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Abstract

Let F(s) be a Dirichlet series, F(s) = 3~ _ ean™, s > 1. De-
fine the the summatory function S(z) to be >, . a.. We assume
that F(s) satisfies the following conditions. First, for all € > 0,
lan] = O(n¢). In addition, it admits analytic continuation and
functional equation. More precisely, there is a function A(s) =
Q*[IT(cis + 1), @ > 0, e; > 0, Ry > 0, such that F(s)A(s) =
wF(1—8)A{1-3), w| = 1. Furthermore, assume that F{s) is entire.
This paper derives an estimation of S(z} without extra conditions.
The trivial estimation is 5(z) = O(z'*¢), Ve > 0. Let

d
9—m<1, d—2Za..

The main theorem is

S(z) = 0(Q'%z*), ve > 0.

In honour of Professor M.5. Raghunathen

1 Imtroduction

Let F(s) be a Dirichlet series, i.e., F(s) = 3., ann~’. The summatory
function S(z) is defined as follows N

S(x) = Zan, r>1.

n<r

We suppose that F(s) extends to a meromorphic functions for ®(s) > 1. If
F{s) has only a simple pole at s = 1 on the line of %(s) = 1 and satisfies

*Research of the second author was partially supported by an NSERC grant.
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some conditions on coefficients, the celebrated Tauberian theorem (see [5])
gives us

S{z) = kz + R(z), R(z) = of(z), for some constant .

To find the exact order of the error term R(z) is, in general, a difficuit
problem.

It is difficult to deal with general Dirichlet series. However, almost
all interesting Dirichlet series admit analytic continuation or meromorphic
continuation to the entire complex plane and satisfy a functional equation.
More precisely, we assume that there is a function

A(S) = Q‘gHr(ais"-?‘i)! Q > Os oy > 01

such that
F(s)A(s) = wF(1 - s)A(1 - 5),

where w is a complex number with || = 1, F(s) = F(3), and A(s) = A(3).
In [1], Chandrasekharan and Narasimhan proved an O-theorem and an

{l-theorem for the error term R{r). The second author in [4] used such

theorems to get the an estimation of eigenvalues of Hecke operators.

Now we assume that F(s) is entire and satisfies the Ramanujan hy-
pothesis, i.e, for all € > 0, |e,| = O(nf). The main term in the summatory
function disappears. By the Ramanujan hypothesis, the trivial estimation
of S(z) is O(z**¢), Ve > 0. Define 7 to be the smallest value of £ such
that

S(z) = O(z%F), Ve > 0.

To determine 77 is not an easy job. If we can find some upper bound 8 of Tp
less than 1, then the Dirichlet series 3 ., a,n~* will converge at ®(s) >
(cf. Lemma 5.1.) The importance of this fact is that we can estimate the
size of F'(s) inside the the critical strip, which cannot be inferred from the
functional equations.

Let d = 2} a; be the degree of F(s) and @ the conductor appearing
in the functional equation. The main theorem of this paper is

Theorem (Theorem 4.1) Keep all assumptions in this section. We
have

d 2
— 1-8 8+« _ —_1_
S(z) = 0@Q'*2™), 6= S5 =1-—— <1, Ve>o0.



Summatory Functions of Elements in Selberg’s Class 527

We should mention here that for d > 2, the method in [1] can produce
a better result of exponent in z; more precisely, for all € > 0,

. d-1
S = 0 +e g = =
() =06+, #'=73
However, our method has no restriction on  and is different and simpler
than their method. In addition, we include the dependence of the conductor
in our result. In [2], the first author works out the computation of the
conductor independence by the method in [1].: The result is, for all € > 0,

d—1

_ 1—8, 0'+e .
S(@) =0(@Q""a"+), ¢ ==

Therefore, our method can produce a better estimate on the exponent of
conductors. The interesting phenomencn is that the sum of two exponents

is always equal to one.
The organization of this paper is as follows. We set up the notations

in the second section and state some results and tools in the third section.
And then we prove our main theorem in the fourth section. In the final
section we discuss some applications and variations.

Acknowledgments. The first author would like to thank Queen’s Uni-
versity for its hospitality during the summer of 2001 when this work was
started. The authors also thank the referee for useful remarks.

2 Notation

In this paper, we consider a set &' of complex functions F(s) satisfying the
following conditions:

(i) (Dirichlet series)
n

o0
F(s) = —
n=1 i

a Dirichlet series absolutely convergent for Rs > 1;

(ii) (Ramanujan hypothesis) ¥e > 0, a, = O(n*) and the constant only
depending on F and ¢;

(iii) (Analytic continuation) F'(s) extends to an entire function of finite
order;

(iv) (Functional equation) it has a functional equation of the form:

®(s) = wd(l - 3),
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where w € C, |w| =1 and

B(s) = A(s)F(s), A(s) = Q° [] Mewis + ),

i=1

and ®(s) = ®(5). Here @ > 0, a; > 0, ®(y;) > 0, and m is a natural
integer. The number @ is called the conductor.

Remark Here our conditions are the same as the Selberg class & defined
in 8], except for the Euler product condition and the admission of poles at

s=1.
Let dr be the degree of F defined by
m
dr=2) o
i=1

Define the summalory function Sg(z) of F(s) by

Sr(z) = Z [,

n<r

Sometimes we drop the subscript F' if there is no confusion.
Let F'(s) be defined as above. We define a new Dirichlet series F¢ (o),

og>1hby

Flo)=) 'Z—:'
n=1

Obviously we have |F(o +it)] < F¢(o), ¢ > 1.
We shall adopt the following notation:

1 c+1T
ot for T

/ F(5)ds.
(e,T)

If T takes values co, we just simply drop it and write it as f,.

will be abbreviated to
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3 Preliminaries

In this section we state the results and tools needed in our proof. The main
tool is the method of contour integration.
For z > 0, define a function d(z) as follows

0 f0<cz<l,
dr)=<¢1 ifz=1,
1 ifz>1.

"The following lemma is deduced from standard contour integration (see
for example, [5]).

Lemma 3.1 For eny z,¢ > 0, we have

d{(z) =f( z—ads.

c) 8

Furthermore, if we use the truncated integration f( . T)(z:’ /s)ds, T > 0,
then the error term can be controlled as follows

-/(. I—’ds —d(x)

¢, T) 8

- 1 .
< .’Icicmlll(l, W) lf x # 1,
T ifrz=1.

An immediate corollary of the previous lemma is
Corollary 3.2 (Perron’s formula) Let f(s) =3, ., ann™* be a Dirich-

let series absolutely convergent for s > 1. Then for T > 1 not an integer
ande>1, T>0,

S@ =Y .= fw) f(a)%sds +0 (2 (£) tan| min (11 Tllog 2] ljg %l))'

n<r
If we use I'(s) instead of 1/s as the kernel of integration, we have:
Lemma 3.3 Foranyo >1and z >0,

61/’=/ =¥ (w)dw.
(o)

Similar to Perron’s formula, we have
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Corollary 3.4 Let f(s) = 3,,_;8an"" be a Dirichlet series absolutely
convergent for Rs > 1. For any ¢ and s € C so0 that ¢ > 1 — R(s), we have

5 Gngmn = [ 166+ wa T@as

]
n=1

In 1957, Rademacher [6] proved a sharper version of the Phragmén-
Lindel6f theorem. The significance of this result is that it provides precise
inequalities satisfied by a general L-function inside the critical strip. The

version that he proved is the following:

Proposition 3.5 (Rademacher [7], Theorem 2) Let f(s) be analytic
in the strip S{a,b) = {s € Cla < Rs < b} and of finite order. Suppose

moreover that
{|f(a +it)] < E|P + a +it]%,

[f(b+it)| < FIP + a+it]5,
with
Pta>0 a>p
Then in the strip S(a,b)
£(s)] < (BIP +5|*) 55 (FIP + o) =3,
where s = o + it.

In order to get the control of growth of F(s), we need to know the
asymptotic behavior of I functions. Fortunately, we have the Stirling for-

mula as follows:

ID(o + it)] ~ e~ ¥=l|t|7~ % /2r,
as |t| = oo, uniformly in —co < A; €0 < Ay < o0
Lemma 3.6 Forallo > 1,1 € R,
|F(1 -0 +it)] < C'Q¥(1t] + 227~V F (o),
where C' is a constant that only depends on a; and ;.

Proof By the functional equation and Stirling’s formula, we have

D (ai(o +1it) + 7)) |

IF(1 -0 +it) = Ql 7 I ooy Fe -

<@t C’(ltl+2)2 me2e=1) . F(q)
= C'Q*(t| + 2) 1RV R (o).



Summatory Functions of Elements in Selberg’s Class 531

Now we apply the sharper Phragmén-LindelSf theorem on F(s).

Lemma 3.7 Lete > 1. ForelltcRandl-oc <n<o,
[F(n +it)] < C(QH +2)%) " F (o),

where C is a constant that only depends on o, and ;.

Proof From the previous lemma, we know
IF(1- o +it)] < CQ¥ ! (1t] +2) ¥ VF (o),

where C is a constant that only depends on d, a; and ;. On the other

hand,
[F (o +it)] < Fe(o).

If we apply Proposition 3.5, we get the result.

Remark If F(o) has meromorphic continuation to ®(s) > 1 with only a
pole at o = 1 of order k, we can get a better estimation. Since we know

o

FC(“)""’(U—_I')“E;

we choose

g-1=k- (log(Q(ltl o 2)*))
Then
[F(n+it)] < C(Q(It] +2)F) " F(o)

< C(8)* (@ + 219" (loe(@e + 2)))

This is the formula appearing in [4]. Note that the choice of ¢ here is best.
The Lindeldf hypothesis on §' is a conjecture which predicts the behav-
ior of F(s) in the critical strip. The statement is the following:

Let F(s) € S'. Foralle > 0 and n > 1/2,
|F(m +it)] = O(Q°),
where the constants depends only on e, and .

This is still & major open question in the theory.
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4 The Main O-theorem

Now we state the main theorem.

Theorem 4.1 Let F(s) be the Dirichlet series Y ..., ann™" that satisfies
the conditions in §2. Then S(z) =3, o, an = O(Q' ~92%+¢), Ve > 0. Here

— _d
9—@(1.

Proof Givenc > 1 and{ < 5 < ¢. By Corollary 3.2 (Perron formula) and
the entireness of F(s), we have

S(z) :/(C‘T F(s)—ds+0(i(z) lﬂnlmm( ’T[%gﬁ[))

n=1

e+iT g

- _f(m (s)—ds + 2i (/c—iTF(s)“’s—ads-[mT F(s)%ds)
+ O(i (E)cla,,]min(l,ﬂ%g%l))

n=1

=F1 + Ey + Ej.

Here

IS
E, = —f F(s)—ds,
(m.T) §
e=iT' ) e+iT ]
By = — / F(s)ids—/ F(s)=ds ),
2ni \ Syt s a+iT s

Ey = O(i(g)c'“"lmm(l' Tﬁolg_ﬁl))

n=1

We deal with each term separately. For E),

T 1 /T Al
|Ey| = F(s)?ds SE/—TIF(W-H]&)II oy t|

(n,T)

T
L R@gera / i+ 24 i

C T
< %FC(C)W‘IQC‘%” ] (|t] + 2)$le=m-1g;

< SR QT + D8 = Cuan QT + 24,
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where

|Es| <

A

1A

IA

IA

I

1

Cl=

c+iTl 1’8
/ F(s)—ds| +
0 S

+iT

=

C -1
;Fr;(C)n :

For Es, by Lemma 3.7, we have

. .
F(s)x?ds

533

)

ch(c) f Q= MT + 2)#e=NgA |\ +4T|~1dA
]

¢ en Qe F-1 I
TR+ 8 [ (2t

S R Qi@ +2) ¥

.

£d

Cale —mQ(T +2)¥ -1

Q(T+2)%‘)
)%‘-) - (Q(Tii’)g) )

( E(log &)1 F; (c)r,r"l(,l,?—;2 +z{Q(T + 2)§)C_HT_1)

I Fe(e)n e — QT + 2) -1

(Cz(Tz—_:g + E"(Q(T+ 2)%)“‘"11—1)

)Adx

=}

if —m,;—>%or

Q(rs2)2

T 2
d S gl
Q(T+2)=

=0

(X1
A
Je
IA

r3jED

e — > 2 or
QT+t =

3[4

’+l’ S
Q(T+2)?

el 2 2
= Qurent ~ 2

b
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Here 30
Ce = ?Fc(c)n"l.

For E3, wechoosez € N + % Then

e )

n=1

LOREES)

n=

1 f T = [an . 63
< B(log?) 1(?2';,,.—'+aog2) 2 3 faalllog 2] )
n=1

*zSnSﬂz

| Es SB(

< B(log?2)~! (Fg(c)%c +10- 2°% Z l“nlﬁ)

R ~1,9e% ! 1
< Bf(log2) (Fc(c) T +2(log2)~" -2 T max{|an|, 2:1:511 52:1:}2 o ﬂ)
z+4<ng2z

¢ 1
< B(log?2)™! Fc(c):"':—+2(10g2)_1~2°E - max{|an|, lzgngh}z ——
T T 2 i =+7

0<j<z—42

zlogzx

¢ 1
< B{log?2)™! (Fc(c)% +2(log2)~%.2° max{ja,], 3% <n< 2z})

e 1+eI
< 2B (Fc(c)% +8C, - 2C%)

Here C, is a constant depending on € by Ramanujan hypothesis and B is
the constant from Corollary 3.2. We choose € = (¢ — 1)/2. Then

£, (glt-cl/2 log:t:))

z€ T
< — . 9¢
|E3| < 2B (Fc(c) T +8C, -2 T

<2B| R0 +8C, 2%
= { T c T

IC
< L
< C3T

Here
Cs = 2B(F¢(c) +8C. - 2°), and C, =C..
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To sum up,

IS(z)| < |E1| + |E2| + | Esl

(Oln:"(Q(T+2)?)°"’+cz( o + 2 QT +2)8) T )+ G5
if ——~ > % or ——.r < %
< J Q(T+2)2 QIT+2) 2
Clm’f(Q(T + 2)%)“'—71 +Cg(c—1})Qc(T+2)%5-l + Ca-:f;—
. Q(T+2)2
Assume T > 2. We choose our T wisely such that —%— > 3 or

Q(T+2)%
<2 5 . We obtain

—=— <
QT+2)2
15(2)] < A" (QT +2)%)° " + Ay
R Ty
where
Cy
A =C + 3 Ay = G2 +2C;.

To minimize the sum, we equalize 7 {Q(T + 2)%)"‘—'T and z°(T +2)!. Set
c—7n=1and c=1+e¢ We have

n £ :_z‘; $41 _ _(Z 7+
z(Q(T + 2)%) T+2=>Q(T+2)I z=T+2 (Q) .
The main term in the sum is

z° T

T+2_( )m‘

= 33_5. Hdﬁ"i‘e: 3-21.8-}-( e
QT .z QT x4 157

Finally,
1S(z)] < (41 + A2)QTH - 27+ = S(z) = O(Q'~*2"*°).

This ends the proof.
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5 Applications

In this section we discuss some applications.

Lemma 5.1 Let F(s) be a Dirichlet series. Assume that its summatory
function S(z) is O(x). For R(s) > 4, the series

= a.

F(s) = n_:

n=l
converges. Note that we do not assume that F(s) converges abselutely for
R(s) > 4.
Proof Let F;(s) be 3., . %= It suffices to prove that F.(s) converges

n<r ne T

uniformly when z tends to infinity. Let s = ¢ -+ i¢. By definition,
E8Y
R = [ Fasto,

where S(t) is the summatory function. By partial summation,

o [T ligpn=S® SO 75w
ﬂ@_AE#WL-ﬂ e[ wad
- ﬁ@m—sm+ouhﬂ-z %@m

i
. o0 b
=Am+0@“ﬂ+0/ ﬁﬁm=Am+0@%m

where

ts+l

Als) = sflm SU) sy,

Therefore, F,(s) converges to A(s) uniformly when z tends to infinity. This
proves our assertion.

Immediately, we have the following corollary.

Corollary 5.2 If F(s) € &, then for Rs > 0 = d/f(d + 2), the seres

. a
F(s) = n—:

n=i1i

COTVETES.
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This corollary gives the information inside the critical strip. There is the
other kind of summatory functions using the I" kernel. Let F'(s) € §'. For
all £ > 0 and s € C, we define the exponential summatory function 5%(s)

as follows:
o0

5%(s) = Z %e’"/x.

n=1

By Corollary 3.4 and the entireness of F(s), for any c > 0, we obtain
§%(s) = / F(s + w)g T (w)duw.
{c)

If we move the line passing 0, we will pick up the residues at 0 and obtain
the following lemma:

Lemma 5.3 Let F(s) € §'. Forany0<n <1,
5%(s) = F(s) +f F(s 4+ w)z*T(w)dw.
(~m

Apply Lemma 5.3 above on the case for s = 1 and n = 1/2. By the Stirling
formula and the Lindeldf hypothesis, we can easily obtain the following

corollary.

Corollary 5.4 Let F(s) € §'. Assume the Lindelof hypothesis. Fors =1
and n=1/2, we have

> e/t = 87(1) = F(1) + 0~ 1/2Q).

n=1
Here the constant implied by the ‘O’ symbol is absolute.

These results will be useful in the study of average values of families of
elements of the Selberg class. We hope to undertake this study in forth-

coming research.
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