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Abstract. In this paper we prove a group theoretic statement about ex-
pressing certain characters of a finite solvable group as a sum of monomial
characters. This is used to prove holomorphy of certain products of Artin
L-functions which can be thought of as a variant of the Dedekind Conjecture.
This variant is then used to improve, in the solvable case, a certain inequal-
ity due to R. Foote and K. Murty which bounds the orders of some Artin
L-functions, at an arbitrary but fixed point in the complex plane, in terms of
the order of a suitable quotient of Dedekind zeta functions. -This improved
inequality has a rather striking consequence regarding non-existence of simple

zeros or simple poles in such quotients.

1. Introduction

A celebrated conjecture of Dedekind asserts that for any finite algebraic
extension F' of Q, the zeta function ¢r(s) is divisible by the Riemann
zeta function ((s). That is, the quotient (r(s)/¢(s) is entire. More
generally, Dedekind conjectures that if K is a finite extension of F', then
Cic(8)/¢r(s) should be entire. This conjecture is still open.

* Research partially supported by a Killam Research Fellowship.
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By the work of Aramata and Brauer (see for example, Section 5,
Chapter I of [6]) the conjecture is known if K/F is Galois. If I is
contained in a solvable extension of F, then Uchida [12) and van der
Waall [13] have independently proved Dedckind’s conjecture.

If Artin’s conjecture about the holomorphy of his non-abelian L-
series is true, then it is well-known that Dedekind’s conjecture follows.
It is also known that both Artin and Dedekind’s conjectures follow {rom
the “Selberg philosophy” of factorization of zeta functions (see Sclberg
(9] and Murty [8], for example).

In this paper, we present several variations on Dedekind’s conjec-
ture. These are recorded in Theorems 4.1, 5.1 and 5.3. For example, one
of the consequences of our theorems (see Theorem 5.4 and Corollary
5.6) is the result that for any finite solvable Galois extension K /F, the
(entire) function

II ZGsx K/FxD,
x:x(1)>1

where the product is over non-abelian irreducible characters, cannot
have any simple zeros (see Corollary 5.6). The fact that the above prod-
uct can be identified as the quotient of two zeta functions, namely (r(s)
and (yean(s), where K2 is the subfield of K fixed by the commuta-
tor subgroup of Gal(/{/F), shows that it is entire. However, it is not
at all clear that the function does not have simple zeros tnless Artin’s
conjecture is assumed.

Stark [11] proved that if K/F is a Galois extension and (x(s) has
a simple zero at s = sp, then it must necessarily come from a cyclic
extension M of F'. Moreover, {u(s) has a simple zero at s = s¢ and any
intermediate field whose corresponding Dedekind zeta function has s =
S0 as a zero must necessarily contain M. This seems to suggest some sort
of “Galois theory” or “Galois packets” of zeros. This theme was initiated
by K. Murty in [4] (see in particular Section 7 of that paper) where it
is shown that for K/F solvable satisfying a mild condition, and for each
zero p of (x(s), there is an extension K, such that ords—,(x(s) =
ords=, (x,(s) and any extension M of F' whose Dedekind zeta function
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has s = p as a zero of the same order, must necessarily contain K o As
proved in [4], the existence of K » 18 easily established assuming Artin’s
conjecture and it would be desirable to do this without this hypothesis.
We sce this paper as ouce of the steps to be taken to achieve such goal.

As also indicated in [4], such results will have analytic consequences.

Our methods of proof develop earlier work of K. Murty [3] and
Foote-Murty [1]. If IC/F is a finite Galois extension of algebraic num-
ber fields with Galois group G, it is known from the work of Brauer
that L(s,x, K{/F) can be extended to the entire complex plane as a
meromorphic function of s. Fix sq € C. If n(G, x) denotes the order of
L{s,x, K/F) at s = s, then Foote and Murty have shown

3on(@0)” < (grd Gels)).

x
An interesting variation of the results in [1] is an observation due to
the first author which is recorded in Theorem 4.5 where in the above
inequality one can eliminate the term corresponding to the trivial char-
acter and get a better inequality. One of the motivating factors of this
paper has been to further improve on the inequality. We show in Theo-
rem 4.6 that it is possible to eliminate any arbitrary abelian character
from the left hand side and thereby obtain a sharper inequality. An
even better inequality is obtained in Theorem 5.4 where all the terms
in the left hand side corresponding to abelian characters can be elim-
inated. In proving these inequalities the above mentioned variations of
the Dedekind conjecture has been crucial.

Another important feature of this paper concerns monomial repre-
sentations of finite groups recorded in Lemmas 2.1 to 2.5 which are of
interest in their own right. We believe that these ideas and theorems
will eventually be useful in analytic number theory in much the same

spirit as in Stark [11] or Heilbronn [2] in whose papers the Heilbronn
character of Section 4 originates.
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2. Some Group Theoretic Preliminaries

In this section we state and prove some lemmas regarding representa-
tions of finite groups. Some of them arc known (see [3]) and some are
new and are stated in a way best suited to our needs. Before we do
that we introduce some notations and also mention some well known
and “user friendly” theorems that will be used almost throughout this
article.

-Let G be a finite group. By a representation (m, V) of G we mean a
group homomorphism 7 of G into GL(V') where V is a finite dimensional
complex vector space. To (m, V') is associated its character x, defined
by xx(g) = Trv(n(g)). The character is a class function, i.e. is constant
on conjugacy classes. Note that x,(1) = dim¢ (V) which will be called

the dimension or degree of the representation/character.

The canonical inner product on the space of C—valued functions is

given by

(1, f2)a = _W_ 3 AT,

geG

Schur’s orthogonality (see Chapter 2 of {10]) states that if x; and x, are
the characters of two distinct irreducible representations then (x1, x2)¢
= 0 and if x is the character of an irreducible representation of G then
{x,Xx)c = 1. So the character of a representation completely determines
the representation. Henceforth we will (“in the tradition of finite group
theorists”) use the term character interchangeably for both a representa-
tion and its character. So a phrase like “let x be an irreducible character
of G” stands for let x = x, for some irreducible representation (m, V)
of G.
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There are finitely many distinct irreducible characters of . The
set of all distinct irreducible characters will be denoted by G. There
are two canonical characters, one of which is the #rivial character and
shall be denoted 15 and the other is what is called the regular repre-
sentation/character which will be denoted by Rg and in terms of the
irreducible characters it is given by:

Re = MU x(1) x-
x€@G
Now let 1T be a subgroup of G. Let 9 be a character of I. Then
the character of G obtained by inducing 1 from H to G, denoted by
1ud$; () or if there is no chance of a confusion by %, is given by

WGW0) = > plag)
2€T(g,H)
where T'(g, H) is the ‘transporter’ of g into H for the conjugation action
of G on itself, ie., T(g,H) = {z € G : zgz~! € H}. A character x
of G is said to be monomial if x = Ind$ (1) for some one dimensional
character 4 of a subgroup H of G. In terms of induced characters one

has Rg = rEer:v. Some basic facts about induced representations
are recorded below.

1. Frobenius Reciprocity. If x is a character of a finite group G and
1 is a character of a subgroup H of G then

¥ e = (X, ¥
2. Mackey’s Theorem. Let 9 be a character of H and let K be a
subgroup of G then

hdf @)= Y. Indf,po-1(0®)
z€K\G/H

where ¥*(g) = ¥(z"'gx) for all g e K NzHz 1.

Lemmas 2.1, 2.2, 2.3 and 2.4 below are implicit in K. Murty's paper [3]

and are exposed here for the sake of clarity, completeness and generali-
sation.
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Lemma 2.1. Let G be a finite group and let A be an abelian normal
subgroup. Let € be a one dimensional character of A. Let T, be the
stabilizer of ¢, i.e.
T.={g€ G:e(gag™") = ¢(a) Va € A}.
Let
Ind}(e) = > my 9.
beT,
Then the collection ﬁn&%m (¥)}my20 are distinct irreducible characters
of G.

Proof. Observe that
[T. : Ale(g) ifge A
Ind% =
SO

This follows easily from the formula for an induced character, the defi-

(1)

nition of T, and the normality of A. Therefore we have
> my-9la = [T : Ale. (2)
beTe

This implies that 9|4 is a multiple of €. Also

3@ = A@vHH—QHm Amvvﬂm = A€*>~MV>.

Hence
Pla = mye. (3)
From Equations (2) and (3) we get
D> ml =[T.: Al (4)
¥

We now claim that Equation (4) implies
(nd§(e), Ind(e))g = (Ind% (e), Ind% (€))7 - (5)
The basic point is that if we induce € from A to G then all the “splitting”

occurs at T itself and the lemma follows easily from this. So it now
suffices to prove Equation (5). To this end observe that

(Te: Al = m3 = (Ind’% (e), Ind% ()1, < (1nd§(e), Ind§ ())&
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and using Mackey’s theorem and the definition of T, we get that
(d§ (e), d§(e))g = [T, : A}

This proves Equation (5). O

Lemma 2.2. Let G be a finite group. Let G = H - A where A is an
abelian normal subgroup and H is a subgroup such that HN A = {1}.
Let ¢ be an irreducible character of H. Then

Ind§(4) = Y Ind (¢s)

where the ¢,’s are one dimensional characters of some subgroups H;’s of
G. Further for all i one has A C H; and that the collection ﬁuam..hﬂbf
are all distinct irreducible characters of G.

Proof. Lot
IndG(g) = > my - x. (6)
xe@

Then restricting Equation (6) to A and using Mackey’s theorem and the
hypothesis on H and A we get

MSx.X?HMm. (N

xe@ ecA

Hence for each x € G we have My = 0 or 1 and also (x|4,€e)4 =0 or 1.
The lemma now follows from the method of “little groups” of Mackey
and Wigner (see Section 8.2 of [10]). 0O

Lemma 2.3. Let G be a finite group. Let A be an abelian normal
subgroup and H a subgroup of G such that G = H - A. Then

« Ind§(1g) = > Ind§ ()

where 1;’s are one dimensional characters of some subgroups H;’s. Fur-
ther for all one has A C H; and that the collection G:mm_. (%:)}: consists
of distinct irreducible characters of G.
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Proof. This lemnma, is almost exactly as Lemma 2.2 except that H may
intersect A bul then we decompose only that character of G which is
the induction of the trivial character of I7. Let
Ind$ (1) = M My - X (8)
xe@

As in Lemma 2.2, restricting to A we get

MSX.X?H MU ¢. (9)

xe@ cCA/HNA

We therefore get that Ind% (1) is multiplicity free and that if x occurs
in it then x|a = € for some one dimensional character ¢ of A which is
trivial on H N A. The lemma now follows using Frobenius reciprocity
and Lemma 2.1, (]

Lemma 2.4. Let G be a finite solvable group. Let H be a subgroup.
Then

Indf(1g) =1g + »_ Ind§, (1:)
where v;’s are 1-dimensional, non-trivial characters of some subgroups
H;’s of G.

Proof. We prove this lemma by a double induction on the cardinality
|G| of G and the index [G : H] of H in G. We consider two cases :
Suppose H contains a non-trivial abelian normal subgroup A of G then
since |G/A| < |G| by induction we have

GfA
HSQN\\MAHE\\L = HQ\> -+ MHBQ-M\>ASL.

Inflating everything to G via the canonical map from G to G/A we get
the lemma.

Now suppose H does not contain any such subgroup. Since G is
solvable it definitely has an abelian normal subgroup A. Let G; = HA.
So (G4 strictly contains H. If G; = G then we are done by Lemma 2.3
and Frobenius reciprocity. If G; # G then by induction, since |G;| < |G|,

we have

Ind§ (1r) = 1g, + _ Ind§ ().
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Inducing now to G we get

md$(1,) = :_;m_ (1g,) + MUHE_m_, (:).

But now [G : Gy] < [G : H]. So applying the lemma for the subgroup
G of G in the above equation we are done. O

Let G be a finite solvable group. Let G° := G and for all § > 1 define
G" to be [G*~1, G*~1). This series is called the derived series of the group
G. Since G is solvable, by definition this series is eventually trivial. Using
this series one may define the level of an irreducible character X, denoted
£(x), as the least non-negative integer m such that X is trivial on G™.
For instance the level one characters are exactly the abelian characters
which are non-trivial. We remark here that we use this notion of level
only in Remarks 5.2, 5.5 and Theorem 5.3.

Lemma 2.5. Let G be a finite solvable group. Let H be a subgroup
of G. Let {G'}i»o denote the derived series of G. Let k be the least

non-negative integer such that G**! = {1}. (Assume that G has more
than one element.) Then for all i > 1

Ind§ (1) = Ind$ (1.0 + > Ind§ (1)

where 1;’s are one dimensional characters of some subgroups H; of G
and j runs over some indexing set which might possibly be empty and
all of these depending on H and i.

Proof. The proof is by a double induction on |G| the cardinality of G
and [G : H] the index of H in G. Let H, denote the subgroup H - G* of
G. We take up various cases.

1. If H = H; then by induction argument, the lemma is true for the
group G/G* and the subgroup H/G* and then inflate the result to G
by the canonical map from G to G/G*.

2. f H C Hy = G then the lemma is true which can be seen by using
Lemma 2.3.
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3. If H C Hy C G then by Lemma 2.3 we have
Hbm&;.‘:wv = H:H +A*v

where (x) is a sum of monomial characters of Hy. Now inducing the
above equation from H, to G we get
Ind§ (1) = Ind§ (Lpr,) + (+%)
where (*+) is sum of monomial characters of G. By induction argument,
since the index of Hy in G is less than the index of H in G we have
Te]
Indy, (1)) = Hcmm#%ﬁ\:.%v + (% * %)

where (% * ) is a sum of monomial characters of G. The lemma follows
in this case by using the fact that H, - Gi=H .GF.Gi=H.GI. 0O

3. Preliminaries on Artin L —functions

In this section we recall the definition of Artin L—functions and also
mention some basic properties of the same. All of this is well known and
no proofs are given but for pointing out some references.

Let Q denote the field of rational numbers. By a number field we
mean a finite extension K over Q. Let K/F be a Galois extension of
number fields. Let G' = Gal(X/F) be its Galois group. Let (¢,V) be a
finite dimensional representation of G. An Artin L—function is a mero-
morphic function L{s, ¢, K/F) attached to this data.

For each prime ideal 53 of K let
Dy ={ocecG: P =9}
be its decomposition group and let
Ip={0c€G:0o(x)=2 (modP)}

be its inertia group. The inertia group is a normal subgroup of the de-
composition group and the quotient Dy /I is a cyclic group generated
by the Frobenius automorphism og. This mcﬁoiogrmma has the prop-
erty that

op(z) =2V P (mod )
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where p = PN F and NV is the absolute norm from F to Q. For any
PIp, the Frobenius elements op are well defined modulo Ig3. When the
inertia is trivial, i.e. when ¥ is unramified in I{/F, the conjugacy class
of oy is called the Artin symbol of p. The Artin L—function is defined
by:
L(s, ¢, /1) = [ ] det(L = ¢(o )N (9) 0] 1)~
p

From the definition it is clear that the Artin L—function L(s, ¢, K/F)
depends only on the character X of ¢ and so we may talk of the Artin
L—function L(s, x, I{/F) attached to a character x of G.

We now recall the basic facts of Artin L—functions that we need.
For a proof of these and other basic material on Artin L-functions the
reader may refer to [6] and also the references therein.

Theorem 3.1 (E. Artin). Let G be the Galois group of a Galois ex-
tension I/ F of number fields. Let H be a subgroup of G. Let y, x; and
Xz be characters of G. Let v be a character of H.

A: NA?XM @XN.NA‘\NJ = hA.m_XH.NN\.N«JVUA%.XN,NW\.TJV.
(2) L(s,%, K/K™) = L(s,Ind§ (¢), K/F).

(3) If x is non-trivial and one dimensional then L(s, x, I{/F) extends to
an entire function of s.

(4) If x is a monomial character not containing the trivial character
then L(s, x, K/ F') extends to an entire function of s.

In the above theorem Statements (1) and (2) are easy to prove. State-
ment (3) is called the abelian reciprocity law. Tt is part of class field the-
ory and is proved by showing that this L—function is also the L—function
attached to a certain a Hecke character and this latter function is known
to be entire by the work of Hecke (see for example, [5]). Statement (4)
follows trivially from (2) and (3). The famous Artin conjecture pre-
dicts that if x is irreducible, and unequal to the trivial character, then
L(s, x, I{/ F) extends to an entire function. The next theorem describes
the relation of Artin L—functions with zeta functions of number fields.
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Theorem 3.2. Let G be the Galois group of a Galois extension K/F
of number fields. Then

(1) L(s, 16, K/F) = {r(s).
(2) L(s, R, K/F) = Ck(s).
(3) Artin-Takagi factorization:
Cr(s) = [] Lis,x, K/F.

Xm@
4. Variations of Dedekind Conjecture I

A generalization of the Uchida-van der Waall’s Theorem

Theorem 4.1. Let K/F be a solvable extension of number fields, i.e.
K/F is a Galois extension of number fields and G = Gal(K /FY is
solvable. Let x be a one dimensional character of G. Then for every
subgroup H of G and for every one dimensional character ¢ of H, if
m(x, %) = (x,IndG¢)c then

L(s, Ind§ (), K/F)

L(s, x, K/F)m(x.#$)

is regular at s = 3¢ # 1.

Remark 4.2. Note that the theorem generalizes the Uchida-van der
Waall’s theorem. This states that if E/F is an extension of number fields
and if K/ F be the normal closure of E/F such that K/F is solvable then
mmmw is an entire function of s. To see this apply the theorem to the case
when H = Gal(K/E) and both x and 1 are the trivial characters. The
behaviour of the quotient at s = 1 is easily determined. For instance, if
X = lg, then, m(x, ) # 0 only if ¥y = 1 in which case the quotient is
regular at s = 1. if ¢ = 1y and x # 1¢, the quotient has a simple pole
at s = 1.

Proof. Observe that if x does not occur in Ind$ (), i.e. if m(x,¥) =0
then the theorem follows from Statement (4) of Theorem 3.1 if 1 is
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non-trivial and if 4 is trivial this follows from holomorphy of Dedekind
zeta functions outside s = 1. If x does occur in Ind§ (¢) then since both
are one dimensional characters we have that x|z = 9 or in other words
m(x,¥) = 1. Now by Lemma 2.4 we have

Indf(1g) = 1o+ Y Ind§, ()

with the ¥;’s being one dimensional. Twisting the above equation by
X by which we mean tensoring by the representation y or in terms of
characters multiplying by x we get

x-Ind§(1y) = x + > x - Ind§ ().
Since tensoring “commutes” with induction we have
Ind§} () = x + Mgn_m,, (W)
where ¥} = x|p, - ;. We hence get that
L(s, Ind§ (), K/ F) G (y
: o - = I : .
L(s, x, K /F)mGc) M?? nd g, (¥2), K/ F)

"The right hand side is entire outside s = 1 which follows from Statement

(4) of Theorem 3.1 and holomorphy of Dedekind zeta functions in this
region. 0

Applications to the Heilbronn Character I

We begin in this paragraph by Hwnw:mzm the Heilbronn character which
studies the behaviour of Artin L—functions at an arbitrary but fixed
point sp € C.

Let G be the Galois group of a Galois extension K /F of number
fields. Let x be an irreducible character of G. Let the order of the Artin
L—function L(s,x, K/F) at s = sy be denoted by n(G, x), i.e.

n(G,x) = ord L(s,x, K/F). (10)

=39

The Heilbronn character is not really a character but a class function
defined on G given by the formula:

Oc(9) = Y n(G,x)x(9)- (11)

x€@
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If Artin’s conjecture is true and sy # 1, then O is a character. A basic
observation due to Heilbronn (see [2]) is the following proposition.

Proposition 4.3 (Heilbronn). Let G be the Galois group of a Galois
extension K/F of number fields. Let H be a subgroup of G. Then

Ogln = Ogn.
Here ©p is the Heilbronn character for the extension K JKH.

We now quote two theorems, the first is due to R. Foote and V. K.
Murty (see [1]) and the second theorem is due to the first author (see

7).

Theorem 4.4 (R. Foote-V. K. Murty). Let G be the Galois group of
a Galois extension K/F of number fields. Then

> (G, x)? < (ord Cx(s))2.

= $=3p
xe@

Observe that the above theorem implies that (i (s) [L(s,x, K/ F) is reg-
ular at s = g9 # 1.

Theorem 4.5 (M. Ram Murty). Let G be the Galois group of a solv-
able Galois extension K/F of number fields. Then

% o< (et (65))
x#1lg

We now give a generalization of Theorem 4.5. The following theorem
essentially states that instead of cutting out the trivial character of G
we can cut out any one dimensional character of G.

Theorem 4.6. Let G be the Galois group of a solvable Galois extension
K/F of number fields. Let xo be any one dimensional character of G.

Then 2
5 n(607 < (gt (o))

xe@
X#X0
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Remark 4.7. This clearly generalizes Theorem 4.5 by taking g to be
the trivial character.

Proof. Define a “truncated” Heilbronn character with respect to xo as

0F(9) = ) n(G,x)x(9). (12)

x€@
X#xo0

Taking norms on both sides, and using orthogonality of irreducible char-
acters we get

X2 = m SIOE @ = 3 n(G, %) (13)

9EG X#Xx0

We now analyze |©¥°(g)| a bit carefully. In what follows, the cyclic
subgroup of G gencrated by an element ¢ € G will be denoted {g).
Using Proposition 4.3 we have

08 (9) = ©c(9) — n(G, x0)x0(9)
O(9)(9) — n(G, x0)x0(9)
= > (n({9),%) — n(G, x0)(x0,¥%)c) $(g).

pelg)

Now we use Theorem 4.1 with H = (g) and any ¢ € A\I.Qv to get
S\AAQV, ‘Sv - S.Amwv XQVAXQ“ @QVQ N 0.

Using Theorem 3.2 and transitivity of induction we have
92 @< D, (n(9), %) — n(G, x0) (x0, ¥°) )
vela)

A L(s, ¥, K/K'9)) v
= ord —_— =
= \L(s, X0, K/F)x0#)c

§=480

veE(g)

ord —= AMMQNAQV..N\.NGJ

— R G
$=3g N\Am.Xc.Nﬂ\MuVAXoLﬂvaQ

_ o Ck(s) .
B Muﬂw.mu Ahﬁm.vmoshﬂ\.muxvmohﬂﬁvﬁv..
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Notice that since xp is a one dimensional character we have (xo, Rg)g =
Xo(1) = 1. Therefore for all g € G we have

. Cx ()
168 (9)] < ord Agv .

Now the theorem follows by using Equation (13). a

5. Variations of Dedekind Conjecture II

A further Generalization of the Uchida-van der Waall’s
Theorem

Theorem 5.1. Let G be the Galois group of a solvable Galois extension
Nm\m_ of number fields. Let H be a subgroup of G and let ¢ be any one
dimensional character of H. Let Sy, be the set of distinct one dimensional

characters of G which on restricting to H are equal to . Then

L(s,Ind$ a(¥), K/F)
:Xmm{ N.A.mu X«Nﬂx\kmuv

is an entire function of s.

Proof. Note that if Sy is empty then the theorem follows from state-
ment (4) of Theorem 3.1. We may therefore assume that S, is non-
empty. Let xo € Sy. By Lemma, 2.5 for the case when ¢ = 1 we have

HﬂQmAH,Ev S HEQM.HQ_Q_AHm.HQ_Q_V + M Hﬂam& Aﬁ“v

Multiplying this equation by xo we get, using the fact that tensoring
‘commutes’ with induction, that

Ind% (%) = Ind% (6,61(Xol# (6,67 + (*)

where (*) is a sum of monomial characters of G. Now note that
gam.ﬁﬁ.oixo_ H(G,q)) s exactly 3° . Sy X from which the theorem fol-

lows. ]
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Remark 5.2. Note that in the proof of the above theorem, the main
point is of a group theoretic nature and that is Lemma 2.5. But we
have used that lemma to cut out only the abelian piece. The lemma,
itself suggests that we should be able to divide L(s,Ind§ (%), K /FY) by
all the L—functions corresponding to characters whose levels are not
greater than i and prove that this quotient is entire. We are not able to
prove this theorem at this point of time. However we can prove a weaker
version which is the next theorem.

Theorem 5.3. Let G be the Galois group of a solvable Galois extension
K/F of number fields. Let H be a subgroup of G and let 1 be any one
dimensional character of H. Let Sy be the set of distinct one dimensional
characters of G which on restricting to H are equal to 9. Let %’ be the
character of H - G* which is obtained from ¥ by trivially extending it on
G'. If Sy is non-empty then

~ L(s, Ind$ 7)), K/F)
E:xvmﬂ.h?,k,wm\muv?.@\ovn

is entire as a function of s.

Proof. By Lemma 2.5 we have

Ind§(1x) = 1nd$ (1. o)+ Indf, §

Since §y is non-empty, let xo be an abelian character of G which oz
restricting to H gives 4. Twist the above equation by g to get

Ind§ (¥) = Ind§ i (¥) + (%)

where () is a sum of monomial characters. Now Humm.m.. (¥') is exactly
the sum of characters of G occurring in Ind$ (#) which are trivial on

G, i.e. have level less than or equal to 4. The rest of the proof is as in
Theorem 5.1. 0

Applications to the Heilbronn Character II

Theorem 5.4. Let G be the Galois Wno:ﬁ of a solvable Galois extension
K/F of number fields. Let [G,G] denote the commutator subgroup of
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G. Let K®® denote the subfield of K/F fixed by [G,G]. Let S denote

the set of distinct one dimensional characters of G. Then
2
> (G, x)* < | ord AEVV
s=s0 \ (fcan(s)
x¢S

Proof. The proof of this theorem is exactly as the proof of Theorem 4.6.
There we considered a truncated Heilbronn character by subtracting the
term corresponding to oné abelian character xp and here we subtract all

terms corresponding to abelian characters. So let

O =05 — »_ n(G,x)x-

X€ES

Taking norms on both sides we get

MﬁAQ.XvM _Q_ MU _®QAQ

x¢S g€eq

Using Proposition 4.3 we get

0kL(g9) = Oclg) — Y n(G,x)x(9)

X€ES
= 0(g(9) — > n(G, X)x(9)
xX€ES
= > {n(lgh¥) = D (G )9 e | (9.
Gm@ X€ES

Theorem 5.1 states that for all g € @ and for all ¢ € (g)

32.@v.€v - MU S\AQ.XVAX,‘&QVQ f

X€ES

Using the fact that M X = Hmmm.n_ﬁ_m.ﬂv we have
x€S
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96 < Y | nllghe) ~ Y n(Gx)x9%)e

.«.mA.\QIV XES

:gm) L(s, 1, I/ ()
=ord | — e e
3=30 :@mg :xm.w. hﬁm,X.Nﬂ\‘muvAx.& el
Cr(s)
=ord | &= 27
s=sg A:xmm L(s,x, K/F)
—ord [ - Cre(s) )
§=30 N.\A.m HE&—Q Q AHMQ_Q_vu Nm‘\m.v
(ke (s) v
= ord
=50 A@?c?v
The theorem follows. a

Remark 5.5. Just like Remark 5.2, a similar remark can be'made here.
Suppose K* is the subfield of I{/F left invariant by G the ith term in
the derived series. Then Lemma 2.5 suggests that we should be able to
prove that 3 n(G, x)? where the summation runs over all characters of

G which are non-trivial on G%, i.e. whose levels are greater than 1, is

. m
bounded above by Aoiruhc AM .mvvv . We hope to return to this at a
x._.

later occasion.

Corollary 5.6. Let G be the Galois group of a solvable Galois exten-
sion K/F of number fields. Let K* be the subfield of K/F fixed by
[G,G]. Then (x(s)/(an(s) cannot have any simple zeros or poles.

Proof. This mo:oém from Rg = Ind 6,61(1) + 3 ¢s x(1)x and The-
orems 3.1, 3.2 and 5.4. If Q«?v\@«??v had simple zeros or poles at
s = sp (say), then, the right hand side of the inequality in Theorem 5.4
would be 1. But then, at most one term on the left hand side of the
inequality can be non-zerp. Since

Cr(3)/Cpean(s) = E L(s, )X

X¢S
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we see that at least one term in the product must contribute a Zero or
pole. Hence; exactly one term in the product has a zero or pole. It can’t
be a pole since the left hand side is entire. Thus, the quotient has a zero
which must be multiple since x(1) > 1 for x ¢ 5. O
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