Solutions 10
P10.1. Consider the subrings Z[/17] := {a + b+/17 | a,b € Z} and
Z[”*zm] = {a + b(@) | a,b e Z}

of the field R of real numbers. For each subring, describe the elements in the field
of fractions. Are these two fields the same? Is one contained in the other?

Solution. From the inclusions
Z[\17] c Z[”;m] CR,

we see that the subrings are domains. We claim that the field of fractions for both
these subrings is

Q(\/ﬁ)::{a+b\/ﬁ‘a,beQ}cR.

By construction, @(4/17) is the smallest subfield of R containing 1 and 4/17. Since
both subrings contain 1 and \/1—7, their fields of fractions also contain @(\/1_7)

For the reverse inclusion in the first case, observe that every element in the field
of fractions for the domain Z[\/1_7] can be expressed, for some integers a, b, ¢, and
d with (c,d) # (0,0), in the form

a+b\/1_7:<a+b\/1_7)<c—d\/1—7)
c+d\17 \c+d+17/\c—d17

_(ac- 17bd) 4+ (bc —ad)\/17

c2—17d?
ac—17bd bc—ad
_( c2 —17d>2 )Jr(c2—17c12)\/1—7E Q(W17).

Notice that the only rational solution to the equation ¢? —17d?> =0isc=d = 0.
For the second case, set £ := 1+;/ﬁ. Observethat{?—&—-4=0,1-¢ = 1-¥ﬁ’ and

£(1 — &) = —4. Every element in the field of fractions for the domain Z[£] can be

expressed, for some integers a, b, ¢, and d with (c,d) # (0,0), in the form

a+bé _(a+b§)(c+d(1—§))

c+dé \c+d&)\c+d(1-¢&
_(ac+ad—-4bd)+(—ad+bc)§
- c2+cd—4d?
_(ac+ad—-4bd ad—-bc
_<cz+cd—4d2>_(c2+cd—4d2>56@(\/ﬁ)'

Again, the only rational solution to the equation ¢? + cd —4d*=0isc=d =0. O

P10.2. i. Confirm that the ring
Z[V=2] = {a +by—2eC ‘ abe Z}
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is a Euclidean domain with the Euclidean function v: Z[\/ —2] \ {0} = N defined,
for any integers a and b, by v(a + by/—2) := a® + 2 b2
ii. Find a greatest common divisor of 12 and 1 + 2+/—2 in the ring Z[+/-2].

Solution. Observe that
(a + b\/—2’2 =(a+by-2)a-by-2)=a*-(bV-2)>=a’*+2b*=v(a +b+\/-2).

i. Let a, b, ¢, and d be integers. Divide the complex number w := a + by/=2 by
the complex number z := ¢ + d\/—2. In other words, there is a complex number
c=Xx+ y\/—_2 where x and y are real numbers such that w = cz. Choose a
nearest element p + qi in Z[y/=2], so x := p + x, and y := q + ¥, where p and q
are integers and —% < X, Vo < % The product (p + g+/—2) z is the required point
in the principal ideal (z) because

1 1 3
’x0+y0\/—2.2=x(2)+2y(2)<Z+§=Z

and

lw-(+qV-2)zP=|cz-(p+qV-2)z]
3
= |(xo + ¥oV=2) 2" = |(xo + Yo V=2 1z < Zl2I” < |zP.
Settingqg:=p+q+y—-2andr:=w—(p+q+—2)z, we conclude thatw = qz +r
where r = 0 or v(r) < v(2).
ii. In the field C of complex numbers, we have
1—-24/-2 12 — 244/-2
12 = 12 ( ) = =1.3333... — 2.6666...4/—2.
1+2y/-2 1+2y/-2\1-2+/-2 9

As (1-3+/=2)(1+2+/-2) = 1-3+/—2, division with remainder in the ring Z[+/—2]
gives 12 = (1 — 34/ —-2)(1 + 24/ —2) + (-1 + 4/—2). Again, working in C, we have

1+24/-2 _ 1+2+4/-2 (—1 —\/—2> _3-34-2 _ 1-V2

—1++/=2 —1++=2\-1-+/=2 3 '
As (1 —+/-2)(-1++/-2) = 14 2+/-2, division with remainder in the ring Z[/-2]
gives 1 + 24/—-2 = (1 —+4/—=2)(—1 + 4/—=2) + (0). Thus, the Euclidean Algorithm
establishes that 1 —4/—2 is a greatest common divisor for 12 and 1 + 24/—2 in the

ring Z[y/-2]. O

Remark. The units in the ring Z[y/—2] are 1, so the only other greatest common
divisor for 12 and 1 + 24/—21is —1 +1/—2.
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P10.3. Let[, :=Z / (2) be the field with two elements. Find the lowest-degree polynomial f
in the ring [,[x] such that

f=1modx+1 f=x*+xmod x>+ x*+1

f=0mod x> +x+1 f=x>+x+1mod x*+x+1
Solution. The Extended Euclidean algorithm appliedto g; := x+1and g, := x>+ x+1
givesg, +xg = (D(xX*+x+1)+(x)(x+1)=1.

TABLE 1. Local variables when computing ged(g,, g;)

dy di s 81 tp 1 g
x*+x+1 x+1 1 0 0 1 x
x+1 1 0 1 1 x x+1
1 0 1 X

Hence, the first iteration of the loop in the Effective Remainder Algorithm yields
DE2+x+1DO)+X)E+DO0O)=x*+x+1=0)3+D)+(xX2+x+1).

We verify that X2+ x+1=(x+1)(x+1)+1=(x*+x+1)+0.
The Extended Euclidean algorithm applied to g; = x3+x?+1and g; g, = x3+1
givesxg; +(x+1)g1 8 =)0 +x2+ D)+ (x+1)(x*+1)=1.

TABLE 2. Local variables when computing gcd(g,, g; £5)

dy d sy 81 1 51 q
X+x*+1 x*+1 1 0 O 1 1
x3+1 x> 0 1 1 1 x
x? 1 1 x 1 x+1 x?

1 0 X x+1

Hence, the second iteration of the loop in the Effective Remainder Algorithm yields
)P+ +D2+x+1)+ (e + D3+ 1)(x2 + x)

=x*+ x3 + x?

=(0)(x0+x°+x2+1)+ (x*+ x>+ x2).
We verifythat x* + x3 + x> = (X* +x+ 1D)(x+1)+1 = (x>)(x*+ x + 1) + 0 and
X+ x3+x2 =)+ x2+1) + (x? + x).

Next, the Extended Euclidean algorithm applied to g; 2,83 = x° + x> + x2 + 1

and g, = x*+x+1gives ()X +x°+ X2+ D)+ (X +x*+x2+x+1)(x*+x+1) = 1.

TABLE 3. Local variables when computing ged(g; g, 23, 84)

dy d, So 1 to 51 q
X+ xP+x2+1 x*+x+1 1 0 0 1 x>+ x
xt+x+1 xX3+x>4+x+1 0 1 1 X2+ x x+1
XB+x2+x+1 X 1 x+1 x4+ x xX+x+1 x2+x+1
X 1 x+1 x3 xX3+x+1 XHxr+x2+x+1 X
1 0 x3 XH+xr+x2+x+1
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Thus, the third iteration of the loop in the Effective Remainder Algorithm yields
X+ +xX2+ DX+ x+ D)+ +x* +x2+x+ D(x* + x + D(x* + x3 + x?)
=xP 4+ x4+ x4+ x% + X7 + X% + x?
= +x)X+ X+ X"+ X+ X+ X+ X3+ X+ x+ D)+ (X + X7+ x0).
We verify that
XX+ X =+ X+ X+ X+ 2+ x+D(x+1) +1
=(xX7+x0+x)(x*+x+1)+0
=X +x+x3+x2+ )+ x2+ 1)+ (x?+x)
=X +x3+x2+Dx*+x+D)+ (X2 +x+1). O

Therefore, the desired polynomial in [,[x] is x° + x7 + x°.
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