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Abstract. Let K be a real quadratic field with ring of integers OK .
We exhibit an infinite family of real quadratic fields K , such that OK
contains an admissible set of primes with two elements. We then study the
implications of this construction to the determination of Euclidean real
quadratic fields and related questions.
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1. Introduction

Let K be an algebraic number field with ring of integers OK . The number ring
OK is called Euclidean with respect to a given function φ : OK → N ∪ {0} if
φ has the following properties

(1) φ(α) = 0 if and only if α = 0, and
(2) for all α, β �= 0 ∈ OK there exists a γ ∈ OK such that φ(α − βγ ) <

φ(β).

In particular, if φ is the absolute value norm, then OK is called norm-
Euclidean.

It is easy to show that if OK is Euclidean then OK is a principal ideal
domain so that its class number is one. The converse, however, is not true.
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Indeed, in 1949, Motzkin [11] derived a useful criterion for any ring to be
Euclidean and using it, he showed that the ring of integers of Q(

√−d) with
d = 19, 43, 67 and 163 are not Euclidean, though they all have class number
one. As there are only nine imaginary quadratic fields with class number
one, Motzkin’s paper shows that only five of these are Euclidean (and in
fact, they are all norm-Euclidean). Are there any other examples of rings OK

with class number one which are not Euclidean? In 1973, Weinberger [17]
showed that if we assume the generalized Riemann hypothesis (GRH), there
are no more counterexamples. In other words, apart from the five imaginary
quadratic fields found by Motzkin, there are no further examples of OK

having class number one and not being Euclidean, if we believe in the GRH!
This surprising result makes one wonder how an analytic hypothesis can lead
to such an algebraic result and if the use of the GRH in such questions is
necessary. Such a program of research was initiated by M. Ram Murty and
his school. We will describe their results below.

Determining all norm-Euclidean quadratic number fields is a classical
problem that has received a lot of attention. The situation for imaginary
quadratic fields has been described above. It is known that Q(

√
d),

d > 0 is norm-Euclidean if and only if d = 2, 3, 5, 6, 7, 11, 13, 17,

19, 21, 29, 33, 37, 41, 57, 73. Thus, we have a complete list of quadratic
number fields which are Euclidean with respect to the absolute value norm.
We refer the reader to [9] for a survey of these classical results.

Thus, it is an interesting question to ask whether or not a given real
quadratic field is Euclidean with respect to a function different from the
absolute value norm. As indicated earlier, in 1949, Motzkin [11] proved
a fundamental result which gives a criterion for an integral domain to be
Euclidean. His result is the following:

Let R be an integral domain. Define the sets Ek , k ≥ 0, as follows:
Let E0 := {0}, Ek := {0} ∪ {α ∈ R : each residue class mod α contains

β ∈ Ek−1}, for k ≥ 1. Then, R is Euclidean if and only if ∪k≥0 Ek = R.
As an application of Motzkin’s construction, one obtains that if K =

Q(
√

d), d < 0, then OK is Euclidean if and only if d = −1, −2, −3,

−7, −11, which is the classical result mentioned in the beginning. But, it
seems difficult to use Motzkin’s construction directly for real quadratic fields
due to the presence of infinitely many units! However, with the additional
assumption of the generalized Riemann hypothesis (GRH), Weinberger
proved that OK is Euclidean if and only if it has class number one [17] by
adapting an argument of Hooley [8] used in his solution of the Artin primitive
root conjecture. On the other hand, for a certain class of integers OS , called
S-integers (defined below) Gupta, Murty and Murty [5] established that the
ring of S-integers is Euclidean if and only if OS is a PID without the use of
the GRH. Here is a precise statement of their result.
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Let S be a finite set of places of K containing the infinite places S∞.
An element x of K is called an S-integer if ordp(x) ≥ 0 for all primes p of K
not in S. Let OS denote the ring of S-integers. Let g := gcd {NK/Q(p) − 1 :
p ∈ S − S∞}. Then

Theorem 1.1 (Gupta, Murty, Murty [5]). Let K be Galois over Q such
that

(1) |S| ≥ max {5, 2[K : Q] − 3};
(2) K has a real embedding or ζg ∈ K .

If OS is a PID, then it is Euclidean.

Though their work initiated a method of removing GRH from these
questions, it could not be applied to study the rings OK .

In 1995, Murty and Clark [2] developed a new criteria for the existence of
a Euclidean algorithm to hold in a general number ring. In order to state their
result (see Theorem 1.2), we need the concept of an admissible set of primes
in OK which we define in what follows.

Assume that OK has class number one. Let π1, . . . , πs ∈ OK be distinct
non-associate primes. A set of primes {π1, . . . , πs} is called an admissible
set of primes if, for all β = π

a1
1 . . . πas

s with ai non-negative integers, every
co-prime residue class (mod β) can be represented by a unit ε ∈ O×

K .

In other words, the set {π1, . . . , πs} is admissible if the canonical map
O×

K → (OK /(π
a1
1 . . . π

as
s )

)× is surjective.
In [2], the authors showed that it is enough to take a1 = a2 = · · · = as = 2

in the above definition, (i.e,. the set {π1, . . . , πs} is admissible if the canonical
map O×

K → (OK /(π2
1 . . . π2

s )
)× is surjective).

Using this concept, Clark and Murty proved:

Theorem 1.2 (Murty, Clark [2]). Let K be a totally real Galois extension
with degree nK such that OK has class number one. If OK has a set S of
admissible primes with m = |nK − 4| + 1 elements, then OK is Euclidean.

When K/Q is abelian, Murty and Harper obtained a more precise and useful
criteria which we state below.

Theorem 1.3 (Murty, Harper [7]). Let K/Q be abelian of degree n with
OK having class number one, that contains a set of admissible primes with
s elements. Let r be the rank of the unit group. If r + s ≥ 3, then OK is
Euclidean.

There are other notable results in [7]. Specifically, Harper and Murty show
that if K/Q is a finite Galois extension with unit rank > 3, then OK is
Euclidean if and only if OK is a PID. This still leaves open the discussion
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for fields of small degree, in particular, real quadratic fields. This will be the
focus of this paper.

For real quadratic fields, K = Q(
√

d), d > 0, it is therefore enough to
exhibit the existence of an admissible set having two elements, as in this case
the rank of the unit group is one. Harper [6] proved that Z[

√
14] is Euclidean,

by exhibiting the set {5 − √
14, 3 − 2

√
14} as an admissible set of primes.

Additionally, in his thesis Harper also established that all the real quadratic
fields with discriminant ≤ 500 and having class number one are Euclidean.
Thus, the explicit construction of admissible primes is of independent interest
in its own right and it is the purpose of this paper to construct a set of
admissible primes for an infinite family of real quadratic fields. It is possible
that this family contains infinitely many fields with class number one and we
give some reasons at the end of the paper for this belief.

In this context, two famous conjectures have some bearing on our goals.
The first one concerns the Hardy-Littlewood conjecture which we state below.

Conjecture 1.4 (Hardy-Littlewood conjecture). Fix a natural number r
and b coprime to r . Hardy and Littlewood conjectured that the number of
primes p ≤ x with p ≡ b (mod r) such that 2p + 1 is also prime is

� x

log2 x
.

The second conjecture we need is an estimate for the number of Wieferich
primes. We call this the Wieferich primes conjecture. Though this is generally
believed, we have not found a precise formulation of it in the literature so we
give one here.

Conjecture 1.5 (Wieferich primes conjecture). Let ε be an element of
O×

K of infinite order. The number of primes p ≤ x such that

ε p−1 ≡ 1 (modp2)

is o(x/ log2 x).

Both of these conjectures are unproven though sieve theory has made some
progress towards the Hardy-Littlewood conjecture. They will be relevant to
our discussion below.

2. Statement of the theorems

The following result is inspired from the works in [6], [7], which we state as

Theorem 2.1. Let L be a number field, OL be its ring of integers and let
ε ∈ OL be a unit of infinite order. If q1 and q2 are distinct, unramified prime
ideals with odd prime norms q1 and q2 and if
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(1) ε has order q1(q1 − 1)/2 modulo q2
1;

(2) q1 ≡ 3 (mod 4);
(3) gcd

(
q1(q1 − 1)/2, q2(q2 − 1)

) = 1; and
(4) ε has order q2(q2 − 1) modulo q2

2;
then O×

L maps onto
(OL/q2

1q
2
2

)×
.

Proof. We shall use the notation G = 〈g〉 to mean that g generates the
group G.

Let

β := εq1(q1−1)/2.

By (3) and (4), it follows that

〈β〉 = (OL/q2
2)

×.

On the other hand by (1), we have

β ≡ 1 (mod q2
1).

Since β generates the group (OL/q2
2)

× and the image of ε lies in (OL/q2
2)

×,

there exists a positive integer k such that

(βk)(−ε) ≡ 1 (mod q2
2).

i.e., βk is the inverse of −ε modulo q2
2.

Now, let

α := −βkε.

Then by the above congruence, we have

α ≡ 1 (mod q2
2).

Also,

α ≡ −ε (mod q2
1).

Thus by (1), α generates the group (OL/q2
1). By the Chinese remainder

theorem
(OL/q2

1q
2
2

)× � (OL/q2
1

)× × (OL/q2
2

)×
.

Let (x, y) ∈ (OL/q2
1

)× × (OL/q2
2

)×
. Then there exist positive integers e, f

such that

αe ≡ x (mod q2
1) and β f ≡ y (mod q2

2).

Now the element z := αeβ f maps onto the element (x, y). Since (x, y) was
arbitrary, the canonical map takes O×

L onto
(OL/q2

1q
2
2

)×. �
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In particular, we can use the previous theorem to produce admissible primes
for any real quadratic field.

Theorem 2.2. Assume the Hardy-Littlewood and the Wieferich primes
conjectures. If K is a real quadratic field such that OK has class number one,
then OK is Euclidean.

Proof. The strategy is as follows. We want to select two primes q1, q2

satisfying the conditions of our previous theorem and then apply Theorem 1.3.
The Hardy-Littlewood conjecture predicts that there are

� x

log2 x

primes such that 2q1 + 1 is also a prime p (say). Let ε be a fundamental unit
of OK

×. If we want ε to be a square mod p, we want

ε(p−1)/2 ≡ 1 (modp). (2.3)

But this means that p splits in the quadratic field K (
√

ε) which is an
abelian extension of Q. By the Kronecker-Weber theorem, it is contained in
a cyclotomic extension Q(ζr ) for some primitive r-th root of unity ζr . The
condition 2.3 above is equivalent to saying that p lies in a certain arithmetic
progression (mod r). By the Hardy-Littlewood conjecture, the number of
primes p ≤ x such that 2p + 1 is prime and p splits in K (

√
ε) is

� x

log2 x
.

Let us call this set Tx and let us denote by the set Sx those primes p ≤ x such
that 2p + 1 is prime and ε is not a quadratic residue (mod p). This means
that the primes in Sx lie in a certain arithmetic progression (mod r). Now,
Hardy-Littlewood conjecture implies that Sx has � x

log2 x
primes.

By the Wieferich primes conjecture, the number of primes p ≤ x such that

ε p−1 ≡ 1 (modp2),

is o(x/ log2 x) and so, after removing these primes from Tx and Sx

(if necessary), we deduce that the number of primes in each of these sets
is � x/ log2 x . These are also disjoint sets on account of the splitting
and non-splitting conditions. Let p1 ∈ Tx and p2 ∈ Sx and write q1 =
2p1 + 1, q2 = 2p2 + 1. Then, clearly, gcd(q1(q1 − 1)/2, q2(q2 − 1)) =
gcd(q1 p1, q2 p2) = 1 and it is easily checked that all the conditions of the
theorem are satisfied. Finally, we need only apply the theorem of Harper and
Murty to deduce the final conclusion. �
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3. Explicit constructions

Now we give an explicit construction of admissible primes for a certain
infinite family of real quadratic fields.

Fix two primes p1 := 11 and p2 := 13. Let

d := (a + 1)2b2n2 + 2(a + 1)2n + 23 (3.1)

where a, b, n are integers such that

a ≡ 24 (mod p3
1 p3

2), b ≡ 5 (mod p3
1 p3

2), (3.2)

and

n ≡ 0 (mod p1 p2).

We define

K := Q(
√

d) = Q

(√(
(a + 1)2b2n2 + 2(a + 1)2n + 23

)
)

. (3.3)

With the above notations, we state the main theorem as follows.

Theorem 3.4. Let K = Q(
√

d) be as defined above. Then there exists a
set {p1, p2} of two unramified prime ideals with odd prime norms p1 and p2

respectively such that the canonical map O×
K → (OK /p1

2p2
2
)×

is surjective.

As a consequence of Theorem (3.4) , we deduce:

Theorem 3.5. There exists a family C := {
Q(

√
d) : d is prime

}
of real

quadratic fields such that OK is Euclidean if and only if it has class number
one.

Remark 1. The family C contains infinitely many elements under
Buniakovsky conjecture (stated in Section 4).

Remark 2. The reason for the above choice of d is governed by the fact that
in Q(

√
d), units can be found by solving the Brahmagupta-Pell equation

u2 − dv2 = 1

with

u := u(n) = b4(a + 1)n2 + 2b2(a + 1)n + a

and

v := v(n) = b3n + b.

where a, b have to satisfy the Brahmagupta-Pell equation x2 − 23y2 = 1.

The family is motivated by a construction of Zapponi [18].
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4. Proof of the theorems

Proof of Theorem 3.4. In our case, K = Q(
√

d) with d as defined in
the equation (3.1), we only need to find a unit ε and primes such that all
hypotheses of Theorem 2.1 are satisfied for K . As p1 = 11 and p2 = 13, we
see that (2) and (3) are satisfied. It is enough to check conditions (1) and (4)

of Lemma 2.1.
Therefore, it remains to find a unit ε ∈ O×

K and show that p1, p2

are unramified primes in OK , (i.e., the primes p1, p2 split in OK ). Then
Lemma 4.1 (below) allows us to find an admissible set of primes {p1, p2}.

Let us set ε := u+v
√

d where u and v are as defined before (see Remark 1).
Since u and v satisfies the Brahmagupta-Pell equation

u2 − dv2 = 1,

we explicitly get a unit ε ∈ O×
K .

We now show that the two rational primes p1 and p2 split in OK .

By construction of integers d , we see that d ≡ 23 (mod p1). The
discriminant, dK , of the field K is congruent to 1 or 4 (mod p1). In either
case dK is a square modulo p1. Therefore, by a standard result about splitting
of primes in quadratic fields (see Theorem 25, [10]), the rational prime p1

splits in OK . Similarly, dK is congruent to 10 or 40 (mod p2). Thus, p2 also
splits in OK .

For a given unit ρ ∈ O×
K and an unramified prime ideal q, the following

lemma tells us when the set {q} is an admissible set.

Lemma 4.1. Let ρ ∈ O×
K be a unit and q be an unramified prime ideal with

odd prime norm q. If ρ is a primitive root modulo q, and q is a non-Wieferich
prime to the base ρ, i.e., ρq−1 �≡ 1 (mod q2), then ρ generates the group
(OK /q2)×.

Proof. We only need to show that ρ has order q(q−1) modulo q2. We proceed
by contradiction: suppose ρl ≡ 1 (mod q2) for some divisor l of q − 1,
then ρq−1 ≡ 1 (mod q2), this contradicts our assumption that ρq−1 �≡ 1
(mod q2).

Now, if ρql ≡ 1 (mod q2) for some l|q −1. Then ρql ≡ 1 (mod q). Since
ρ is a primitive root modulo q, we have q −1|ql. This forces l = q −1. Hence
ρ generates (OK /q2)×. �

In order to use Lemma 4.1 in our case, we need to show that (i) ε is a
primitive root modulo p1, a prime ideal lying above p1 in OK , and (ii) p1 is a
non-Wieferich prime to the base ε.

Note that

N(ε2 − 1) = ε2ε̄2 − (ε2 + ε̄2) + 1 ≡ 2 − 2(a2 + 23b2) ≡ 10 (mod p1),

(4.2)
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and

N(ε5 − 1) = ε5ε̄5 − (ε5 + ε̄5) + 1 = 2 − 2(u5 + 10u3v2d + 5uv4d2)

≡ 2 − 2(−1) ≡ 4 (mod p1). (4.3)

The equation (4.2) and (4.3) shows that ε does not have order 2 and 5 modulo
any prime ideal in OK lying above p1. Since p1 − 1 = 2 × 5, the unit ε is a
primitive root modulo any prime ideal lying above p1.

Next, to establish (ii), note that

N(ε5 − 1) = (ε5 − 1)(ε̄5 − 1) = 2 − (ε5 + ε̄5) ≡ 367 (mod p3
1),

and

N(ε5 + 1) = (ε5 + 1)(ε̄5 + 1)

= 2 + (ε5 + ε̄5) = 4 − N(ε5 − 1) ≡ 968 (mod p3
1).

Thus,

N(ε10 − 1) = N(ε5 + 1)N(ε5 − 1) ≡ 1210 �≡ 0 (mod p3
1). (4.4)

From (4.4), we conclude that there exists a prime ideal in OK lying above p1,
say p1, such that

ε10 �≡ 1 (mod p2
1).

As p1 − 1 = 10, the prime ideal p1 is a non-Wieferich prime with respect
to the base ε. Therefore, by applying Lemma 4.1, ε has order p1(p1 − 1)

modulo p2
1.

Now we shall show that ε has order p2(p2 − 1) modulo p2
2, where p2 is a

prime ideal lying above p2 in OK . Observe that

N(ε4 − 1) ≡ 2 − 2(a4 + 138a2b2 + 232b4) ≡ 3 �≡ 0 (mod p2),

and

N(ε3 − 1) ≡ 2 − 2(a3 + 69ab2) ≡ 2 − 2(0) ≡ 2 �≡ 0 (mod p2).

From this, we obtain

N(ε3 + 1) = 4 − N(ε3 − 1) ≡ 4 − 2 ≡ 2 (mod p2).

Therefore,

N(ε6 − 1) = N(ε3 − 1)N(ε3 + 1) ≡ 4 �≡ 0 (mod p2).
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This shows that ε does not have order 4 and 6 modulo any prime ideal in OK

lying above p2, which means ε is a primitive root modulo any prime lying
above p2.

Again, by routine computation, we see that

N(ε6 − 1) ≡ 511 (mod p3
2),

and

N(ε6 + 1) = 4 − N(ε6 − 1) ≡ 4 − 511 ≡ 1690 (mod p3
2).

This gives,

N(ε12 − 1) = N(ε6 − 1)N(ε6 + 1) ≡ 169 (mod p3
2),

we conclude that there exists a prime ideal, say p2, lying above p2 in OK

which is a non-Wieferich prime with respect to the base ε. Thus, ε has order
p2(p2 − 1) modulo p2

2.
Now, we set

τ := −ε,

and observe that

τ
p1(p1−1)

2 ≡ −1 × ε
p1(p1−1)

2 ≡ −1 × −1 ≡ 1 (mod p2
1), (4.5)

which shows that τ has order p1(p1−1)
2 modulo p2

1.
Since p2 ≡ 1 (mod 4), the units ε and −ε have the same order modulo p2

2.
Hence τ has order p2(p2 − 1) modulo p2

2. Therefore, conditions (1) and (4)

are satisfied for the unit τ and primes p1, p2. This leads us to conclude that
OK contains a set of two admissible primes {p1, p2}. Thus, if OK has class
number one, then by Lemma 2.1, OK is Euclidean.

In order to prove Theorem 3.5, we need the following propositions.

Proposition 4.6. Let (a, b) be a solution for the Brahmagupta-Pell
equation

x2 − 23y2 = 1 (4.7)

satisfying

a ≡ 24 (mod p3
1 p3

2) and b ≡ 5 (mod p3
1 p3

2). (4.8)

Then there are infinitely many square free integers d of the form

d = (a + 1)2b2n2 + 2(a + 1)2n + 23,

where n ≡ 0 (mod p1 p2). Further, there are infinitely many pair of solutions
(a, b) of (4.7) satisfying (4.8).
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Proof. Our main ingredient is the classical result of Ricci [15] who
showed that if f (x) ∈ Z[X ] is a separable quadratic polynomial with
gcd{ f (n) : n ∈ Z} a square-free integer, then there are infinitely many
square-free values taken by f (n) (in fact, he had shown that a positive
proportion of the values are square-free). Now consider the quadratic
polynomial f (n) := (a +1)2b2n2 +2(a +1)2n +23, n ∈ Z. The discriminant
of this polynomial is 8(a + 1)3, which is not zero. Therefore, f (n) is a
separable polynomial and the gcd{ f (m) : m ∈ Z} is square-free. Thus, the
result of Ricci implies that there are infinitely many square-free values taken
by f (n).

We shall now prove that there are infinitely many solutions a, b to the
Brahmagupta-Pell equation (4.7) satisfying the conditions (4.8).

Note that 24 + 5
√

23 is the fundamental unit in the ring of integers for the
field Q(

√
23), therefore a = 24, b = 5 is a pair satisfying (4.7) and (4.8).

Let us set

μ := 24 + 5
√

23,

and define

μk := ak + bk
√

23, ak, bk ∈ N.

Observe that each pair (ak, bk) is a solution for the equation (4.7). A simple
computation carried out in Python gives us the following:

a1210r+1 ≡ 24 (mod p3
1) and b1210r+1 ≡ 5 (mod p3

1) for all r ∈ N,

and

a2028s+1 ≡ 24 (mod p3
2) and b2028s+1 ≡ 5 (mod p3

2) for all s ∈ N.

Thus, ak+1 ≡ 24 (mod p3
1 p3

2) and bk+1 ≡ 5 (mod p3
1 p3

2), for k = 1210r =
2028s, for all r, s ∈ Z. This shows that there are infinitely many integer pairs
(a, b) satisfying (4.7) and (4.8). �

The second proposition uses a famous conjecture of Buniakovsky [1] which
we state below.

Conjecture 4.9 (Buniakovsky conjecture). If g(x) ∈ Z[x] is irreducible
and N := gcd{g(m) : m ∈ N} then there are infinitely many m ∈ N such that
(1/N)|g(m)| is prime.

Proposition 4.10. With the same notations as in Proposition (4.6), the
polynomial

f (n) = (a + 1)2b2n2 + 2(a + 1)2n + 23, n ∈ Z

assumes infinitely many prime values under Buniakovsky conjecture.
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Proof. Take a = 24 and b = 5, for example, then N = 1. Thus by
Buniakovsky’s conjecture, our polynomial f (n) assumes infinitely many
prime values. �

Proof of Theorem 3.5. From Proposition 4.6 there are infinitely many
square free values taken by the polynomial f (n). However, if the square-free
values taken by f (n) has t distinct prime factors, then 2t−1 divides the class
number of Q(

√
d) (see Problem 8.3.11, [4]). Thus, we need only consider

the prime values of f (n) if we want that the class number of Q(
√

d) is one.
Proposition 4.10, guarantees that our polynomial f (n) assumes infinitely
many prime values. Thus, as we vary a, b and n, we get an infinite family
of real quadratic fields of the form Q(

√
d), d prime. The proof now follows

from Theorem (1.3) and Theorem (3.4). �

5. Concluding remarks

The set of quadratic fields with class number one in the family C is non-empty
since Q(

√
23) ∈ C. We expect there are more examples and this may be

useful to investigate further numerically. For ease of exposition, we fixed the
primes p1 = 11 and p2 = 13. In fact, the main theorem holds true for any real
quadratic field K provided there exists two unramified rational primes p1 ≡ 3
(mod 4) and p2 ≡ 1 (mod 4) satisfying the following conditions:

(1) N(ε p1(p1−1)) �≡ 0 (mod p1);
(2) N(ε p2(p2−1)) �≡ 0 (mod p2); and
(3) gcd

(
p1(p1 − 1)/2, p2(p2 − 1)

) = 1;
for any fixed unit ε ∈ O×

K .

It should be possible to go further. For example, the results of this paper can
be easily extended to study cubic fields which are Euclidean. In these cases,
the unit rank is either 1 or 2 and so a similar dichotomy emerges. Also, the
results of [7] were confined to the case that K is Galois over the rationals.
This was due to a similar restriction in the work of Murty and Murty [12].
But this restriction was recently removed in a work of Murty and Peterson
[13] and consequently, there is a wide scope for further progress. We relegate
this research to a future paper.

The two hypotheses we assumed, namely the Hardy-Littlewood conjecture
and the Wieferich primes hypothesis are both reasonable from a heuristic
perspective. Indeed, the former is encouraging given the recent progress
on the twin prime problem. As for the second, it is unclear at the moment.
Heuristic reasoning suggests that the number of such primes less than x
should not be more than O(log log x). Our hypothesis is much weaker from
this viewpoint in that we postulate the number is o(x/ log2 x). Certainly these
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hypotheses are far less imposing than the elusive and fugitive generalized
Riemann hypothesis.
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