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On Simple Zeros of Certain L—Series

M. Ram Murty 1

1. Introduction

Let E be an elliptic curve defined over @ and denote by I the Tate—Shafarevic group
of E/Q. Itis an outstanding unresolved conjecture that this group is finite. If the
rank of the Mordell-Weil group of £ over @ is zero, and £ has complex

multiplication, then K. Rubin {12] showed that III is finite. Recently, V. Kolyvagin

[7] (see also Washington [15] for an exposition of Kolyvagin's work) showed that if E

is a modular elliptic curve over @ with Mordell-Weil rank equal to zero, then 111 is

finite, provided there is a “quadratic twist” of the L—series of the given elliptic curve
having a simple zero at s =1. In any given case, il is not difficult to produce such a

twist. To demonstrate that, in general, such a twisl exists seems to be difficult.

The purpose of this paper is to show that on the generalized Riemann hypothesis
(GRH), such a twist always exists. Our method has other applications. For instance, if
we do not confine ourselves o quadratic twists and consider twisting by any character
% (mod g ), then the density of such twists with a zero at 5 =1 is at most 1/2, under
the same hypothesis. The method applied Lo a classical context shows that if L(s,X)
is the classical Dirichlet L—series, then L(1/2,x)# O for at least ${g)/2 characlers
x(mod g} (It is generally conjectured that L(1/2,x)# 0 for all characlers
% (mod ¢ ), but this is, as yel, unproved. Iam not sure of the source of this conjecture

but I think it originates from S. Chowla.) To state the results more precisely, we need

the following background.

1 Research partially supported by an NSERC grant.
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Letf be a cusp form of weight 2 for FO(N ). Let

)= g e
n=1

be its Fourier expansion at the cusp i oo, Let

a

L, s5)= E?

L{f,D,s)= i:—:(%)

n=]

where (%) denotes the Legendre symbol. It is well-known that [13] by the theory of
modular forms, both L{f,s)and L(f,D,s) have an analylic continuation to the
entire complex plane. Moreover, if D is a fundamental discriminant (that is, D is the
discriminant of a quadratic field) and f is an eigenfunction of the Hecke operators, then
L{f,s)and L({f,D,s) can be written as Euler products and have functional
equations. More precisely, if we let
A= N"en T TeL g )
then A(s) is entire and satisfies
AGE)=wA@2-5)

where w=%1. If w=-1, then L{f,s) has a zero of odd order at s =1 and if
w =1, it has a zero of even order at s=1. As I'(s) has simple poles at s = 0,

-1,...,L(f . 5 ) has (trivial) zeros at these points. If we let
s 572 -
A(s,D}=D N (2n) T(s)X(,D,s)

then A(s, D) is entire and satisfies

A(s,D)= w(%)/&@—s D).

Again, L(f,s) has trivial zeros at s =0, -1, -2,.... Moreover, L(f,s) has an

Euler product of the form:



—1 -1 -1
o4

w,s>=n[1-i) H[l-_“:;} [7] .
IV P P

PN p

L (f . D, s) has a similar Euler product.

IfE is a modular elliptic curve of conductor N, then the L series of the elliptic curve
is given by L{f , 5 ) for some cusp eigenform f on I, ). In his proof of the
finiteness of ITI, Kolyvagin needs to show that there is a fundamental discriminant D
of an imaginary quadratic field K such that all of the prime divisors of N split in K
and L(f, D ,s) hasasimple zeroats=1. Accordingly, we prove:

Theorem 1. Let N be a fixed natural number. Suppose that for each fundamental
discriminant D, L({f , D ,s) and the classical Dirichlet L—series

Lo.- 2(2)L

n =1

satisfy GRH. That is, all of the non-trivial zeros of L(F.D,s)and L(D,s5) satisfy
Rs = 1 and Rs = 1/2 respectively. Then, there is a fundamenial discriminant D of

an imaginary quadratic field K such that L{f ,D ,s) has a simple zero at s=1 and

all the prime divisors of N splitin K.

Let x be a Dirichlet character mod ¢ and set

—~ d, X(n)
L(f,x,s)=z R
n=l

Then

Theorem 2. Suppose each L(f ,x.s) satisfies GRH. Then L{f ,x,1)= 0 for at
most &g )/2 characters % (mod )

Corollary. Under GRH, L{f ,x.1) # 0 for at least $(q )/2 characiers y (mod ¢)

An analogous method in the classical sitnation leads to the interesting:



430 M.R. Murty

Theorem 3. The number of ¥ (mod q) such that

a=]

is at least §{q )/2 on the GRH.

2. Lemmas

Our proof is based on Weil's explicit formula. Goldfeld [5] had utilized a similar
method 1o show that under GRH, the order of the zero of L(f,D ,s)ats=1 is
bounded by 3 for almost all D. Our proof is a modification of his method.

Throughout the rest of the paper, f is a normalized cusp eigenform of weight 2 on
I,W ). L{f.s)and L{f,D,s) are then as defined in section 1. Let us define

a%+a, ifn=p" ad pIN
Cp = a'; n=p" ad pIN
0 otherwise.
Then we can write
L’ — cn Aln)
L V:s)=z 5
n=1 n
Also,
!,_’ - CnA(ﬂ)(D)
L (f.D,S)= l—n-s 7 :
n=

Lemma 1. (Weil's explicit formula.) Let F:R— R satisfy the following

conditions:
(A) thereisan € >0 such that F (x yexp({({l + € )x ) isintegrable and of
bounded variation,
(B) the function
F&x)-FQO)
x

is of bounded variation.
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Define

on =] Ferd"a.

Then

VN °r
3 om = 2F Olog - &[T+ inew)d
Y —

~2) R A(w)F (log n) (1)

n=l

where the sum on the left hand side is over Y such that L(f 1+ iY)=0 and
1SR+ iy)<3/2.

Remark. An analogous formula holds for L(f ,D ,s). Namely,
VNDOoaf
gda(v) =2F (O)log —5— - ;I_m—r—a + i) ()t
2> (A a)F Gog n) ®
n=1

where the sum on the left hand side is over ¥y satisfying L(f ,D,1+ iY) =0 and
I<RA+ ivy)<L3/2.

Proof. Sec Mestre (8], p. 215.

Lemma 2. Let T> 0, and define

o -lx|  iflxls2r
F&)= {0 otherwise.

Then, F satisfies the conditions of Lemma 1 and

. 2
6(v) = ({2 st ?) .

Proof. It is clear that F satisfies (A) and (B) of Lemma 1. The computation of ¢

follows from the straightforward inlcgration.
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Lemma 3. Let T> 1, Then,

_[ Iﬁ(l {S‘"m)) & <« T,

Proof. We use the well-known estimate (see Davenport [4], p. 73)

%(1 + it)= 0 (log(t] +2)),

and decompose the integral

IS

0 T

Since, sinx < x if x>0, the first integral is O(T) as the gamma function is

bounded in this range. The second integral is

" log(t +2) 1 T &
2 dSTlog(2+T)+J'm_r(l+2)<< T,

wr t
on using the cited property of the gamma function.
Lemma 4. Let p be a prime and N a natural number. Assuming GRH,

> (%)- 06 og e ),

q sz
gu3(mod 4)

where the summations over primes q = 3(mod 4) satisfying (—q /r Y= 1 for all prime
divisors r of N.
Proof. Let v denote the number of prime factors of N. We can write the sum on

ﬁg (—TQII - (_;l))rl;_[a +(~g/r))

2

the left hand side as

and by the classical estimates, (see Davenport (4], p. 125) the result follows.
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Lemma &,
2m
o)+, x 1, .2
Z ——-m——(logp)log-—ﬁ —-—Ilog x
pzme P P
as x — e,
Proof. Set
a2 ct2 &2
Pl p 1 p !
L .o=Ila- 2 Tla-— a-—)-
plN P pN p p

433

It is well-known [14] that {(s — 1)L2(f , 8 ) is entire. Therefore, Lz(f .5 +1) hasa

simple zero al

5=1. Moreover, L, (f ,5 )} does not vanish on the line Rs =1 (see

Rankin [11]). Therefore, if we write @, = -\/; exp(i Gp ), then by the classical

Tauberian theorem,
Y 2(cos2m8,) logp ~ % -
pTsx

By partial summation, it follows that

z 2cos2m9P] ﬁﬂ i
—m WP -~ 1 -—2103-\7.
2m P 1
p-ax
as x — co. Similarly,
2cos2mo 2
P 2m —log " x
2 ————(log p)(log p )-—Hi .
2m P
p-sx
Thus,
2cos2mb 2
P -log x
2 ——p-m——logp lOg—i;: ""_'4__.
pZMSz P

3. Proof of Theorem 1

We shall choose
2 — lul if [ul 2T

Fu)=
®) {0 otherwise.
Thus, by Lemma 2,
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2sin(yT
o0 = [-i'l,(—“ﬁ—))i

so thatif Y€ R, then ¢(y) 2@ We will choose T =logVx . Letg be aprime
=3(mod 4). Then —q isa fundamental discriminant. Let r, be the order of zero at
s=1of L(f,~g,5) With the above choice of F and ¢, we apply the explicit
formula (Lemma I) 10 L{f ,—¢.5). Assuming GRH, all of the  are real and so, we

obtain the inequality

e r . 2 i
Tq(losx)zs{los ‘\/zf\zq](logx)nL }C—J" ’l;:(l +ir{ sin_¢ Iof '\/x_)}‘

{
-2 %in"-(::i-)A (n Yiog -,

The integral is, by Lemma 3,
< logx .

Let P (z) denote the number of primes ¢ < z satisfying ¢ = 3(mod 4), (—¢/r)=1
for all prime divisors r of N. We oblain

> r,(log x y2 < 2log z)(log x )P (2)+ O (P (2 )log x )

qsx
[ x f—q
oY Sames: 2 ()
nsx g
where the dash on the summation indicales we sum over primes g <z, g=3

(mod 4), satisfying (-¢ /r )= 1 for all prime divisors r of N. The last sum is by

Lemma 4,
1

z‘ ('—ni) <« z z log(nz )

q Sx
ifn isprime. If n= p™ and m is odd, a similar estimate holds. If m is even, the
inner sum is equal to P (z). Thus, if we split the sum over n= p”l into two parts
s, and §,, where S1 corresponds o the odd powers and § 9 corresponds to the even

powers, then it is now clear that

P

2
Sl<<x z.

™~ =
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The remaining sum S, is equal o

P() Z

Zm

(log p)log
p

p
which by Lemma 5 is
2
== (0" x )P @)-
We therefore obtain the inequality
: 2 Pz Xlog*x )
.7 (logx) <27 (x)iogz logx +r———2—g—4

q%z

—
—

+ 0P (@)logx)+ O(z_ix_2+e).

Hence,

1
' 2P (z )lo 3 7%
D ;rqs-—l(f’—)—gi TP+ 0(1 (z))+0(z2x2 ).
= OE X og X

If there is no ¢ satisfying the hypothesis, then each 7, 2 3 in the above sum. We will

choose z = x %, where o satisfies

5
l<c <=,
4

Dividing the entire expression by P(z) we get that

Mlﬁ

1
+— i€
2

352a+.5+0(] l )+ O )
og X

which is a contradiction since & < 5/4. This proves the result.

4. Proof of Theorem 2
For the sake of notational simplicity, we shall consider the case when ¢ is prime. The

general case is only slightly complicated in that we must deal carefully with

imprimitive characters. The case when ¢ is prime, we have only one imprimilive

character, namely the principal character. Let Ty denote the order of the zero at s =1



436 M.R. Murty

of L{ .x,5) From Lemma 1, and the choice of ¢ as in Lemma 2, with

T = (log x )/2, it follows that

Y, 1 oz <6gXlogx)log— g

Lmod ¢

(n) x (log x )(log q)

v200) X St

n!l(mod q)

where the last term is the correction term in the explicit formula for L(f ,x,5) when

x is the principal character. But,
Aln) 2 1
2 ]og << log " x 2 .
VY o Ve

aml{modg) n=i(modq)

Since the number of primes p<x, p=1(mod q) is

X
< wayeg iy’ 1T

by the Brun-Titchmarsh theorem, the above sum is seen 1o be

- V7 log?x
®(g )log(x /g)}

2
Thus, choosing x = ¢{(g) , we obtain

™g) b (g)
2 rx.<_—2— +0(]0qu

xmed ¢

This proves the result.

The corollary is now immediate. To establish Theorem 3, there is only a slight

variation on the above proof. The explicit formula is applied to the Dedekind zeta
function of the cyclotomic field Q(Lq ). As the zela function has a simple pole at

s =1, there is an additional contribution of 0 (x ) arising from ¢(0) and ¢(1).

This causes no problem upon division by log x . Moreover, the analogue of the sum
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dealt with above can be discarded as it appears with a negative sign. Since the proof is
now completely analogous Lo the above, we leave the details Lo the reader.

5. Concluding Remarks

To eliminate the GRH from the above proofs seems to be difficult. In Theorem 1, it is
used in two places, though, there is some possibility of removing it. More precisely,
the use of GRH in Lemma 4 can be eliminated if instead of summing over prime ,

discriminants, we sum over all fundamental discriminants satisfying the quadratic

conditions of Kolyvagin. In such a case, we would require

T(2)« i

D=z

+E

when n is prime. This is only slightly stronger than the Burgess estimate [3].

The second usage of the GRH is in establishing the positivity of ¢(y) as 1+ { y runs
over the zeros of L(f ,D,s). Thiscanbe circumvented by using a remark of Odlyzko
(see Poitou [10], p. 148). We only need a function ¢ which satisfies Ré{y) 2 0.
Thus if F (x } is a non-negative function satisfying the conditions of Lemma 1, then
F@&)
cosh x
has the property that its Fourier transform has non-negative real part. This follows

from the fact that the real part of the analytic function

Z F -1
j (X)e(: )xdx

cosh x
-

is a harmonic function which is non-negative on Rs = 0 and %Rs = 2 and hence non-
negalive throughout the critical strip. But this modification in the above proof
eliminates one of the log factors and the resulting inequality is insufficient to deduce

anything significant about the orders of zeros.

But in the case of Theorems 2 and 3, Lhere is some possibility though this requires a

great deal of technical prowess. Indeed Theorem 3 was recently cstablished without
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GRH by R. Balasubramanian and V. Kumar Murty [2] with a constant smaller than 1/2.
It would be interesting 10 determine if by these methods one could prove that almost all

of L(s,x) with % (mod ¢) do not vanish at s = 1/2.
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