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A Note on Quadratic Twists of an Elliptic Curve

Liem Mai and M. Ram Murty

Let E:y> =23+ Az +B, A, B€ Z be an elliptic curve over Q, of conductor
N and discriminant A. If D is any squarefree integer. we denote Ep the quadratic
twist of E. The Weierstrass equation of Ep has the form:

Ep:y*=1*+ D*Az + D*B.

Also, denote Np and Ap the conductor and discriminant of Ep. The Birch
and Swinnerton-Dyer conjecture for Ep states that L p(s) has a zero of order rp =
rankz Ep(Q) and

Lo _  |Wp|Rp I =

(*) T B Q™

plap

where
I is the Shafarevich-Tate group of Ep.
Rp is the regulator of Ep, with respect to the Neron-Tate height pairing.
Ep(Q)sors is the torsion part of the Mordell-Weil group Ep(Q).
mp is the real period of Ep, namely

Moo = / wp
Ep(R)

where wp is the Neron differential of Ep.
For each p dividing the discriminant Ap of Ep.

T = |Ep(Qp)/ED(Qy)]

where E9(Q,) is the subgroup of points in Ep(Qp) whose reduction modulo p are
not singular points.

If one consider Ep’s whose rank of the corresponding Mordell- Weil group is 1,
(%) can be stated as

, 5 |R
() To(1) = g O T 7,

plAp

1991 Mathematics Subject Classification. Primary: 11G0S, 14H52; Secondary: 30C80.
The research of the second author was partially supported by NSERC and FCAR grants.
This is the final form of the paper.

®© 1994 American Mathematical Society
1065-8580/94 $1.00 + $.25 per page

121



18

122 LIEM MAI AND M. RAM MURTY

THEOREM 1. Let E:y? =23+ Az+B. A, B€ Z be a fized modular curve over
Q. Assuming the Birch and Swinnerton-Dyer conjecture for all quadratic twists Ep,
where D are squarefree integers, then there erist infinitely many D such that Ep
has rank 1 and
[MIp|Rp >, (Np)t/4—e,
where the implied constant depends on <.
ProoF. In [3], M. Ram Murty and V. Kumar Murty have shown that:

Z Lp(1)=CYlogY + o(Y logY)

0<—D<LY
D=1(4W)

as Y tends to infinity and here C # 0.

Therefore, there exist infinitely many D suck that L;(1) 3> 1. For these D’s,
Kolyvagin (see [1]) proved that rankp(Q) = 1. Assuming the Birch and Swinnerton-
Dyer conjecture, one gets

2|ED(Q)tors'2 1
1 .
(% 5 %) [Mp|Rp > o 0 m T
plAp plAp

About the real period .., we have
Too =/ wWp
Ep(R)

I A dz

B /_oo V3 + D2Az + D3B
1 Foo du
DYy i tAut B
<« D2,

To get an upper bound for IT mp. we calculate
plap

by = a2 +4a; =0
by = ajaz + 2a4 = 2024
bg = a§ + 4dag = 4D3B
bs = a106 — a1a304 + dasaq + a2a§ — aﬁ =-D*4?
cs = b3 — 24by = —48D%4
ce = —b3 + 36baby — 216bs = —864D3B
Ap = —b3bg — 8b3 — 276 + 9bybabg
= —16D°%(4A43 + 27B?) = pSA
(—48D%4)%
E= —ZD—— =JE.
For each p | D and p t 16(443 + 27B%), using Tate’s algorithm (see [5]), the
corresponding Kodaira symbol is type ¥ or I?, hence 7p = |Ep(Qp)/ERH(Q,)| = 4
and the exponent of the conductor is 2. For finitely many p | 16(44% + 27B?),

|mp| < 4 and the exponent of the conductor is at most 2, except when p = 2 or 3,
but even in this case, it is still bounded.
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Therefore.
H Tp &K 4¥(D)
[ plAp

where (D) is the number of prime divisors of D. Hence

[ 7 < 4wt7 = 0(D").

play
We also have
Np « D2
Therefore, by (* % *),
IIp|Rp > 1
piiip
Txo H Tp
plAp
> DI/QD—E
> N4 o

The regulator is 1 in the case that the Mordell-Weil rank is 0. More precisely,
we prove that

THEOREM 2. Assuming the Birch and Swinnerton-Dyer conjecture for the qua-
dratic twists Ep, then there exist infinitely many D such that Ep has rank 0 and

IUip| > N*e.

ProOOF. V. K. Murty (see [4]) proved that

/ > Lp(ldt= CY+O<( Y)u), v>0.

|D(<t

D=1(4N)
Therefore, there exist infinitely many D such that Lp(1) 3> 1. For these squarefree
integers D, the rank is 0 and if we assume the Birch and Swinnerton-Dyer, we have

LD(l) IED Q)t0r5|2ﬂ.x H 7rp

Hence, similarly to the proof of Theorem 1. we get

ip|> NJ*c. O
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