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A BOMBIERI-VINOGRADOV THEOREM
FOR ALL NUMBER FIELDS

M. RAM MURTY AND KATHLEEN L. PETERSEN

ABSTRACT. The classical theorem of Bombieri and Vinogradov is generalized
to a non-abelian, non-Galois setting. This leads to a prime number theorem
of “mixed-type” for arithmetic progressions “twisted” by splitting conditions
in number fields. One can view this as an extension of earlier work of M. R.
Murty and V. K. Murty on a variant of the Bombieri-Vinogradov theorem. We
develop this theory with a view to applications in the study of the Euclidean
algorithm in number fields and arithmetic orbifolds.

Dirichlet’s density theorem gives an asymptotic estimate for the density of primes
in arithmetic progressions. Let m(z) denote the number of primes p < z, and for
positive integers a < ¢ such that (a,q) = 1, denote by 7 (x,q,a) the number of
primes p < x which satisfy the congruence p = a (mod ¢). Dirichlet’s theorem
indicates that as x — oo, @

w(x
m(e:0,9) o(a)’
where ¢ is Euler’s totient function, and f ~ g means that f/g — 1. The Riemann
hypothesis for all Dirichlet L-functions implies that the error term satisfies the
estimate
m(z,q,a) — % < 727 log qz,

where f < g (equivalently f = O(g)) means that |f/g| is bounded, and will be
referred to by saying that f is of order g. The celebrated theorem of Bombieri [3]
and Vinogradov [24] shows that this estimate holds on the average.

Theorem 0.1 (Bombieri, Vinogradov). Let A > 0 be given. Then there is a
B = B(A) > 0 so that for Q = zz (logz) 5,

7(y) x
oq)| < Qoga)a”

In [I7], a variant of Theorem [0lis proven for K/Q, a Galois extension of number
fields. The goal of this paper is to prove an analogous theorem without the Galois
assumption. Specifically, let K be a number field and M a subfield of K (possibly
M = K) such that K/M is Galois. Let G = Gal(K/M) and let C be a conjugacy
class in G. Let p be a prime ideal of M unramified in K and let o, denote the
conjugacy class of Frobenius automorphisms corresponding to prime ideals q of K
lying over p. Define m(x, C) to be the number of prime ideals p of M unramified in
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4988 M. RAM MURTY AND KATHLEEN L. PETERSEN

K with 0, = C and Np < x, where N = Ny;/qg. With a, ¢ as above let 7(z,C, q,a)
denote the number of primes ideals p of M unramified in K with o, =C, Np <z
and Np = a (mod ¢). By the Chebotarev density theorem [23]

m(z,C,q,a) ~ d(C,q,a)m(x)

for a density d(C,q,a) > 0. If K N Q({,) = Q, where (, is a primitive g-th root of
unity, then

_lef 1
Gl d(a)
We prove the following theorem, which is equivalent to Theorem [Tl proven in

21

Theorem 0.2. Let K/M be a Galois extension of number fields with group G and
let C be a conjugacy class in G. Let H be the largest abelian subgroup of G such
that HNC # 0 and let E be the fized field of H. Let n = max{[E : Q] — 2,2}, and

for any e >0 let Q = z7 . Then for any A >0,

d(C,q,a)

/ T
max max |7(y,C,q,a) — d(C,q,a)r <L —,
q;?(a’q)zl ygm\ (y,C,q,a) — d(C,q,a)m(y)] (log )™

where the decoration ' indicates that the summation is over only those q such that

KN Q(Cq) = Q.

In comparison with Theorem [ILI a value of n = 2 would be ideal, but is not
within the grasp of current methods. The coarsest interpretation of our results
yields an 7 value of max{[K : Q] — 2,2}.

There are several motivations for deriving this theorem. One of them is the study
of the Euclidean algorithm in number fields as developed in [12]. Another is the
study of arithmetic orbifolds dealing with the structure of quotients of PSLs(Ok)
as in [I§]. In many of the applications we have in mind, this theorem will be used
in conjunction with the lower bound sieve, where it is often required to produce
infinitely many primes p with a certain splitting type in a fixed (not necessarily
Galois) extension with some restriction on the prime divisors of p — 1. We will
not pursue any of these applications in this paper. Our purpose here is to derive
the result with all of the technical details clearly presented. As is well known,
the celebrated theorem of Bombieri-Vinogradov has had an immense number of
applications in analytic number theory, and we foresee a similar role for our theorem.
The desirable goal of course would be to have our theorem with the value n = 2,
but this seems to be far into the future.

0.1. Outline of proof. Let K be a number field with nx = [K : Q], the ring of
integers Ok, and let dx be the absolute value of the discriminant of K. Chebyshev’s
1 function for the number field K is, in its simplest incarnation,

P(x)= > logNp,
Npm<z

where the sum is over all powers of unramified prime ideals p of K which satisfy
the bound Np™ < x where N = Nk q. It is well known that an estimate of 1 (x)
can be translated to an estimate of 7(z), the number of prime ideals in K of norm
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A BOMBIERI-VINOGRADOV THEOREM FOR ALL NUMBER FIELDS 4989

at most . We will indicate the inclusion of ramified primes in a summation by the
decoration ~ over the function. We write

dle)= Y Ale),

Nc<zx

where A(c) is the von Mangoldt function. That is,

Ae) = log Np if ¢ is a power of the prime ideal p,
o= 0 otherwise.

We write 1 (z, q,a) for the sum ¥ (x) restricted to those p” which satisfy Np™ = a
(mod q). For ease of exposition, we will omit possible conjugacy class restrictions in
this overview. Precise definitions will be given in subsequent sections. In particular,
§0.6] contains definitions of the various Chebyshev functions. The aim of this paper
is to prove a statement of the form

X
(log )4

!
y
(*) max max [{(y, q,a) —
L (=1 y=e #(q)

which is equivalent to the statement in the introduction.

To refine the summation, we rewrite the average as a sum over twisted Chebyshev
functions, ¢ (z, x). In the simplest manifestation, x is a Hecke character. We reserve
the notation x¢ for the trivial character. The twisted Chebyshev function is

b)) =D Ao)x(e)

Nc<lz

and is the partial coefficient sum of the logarithmic derivative, —%(s, X), of the
L-series

x(c

L) = Y A

Nes'
cCOxk

This connection with L-functions will be used extensively. We first convert the
average on the left hand side of (&) to one of the form

%Z > max v (y, )|,

9<Q X

where the decoration * indicates that the summation is over primitive characters
only. That is, to prove (@) we show that it is sufficient to prove that this new
summation is O(x(logx)~4). We then reinterpret this summation so that we can
reduce to the case where the associated L-functions are all abelian, and estimate
this new summation. We break the estimate into two cases, depending on the size
of Q). We estimate the initial range

Q < (logz)?

for any positive constant « using classical techniques in §2l In §3] we estimate the
terminal range for ) in the range

(logz)" <Q < min{x%_e,xﬁ*}

(withd = ng for E C K as described in Proposition[[.8 and «y defined in Proposition
B)) using the large sieve. To do so we will smooth the Chebyshev functions with
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4990 M. RAM MURTY AND KATHLEEN L. PETERSEN

an inverse Mellin transform. Specifically, for f : R>; — R define f; = f, and for
k € N recursively define the inverse Mellin transforms fj of f as

(0.1.1) /fk NOES

We will use the notation exp(x) =

0.2. Class functions. If f : G — C is a C-valued function on a group G and
o € G, we define f7 : G — C by f7(9) = f(oc7'go). We say that f is a class
function if f7 = f for all o € G. We use class functions to impose conditions on
the primes in our summation using the Frobenius element, which we now define.

Let L/M be Galois with group G and N = N;/q. For each prime ideal p of M
and prime ideal g of L lying over p, the decomposition group, Dy, is the stabilizer of
qin G, {g € G : g(q) = q}. The decomposition group is isomorphic to Gal(Ly/M,),
where Lq (resp. M,) is the completion of L (resp. M) at q (resp. p). Let m,
denote the residue field Ops/p and ¢4 the residue field Or/q. By Hensel’s lemma
there is a surjective map from Dg to Gal(¢q/my), giving the exact sequence

1 =1y — Dq — Gal({q/my) — 1,

where I, is the kernel of this map. The group Gal(¢,/m,) is cyclic with generator
z — VP and Np is the cardinality of my. The element of D, whose image in
Gal(¢q/my) is a generator is well defined modulo /4. Denote this element of Dg/I
by o4. If p is unramified in L, then I; = 1, and we can consider o, as an element
of G, the Frobenius element. This element is characterized by

oq(x) = 2" (mod q)

for all # € L. For another choice q’ above p, I and Dy are conjugates of I; and
D, respectively in G. We let o, denote this conjugacy class in G.

If p is ramified and f is a class function, then we define f ( ") by extending f
to powers of the ramified primes by setting the value to be the average

1
(p)—me(g)

flo

where the sum is over all g € Dy whose image in Dy /I is g
For a subgroup H of G, and a class function f : H — C, we define the induced
class function

md%f:G—C

as follows. First, we extend f to a function on G by setting f to be trivial outside
of H. Let g1,...,gr be coset representatives for H in G. We define

R

(d§ ) (9) = £ (9) ‘H|Zfs

r=1 seG

For a finite group G and f1, fo : G — C two C-valued functions on G, we define
their inner product as

(fi, f2) = |G| > hlg)

geG
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A BOMBIERI-VINOGRADOV THEOREM FOR ALL NUMBER FIELDS 4991

0.3. Artin L-series. Our references for Artin L-series are [I5] and [6]. Let L/M
be Galois with group G. (We suppress the field extension in the notation unless
there is need for clarification.) Consider a representation, p : G — GL,(C) with
character x. For Re(s) > 1 we define the unramified L-series associated to p (or
X)s Lu($,X), to be a product of local Euler factors, where the product is taken over
the prime ideals of M unramified in L. Specifically,

Lu(57X) = H/LP(Sa X)a
p

where the decoration ’ indicates that the product is over those p in M which are
unramified in L. The Euler factors are

LP(S,X) = det(I - p(gq)]\]p—S)—l7

where N = Nj;/q. We extend this L-series to ramified primes as follows. Let p
be a prime ideal of M ramified in L and q a prime ideal in L above p. Let V be
the underlying complex vector space on which p acts. Restricting this action to
the decomposition group Dy, the quotient Dg/I, acts on the subspace Vie of V
on which I acts trivially. All o4 have identical characteristic polynomials on this
subspace, and we define the Euler product at the ramified prime ideals p to be

Ly(s,X) = det(I — p(og)ly1a Np~*) .
For all prime ideals p, each factor L, depends only on p and has degree x(1), the
dimension of p. For each factor Ly (s, x),

(o)
log Ly(s,x) = Y x(og")m™"Np~™*,
m=1

where x(o}") is the trace of p(o}") if p is unramified in L, and we extend x to the
ramified prime ideals as discussed in §0.21 The (full) Artin L-series is

L(57X) = HLP(57X)7
p

where the product is over all prime ideals p in M. We can rewrite this product as

L(57X) = HLP(57X)a

where this product is over rational primes p, and Ly(s,x) = [[,, Lp(s,x). Each

L, is a polynomial in p~* of degree, say m,. Note that m, < njs for all p and

my = nys for p unramified in M. The Euler factors can be written as

(0.3.1) Ly(s,x) = ﬁ (1 - @)_1,

j=1 P
where |7, ;| = 1. From the logarithms of the Euler factors it is apparent that the
logarithmic derivative of L(s, x) is
L/ - m —ms
(03.2) T(sx) == > (log Np)x(o}")Np~ ™.
p m=1

With the induced function defined in §0.2] if H is a subgroup of G and L is
the subfield of L fixed by H, then for a character y of H,

(0.3.3) L(s,Ind$x, L/M) = L(s, x, L/L™).
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4992 M. RAM MURTY AND KATHLEEN L. PETERSEN

0.4. Functional equations. Our reference for this material is [I5]. For L/M Ga-
lois we now define an enlarged L-function, A, from which a functional equation will
follow. First, we define the gamma factors. Let v(s) = 7~ 2I'(%). For each infinite
complex place v of M, define the local factor 7, (s,x) = [v(s)y(s + )X, Now
assume that v is real. To a place w of L above v there corresponds a decomposition
group G(w) = {g € G : g(w) = w} which is of order one or two. The generator
o, is well defined up to conjugation by v. Let V be the underlying representation
space for p. The vector space V decomposes as a direct sum, V = V& & V|
corresponding to the +1 and —1 eigenvalues of p(o,,). We define the local factor
(5,0 = ()T (s + 1)

and define v(s,x) = [1, 7.(s,x). We can write v(s, x) = v(s)*X) (s + 1)*™) for
integers a(x) +b(x) = nax(1). Before we define A we need to introduce the notion
of a conductor.

The Artin conductor f(x) associated to x is an ideal of Oy defined as follows.
Let p be a prime ideal of M and q a prime ideal of L lying over p. Let Gy denote
the inertia group I at g. There is a descending filtration of higher ramification
groups Gg 2 G1 D .... The quantity

= |G ) .
n(x,p) = Z |G0|| codim(V“)
i=0

is an integer which is independent of the choice of q above p. It is equal to zero for
all prime ideals p unramified in L, and therefore vanishes for all but finitely many
p. The Artin conductor is the ideal f(x) = [], p"(P) - and the conductor is the
constant

Ax) = dit” Najof ().
If x is an Artin character induced by a Dirichlet character of modulus ¢, with
A = A(xo), it follows that A(x) < Aq¢™™. In this case, x(1) = 1 and the Artin
conductor is ¢, so A(x) < dyNyjgq < dug™ < ¢"M. If L = K((g), x1 is a
character induced by Gal(K/Q), and x2 is induced by a Dirichlet character modulo
q, then in this case A(x1 ® x2) = A(x1)A(x2). Therefore, A(x1®x2) < A(x1)q™™.
A simple case of the conductor discriminant formula is the relation

M]

(0.4.1) dr, = dy ™ Naso(dran),

where dr,/ps is the relative discriminant,
dr/m = Hf(X)X(1)7
X

and the product is over all irreducible characters x of Gal(L/M). (See [19], Propo-
sition 4.8.)

We now define A(s,x) = A(x)27(s, x)L(s, x) for Re(s) > 1, which has a mero-
morphic continuation to the whole complex plane and functional equation

A(57X) = W(X)A(l - SvY%

where W(x), the Artin number, is a complex number of absolute value 1. The
character x is the complex conjugate of y. That is, if y is the character of the
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A BOMBIERI-VINOGRADOV THEOREM FOR ALL NUMBER FIELDS 4993

representation p : G — GL(V'), then  is the character of the contragradient repre-
sentation p : G — GL(V*), where V* is the dual of V and p is defined by

(g (f),0") = (f. 05 (v))

forallg e G,v €V and v* € V*.
It will be convenient to set

1_, _ _
(0.4.2) O(s,x) = WH)AMN) > y(1 = 5,3)7(s,x) "
With this notation we can rewrite the functional equation as

since A(x) = A(X)-
We will use Stirling’s inequality in various forms. For o fixed, as |t| — oo (see
[16], ex. 6.3.15),

(0.4.4) T(o + it) ~ e 27 |t]7=2/27,

For s = o + it,

(0.4.5) (s, x) < [AQ)(lt] +2)"]2 7.

Logarithmically differentiating (Z.2]) and applying Stirling’s formula, we also have
9/

(0.4.6) 6(8,){) < np(log(Jt] +2) + ﬁ)

0.5. Congruences and characteristic functions. Let K/M be Galois with
group G. In the average, we wish to estimate the number of prime ideals p in
M which are unramified in K such that o, = C for a fixed conjugacy class C' of G.
We extend class functions to the ramified primes as in §0.21 Let ¢ : G — {0,1} de-
note the characteristic function of C'. By the orthogonality relations of characters,
for a fixed element g of C,

(0.5.1) So = tgt > ilg)m,

where the sum is over irreducible characters n of G. An alternate decomposition is
as follows. Let H be a subgroup of G such that HNC # (. Let h € HNC and let
Cp be the conjugacy class of h in H. With A = \E}gfj\ and the induced character
as defined in §0.2]

6o = ANInd%éc,, .
We wish to count only those prime powers p™ so that Np;op™ = a (mod q)
and o' = C. If KN Q(¢,) = Q, with G, = Gal(K({,)/M),
Gy = G x Gal(Q(()/Q) = G x (Z/qZ)*.

Fixing this isomorphism, let the conjugacy class C’ be the class associated to
(C,C3), where C is the preferred class in G and Cs is a class in (Z/qZ)* cor-
responding to the congruence condition. Let ¢ and 0,4 = dc, be characteristic
functions on G,. (For an element (g,t) € Gy, define dc(g,t) = 1if g € C and 0
otherwise. The function d, 4 is defined in a similar manner.)

Definition 0.1. Let £ = £(C,a,q) = ¢ = d¢ ® daq-
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4994 M. RAM MURTY AND KATHLEEN L. PETERSEN

For a subgroup H of G with H N C # 0, set Hy = H x Gal(Q(¢,)/Q). If x is
a Dirichlet character of modulus ¢, then x induces an Artin character by defining
x(op") = x(Np™) since as MNQ(¢;) = Q in the extension M ((,)/M, the conjugacy
class of Np determines the Frobenius element. By Mackey’s induction theorem,

b ® x = AInd§! (3¢, ® x),

where we have used x for the character on both G, and H, induced by the character
x modulo q.

As in ([O33),
(052) L(Sa 5C®X7L/M) = L(Salndflz (5CH ®X)a L/M))\ = L(Sa 5CH DX, L/LH))\a

where LT is the fixed field of H.

0.6. Chebyshev ¢ functions. For L/M Galois and a class function f of Gal(L/M)
we define

Wi, f,L/M) = Y (log Np)f(op),
Npm<z

where the sum is over powers of those prime ideals p of M unramified in L, and
N = Njr/q- We suppress the field extension unless there is need for clarification.
When f is trivial this is ¢ (x). After smoothing with the inverse Mellin transform

(m?
(06.1) dle )= 15 3 (log Np)(log

" Npm<z

T
m

Np

)* (o)

To make the connection with L-functions precise, we include ramified primes in our
summation. We do so by extending the class function f to the ramified primes as
in §0.21 We denote the inclusion of ramified primes by the decoration ~ over the
function.

For an Artin character y, if Re(s) > 1, by examining the logarithmic derivative

of L(s,x) (see [@32)), ¥ (z, x) is the partial sum of the coefficients, and

- 1 L s

0.6.2 =—— — —d
( ) Vi (2, X) 2mi Jio) L (5, %) gkl ok
where the integration is on the line Re(s) = 2.

We will begin by estimating an average involving the error term ¥(z,C,q,a) —
d(C,q,a)x, and show that it is equivalent to one which includes ramified primes,
corresponding to the function ¢(z,C,q,a) = ¥(x,&, K({;)/M), where £ is as in
Definition [0l In turn, we will rewrite this average as one with functions of the
form

U(x,0c @ X K(G)/M) = Y (log Np)dc(of")x(Np™),
Npm<zx

where x is induced by a Dirichlet character of modulus ¢ and the sum is over powers
of prime ideals p in M. These functions can be smoothed by the inverse Mellin
transform. Taking coefficient sums of (.52 with the notation from 0.5
(0.6.3)

&k(x’éc & XvL/M) = J)k(l'vlndgz((scH & X)vL/M))\ = /(Zk(x’(SCH & X’L/LH)/\'
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c
Writing the characteristic function £ = }GI g 7(g)n (see §0.H)), for Re(s) > 1,

using (0.3.2)),
' |C|
L - __ E :

n
By ([@.6.2),
(0.6.4)
~ 1 r z® 1 L x®
LIM)=—— | 256X ds=——1SIN"5 /_ o
wk(xaga / ) 271 @ L(87£)5k+1 S 27i ‘G|§n:77(g) @) L(San)sk_;,_l S,

where the integration is on the line Re(s) = 2.

0.7. Abelian L-functions. In our previous definitions, the Artin characters are,
in general, non-abelian characters of Gal(L/M). We now rewrite the L-functions in
terms of abelian L-functions. We follow [I3], using the methods of Deuring [8] and
MacCluer [14]. In ([0.6.4) we rewrote £ as a sum over irreducible characters using
a preferred element g of G = Gal(K/M). Let H = (g), the cyclic group generated
by g, and let E be the fixed field of H. Since H is cyclic, the irreducible characters
of H are one-dimensional.

From (0.6.3))
'(/;(1"760 ®XaL/M) = qu(xa(SC'H ®XaL/E)a

where the characters on the right are one-dimensional by construction. We can
further write the character d¢,, as the sum over irreducible characters from (Q.5.1]),

dou = 15> "),
n

with g € H N C. We conclude that

Uk(,00 @ X, L/M) = My (@, 00y ® X, L/E) = {1 Y 7i(9) (w1 ® X, L/E).
n

By ([@.6.4),
L/ S

1
0.7.1)  Yp(2,0c @ x, L/M) = —Q—FZ / (@ X, L/E) k+1d
n

The motivation behind rewriting our functions in terms of abelian characters is
the following, which are known to hold only in the abelian case. In the following,
L(s,n) is an abelian L-function and 7 is assumed not to be the trivial character.
(See [13], 432-434.) The Hadamard factorization for constants By (n) and B(n) is

As,m) = P DB TT(1 = 2)ef,
P

where p runs through all of the zeros of A(s,n). These are the non-trivial zeros of
L(s,n), those for which 0 < Re(p) < 1. By logarithmic differentiation, using the
above,

L 1 1y 1 ~
(0.7.2) Tem=Bm+3 (s + ) - gloadl) — -~ (s.n).
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4996 M. RAM MURTY AND KATHLEEN L. PETERSEN

From [13], Lemma 5.1, Re(B(n)) = — > Re(%). Therefore,

/

(0.7.3) %(s,n)—l—%(s,ﬁ):Z( ! + 1_)—%logA(77)—%(5,77),

s—p Ss—p

where the sum runs through all non-trivial zeros p of L(s,n).

1. REWRITING THE AVERAGE

We continue to consider K/M Galois with group G, and let L = K({,). If
1<a<gqgand (a,9) =1and KNQ({,) = Q, then L/M is also Galois with group
isomorphic to Gy = Gal(K/M) x (Z/qZ)*. We let £ = £(C,q,a) = dc ® b4, be
the class function from Definition [I.Jl Therefore, @[;(a:, C,q,a)= 1;(90, & L/M). We
wish to estimate the average (for a suitable choice of (1)

/

max max
(a,q)=1 y<z

U)(yv Ca q, CL) - d(C7 q, a)y )

q<Q1

where the decoration ’ on the summation indicates that the sum is over those ¢ so
that K N Q(¢;) = Q. For these ¢, d(C,q,a) = %ﬁ To simplify expressions,
we will let ri(z,C,q,a) = Yi(x,C,q,a) — d(C, q,a)x and decorate r to mirror the
corresponding v function. The goal of this section is to prove Proposition[I.8 which
states that in order to show that the above average is O(x(logx)~4) it suffices to

show that for all values @ < @; there is a k > 0 so that the average

1 ! * b -
QT Tl K G B % ol

7<Q X

where K/F is abelian.
First, we show that the contribution of the ramified primes is negligible.

Lemma 1.1. Assume that 1 < a < q and (a,q) = 1 with KN Q({,) = Q. Then
with

1
By = Ei(x,k) = y(logﬂﬂ)kﬂ(log dic +nae?),
the following hold.

(1) Yu(z,C,q,a) — ¥p(x, &) < Ei.

2 max ma ,Coq,a)| — max max |7, (y, )| < Q1 E1.
(2) 3 max max|ri(y, C.q,0) i max 7i(5,6)| < Qi
q<Q1 a<Q1

Proof. First we prove [Il The number of prime ideals p of M ramified in K is at
most

)

log2 — log 2
pldr/m o8 8

with N = Ny g and dg/ps the relative discriminant of K/M. By the conductor

discriminant formula (O.41)), dx = dE\I;:M}N(dK/M). We conclude that the number
of ramified primes is at most log d .
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Using definition (0.6.1]) the difference in part[dlis the following sum over ramified
prime powers:

% Z (IOgNP)(IOgNip)kf(O;n)_ %(loga:)kﬂugn( Z 1+ Z 1)

’ Npm<zx Np<z Np™<z
m>1

A

)lc+1(

1
< E(logw logdK—i—nMx%),

where [|{]| = max, , [§(0y")| < 1 since § is a characteristic function. This proves
part [Il
For part 2] from[I] the triangle inequality implies that |1k (y, C, q,a)—d(C, g, a)y|
_|1/}k(ya§) - d(anva’)y| = |Tk(y707qva’)| - |7::k(ya§)| < El' Hencea it suffices to
estimate
Z max maXEl(y, k) < Q1E1(z, k).
0<0n (a,9)=1y

O

We now show that the difference between iterations of the Mellin transform, even
incorporating ramified primes, is negligible.

Lemma 1.2. Assume that 1 < a < q and (a,q) = 1 with K N Q(¢,) = Q. Let
A > 1 and a positive integer n be given. Then with

(B

1
E2 - E2(x7kan>AaQ1) = (k—l—n) (logx) n(n+1)A+k+n+1Q1(long +nyx )

z|C|(log Q1) (loglog Q1)
|G(log )4

the following hold.

d(C,q,a)x

(1) ri(z,C,q,a) < gt + (log ) 3n(n+DA

max ITe11(y, C, q,a)|.

y<zenoga)™

I
(2) max max|7‘k(y,C q,a)|
1y
4<01 (a,q)=

/
< (logx)%n(nJrl)AZ 0
9=

Proof. Let ¢} () = ¢Yr(x,C,¢,a). For the first part of the proof we will let d* =
d(C, g, a). Since 9} is increasing, for any 0 < a < 1, using the mean value thoerem
one can show the following identity:

/ Vit —<¢k / Vr(t) dt

We can rewrite this as

max(avq)zl maxygze"(l‘)g z)—A |fk+n(y, £)| + EQ'

1 1
(*) EWZ:H(:U) — Ypyr(e” %)) <hp(a) < E(¢k+1(e z) — P (2)).
First, we will show
(+4) i) <ada+ = max i),

o y=z,xet
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Substituting the remainder terms into (@) we have
ap(z) < Ppya(e®z) — vp gy (2)

=d'er +ryq(e”x) —d*x — i ()

= (rppa(e®e) —rppq (@) + d7e(e” - 1)

= (rpy1(e®m) —riy 1 (@) + ad*z + O(a?d* ).
The last equality can be verified using the Taylor series expansion of e*. We
conclude that rj(z) < X(rj, (e*z) —rj (z)) + O(ad*z). Similarly, rj(z) >
L(rp1(x) =5y (€®2)) + O(ad*z). Together these imply (&)

Iteratively applying (%) with a,a?,..., o™ we have

(7)) < and*z + ag max [rpq(y)l,
y<zxe>3

where
2 n—1
ar = a+ae® +ae® 4o aeTT T < a(ne ) < a,
as = a 2n(n+1)
as=a+ao’+---+a" <na.

This implies that 7} (z) < ad*z+a 2" ("1 max 7 +n(y)]- Choosing av= (log ) =4

y<zxen
completes the proof of [Il
Summing [l implies that
/
max max |rk( )| < (log a?)%"("H)A Z max max 7% 2n ()]
(a,q)=1 (a,q)=1 y<genlogz) =4
q<@Q1 q<Q1
+ ZI d(C, q, a)x
q<Q1 (log x)A

Focusing on the error term, since
! C
> d(C,q,a) :G: 3 ¢ > ¢ g < oz Q)(loglog Q1)
q<Q q<Q1 q<Q1
(see [11], §18.4), we conclude that
Z/ d(C.q.a)z  |Cla(og@i)(loglog Q1)

A A
2= “(logn) Gl(log 2)
Therefore
" max max [ri(y)] < (logx)? n(nth)A max max 17%2m ()]
g<Q1 (a,q)=1 y=z 4<01 (a,9)=1 y<genoga)=4
|Cz(log Q1)(log log Q1)
|G|(log z)4 '
With Lemma [ part @ this directly proves part @ as e(l°g 2" is bounded when
A>1 O

Using the following identity for Dirichlet characters xy modulo ¢,

ZY(G)X(TL) _ { #(¢) ifn=a (mod q),

0 otherwise,
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it follows that

i, ) = Zx Y (x,0c @ X).-

x(q)

¢(
The trivial character contributes the term 1 (z,6¢) and

Tr(z, &) = @k(x,f) —d(C,q,a)x
(1.0.4) 1

m X;Oy(a)wk(xaéc & X) + ¢( ) <

We bound the second term on the right by the effective Chebotarev density theorem
in the form of Lemma [[.5l part [l The first term is estimated in Lemma [[.5] part
The Chebotarev density theorem we require is a combination of a slight modification

of Theorem 1.3 of [13] and Theorem 1’ of [22] (as mentioned in [13]). We state these
results below.

Yr(z,0c) — % )

Theorem 1.3 ([13], Theorem 1.3). Assume K # Q. There is at most one zero of
Ci () in the region defined by s = o + it with
1—(4logdg) ' <o <1, |t| < (4logdk)™"

If such a zero exists, it is real and simple. Let B denote this zero if it exists. If
x > exp(10nk (logdx)?), then

IC] s
G
where the B term in E3 is present only if such an exceptional zero exists, and the
implied constant is effective and absolute.

r(z,0c) < E3(x) = P4 zexp(—cny (logx)%)

We will combine this with a result of Stark’s to bound such a 5. These two
theorems give an effective bound on the error term.

Theorem 1.4 ([22], Theorem 1’). There is an effective constant cz such that

1
B < max{l — (4ng!(logdx)) ™', 1 — (cadp )~ }.
Lemma 1.5. With E4 = E4(z,k) = (logQ1)(loglog Q1)(E1(z, k) + Es(x)) (with
E1 and E3 as in Lemma [l and Theorem respectively), the following hold.
(1) 7r(z,0c) < Er(z, k) + E3(x).

/ 1
(2) max max|rk(y, )| < Z @ Z max|¢k(y,5c®x)| + E4, where
4<Q; (»U= a<Q1 XF#X0
the final summation is over characters x modulo q.

Proof. First we prove part [l From Theorem [[3] r(z,dc, K/M) < FEs3. This
implies that

/j (t,6¢) Cit /j (w(t dc) — Ig}t) dt <</1 (}g}tﬁ +texp(—cng? (logt)%)) Cit

Since the left hand side is r1(x, d¢), upon evaluating the integral, and using L’Hos-
1

_1 _1
pital’s rule on the quotient of | exp(—cn? (log t)2)dt by exp(—cn g (log 2)2) for
the last estimate,

1 1
ri(x,dc) < %xﬂ + zexp(—cng?(logz)?) = E3(z).
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Repeating the inverse Mellin transform implies that for any k, ri(z,0c) < Es(x).
By Lemma [Tl part [ 7x(z,dc) < Ey + Es.
Now we prove part 2l Combining the estimate in part [l and (04),

1 ~ 1
e, §) €« — X(a r,00 @ x) + —(E1 + E3).
k( f) ¢(q) X;O X( )djk( C X) (b(q)( 1 3)
Let 5= 5 max max|rk(y €)|. Therefore
=5 (@)=l y=
q<@

S<<Z Zmax\wky,5c®x|+z E1+E3)

a<Q q<@Q1

Since Fy and FEj3 are independent of ¢, with the estimate
3" 6(g)7! < (log Q1) (loglog Q1)
q<Q1

(see [I1], §18.4), we conclude that

S Z qb(q) Z max|1/;k(y,5c ® x)| + (log Q1)(loglog Q1)(E; + E3).

q<Q1 X7#X0

O

Now it suffices to estimate Z ¢( ] Z max lx(y, ¢ ® x)|. The next step in
q<Q1 q X#X0
our refinement is to replace the character sum by the sum over primitive, non-trivial
characters. We indicate this restriction on a summation by the decoration .

1
Lemma 1.6. With E5 = Es(x,k,Q1) = EQI log Q1 (log z)*+1,

1 _
maXWk Yy, 6c®x)| < (log Q1) —— » “max [ (y, dc®x)|+Es.
PIFTR PR

Proof. By definition ([Q.6.)), since x(0,") = x(Np™) when considered as a Dirichlet
character,

Julade@x) =2 3 (log Np)(log o Fdc(o X(NP™).

T
: Npm<azx Np

If x is a character modulo ¢ induced by the character x* modulo ¢* with ¢*|q and
q # q*, then

Uiz, 00 @ X) — Pz, 00 @ X*)

- % > (log Np)(log Nim)kdc( TYXX(NP™) = X*(Np™)).

Npm<zx
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The characters x(Np™) = x*(Np™) unless Np™ divides ¢/¢*. Here x(q) = 0 (by
the definition of a non-primitive character). Therefore

V(2,00 @ x) — Yr(z,0c @ X*)
1

= LS (lorNp) oz ) e (o) (e(VB™) - X (VB™)
Npm| &
< E(logm) (log—) 4 (logx)k“.

For a fixed modulus g,

) ) 1
e 3 max [y (y, 6 @ x)| = > o(q)

max W;k(ya dc @ x)|
X#Xxo X7#X0 (q) y=w

+0( L oga) 1 3¢ @),

where x* is the primitive character of modulus ¢* which induces y and the deco-
ration o on the second summation indicates that the summation is over only those
characters not primitive to the modulus ¢. Let

Z Z ¢ )maxhbk(yaéC@X)‘

q<Q1 X#Xxo
Then, it follows that

g — Z Z max|wk(y,5c®x )|+O(k,(10g37 kHZ Z ¢(Q)).
q<Q1 X#Xo 1= X

Rewriting this as a sum over the conductors (instead over the moduli of the non-
primitive characters),

=Y Z max i (y, do @ X |Z ¢

q*<Q1 x* <Q
q 1

O(kilogxk"’lz Z Z 1)

F=on i oy Y@

q<Q1

. 1 log Q1
and since — K see [7], Chapter 28, page 163),
2 5 < o) oo )
q<Q1
S < logQ Y Z ax [ (y; 6c @ X))
¢ <Q1 x*
s
k(logm log Q1 Z Z </5
¢*<Q1 x(g%)

Since there are ¢(¢*) characters modulo q* the right hand term is of the order

= L(loga)log Qs 3 1< —
q* <@

i (logx)kHQl log @1 < Es.
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We sum over dyadic intervals and use a standard estimate to replace the ¢(g) in
the summation in Lemma with a @, before at last combining the estimates of
this section.

Lemma 1.7.

7] ~
> Mz*rggglwk(%éo@ml
— s

q<Q1
< (logQ1)(loglog Ql) E E max|1/)k Yy, 00 Q@ x)|-
Q<Q1 Q <0 x

Proof. Let S be the double summation on the left side of the asymptotic in the
statement of the lemma. Break 1 < q < @1 into intervals of the form (9 Q], so

2
S = Z Z ¢ j max * ¢k (y, 6 ® X)|,

€(%£.Ql

where n ranges from 0 to [log2 Q1] and Q = 21, Since there are log @y of these
intervals,

S <logQ 1 Z ¢ e 2 * Yk (y, 6c @ X)|.
1 loglog q . .
The bound @ <« ——>= (see [I1], §18.4) gives the new estimate:
q
loglog ¢ .7
S < logQ1 | max > L max 0k (y, 6c @ x|
a€(%.Q] X

Since%<q§QaHdQ§Q17

S < (long)(loglong)K%gXQ 5 > max Z Wk (y, dc ® X)|,
T qe(sz] -

which is clearly less than the summation over the expanded range g < Q. O

We combine Lemmas [[.2], part 2 [[6, and [[L7] to transform the average into
a more usable form.

Proposition 1.8. Let K/M be a Galois extension of number fields, with group G,
and let C be a conjugacy class in G. Let H be an abelian subgroup of G such that
HNC # 0 and let E be the fized field of H. For any € > 0 and Q1 < x%’f, n
order to prove that for any D > 0

' ro(y: €, 4,0)| <
max max|ro(y,C,q,a)| < 7——5,
1<0, (@O=1 yse (log x)
it suffices to prove either of the following:

(1) For all1 <Q < Q1 and any F > 0, there is a k > 0 such that

Qq;) ZX: maXIwk(y,éc(E@x, (Cq)/M)|<<( Sz )P

where the second summation is over all primitive non-trivial Dirichlet char-
acters of modulus q.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



A BOMBIERI-VINOGRADOV THEOREM FOR ALL NUMBER FIELDS 5003
(2) Forall1<Q < Q1 and any F > 0, there is a k > 0 such that

QZ > max |k (y, @, K () /B)| < g

where the second summation is over irreducible non-trivial characters w
of Gal(K((y)/E) such that A(w) < Aq"E, where A is the conductor of

L(s, K/M). Moreover, one may assume that there are O(¢(q)) characters
w in the second summation.

Proof. First, we prove part [[I Let Ey = Eg(x k,0,A) (as in Lemma [[2), f =

exp(k(logz)~4), A’ = 1k(k+1)A, and S = (mf;mxl max\ro(y,C q,a)]. We will
1<Q, ‘T

show that for every B > 0,

/ 1 / ~ T
S < (logz)* 3 max — * ma ,00 ® + —
(log ) 13@522162(1;2 ZX: max [V (v 60 @ 0|+ op

This proves the proposition, as we can replace zf with z in the maximum since
1<f< (ek!) when z > 2. It then suffices to choose F' > D + A’ + 3.
We now estimate S:

S < (logz)? " max max |7k (y, &)| + Fa Lemma [[2 part 21
S5 a1y
’ / 1 ~
< (logz)? Z el Z * max [k (y, 6c @ X)|+FEa(zf)+ Ey Lemma [[H part
Yysx

q<Q1

< (logz)* log Q4 Z Z max [k (y, 50 @ X))
Q<Q1
+ E5(xf) + E4(zf) + B2 Lemma [[6l

< (loga)* (log @) (loglog @) max 5 Z;) 3 maluly b0 @ )
+ E5(ac];) + Eq(zf) + E> Lemmal[l7
Let A” = (kA +1)(k + 1)A. Since Q1 < 227, f is bounded, and from Theorem
L4 8 < {1 - (4nk!(logdk))~1, 1 — (03d1"(1K )"}, by direct analysis the error
BEs(zf) + Ey(af) + By < 2" (logz)?” + z(logz)?>~*

1
2P (log 2)? + z(log z)? exp(—cn . (log xf)%)
< z(logz) P,
—1
choosing A —2 < D. (Note that exp(—cn > (log 2f)?) < (logz)B for any B > 0.)
This proves part [
Now we prove part 21 By the equation before (0.7.1]),

U (x, 60 @ X, K(G) /M) = ES}Zn Yi(2,m ® X, K(C)/B),

where the summation is over irreducible characters n of G. Since 7 is irreducible,
for x a primitive character of modulus g, n ® x is also irreducible. By §0.4] if
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w=17n®Xx, then A(w) = A(n® x) = A(n)A(x) < A(n)Ag", which is O(Aq"*)
with the implied constant depending only on K. Therefore,

Uk (w,0c ® X, K (C) /M) < }E:ZwkwK(cq)/En

where the sum is over irreducible w of Gal(K((,)/FE) such that A(w) < Ag"". Since
this is a finite sum over the w by part [ it suffices to bound the maximum. O

Definition 1.1. For K/M Galois and C' a conjugacy class of G = Gal(K/M), let
H be an abelian subgroup of G so that H N C # () and let FE be the fixed field of
H. Letting H be the largest such subgroup, define d = ng.

We will prove the above estimate for small values of @ (those at most (logz)?)
in Proposition 1] and for large values of @ (those between (logz)” and min{zz ¢,
xﬁ_e}) in Proposition Bl

2. THE INITIAL RANGE

By Proposition [[.8 part 2l we can reduce to the case of K/F abelian and consider
the functions 9 (z, w, K (¢,)/E), where w is a non-trivial irreducible Hecke character
of Gal(K (¢,)/E) and ¢ = 1g. We will assume that K/FE is abelian for the remainder
of the section and that A(w) <« Ag¢"F, where A is the conductor of L(s, K/M),
which we can do without loss of generality by Proposition [ part We let
L = K({;). We will suppress the notation of K({,)/F in writing ¢ functions and
associated L-functions unless needed for clarity.

This section will be devoted to the proof of the following proposition.

Proposition 2.1 (Initial range). Let K/E be an abelian Galois extension, and let
D and ~ be any positive constants. For all Q < (logx)? we have

szmaijyv |<<( )

q<Q w

where the inner summation is over all irreducible, non-trivial characters w of
K(¢,)/E such that A(w) < Aqg?.

Proposition 2] follows from Proposition

Proposition 2.2. For K/E abelian, there is a positive constant ¢ = ¢(K, E) so
that for any non-trivial irreducible character w of Gal(K((y)/E),

[P(z,w)| < (log A(w))z exp(—c(logz) 7).

Before proving Proposition 2.2] we show that it implies Proposition 2.1

Proof of Proposition 21l Let D > 0 be fixed. By Proposition 2.2] there is a ¢ > 0
so that

[z, w)| < (log Ag"®)x exp(—c(logz)?).
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Assume that Q < (logx)”; then for some positive N, A(w) < A¢"2 < (logz)™
We have
1
0 Z Z max|1/) y,w)| € = Z d(q)(log A(w))z exp(—c(log ) ?)
<Q Xx q<Q
< Q(log x)Nz exp(—c(log x) %)
< (logz)" Nz exp(—c(logz)?)
< z(logz)~P.
Therefore it suffices to prove Proposition O

The remainder of the section will be devoted to the proof of Proposition
In 42711 we prove preliminary results about zero free regions and Siegel zeros. In
the following section, §2.2] we provide the framework to prove Proposition by
connecting &(x, w) with the zeros of L(s,w) using the method of contour integration.
Finally, in §2.3] we prove Proposition

2.1. Zero free regions. We wish to bound ¢ (z,w, K(¢,)/E). With ([0.6.2) we will
do so by showing the existence of a region with at most one zero for L(s,w) and
provide bounds for this possible zero. This closely follows the bounds in [I7] and
[22]. In what follows, we use the notation s = o + it.

Definition 2.1. For K/E abelian and parameter ¢, let
1
L(t) = 3 log A(w) + ng log(|t| + 2).

Since A(w) < Ag?, L(t) < 3log(Ag?) + nglog(|t| + 2). We now compile some
facts, mainly from [I3] (pages 432-434) and 0771 We will assume that w is an
irreducible non-trivial Artin character. First, we prove the following lemma.

Lemma 2.3. Let s = o + it. For a constant C7 with 1 < ¢ < C7 and non-trivial

irreducible w, there is a positive absolute constant Cy such that
/

—Rei(sw < CoL ZR@(S_ )

Proof. By (07.3),
¥ 1 1 1 v
SN R SVE T

p

/

Stirling’s formula for ¢ > 1 (see [I3], Lemma 5.3) implies that Rel(s,w) <
Y
ng log([t| + 2), which proves the result. O

The following proposition gives a region with at most one zero, which must
be real and simple. Proposition 2.8 gives more precise bounds for such a zero.
Propositions 2.4] and 2.8 will be used in the proof of Proposition

Proposition 2.4. There is an absolute positive constant C such that L(s,w) has
at most one zero o + it in the region

C
L(t)

1— <oc<1.
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If such a zero exists, then it is real and simple and w is a character of order 1 or 2.
(That is, w is a quadratic Hecke character, since w is assumed not to be the trivial
character.)

We will call this zero S if it exists, and refer to 8 as a Siegel zero of L(s,w). By
the functional equation ([(Z3)) this implies that there is at most one zero of L(s,w)
in the region 0 < o < C/L(t) as well. This zero, 1 — 8, must be simple as well.
If the constant C is large enough such that 1 — C'/L£(0) < %, then Proposition 2.4
implies that there can be no zeros in the range 1 — C/L(t) <o < 1. If D < C the
region 1 — D/L(t) is contained in the region 1 — C/L(t). Therefore, we can assume
that C' < 3£(0) = 1(4 log A(w) + nglog2).

Proof. We will use the notation p = 3 + iy for zeros and s = ¢ + it for a complex
parameter. First, we will collect some useful facts. Recall that (if we extend w
multiplicatively) from ([0.3.2),

v (log Np)eo(oy') _ ¢~ A(Na)w(a)
~F(sw) = P PRttt Npms X e

p m=1
= ZA(Na)w(a)(Na)faefit(logNa),

where the first sum is over prime ideals, p of E, N = Ng/q and the last sum is over
ideals a of E. We can rewrite the trigonometric inequality (which holds for 6 € R)

3+ 4cosf 4 cos20 = 2(1 + cos 0)*

with cos® = Rew(a)e~#1°8 N With wy denoting the principal character of con-
ductor f(w), we have (see [7], page 88 of §14, page 195 of [2])

/ / /

L L L
(2.1.1) [ — 3Re— (0 wp) — 4Re L (0 +it.w) — Re— (0 + 2it,w2)] > 0.

By Lemma 3 of [22], for a number field F' with 7 real and r5 complex places and
s=o+ it with o > 1,

¢t 1 11 dp s I’
(2.1.2) —Re 2*(s )<Re;+ReS +§log( )—I— Re —(2)+T2Re—(s).

CF —]_ 227"2 ng 1" F
Also, from Lemma 1 of [22] (with f(s) = s(s — 1)(r(s)),
Z e log d +(l——lo )+—1£/( )+r (F/( )—lo 2)+ﬁ(s)
AR e e 3 T \g) (T les2) (s,

If s = 0 with 1 < ¢ < 2, then all terms after % log dr are negative and the left hand
side is positive. Therefore,

§
(2.1.3) C;( o) <

The proof will be based on estimates for the terms in ([ZI.1]), heavily relying on
RI12) and @I13). We will now estimate the first two terms of (ZI.I). Writing
out the summation for ¢ > 1 by direct comparison of terms,

1
U_1+§logdp.

/
_f(g’ WO) < —

@(U).

(e
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By this and 213,

(2.1.4)

/

1
_f((L wo) < : +Clﬁ(0)

for some positive constant C. For any s = o + it and zero p = 8 + iy in the range
0< B <1<o,wehave

1 —
Re( ): g ﬂ220.
s—p/ [s—pl

Due to this positivity, Lemma 2.3] implies that for such a p, there is a positive
absolute constant C5 so that

/

L 1
(2.1.5) —Ref(s,w) < CoL(t) — Re(s — p).

Choose t = « so that Rel/(s — p) = 1/(0c — ). Combining this and (ZI4) into
inequality (2.I.1)), there is a positive C3 so that

/
(2.1.6) Lﬁ < CsL(t) + %1 - Re£(0 + 2it, w?).

It remains to estimate this remaining —L’/L term.

Many of the auxiliary results we will use require w? to be irreducible. If w?
induced by w*, the difference between the corresponding L’/ L factors is small. This
difference is

L (log Np)w(o}")
Re L(sw (s,w” ‘—Re‘p%:)mz:l pms ‘

< log Nf(w) Y ZNp_m"

plf(w) m=1
< log A(w) Z (1 + Np“’)
plf(w)
<log A(w ZQ<2dK/ElogA( ) < L(1).
pldx
Therefore, replacing w? by w* in (ZIL6) only changes the positive constant in the
equality.
The argument now breaks into two cases, depending on whether or not w? is a
principal character. First, assume that w? is not a principal character. We may
/

L
assume that w? is irreducible. By (Z1.5) —Ref(s, w?) < C3L(t). Inequality ([ZI0)

now becomes, for 1 < o < 2 and a positive Cy,

4 3
Writing o = 1+ D/L(t), this is
D 4D .1 /D(CD—1)
P<It 2w ~ Grbovcw ' I® ( CiD+3 )
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Therefore, if D < C; ' we conclude that there is an absolute constant C' > 0 such

that

C
ﬂ<1_zﬁy

2 is not principal, as this is not in the

This concludes the proof in the case where w
prescribed range.

We now consider the case where w? is a principal character. As we can reduce to
considering irreducible characters, we may assume that w? is the trivial character.
Inequality (2I4) with the fact that 1 < o < 2 implies that there is a positive

constant D; so that

L/
—Re— 2it, w? _— D .
ReL (0 + 2it,w?) < Re(a — —|—2it) + D1 L£(0)

Substituting this into (21.6]), there is a positive Dy so that

)+<D2£@)+-—£i—

o—1

4
Re(
P e P

With o =14 D/L(t), if t =~ > D/L(t) we conclude that
4 16 L(t)

-5 35 p TPEO

and therefore
B<1—

D s4—-5DyD
L(t) <16 + 5D2D)'

For a sufficiently small D depending on Ds, the value D(4—5D3D)/(164+5D3D) is
bounded below by a constant. Choosing ¢ = v > D/3 log A(w) satisfies the bound
v > D/L(t).

We have shown that there are positive absolute constants C' and also D’ such
that if w is a non-trivial irreducible character, then any zero 3 + iy of L(s,w) with
v > D'/$log A(w) satisfies 8 < 1 — C/L(t).

It now remains to assume that w? is non-principal and

=1l < p
=y
1log A(w)
for a small constant D. We wish to show that there is a positive constant F' such
that there is at most one zero 8 + iy with 8 > 1 — F/L(t). It suffices to show that
there is at most one zero with 8> 1 — F/1log A(w) since 3 log A(w) < L(t). Such
a zero must be real, as otherwise there would be a pair of conjugate zeros.
By Lemma 23] for o > 1 there is a positive constant F; such that
L 1
—f(o,w) < F logA(w)—Z )

p 0P

where the last summation is real as the zeros occur in complex conjugate pairs. We
have
L/ —0o —o é'/E
—f(a,w) = E w(og)A(Na)Na™7 > — E A(Na)Na™° > C—(J).
E
a

a

Combining this with (213,
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Therefore, there is a positive constant Fy so that

< Fylog A(w) — Z !
P

2.1.7 - .
( ) c—17 o—p

Now we consider a few cases, depending on the type of possible zeros. Specifically,
we will first assume that there is a complex zero (and hence its conjugate is also a
zero) and then assume that there are at least two (possibly identical) real zeros. In
each case, we will conclude that there is a positive constant F' such that the real
parts of the zeros are less than 1 — F'/L(t). Therefore, there is a positive constant
C' such that there can be at most one zero with real part between 1 — C'/L(t) and
1.

Assume that there are zeros 8 + iy with v # 0. Inequality ([Z.I.7) implies that

200-8
p— nglogA(w)—%.

With o = 1+ 2D/ 3 log A(w) we have

Iyl < =3(c—-1)<3(c—p).

b
1 log A(w)

Therefore there is a constant F3 > 0 so that

1 8
——— < F3log A(w) — ——.
g1 - 1s () 5(c — )
This is equivalent to
8 o—1 2D 3 —10DF:
B<o—— T =1-3 ( 3).
51+ F35log A(w)(o —1) 5log A(w)\ 1 +2DF3

We conclude that there is a positive constant F' so that 8 < 1—F/L(t) if 3—10DF}
is positive. Choosing D < 3/10F;5 suffices.

It remains to consider the case where there are at least two real zeros, 51 < (3.
Inequality (ZI7) implies that

2
o— P

1 : < Fylog A(w) —

o — =

With o = 1+ 2D/ 3 log A(w) as before,

2D 1—-2FD
6 <1l- 1 ( )a
slog A(w) \1+2FD
and if D < 1/2F, we conclude that there is a positive constant F' so that § <
1—F/L(t). O

The following lemma is a refinement of the Brauer-Siegel theorem, which gives
a bound for 8. We require a bound for  that has minimal dependence on the field
L = K((;). The following facilitates such a bound, with only a logarithm term
depending on ¢. This is a refinement of Lemma 10 in [22].
Lemma 2.5. Let
Q=RKhchckhc---CF=F
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be a sequence of number fields such that for 2 <i <t, F;/F;_1 is Galois. If there
is a real 8 in the range

1 L <pg<l1
4(2np ) ogdpr —

such that (g () = 0, then there is a quadratic field S C F with (s(8) = 0.

This proof will make use of Theorem 3, Lemma 3, and Lemma 8 of [22], which
we summarize in the following theorem.

Theorem 2.6 (Stark).

a) If K4/K; is a Galois extension of number fields and o is a simple zero of
Crk,, then there is a field Ky cyclic over Ki and contained in K4 such that
for any field K5 between K1 and Ky, Cx,(a) = 0 if and only if Ky C Ks.
If « is real, then Ko = K1 or is quadratic over K.

b) If K is a number field, then (x has at most one zero o + it in the region
o>1—(4logdr)™ ", |t| < (4logdg )~ L. If such a zero exists, it is real and
simple.

c) Let K be a number field. If there is a real o in the range 1 — (4nx!log d)~*
< a < 1 such that (kg (o) = 0, then there is a quadratic field S contained in
K so that (s(a) = 0.

Proof of Lemma 235 We will first prove the following claim.

Claim 2.7. Let A C B C C with C/B and B/A Galois. Assume that there is a real
8 such that 1 — (4logdc)~™! < B < 1 and (c(B) = 0. Either (4(3) = 0 or there is
a quadratic extension Ay of A with Ay C C such that (4,(8) = 0.

First, we show that Claim 27 implies Lemma[235 Since 1— (4(2n1)!logdr)~t <
B and 4logdr < 4(2ny)!logdr, 1 — (4logdr)~! < B. By Claim B7 ¢r,_,(8) =0
or there is a quadratic extension @Q;—1 of F;_o such that (g, ,(8) = 0. Since
both 4logdg, , and 4logdp, , are less than 4logdr, we can proceed inductively
and conclude that (g, (8) = 0 or there is a quadratic extension )2 of Fy such that
Cg,(B) = 0. Let S’ be this field. Therefore, ng: < 2n;. Discriminant relations imply
that dss < dp so that 4ng/!logds < 4(2n1)!logds: < 4(2n;1)!logdp. Therefore
1 — (4ng!logds/) ™t <1 — (4(2n1)!logdr)~! < B, and by Theorem 2.8l c) there is
a quadratic field S C F such that (;(8) = 0.

Proof of Claim 27 By Theorem b), 8 is simple. By Theorem a) either
¢g(B) = 0 or there is a quadratic extension By of B contained in C such that
¢, (B) =0. If (5(B) = 0 we can apply Theorem [ZGl b) and a) again and conclude
that either (4(8) = 0 or that there is a quadratic extension A; of A contained in
B C C such that (4,(8) = 0. Otherwise, assume that (g, (5) = 0 and (p(8) # 0.
If B, is Galois over A we can reapply Theorem [2.61b) and a) to again conclude that
either (4(8) = 0 or there is a quadratic extension A; of A contained in B; C C
such that (4, (8) = 0. Therefore, it suffices to show that B; is Galois over A.

We will assume that B; is not Galois over A. By Theorem a), for any field
E between By and C, (g(8) = 0. Let Bj be the conjugate of By over A, so
[B] : B] =2 as B/A is Galois. Both By and Bj are Galois over B, so the composite
B; = BB} is Galois and degree 4 over B. Since Bj is the A conjugate of By,
(B;(8) = ¢B,(B) = 0. By the Aramata Brauer theorem [I] [5] (5,(5) = 0. In fact
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(see [22], Theorem 3 or Lemma 12), the multiplicity of the zero is at least two. Since
By C C,dp, <dc and 1 — (4logdp,)™! <1— (4logdc)~! < B, which contradicts
Theorem [Z.0] b). O

O

We have L(5,w, K((;)/E) = 0. By Proposition 24] w is a real quadratic char-
acter. Since w? is a principal character, w must evaluate to £1 on all elements
g € G=Gal(K((;)/F). Let H < G consisting of all g € G such that w(g) =1, so
G/H = Z/27Z. Let N C K((,) be the fixed field of H. By the Galois correspon-
dence, [N : E] = 2. By construction, L(3,w, N/E) = 0. Since [N : E] = 2, if g, is
the identity, w(oy) = 1, and otherwise, w(o,) = —1.

The splitting type of the non-ramified prime ideal p in F is easily determined
by the Frobenius elements o,. Let q be a prime ideal of N lying over p. The
unramified prime ideal p splits exactly when Ny/,oq = Ng/gp and is inert when
Nn/gd = Ngjop®. Therefore, since oy, is defined as op(z) = zV#/2P (mod q), we
see that o, is the identity exactly when p is split in IV and oy, is not the identity
when p is inert.

The unramified Euler product for L(s,w, N/E) (indicated with a subscript u) is

L,(s,w,N/E) = H (1 —W(UP)NE/QP_S)_I

p
= J] 0= Npjep™) ™" T 1+ Nejgp™)~"
p split p inert

The unramified Euler product for {x(s) is

(C)u(s) =]O=Nyga ™)'= J] 0=Nyga )" J] (1-Nwjga ™)™

q q|p split q|p inert
= [T @ =Nejep™)" J] (1 = Npjgp>)~"
p split p inert
= Lu(s,w,N/E) J] (1= Ngjgp~)~".
p inert

Therefore, L(s,w, N/E) divides {y(s) and 8 is a zero of (x as well. Similarly, by
Aramata Brauer [Il 5] one can see that {y(s) divides (xn(s), so S is a zero of (xn
as well.

We may also view w as a (real) quadratic Hecke character of E. The next
proposition is an analog of Siegel’s theorem giving a bound for the possible real
Siegel zero in Proposition 2] and is an adaptation of Stark’s [22] method. The
purpose of this proposition is to get a bound for 5 which only depends on K and
E.

Proposition 2.8. Let e > 0 be given, and let w be a non-trivial irreducible character
of K((y)/E such that A(w) < Aq™®. There is a positive constant C = C(€) so that
if B is a Siegel zero of L(s,w, K({,)/E), then

S <maxq1l-— 20 ,1— L 5 .
(d5,A)2e 4(2ng)nk log(dsA)

Proof. We will assume that 1 — (4(2ng)!nk log(d4A))~! < B < 1 and prove that
B<1—C(duA)~%.
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By the conductor discriminant formula (LAI) dxny < dy. Moreover, since
[N : E] =2, dy/g = A, the conductor of (g (since the only irreducible character
is the principal character), and dy = d%4A. We conclude that dxy < (d5A)"%,
removing the dependence on N.

Therefore, if 3 > 1—(4(2ng)nk log(d4A))~!, then 3 > 1—(4(2ng)!logdx n) .
Applying Lemma to the fields Q C E C N C KN, we conclude that there is
a quadratic subfield S of KN with (s(8) = 0. By the classical Siegel theorem
(cf. [7], §21) there is a constant C' = C(e) > 0 so that f < 1 — Cdg“. (The
conductor discriminant formula implies that ds = dg/g = f, the Artin conductor,

since S is quadratic.) Since dgK/2 < dgn we conclude that 8 <1 — C’d;f;/"“ <
1 — C(d%4A)~2¢, using the above discriminant relations. O

We will need to estimate the contribution from the zeros close to the real line,
and so require the following corollary to Proposition [2.4] and Proposition 2.8

Corollary 2.9. Let w be a non-trivial irreducible character of K({,)/E such that
Alw) < AgE. If ¢ < (logx)7,

1
Z Tl < (loglog x)?,

lol<3
where the sum is over all non-trivial zeros of L(s,w).

Proof. By [13], Lemma 5.4 the number of zeros in the region |p| < 1 is O(log A(w)+
nglog?2). Since A(w) < A¢™E and ¢ < (logx)”, the number of zeros is O(log log x),
where the implied constant depends only on K, F and . By Proposition 2.4 and
the functional equation for L(s,w) there is at most one zero, 1 — 8 in the region
defined by Re(s) < C/L(t), and by Proposition 28] 1/|1 — 3| is absolutely bounded.
Therefore the summation is bounded by the number of zeros in the region |p| < %
multiplied by the maximum of |p|~! over the zeros in the region. It suffices to show
that |p|~* < loglogx for |p| < 1 and Re(p) > C/L(Im(p)).

For such a p, |p| > |s|, where s = o + it is on the curve C'/L(t) when 0 < ¢ < 3.
The modulus |s| > max{t,C/L(t)}, where 0 < ¢t < 1. As L(t) = Llog A(w) +
nglog(|t| + 2), we conclude that when 0 < ¢ < i, there is a positive constant
D depending on K, E and v so that £(t) < Dloglogx. Therefore, |p| > |s| >
C/L(t) > C/(Dloglogz), and so |p|~! < loglog z. 0

2.2. Contour integration. We closely follow the proof of Theorem 7.1 in [13]. We
sketch the ideas here, as we need a slight modification of their work. Note that we
are assuming that w is an irreducible non-trivial character of Gal(K(¢,)/E)
and will leave off any terms which are only present when w is the trivial character.
We will first obtain estimates by contour integration. Recall that from ([I3:2])

~ 1 L/ s
b o - ) _d .
Y(x,w) /(2) 7 (s,w) s

21 S

This differs from a truncated inverse Mellin transform
1 oo+iT L/ xs

for g > 1 by a sufficiently small error term, F; for 1 < T < x. We will let
0o = 1+ (logz)~!. This truncated integral can be evaluated by contour integration
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and Cauchy’s theorem. Specifically, we evaluate the contour integral

1 L fid
IB)=— | —— —d
(B) 2m'/B T (sw)ds
where B is the positively oriented box with vertices at og £4T and —U +iT where
U = j+ 1 for some non-negative integer j. (We eventually let U — co0.) As in [13],
we estimate

I(T) - I(B) = Es.

By Cauchy’s theorem I(B) equals the sum of the residues of the integrand at
poles inside B. Therefore, the main terms of 1[)(x,w) correspond to the residues
of L'/L(s,w) inside B. Since w is not the trivial character, L(s,w) is analytic in
B. As such, the main terms come from the zeros of L in B. Let S; denote the
contribution of the non-trivial zeros and S5 the contribution of the trivial zeros.
We have

|1/)(l‘,w)| :I(T)+E1 :I(B)+E1—|—E2281+SQ—|—E1—|—E2

The estimate of E; is very similar to the results in §3 of [13]. Therefore we only
sketch the proof of this estimate. We use the following, which is Lemma 3.1 in [13].
o+iT ys
Lemma 2.10. Lety >0, 0 >0, and T >0 and let I = — “—ds. Then
27 Jo_iT S
(1) |[I =1 <y"min{l, T~ "|logy| ™"} if y > 1.
(2) -3l <oT Vify=1,
(3) || <y min{1, T logy| '} if y < 1.

The estimates of F1, Es, S1, and Sy are summarized in the following, which is
the main result of this section.

Proposition 2.11. Let w be a non-trivial irreducible character of K(¢,)/E such
that A(w) < Aq™E. If ¢ < (logx)?Y, then for 1 <T <z

~ xrf 1 ng|w|z(logx)?
Y(z,w) — — = - L
R .

1
lpl<3

where the summations are over the non-trivial zeros, p, of L(s,w), and with G =
Gal(K (C) /E), ||wll = max |w(g)]

Proof. Using the definition of ¢ from (I6.I) and writing out the summation for

—L'/L as in (I3.2), we can write the error —F; = I(T) — ¢(x,w) as

1 O'0+iT

o [ (o Ne)elop) () ds) 3 (log NpJulop)

211 oo—iT om Npm<z

Switching the summation and integration, and grouping the three sums for Np™ <
x, Np™ = x, and Np™ > z, allows us to use Lemma [2.10] and conclude that this
error is bounded by the sum of the contribution of Np™ = x and the contribution
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of Np™ = z. Specifically, it is bounded by

m T\ . 1 T
> (ogNpJe(op™) () min{1, T log 2 ™)
Np""’;éil)

+ Y (log Np)w(op™)(ooT ™" - §).

Npm=z

The second summation is over at most ng elements p™, so it follows that the sum is
O(ngllw|/log z(coT~ — 3)). With o9 = 1+ (log x) ! this term is O(ng||w||(log x))
since 1 < T < z. Substituting o9 = 1 + (logz)~! into the first term, by [13] (§3,
pages 425-428) we conclude that it is O(||lw|nglogz(1 + 2T tlogx)) for z > 2,
and T > 1. Since T < x, we conclude that

By < ngllw||z2T~(logz)?.

To estimate Eo, we estimate the integral I(B) over the other three sides of the
box, B. To do so, we will assume that T does not coincide with any ordinate zero of
L(s,w). The integral I(B) is defined on the box with vertices g £ 7T and —U £ T.
We choose U = j+ % for some non-negative integer j. We are in the exact situation
as [13], §6. From [I3] (page 446, equation (6.13)),

By < x(logz)Tﬁl(log A(w) +nglogT) + TUﬁlx*U(log A(w) +nglog(T + U)).

As U — oo,
Ey < z(logz)T " (log A(w) + nglogT).
Therefore, as U — oo, since T' < z,

(%) Ey + By < z(logz)T ' (log A(w) + [lw||ng logz).

It now suffices to estimate S; and Sy. By Cauchy’s theorem, I(B) equals the
sum of the residues of the integrand at the poles of L'/L(s,w) inside B. Since w
is not the trivial character (or a principal character, as w is irreducible), the only
poles are the first order poles, which have residue +1, at the non-trivial zeros of
L(s,w) and the trivial zeros of L(s,w). These are dealt with separately in the terms
S1 and Sy, respectively.

The term S5 is the contribution from the trivial zeros. These correspond to the
first order poles of L' /L at s = —(2m—1) for m = 1,2, ... with residue a(w) and at
s = —2m for m = 0,1,... with residue b(w). (See [I3], page 442, equation (6.7).)
The residues corresponding to the zeros contribute

e [ ) B
—b(w) mZ:1 o1 a(w) 2. oy

1
+271). We can simplify this, since (see §0.4)) a(w) + b(w) = ng. The residue at
s = 0 contributes (see [13], pages 447-448) r(w) + a(w) log x, where
I I
r(w) = B(w) — 1log A(w) + inglogm — b(w)F(%) - %a(w)r(l)
with A(w) (the conductor) and B(w) as in (0Z2). Putting these together, the
contribution of the trivial zeros is

(1) Sz =r(w)+a(w)logz + Inglog(l —z7") + 1 (b(w) — a(w)) log(1 + 27 1).

Taking the limit as U — oo equals  (a(w)+b(w)) log(1—z71)+ 3 (b(w) —a(w)) log(1
(
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From [13] (Proof of Theorem 7.1, using (5.5) and (5.4)) we see that

(1) r(w) — § %<<10gA(w)+nE.
P
lol<3

The term S5 is the contribution from the non-trivial zeros. Each non-trivial zero,
p, has residue +1, and therefore the contribution is 2 p~L. Since A(w) < Ag?

and ¢ < (logz)7, by () and (ff)

P 1
(%) S1+ S <<Zx——|— Z — +log A(w) + ng(log z).

P lpl<3

Hence, @(m, w) < S1 + S2 + F1 + E5 can be rewritten as

- p 1
w(x,w)—zx—— Z - < E.
~p 5P
lpl<3

Since T < z, by ([@®) and (=)

E = z(logz)T " (log A(w) + ||lw|nglog z) + log A(w) + ng(log z)
< ngllw|z(logz)*T1.

As stated, T cannot equal the ordinate of any non-trivial zero. If T does, as
discussed in [13] (page 451, proof of Theorem 7.1), we can extend this estimate to
such T with an error term absorbed in our term. |

2.3. Estimates of zeros of L(s,w). This section is devoted to the proof of Propo-
sition From Proposition B.T1] we have

~ xP 1 nglw|z(ogz)?
(T, w) =y — — e
S N

1
lpl<3

where the sums are over non-trivial zeros p of L(s,w), 2 < T < z and the first sum
is over all p such that [Im(p)| < T.
Let

T = exp (% ((logac)% — 3 log A(w))) -2

so that £(T) = (logz)2. Since A(w) < A¢™?, ¢ < (logz)” and T < x, the error
term, ng|w||z(logz)?T !, satisfies the desired bound when ¢ < 1/ng.

Let N(t,w) be the number of zeros of L(s,w) in the region defined by |[t—Im(p)| <
1 and 0 < Re(p) < 1, and the second summand, > lp| 7! < (log logx)%, by

Corollary
It remains to estimate

> G-z Bl x5l

i<t P ogmy<2 P 2<mGry<r P

1
|P|<2
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The summation over 2 < |Im(p)| < T can be treated as follows:

1 1
Z — < Z N(t,w) max —
2<[Im(p)|<T o] 2<t<T jt-1m(p)I<t |p|

N(t,
< Z % < logT(log A(w) + nglogT),
2<t<T

by the standard estimate for N(¢,w) (as in Lemma 5.4 of [I3] or p. 267 of [17]).
Therefore, the second term has the bound

P
Tl <ar log z(log A(w) + ng log ),
2<[Im(p)|<T

where g is the largest possible |[Re(p)| in the range. By Proposition 24 and the
symmetry of L(s,w) about the 1/2 line, there is a positive absolute constant C' so
that these zeros are bounded by 1 — C/L(T), so g <1 — C/L(T). Choosing T as
above, L(T) = (logz)2. Therefore, 2~ /4T = exp(—C(logz)?) and the contri-
bution of this portion of the sum is zlogz(log A(w) + nglog z) exp(—C(logz)? ).
This satisfies the desired bound if ¢ < C.

By Proposition 2.4 there is one possible Siegel zero s = o+it in the region defined
by 1 — C/L(t) < o < 1. Let § denote this zero, if it exists. By symmetry, there is
one possible Siegel zero, 1 — 3, in the region defined by 0 < 1 — o < C/L(t). First,
we will bound the sum for the non-Siegel zeros, p, in the region 0 < |Im(p)| < 2.
By Proposition 2.4] these p satisfy

C C

C
[Re(p)| <1-— Z(tm(p) < 1= £2) ~ 1= Llog A(w) + nglogd’

Therefore, for such a zero

z’ _
‘?‘ <<xw—C(%10gA(w)+nElog4) 1|p|—17

where

L(m(p) _ L)
C - C

where the implied constant depends only on K and C. There are only finitely many
such zeros in this region, bounded by N(1,w) + N(2,w) < ng + log A(w) by [13],
Lemma 5.4. Therefore the total summation over the non-Siegel zeros is bounded
by

o™t <

= (3 log A(w) + nglog4)C~" < log A(w),

(ng + log A(w)) log A(w)zz~C(zles AWW)tnelog )~

A straightforward computation shows that this satisfies the desired bound if ¢ < C.

There remains to show the bound for the possible Siegel zeros. That is, it suffices
to bound 27 /B and z'~?/(1 — ), where 3 is the (real) Siegel zero in the range
% < B < 1. These are both majorized by % /(1 — 3). By Proposition 2§

C(e) 1 =1-
B < max {1 - (dpA)2e’ L 4(2ng)nk log(d%(A)} B

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



A BOMBIERI-VINOGRADOV THEOREM FOR ALL NUMBER FIELDS 5017

for some constant D = D(e, E, A, K). Therefore,
B
196_—/8 < zzPD7L,

It is elementary to verify that x~ < exp(—c(log x)%) ife<C.

3. THE TERMINAL RANGE

Proposition 2Tl allows us to estimate the average for Q < (logz)”. The following
proposition estimates the portion of the range greater than (logx)Y. We will let
d = ng as defined in Definition [[.1]

Proposition 3.1 (Terminal range). Let K/E be an abelian Galois extension, and
let D and v be any positive constants with v > 4d+ 3+ D. For e > 0, (logz)Y <

Q < min{z:¢ 272} and k > max{2, 41+ 4},

1 * )
53 3 ma s K/ B <

q<Q w

where the inner summation is over all irreducible, non-trivial characters w of
K(¢,)/E such that A(w) < Ag?.

We will prove this using an adaptation of a method of Gallagher [I0] as modified
by Bombieri ([], §7.2). First, we establish some notation. As the characters w in
Proposition Bl are abelian, we will now adopt the notation of Dirichlet characters.
We write

L(s,w) = Z anw(n)n=?%,
n=1

1 ad s

E(s,w) = nz::l bpw(n)n™?%,

r > _
—f(s,w) = 7; enA(n)w(n)n™%.
Letting 0 < z < x be a parameter to be specified later, we start with the identity
10, B3]
L/
(3.0.1) —f(s,w):G(l—LM)+F(1—LM)—L’M,
where L = L(s,w), L' = L'(s,w) and

M= M,(s,w) = Z bpw(n)n=?,

F=F,(s,w)= Z enA(n)w(n)n™?,
G=G,(s,w) = Z enA(n)w(n)n™%.

From (.6.4))
~ 1 r x®
Ui (z,w) /(2) —f(s,w)skﬁds,

" 2mi
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and, in fact, we can move the line of integration to any C' > 1. Integrating (B.0.1]),
~ 1 z 1 ¥

() TJ©)
1 il

- — L'M ds.
211 (©) Sk+1 5

Since F' and M are Dirichlet polynomials and L, L’ are analytic for all s, we can
move the line of integration in the second and third terms of the above expression

to R(s) =1/2.
Therefore,
> X max ()] < X 3 max [ j601 - Lan) s
9<Q w <Q w FTIO)
+> Z*I;lél;(/lﬂ (|F(1— LM)| + |L' M|)| |k+|1||ds|

q<Q w
Repeatedly using the inequality 2|ab| < |a|? + |b]?,

Z Z max|z/Jk Y, w)|

q<Q w

* 2 o 2 |ys|
<ZZ%%WHHW%WW

q<Q w

. ly°|
max L+ |F?+ |MP?+ |FM* + |L]* + |L']?

# 30 [ (AP IMP o [PMP L )l
For the first integral, we move the line of integration to C' = 1 + (logz)~! so that
ly*| < ya'/1°8% < y. For the second integral, as F', M are Dirichlet polynomials
and L and L’ are analytic for all s, we can move the line of integration onto the
critical line, so |y*| < y2. We obtain the bound

(3.0.2) Z Z max|¢k(y, w)| € x5, +x52+x253+:c254,
g<Q w Y
where
ds
S=2 % [ e
<Q w 5
=2 Y [ -
9<Q w 5
Sz=> > " / (14 |F)? +|M|? + |FM?) ‘H'l,
i |s|
si= 3 3 [ GnP L e
9<Q w i

In §311 we estimate So, So and S3 using Gallagher’s large sieve identity. After
making some initial estimates in §3.2] we use mean value estimates to handle Sy in
§3.3l These estimates are summarized in Propositions and 310, respectively.
In §3.4] these estimates are combined to prove Proposition 3.1l
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3.1. Gallagher’s large sieve inequality. We use the following form of the large
sieve (4], Théoreme 10).

Theorem 3.2. Let Z |An| < 00 and T > 1. Then

n=1

3 [ 3wt

g<Q w

dt<<Z\A 2(n + Q7).
We will often use Theorem in the following form.

Corollary 3.3. Let Z |An| <00 and C #0. Then for k> 2 and T > 1 the sums

n=1
dt
(%; / ‘Z nC“t C+|t\)k+1
and
n |ds
Sy [ |3 e
<@ w

are both O((|C|7*"1 +1) 377 | |A,>n 2% (n + Q?)).

Proof. We rewrite the second integral as the real-valued integral

(3.1.1) Sy / | Zan witl o — it
g<Q w
where B, = A,n~¢. We evaluate this over the interval [~1, 1] and proceed radially

out, over the intervals [—(j + 1), —j] and [, j 4+ 1] where 1 < j < T, and then take
the limit as T — oco. By Theorem [3.2]

>[5 Bt

<@ w

O — it|F Lt <<Z |0|k+1 o (n+ Q).

When t € [—(j 4+ 1), —j] U [j, j + 1] the quantity |C —it| > j, so the contribution of
BII) when t is restricted this range is bounded by

j—kflzz:*(/ ‘ZB"W /]H‘ian )

9<Q w (G+1)
1 [An
s Z n+ (7 +1)Q).

The estimate of the truncated integral from —7 to T is of the order

(3.1.2) ZICI’““ =(n+Q% +Z klﬂzl (n+ (j +1)Q?).

Summing over j, the second summation is of the order

oo An2 T—k+2—k T—k+1+2—k+1 L
Z'n20| ( ——nt — QQ)(|C| k=1 1),
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Taking the limit as T — oo and choosing k& > 2 to ensure convergence, we find

BI2) is of the order

- |An|2 2 —k—1
> S+ QIO 41,
n=1

We now estimate the coefficients a.,, b,, and c,.

Lemma 3.4. Let 74(n) be the number of ways of writing n as a product of d
natural numbers. Let a,, be the coefficients of L(s,w), by, the coefficients of +(s,w),
and ¢, the coefficients of —Lfl(s,w). Then 0 < |a,| < dlrg(n), |by] < dlma(n),
max |b.| < dlma(n), and 0 < |c,| < |an|m2(n).

rin,r<z

Proof. For a rational prime p, if there are [ prime ideals in E above p, label these
prime ideals by positive integers up to [. Let 1 correspond to the last d — [ labels.
Given an ordered product n = nins...ng write the ideal corresponding to n; as
follows. Factor n; into rational primes and take all ideals with the i-th label which
lie over each prime divisor of n;. Since there are d! orderings, and a,, is bounded by
the number of ideals of norm n, a,, < d!74(n), where 7;(n) is the number of ways
of writing n as an unordered product of j positive integers.

For the coefficients b,,, we have the relation that by = 1, and for n > 1

Z Gy bny, = 0.

nina2=n

The coefficient b,, is multiplicative, but not totally multiplicative. For any additive
partition p of m given by mi+---+m; = m consider the product a, = apm1 ...apm:.
Then, —bym = >, u(p)a,, where the weight p(p) is zero if p has any repeated
summands. Otherwise, it is 1 if the length of p is odd and —1 if the length is
even. If p is a prime, —b, = a,, and more generally, if m < d = ng, bym < (i) If
m > d, it follows that b,m = 0. Therefore, max, |, r< [b;| < 272(n) max,m |, [bym | <
Qrz(n)(Lg ) < dima(n), and also [b,| < dlra(n).

For the coefficients ¢,, we need only consider values of n which are prime powers.

From the relation
M
apM = E CpmapM—m
m=1

we deduce that
Cpm = Z ml(pm1)m27
mimso=m

where p,,, is the number of prime ideals of norm p™*. The estimate follows directly.
O

We remark that the precision of the inequalities for a,,b,,c, derived in the
above lemma are not essential for our estimates below. What is essential is that
they are bounded by divisor functions. One knows, for instance, that

S gy,
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and standard methods of estimation (see, for example, Exercise 4.4.17 on p. 67 of
[16]) lead to the bounds

Z Ta(n) < z(logz)?~1

n<x
and

3 ra(n)® < (logz) @D,

n<z
and these will be used repeatedly below as in [17].
We will now prove the following estimates for S;, S and S3. In §3.2] and §3.3]
we will estimate Sy in several parts.
Proposition 3.5. For k > 2, S; = O((d!)?(log x)(d+2)2 1+ %2)), Sy =
O((d!)Q(logzzc)(dJrQ)2 (1+ %2)) and S5 = O((d)*(log 2) (@) (52 4 Q?)).
Proof. We begin with S;. With C =1 + (log x)*l,
Sl Z Z / ’Z k+1 ns ‘ |d8|
<@ w n>z
By Corollary [3.3] since C' > 1,
cpA(n)? 2 2 Tat1(n)? 2
S1 <Y e (n+ Q) < (d) ZW(TL"‘"Q)'

n>z n>z

Estimating the dominant integral,

R _ 2 2
Sy < (d)?(log z) (27" ;=20eg )™ (1 4 Q—) < (d)?(log ) 2" (1 + Q—).

By definition,

d
S = ZZ/ — LM|* |kﬂ1

<Q w
and
1—-LM = - ZZbr,u )y, /rw(n Ztnw n_°.
n>z r|n n>z
r<z
By Lemma [3.4]
ty = ‘Zbran/,nu(r)‘ < dira(n) 3" Ibs] < (d)*7as1(n).
r|n r|n
r<z r<z

By Corollary B3] since C' =1+ (logz)™*,

P 2
52 < Z n2+2(logz)~ 2+2(logx) L +Q)

n>z

< (a)* > M(n +Q%) < (d)*(log )2 (1 + Q—Q)
: = n2+2(logz)~1! : g 2/

Now we estimate

sngZ/ L PR+ P+ P

9<Q w
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We take each summand in the integrand separately. To compute the first integral
(with integrand 1), we write the integral as a real-valued integral and compute it
on intervals as in the proof of Corollary B.3] proceeding radially out. This gives

ZZ*<2/C+2+ZJ /c+1)<<zz 1<<Z¢’ ) < Q2.
<Q w ¢<Q w q<Q

We use Corollary [33] for the rest of the terms. Since F' =
and the integration is along the line ( ), the second term is of the order

(@23 B 01 0 < (920102 @’ + (102)Q?)

n<z

n<z CnA(R)w(n)n ™

< (d)*(log 2)[@H3) (2 + Q?).
Since M =}, __byw(n)n~?, the third term is of the order

@23 20 (04 02) < (@)20108 2 + Q).

n

n<z

Finally, since FM = Z w(n)(cp, A(ng)by,)n™?, the last term is of the order

ni,na<z
ning=n

(a3 T g2y log ) (2 4 ).

n<z2

3.2. Phragmén-Lindel6f estimates. Write Sy = S + SY, where
|L(s,w)|?|ds| g7 |L'(s,w)|?|ds|
si=Y 3 [ P wma 5=y 30 [ R
<@ w 5 <@ w 5
Rewrite the integral over the line % 5 t it as a real-valued integral over ¢,
|L +it w)|2dt . |L’ + it,w)|?dt
= Y [ BRI ma si=Y 3o [
9<Q w q<Q w
In this section we will estimate the tail ends of the integral, and we estimate the
portion of the integral over [T, 7] in §8:31 First, we prove an estimate for L and
L.
Proposition 3.6. For 0<o <1, ifd > 2, then
|L(o + it,w)| < [A(w)([t] +2)*) = [log(A(w) ([t +2)*)

and
L' (0 + it,w)| < dAW) ([t +2)%] =" log(A(w)(|t] +2)D)] 4+

This follows from the sharp form of the Phragmén-Lindel6f theorem by
Rademacher (J20], Theorem 2).

Theorem 3.7 (Rademacher). Let s = o +it. Let f(s) be a regular function on
the vertical strip ¢; < o < co. For positive constants §,Cq,Co, a1, and as and a
constant QQ assume that

(1) 1f(s)] < eI’ on the strip 1 < o < cs.
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(2) [fler +it)] < C1|Q + c1 +it[*".
(3) |f(c2+it)] < Ca|Q + o + it|*.

Then we have the following estimate for f(s) in the strip ¢ < o < ca:
c2—0 o—cy
()] < (C1Q + 5[ F5 (Cal@ + sI72) 575

Proof of Proposition B.G. We begin with the estimate for L(o + it). For o > 0 the
Euler product for L(s,w) can be written as L(s,w) = [[, Ly(s,w), where L, is a

polynomial in p~* of degree m,, < d and the product is over all rational primes (see
(@31)). For some |m, ;| =1 we have

L,(s,w) = ﬁ (1 - @)_1.

i=1 4
Since |1 — 7, jp~ e+ | > |1 — p~ (19| we conclude that
(%) |L(1 + € +it,w)| < (1 + €)%,
where ((s) is the Riemann zeta function.
By the functional equation ([(43) for L(s,w) evaluated at s = —e + it,
L(—e+it,w) = O(—e+it,w)L(1 4+ € — it,w),
and by the estimate for © in (0.4.3]),
L(—e +it,w) < [AW) (|| + 2)2 T L(1 + € — it,@).
With () we conclude that
L(—e+it,w) < [AW)(Jt] + 2)42 ¢ (1 + o)L

Let ¢y = —€, co = 14¢€ Cp = A(W)2TC(1+ )4, Cy = C(1+ )4, ay = d( +e),
and ap = 0. Replacing |Q + ¢; + it| with (]¢| + 2) in Theorem B:ZL we have the
estimate

\L((f +it,w)| < C(1+ &) T[AW) (1t +2)7 5,
which is valid for —3 < —e<o< 1+e< 3

Setting € = (log[A (w)(|t\ +2)4))~! satlsﬁes 0 <e< %ifd>2. From the Laurent
series expansion of ((s) at s = 1 we see that ((1+ ¢) < ¢ 1. The estimate follows
since [A(w)([t[ + Q)d}%(log[A(w)(‘tHQ)d])fl is bounded.

For the L’ estimate, we use the maximum modulus theorem. Since L is holo-
morphic in the disk of radius € about s (since o < 1+ ¢, the ball of radius ¢ about
s is contained in the strip 0 < o < 1 if s is in this strip),

L'(s,w) < e 'M(e),
where M (e) is the maximum of L(s,w) on a ball of radius € about s. If s is on the

boundary, the estimate holds by continuity. Using the above L bounds results in
an additional multiplicative factor of d¥log(A(w)(|t| + 2)%). O

We now prove the first portion of the estimate for S} and SY .

Lemma 3.8. For 0 <e < 1, with I = (—o0, —T| U [T, c0) for any T > 1,

|L +zt Wt 1 4 (log T)*
A2 5+2 log(A d 2dd2d
22 e <A e Ty
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and
Z Z /|Ll 7 +it, w) |2 dt A%Q%“ log(AQd)2d+2d2d+1 (IOgT)de '
q<Q w + |t‘ kot (k - %)Tlﬁ%

Proof. The Phragmén-Lindel6f estimate in the form of Proposition 3.6l implies that
|L(3 +it,w)[>dt /°° al dy2d dt
— < A(w)(Jt] + 2)“12 [log(A(w)[|t| + 2 —_
L < A+ 2 posal + AP
dt
ERNT

< (AQ%Y)7 log(AQ%)21d?? / 51 (log )24t
T

(log T)*
(k= )T %

< [T loglari
T

< (AQ%)* log(AQ?)*1q?

Therefore,
|L —|—zt w)|2dt Nt dvad g (logT)2d
T(AQ7)7 log(AQ) ™ d™ ————
14 log T')2¢
< A2Q% 2 1og(A “dd“(—d.
Q=" log(AQ") (k— )7+ 3

The proof is similar for the integral in the range (—oo, —T7.

For the estimate of
Z Z / |L (5 + it,w)|* dt
k+1
=% |t\ +2)

Proposition [3.6] implies that

/ |L(L + it,w)|? dt
v ([t +2)F

dt
&
which is two factors of log(A(w)[|t| +2]¢) more than in the estimate for L. As such,

|L’ + it,w)|? dt 14 log T')2d+2
Z Z / o A2Q2+2 log(AQd)2d+2d2d+1 ( y ) —
<Q w 3+t (k—=§)T* 2
q

The proof is similar for the integral in the range (—oo, —T. O

< [ A+ 20 log(Aw) 1] + 2

3.3. Mean value estimates. We now estimate the remainder of the S} and S/
summations.

Lemma 3.9. With U = (AQde)%, when T > 1,
1tit,w)|?dt _
p 33 [ IR o+ 00

q<Q w

|L' +it,w)|* dt
Z Z / + |t‘ k+1 (d')2T(1 —+ log T)(lOg U)3d+1(U + QQ)
g<Q w
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This combined with Lemma 3.8 upon taking 7= Q@ (which implies that T > 1
as @ > 1), results in the following estimate for Sy.

Proposition 3.10. If0<e<1 Q>1, and k> 4(1+ <), with
Fy = d*Q?(log Q)*(edlog A2 A%
and
Fy = (d)*(AQF 3+ 4 QP ) (log AQH) Y,
(1) S} < Fy + F.
(2) SY < d(logQ)*(edlog A)*Fy + (1 + £log Q)(log AQT2F,.

We begin with the estimate of L(s,w), and then estimate L'(s,w) in a similar
manner. We use the following lemma in both proofs.

Lemma 3.11. For any positive parameters U and V, with C; = —% — @,
oo oo n 1
w) = apw(n)n™° = apw(n)e"oTn=°% — — L(s+w,w)U"T(w)dw.
)= D awslmn ™t = 3 () i g, F U Tw)

We devote §3.3.1] to the proof of Lemma part [ and §3.3.1] to the proof of
Lemma part

3.3.1. Mean value estimates for L. In this section we prove Lemma B.9] part [

From Lemma BTl and the functional equation (L43)) for L(s + w,w), with C; =
1 1

2 log V'’

w) = Z anw(n)e_ﬁn_s — % ) @(S + w,w)L(l -8 — w,w)U“T(w)dw
1

- n 1
= Z apw(n)e T~ — — O(s+w,w) Z an@(n)n T UYT (w) dw
211 (C1) U

1 ()= 15+
~ 9 O(s 4+ w,w) Z anpw(n)n” TTYUYT (w)dw
(C2) n<U

= Ai(s,w) + As(s,w) + Az(s,w),

where we have moved the final integral to the line Co = —(logV)~!. By the
Cauchy-Schwarz inequality,

|L |L(5 +it)|*dt
o> +\t|’“+1 < By + By + Bs,
9sQ w

where B; =37 5>, ffT | Ay (% +it,w)|?dt.
We will estimate each of the three summands separately, achieving the following
estimates with U = V = (AQ4T%)z2.

Claim 3.12. By < (d)?(logU)??~Y(U + @Q?).
Claim 3.13. By < (d!)?(log U)?¢=1(U + QT).
Claim 3.14. By < (d))?(logU)??*1(1 4+ Q*U~'T).
First we will prove Claim B.13] then Claim B.12] and finally Claim B.14]
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Proof of Claim BI3l Let I(U) = Z anw(n)n*%+cl+i(t+y). Break up the integral
n>U
into two parts, By < B + BY, where

By=2. 2" / | / O3 +Cr + it + ), ) (OYUCHIDC + ig)ay| dt

<Q w \<10gU

and BY is identical, except that the inner integral is over |y| > logU.
We first show that By < (d!)2U(logU)3?~1(1 + Q*TU~1). In the region |y| <
logU, T(Cy + iy) has no poles, and so is bounded by (044). By (Q43),

d
@(—loglU +i(t+y),w) < U(logU)2. By Theorem 3.2

. 2
By < U(logU)* / Z/ ‘Zanw “l T gt gy

|ly|<log U <Q w

< U(logU)" Y™ Jan[2n =27 %e7 (n + Q2T)
n>U

< (d)2U(log U)1 3 (log n) 2227 56 (n + Q*T)
n>U

< (d)*U(log U311 4+ Q*TUY).

We now show that BY < (d!)2TU 2~ (log U)24=2(1 + Q2U 1), which is smaller
than the desired bound as U > 1. We concentrate on the integral over |y| > log U,
with C1 = —3 — (logU)~!; here I'(Cy + iy) < U~ 2(logU)~" by ([@ZZ). This
integral is

1 1 .
. i .
/|>1 U@(_loglU +’L(t+y),w)](U)U 2 logU yr(_% - logl;U +Zy)dy
Yy og

1
N A(w)(Jt 2)d) T logT
< U 2 logU/ [ (w)(‘l +y|+ )1] |I(U)|dy
y|>log U egﬂ\y||y|1+@

1 1 1

1 [AQIT) TToeT 4 2T TogT)
<U z/ ( — i1y
ly|>log U e2ml¥l|y| g T

1, 1

1 U2+yd(§+logU))

<o [ O,
ly|>log U 627r|y\|y| Tog U

where we have used Stirling’s approximation of © as in ((.43]). Letting
3 7l7r| | R
ar=Ut [y T )]y
ly|>log U

and

1 1
d(§+logU)

1
1 y
—us [ )
ly|>log U 6§7f\y||y|1+10gU

BY < By + Pa, where §; = Y o S0 [Ty cudt.
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By the Cauchy-Schwarz inequality,

B < U? oy / / e‘”'y‘dy) (/

o1 2
[yl T 1) ay ) at.
<Q w ly|>log U y|>log U

The first integral with respect to y is O(U~™). So,
IS U WY
/31<<U27/ Yy / Zanw Yyl ToeUp logU+(t+y)‘ dy)dt.
T4<Q w lyl>log U\ Jy

We now apply Theorem to the integral with respect to y, mimicking the proof
of Corollary 3.3t

51<<U2_/ XY (/ ‘Zanw Wyl 1og1Un*1*@“(”y)‘2dy

]>loqu<Q w G+D) n>u

J+1 I S | ) 2
*/ |3 anmlyl T T Y gy Y ar
J

n>U

log U

an|? .
< Uz » | |2 (n+Q*(j + 1))dt
2+10U 2+
j>10gU-7 N n>U

< (d)2TU3 ™ Z (logn)24—2 (nfl’ﬁ + nfzfﬁQQ)
n>U

< (d)?*TU ™ (logU)*2(1 + Q*U ™).
The estimate of 3 is similar. By the Cauchy-Schwarz inequality,

1, 1
d(§+lo U)
Y g
B < U™ 2 E E / / 4613/)
lyl>logu €Y

9<Q w
1 2
X (/ ol T 10| dy) .
ly|>log U
d
The first integral with respect to y is O((logU)2U ™). The remainder of the cal-

culation is exactly as above. We get

d 1 2
Be < (logU)2U ™" 2 o> / / ‘|y| ! logUJ(U)‘ dy)dt
|ly|>log U

<@ w
< (d)*TU ™ 2 (logU)342(1+ QU V).

Proof of Claim [B12l By definition,

B 35 g M) BRI

q<Q w

and by Corollary B.3]

o0 o0
B < Z |an|26_%n_1(n +Q?) 2 Z logn) 2d_Qe_%n_l(n +Q?).
n=1 n=1
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We break this sum up into the sum over n < U and then the sum n > U. In the
first range the summation is of the order

(d)2(log U)*=2 " e~ ¥ (1+ Q—z) < (d)*(log U)X 2(U + Q* Y %)

n<U n<U
< (d)?*(log U)* =1 (U + @?).

In the range n > U, e~ ¥ < n~ '~ %7, so the bound (d)2(log U)X —2(U+Q*)U!
for the summations in Bs suffices. Since U > 1,

By < (d)?(log U U + Q*)(1 + (logU)'U ™) < (d")2(log U)* =1 (U + Q?).

O

1 .
Proof of Claim B4l Let I(U) = Z an@(n)n~ 202 We have By < Bf +
n<U
BY, where

. 2
B} = E E / ‘ / +CQ +i(t+y),w)](U)UCz+“’I’(Cg +dy)dy| dt,
y\<logU

q<Q w

where BY is the sum with the y integral restricted to the range |y| > logU. With
Cy = —(log U)~* using ([@AF), O(3 — 17 Filt+y)w) < AW +y +2)d) o
is bounded. Also, ([(4.4) implies that I'(— logU +iy) < U5 (logU)~2 when |y| >

log U. Therefore, using the estimate derived from Stirling’s formula for I'(Cs + iy),
we get

By <) > / / e Wly| 1w | 1(U)Pdy dt.

<Q w ly|>log U

After switching the order of integration and using Theorem B.2]to estimate the sums
and the inner integral with respect to ¢, as the remaining integral with respect to
yis O(U ™ logU),

BY < U™ Y Jan’n ™% (n + QT) < (d)2U~"(log U)*~2(1 + Q*U'T).
n<U

In the region |y| <logU, O(3 — @ +i(t +y),w) is bounded, and by (.44,
F(—@ + 4y) is bounded as well. Therefore,

B, <</ oy / U)[2dt dy.
ly|<log U <Q

w

Using Theorem [3.2]

By < (logl) Y lan’n ™" %7 (n + Q*T) < (d!)*(log U)** (1 + Q*U'T).
n<U
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3.3.2. Mean value estimates for L'. In this section we prove Lemma [3.9 part Il We
begin with Lemma B.11]

(o)
n 1

= " R e — L ,w)UT (w)dw,

w) Za w(n)e™Un™" — o— o (s +w,w)U*T (w)dw
and differentiate with respect to s to get

= 1
- Z an(logn)w(n)e Tn=% — — L' (s +w,w)U"T (w)dw.

— 27TZ (Cl)

Differentiating the functional equation ([@ZA3)) for L, L'(s,w) = —O(s,w)L/(1 —
s,w)+0'(s,w)L(1 — s,w). We have L'(s,w) = E?:l D;(s,w), where

o0
D, = Z an(logn)w(n)e Tn=*°,

1
1
Dy=—o— [ O(s,0) Y an(logn)@(n)n "+ U"T (w)dw,
211 (C1) 72;]
1
Dy=—— O'(s,w) an@(n)n T UYT (w)dw,
211 (C1) n>ZU "
1
Di=—s— [ O(s,0) Y an(logn)@(n)n = TUUT (w)dw,
211 (C2) n<U
1
D5 = —— @/(S,C«)) anW(n)n_1+s+waF(w)dwa
21 (C2) 72]
with C; = —% — ]O;V and Cy = —@ as in the L estimates. By the Cauchy-

Schwarz inequality,

L' (5 +it,w)|?dt
ZZ/ \tl+2’““ < E1+ Ey + Es + E4 + Es,
q<Q w

where E; = 3 5> fTT\Dz(% + it,w)?|([t| + 2)7F1dt for 1 < i < 5. After
using the large sieve, the sums F; and F, are a magnification of B; and Bs, each

by a factor of (logU)?. For Ey, as n < U there is an additional factor of (logU)
multiplied by the estimate of Bs. It remains to consider F3 and Fs. By (o)

8I(s+w,w) < d[log(\y+t|+2)+m}. Since ©'(s+w,w) = O(s+w,w) S (s+w w),
this results in an additional factor of d[log(|y + t| + 2) + m] in the estimates of

By and Bs. In B3, s+w = —@ +i(t +y). For the portion of the integral where
ly] > log U (corresponding to the B estimate), the second summand is bounded by
d(log U) and the first logarithm term is O(dlogT + dlogy) = O(d(log Ty)), which
results in a magnification of the integral BY by a factor of O(dlogU), since T' < U.
For the portion of the integral with |y| < logU (corresponding to the B) estimate),
the additional term is easily seen to be O(dlogU). Therefore, E3 is a magnification
of the estimate for By by a factor of O(dlogU).

For E5, s +w = § — 101U + i(t + y) and the estimates have an additional factor
of dllog(ly +t| +2) + (|2 — logU +i(t +y)|) 7. Since U > 1 this second term is

bounded. For the portion of the integral where |y| < logU (corresponding to the
B estimate), the first summand is bounded by d(log T'+1loglog U). For the portion
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of the integral where |y| > logU (corresponding to the BY estimate), there is an
additional factor of dlog(|t + y| + 2) in the summation. Upon integrating, since
|t| < T < U, this results in a magnification of O(dlogU) over the Bj estimate for
the F5 estimate.

3.4. Combining the estimates. , We now prove Proposition Bl From Proposi-
tions and BI0 and equation B0.2), for 0 < e < i,

> > max|dy(y.w)|
y<z
q<Q w
< (1 + o) + 27 (S5 + S4)
< z(log )@’ (1 + Q% 1) + 2? (log )+ (22 + Q?)
+ ¥ (Q(log Q)14+2 4 QE+ (1) (log Q)34+2 + Q2 (log Q)34+2)
< (logz) (4" (x(l + Q%Y + a3 (22 + Q) + 2P (QH + Q%“/)),

with € = (4 4+ 3)e, since z <z and 1 < Q < x.

Choosing z = Q(log )7, this is of the order
(log x)(d+4)2 (x + zQ(logz)™" + 22 Q2 (log 2)* + 22 Q> + x%Q%“/).
Therefore, if v > (d + 4)? + D, then for all @ in the range
(logz)” < Q < min{w? (logz) I +(HHID) p3=¢ pam—cy

it follows that
T

1 . -
g 2 2 i)l < o

q<Q w

This proves Proposition .11

4. CONCLUSION
Propositions 2.1 and BT imply the following.

Theorem 4.1. Let K/M be a Galois extension of number fields with group G and
let C be a conjugacy class in G. Let H be the largest abelian subgroup of G such
that HNC # 0 and let E be the fized field of H. Let n = max{[F : Q] — 2,2}, and

for any e >0 let Q = 27, Then for any A >0,

_@ Yy |<< r
|Gl ¢(q)" — (loga)?

/
max ma C
(nax max [v(y, C,q,a)
q<Q

This is equivalent to Theorem An immediate corollary is
Corollary 4.2. Let K be a number field and let n = max{[K : Q] — 2,2}, and for
any € >0 let Q = 277, Then for any A >0,

X
(log )4

!
max max [¢(y,q,a) - ——=| <

y
2 (=1 y=e #(q)
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4.1. Refinements of the main theorem. Writing n = max{d — 2,2} with d =
ng, it is possible to replace n by a smaller value by replacing d by d* where

d' = m}}n max|G : H|w(1),

where the maximum is over irreducible characters o of H and the minimum is over
all subgroups H of G such that

(1) HNC # 0.

(2) For every irreducible character w of H and any non-trivial Dirichlet charac-
ter x, the Artin L-function L(s,w ® x) is entire. (Here, if ¢ is the modulus
of x we consider w ® x as an element of G x Z/qZ as before.)

If the Artin conjecture that the L-functions associated to all abelian twists of
the non-trivial irreducible characters of G = Gal(K /M) are entire, then we can set
17 = max{J, 2}, where § = max |x(1) — 2|, where the maximum is over x # xo. A
value of § < 2 results in the optimal bound of Q%*. The groups G which satisfy
0 < 2 can be classified (cf. [9], Theorem 24.6).
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