Solutions 02

1. Let X be any set. The identity map idy : X — X is defined, for all x in X, by x — x
and the projection 77, : X x X — X is defined, for all x and y in X, by (x,y) — Xx.
Foranytwomaps¢: X - Xandy: X - X,themap ¢||: X — X x X is defined,
for all x in X, by x —~ (¢(x),%(x)) and the map ¢ X : X X X — X X X is defined,
for all x and y in X, by (x,y) ~ (¢(x),%(y)). For the one-element set {}, there
exists a unique map 7 : X — {@} defined, for all x in X, by n(x) = @.

Suppose that the set X is nonempty and consider three maps f: X x X — X,
e:{@} - X,and t: X — X satisfying the following three conditions:
(associativity) B o (B xidx) = o (idx x3)
(right identity) o (idx x €) = idx o7,
(rightinverse)  Bo(idx||t) =€on
Prove that the quadruple (X, 3, ¢, t) defines a group.

Solution. The conditions assert that the diagrams

Bxidx idy xe idy ||t

XXX xX —X5 XxX Xx{g) —= XxX X —>XxX

T

XxX ——— X X— v x ot ——X

ldX

commute. For any elements x and y in X, define the binary operator x : XxX — X
by x x y := B(x,y). The first condition implies that, for any elements X, y, and z
in X, we have

(x % y) x z = B(x * y,2) = B(B(x, ), 2)
= (;3 ° (B X idX))(x’ A2 Z)
= (:8 ° (ldX XB))(x’ ) Z)
= B(x,B(,2)) = B(x,y * z) = x x (y x 2),

which gives the associativity of this binary operator. Set e := &(@). The second
condition implies that, for any x in X, we have

x*e=f(x,e(@)) = (B (idx x€))(x,d) = (idx o, )(x, @) = idx(7m,(x, @) = x,

which shows that the element e in X is a right identity for this associative binary
operator. The third condition implies that, for any x in X, we have

x * 1(x) = (Bo(idx ||0)(x) = (e n)(x) = g(n(x)) = e(@) = e,
which proves that the element ((x) in X is a right inverse for the element x. Using
the right inverse (>(x) in X of the element ((x) in X, we obtain

X =x%e=xx%(tx)*2(x)) = (x x 1(x)) * 2(x) = e x 1*(x).

For any x in X, it follows thate x x = e x (e x (*(x)) = (e x ) * 1*(x) = e % *(X) = X,
so the element e is a two-sided identity for this binary operator. Moreover, we see
that x = e % (*(x) = *(x), which demonstrates that e = 1(x) * 2(x) = t(x) % x.
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Hence, the element x~! := ((x) is a two-sided inverse of the element x. Therefore,
the quadruple (X, 8, ¢, t) defines a group. O

2. For any nonnegative integer n, the sign function sgn: ©,, — U, := {+1}is defined
by sgn(o) := (—1)""¢ where the permutation o is the product of ¢ disjoint cycles.

i. For any permutation o and any transposition @, prove sgn(w o) = — sgn(o).

ii. For any permutations ¢ and 7, show that sgn(o 7) = sgn(o) sgn(7).

iii. When the permutation o is the product of m transpositions, demonstrate that
sgn(o) = (—=1)™.

Solution.

i. Let w =(ab)andleto = w; w, --- w, be the factorization of the permutation
into disjoint cycles. When a and b both appear in one cycle w; where 1 < j < ¢,
we have
ww;=(ab)acyc, - e, bdydy - dg) =(acic, - ¢)(bdd; - dy)
and w o factors into ¢ + 1 disjoint cycles. We deduce that

sgn(w o) = (=1)" ) = (=1)(-=1)""¢ = —sgn(0).
On the other hand, when a and b appear in disjoint cycles of o, there exists
indices i and j such that w; = (@ ¢; ¢; - ¢,)and w; = (b d; d, -+ dy). It
follows that
ww;w;=(ab)ac, ¢, - ¢)bdyd, - dg)=(ac,c; - ¢, bdyd; - dy)
and w o factors into ¢ — 1 disjoint cycles. We deduce that
sgn(@ ) = (~1)"-CD = (=1)(=1)""¢ = — sgn(0).

ii. Leto = w, w, --- w,, be afactorization of g into transpositions. We proceed by
induction on m. The base case m = 0 is vacuous. The case m = 1 is precisely
part i. Using the part i twice and the induction hypothesis, we obtain

sgn(o 1) = sgn(w, W, @3 -+ Wy T)
= —sgn(w, @z - W, T)
= —sgn(w, @3 -+ Wy,) sgn(7)
= sgn(w, @, @3 -+ W) sgn(r) = sgn(o) sgn(7).

iii. The factorization of a transposition w; in ©,, into disjoint cycles consists of 1
cycle of length 2 and n — 2 cycles of length 1, so sgn(w;) = (=1)"~-D = —1.
Part ii implies that

sgn(0) = sgn(@, @, -+ Wy) = sgn(@y) sgn(@,) -+ sgn(@y,,) = (-D™. O

3. The quaternion group is the subgroup of SL(2, C) generated by the eight matrices:
_[1o0 _[i o0 [0 1 _[0i
1= 01], A._[O _i], B._[ ] C._[.
_[-1 0 —[-10 0 -1
S AN T N T ]
i. Determine the order of the quaternion group.
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ii. Find a minimal set of generators for the quaternion group.
iii. Show that the quaternion group is not isomorphic to the dihedral group D,.

Solution.
i. All products in the quaternion group appear in Figure 1. It follows that this

group has order 8.

* I . | A —-A B -B C -C
I I —I A —-A B -B C -C
-1 -1 I -A A -B B -C C
A A -A I I C -C B -B
-A| -A A I -1 -C C -B B
B B -B -C C —I I A -A
-B | -B B C -C I - -A A
C C -C B -B -A A -1 I
—-C | -C C -B B A -A I -1

Figure 1. Multiplication table for the quaternion group

ii. Since A° =LA = A,A’= -LA’=-A,B°=1,B! =B,B?> = -, B> = —-B,
AB = C, and BA = —(, the two elements A and B generate the quaternion
group. From Figure 1, we also see that the quaternion group is not cyclic.

iii. By definition, the dihedral group D, is the automorphism group of a square. It
is isomorphic to the subgroup of SL(2, R) generated the matrices

_ 10 -1 {1 O
T:= [1 0 ] and R:= [O _1] .
The cyclic subgroups of the quaternion group are
<I> = {I}’ <A> = <_A> = {Is A’ _I’ _A}’ <C> = <_C> = {I’ C’ —I, _C},

(-h={,-I}, (B)=(-B)={,B,-L-B},
whereas the cyclic subgroups in D, are
(R?) = {1}, (T?) = {I, T?}, (T’R) = {I, T°R}, (T)=(T%) ={, T, T T3},
(R)={LR}, (TR)={L, TR}, (T°R?) ={I T°R}.

Since the quaternion group has 6 elements of order 4 and the dihedral group
D, has 2 elements of order 4, they cannot be isomorphic. Alternatively, the
quaternion group and the dihedral group D, have maximal cyclic subgroups of
different orders, so they cannot be isomorphic. O
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