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Abstract

Sufficient conditions involving Lie brackets of arbitrarily high-order are obtained for
local controllability of families of vector fields. After providing a general framework for
the generation of high-order control variations, a specific method for generating such
variations is proposed. The theory is applied to a number of nontrivial examples.
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1. Introduction

In this paper we present a technique for generating high-order variations of families of
vector fields. Our approach is motivated by the early work of Sussmann on local controlla-
bility [Sussmann 1978]. As in [Sussmann 1978] we consider a set S of analytic vector fields
on ) C R™ and an S-trajectory to be a continuous curve which is a finite concatenation
of integral curves of vector fields in S. A point ¢ is S-reachable from p if there exists an
S-trajectory t — (t) such that v(0) = p, ¢ = y(t) for some t > 0, and S-reachable from p
in time < T if t <T. We say S is locally controllable (hereafter abbreviated [.c.) if, for
every T' > 0, the set of points S-reachable from p in time < T contains p in its interior.
In [Sussmann 1978] Sussmann defines the set S; of Lie brackets of order two of vector fields
in S. His main result is that S is locally controllable at p if 0 € int(conv(S(p) U S;(p)))
where conv stands for convex hull. The main contribution in this paper is the construction
of sets of vector fields Sz, Sg -+ of higher-order Lie brackets of vector fields in S. In Theo-
rem 4.5 we summarize our results concerning the generation of these high-order variations.
This method of generating variations leads to a controllability result, Theorem 3.7, which
states that S is locally controllable at p if

0 € int(conv(S(p) U Szl,(p) U---U Sy (p))
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for some m > 1. Of course, the problem of local controllability, especially for control affine
systems, has been studied in detail. We refer particularly to [Agrachev and Gambkrelidze
1993, Bianchini and Stefani 1993, Hermes and Kawski 1987, Kawski 1987, Kawski 1990,
Kawski 1991, Sussmann 1983, Sussmann 1987].

The paper is organized as follows. In Section 2 we review Sussmann’s results on local
controllability and consider an example. In Section 3 we introduce our high-order condition
for local controllability, Theorem 3.7. In Section 4 we introduce a concrete class of higher
order variations which allow us to apply Theorem 3.7. In Section 5 we give some examples
illustrating our results.

2. First-order conditions

Suppose that S is a set of vector fields on an open set 2 C R™ and 0 € conv(S(p))
for some p € , where conv(S(p)) is the convex hull in R™ ~ T, of the set of vectors
S(p) = {X(p) | X € S}. Then, as in [Sussmann 1978], we let L°(S,p) C R™ denote the
unique linear subspace of maximal dimension such that

0e€ intLO(Svp)(conv(S(p)) N LO(S, p))

and define
0_ 0

Let 5’; denote the set of second-order Lie Brackets 5*; = {[X,Y] | X,)Y € Z}}, where
[X,Y](p) = dY,X(p) — dX,Y (p). The following sufficient condition was established by
Sussmann.

2.1 Theorem: ([Sussmann 1978]) Suppose that S is a finite set of vector fields such that
0 € int(conv(S(p) USy(p))). Then S is locally controllable at p.

2.2 Remark: A natural extension of this result would involve 5’3, the set of all triple brackets
of elements of ZS. Sussmann points out that the corresponding second-order theorem, that
S is locally controllable at p if

0 € int(conv(S(p) U S} (p) U S2(p))), (2.1)

is false. One consequence of our results is that this theorem does hold if 5’5 is the restricted
set of triple brackets of elements of ZS of the form [X, [X,Y]]. For example, if in R® we
take the vector fields

W= (LZ)O)’ X = (_1707332)3 Y = (07 170)> Z = (07_170)7

then (2.1) holds at p = (0,0,0), but clearly the family is not locally controllable at this
point as one can never reach states with negative z coordinate. °

3. Higher-order Lie brackets

In this section we develop our methodology for the generation of control variations
involving of arbitrarily high-order brackets of vector fields in S. Our method for doing
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so begins with some constructions involving what we call complementary sets of vector
fields. After these considerations have been discussed in Section 3.1, in Section 3.2 we
produce explicit S-trajectories which give us control variations involving certain high-order
Lie brackets of vector fields in S. In Section 3.3 we apply these constructions to give a
theorem on local controllability of S.

If X is a vector field, we denote its flow by t — Xy(p). If X, Y are vector fields we let
adx Y denote the Lie bracket [X,Y](p) = dY,X(p) — dX,Y (p). We shall consider iterated
brackets of vector fields from a family of vector fields, and so need the notion of degree
of a bracket. For us, this will refer to the number of vector fields involved in the bracket.
Thus a plain vector field has degree 1 and [X, Y] is a bracket of degree 2. Of course, to be
perfectly clear about this, one should use free Lie algebras [Serre 1992]. However, the loss
of rigor in what we do here does not merit the introduction of the additional terminology.

3.1. Complementary vector fields. A finite subset X, C Zg is said to be complementary
at p if
0 € intag(x, (p)) (conv(X,(p))),

where aff denotes the affine hull. Equivalently, X, is complementary if 0 can be written as
a linear combination of the X (p), X € X,, with strictly positive coefficients. Clearly Zg is
complementary at p. If Zg is convex then there are many complementary sets. We note
that Z) is convex if S is. Furthermore it is known that S is Lc. if and only if conv(S) is L. .
While our results do not depend on S being convex, to simplify notation we will assume
that S is convex for the rest of this paper. We will also assume that the family of vector
fields has the property that S(p) C T2 is compact.

3.1 Proposition: Suppose Zg 1s convex. Then for every X € Zg there exists a vector field
Y e ZS such that {X,Y} is complementary at p.

Proof: Let X € Zg. From the definition of ZS there exist A\; > 0 and Y; € ZS such
that Z?:o Ai = 1 and A X(p) + MYi(p) + - + MYr(p) = 0. Set A\ = Zle A; and
Y = Zle(/\i/)\*)Yi. Because Z) is convex Y € ZJ. This, together with the fact that
(MoX + AY)(p) = 0 completes the proof. [ |

Suppose that X, = {x',..., X"} c ZS is complementary at p. Then X, gives rise to
vector fields which vanish at p, namely those which can be expressed as Z = A\ X' 4 -+ +
M\ X% for appropriate \; > 0. We define Zp be the collection of all such vector fields Z.
Since we assume that S is convex we know that Z € S and thus

2,={Z| Z €S, Z(p) = 0}.

Part of our approach will be to systematically consider rather general classes of S-
trajectories To this end, let m be a permutation of {1,...,k}. We denote by XJ(p) the
composition of integral curves of the vector fields in X, with time rescaled, namely

T w(k (1
X7 (p) = X310 o0 X7 (),

where \; > 0 and Zf:o A X'(p) = 0. Note that XT(p) is reachable in time (3, \;)t. In
spite of a rescaling of time, X7 (p) is an S-trajectory in the sense that all points of the form



4 R. M. HIRSCHORN AND A. D. LEWIS

X7 (p) for ¢ sufficiently small are the image of a proper S-trajectory. Let P denote the set
of sequences of permutations of {1,2,...,k}. If n € Py then n = (mg, m—1,...,m ) for some
¢ € N, and we define a xll)-trajectory X/ (p) to be the S-trajectory which is the composition
of the curves Xj'(p). Then the Campbell-Baker-Hausdorff formula [Varadarajan 1974]
asserts that, for ¢t sufficiently small, there exist vector fields X* and X™* such that

k
T _ (e m,1 T,242 2
X7 () = (32 et X704 X7+ X722 4 0(8)) (9)
= i (3.1)
X{(p) = X 0+ 0 X (p),

= (X 4+ X2+ o(1))i(p),

where X! is a multiple of Zle X\ X and hence vanishes at p. Note that the Campbell-
Baker-Hausdorff formula also provides explicit expressions for these terms in the series.
In any event, this leaves as dominant the second-order term X"2(p). Sussmann [1978]
generates a richer class of S-trajectories which allows him to prove his theorem on local
controllability (stated as Theorem 2.1 here). However, the local controllability result can
be proved using the smaller class of S-trajectories we consider here. We also point out,
that as with X7 (p) above, the point X} (p) is reached by an S-trajectory after some time
ot, o > 0, has elapsed.

3.2 Remark: In equation (3.1) we have expressed X} (p) as an integral curve for a “time-
dependent” vector field X (t) = X! + X2t + o(t). To make this more precise we fix
7 > 0 and let a.(t) denote the integral curve of the vector field X (7) through p, that is
a-(t) = (X(7)):(p) where %aT(t) = X (7)(a,(t)) and a,(0) = p. Then X} (p) denotes the
point o (t)|r=¢. .

3.3 Remark: While our definition for S; differs slightly from Sussmann’s 5’;, we do have
conv(sg) C COHV(S;). To show this we can utilize the limited set of permutations used by
Sussmann in his proof of his sufficiency condition for l.c. (Theorem 3 of [Sussmann 1978]). e

Before we define Sf;, we motivate the notion of S-trajectories which approximate integral
curves to orders higher than one. Let X,Y € S;. From the definition of 5’; there exist
S-trajectories X (p) = (X! +tX +o(t)):(p) and Y} (p) = (Y1 +tY +0(t))(p) such that X1
and Y'! are linear combinations of vector fields in S that vanish at p. Now suppose that
(MX + XY + A32)(p) = 0 for some Z € S and A1, A2, A3 > 0. Proceeding as above, while
rescaling time to ensure compatibility between the vector fields in .S and S;, we construct
the S-trajectory

Xi(p) = x%t ° 137\7/@,5 0 Zyg2(p)-

From the Campbell-Baker-Hausdorff formula we obtain

Xi(p) = (X' + XV Mt +0(t) s 0 (V4 YV Dot +0(1) s, © Zagez (p)

= (H(VMX+ VYD) + 20X + XY + A3Z + (1/2)v MY X))
+ W + o(t%)), (p)
= (tXM 2 X2 4 3 X13), (p)

for vector fields X1, X2 X3 with the following properties:
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1. X™! is a linear combination of vector fields from S;

2. X"? is a linear combination of degree 1 and 2 brackets of vector fields evaluated at p
in S;

3. X3 is a linear combination of degree 2 and 3 brackets of vector fields evaluated at p
in S;

4. X™! and X2 vanish at p.

Since the coefficients of ¢ and t? vanish at p we have produced an S-trajectory which
approximates, to the third-order in ¢, the integral curve of X™3. We let Sg (Xp) denote
the set of all such terms X"?, and S the union of the sets S>(X,) over all subsets X,
complementary at p.

3.2. Higher-order variations. We now define S; for ¢ > 1 inductively. Suppose that we
have defined sets of vector fields S;, ..., 5y" with the following property: for any X € Sg
there exists an S-trajectory of the form X/ (p) = (X"(¢))¢(p) = (¢X"(¢))1(p), with X"(¢t) a
time varying vector field so that for ¢ sufficiently small ¢X"(¢) can be represented by the
convergent power series

tX"(t) = XL 2 xn? el g oy o(t77)

where the vector fields X!, ..., X9~ vanish at p, X = X% and 0; is defined induc-
tively by 01 = 2 and
(o + Dlem{oy, ..., 0k}

= 3.2
Ok+1 on ) ( )

where lecm denotes least common multiple. We note that one consequence of the above
definition is that o,,11 > o > - -+ > 01. The reason for this definition becomes apparent
in the proof of Lemma 3.4. Let L™(S,p) denote the unique linear subspace of maximal
dimension such that

0 € intzm(g,) (conv(S(p) U Sy (p) U--- U S (p)) N L™(S,p))

and set
m 1 m m
Zy={XeSus,u---uSr| X(p) e L"(S,p)}.

A finite subset X, C Z" is said to be complementary at p if

0e intaﬁ(xp () (COUV(xp (p))) J

or equivalently, if 0 can be written as a linear combination of the vectors X(p), X € X,
with strictly positive coefficients. Suppose that X, = {X1,... ,X*} is a subset of A

complementary at p, so that Zf:o X X'(p) = 0 for some )\; > 0. Let 7 be a permutation of
{1,2,...,k}. Then X’ € S or X' € Syt where m; € {1,...,m}. If Xie Sy¥ then, by our
induction hypothesis, there exists an S-trajectory of the form X" (p) = (X" (t)):(p) where
the time-varying vector field X" (¢) has the power series expansion

tX(t) = XMl o g em T L Tmt 4 gomi X () (3.3)
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and such that X! ... X":mi-1 yanish at p. We rescale time by ¢ — o;t" where a; =

Ag/am", and v; = lem{o1,...,0m}/0m,. If X' € S we rescale time by t — «a;t7 where

vi = lem{oy,...,0m}—in effect we define oy = 1. We denote by X7 (p) the S-trajectory
X7 (p) = X7

(k)

o 0" (p). (3.4)

(k) aﬂ(l)ﬂﬂ(l)

This rescaling is needed because, if X € S}],f, then, using a suitable control variation, we can
generate an S-trajectory which achieves motion in the X-direction to order oy, in t. Finally,
if n € Py, so that n = (ms—1,Tk,_,,-..,m1), we define X}(p) to be the composition of the
curves X7*(p) and say that X} (p) is an XJ"+'-trajectory. Then

X (p) = X§* 00 X (p) = (X"(t))e(p)-
For t sufficiently small the Campbell-Baker-Hausdorff formula yields
tXT(t) = t X Tt T LY Oma L Tma YT maL g g (4TmL ) (3.5)

for vector fields X",

The following lemma makes clear why the inductive definition of the o’s are as in (3.2).
The idea essentially is that one needs to define time rescalings along vector fields in an S-
trajectory to ensure that the desired term is the first nonzero term in the series expansion.
This makes sense of our inductive definition of S;*(p).

3.4 Lemma: The vector fields X1, ... X"om+1=1 that appear in equation (3.5) vanish at
p.

Proof: Let X € S]’;,Y € S’g where 7,7 € {0,...,m} and SI(,] = 5. By our induction hypothe-
ses there exist time-varying vector fields X" (t), X" (t) where

LX) = ((X T e tTTEXT T g% X o(17)
tXT(t) = (EX 4 17T 7Y 4 o(277)

with X7k X"t vanishing at p as in (3.3) above. The corresponding S-trajectories are

X7 (p) = (X (8))e(p) = (tX" (t))1(p) and X (p) = (X7 (t))e(p) = (£X"(t))1(p). Rescaling
time as above and concatenating these curves yields the S-trajectory

Bt) =XV

a;t7i © xzéiitW
= (X" (ajt?))q,e5 © (XM (it?)) ;e (P)
= (a;t X" (ot77))1 0 (it X (it?) )1 (p)

oj+1 o;+1

— (Z (ajtw)anjyk + O(ﬂj(ffﬂrl)))l ° (Z (ait%)me,é + O(t%(oﬂrl))) (p),

1
k=1 =1

where X = X":% Y = X9 and X! and X"* vanish at p for k < oj,{ < 0. Fort
sufficiently small, the Campbell-Baker-Hausdorff formula gives the coefficients of ¢ in the
power series expansion for 5(t). In particular §(t) can be written as a convergent power
series whose terms are expressible as linear combinations of Lie brackets of the vector fields
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X4 and X"i-F and Lie brackets of these vector fields of all orders. Our induction hypothesis
implies that X" and X™* vanish at p if k < o; and ¢ < 0;. Hence Lie brackets of these
vector fields also vanish at p. Thus the lowest order term with respect to t in the power
series expansion for 3(t) which does not necessarily vanish at p will be

(ajt%‘)ajxﬂjﬁj + (ait’Yi)UiXmaO'i_
From the above definitions
(ut73)73 X375 = ()\Jl,/aj)aj)ﬂjffj X595

and
(ait%)wXﬁiﬂi — ()\;/Ui)ai)t'YiUiXman'

Thus
(ajt719)73 X005 4 (0t )8)71 X001 = oo omb(\, X595 4 )\, X000,

The next (higher) power of ¢t which appears in the power series for §(t) is t" which has as
coefficient the linear combination of vector fields

(ajt7j>0j+1X77jv‘7j+l + (ait’Yi)Ui+1X77i70'i+1

= a;‘,ﬂ'“t%(ffjﬂ)XﬂjﬂjH + a?i‘*‘lt%(vi-ﬁ-l)Xm,Ui-ﬁ-l_

. i+1
We now show that r > oy, 41. Since v;(o; +1) = (%)lcm{al, ...,0m}, the sequence {o;}
is, by definition, monotone increasing, and o,,11 = (”?—H)lcm{al, ...,0m} we see that

vj(oj +1) > oy for j < m and v;(0j + 1) = opq1 if j = m. Among the Lie brackets of
order 2 in the power series expansion of 4(t) which do not vanish at p, the terms with the
lowest power of ¢ will have the form

[ajt’YjXﬁjJ’ (ait%)Uz‘Xm,Ui] — ajaioit%‘-‘—%‘oi [XWjJ?XWi,Ui]‘

Here we have t to the power v; + 7;0; and

lem{oq,...,0
Vi +vioi = { 10_' m}—l—lcm{al,...,am}
J
oj+1
:( it )lcm{al,...,am}
g3
20m+17

with equality holding if and only if j = m. Lie brackets of order greater than 2 which are
coefficients of t° with s < oy,+1 clearly must vanish at p. Thus if £ = lem{o1,...,0p,} then
the power series expansion for X7 (p) defined by (3.4) is of the form tZ' 4 ... +¢/=1 761 4
t'Z +¢7Z" + o(t"))1(p) where Z, ..., Z*"! vanish at p, Z¢ = Y| A\;X?, hence by our
choice of the \;’s we have Z%(p) = 0, and r > 0,41 with 7 = 0,41 if and only if one of the
vector fields X* € S,". Extending this argument to X/ (p) completes the proof. [ |

This lemma implies that X}(p) is an S-trajectory which approximates, to order t7m+!,
the integral curve of X"7m+! with time rescaled to t”m+1. We let S7"*1(X,) denote the set
of all such terms X"?m+! indexed over all DC;”“—trajectories X/ (p).
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3.5 Definition: S;TH is defined to be the union of the sets S;”“(DCP) over all subsets X,
complementary at p.

We note that vector fields in S;* will be linear combinations of brackets of degree at
most m + 1 of vector fields in S. The following is a consequence of the above discussion.

3.6 Proposition: Suppose that X € Sj*. Then
(i) fort sufficiently small, there exists an S-trajectory Xj(p) of the form
X?(p) - (X"’l 4o tomTlxom y pom xmomtL o(t°™))y(p), (3.6)
where X = X" and the vector fields X™* vanish at p fork=1,...,0m —1;

(ii) if X (p) = 0 then X"mF1 in (3.6) belongs to S;nﬂ;
(i1i) the S-trajectory (3.6) has the form

X! (p) =p+1t7"X(p) + o(t™™),

where X is a linear combination of brackets of vector fields in S of degrees up to and
including m + 1.

Proof: Assertion (i) follows from our definition of S}*. In particular the fact that, for ¢
sufficiently small, there exists an S-trajectory X (p) of the form

X (p) = (XPH oo 7L g7 XL o (7)) (p),

where X = X"%m and the vector fields X"* vanish at p for k = 1,...,0,, — 1 follows from

the definition of 5" and Lemma 3.4. For (ii), suppose that X also vanishes at p. Then,

by definition, X, = {X} C Z," is a set of vector fields complementary at p and hence the

X-trajectory X{(p) is also a X7 -trajectory and then X"7m*1 € §7+1 by definition.
For assertion (iii) we write (3.6) in exponential form:

X} (p) = exp(tX™! 4o 4 7 TEX PO 47 X 4 o(t7)) (p)
=p+17"X(p) 4+ o(t""),

since X (p) = -+ = X"n~L(p) = 0. |

3.3. A theorem on local controllability. The main results in this section is the following
high-order sufficient condition for local controllability.

3.7 Theorem: Suppose that S is a set of vector fields on Q C R"™ such that
0 € int(conv(S(p) U 5’; (p)U---UST(p))

for some m > 1. Then S is locally controllable at p.

Before we present the proof we establish the following technical lemma;:
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3.8 Lemma: Suppose that X € S)'. Then there exists an S-trajectory X} (p) with the
property that .
X (p) = p+ — X (p) + ot7),
Om
where X is a linear combination of brackets of vector fields in S of degrees up to and
including m + 1, and oy, > 0 is some (non-unique) positive integer.

Proof: Here X € S;” and from the construction of S;," we know that
X7 (p) = (X! 4o 4 t7m 2 X 47X o471 ) (p)

where the vector fields X" vanish at p for k = 1,...,0,, — 1. The positive integer o,,
depends on the number of vector fields in the (possibly non-unique) set of complementary
vector fields used to construct Xj(p). The fact that X is a linear combination of brackets
of vector fields in S of degrees up to and including m + 1 was noted above. Set

X(t) — xm! 4+t 1om =2 xM:0m—1 + om—1lx + o(tgmfl),

a time-dependent vector field and let a(t) = (X (¢)):(p), the “approximate integral curve”
as in Remark 3.2. Given x € () we set

X(t)(z) = X" x) 4+ - F o2 X0 () oL X (1) 4 ot

dXI(t) _ ng,l 4ot t0m72dX:167,0'm*1 _’_tO'm*lde + O(to'mfl)

Xt)=X"2 4o (o — 0t 3XTOm L 4 (g, — 1)t 72X + o(t7m2).

Then the derivatives of a(t)‘ € R™ with respect to t take the form &(t) = X(t)(«a(t)),
and G(t) = dX,u (t)a(t) + X(t)(a(t)). Thus a(0) = p, &(0) = X(0)(p) = X™1(p), and
a(0) = dX"' X7 (p) + X"2(p). For o, > 2 we have X™!(p) = X"2(p) = 0 and hence
@(0) = @(0) = 0. It is straightforward to show that a®)(0) = (k — 1)!X"#(p) = 0 for
1 <k<on—1and ol (0) = (0,, — 1)!X(p). In particular we have the Taylor series
expansion

1
a(t) = a(0) + aM (0)t + - + ﬁa("m)(O)t"m +o(t7™)
=+ X () + ot
The observation that X (p) = a(t) completes the proof. [ |

Proof of Theorem 3.7: By assumption there exist vector fields Xi,... 7Xli,- € S;', for 0 <i <
m such that 0 is contained in the absolute interior of the convex hull of {X}(p) | 0 <i <
m, 1 < j < k;}. Here we set Sg = S. In light of Lemma 3.8 we can find corresponding
S-trajectories

i,j 17
X (p) =p+ —

0;

X;(p) +o(t™).

Rescaling time by t7 = ys;; for s;; > 0 we have X]"/ (p) = p + si,jX]i- (p) + o(si;). The
composition of such S-trajectories yields

m k;
Q($11,812: - Smk) =P+ D > 5 Xi(p) + o(s1,1 + S12 4+ + Smky,).
i=0 j=1
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This is the form of the S-trajectories used in the proof of Theorem 3 in [Sussmann 1978].
We can then apply Lemma 4 of [Sussmann 1978] to conclude that S is l.c. at p. |

3.9 Remark: Suppose that X € Sj* and that AN AN Zp. Then the directions spanned
by tadgioadgzo---oady,e X(p) can be considered as available directions for the purposes
of local controllability, provided that there exists Y € S}* so that X (p) + Y (p) = 0. This
may be argued by slightly generalizing Theorem 2.4 in [Bianchini and Stefani 1993].

4. A concrete class of higher-order variations

While Theorem 3.7 is interesting, it is not so easy to apply as we have not been very
concrete about describing tangent vectors in S*(p). In this section we provide a description
of some such tangent vectors. Our description arises from developing S-trajectories associ-
ated with sequences of permutations. One of the consequences of our development is the
identification of terms in the series expansion for the S-trajectories that are independent of
permutation. These are obstructions to local controllability in our setup. In the parlance
of Sussmann [1987], these are fixed points of a group action in a free Lie algebra.

4.1. Variations associated with sequences of permutations. Suppose that X,Y € S.
Then, for t sufficiently small,

Yio Xi(p) = (A°(X,)Y) + ANX, V)t + A*(X,Y)* + (X, V)P +---),(p)
where, from the Campbell-Baker-Hausdorff formula,
AXY)=X+Y
AYX,Y) = %adx Y

1
A(X,Y) = (ad} X +ad} V)

1 4.1
AX,)Y) = fﬂadyadiY *.1)

1 1 1
AYX,)Y) = — 50 20y ad% Y — o0 [2dx Y,ad% Y] + %0 ad? ad% Y

1
adk Y — — ad} X

1
+ —— [adx Y;ad? X] — =50

360 720

and A*(X,Y) can, in principal, be expressed explicitly as functions of X,Y for all k& > 0.
Let IN denote the positive integers. If X?, Y € S, s = (s1,...,s;) € N¥, then for 7 € P?,
the group of permutations of {1,2,...,k}, we form the S-trajectory
_ (@) (1) ™(2) ™(2) (k) (k)
Xf(p) = Y;Sﬂ(n o thwu) 0 Ytsw(z) © Xt%(z) 0---0 Yt%(k) © thw(k) () (4.2)
= (QF + Qrt + Q2% + - 1),
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where the vector fields Q¢ = Q4(X', Y1, ..., X* Y* s) are linear combinations of the
vector fields A7(X? Y?) and their Lie brackets. For example, for s = (1,...,1) we have

QY =A% XYY 4+ ANXR YR,

k

A | , , : :

1 _ 1 - 0(xm(@) ym(@)y A0 x7() y=()

Qr =D ANXLY) 45 3, [ANXTOYT), AUXTOL YO
=1 1<i<j<k

The order of the group P? is k! and we define P} to be the elements of the k!-fold direct

product of P,? with itself, Hf!zlPO, of the form m = (my,...,mg) where m; € P,? are distinct.

We note that P! is a set with I' = k!l elements. If 7 = (m1,...,7n) € P} we define a
corresponding S-trajectory

X7 (p) = X7 0+ 0 XT¥ (p) = (QF + Qnt + Q2t” + - )i(p)

where, as above, Q% = Q4 (X', Y!,..., X* Y* s)is a linear combination of the vector fields
AJ(X'Y") and their Lie brackets. Similarly m € P? if 7 = (71,...,7,) where m; € P} and

X7 (p) = X" 00 X (p) = (Q + Qrt + Q2t* + - )e(p).

In this way we can inductively define subsets of permutations P,f . It will be convenient to
use the notation I'(k, £) to denote the cardinality of Pf. Thus I'(k,0) = k! and I'(k, £+ 1) =
[(k, ). Note that if m = (71,...,7pr,e)) € Pt where m; € Pf, then X7 (p) denotes the
S-trajectory

x;r(m — x;ﬂ 0.0 x:F(k,Z) (p)

= (QF + Qrt + -+ )u(p).

For example, PY = {m, 2} with
(12 (12
M=\ 2 T2 )

Py ={(m,m), (m2,m)}
Py = {((m1,72), (m2,m1)), ((m2,m1), (m1,m2))}.

For 7 = (1, m2) € Py, then

(4.3)

Thus

X (p) =Yyt o X} oY2, 0 X2, 0V, 0 X2, oYV o X[
and if 7 = (m2,m) € Pj, then
2 2 1 1 1 1 2 2
x;r(p) - }/isz (¢] Xt52 (¢] Y;sl (¢] thl e} }/tsl e} XtSQ (¢] }/;152 (¢] Xt52 .

Similar expressions then hold for the elements of PZ. In essence these are analogous to the
time reversal permutations considered by Sussmann [1987].
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4.2. Permutation-invariant elements. Next we turn to a more detailed investigation of
the terms in the power series expansion for the S-trajectories of the preceding section. In
particular, we show that such power series expansions possess terms that are independent
of the sequence of permutations. In essence, these are terms in the series which cannot
be modified by changing the sequence, and so may be thought of as obstructions to local

controllability.

The first result exposes the pattern in which invariant terms arise in the series expan-
sion (4.3) under sequences of permutations of a given length. If s = (s1,...,5;) € IN¥ we
set

m(s) =min{s; | 1 <i <k}

and define m;(s) inductively by
mo(s) +2=min{s; +s; | 1 <4,j <k, i#j}

and
me(s) = mo(s) + fm(s).

4.1 Lemma: Let m € P! and let X7 (p) be the S-trajectory
X7(p) = (QF + Qzt + -+ )e(p).

defined by (4.3). Then QY,.. .,Q;ne(s) are independent of m and QY,.. .,Q;n(s)_Q vanish
identically.

Proof: We begin by considering the case m € P,S. To help with notation we set

.¢]
X;(t) = Z Ai(X”(j)7 Y”(j))t(i-&-l)s,r(j)
i=0
so that the S-trajectory X (p) defined by (4.2) is the composition of integral curves of the

vector fields X; followed for one unit of time. Thus X7 (p) = (Xi(t))1 0 --- o (Xi(£))1(p),
and, using the Campbell-Baker-Hausdorff formula, we have

k
o) = (S50 + Y S+ ) o) (4.4)
=1

1<i<j<k

where the additional terms are iterated brackets of the vector fields X;(t) of degree greater
than two. We note that Z?:l X;(t) is independent of our choice of m € PP. Writing the
above vector field explicitly as a power series in t,

X7 (p) = (Q% + Qut* + -+ )1(p),

we see that, from the definition of X;(t), the lowest power of ¢t with a nonzero co-
efficient will be ™) where m(s) = min{s; | 1 < i < k} as above. In particular

0. ,me(s)_Q are identically zero. Similarly the lowest power of ¢ with a nonzero co-

efficient in } 0y, ;< 31X5(1),Y;()] will be tmo(9)+2 5o that Q?O(S)H is the coefficient of
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the ¢ which could vary with 7 € P{. From our definition of mg(s) we have m(s) < mo(s)
and hence

( ) (Qm s) ltm (s)— S Q;no tmo Qmo s)—l—ltmo(s)—l-l 4. )t(P),
where Q?(S)fl, ey Qﬂmo(s) are invariant with respect to w € P,? . This proves the lemma in
the case £ = 0. Now suppose that the lemma holds for 7w € P,f. Let m = (m1,..., Tre) €

P,f“ where 7; € P,f and set

X7 (p) = X" 0+ 0 X7 ().

By assumption
XTi(p) = ( m( 8)—lym(s)—1 | Q;@(S),;M(S) + - )e(p)

where Q;’:(s)fl,...,Qze(s) are independent of m;. Setting Q7 = Q% for j = m(s) —
1,...,my(s) it follows that X7 (p) = (X;(t)):(p) where

( ) = Qm —lym(s)=1 | Qm Jpmls) 4oL 4 Qme Jpme(s) 4 Qme JHlgme(s)+1

As in (4.4), the Campbell-Baker-Hausdorff formula yields an expression for X7 with X;(t)
replacing X;(¢). Arguing as in the case ¢ = 0 above we can conclude that

X7 (p) ( (k, E)Qm —1ym(s)— + -+ T(k, @ng(s)tmg(s)
Lyym 1 my(s)+m
+ Q! +Qm“j Y@Ly (Qmeetm
+Qﬂr(kz)+m)tme(5)+m+Qme )+mALygme(s)+m+1 )t(p)

Since my(s)+m = myy1(s) and in the above equation the coefficients of t* with i < my1(s)
are m-invariant the induction is complete. |

Let 7w € P,f. In light of Lemma 4.1 we set

1nv = Qﬂ'? mf—l(s) <1 < mg(s).

where anv = QiinV(Xl,Yl, ..., X* Y* s) depends on X? Y? and s but is independent of

7. For ¢ = 0 we set ‘ A
oy = Qs 1€4{0,1,...,mp(s)}.

In the case s = (1,...,1) it is straightforward to show that my(s) = ¢ and

mv AO(Xl Y ) +AO(Xk7Yk)7
va = KANXL YY) 4 AR YY),

1nV - (k‘) (AQ(X17Y1) +o AQ(Xk7 Yk)) + B,
where B is a linear combination of degree 3 brackets of the vector fields A°(X® Y?). For
our application, the pairs {X? Y} above will be complementary at p so that A%(X? Y?)
and hence B vanish at p.

The following proposition relates the definition of @’

to 7 € P{ where i < my(s).

(v to the S-trajectory corresponding
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4.2 Proposition: For each £ > 0 and 7w € P,f there corresponds an S-trajectory of the form

X7 (p) = (QOQ?HV 4t amz(s)Q:ﬁZ‘é(S)tmz(s sz )+ 1yme(s)+1 4. )t(p)’
where o;; > 0, 7 € {0,1,...,my(s)}.

Proof: The proof of Lemma 4.1 contains this result with a slight change of notation using the
subscript “inv” to keep track of the vector fields invariant with respect to the appropriate
collection of permutations. |

4.3 Remark: In the case of an single-input affine system & = f(z) + ug(z), consider the
sets { X! = f+g,Y!'=f—gland {X%2 = f—g,Y? = f+ g}, and take 51 = 55 = 1 to
compute

an = 4f7
v = fad2 i
496
1= 5 ad4 f + ad ad} g 4—5[adf g,ad} gl,
1136 119912 32
6 _ dig 2 3 3,13
1024 3376 44
= 315 [ads g,adgadf o] + = lady g, [adf 9,adg fl] = <= [ad} g, adg f]]
16 6 > 176
t3E ady f + 945[ad f.lg,ad} g]] — 945[g,adfg]

These are linear combinations of bad vector fields as per [Sussmann 1987]. We show in
Corollary 4.8 that for two pairs of complementary vector fields, va = 0 for £ odd. We also
remark that the eccentric character of the coefficients in the expressions for the permutation

invariant brackets is a consequence of our use of the Campbell-Baker-Hausdorff formula. e

4.4 Remark: In a given example one may have many more permutation-invariant vector
fields than the @)% ,, which are invariant on essentially the free Lie algebra level. °

4.3. Applications to local controllability. In this section we summarize the above devel-
opments as they apply to conditions for local controllability. The following result relates
the permutation dependent constructions to the more general constructions of Section 3.2.

4.5 Theorem: Suppose that {X', Y} C S fori = 1,....k, s € N*, and Q% _(p) =
Lip)=-=Q"")(p)=0. Then

1. QZLE(S)H € S;W(S)H for all m € P{ and

2. le E S;nﬁ(s)+1

mv

The next three corollaries specialize the theorem to interesting cases. The first deals
with the case when all time rescalings are equal to 1. In practice, this will often be the case,
but in Remark 4.10 we provide a situation where it is beneficial to allow the more general
class of rescalings.
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4.6 Corollary: Suppose that {X*, Y} C S fori=1,...,k and s = (1,...,1). Then

1.4 Q0 (p) = QL. (p) =+ = Q. (p) = 0 then QL™ € Sf;“ for all m € P! and

2. if {X" Y'Y are complementary at p fori=1,...,k then
(a) £ady:Y' € S} and ad(yi pyin) 0 0 ad(xis pyis) ady: Yi(p) € Si(p) where

i1y €41, k),

(b) 2ad%, Y' —ady; X' € S2 and ad%,; Y’ € S2, and
(c) Tady:ad%, Y€ 83 if S8 | (ad%: Y +adl, X¥)(p) = 0.

Our next result specializes Theorem 4.5 to two pairs of vector fields.

4.7 Corollary: Suppose that {X1, Y} {X2Y?} C S, s =(1,1), and Q. (p) = QL. (p) =
o =Qf (p) =0. Then

inv
0+1 041
1. Qi €S, and
2. —Qitl ¢ Sﬁ“ and Q42 € SgH if £ is even.
Finally, we consider the case of a single pair of vector fields. In practice, this simple
result is often the most useful, as we shall see in Section 5.

4.8 Corollary: Suppose {X,Y} C S. The following statements hold:
1. if s = (1,1) then for the pairs {X', Y} = {X, Y} and {X?,Y?} = {Y, X} we have
anv =0 for £ odd;
2. if s = (1) then Q' , = AYX,Y). In particular, A¥(X,Y)(p) = 0, k € {0,1,...,£}

inv

implies A"TH(X,Y) € SETL.

4.9 Remark: We can replace one or more of the pairs { X?, Y} in Theorem 4.5 with {Y?, X*}
to generate additional vector fields in S;;H. .

4.10 Remark: In Theorem 4.5 the vanishing of the vector fields Q¢  at p can be replaced

by conditions for neutralization resembling those in the existing literature (e.g., [Krener

1974, Sussmann 1987]). That is, we may ask not that Q) (p) = --- = Q! ,(p) = 0, but that
/—1
Q) (p)=---=Q 1 p) =0and 0 € conv{Q? (p), QL. (p), ..., Q% (p)}. More generally,
suppose that for 7, j € IN we denote
L= QL (XYL xR YR s, QF =@ (XYY XF YR 5,

and that for a specific £,m € N we have Q¢ (p) + Q™ (p) = 0. Then we consider the

inv
augmented collection of pairs of vector fields

(XYY, xR YR XL Y, X VR

and choose 8 = (msi,...,msg, l51,...,£5;). The resulting set of invariant vector fields
anv will have Qi”;f_l a positive multiple of anv + Qf’gv and for j < ml — 1 the vector fields
Qijnv will be linear combinations of Q?nv, cee Qﬁ;{l, Q?nv, L Qn 1 and their Lie brackets.

The notion of rescaling time to generate new higher-order S-trajectories is inherent in the
definition of the sets S;f . Examples 5.3 and 5.4 illustrates this point. °
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4.11 Remark: Stefani’s example [Stefani 1985]

T=1u
y=ux
=y

in R? fits the framework of Corollary 4.7. As noted in Sussmann’s paper [Sussmann 1987],
the Lie brackets in f = (0, z, 23y) and g = (1,0, 0) of degree 3, 4, and 5 vanish at p = (0,0, 0).
Consider {X!' = f+¢,Y! = f — g}, {X? = f/2+29,Y2 f/2—2g} C S and s = (1,1).
Corollary 4.6(2a) implies that +[f,g] € S; while f £ g € S = conv{f + g, f — g}. Thus
we can find control variations in the directions (£1,0,0), (0, £1,0). To generate the control
variations in the directions (0,0 4 1) we use Corollary 4.6(1). Note that P = {m, T2}
where m1(1) = 1,m1(2) = 2 and m2(1) = 2,m2(2) = 1 so that

X7 (p) = X{ oY} 0 X7 oY (p) = (Qny + @yt + Q7,17 + - )e(p).
= 3f which vanishes at p and Corollary 4.6(1) implies that Q 6 S, I But Q}Tl =

mv
hence Q2 € 52 as a consequence of Proposition 3.6(i). Similarly va S frl vanish at p,
as they consist of linear combinations of Lie brackets in f and g of degree 3, 4, and 5, hence
Q5 € Sp. Likewise Q3, € S5. Since Q3 (p) = (0,0,21/18) and Q3,(p) = (0,0, -21/18),

Theorem 3.7 implies local controllability. °

But Q"

Proof of Theorem 4.5: Choose 7; € P,f. Then Proposition 4.2 asserts that there exists an
S-trajectory
xzr(p) _ (aonV aj Q:Z‘l;(s)tmi(s Qﬂmje(s)'*‘lth(s)'i‘l R )t(p)'

my(s)

Since Q!

mv

(p ) vanishes for 0 < i < my(s) it follows that Qﬂmf(s)ﬂ € S, for some a € IN.
Here Qﬂf“ is the coefficient Qr; of the lowest power of ¢ with the property that Qr,
could vary with m; € P,f. To determine a we note that, in light of Lemma 3.8, X € S}
implies X is a linear combination of brackets of vector fields in S of degrees up to and

s)+1

including a + 1. To determine the bracket of highest degree in Q we can, without

loss of generality, assume that min{sy,...,sx} = 1 and take s; = 1 (1f this is not the case
we can replace s; with s; — (min{sy,..., sk} — 1) without changing the vector fields Q%).
Then

V'oX/(p) = (A%X" Y+ AN X Y+ A2(X Y2+ AAXL YD+ ), (p)

which has the consequence that ng(s is a linear combination of brackets of vector

fields in S of degrees up to and including my(s) + 2. Thus a = my(s) + 1. Finally, if

P,f"H ={m1,..., Mok} then we form the S-trajectory
L'(k,0)
x;r(p) _ (aOva . O‘mg(s)va( )tme + Z Qme s)+1tmz( )+1 +. ")t(p)’
J=1

where a; > 0. Since
(k,0)

ng(S)-ﬁ-l _ me(s)+1
inv - 5 )
Jj=1
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it follows that QW(S)+1 Sf;“. [ |

mv

Before proving the corollaries to Theorem 4.5 we establish some technical lemmas.

4.12 Lemma: Suppose that P,Q are vector fields on £ C IR™. Then, for t sufficiently
small, the integral curve Qo Pi(p) = (32720 MY(P,Q))(p) for vector fields M*(P,Q) with
the following properties:

1. MY(P,Q) = (—1)!MY(Q, P);

2. if P =300 Attt and Qp = S50, Abt' then MY(P,Q) has a power series expansion
in t whose coefficients are Lie brackets of the vector fields A; of degree £ + 1.

Proof: The existence of the vector fields MY(Q, P) follows from the Campbell Baker-
Hausdorff formula and we have M°(P,Q) = P+Q = M%(Q, P) and M (P,Q) = fadp Q =
—% adg P = —~M*Y(Q, P). Thus P+ @ is a linear combination of the vector fields AZ which
we call Lie brackets of degree 1 while M L(P,Q) is a linear combination of the vector ﬁelds of
the form [A}, A] which are Lie brackets of degree 2. Thus (1) and (2) hold for £ =0,1. We
now establish (1). Set M* = M*(P, Q) and M* = M*(Q, P). Suppose that M7 = (—1)7 M’
for j < £. For j = ¢ the Campbell-Baker-Hausdorff formula [Varadarajan 1974] asserts that

(C+1)M [P Q.M+ Ky Vo(PQ)
p>1
2p<t
with
GPQ= Y MR el P )]
klv"'7k2p>0
ky4-dkop =0
Hence
0+ 1)M* = [Q PM7Y 4 ) KoV (P,Q)
p>1
2p<t
with
V(PQ) = Y [MRTL MR MR Pl
kl:"'7k2p>0
k1etkop=£

By our induction hypothesis we know that M7 = (—1)7M7 for j < ¢ thus 3[Q — P, M*~!] =
(“1!A[P — Q, M) and

V(P = D [(=nFTIMP L (ke P4 )L
k1,...,k2p>0
k1+“'+k2p:€

= Z (_1)k1+~~~+k2p—2p[Mk1—1’ [ ) [Mka_la P+ Q] . ]

k1,..,k2p>0
k1+"'+k‘2p:£

= (=)V(P,Q)
since (—1)F1t k=20 — (_1)¢(—1)% = (=1)’. This implies M*(P, Q) = (-1)'M*(Q, P).
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To establish (2) we note that (2) holds for £ = 0, 1. Suppose that assertion (2) holds for
§ < €. Thus M*~1(P, Q) has a power series expansion in ¢ whose coefficients are Lie brackets
of the vector fields A; of degree £. Now P — () has a power series expansion in ¢t whose
coefficients are Lie brackets of the vector fields A; of degree 1 hence, in the above formula
for M*(P,Q), the term [P —@Q, M*~1] is a combination of Lie brackets of the vector fields A;
of degree £+ 1. The remaining terms in M*(P, Q) involve the vector fields V,(P, Q). By our
induction hypothesis the vector fields M*~1 in V,(P, Q) involve Lie brackets of the vector
fields A; of degree k;. Since P + @ involve Lie brackets of the vector fields A;- of degree 1

it follows that [A/F1 =1 [MF2=1  [M*2»~=1 P 4 Q]...] has a power series expansion in ¢
whose coefficients are Lie brackets of the vector fields Aé of degree k1 +---+kop+1=0+1.
This completes the induction. |

4.13 Lemma: Suppose that {X*, Y1}, {X2 Y2} C S and s = (1,1). Then Q. is a linear

combination of Lie brackets of odd degree of the vector fields A;- = AY(X7,Y7) for all £ > 0.
In particular, Q¢ (X', Y1, X2 Y2 s) = (—1) QmV(Yl,Xl,Y2,X2,s).

an(

Proof: We begin by examining the S-trajectories which correspond to permutation in PY.
By definition P = {m, ™} where m1(1) = 1,71(2) = 2 and ma(1) = 2, m9(2) = 1. Then

X (p) = XL oV o X2 o Y2 (p (Z/w) o(iA;ti>t(p)
=0

where Al = AY(X1, Y1) and Ay = AY(X2Y?2). Set P =Y 22, Aith,Q = S22, Abti so P
and ) are power series in t whose coefficients are Lie brackets of the vector fields A;- of
degree 1 (odd). Thus X7'(p) = P, o Q¢(p) and, in light of Lemma 4.12, there exist vector
fields M*(P, Q) such that X7 (p) = (X520 MY(P,Q))i(p). Since Xj?(p) = Q; 0 Pi(p) we have

X7 (p (Z MY(Q,P)) (p) = (i(—l)iM"(P, Q).

=0

where M*(P,(Q) is a power series in ¢ whose coefficients are Lie brackets of the vector
fields A; of degree £ + 1. We let M°(P,Q) = > 22, M?(P,Q) and M***(P,Q) =
Y20 MPH(P,Q) so that M°I(P,Q) (M®°"(P,Q)) is a power series in ¢ whose co-
efficients are Lie brackets of the vector fields A; of odd (even) degree. Furthermore
MeY(P Q) = MOdd(Q P) while Meven(P Q) = Meven(Q P). We now explore the
same issues for P2 = {71,72} where 71 = (m,m2) and 7o = (71'2,71’1) for the permuta-
tions 71, € PY defined above. Setting P = >.5° M*(P,Q) and Q = 3.°° o MYQ, P) we
have, as above,

X (p) = X7 0 X7 (p) = By o Qu(p).

From Lemma 4.12 there exist vector fields M¢(P, Q) such that M*(Q, P) = (=1)!M*(P,Q)
hence

X7 (p (ZMW@)U, 50 - (SCVHEQ) 0. @)

We now establish that the vector fields M 4(13, Q) are power series in ¢ whose coefficients
are Lie brackets of the vector fields A; of odd degree. We showed above that we have P =
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S°0 MU(P,Q) = M°Y(P,Q) + M (P,Q) while Q = Y32, M (Q, P) = M°(P,Q) —
M (P, Q). From the Campbell-Baker-Hausdorff formula we know that M? = P + Q =

2M°44 (P, Q), a power series in ¢ whose coefficients are Lie brackets of the vector fields A;
of odd degree. Also

M' =1/2[P,Q] = [M*"*(P,Q), M°**(P,Q)].

Since M®*"(P, Q) is composed of Lie brackets of A; of even degree and M°(P,Q) is
composed of Lie brackets of Aé- of odd degree it follows that M is composed of Lie brack-

ets of Aé- of odd degree. Now suppose that this holds for MQ,M?’, .. .,Mg_l. From the
Campbell-Baker-Hausdorff formula

()01 = M (P.Q) M + 3 Ko Vi(P.Q)

p>1
2p<tl
with
‘/p(P,Q) = Z [Mkl_lv[Mk2_17~"7[Mk2p_1,2MOdd(PaQ)]'”]‘
klv---7k2p>0
k1+"‘+k2p:€

By our induction hypothesis and the fact that M*V*"(P, Q) is composed of Lie brackets of
A} of even degree we see that [2M¢V*"(P, Q), M*~!] is is composed of Lie brackets of A; of
odd degree. Looking at the terms in V,(P, Q) we note that

(MRt MR oM (P Q) -]

has an even number of terms M*~1 and M°39(P, Q) is composed of Lie brackets of Az- of
odd degree it follows that M’ is composed of Lie brackets of A;- of odd degree. We can

now repeat the initial argument to show that if Py = {m,ma} then there exist vector fields
M (P, Q) composed of Lie brackets of A;- of even degree and M°(P, Q) composed of

Lie brackets of A; of odd degree such that

X7 (p) = (Y MUPQip) = (MY(P,Q) + M™™(P,Q)) (p)
=0

and
X - (3 MYQ.P)) (p) = (S -vire, Q) (p)
=0 1=0

= (M°Y(P,Q) — M*"*"(P, Q)):(p)-

We simply repeat the above steps for P23, P24, ... to conclude that the vector fields M 3(15, Q)
are power series in ¢ whose coefficients are Lie brackets of the vector fields A% of odd degree.
We now are in a position to verify that Q¢ is a linear combination of Lie brackets of
the vector fields Aé. of odd degree. We begin by choosing any 7 € PQk. Then we know from
above that the corresponding S-trajectory X7 (p) = (M°(P,Q) + M (P, Q)):(p) where

M (P, Q) composed of Lie brackets of A;- of even degree and M°44(P, Q) composed of Lie
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brackets of A; of odd degree. In the case where k is odd we showed that MV (P, Q) = 0.
Suppose k = 1. Then X7 (p) = (M°¥(P,Q))¢(p) where M°Y(P,Q) is a power series in ¢

whose coefficients are Lie brackets of the vector fields A; of odd degree. Thus there exist

vector fields Q§9, @949, ..., which are linear combinations of Lie brackets of the vector

fields A; of odd degree, such that
X7 (p) = (@83 + Q1 + Q33¢° + - )u(p)-
But from Proposition 4.2 we have

x?(p)F = (QOQ?HV + Oflcgilnvt + Q?rt2 +oe )t(p)'

This means that OéoQiOnV = dild,al, L. = Q(l’dld, and @2, are linear combinations of Lie
brackets of the vector fields A; of odd degree. Next we consider the case where © € P§ =
{7‘(’1,7['2}. Then

X7 (p) = (M°Y(P, Q) + M (P, Q))e(p)

where M°Y4(P Q) (resp. M®*"(P,Q)) is a power series in ¢ whose coefficients are Lie
brackets of the vector fields A;- of odd (resp. even) degree. Thus there exist vector fields

Q33d, Q94d,..., and Q§¥e", Q$¥en, ..., which are linear combinations of Lie brackets of the

vector fields Aé of odd and even degrees respectively, such that

x;l'l( ) ((Qodd +Qeven) (Qodd + Qeven)t + (Qodd + Qeven> ')t(p>'

But from Proposition 4.2 we have

x;rl (p) = (OZOQ?nV + OélQilnvt + a2Q12th2 + Q3 t3 )t(p)

Similarly, using the expansion for Xj?(p) in (4.5),

x?’z (p> = (aﬂQiOnv + Qilnvt + C¥2C212nvt2 + Q3 t3 )L‘(p)

= (@ = Q™) + (87" — Q™ + (@8 — Q5T + - )u(p).-
Since anv is invariant with respect to our choice of permutation in P +1, we can conclude
that Qg7 = Q11" = Q57" = 0. This in turn implies that QY ., QL . Q% and are linear
comblnatlons of Lie brackets of the vector fields A? of odd degree. It is straightforward to
show by induction that this is the case for all Q¢

Finally we show that

nv*

Qf (XY X2 V?) = (1) Qi (Y!, X1, Y2, X?).
Using Lemma 4.12 with P = X,Q = Y we conclude that A*(X,Y) = (=1)*A%(Y, X). The
vector fields A; enter into our S-trajectory in the power series Y ooq A*(X7,Y7)t". Since
va is the coefficient of t’ in a power series expansion of a similar S-trajectory we can
conclude that anv is a linear combination of iterated Lie brackets

[A“ [Az2 . [AZ% Am“] ]

g1 T2 J2k7 7 T )2k+1
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of an odd number of A;'-’s where j,, € {1,2} and i; + -+ + 911 = £ — 2k. In light of
Lemma 4.12 with Q = Y, P = X we know that if 4,, is even then A;W(YJ,XJ) = A}m (X7,Y7)
and if i, is odd then A7 (Y7, X7) = —A"(X7,Y7) for j € {1,2}. If £ is even then there
must be an even number of integers in {1, ..., 49,41} which are odd, and hence B does not
change sign when X* and Y* are interchanged and this completes the proof. |

Proof of Corollary 4.6: Suppose that s = (1,...,1). Then (1) follows from Theorem 4.5
and the observation that in the case s = (1,...,1) we have m;(s) = i. Suppose that
the subsets {X% Y’} C S are complementary at p for i = 1,...,k. From Remark 3.3
(or from the definition of A'(X? Y?)) we know that ady: Y € S;. Also {X*Y*} com-
plementary at p implies {Y?, X’} complementary at p hence —ady: Y’ € S;. This
gives part (2a) of the corollary. To establish (2b) we can use Lemma 4.13 with the
choices X1 = X\ V! = VI X2 = Y\ Y2 = X' to conclude QL (X1, Y1 X2 Y% s) =
—QL (X2, Y2, XY Y1 s). Since QL is invariant with respect to permutations of {1,2} we
conclude that QL (X', Y1 X2 Y2 s) = 0. As a result of Theorem 4.5, we have Q2 € Sg
for all m € P}. One can easily check from the definition that Q2 = (ad%. V" +ad?, X%)/6
while er = 2ad§(i Yyt — ad%,i Xt for all 7 € P21. Finally, if we reverse X% and Y we
get 2ad§,i Xt — ad?xi Y? and conv{2 ad%ﬂ- Xt — ad%a Y?, 2ad§(i Yyt — ad%i X} contains a
positive multiple of ad%,; Y hence adgfi Y' e Sg . To complete the proof we must show
that (2c¢) holds. Here we simply augment our set of complementary vector fields by adding
in k additional pairs, namely those of the form (Y*, X*). Arguing as in the proof of (2b)
above, we find that QL =0, Q% = Zle(ad?xi Y? + ad; X?), hence Q% (p) = 0, and

3. = Zle ady: ad§0- Y% Thus Theorem 4.5 implies Zle ady-i adiﬁ Yi e S;’. Now we
note that reversing X and Y in ady adg(i Y gives the negative of this vector field. In this
way we can isolate each term in the above sum and conclude that + ady- ad%,Y? e S;’. [ |
Proof of Corollary 4.7: Suppose that {X' Y1} {X2 Y%} Cc S, s = (1,1), and Q) (p) =

inv
1 .. —f _ : i : 041 (+1
inv(P) = -+ = Qv (p) = 0. We begin by establishing assertion (1). We have Q7' € S;*
by Corollary 4.6 for any 7w € Pf . Since Qf;;,l is a linear combination of the vector fields Q4+
using positive coefficients it follows that Qﬁ:} € Sﬁ“. Alternatively, from Proposition 4.2,

there is an S-trajectory of the form
:X:t(p) = (aOQ?nv +eee Oéfc?iénvtE + af'i‘lQiEri:/ltz—i_l + Qf$2t€+2 L )t(p)’

where a; > 0. Since QY (p) = QL (p) == anv(p) =0 we have Q7! € Sf;“.

inv inv

To establish (2) we note that
Qi (XLYL X2 Y2 8) = (D)UY XL Y X s)
= Qi (XL YL X2 Y2 s)
as a consequence of Lemma 4.13 and the assumption that ¢ + 1 is odd. Similarly
2/ v1 vl oy2 y2 21 vl v2 yv2
QXL YL X% Y% 8) = Q.Y X1 Y2 X% s).

Thus we can proceed as above using {Y!, X'} {Y2 X2} C S, s = (1,1) instead of
{X1 Y1} {X?%Y?} C S and form an S-trajectory

it(p) = (aOQ?nv 4+ OéfQignvte - ae+1Qizrj;1tz+1 + Qi@ft“_z + )t(p)
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and conclude that
QL = QX Y, X2 YR s) = QU (Y X Y? X ) € S
Finally, we form the S-trajectory

Xt 0 Xot 0 Xie(p) = (4@ + - + daQlt” +4Q5TH 2 + ) (p)

and note that Q?nv(p) = Qilnv(p) =...= anv(p) = 0 implies Qf;:? € Sf;”. [ |

Proof of Corollary 4.8: The proof relies on Lemma 4.13 together with the fact that reversing
the roles of {X! Y1} and {X?2 Y2} is, in this case, the same as interchanging X* and Y.
Thus permutation invariance means that Q¢  vanishes for £ odd, establishing (1). If s = (1)
then P{ consists of the single permutation 1 + 1 so Q% = A*(X,Y). Then (2) follows
from Corollary 4.6. |

5. Examples

In the examples the sets S of vector fields are not convex. As noted in Section 3.1 we
can replace S by its convex hull without affecting local controllability. Certain of these ex-
amples may certainly be treated using existing techniques in the literature. Therefore, such
examples should be regarded as being illustrative of our theory, rather than as presenting
new ideas. However, we might mention that we do not know of a theory that will cover
Example 5.5.

5.1 Example: As in [Sussmann 1978] we consider the system S = {X,Y, Z} in the plane
where, in local coordinates (z,y),

X = (1’O)a Y = (—1,1‘2), Z = (Oa _1)'
Then

[X7 Y] = (0,2z), [X? [Xv Y” = (0,2),
[Yv[ YH = (0,-2), [Z’ Y] = [Z7 X] = (0,0).

For p = (0,0) we have L°(S, p) = Rx{0}, and hence Z) = {X,Y} and S} = {[X,Y],[Y, X]}.
This implies that S(p) = {(1,0),(-1,0),(0,—1)}, Sp(p) = {(0,0)}, and it follows that
L'(S,p) = L(S,p) and Z) = {X,Y,[X,Y],[Y, X]}. Since X(p) + Y (p) = (0,0) the subset
{X,Y} C S is complementary at p. From Corollary 4.6(2b) we have ad% Y = (0,2) € Sz
Thus

conv({(1,0), (—1,0), (0, =1),(0,2)}) C conv(S(p) U S;(p) U Sy (p))

and 0 € int(conv(S(p) U S}(p) U Sg(p))). Local controllability at p then follows from
Theorem 3.7. .
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5.2 Example: Consider the affine system

T = Ul
y = U9 (5.1)
zZ= :EQ - y47

with |us| <1 for a =1,2 and p = (2(0),y(0), 2(0)) = (0,0,0). Here the system model is of
the form

£(t) = fo(z(t)) +ur(t) fi(z(t)) + ua(t) fo(z(t))

where fo, f1, f2 are smooth vector fields on R? which, in local coordinates, are defined by
fo=1(0,0,2%2 —y*), f1 = (1,0,0), and fo = (0,1,0). The nonzero Lie brackets are

ady, fo = (0,0,22) ad21 fo=1(0,0,2)
a'df2 fO = (07 07 _4y3) ad?‘é fO == (O, 0, —12y2)
ad?, fo = (0,0, —24y) ad}, fo = (0,0,-24)

while ad?cl fo= adlfco audgc1 fo=1(0,0,0) for j,k > 1 and ad52 fo= ad’}0 audjc2 fo=1(0,0,0) for
4,k > 1. The tangent space to R? at p is spanned by f1(p),f2(p), and [f1, [f1, fo]](p) hence
the first-order sufficient condition Theorem 2.1 cannot be employed. The generalization
of Hermes’ condition, Theorem 7.3 of [Sussmann 1987], does not apply because the “bad”
bracket ad?cl fo is not expressible in terms of “good” and “bad” brackets of the required
orders. On the other hand, the drift vector field fo vanishes at p so that {X! Y!} =
{fo+ f1,fo — fi} is complementary at p, as is {X2,Y?} = {fo + f2, fo — f2}. In light
of equation (4.1) we have AY(X1,Y1)(p) = AY(XL, Y1) (p) = (0,0,0) while A%2(X, Y1) (p)
is a positive multiple of (0,0,1). Corollary 4.8 lets us conclude that (0,0,1) € Sf)(p).
Similarly A%(X?2,Y?)(p) = (0,0,0) for i = 0,1,2,3 and A*(X?2,Y?)(p) is a positive multiple
of (0,0,—1) so that (0,0,—1) € S;(p) as a consequence of Corollary 4.8. Finally, we
note that fo(p) + fi(p) = (£1,0,0) € S(p) and fo(p) £ fa(p) = (0,£1,0) € S(p) hence
0 € int(conv(S(p) U S (p) U--- U Sa(p))). Thus the system (5.1) is L.c. as a consequence of
Theorem 3.7. °

The next example illustrates the weakening of the hypotheses of Theorem 4.5 described
in Remark 4.10.
5.3 Example: Consider the system S = {W,X,Y} in R® where, in local coordinates
(2,9, 2),
W:(O707_1)7 X = (].,Z,O), Y:(—]_,O,I'Q).

Then

[(X,Y]=(0,—2%22), [X,[X,Y]]=(0,—4z,2),
Y[V, X]] = (0, —22,2), [V,[X,[X,Y]]=(0,4,4z).

We take p = (0,0,0). Since (X +Y)(p) = 0 we have {X,Y} complementary at p. In
light of (4.1) and Corollary 4.8, Q!  is a positive multiple of A°(X,Y) and we have the

7
mv
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S-trajectory
X oY(p) = (A%X,Y) + ANX, V)t + AX(X, V)2 + AA(X, V)P + ), (p)
1 1
_ ((X +Y) 4 5 adx Yi+ o (ad} X + adk V)e?

_ 2 yy3 o
54 adyad Yt )t(p).

Here A°(X,Y)(p) = (X +Y)(p) = 0and A'(X,Y)(p) = 1 adx Y(p) = 0. Thus 4%(X,Y) =
le(ad% X +adkY) e Sg by Corollary 4.8. We note that

1
Wes, A2= 12(ad2X+adX Y) €S2, (§W+A2)(p):(o,o,0),

where A" = AY(X,Y). As in Remark 4.10 we consider the pairs {#W, W} {X,Y} C
conv(S) and take s = (3,1). Here k = 2 thus PY = {m,m} where m (1) = 1,m(2) =
2,m(1) = 2,m(2) = 1. The S-trajectories (4.2) corresponding to my, w2 are

(lVV)t3 o (%W)tg o X; o Yi(p)
_ (éw)t o (A% + Al + A%2 4 .- ),(p)
=
= (Q%

e (e e (- e )

L+ Qut+ Q2% - )u(p)
and
x?(p):(A0+Alt+(A2+éW)t2+(A3+é[
= (QV, + Qp,t + Q2,2 + - ().

Here m(s) = 1,mg(s) = 2,m1(s) = 3,mz(s) = 4 and Lemma 4.1 implies that Q%, QL, Q2
are constant functions of m € Py, which is shown explicitly above. From our definition it
follows that Q) = A% QL = Al and Q% = A%+ %W Similarly if 7 = (71, m2) € P} we
have

onW]>t3+-~-)t(p)

mv

X7 (p) = X§* o XF*(p)
1
= <2A0 +24% + 2<A2 + §W)t2 12433 4 .. .)t(p)

hence Q3 = 243 = 2 ady ad? %Y. Since Q°

mv

rem 4.5 implies that

and Q?

v each vanish at p, Theo-

inv? 111V7

1
-T) € Sg.

1
3
v = dy ad% Y = (0, —~
adva (’3’3

mv 12
Interchanging X and Y and repeating the previous steps, we can conclude that
— & ady ad? X = (0, 1.12) € SS. In summary S(p) contains the vectors

W(p) = (0707 _1)7 X(p) = (17070)7 Y(p) = (—1,0,0),
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S2(p) contains the vector (ady X +ad%k Y)(p) = (0,0,1), and S3(p) contains the vectors

1 1 1
gao)v _7aand%’X(p):(Oa§aO)

1
——ady adk Y(p) = (0, — 12

12
Thus
conv({(£1,0,0), (0, +3,0), (0,0, ), (0,0,—1)}) C conv(S(p) U S, (p) U Sa(p) U Si(p))

and 0 € int(conv(S(p) U Sy(p) U S2(p) U Sa(p))). Local controllability at p follows from
Theorem 3.7. This example illustrates the use of time rescaling to generate new higher-
order S-trajectories (see Remark 4.10). .

5.4 Example: Here is a control affine system which has a “bad” bracket that can be neu-
tralized as in [Bianchini and Stefani 1993]:

T =yz+u
Y= —xz+ ug
Z= —ug,

with |u;] <1,7=1,2,and p = (0,0,0). Here f = (yz, —xz,0), g1 = (1,0,0), go = (0,1, —1),
and the brackets are

[fagl] :(O’Z70)7 [fag2] :(y_z>_$70)a
[917 [fa 91” = (07070)7 [927 [meQH = (27070)7 [917 [fa 92]] = (07 _170)'

Motivated by Remark 4.10 we will show that the bad bracket [ga, [f, g2]] can be neutralized.
To this end we set

S={f+agi +bg2| —1<a,b<1},
W:f+glv X:f+927 Y:f_927

and consider the pairs {$W, 3W},{X,Y} C conv(S) and s = (3,1). With P = {m,m2}
and A® = AY(X,Y) as defined in Example 5.3, the S-trajectory (4.2) corresponding to m is

X7t (p) = (EW)tg o (lVV)t3 o X; 0 Yy(p)

3 3
_ (2 0 Al 422 4 ...
—(3W)tso(A +AY 4 A2 4 )y(p)

- (AO +AY (A2 + %W)ﬁ + (A3 - %[AO, W])t3
1 1
+ (Af = AN W]+ AN AN W) ) ()
= ( 9r1 + Q71r1t + 6’2721’1t2 +oe )t(p)'
Here A% = %adz2 f does not vanish at p but is neutralized in the above S-trajectory as

A? + %W does vanish at p. It is straightforward to check that Q?rl, - .,Q?rl vanish at p
while

L) = —5 AL W) = —3lou, [f. gal]0) = (0,4,0)
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From our definition of S (or from Proposition 3.6(i)) it follows that (0, %,0) € Sf;(p).
Now we can repeat the above construction with X and Y interchanged to conclude that

(0, —%,0) S Sf;(p). Since f £+ g1, f + g2 € S we have

conv({=£(1,0,0),£(0,1, —1), +(0, 3,0)}) C conv(S(p) U Sy (p) U Sa(p) U Si(p) U Sy (p))
and 0 € int(conv(S(p)U---U Sg (p))). Local controllability at p follows from Theorem 3.7. o
5.5 Example: We consider the system on R? defined by

T = Ul

Y = uz

z=2*(1+ Sus),
and with (u1,us) € U = [~a,a]?. We take as our reference point p = (0,0,0). For o < 2
the system is obviously not l.c. from p (2 > 0 in this case). Let us show that this system is

controllable if the controls are allowed to be sufficiently large. Some relevant Lie brackets
for this system are

[f7 gl] = (0707 _237)7 [f? 92] = (07070)7 [91792] = (0,0,x)
[f7 [fa 91“ = [fv [fa 92]] = (07 0, 0)7 [917 [f: 91]] = (07 0, _2)
92, [f, 2]l = [92, [f> 91l] = [92: [91, 92]] = (0,0,0),  [g1,[91, g2]] = (0,0,1).
We define a two complementary sets {X', X?} = {f + ag1,f — agi} and {Y1, Y%} =

{f — aga, f + agz}. By Corollary 4.6(2b) we have ad%, X2(p) = —2a2[g1, [f, a1]](p) € Sg.
Also consider 7 = (1%) € P). By Proposition 4.2 we have

X7 (p) = Qb + QL +2Q% + -+ )u(p),

where a direct calculation using the Campbell-Baker-Hausdorff formula yields

e = 4f
Qr = 2a[f, 2] — 2alf, 1] — @*[g1, 9]

Q2 = alf, [f.gal) + alf. [ nl) + 50%lon, [ gal) + 0%l [, 1]
o 2

= 20%lgn, [f,92]) + 0l lon 0]) — 2%l [f. n]) — 30

Since @Y (p) = 0, by Corollary 4.6(1), we have QL € S;. Furthermore, since QL (p) =
0, by Proposition 3.6(ii) we have Q% € S2. One can then see that provided that a is
sufficiently large (to be exact, if o > 1), then we have 0 € int(conv(S(p) U SIQ,)). Small-
time local controllability of this example for the sufficiently large control set now follows
from Theorem 3.7. The lower bound of % on the size of the control set to ensure small-time

local controllability is undoubtedly not sharp.

3[917 [91792“'
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