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1. Introduction

To take advantage of the applications to mechanical systems that mathematics has to
offer, one would wish to have a satisfactory understanding of the theory involved. In this
paper we try to build exactly that, and tackle the problem of time-optimal control of two
simple mechanical systems: the robotic leg and the planar rigid body. Both systems have
uncontrolled motions that are described by a kinetic energy Lagrangian function which is
determined by the associated Riemannian metric. Each of these metrics offers us its Levi-
Civita affine connection to work with. We also mention that both systems are shown to be
controllable in [Lewis and Murray 1999], so the question of existence of solutions will not
be of concern.

Our goal will be to understand the advances that lead up to a maximum principle for
affine connection control systems given by Bullo and Lewis [2005, Chapter S4], and which
we specifically use for time-optimization. To start, we look briefly at some elementary
results from the calculus of variations and definitions from affine differential geometry, and
establish a link between the two. Next we take the path offered by Sussmann and Willems
[1997] that leads us from some well-known necessary conditions for minima in the calculus of
variations, to the celebrated maximum principle of optimal control theory. Then the flavor
becomes more geometrical in nature, as we examine affine connection control systems and
the splitting of fibres in higher-order tangent and cotangent bundles. This gives us enough
insight to state two versions of the maximum principle, one being a result for the more
general control affine systems that follows from the work of Sussmann [1998], and the other
a special case for affine connection control systems. From the latter, another result is found
specifically for systems in which the norm of the controls is bounded.

After studying all of the newly encountered concepts, we apply them to our two mechan-
ical systems. We find the equations of motion for each system and compute the Hamiltonian
equations supplied by the maximum principle. Then we apply the maximum principle for
affine connection control systems and find our controls in terms of a one-form field along
time-optimal solutions. To finish we examine a special “singular” case for the planar rigid
body, when the maximum principle does not allow us to determine the optimal controls.
For this system, the time-optimal singular extremals can be completely described.

2. The calculus of variations and affine connections

One of the earliest known optimal control problems, according to Sussmann and Willems
[1997], dates to about 1696 when Johann Bernoulli posed the brachystochrone problem
which reads:

If in a vertical plane two points A and B are given, then it is required to
specify the orbit AMB of the movable point M, along which it, starting from A,
and under the influence of its own weight, arrives at B in the shortest possible
time. So that those who are keen of such matters will be tempted to solve this
problem, it is good to know that it is not, as it may seem, purely speculative and
without practical use. Rather it even appears, and this may be hard to believe,
that it is very useful also for other branches of science than mechanics. In
order to avoid a hasty conclusion, it should be remarked that the straight line
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s certainly the line of shortest distance between A and B, but it is not the one
which is traveled in the shortest time. However, the curve AMB — which I shall
divulge if by the end of this year nobody else has found it — is very well known
among geometers.

Within a year solutions were submitted by Johann Bernoulli and others such as New-
ton, Leibniz, T'schirnhaus, ’'Hopital, and Johann’s brother, Jakob Bernoulli. The brachys-
tochrone problem starts us exploring a road that leads through the necessary conditions for
extremizing functionals, up to the widely applicable maximum principle. The solutions to
certain optimization problems turn out to be geodesics, so there must be a bridge that can
be taken to the area of affine differential geometry. This is exhibited in Section 2.2.

2.1. Necessary conditions for optimization in the calculus of variations. The calculus of
variations is a classical subject in the area of applied mathematics. The following is one of
the interesting problems with which it deals.

2.1 Problem: Find a function z((t) that minimizes the functional

b
J(z) = / L(t, 2(t), (1)) dt,

over all curves z : [a, b] — R"™ such that z(t) € C*[a,b] and L(t,z,v) € C*([a, b]xR"xR™),
where z(a) = zp and z(b) = x;.

We ask that the Lagrangian or cost function L(¢, z,v) and the class of available functions
from which our minimizer can be chosen be those which are of type C*°. Weaker hypotheses
are possible, however for what is to come, this assumption will suffice and offer simplicity.
This problem is at the heart of classical optimization theory, and thus turns out to be a
good place for our topic of interest to begin.

We now mention three necessary conditions that must be satisfied for an extremal to
be a minimum value of the functional J(z). Two of them will be referred to later when
developing a stronger statement that we will use to investigate our two mechanical systems.
More general statements can be found in [Ewing 1985], when the class of available curves
is extended to include those with discontinuous derivatives.

Euler’'s necessary condition. One of the main results in the calculus of variations is a
necessary condition formulated by Fuler around the year 1744. It comes from a simple
idea in elementary calculus, that if an extremal exists, the derivative of the function being
maximized or minimized must vanish. We will be adopting the summation convention
where summation is implied over two identical indices occurring in the same term, one a
subscript and one a superscript. The result can be summed up in the following theorem.

2.2 Theorem: (Euler’s Necessary Condition) If xo(t) solves Problem 2.1 then xo(t) must
satisfy the Euler-Lagrange equation

d 0L oL

S St ao(t),d0(t)) = 5 (t3o(t), do(t): (21)

for allt € [a,b].



4 A. T. CooMBS

Proof: We consider arbitrary variations of the minimizing function z(t) + Ah(t), where
h(t) € C*[a,b] and h(a) = h(b) = 0, and take g(\) = J(xo(t) + Ah(t)). Since L(t,x,v) is
differentiable and we take the interval [a,b] to be compact, then g(A) is differentiable. If
xo(t) solves the minimization problem, then g(0) must be a minimum value of g(\) and
therefore it is necessary that ¢’(0) = 0. Differentiating g with respect to A and evaluating
at A =0,

b
g (0) :/ ;\AZOL(t,xo(t) + Ah(t), Zo(t) + AA(t)) dt

b ..
- / (gi;(t, wo(t), To(t))h'(t) + gi(t,a:o(t),x'o(t))hz(t)> dt
b
= [ (2 001 0) ~ & 2 o, oy 0 )
t=b
9% (b o(0) o)D)

where the last step includes integration by parts on the second term. Using the endpoint
conditions, h*(a) = hi(b) =0 for i = 1,...,n, we have

b
70 = [ (Gt oo - 3 5o (o) (o) ) (0

And since ¢'(0) = 0 and h(t) was chosen arbitrarily throughout [a, b], subject to the endpoint
constraints, we obtain equation (2.1), as required.lJ

The Euler-Lagrange equation gives us a necessary condition for an extremal to occur,
so once we obtain such candidates, we would want to check if they are a maximum or a
minimum. We will be mainly dealing with minima throughout our discussions.

The Wieirstrass excess function. The next necessary condition that we should state in-
volves the excess function defined by

OL
E(ta xz,r, Q) = L(ta xz, q) - L(t7 xz, T) - (q - T)ai(tv xz, T)' (22)
v
This function measures the difference between L(t, x, ¢) and its first order Taylor polynomial
based at the point (¢, z,7).
2.3 Theorem: (Wieirstrass) If xo(t) solves Problem 2.1 then
E(ta :EU(t)v xO(t)7 q) > 0’

for every t € [a,b] and for every q € R.

We omit a proof of this statement, but refer our readers to [Ewing 1985], or any suitable
text on variational calculus.

Legendre’s necessary condition. Another very important result comes from Legendre
around 1786. It concerns a necessary condition for a minimum to occur, and similar to
Euler’s necessary condition, can be thought of in terms of ideas from elementary calculus.
This time however, it is the fact that the second derivative evaluated at the point admitting
a minimum must be non-negative.
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2.4 Theorem: (Legendre’s necessary condition) If z(t) solves Problem 2.1 then xo(t) must

satisfy
0’L .
for allt € [a,b)].

Proof: We apply Taylor’s Formula with a second-order remainder to L(t,z,q) about the
point 7,
(q—7)?0°L

oL
L(t,{E,Q) = L(t,(l,’,?") + (q - T)%(t,]/',?“) + Tw(taxae(q - 7’)),

for some 6 € (0, 1). Using the excess function, equation (2.2), we find that

—7)20%L
E(t,x,r,q) = WW(E%H(Q —)).

And from Theorem 2.3, when we take r = @(t) and ¢ = 13(t), the statement of the

current theorem follows.[J

2.2. Affine connections in the theory of geodesics. Differential geometry provides the
applied mathematician with a lot of new concepts and techniques, some of which offer a
significant number of applications to variational problems. When looking for solutions to
optimization problems, it is nice to know that they can sometimes turn out to be simply
geodesics on a manifold supplied with an affine connection. Therefore we build a direct
relationship between certain variational problems and geodesic theory.

Definitions. We first present some affine differential geometry that will be used throughout
our discussion. The motivation here is simply for notational purposes. Most of the defini-
tions come from [Kobayashi and Nomizu 1963a] and [Kobayashi and Nomizu 1963b], except
for the adjoint forms of torsion and curvature, and the adjoint Jacobi equation, which may
be found in [Bullo and Lewis 2005, Chapter S4].

2.5 Definition: An affine connection on a manifold () is an assignment to each pair of
vector fields X and Y on @, a vector field VxY, and the assignment should satisfy the
properties:

1. the map (X,Y) — VxY is R-bilinear,
2. VyxY = fVxY for f € C*(Q), and
3. Vx[Y = fVxY + (Zx [)Y for f € C*(Q),

where & f is the Lie derivative of the function f with respect to the vector field X.
The vector field VxVY is called the covariant derivative of Y with respect to X. If

(¢%,...,q") are coordinates for @, then VxY in coordinates is given by
oYyt . Cior) O
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where the n3 functions I' ;k are called the Christoffel symbols for the affine connection V

defined by
0 o,
V - — FZ- —_—.
% dqF gk g

This tells us how to covariantly differentiate a vector field. We define the covariant derivative
of a function to be its Lie derivative

Vxf=%xf

To find the covariant derivative of a one-form A, we first apply the one-form to an arbitrary
vector field Y. We would like Vx A to have the property

Vx(A(Y)) = (VxA)(Y) + A(VxY),

which is basically the product rule from elementary calculus. Indeed, this is how we define
the covariant derivative of a one-form applied to a vector field,

(VxA)(Y) = Zx(A(Y)) = A(VxY).

To obtain the coordinate expression, we use equation (2.4) and the fact that the Lie deriva-

tive in coordinates is Fx f = g;i X?. One may then verify that
ON: . . 4
VxA= <an? X7 - chiX’fAj> dg’. (2.5)

It is also possible to covariantly differentiate an arbitrary (r, s)-tensor. To do this, we
take such a tensor ¢t € Ty (T'M) and thus its covariant derivative with respect to a vector
field X will be of the same type: Vxt € T. (T'M). A (r,s)-tensor takes as its arguments, r
one-forms and s vector fields. If {Al,... A"} is a set of one-forms and {Y1,...,Ys} is a set
of vector fields, then we wish to have

Vx (AL ... A", Y1, V) = (Vxt)(AL, ... A", Y, ..., Ys)

=D HAL L VXA AT, Y)

S
=) HAN LAY VXYL YY),
7=1

It is then possible for one to solve for V xt and obtain the covariant derivative of an arbitrary
(r, s)-tensor.

A useful property of affine connections is that they allow us to differentiate vector fields
and one-forms along curves. Consider a curve ¢(t) on @, a vector field v(¢) and one-form
field A(t) along c. Let X and Y be vector fields such that X has ¢ as an integral curve, i.e.,
d(t) = X(c(t)), and v(t) = Y (e(t)). Then we define the covariant derivative of v along
c to be the vector field along ¢ given by

Veov(t) = VxY(c(t)).
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In coordinates,

Vewv(t) = (0 (t) + Thid/v" (1)) ag’

(2.6)
which comes from equation (2.4).

Now let X be a vector field and A a one-form such that X has ¢ as an integral curve,
e, d(t) = X(c(t)), and A(t) = A(c(t)). Then we define the covariant derivative of A
along c by

VemAlt) = VxAe(t)).

In coordinates . ‘ '
Vc/(t))\(t) = ()\z(t) — ngiqk)\j(t))dql, (27)

which can be verified from equation (2.5).

On a manifold supplied with an affine connection, a certain class of curves is distin-
guished. These are called geodesics and we will see them again when trying to establish
links with variational problems and in the drift motion of state trajectories for mechanical
systems. A geodesic c(t) of the affine connection satisfies

Vc/(t)cl(t) =0.
One verifies that a geodesic in coordinates satisfies
'+ Thd’d" = 0. (2.8)

Since the geodesic equation is a second-order differential equation, it defines a second-
order vector field Z on T'Q called the geodesic spray of the affine connection V, given in
coordinates by

(2.9)
so that the coeflicients of 8?11' and 8‘21-
a significant role in what is to come.

We now look at four tensor fields that give us an idea of the “shape” of our manifold
equipped with its affine connection. The second definition may be somewhat familiar from
elementary vector calculus.

are ¢* and ', respectively. This vector field will play

2.6 Definition: The torsion T for V is a (1,2)-tensor field given by
T(X,Y)=VyY - Vy X — [X,Y],

S0, in coordinates

ik = Lk = Tj-
One may verify that the torsion tensor is bilinear in X and Y. For uy € T4Q and o € T Q,
we define the adjoint torsion T*(ay,uy) € T;Q by

(T (g, ug); wq) = (ag; T(wg, uq)),  wq € TyQ.
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2.7 Definition: The curvature R for V is a (1, 3)-tensor field given by
R(X, Y)W =VxVyW —VyVxW — Vx W,

so that in coordinates

ory; oy

Z' J—

g o

% m 7 m
+ Uil — i Ly

Of course, the curvature tensor is multilinear in X, Y, and W. For u4,v, € T5Q and
aq € T;Q, we define the adjoint curvature R*(og,uq)vg € T;Q by

(R (g, ug)vg; we) = (ag; R(wg, ug)vg),  wy € TyQ.

The affine connections that we will be working with when investigating the two me-
chanical systems are Levi-Civita connections, so we will need to know their properties. A
Riemannian metric is a symmetric positive-definite (0, 2)-tensor that gives us a notion
of the distance between points on our manifold, and the unique Levi-Civita connection

g
supplied with such a metric g is denoted by V.

2.8 Definition: Let g be a Riemannian metric on a manifold ). The Lewvi-Civita con-
nection is the unique affine connection satisfying the following properties:

g
1. Vx g = 0 for all vector fields X € @,
2. the torsion T'(X,Y) = 0 for all vector fields X, Y € Q.

The Christoffel symbols for the Levi-Civita connection may be shown to be

i _ L (99 N g, 9gjk
k9 ogk  0¢7  0¢ )’

The next two definitions characterize a way to measure variations of geodesics. These
will be necessary to come to a version of the maximum principle for affine connection control
systems in Section 3.3.

2.9 Definition: A vector field £(t) along a geodesic ¢(t) is a Jacobi field if it satisfies the
Jacobi equation

Van€(t) + R(E(), ¢ (1) (t) + Vo (T(ER), ¢ (1)) = 0. (2.10)

2.10 Definition: A one-form field a(t) along a geodesic ¢(t) is an adjoint Jacobi field if
it satisfies the adjoint Jacobi equation

V2 alt) + R (alt), ¢ (1) () — T*(Vapalt),d (1)) = 0. (2.11)

Relations to variational problems. We now try to establish some relationships between
variational problems and affine connections. To start we will present an example about the
two-dimensional sphere $2. The geodesics turn out to be the great circles, and this will
be demonstrated in two ways.
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2.11 Example: To find the geodesics, we must minimize the distance between two points
on the sphere $2. It can be shown that equivalently, we may minimize the square of the
distance,

ds? = da? 4 dy? + d2?,

where (z,y, z) € R? are restricted to $2. Now the equation of a sphere can be written as
r=sinfcos¢p, y=sinfsing, 2z = cosb,
— ds? = d6? + sin? 6 d¢°.
So we take our Lagrangian in coordinates 6 and ¢,
L((0,9), (0, 9)) = 62 +sin? 0 ¢°.
Now the terms of equation (2.1), the Euler-Lagrange equation, are

oL [ 2sin 6 cos 6 ¢ ]

dr 0
aor_ 2
dt ov ~ | 4sinfcos00¢ +2sin20¢ |-

On equating the components of each term, we find the equations of the geodesics on the
sphere,

6 —sinfcosf > = 0,
b+2cot00=0.

Let us find these geodesics from equation (2.8). Using the same equations for the sphere
from before, we compute the metric to be

(2.12)

gs2 = (dz @ dr +dy @ dy + dz @ dz) | §2
=df @ df +sin? 0 do @ de.

Therefore ggg = 1, gop = sin?#, and 99p = geo = 0, and since we are dealing with a
Levi-Civita connection, we find the non-zero Christoffel symbols from Definition 2.8:

FZ,¢ = —sinfcosf and I’ie = F2¢ = cot f.
Using the coordinate expression for a geodesic, equation (2.8), we find the same equations

of motion as those given before in equations (2.12).

The above example shows how geodesics can turn out to be the solutions for certain
variational problems. Now let us look at the generalization.

2.12 Proposition: The FEuler-Lagrange equation for the Lagrangian

L(vg) = %g(vq, Vg)

is equivalent to the geodesic equation

g /
vcl(t)c (t) - 07

for a Levi-Civita connection g.



10 A. T. CooOMBS

Proof: We choose some arbitrary coordinates for c(t) to be ¢‘(t) where i = 1,...,n.
Differentiating the Lagrangian L = % kG’ ¢* first with respect to ¢! and then with respect
to ¢' and t, and remembering that g is symmetric in its indices,

8711 o 1 <8gjk -j k>

o¢t — 2\ g 4
237[/ — }i kg0
1/ 0gq; | Ogi\ .; .k .

Now using the Euler-Lagrange equation and multiplying through by the inverse of the
metric ¢, we arrive at the equation

1 (09  Oqr  Ogjr\ .;.
gll< J o J q]qk:07

73 Oqk  0q¢ dqt

which is simply the coordinate expression for %Cx(t)c’ (t) = 0 with the Christoffel symbols

;k for the Levi-Civita connection. From this we see that the reverse implication is also
straightforward.[]

Thus we see precisely how geodesics for Levi-Civita connections have a direct link to
variational theory.

3. The maximum principle

When we want to find a function that gives a minimum value to the functional J(z), we
can try to use the theorems we stated from the calculus of variations. However, there is a
statement that encompasses the three theorems given in Section 2.1, and holds even more
information. This is the maximum principle from [Pontryagin, Boltyanskii, Gamkrelidze,
and Mishchenko 1986] and we will see how the development of this theorem involves the
necessary conditions of the calculus of variations as shown by Sussmann and Willems [1997],
and then look at another version specifically for affine connection control systems. From
this, we find a statement that enables us to find the controls needed for time-optimization.

3.1. From Euler-Lagrange to the maximum principle. For the problems that we will be
dealing with, the Lagrangian will not be an explicit function of time. Thus the problem
that we will now be considering is the following:

3.1 Problem: Find a function zo(t) that minimizes the functional

over all curves x : [a,b] — R™ such that z(t) € C*[a,b] and L(z,v) € C*°(R"™ xR"), where
z(a) = zp and z(b) = x;.
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Two necessary conditions for (x(t), Z(t)) to minimize J are

dor, . oL, .. . PL, .
0 7, @0 E(0) = 2 (a(0),#(1) and S5 (x(1), (1) 2 0, (3.1)

which come from Theorems 2.2 and 2.4. Given the Lagrangian L(x,v), we define the
Hamiltonian
H(z,p,0) = p-v — L(,0). (3:2)

If z(t) is a solution to equations (3.1), and if p(t) is defined by p(t) = g—f(m(t), x(t)), then
by direct calculation we have

OH

O (a.010), 1)) = (1),
iﬁmmmmamzam
OH

5y (@), p(t), &(t)) = 0.

Since gf is equal to —L plus a linear function of v, then the Legendre condition tells us
that %Tg(x(t),p(t), #(t)) <0, so H must be a maximum at (z(¢),Z(¢)). This leads us to the
following theorem:

3.2 Theorem: If (x(t),z(t)) is a solution to Problem 3.1 then there exists p(t), a one-form
field along x(t) such that

1. @(t) = G (x(t), p(t), 2(t)),

2. p(t) = =S (x(t), p(t), 2(t)),

3. H(@(t),p(t), 2(t) = max H(x(t),p(t),v),

where H(x,p,v) =p-v— L(z,v), x € M and v € T, M.

Thus we see how the maximum of the Hamiltonian is suggested by the Euler-Lagrange
equations. We are interested in how such a result can be modified to include systems whose
admissible curves are restricted by a parameterized differential equation. Thus we consider
how to apply the Hamiltonian equations to control systems.

Let U C R™ be a fixed subset. If u : [a,b] — U is a bounded and measurable function,

and x(t) is a curve on the state manifold M, then in a control system the state trajectory
x(t) changes according to the differential equation

() = f(x(t), u(t)). (3-3)

We can change u(t) to try to make the system behave the way we want. An example of a
nonlinear control system is

2(t) = fo(z(t)) + u®(t) fa(z(2)),

where fo(z) is the drift term or uncontrolled part and f,(x) determines how the controls
u® act on the system. We shall study this system later.
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Equation (3.3) puts a restriction on our admissible class of curves. Essentially, u(t)
parameterizes the set of available velocities. A convenient, but naive, thing to do is to
replace v in our Hamiltonian with f(z,u). This also requires us to redefine our Lagrangian,
so that it is a function of x(¢) and w(t). Thus our new control Hamiltonian becomes

H(x,p,u) :p~f(x,u)—p0L(x,u), (34)

where L(z,u) is the new Lagrangian (more than likely different from L(z,v)). The constant
po € {0,1} is known as the abnormal multiplier and basically switches the dependence
of the Hamiltonian on the Lagrangian, on or off. The necessity of the introduction of this
constant is not apparent, but it must be done to ensure accurate statements.

To apply the Hamiltonian equations in this setting, we must first state the optimal
control problem.

3.3 Problem: Find a pair (u(t),z(t)) that minimizes the functional

b
J(u,:c):/ L(z(t),u(t)) dt,

subject to @(t) = f(x(t),u(t)), z(a) = xo and x(b) = x1, where z(t) is a curve on the state
manifold M, w: [a,b] — U C R™ is a measurable function, and L(z,u) € C*°(R"™ x R™).

Our curves will arise from the control u(t), since we are choosing the control which
gives a family of curves from the equation &(t) = f(z(t),u(t)). Now we may use the results
of the previous theorem to state a necessary condition found in [Pontryagin, Boltyanskii,
Gamkrelidze, and Mishchenko 1986] to minimize J with the restriction of equation (3.3),
the control equation.

3.4 Theorem: (Maximum Principle) A necessary condition for the pair (u(t), z(t)) to solve
Problem 3.3 is that there exist a one-form field p(t) along z(t) and a constant py € {0,1}
such that

1. (p(t),po) # (0,0) for all t € [a,b],
2. &(t) = %—g(x(t),p(t),u(t)) and p(t) = —%—g(x(t),p(t),u(t)) for all t € [a,b],
3. H(xz(t),p(t),u(t)) = max H(xz(t),p(t),a) for all t € [a,b],

4. H(z,p,u) =p- f(x,u) — poL(xz,u) is constant almost everywhere along solutions and
if we allow the endpoints to vary, this constant can be chosen to be zero.

3.2. The geometry of the drift vector field. Let us examine the geometry that arises from
the Hamiltonian equations. We will be working toward an understanding of how integral
curves of the tangent and cotangent lifts of the geodesic spray are related to the Jacobi and
adjoint Jacobi fields.

Tangent and cotangent lifts of general vector fields. We now consider the nonlinear
control system characterized by the differential equation

2(t) = fo(z(t)) + u®(t) fa(z(t)), (3.5)
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where 2(t) is a curve in the state space M and u : I — U C IR". To minimize the functional
J(u,z) = f(f L(z,u) dt with the restriction of equation (3.5), the control equation, we form
the control Hamiltonian

H(z,p,u) = p(fo(x) + u’fa(2)) = poL(z, u).

Now, according to the maximum principle, a necessary condition for the pair (u(t),z(t))
to solve the minimization problem is that there exist a one-form p(t) along x(t) such that
(z(t),p(t)) satisfies

(1) = 5 @0, p(0).ut) and 50 = =57 @(0),p(0).u(t).

These equations imply that on the cotangent bundle 7% M we have

off  of

o | ' oL
= fé +uafé and b; = _axipj - 8ziplua +P08$Z (:E?u)

The first equation simply implies that z(t) satisfies the control equation. The second
equation for p(t) is not coordinate invariant, and therefore has no meaning by itself, but only
when it is considered with the first. It is the adjoint equation, but without enough structure,
we can’t really consider it alone. From these two equations, we are mainly interested in
terms involving the uncontrolled part since these contain the affine differential geometry.
This leads us to study the cotangent lift of the vector field fy on T*M defined by

o off 9

ot oxilt? ap;

fo =1 é
It turns out to be easier for us to investigate a related object on the tangent bundle T'M.

Therefore we first look at the tangent lift of the vector field fy defined by

o Ofi ;0
Oxt + 021" v’

fo =15

so that we may generate some useful intuition to help us later.

We will see that when we take fy to be the geodesic spray of our affine connection, there
exists a relation between fJ and solutions of the Jacobi equation. This motivates us to
find a similar relation for fJ . So our current purpose will be to understand the geometry
of these vector fields in the general situation.

We will show that fOT measures variations of perturbations of the initial condition, thus
showing how nearby solutions vary. We now ask for an integral curve of fOT , and the answer
lies in the following theorem.

3.5 Theorem: Let c(t) be an integral curve for fo, that is a solution to c'(t) = fo(c(t
and let cs(t) be a one-parameter family of integral curves for s € (—e,e) with cy(t) = ¢(
Define vy = %‘SZOCS(O) € Te(o)M. So vy gives the change in how the initial condition c(0)
varies. Now define

);
t)

_ 4
a dsls=0

v(t)

Then v(t) is the integral curve for fOT with initial condition vg.

cs(t).
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Proof: First define the flow along c(t) as F(x,t) so that F(zg,t) = ¢(t) where xg = ¢(0)
and let zf = ¢5(0). Now F(z{,t) = c4(t), and so

OF .
Cs(t) O 1(x0’t)vg)’

where v} = %‘szo(fg)i. Also, di(t) = %F(azo, t) = fo(cs(t)). So v(t) is a curve in T'M such
that

vit— <F(x07 ) SF; ($07t)v(i)> 3

and since %F(:L“o,t) = fo(c(t)) and (?t g

(an t) gg:g (C(t))a we have

et (e, SR o).

This shows that v(t) = cs(t) is the integral curve of fI with initial condition v.0J

ds s=0¢
Tangent and cotangent lifts of the geodesic spray. Now let us consider the state manifold
as the tangent bundle of the configuration manifold M = T'Q). This allows us to take the

drift vector field as the geodesic spray associated with the affine connection, fo = Z. Recall
from equation (2.9) that

) .
Z = vlaqi — F;kvjvk S0l
Using coordinates ((g,v), (u,w)) on TTQ, we find the tangent lift of the geodesic spray
o, o, .0
T _ k
VARES vza—qi — Iyvlv B + wl@ui

or! o S
- ( aqjlkv]v ul + F;kuﬂvk + F}cjw]vk> i

Following Theorem 3.5, we wish to get a handle on Z7', related to classical notions from
affine differential geometry. Let ¢(t) be a geodesic on @ and let ¢,(t) be a family of geodesics

with ¢g(t) = ¢(t). Define a vector field along ¢(¢) by

d

€t) =4,

Cs (t> € Tc(t) Q.

s=0

Kobayashi and Nomizu [1963b] show that this vector field satisfies the Jacobi equation

Vemst) + RE®). ¢ (6)c (1) + Ve (T(E(), (1) =0,
and so by definition £(¢) is a Jacobi field.

We want to find a relationship between variations of geodesics and variations of integral
curves of Z. Now from Theorem 3.5, ZT measures variations of integral curves of Z, and
these solutions project to geodesics on Q. So we expect Z7 to measure variations of initial
condition of geodesics. The Jacobi field measures variations of geodesics, so we also expect
some relationship between Z7 and the Jacobi equation. Making precise such a relationship
may give us insight into Z7 .
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Our strategy will involve changing Z” into a second-order vector field and using an
Ehresmann connection to find a suitable way to split it, so that each part will satisfy
certain conditions. This in turn will point us in the direction of what we want: a similar
statement involving the cotangent lift of the geodesic spray Z71 .

The Jacobi equation is a second-order equation for a vector field along geodesics. But
Z7T is not quite a second-order equation. However, if we define a diffeomorphism (canonical
involution) Ig : TTQ — TTQ by

19((g,v), (v, w)) = ((¢, w), (v, w)),

then I&}ZT is a second-order vector field on TT'Q). In coordinates it is

9 9 o
IZ)ZT = ’U/Z? + wl% — szu]u

0
ore, . S .
— (jku]ukvl + F;kukw] + 1T ~ukw]>

which makes it clear that IZ)ZT is second-order.
We now try to gain some intuition about the geometry of the spaces T,,7Q and T:qT Q
since we are investigating the maps

ZT . TT7Q —» TTTQ,
ZT° . T*TQ — TT*TQ.

Let us first try to get a picture of what T, TQ “looks” like. At 0y € TyQ, we may
choose, what looks to be in Figure 1, a vertical component Voq, T'Q, which is isomorphic to
Ty Q. A complement to this component, what we will refer to as the horizontal component
Hoq, TQ, can be taken as the space tangent to @ at the point ¢/, which is simply 7,,Q. Thus
we have split the space as

qu,TQ ~ Tq/Q ) Tq/Q.

If we take an arbitrary point v, € T,(), some extra care is required. The space T,Q
can still be taken as the vertical component, but now it is not clear what to choose for the
horizontal component. So we always have a natural way to isolate the vertical component
of a tangent space, that is

0 0
‘/vqTQ = Span{avl,. <y W

} CT,,TQ.
We want a complement to the vertical, and such a complement is called an Ehresmann
connection. To achieve this, we can use the affine connection V to define the horizontal

component as
o 1. J N,k 0
1,7Q = spenf 5 = 5Kl + Tt 55 (L)

This choice may be shown to be invariant under a change of coordinates, and so is well
defined. It is also isomorphic to T,() because it can be projected to the tangent space at g.
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T
uq/Q—VvqTQ (canonical)

H,, TQ (defined by V)

\— Vo, TQ (canonical)

Figure 1: Splitting of the tangent space T;,T'Q.

Hp ,TQ (canonical)

It is now evident that each of the components V,, T'Q) and H,,TQ are isomorphic to
T,Q, so we may write the splitting of our tangent space as

T,,TQ ~ T,Q & T,Q.

Since we used the canonical involution I to make ZT into a second-order vector field
on TT(Q, we can repeat the above process and use IZ‘QZT to define a splitting of Tx,, TTQ
where X, € T,,TQ. Now, the vertical component is again naturally isomorphic to the
tangent space 15, T'Q). We then use another Ehresmann connection, obtained from IéZT,
to find a complement H, T7T'Q that is also isomorphic to T, 7Q. This allows us to write

Tx, TTQ =T, TQ & T,,1TQ,
and from the splitting found for 73, T'Q), we have
Tx,, TTQ =~ T,Q ® T,Q ® T,Q © T,Q.

Therefore we can determine the form of Z7 (X, ,) using this splitting, where X, € T, TQ.
Then we can use this representation of Z7 to obtain a relationship between solutions of the
Jacobi equation and integral curves of Z7.

Now for X, € T,,TQ ~ T;Q & T;Q, we can write

qu = Uy, D Wy,

where uy, , wy, € TyQ. With this in mind, we state the following theorem whose proof along
the lines indicated above may be found in [Bullo and Lewis 2005, Chapter S4].

3.6 Theorem: Let V be an affine connection on Q with Z the corresponding geodesic spray.
Let ¢ : I — @Q be a geodesic with t — o(t) 2 ¢(t) the corresponding integral curve of Z.
Let a € I and u,w € T,,)Q and define vector fields UW : I — TQ along ¢ by asking
that t — U(t) @ W(t) € To))Q © TeyQ =~ T,y TQ be the integral curve of ZT with initial
conditions u @ w € To)Q & Tp()Q = To)T'Q. Then
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1. W(t) =VurUt) + sT(U(t),d (1)),
2. U satisfies the Jacobi equation.
The Jacobi equation is given in Definition 2.9,
Vanét) + R(ED), ¢ (1) () + Vou (TE®), ¢ (1) = 0,

where £(t) € TQ is a vector field along ¢(t).

This gives us an understanding of the relationship between integral curves of Z7 and
Jacobi fields. Now let us use the same approach to investigate the cotangent lift of the
geodesic spray Z1 . For a vector Ay, € T;qTQ, we can define a splitting

TAvqT*TQ ~ Ha,, T"TQ ® VAvqT*TQ,
where Ve, T*TQ is given naturally by T, v*qT @ and H Avg T*T(Q is given by the Ehresmann
connection defined by IéZT. Since the vector space T, T'Q splits as
T,,TQ ~T,Q © T,Q,
then its dual must also split as
VAvqT*TQ o~ TJqTQ ~T,QT,;Q.

The horizontal component given by the Ehresmann connection turns out to be isomorphic
to the tangent space to T, T'Q itself. So we have

HAun*TQ ~ T, TQ ~ T,Q © T,Q.
Thus we have defined the splitting
T, T"TQ=T,QoT,QaeT,;Q®T;Q.

And as before, we can determine the form of Z7" (A,,) where A,, € T, v, I'Q using the above
splitting.
Noting this, we can now write
Avq = O, O /Bvqa
where v, By, € T,;Q. And this leads us to the following theorem, proven in [Bullo and
Lewis 2005, Chapter S4].

3.7 Theorem: Let V be an affine connection on Q with Z the corresponding geodesic spray.

Let ¢ : I — Q be a geodesic with t — o(t) = ¢/(t) the corresponding integral curve of Z.

Leta € I and a, B € T(j‘(a)Q and define one-form fields A, B : I — T*(Q along ¢ by asking
that t — A(t) @ B(t) € Tc*(t)Q & Tc*(t)Q ~ T;(t)TQ be the integral curve of ZT" with initial
conditions a ® 3 € Tc*(a)Q &) Tg‘(a)Q ~ T;(Q)TQ. Then
1. A(t) = =V B(t) + $T*(B(t), d(t)),
2. B satisfies the adjoint Jacobi equation.

The adjoint Jacobi equation is given in Definition 2.10,
Vagalt) + R (a(t), ¢ ()¢ (t) = T*(Vomal(t),d (1) = 0,

where a(t) € T*Q is a one-form field along ¢(t).
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3.3. The maximum principle for affine connection control systems. We now restate the
maximum principle from Section 3.1, only we want to try to use the new concepts we have
encountered. All definitions and theorems are from [Bullo and Lewis 2005, Chapter S4].

A control affine system is a triple ¥ = (M, ,U) where M is an n-dimensional,
separable, connected Hausdorff manifold, & = { fo, f1,..., fm} is a collection of C*° vector
fields on M, and U : M — 2R™ assign a subset of R™ to each point € M, where 24
denotes the set of subsets of the set A. We denote U, C R™ to be the image of x € M
under U. If there is a subset S C R™ such that U, = S for each x € M, then we say that
U is constant.

Remember that we are dealing with the control system

&(t) = fo(x(t)) + u®(t) falx(t)).

We call a pair v = (u, ¢) a controlled trajectory for a control affine system ¥ = (M, % ,U)
where u : I — IR™ is measurable and ¢ : I — M is a solution of the control system, and
denote the set of all control trajectories for ¥ by Ctraj(3). If the interval I is compact, then
we call v = (u,c) a controlled arc and denote the set of controlled arcs for ¥ by Carc(X).

If the function t — L(c(t),u(t)) is locally integrable, then we will say that v = (u,c)
is L-acceptable and denote Ctraj(3, L) as the subset of Ctraj(X) that contains only L-
acceptable controlled trajectories. Similarly, Carc(3, L) is the subset of Carc(X) that con-
tains only L-acceptable controlled arcs.

The functional that we are trying to minimize will be defined by

b
TPk () = / L(e(t), u(t)) dt.

where v = (u, c) € Carc(X, L) with v and ¢ defined on I = [a, b].
If Sy and S are two disjoint submanifolds of M, we define

Carc(X, L, Sy, S1) = {7y = (u,c) € Carc(3, L)| c(a) € Sp and ¢(b) € S;

where u and ¢ are defined on [a, b] for some a,b € R}.

Now, if a,b € R with a < b are fixed, then we take

Carc(X, L, Sy, S1, [a,b]) = {y = (u,c) € Carc(X, L)| where u and ¢
are defined on [a,b] and c¢(a) € Sy and ¢(b) € S1}.
We can now formally state the problems of finding the optimal controlled trajectory

connecting the two submanifolds.

3.8 Definition: Let X = (M, % ,U) be a control affine system, let L be a cost for 3, and
let Sy and S be disjoint submanifolds of M.

1. A controlled arc «, € Carc(X, L, Sp, S1) is a solution of (X, L, Sy, S1) if
J=E () < JPE(y) for every v € Carc(%, L, Sp, S1).

2. We say . is a solution of PRime(X, So,S1) if it is a solution of P (X, 1, Sy, S1).

3. A controlled arc v, € Carc(%, L, So, S1, [a,b]) is a solution of A,y (%, L, So, S1) if
J>E () < J2L () for every v € Carc(X, L, S, S1, [a, b]).
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Given a real vector space V, its dual V*, and a subset S C V, we denote
ann(S) = {a € V*|a(v) =0 for all V € S}.
We define the Hamiltonian H> on {(u,a,) € U, x T*M} by
H>(u, ) = Lz, u) + ag - (fo(z) + u fa(@)).

Notice that here we add L, whereas in the definition from Section 3.1, we subtracted it.
This does not cause a problem since the one-form field will absorb the sign change.

We say that a one-form field x : I — T*M along c is minimizing for (X, L) along
u if

H¥"(u(t), x(t) < inf H>"(@,x(1)).
u€Uy
Using all this new terminology, we state another, more precise, version of the maximum
principle.

3.9 Theorem: (Maximum Principle) Let ¥ = (M, % ,U) be a control affine system with
L a cost function for %, and let Sog and S1 be disjoint submanifolds of M. Suppose that
v = (u,c) € Carc(X, L) is a solution of R y(X, L, So,S51) with u and ¢ defined on [a,b].
Then there exists a one-form field x : [a,b] — T*M along ¢ and a constant xo € {0,1} with
the properties:

1. x(a) € ann(T,4)S0) and x(b) € ann(T¢)S1);

2. x(t) satisfies the Hamiltonian equations for H>" along u;
3. x is minimizing for (3, xoL) along u;

4. either xo =1 or x(a) # 0.

If U is constant then there exists a constant C € R so that H>L(u(t), x(t)) = C almost
everywhere. If U is constant and if v = (u,c) is a solution of P (%, L, Sy, S1), then we take
C=0.

This version of the maximum principle is a special case of a general maximum principle
given by Sussmann [1998].

We now come to the main result of the paper, a maximum principle for affine connection
control systems. However, since we are mostly interested in time-optimization, the theorem
will only deal with the case when L = 1. For the general case, see [Bullo and Lewis 2005,
Chapter S4]. But first we need some more notation.

An affine connection control system is a quadruple X, = (Q,V,%,U) where the
configuration space @ is a smooth, finite-dimensional, separable, Hausdorff manifold, V is
a smooth affine connection on @, % = {Y1,...,Y,,} is a collection of smooth vector fields
on @, and U : Q — 2R™ is a map into the set of subsets of R™. Similarly to our previous
description of the admissible controls, we denote U, C R™, and say that U is constant if
there is a subset S C R™ such that U, = U(q) = S for each ¢ € Q). Now we are considering
the control systems characterized by the equation,

Ve d (t) = u(t)Ya(c(t))- (3.6)
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In moving from the configuration space @ to the state space T'Q, we find a control affine
system ¥ = (TQ, {Z,verlift(Y1), ..., verlift(Y;,)}, UT) associated with our affine connection
control system Y,g, where U7 (v,) = U(q) and verlift(Y,)(v,) = % «—0(Vq +5Ya(q)), so that
ifY,=Y! 8?11' then verlift(Yy,) = Y,! 8?;1"

As we mentioned previously, for the problem of attempting to find time-optimal solu-
tions, we will take the Lagrangian L = 1. So our problem is now to minimize

JEaf (y) = b — a.

We will not be dealing with the problems of fixed values for a and b, since this would imply
that J>=f is constant for all trajectories and thus there would be nothing to minimize.
For qo,q1 € Q, vg, € Ty, @, and vy, € T, Q we define
Carc(Xasr, Vgy, Vg ) = {7 = (u,¢) € Carc(Zag)| ¢ (a) = vy, and ' (b) = vy,

where u and ¢ are defined on [a, b] for some a,b € R}.

This definition takes all controlled arcs that have fixed initial and final states, which restricts
the configuration and the velocity. However, if we want to only restrict the configurations,
we define

Carc(Xagr, g0, q1) = {7 = (u, ¢) € Carc(Xag)| c(a) = go and ¢(b) = ¢1
where u and ¢ are defined on [a, b] for some a,b € R}.
We define the time-optimal problem as follows:

3.10 Definition: Let Y, = (Q,V,%,U) be an affine connection control system, and let
L =1 be the cost function for ¥,g, let qo,q1 € @, and let vy, € Ty, Q and Ty, € Ty, Q.

1. A controlled arc v, € Carc(Xag, gy, Vg, ) is a solution of Rime(Xafr, Vgo, Vg, ) if
JEaft () < JZaft () for every v € Carc(Zaft, Vgys Vg, )-

2. A controlled arc 7, € Carc(Xag,qo,¢q1) is a solution of Rime(Xasr, qo, q1) if
JZaft (v,) < J¥af () for every v € Carc(Xag, o, q1)-

Before stating the next theorem, we refer back to Section 3.2, where we defined a splitting
that allowed us to write the one-form field Avq eT U*qT Q as ay, D By, for ay,, By, € Tq* Q.

Using this fact, we define the time-optimal Hamiltonian thigfg on {(u,Ay,) € Uy x
T*TQ} for an affine connection control system Y. to be

Ho (u, g, @ Bu,) = 1+ v, - vg + u(B, - Yal(a)). (3.7)
A one-form field A : [a,b] — T*Q along c is minimizing for X,g along u if

HEt (u(t), 0() & M) < inf Hiat (@, 6() & A(2)).

time time

Recall that in Theorem 3.7, it was found that the integral curve A(t) @ B(t) of ZT~
satisfies the equations

Vo B(t) + R (B(),d ()¢ (t) = T (Ve B(t),d (1) = 0,

A1) =~V B + 3T (B(1),¢ (1),
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the first being the adjoint Jacobi equation. We may now state the long awaited theorem for
time-optimization on an affine connection control system. This is proven using Theorem 3.9
by Bullo and Lewis [2005, Chapter S4].

3.11 Theorem: (Maximum Principle for Time-Optimization of Affine Connection Control
Systems) Let Xa.p = (Q,V, %, U) be an affine connection control system with a cost function
L =1 for Lag. Suppose that v = (u,c) € Carc(Xaq) is a solution of Rime(Laft, Vqo, Vg, )
with u and ¢ defined on [a,b]. Then there exists a one-form field X : [a,b] — T*Q along c
and a constant Aoy € {0,1} with the following properties:

1. for almost every t € [a,b] we have

Vo At) + R(A(), ¢ (1) () = T* (Ve At), ¢ (1)
= u' (1) (VYa)" (A1), (3.8)

where VYy(X) = VxYy;
2. X\ is minimizing for (Zag, No) along u;

3. either \o =1 or 0(a) ® A(a) # 0, where

o(t) = %T*(/\(t),c’(t)) CVuA(l), L€ [ab]. (3.9)

If v = (u,c) is a solution of Pime(Zaft; g0, q1) then conditions 1-3 hold and, in addition,
Aa) = 0 and A\(b) = 0. If U is constant then X\ may be chosen so that thlr‘";fg(u(t),ﬁ(t) &
A(t)) = 0 almost everywhere.

3.4. Time-optimal control for affine connection control systems. As one could imagine,
we need some kind of constraint on our controls, or else we would find that for time-
optimization, “pushing harder” would achieve the end goal in zero time, which is unrealistic.
Therefore let us assume that the norm of the controls with respect to a Riemannian metric
g is bounded, [[u®(t)Ya(c(t))[l, < 1. We would like to have a statement that tells us what
the controls u® are in this case. The following lemma achieves this result. If V' is a vector
space and V* is its dual, we define f by stating that if v € V then v(u) = g(v, ) for every
uevV.

3.12 Lemma: Given a vector space V. with metric g and its dual space V*, the problem of
finding v € V' that minimizes A(v) with the restriction that ||v|| < 1 where A € V*, is solved

by

A
Umin = — 7o,
R [P/
and the minimum value is given by A(vmin) = —[[Afl ;-1
Proof: Choose an orthonormal basis {ey,...,e,} for V with
A

e = ———.
A,
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If v = v'e;, then

Av) = gV, 0) = [N g(er, v) = N[l yg(er, v'es) = [|N¥]| v

And since —1 < v* < 1, then the minimum value of A\(v) occurs when v! = —1, and so
v vle X X
min — 1= - - .
Ml Al
Knowing vmin, we find that A(vmin) = —||A[l,-1.0

This lemma tells us that to minimize a one-form A acting on a vector v whose norm is
bounded by unity, the magnitude of the vector must be identically one, and its direction
must be opposite to the image of the one form under f.

We would like to apply this lemma to Theorem 3.11, the maximum principle for affine
connection control systems. In this case, we will be trying to minimize the time-optimal
Hamiltonian, equation (3.7):

H (u, 0y @ Bu,) = 14 gy - vg + u®(B, - Yalq))-

Since the control does not appear in the first two terms 1 + ay, - v4, we are simply trying
to find u® such that

u (ﬁvq -Ya(Q)) - HﬁaYIaIgI%gSI u (6% ’ Ya(q))'

We are starting to see the how Lemma 3.12 can help us with such a problem.

Let Py, : T,Q — T,Q be the orthogonal projection onto the subspace spanned by our
input vector fields, Y, = span{Yi(q),...,Y(¢)}. Using the subspace Y,, we can split the
tangent and cotangent spaces of the configuration manifold, so that

T,Q=Y,®&Y; and T;Q~Y;& (Yi)"

Now we can write the one-form field 3,, € T;Q as
Buy = BL + B2,

where ng = P\’;q (Buy) € Y5, and ﬁgq € (Yé‘)*. The first component is the only one preserved
when we apply the one-form f,, to the vector field u®Y,(¢). Thus it is quite obvious now
how to apply Lemma 3.12.

Before stating the theorem for time-optimal control when the controls are bounded, we
define the (2,0)-tensor on @

hy,(aq, Bg) = qu(gﬂ(ozq),gﬁ(ﬁq)), (3.10)

where gy, is a (0, 2)-tensor on @ given by

9v,(ug,vg) = 9(Py,(uq), Py, (vq))- (3.11)

This definition completes the notation that we need for the final result.
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3.13 Theorem: With the assumptions of Theorem 3.11 and the constraint that
[u®(t)Ya(c(®)ll, <1, the time-optimal controls u(t) are given by

B, (A(®))

u® () Ya(c(t)) = I, O

(3.12)

provided that hg(q()\(t)) # 0.

An extremal for which hg(q (A(t)) = 0 along the entire extremal is called singular. We
will examine these in Section 5 when the planar rigid body is investigated.

4. Robotic leg

The first mechanical system that we will be investigating is known as the robotic leg.
It consists of a retractable leg of variable length r with a mass m at one end. The other
end is attached to a block, and both are free to rotate about this axis, as in Figure 2. We
will measure the angular displacement of the block relative to the horizontal by 6 and that
of the leg extension by 1. We assume that we can change (control) the length of the leg
extension and the angle between the leg and block.

Figure 2: The robotic leg

4.1. Equations of motion. Taking the coordinates given above, (7,0, ), the configuration
manifold is (0,00) x T2. The Riemannian metric for the robotic leg is

g=mdr®@dr+Jdf ®df + mr?dy @ dy,

where m is the mass attached to the leg and J is the inertia of the block. To find the
geodesics, we have to minimize the kinetic energy of the system, %g(vq,vq), and this will
describe its natural or unforced evolution in the configuration space. Thus the Lagrangian
we will use to obtain these equations of motion is the kinetic energy,

1 ) )
L= (mi®+ JO + mr2?).
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The Euler-Lagrange equation then gives the uncontrolled motion of the system

mi — mr¢2 =0,
Jb =0,
mr2¢ + 2m7“7"¢ =0.

The input one-forms that determine how the controls are considered are F!' = dr and
F? = df — d1). Therefore, the equations of controlled motion for this system are

-2
mit —mryp” = ul,
Jb = u?,
mr%ﬁ + 2mr7'ﬂ¢ = —u?,
where u! is the leg-extension force and u? is the leg-body torque.

We could also find the equations of motion from the geodesic equation, Vc/(t)c/ (t) = 0.
By taking ¢' =, ¢> = 0 and ¢> = 1, the nonzero Christoffel symbols are

1
_ YooY
;w——r and FT¢—F7/}T—;

The geodesics of uncontrolled motion are then obtained from equation (2.8):

i —r? =0,
6 =0,
¢+2%:0.

The input vector fields Y, are related to the input one-form fields £'* by the expression
Y, = (F%), thus
10 10 1 0
T J80  mr?oy
Now equation (3.6), Ve (t) = u®(t)Ya(c(t)) gives us the controlled equations of motion
of the robotic leg to be

r— T¢2 = *Ul,
m
.. 1 9 41
= —U .
J ’ ( )
N 1
R R
r mr

which are the same as those obtained from the Euler-Lagrange equation.

4.2. Application of the Hamiltonian equations. Since the geodesic equations are second-
order, they can be written in the form of equation (3.5), the control equation

#(t) = fo(x(t)) + u®(t) fa(x(t)),
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where we take q(t) = (r(t),0(t),1(t)) and v(t) = (7(t),0(t),%(t)), so that ¢ € Q, the
configuration manifold, and v € T,Q. So the state of our control system z(t) = (q(t),v(t))
changes according to equation (3.5) where

r Uy 0 0
0 Vg 0 0
_ | v _ Uy _ |0 _ 0
T = vy afO(x)_ T’U?p afl(x)_ % af2($)_ 0
Vg 0 0 %

L vy [ 27 ] L 0] [~z

Now, for p = [ ar o oy Br Bo By ] , a covector in T(*; U)TQ, we may construct
the control Hamiltonian, equation (3.4), remembering that for time-optimal control, the
Lagrangian is L = 1.

H(z,p,u) = p(fo(x) + u® fa(x)) — poL
= QrUr + QU + Qi Uy

LB

(mrvw +ul) + %uz — ﬂfw

7(2mrvrv¢ + u?) — po.
The original maximum principle, Theorem 3.4, gives us the necessary condition that the
Hamiltonian equations

OH OH

&(t) = 5 - (2(t),p(t), u(t)) and p(t) = ———((t), p(t), u(t))

op
must hold, giving us the system of differential equations
= U, . —IBT’Uw . 2ﬂwvrv¢ 9 6’(/13 U/Z,
) 72 mr
= Vg, .
. Qg = 07
¢ = ’l)wa . d"/’ — 0
2L ! ) 4.2
= v
Oy 'rvw—l—mu, BT_2B¢¢ o, (4.2)
A S
B = S, fo = —o0,
: voy 1 : Byvr
= -2 =2 —2 — ay.
Y r mr2 By Brrvy — ay

Of course, the obvious complexity of these equations suggest that we may not be able
to find a closed form solution. However, here is where some numerical programming and
simulations may offer insight.

4.3. Application of affine connection control systems. We now use the ideas we have
gathered for time-optimization of affine connection control systems and apply it to the
robotic leg example. First let us compute equation (3.8) from Theorem 3.11,

VapAt) + R(A(), ¢ (1)) () = T* (Ve At), ¢ (1)
= u(t)(VYa)" (A1),
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where A(t) = (A (t), Ag(t), Ay () is a one-form field along c(t) = (r(t),0(t),1(t)), a trajec-
tory in the configuration space Q.
As we mentioned earlier, the nonzero Christoffel symbols for the Riemannian metric are

_ w _pw _ L

Qw = —r and Frw = er = ;
From the coordinate expressions in Definitions 2.6 and 2.7, we find that both the torsion
tensor T" and curvature tensor R are zero. And therefore the adjoint forms of each, T* and

R*, are also zero. Using equation (2.7), we find the covariant derivative of A(t) along the
trajectory to be

s o

Taking the second derivative gives us the right-hand side of equation (3.8),

by + 200\
YAy ¢w+

T

vg’(t))‘(t) = <)‘r - 1/]2)\T - 2mi2w>d’l” + g do

. . .. ) X - 27\ 22\
+<)\¢+rw)\r+2r¢)\r—w2)\w—T v 2 T w)dz/;

r r2
. . A — 27 .
_ (,\T_W,\T_z Ty = P2y 3 ! ‘Z’)dr+/\9d9
+ <X¢—2¢(1j}>\¢+7'")\r—7">.\r)

o 1 2
_27;7“)\1# Ay _u Ay +u )\T>d1/1a

r2 mr

where the second line comes from substituting # and ¢ from the equations of motion,
equations (4.1).

Now let us find the left-hand side of equation (3.8). In Theorem 3.11, we defined
VY, (X) = VxY,. From equation (2.4) we compute

) 5 L [ooo
Wi(X)=—X*~— —= VYi=— |0 0 0|,
mr 0y mrl o1
0 0 1
1 1 1
vmm:—xﬁhu—fﬁcivn:— 0 00|,
mr Or  mr3 O mrl 14
-z

where we are using matrix notation to denote VY,, so that VY,(X) is simply matrix
multiplication of VY, and the vector X = (X!, X2 X3). And thus we find that

2) g+ w2,
W) (VY A() = L2 g 4 L2 WA g

mr3 mr
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So the maximum principle for affine connection control systems, Theorem 3.11 gives us the
equations _
. . ST Ay — 27\
A =90 +
Ao =0,
Ag = 20(PAg + 7N — 1),
Ay — A ut Ay + u?X
ot T g Y r
r mr

+2

I

which are equivalent to differentiating the Hamiltonian equations of equation (4.2) for By,
Bg and Bw, after making some appropriate substitutions.

To use Theorem 3.13 to find the controls necessary for time-optimization in the case
when we have the restriction [[u®(¢)Ya(c(?))[|, < 1, we first need a full orthonormal basis
for the tangent bundle of the configuration manifold ¢ in terms of our input vector fields.
Since Y7 and Y>3 are orthogonal, we may choose any vector field that is orthogonal to both
of these. Let us take Y3 = % + %. Using the matrix notation we mentioned before, we
find the orthonormal vector fields

(\/%,o,o),
Vo= <0, \/J(JﬁT;TQ)’_\/mTQ(J{F mﬁ))’

~ 1 1
Vs= (o0, , .
’ ( VJ 4 mr? \/J+m7“2>

This gives the orthogonal projection Py, : T,Q — T;Q, onto the span of the input vector
fields Y7 and Y5:

~h

1

J + mr? 0 0

1
P, =7 0 mr? —mr? | . (4.3)
J +mr 0 _J J

And therefore the (0,2)-tensor gy, defined by equation (3.11) in the chosen coordinate
system is

1 m(J +mr?) 0 0
2 2
N, =75 0 Jmr —Jmr
toJEmr 0 —Jmr?  Jmr?

The numerator in equation (3.12) can be found by multiplying the matrix representing
hy, in equation (3.10) by the one-form field A(t) = (A-(t), Ag(t), Ay (%)) to obtain

J+mr?
hy, = —2 0 m?“2 O1
Yo O T ¥ mr2 8 Jl 5
- mr?

# . ﬁg )\9m7’2 — )\wg]g _ )\ng2 — )\we] E
= W) = e T ) 90 (T i) 00
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Figure 3: Example of time-optimal motion of the robotic leg when m = 1 and J = 1,
and with initial conditions ¢(0) = (2,0, %), v(0) = (0,0,0), 6(0) = (—1,0,0) and \(0) =
(—1.5,0,0). Plots of the leg extension length 7(¢) and the control u!(¢) are shown on the
right.



TIME-OPTIMAL CONTROL OF MECHANICAL SYSTEMS 29

Now, Lemma 3.12 tells us that the vector must be normalized, so we find the magnitude
of the projection Py, on the one-form field A(%),

2 r? 2y 4 2,24 _ .
HP;‘(‘ ()\(t))”Q _ )\TJT (J—i-mr >+ )\9m r 2)\9)\¢er + )\TZJJ
q g~ ! JmTZ(J 4 mrQ) ,

where the norm is taken with respect to the inverse of the Riemannian metric g. And by
applying equation (3.12), we find that our controls for time-optimal solutions along the
one-form \(t) are

1 1 Agmr? — A
ul = — A and u? = oy v/
RA0)

I, IR, O@, T+

0.5

-0.25
-0.5
-0.75

PSFul (t)

PSFt

0.5
0.25
0

-0.25
-0.5
-0.75

PSFu2 (t)

0.5 1 1.5 2 2.5 3
PSFt

Figure 4: Example of time-optimal motion of the robotic leg when m = 1 and J = 1, and
with initial conditions ¢(0) = (2,0,%), v(0) = (0,0,0), 6(0) = (=1,—1,—1) and A(0) =
(—1.65,—2,—2). The controls are shown on the right.

5. Planar rigid body

The second mechanical system that we will explore is the planar rigid body. The body
lies on a flat frictionless plane and we will assume that a force can be applied to the body
at a point which is a distance h from the center of mass, as in Figure 5. Thus we will have
an element Y7 of the total force parallel to the line joining the point of application and the
center of mass, and also an element Y5 perpendicular to it. This system can be thought of
as a simplified hovercraft.
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Figure 5: The planar rigid body

5.1. Equations of motion. We will take the Cartesian coordinate system (&,7) € R?
to describe the position of the body, and let 6 denote the angle that the line joining the
point of application of the force and the center of mass makes with the horizontal. So the
configuration manifold for these coordinates is R? x $!. Using these coordinates (£,7,6),
the Riemannian metric for the planar rigid body is

g=mdé®d¢+mdn®dy+ Jd @ do,

where m is the mass of the body and J is the inertia. By the same reasoning for the robotic
leg, we take the Lagrangian to be the kinetic energy %g(vq, vgq) of the system,

1. .
L= 5(mf2 + i + J6°).

Euler’s necessary condition, Theorem 2.2, tells us that the geodesic equations of the
system are mf =0, mi) =0, and J 6 = 0. The input one-forms that give us the components
of force and the moment of inertia applied to the system from our controls are F! =
cos 0 d¢ +sindn and F?2 = —sin 6 d€ 4 cos @ dnp — h df. Therefore we find that the equations
of controlled motion for this system are

m§ = u'cosf — u?sinb,
mij = u' sin @ 4+ u® cos 6,
Jb = —hu?,

where u! is the component of the force along the line joining its point of application and
the center of mass, and u? is the component of the force perpendicular to this line.

To find the equations of motion from the geodesic equation (2.8), we note that all
of the Christoffel symbols are zero since the metric g is constant. This tells us that the
uncontrolled equations are simply the second derivatives of each coordinate ¢! = &, ¢* = 1,
and ¢ = 6 equal to zero, as we found earlier. We compute the input vector fields, again
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from the relation Y, = (F%)*, to be

1 0 1 0
Y| = —cos 98—€ 81119877

1 d 1 o ho
Yo = ——sinf— + —cosh— — 22
2= S e st T 5
And so equation (3.6), Ve c'(t) = u®(t)Ya(c(t)) gives the same equations of controlled
motion of the planar rigid body as the Euler-Lagrange equation gave us,

~~ 1 1
€= —ulcosd — —u’sinb,
m m
1 1
i = —ulsinf + —u? cos b, (5.1)
m m
B h
6= ——u’.
Fu

5.2. Application of the Hamiltonian equations. To find the Hamiltonian equations,
we repeat the same procedure used on the robotic leg in Section 4.2. Letting ¢(t) =

(), n(t),0(t)) and v(t) = (£(t),n(t),0(t)) so that we can again write the second-order
non-linear equations of motion as equation (3.5)

#(t) = fo(x(t)) + u®(t) fa(x(t)),

where x(t) = (q(t),v(t)) is the state of the system. To achieve this, we take the assignments:

[ €] [ ve ] i 0 T [ 0 T
i Uy 0 0
B 0 | ve - 0 - 0
T = Ve 7f0(x)_ 0 7f1(x)_ %COSQ 7f2($)_ _%Sng
vy 0 %sin& %COSQ
| vg | | 0 ] 0 | -]

From equation (3.4), the Hamiltonian for time-optimal control becomes

H(z,p,u) = agve + anvy + agug+

ﬁn 50

—g(ul cos  — u? sin 0) + (u sin @ + u? cos f) — 7 Zhu? — po,

m

where p = [ ag oy o Be By Po ] € T TQ is a one-form field along a solution c.
And therefore the Hamiltonian equations from the maximum principle,

B(6) = (20 pl0), u(®) and 5(0) = =57 @(0).p(0), ult),
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tell us that the time-optimal trajectories must satisfy

§ = vg,
ﬁ:vny
0 = vy,
. 1
Ve = — (U
¢ m(

1
Uy = E( Lsin @ + u® cos 6),

. h
Vg = ——u?,

J

From this system, we see immediately that 3¢ and 3, are linear functions of time:

ﬁf = kl - Clta
677 = k2 - C2t7

cos @ — u?sinh),

de = 0,

dy = 0,
1
Gy = E(,Bgul + Byu?)sin @

1 2 1
= (Beu? — 0
+ m(ﬁgu Byu) cos b,

/BS = —0557
/Bn = —Qpy,
Bo = —ap.

(5.2)

(5.3)

where ¢1 = ag, c2 = oy, k1, and ky are constants determined by the boundary conditions.

This will prove useful in Section 5.4.

5.3. Application of affine connection control systems. To apply the results of time-
optimal control of affine connection control systems, Theorems 3.11 and 3.13, we first recall
that all the Christoffel symbols are zero in the Levi-Civita connection chosen. From this
fact, it is apparent that the adjoint torsion tensor T and adjoint curvature tensor R* are

also zero. So to find equation (3.8),

V2 A1) = u () (VYa) AD),
where A(t) = (A¢(t), Ay(t), Ag(t)), we first note that
V2AE) = Ae S+ X dn+ Mg 6.

From the input vector fields

1 0
Vo= costge T snls,

Y2 = ——sinf—
m

given in section 5.1, we find the terms VY, (X) = VxY, from equation (2.4)

VY (X)

1
m

1 0 1 0
——sinfX3—= + = cosh X3—
m

VYs(X) = 1 cos@Xg(;z ~ Lnoxs 9

— VY2:7

& m on
0 0 —sind
0 0 cosf |,
0 0 0
m on
0 0 —cosf
0 0 —sinf

0 0 0.
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Therefore the left-hand side of equation (3.8) is

1
u(t)(VYe)*A(t) = - ((u'Xe +u\,) sin @
+ (u*A¢ — u')y) cos 6) do,

and thus we find the same equations that are given after differentiating 55, Bm and B3y from
the Hamiltonian equations, equations (5.2):

Ae =0,

Ay =0, (5.4)
. 1 1
Ao = —— (e + Aju?) sing — —(Aeu? — \yu') coso.
0 m( cu + Apu”)sin m( cu pU" ) COS
In applying Theorem 3.13 to find the time-optimal controls for the planar rigid body

example when ||u®(t)Y,(c(t))]l, < 1, we first try to simplify the calculations by introducing
the rotation matrix

g

cosff —sinf 0
R(#) = | sinf cosf O
0 0 1

We then choose the vector field Y3 = sin 08% — Cos 93% — %% for a complement to the

orthogonal pair Y7 and Ys, and so we compute the orthonormal vector fields

- 1 1
Yi=——
1 \/ER(H) 8 )
0
8 J
Yo=4/ —R(0 1
2 7MJ+mWfﬂ) TRk
J
Voo ——" R —01
’ V. J + mh? 1
h

This allows us to represent the orthogonal projection Py, : T,Q — T,Q by the matrix

J+mh? 0 0
R(0) 0 J —Jh | R7Y(0). (5.5)
0 —mh  mh?

1
Py =——
Yo T T mh2

Now we use the fact that the metric g commutes with the rotation matrix R(6) and also
that R~'(0) = R*(6). This lets us write the identity R~!(#)gR() = g and so we find that

m(J + mh?) 0 0
R(0) 0 Jm  —Jmh | R1(8).
0 —Jmh  Jmh?

1

N = T ¥ mh2
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And then we compute hg(q()\(t)) from equation (3.10), first noting that

J+mh?2 0 0
1 m
hy = 0 Lo _p —1(9).
Ya J+mh2R() 0 m 2 E7(0)
0 —h =7

So the numerator in equation (3.12) is

1 0
hg(q()\(t)) il ey <)\§(7{1 + h? cos? 9) + Aph? sin @ cos 0 + Aghsin 9> o
1
Sy g <>\§h2 sin @ cos  + A, (Z + h?sin® §) — Agh cos 9) aay
1 i mh2\ 0
+W<)\5hsm9—)\nh6039—l—)\eJ>80.
2
01.5
2o
n
[a%)
0.5
0
0.5 1 1.5 2 2.5 3
j PSFt
1
~ 0.5
Rt
S0
3
f-0.5
-1

0.5 1 1.5 2 2.5 3
PSFt

Figure 6: Example of time-optimal motion of the planar rigid body when m =1, J = 1,
and h = 1, and with initial conditions ¢(0) = (0,0,0), v(0) = (0,0,0), #(0) = (—1,0,0)
and A\(0) = (—1.5,0,0). Plots of the coordinate £(¢) and the control u!(¢) are shown on the
right.
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Now, from equation (5.5) we find the square of the norm of F§_(A(t)):

IR, OO = i

+ A2(J + mh®sin® 0) — 2\, A\gmh cos 0

m2h?

+ A%

35

<)\§(J + mh? cos® ) + 2\e A\;mh? sin 0 cos 0

+ 2A¢ Agmh sin 9> .

0.75
0.5
0.25

-0.25
-0.5
-0.75
-1

PSFul (t)

PSFt

0.5 1 1.5 2 2.5 3 3.5

PSFu2 (t)

AN AN O DN N O

0.5 1 1.5 2 2.

PSFt
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Figure 7: Example of time-optimal motion of the planar rigid body when m =1, J = 1, and
h = 1, and with initial conditions ¢(0) = (0,0, ), v(0) = (0,0,0), 6(0) = (—1.25,—-1,0.325)

and A\(0) = (—2.55,—2,0). The controls are shown on the right.

Theorem 3.13 then tells us that when the norm of

1 .0
u'Y1(q) + u*Ya(q) = %(u1 cos ) — u?sin 9)6—‘f

1 h
+ E(UI sin 0 + u? cos¢9)8877 - u2J§9

is bounded by one, we can write our controls for time-optimization in terms of the one-form

A(t) along a solution,

1
1 .
U = = [ Agcos O + A sm9>,
125,00, ( ‘ !
5 1 AeJ sin@ — A\, J cos 0 + Agmh
127, AN _, J +mh? '

u
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5.4. Singular extremals. We now look at the special case when hg(q()\(t)) = 0. Extremals
with this property are called singular, and occur when the maximum principle does not
allow us to determine the optimal controls. But for the planar rigid body, this condition
does give us the following equations:

J
A¢ < + h? cos? 9) + )\nhQ sinf cos @ 4+ Aghsinf = 0,
m

Aeh?sin 6 cos 0 + ), (J + h?sin? 0) — Mghcosf =0, (5.6)
m
h2
A¢hsin® — A\, h cos 6 4 )\ng =0.

The first two of these give a relation between 0, ¢, and Ay,
Aecos + Ay sinf = 0. (5.7)

Using this relation and the third in equations (5.6), we find two more that will prove quite
useful,

e + mTh)\g sinf=0 and \,— m7h)\9 cosf = 0. (5.8)

Using the identity sin? @ + cos? § = 1, we obtain the fact that

J 2
Af = (mh> (A2 + A7)

Now, in Section 5.2, we found 3¢ and 3, were linear functions of time. From these, equa-
tions (5.3), we have an explicit form of Ay,

2
)\g = (1?;,]h> ((kl — Clt)2 + (kz — Cgt)Q).

Knowing the one-forms A¢, Ay, and Ay in terms of the independent variable ¢ allows us
to find @ in a closed form from equations (5.8) since

-2
f = arctan <£>
An
Then we may use 6 = —%uQ, one of the equations of motion, equations (5.1), to find
an explicit formula for u? in terms of t. Now we can take the third of equations (5.4),
Ao = —L(Aeu! + \u?)sinf — L (Aeu? — A\yul) cos 0, and solve for ul. It is then possible to
find £ and 7 by integrating twice the other equations of motion,

.1
£ = —(u'cosh —u?sinb),
m

Lsind + u® cos ),

.1

n= %(
since we know all the variables on the left-hand sides. So for the planar rigid body example,
when hg(q (A(t)) = 0 we can obtain closed form solutions for ¢(¢) and A(¢), and also the

controls needed for time-optimization.
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Using the method described above, we find that the trajectories of singular extremals
are governed by the equations

g](kg —-Cgt)
t) = — + &t 4+ &1,
5( ) mh\/(krl — Clt)Q + (k‘g — Cgt)2 60 fl
J(k‘l — Clt)
t) = + not + 11, 5.9
n(t) = 02 1 (b — ol not +m (5.9)
. —k1 + eyt
0(t) = arctan ( " ),

where &, &1, 1m0, and 71 are the integration constants that occur from integrating § (t) and
7j(t) twice. The controls may also be found explicitly, given by

J(k1co — kacy)?
h((k1 — c1t)? + (k2 — c2t)?)?’
2J (kica — kac1)((c2 + c3)t — (c1ky + caka))
B h((kl — Clt)g + (k‘g — Cgt)2)2

ut(t) =

u?(t) =

The linear functions &yt + &1 and 1ot + 71 simply translate the body along a straight
line as t increases. For the moment, let us ignore these translations and take the constants
o, &1, Mo, and 11 as zero, to allow us to examine the nature of the singular extremals more
easily.

0.5
0.4
3
=0.3
3
0.2
[aT)
0.1
N
0
—20 -10 0 10 20
PSFt

o o o

PSFu2 (t)
S
Ww N P o N W

-20 -10 0 10 20
PSFt

Figure 8: Example of the motion of singular extremals without linear translation when
m=1,J =2,and h = 1, and with constants ¢y = —1, co = —1, k1 = 1, and k9 = 5. The
controls are shown on the right.
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When the singular extremals are not translated, their equations are:

_ J(k)g — Czt)
f(t) B mh\/(k‘l — Clt)2 + (kiz — CQZf)Q7
o J(kl — Clt)
() = mh~/ (k1 — c1)2 + (kg — cat)2’ (5.10)
—k1 + c1t
(9(15) = arctan <w> .

To characterize the path of such extremals, we find by a direct calculation that

EX(t) +n*(t) = <J>2 and 0(t) = arctan <17(t)> +7
mh £(t)
Thus when the constants of integration are zero, all motions of the planar rigid body are
along circles in the (&, n)-plane of radius ﬁ while the line joining the point of application
of the force and the center of mass points directly toward the center of this circle, as in
Figure 8.

We now return to the more general class of singular extremals given by equations (5.9).
Let us consider the unforced extremals which occur when u!(t) = 0 and u?(t) = 0. One
may verify that this holds when

kico = kocy. (5.11)

By differentiating the first two in equations (5.10), we find that equation (5.11) tells us that
€(t) and n(t) are constants. Thus from equations (5.9), the unforced singular extremals are
simply linear translations, which are also geodesics of the system, an example of which is
shown in the first picture in Figure 9. Knowing the behaviour of both non-translated and
unforced singular extremals gives us an indication of how more general singular trajectories,
such as the one shown in the second picture in Figure 9, behave.

We may also note that time-optimal singular extremals are also abnormal singular
extremals for an arbitrary cost function (abnormal extremals are those which satisfy the
maximum principle, Theorem 3.4, when we take the abnormal multiplier pg = 0). This ob-
servation may open up many other new questions regarding properties of singular extremals,
and thus give one a better understanding of these interesting trajectories.
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