional with μ(1) = 1 , and let q be a parameter. We define the q-cumulants of μ to be the sequence (α_n )^∞_{n=1} , defined implicitly by the sequence of equations: � � � � � � � � � � � � � � � μ(X) = α_1 μ(X^2) = α_2 + α^2_1 μ(X^3) = α_3 + 3α_2α_1 + α^3_1 μ(X^4) = α_4 + 4α_3α_1 + (2 + q)α^2 + 6α_2α^2_1 + α^4_1 . . μ(X^n ) = � π∈P ([n]) π= {B_1,...,B_r }

q^{co(π)}α_{|B1|} ···α_{|Br |}

. .

(1.1)

where P ([n]) is the set of all partitions of [n]^{def}= {1,...,n}, |B_i| denotes the number of elements of the set B_i, and c_o(π) is the number of left-reduced crossings of the partition π ∈ P ([n]) (see Definitions 2.1 below).

Note that (1.1) is a lower triangular system of (non-linear) equations, hence it always has a unique solution.

For q = 1, the α_n ’s determined by (1.1) are what are classically called the cumulants, or semi-invariants of μ (see e.g. [9], Section II.12.8), while for q = 0 they are the non-crossing (or free) cumulants of Speicher [10]. The importance of the sequence of q-cumulants in these two cases stems from their property of linearizing the addition of commuting independent and of freely independent random variables, respectively. The notions of independence considered here are formulated in the framework of algebras with specified states (as in [6] or [14], for instance).

1.2 Definitions 1^o We shall call (A,φ ) a non-commutative probability space if A is a unital complex algebra and φ : A → C is a linear functional with φ (1) = 1. If A is a C^∗-algebra and φ is positive, then (A,φ ) is called a C^∗-probability space. Given (A,φ ) and an element a ∈ A, 2 the functional μ_a : C[X] → C defined by: μ_a(f ) = φ (f (a)), f ∈ C[X], is called the distribution of a (with respect to φ ).

2^o The unital subalgebras A_1,A_2 ⊆ A are said to be commuting independent in (A,φ ) if they commute (a_1a_2 = a_2a_1 for every a_1 ∈ A_1 and a_2 ∈ A_2), and if moreover: φ (a_1a_2) = φ (a_1)φ (a_2), for every a_1 ∈ A_1 and a_2 ∈ A_2.

3^o The unital subalgebras A_1,A_2 ⊆ A are called freely independent in (A,φ ) if for every word whose elements (“letters”) alternate between A_1 and A_2, a_1 ∈ A_{i1} , a_2 ∈ A_{i2} ,...,a_k ∈ A_{ik} , with i_1 ≠ i_2, i_2 ≠ i_3,...,i_{k− 1} ≠ i_k, we have the implication: φ (a_1) = φ (a_2) = ···= φ (a_k) = 0 ⇒ φ (a_1a_2 ···a_k) = 0.

The linearizing property of cumulants for q = 1 and q = 0 can be stated thusly.

1.3 Linearization for q = 1 (see e.g. [9], Section II.12.8, or [7], the comment in Remark 1.5) Let (α_n )^∞_{n=1} be the sequence of 1-cumulants (semi-invariants) of the functional μ : C[X] → C, and let us denote by R_1(μ) the formal power series:

[R_1(μ)](z) = ∞� n=1 α_n n! z^n (α_n ’s for q = 1). (1.2)

Then [R_1(μ)](z) = log

�_∞ � n=0 μ(X^n ) n! z^n � , (1.3)

where by the logarithm we mean the inverse of the map exp, viewed formally as a bijection from power series without constan t term onto power series with constan t term equal to 1. The relation between (1.3) and (1.1) is that if we exponentiate (1.3), and take the coefficien t of z^n on both sides, then the n-th equation in (1.1) is obtained.

A consequence of (1.3) is that whenever A_1,A_2 ⊆ A are commuting independent subalgebras in some (A,φ ), we have:

R_1(μ_{a1+ a2} ) = R_1(μ_{a1} ) + R_1(μ_{a2} ) (1.4)

for every a_1 ∈ A_1, a_2 ∈ A_2, (with the distributions μ_{a1} ,μ_{a2} ,μ_{a1+ a2} defined as in 1.2.1^o). Indeed, if the Fourier transform [F (μ)](z) of μ is formally defined as the power series obtained by taking the Taylor expansion of the exponential in � e^{itz} dμ(t), then R_1(μ) is just log[F (μ)](− iz). For a_1 and a_2 commuting independent, we have that μ_{a1+ a2} is the convolution of μ_{a1} and μ_{a2} , and (1.4) follows from the multiplicativit y of the Fourier transform.

3

1.4 Linearization for q = 0 Let (α_n )^∞_{n=1} be the sequence of 0-cumulants of the functional μ : C[X] → C, and R(μ) be the formal power series:

[R(μ)](z) = ∞� n=1 α_n z^n (α_n ’s for q = 0); (1.5)

this is Speicher’s equivalent definition of the R-transform of Voiculescu. Note that in contrast to Equation (1.2), R(μ) is the ordinary (rather than exponential) generating series for the corresp onding sequence of cumulants. Then � 1 + [R(μ)](z) z �_{< − 1>}

(ζ) = ∞� n=0 μ(X^n ) ζ^{n+1}

, (1.6)

where “ < − 1 > ” denotes formal inversion under composition for power series (see Theorem 2.9 in [13], also the Theorem in [10], Section 3). If A_1,A_2 ⊆ A are freely independent subalgebras in some (A,φ ), then for every a_1 ∈ A_1, a_2 ∈ A_2, we have that:

R(μ_{a1+ a2} ) = R(μ_{a1} ) + R(μ_{a2} ); (1.7)

for the proof of (1.7), see Corollary 2.2 of [13], also Section 4 of [10].

Now, in connection to the considerations of 1.3, 1.4, it is natural to raise the following question:

Are there other values of q ≠ 0,1, for which there is some form of independence for non-commutativ e random variables, and for which analogues of the formulas (1.4) and (1.7) hold?

The interest in this problem was aroused by the work in [2](see also [3]), which suggested that a theory of q-independence might be developed around the so-called q-commutation relations ; the deformation of the R-transform discussed in [7] is in fact based on the 1- dimensional instance of these relations.

On the other hand, however, very tangible evidence was recently produced in [5] and [11] which showed that for q ≠ 0,1, one cannot expect to have some form of q-independence defined in terms of moments of non-commutativ e random variables, and some q-cumulants (defined by (1.1) or some other formula) which would linearize the addition of q-independent random variables, in an arbitrary non-commutativ e probabilit y space (A,φ ).

In this paper we consider the case q = − 1, and note that an interesting form of independence exists when (A,φ ) is Z_2-graded. This leaves open the possibility that (without ignoring the results of van Leeuwen-Maassen and Speicher in [5], [11]), a notion of q-independence may exist when the non-commutativ e probabilit y space has some additional structure. 4

1.5 Definition A non-commutativ e probabilit y space is Z_2-graded if, together with A and φ of 1.2.1^o, one is also given an automorphism (∗-automorphism in the C^∗-case) of order two, γ : A → A, such that φ ∘ γ = φ . Recall that an element a ∈ A is said to be homogeneous if γ(a) = (− 1)^{∂a}a, where ∂a ∈ {0,1} is called the degree of a. A unital subalgebra A_1 ⊆ A is called homogeneous if it is invariant under γ. Two homogeneous unital subalgebras A_1,A_2 ⊆ A will be called graded independent if they gradedly commute, i.e. a_1a_2 = (− 1)^{∂a1∂a2} a_2a_1 for all homogeneous a_1 ∈ A_1 and a_2 ∈ A_2, and if φ (a_1a_2) = φ (a_1)φ (a_2) for all a_1 ∈ A_1 and a_2 ∈ A_2.

Although we couldn’t find it treated in the literature, graded independence is most likely part of the folklore of quantum probabilit y. The corresp onding “pro duct operation” (in the same way as the tensor product and the free product corresp ond to commuting and free independence, respectively) is the graded tensor product of algebras, as describ ed for instance in [1], Section 14, (see also Sections 3.3–3.4 below).

The connection with cumulants is thus.

1.6 Definition Let μ : C[X] → C be a functional such that μ(1) = 1 and μ(X^n ) = 0 for odd n, and let (α_n )^∞_{n=1} be the sequence of (− 1)-cumulants of μ. Then α_n = 0 for odd n. We define the R_{− 1}-transform of μ to be the formal power series

[R_{− 1}(μ)](z) = ∞� n=1 α_{2n} n! z^{2n} (α_n ’s for q = − 1). (1.8)

1.7 Theorem (the case q = –1) 1^o For μ as in 1.6, we have the equalit y:

[R_{− 1}(μ)](z) = log

�_∞ � n=0 μ(X^{2n} ) n! z^{2n} � . (1.9)

2^o If (A,γ,φ ) is a graded non-commutativ e probabilit y space, and if A_1,A_2 ⊆ A are graded independent subalgebras (in the sense of Definition 1.5), then for homogeneous elements a_1 ∈ A_1, a_2 ∈ A_2, with ∂a_1 = ∂a_2 = 1, we have:

R_{− 1}(μ_{a1+ a2} ) = R_{− 1}(μ_{a1} ) + R_{− 1}(μ_{a2} ). (1.10)

5

Note that the distributions appearing in Eqn. (1.10) have vanishing moments of odd orders (and hence their R_{− 1}-transforms are defined). Indeed, if a ∈ A has ∂a = 1, then a^n also has ∂(a^n ) = 1 for odd n, and the condition φ ∘ γ = φ applied to a^n yields φ (a^n ) = 0, i.e. μ_a(X^n ) = 0 for odd n. The reason for considering in 1.7.2^o only the case when ∂a_1 = ∂a_2 = 1 is that when either ∂a_1 = 0 or ∂a_2 = 0, we have just commuting independence.

Note also that if μ is in fact a probabilit y measure with compact support then, by 1.7.1^o

[R_{− 1}(μ)](z) = log

� �_∞ −∞ e^{t2z2} dμ(t) � (1.11)

is a complex analytic function in a neighbourhood of 0.

By comparing Equations (1.9) and (1.3) we obtain that.

1.8 Corollary Let (A,φ ) be a non-commutativ e probabilit y space and let a ∈ A be such that φ (a^n ) = 0 for odd n. Then

[R_{− 1}(μ_a)](z) = [R_1(μ_a2 )](z^2). (1.12)

In 2.7 below we shall in fact prove (1.12) first and from this deduce (1.9). We should also point out that (1.9) and (1.12) are essentially statemen ts about the combinatorics of crossings of set-partitions, and can be given an elegant proof via an involution on the set of 2-divisible partitions of {1,2,...,2n}.

The rest of the paper is divided into two sections. In Section 2 we present the considerations on crossings of set-partitions which lead to the proof of Theorem 1.7. In Section 3, without attempting to be comprehensiv e, we survey a few facts about graded independence, and its connections with the R_{− 1}-transform.

2 Pro of of the result

We start by recording, in 2.1–2.3, a few definitions and basic facts about crossings of setpartitions.

2.1 Definitions 1^o If π = {B_1,...,B_r } is a partition of {1,...,n} (i.e., B_1,...,B_r are non-void, pairwise disjoint sets, such that B_1 ∪ ···∪ B_r = {1,...,n}), then the equivalence relation on {1,...,n} with equivalence classes B_1,...,B_r will be denoted by^π∼ . The sets B_1,...,B_r are called the blocks of π. The number of elements in the block B_k, 1 ≤ k ≤ r, 6 will be denoted by |B_k|. For the sake of brevit y, we will use in what follows the notation [n]^{def}= {1,...,n}.

2^o For every integer n ≥ 1, the set of all partitions of [n] will be denoted by P ([n]). 3^o For π ∈ P ([n]), we shall call a crossing of π a 4-tuple (i, i^′,j,j^′) such that 1 ≤ i < i^′ < j < j^′ ≤ n, and such that i^π∼ j ̸^π∼ i^{′ π}∼ j^′. A crossing (i, i^′,j,j^′) of π will be called left-reduced if i and i^′ are minimal in the blocks of π containing them (i.e: there exists no 1 ≤ i_o < i such that i_o^π∼ i, and similarly for i^′). The total number of crossings and the number of left-reduced crossings of the partition π will be denoted by c(π) and c_o(π), respectively (0 ≤ c_o(π) ≤ c(π)).

4^o It is easily verified that for π ∈ P ([n]) we have c(π) = 0 ⇔ c_o(π) = 0. A partition π with c(π) = c_o(π) = 0 is said to be non-cr ossing.

2.2 Remark A picture of the number of crossings of a given partition π ∈ P ([n]) can be obtained by marking n points P_1,...,P_n (in counter-clockwise order, say) around a circle, and then by drawing the line segment P_iP_j whenever i^π∼ j; then c(π) is the number of pairs of intersecting chords that were drawn in this way. In order to put into evidence the smaller number c_o(π), we consider again the points P_1,...,P_n on the circle, but only draw, for each block B of π, the bouquet of chords {P_{min (B)} P_j | j ∈ B, j ≠ min(B)} (and then count the number of intersections). For example, the situation of a partition with only two blocks is illustrated in the Figure 1.