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Abstract

The equations governing the dynamics of rigid body systems with velocity constraints are
singular at degenerate configurations in the constraint distribution. In this report, we de-
scribe the causes of singularities in the constraint distribution of interconnected rigid body
systems with smooth configuration manifolds. A convention of defining primary velocity
constraints in terms of orthogonal complements of one-dimensional subspaces is introduced.
Using this convention, linear maps are defined and used to describe the space of allowable
velocities of a rigid body. Through the definition of these maps, we present a condition for
non-degeneracy of velocity constraints in terms of the one dimensional subspaces defining
the primary velocity constraints. A method for defining the constraint subspace and distri-
bution in terms of linear maps is presented. Using these maps, the constraint distribution
is shown to be singular at configuration where there is an increase in its dimension.
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Chapter 1

Introduction

In this report we will explore the conditions on velocity constraints that lead to singularities
in the constraint distribution. In doing so, we hope to form a better understanding of how
one may model interconnected rigid body systems with velocity constraints that do not
have locally constant rank.

The remainder of the introduction will be outlined as follows: Section 1.1 is an account
of the motivation for studying the topic; Section 1.2 presents an illustrative example that
outlines issues when modeling systems with velocity constraint that do not have locally con-
stant rank; Section 1.3 reviews the current practices when modeling systems with velocity
constraints; Section 1.4 presents the organization of the report.

1.1. Motivation

The dynamics of rigid body systems with velocity constraints are modeled by differential
equations. In order to be able to properly predict the behavior of a rigid body system we
require the existence and uniqueness of solutions for the differential equations that describe
the system. In general, existence and uniqueness cannot be guaranteed when modeling
systems. Singularities may arise in the models for several different reasons. One of these
reason, which is the focus for this report, can be the introduction of velocity constraints on
interconnected rigid body systems.

The most common method of modeling rigid body systems with velocity constraints is
via the Lagrange–D’Alembert principle. To account for the effects of velocity constraints
we introduce terms to the unconstrained dynamical system by the method of undetermined
Lagrangian multipliers. The terms introduced model the effects of constraint forces for the
system to be thought of as unknowns in the equations of motion. Since only one Lagrange
multiplier is introduced per velocity constraint, the system remains solvable as long as the
constraint forces remain linearly independent. Problems arise when two or more velocity
constraints degenerate resulting in a change of rank in the constraint distribution. To
circumvent this situation, it is often assumed that the velocity constraints for the system
of interest have locally constant rank. This assumption is not always valid as we will see
Section 1.2.

Currently there is no method of fully modeling these types of systems. When systems
with velocity constraints that do not have locally constant rank are modeled, the singular
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points of the velocity distribution are omitted from consideration. Here lies the motivation
for the report. In studying what causes these singularities, we can gain further understand-
ing of this phenomenon and possibly develop a method of properly modeling the dynamics
of these types of interconnected rigid body systems.

1.2. Illustrative example

Here we present an example, modeling the equations of motion for a snake cart, to gain
better understanding of the problem at hand. In doing so, we can reveal the problems that
arise when dealing with velocity constraints that form an irregular constraint distribution.

A snake cart is similar to a regular cart in that it consists of two wheel assemblies
connected at opposite ends of a rigid body structure. The way a snake cart differs from a
regular cart is that the wheel assemblies of the snake cart are restricted to move in unison,
i.e., they are required to maintain the same angle relative to the body frame of the cart at
all time. We begin by presenting a model for this system.

s1

s2
bw2,1

bw2,2

bw1,1

bw1,2

bb,1

bb,2

θ

ϕ

ϕ

‚
px, yq

‚Ospatial

Figure 1.1: The snake cart model

The coordinates q “ pq1, q2, q3, q4q “ px, y, θ, ϕq will be used to describe the configura-
tion of the system at time t as seen in Figure 1.1. The pair px, yq describes the location
of the centre of mass for the system, which is assumed to lie exactly half way between the
two wheel assemblies. The relative angle of the body frame, pObody, pbb,1, bb,2, bb,3qq, with
the spatial frame, pOspatial, ps1, s2, s3qq, is described by the variable θ. Similarly, ϕ describes
the angle of the wheels relative to the body frame.

Next we define the following physical parameters:

ℓ distance between the front and back wheels;

mb mass of the body;

mw mass of single wheel assembly;
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Jb inertia of body about centre of mass;

Jw inertia of single wheel assembly about centre of mass.

Given these, it can be shown that the kinetic energy Lagrangian for the system is

L “ Jw 9ϕ2ptq `

ˆ

1

2
Jb ` Jw ` ℓ2mw

˙

9θ2ptq `

ˆ

1

2
mb ` mw

˙

`

9x2ptq ` 9y2ptq
˘

.

We require that the body velocity in bα,2 direction is zero for body α P tw1, w2u. From
this we get the constraints

ℓ

2
cos pϕptqq ¨ 9θptq ` cos pθptq ` ϕptqq ¨ 9yptq ´ sin pθptq ` ϕptqq ¨ 9xptq “ 0,

ℓ

2
cos pϕptqq ¨ 9θptq ´ cos pθptq ´ ϕptqq ¨ 9yptq ` sin pθptq ´ ϕptqqq ¨ 9xptq “ 0. (1.2.1)

The subspace generated by (1.2.1) is called the constraint distribution D.
Recall, by the Lagrange–D’Alembert principle,

4
ÿ

i“1

ˆ

d

dt

ˆ

BL

B 9qi

˙

´
BL

Bqi

˙

δqi “ 0, (1.2.2)

for all δq P D, i.e., for all infinitesimal variations in the constraint distribution.
Using (1.2.2), we can show the equations of motion are given by

»

—

—

–

pmb ` 2mwq :xptq
pmb ` 2mwq :yptq

`

Jb ` 2Jw ` 1
2ℓ

2mw

˘

:θptq
:ϕptq

fi

ffi

ffi

fl

“

»

—

—

–

´ sin pθptq ` ϕptqq sin pθptq ´ ϕptqq

cos pθptq ` ϕptqq ´ cos pθptq ´ ϕptqq
ℓ
2 cos pϕptqq ℓ

2 cos pϕptqq

0 0

fi

ffi

ffi

fl

„

λ1

λ2

ȷ

, (1.2.3)

where λ1 and λ2 are undetermined Lagrangian multipliers. Here is where the problem lies.
At certain configurations, specifically when ϕ “ ˘π

2 , (1.2.3) reduces to

»

—

—

–

pmb ` 2mwq :xptq
pmb ` 2mwq :yptq

`

Jb ` 2Jw ` 1
2ℓ

2mw

˘

:θptq
:ϕptq

fi

ffi

ffi

fl

“

»

—

—

–

˘ cos pθptqq ˘ cos pθptqq

¯ sin pθptqq ¯ sin pθptqq

0 0
0 0

fi

ffi

ffi

fl

„

λ1

λ2

ȷ

. (1.2.4)

We note that the matrix on the right hand side of (1.2.4) no longer has full rank. Thus,
in general, the undetermined Lagrangian multipliers cannot be unambiguously solved. One
should note that the singularities at ϕ “ ˘π

2 are directly related to the configurations in
which the constraint distribution D does not have locally constant rank.

This example raises a question that other rigid body systems without locally constant
velocity constraints share. Is there some sort of physical law that dictates a method to
solve for the Lagrange multipliers of rigid body systems at singularities in the constraint
distribution? Before this question can be answered, we need to understand the cause of
these singularities.
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1.3. Review of literature

Looking to the literature, it seem no work has been done regarding the modeling of inter-
connected rigid body systems with irregular constraint distributions. In fact, Lewis’ paper
[4] and Bullo and Lewis’ book [2] both remark on the lack of work done in this area. When
modeling rigid body systems with multiple velocity constraints, it is commonly assumed
that the constraint distribution is smooth. Often these assumptions are made implicitly,
as it is done in [5, pg. 411], [6, pg. 75], and [7, pg. 215], where it is assumed that the
Lagrangian multipliers can be solved for, while others explicitly state this, see [1, pg. 220-
221], and [3, pg.47], where velocity constraints are assumed to be independent, or [2, pg.
200-201], and [4, pg. 55], which only consider locally constant rank velocity constraints.

1.4. Organization of report

This report is organized as follows. Section 2 outlines all the necessary background for the
report, the bulk of which is a summary of Lewis [4, Sections 1, 2 and 5]. Section 3 gives a
method for properly defining the configuration manifold and its tangent space for systems
with interconnection constraints, and discusses the assumptions being made regarding the
configuration manifolds of our systems. Section 4 defines primary velocity constraints and
discusses the effects they have on the dimension of allowable velocities for a single rigid body.
Section 5 defines the constraint subspace and distribution, then presents a proposition and a
corollary regarding the location of degenerate configurations in the constraint distribution.



Chapter 2

Background

In the following sections we outline the mathematical frame work we will be using through-
out the report. This is a summary of the relevant material from Section 1, 2, and 5 of
Lewis [4]. The outline of this section is as follows: Section 2.1 serves as a reference for the
main mathematical concepts that we will be using throughout the report; Section 2.2 covers
necessary background regarding affine spaces and maps; Section 2.3 presents the manner in
which we will describe transformations and motions of rigid bodies; Section 2.4 introduces
the interconnected rigid body systems, the configuration manifold, and the tangent space
of the configuration manifold.

2.1. Background and notation

This section presents background material that may be useful as a reference, and also
introduce some notation that will be used throughout the report.

We begin with a definition of a linear map.

Definition 2.1 (Linear map). Let F be a field, and let U and V be F-vector spaces. A map
A : U Ñ V is said to be linear if it has the following properties:
(i) Apu1 ` u2q “ Apu1q ` Apu2q for all u1, u2 P U;
(ii) αA “ Apαuq for all u P U and α P F.

In this report we are interested in R-vector spaces. Thus, for R-vector spaces U and V,
we denote the space of R-linear maps between U and V by HomRpU;Vq. Using this notation,
we define EndRpVq “ HomRpV;Vq.

We now define dual spaces and the duals of linear maps.

Definition 2.2 (Dual space). Let V be a finite-dimensional R-vector space. The dual space
to V is V˚ “ HomRpV;Rq.

Definition 2.3 (Dual of a R-linear map). Let U and V be a finite R-vector space and let
A P HomRpU;Vq. The linear map A˚ : V˚ Ñ U˚ defined by the property

xA˚pβq;uy “ xβ;Apuqy, u P U, β P V˚,

is the dual of A.

5
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Here we introduce the concept of alternating k-forms.

Definition 2.4 (Alternating k-form). Let V be a R-vector spaces. An alternating k-form
is a map

A : V ˆ ¨ ¨ ¨ ˆ V
looooomooooon

k times

Ñ R

with the following properties:
(i) A is R-linear in each of the k components when the others are kept constant;
(ii) Apvσp1q, . . . , vσpkqq “ signpσqApv1, . . . , vkq for any permutations σ of the set p1, . . . , kq,

where signpσq denotes the parity of σ.
We denote the space of alternating k-forms on V by

Źk
pV ˚q.

Now we can define an orientation on a vector space.

Definition 2.5 (Orientation). Let V be an n-dimensional R-vector space. An orientation
of V is an equivalence class in

Źn
pV ˚qzt0u, where θ,Θ P

Źn
pV ˚qzt0u are equivalent if

θ “ αΘ for some α P Rą0.

We will designate the choice of an orientation by a single θ P
Źn

pV ˚qzt0u, understanding
this to mean the equivalence class

!

Θ P
ľn

pV ˚qzt0u

ˇ

ˇ

ˇ
θ “ αΘ, for some α P Rą0

)

.

We will denote n-dimensional oriented inner product spaces by a triple of the form
pV, g, θq, where V is a n-dimensional vector space with inner product g, and θ P

Źn
pV ˚qzt0u

defines an orientation on V .
The following is our definition for an orientation-preserving map.

Definition 2.6 (Orientation-preserving map). Let pU,G,Θq and pV, g, θq be n-dimensional
oriented inner product spaces. Let A P HomRpU;Vq be an invertible map. A is orientation-
preserving if A˚θ and Θ belong to the same equivalence class.

Next we define a linear isometry.

Definition 2.7 (Linear-isometry). Let pV, g, θq, and pU,G,Θq be finite-dimensional ori-
ented inner product spaces. A map A P HomRpU;Vq is a linear-isometry if

gpApu1q,Apu2qq “ Gpu1, u2q

for any u1, u2 P U.

The following are the conditions for a skew symmetric map.

Definition 2.8 (g-skew-symmetric). Let pV, g, θq be a finite-dimensional oriented inner
product space. We define a map A P EndRpVq to be g-skew-symmetric if

gpApv1q, v2q “ ´gpv1,Apv2qq, v1, v2 P V.

By sopV, g, θq we denote the subspace of g-skew-symmetric maps on V.

We now present the definition of the hat-map.
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Definition 2.9 (The hat-map). Let pV, g, θq be a 3-dimensional oriented inner product
space. Let ˆ denotes the vector cross-product. Define the linear map ˆ̈ : V Ñ sopV, g, θq by
ûpvq “ u ˆ v for any u, v P V. The inverse map we denote ˇ̈ : sopV, g, θq Ñ V.

The map ˆ̈ is easily be shown to be g-skew-symmetric using the identity

gpu ˆ v, wq “ gpw ˆ u, vq, u, v, w P V, (2.1.1)

which will be useful in later sections of the report.
We now introduce some basic differential geometry concepts and notation. By πTM :

TM Ñ M we denote the tangent bundle of a manifold M. The fibre of this bundle at x P M
is denoted by TxM. For a subset A Ď M, we denote

TM|A “ tvx P TM | x P Au.

If Φ : M Ñ N is a differentiable mapping of manifolds, we denote its derivative by TΦ :
TM Ñ TN. We also denote TxΦ “ TΦ|TxM.

Now we present the following lemma that will be used to prove theorems in Sections 4.4
and 4.5.

Lemma 2.10 (Orthogonal space identity). Let V be an inner product space, and let
S1, . . . ,Sj be subspaces of V. Then

n
č

j“1

SK
j “

˜

n
ÿ

j“1

Sj

¸K

.

Proof. Suppose s P

´

řn
j“1 Sj

¯K

. Then, for any v P
Şn

j“1 S
K
j , we have s K v. Furthermore,

s K vj for each vj P Sj , j P t1, . . . , nu. Hence

˜

n
ÿ

j“1

Sj

¸K

Ď

n
č

j“1

SK
j .

Now suppose s P
Şn

j“1 S
K
j . s K vj for all vj P Vj , j P t1, . . . , nu. Hence,

s K pα1v1 ` ¨ ¨ ¨ ` αnvnq

for all α1, . . . , αn P R and vj P Vj , j P t1, . . . , nu. Thus,

n
č

j“1

SK
j Ď

˜

n
ÿ

j“1

Sj

¸K

.
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2.2. Affine spaces and maps

In this section we will discuss some background and properties regarding affine spaces and
maps.

We begin by recalling the following definitions.

Definition 2.11 (Faithful and transitive actions). An action ϕ : AˆV Ñ A of group V on
set A is
(i) faithful if, for any v P VztidVu, there exists some x P A such that ϕpx, vq ‰ x;
(ii) transitive if, for any x, y P A, there exists some v P V such that ϕpx, vq “ y.

With these, we can make the following definition.

Definition 2.12 (Affine space). Let V be a R-vector space. An affine space modeled on
V is a set A with the faithful and transitive action

A ˆ V Q px, vq ÞÑ x ` v P A

of the Abelian group V on A.

One may think of an affine space as a vector space without an origin. Thus the elements
of an affine space A are not vectors but the differences of elements in A are. If we fix a
point x P A, then A becomes isomorphic to the vector space V. We will denote this vector
space Ax. We can now make the following definition.

Definition 2.13 (Affine map). Let A and B be affine spaces modelled on V. A map ϕ :
A Ñ B is an affine map if, for each x P A, we have ϕ P HomRpAx;Bϕpxqq.

2.3. Space, motion, and velocity

In this section we present the manner in which we will describe motion and velocities of rigid
bodies. This section is outlined as follows: we begin with a presentation of our models for
physical space and a reference model in which a rigid body may reside; we then introduce
the concept of a rigid motion along with the necessary background; we conclude the section
with our definitions of rigid body velocities.

We begin by defining our model for physical space.

Definition 2.14 (Newtonian space model). A Newtonian space model is a quadruple
S “ pS,V, g, θq, where pV, g, θq is a 3-dimensional oriented inner product space and S is an
affine space modeled on V.

Here our affine space S will act as our model for points in space.
Similarly we can define a reference space in which rigid bodies may reside.

Definition 2.15 (Body reference space). A body reference space is a quadruple B “

pB,U,G,Θq, where pU,G,Θq is a 3-dimensional oriented inner product space and B is an
affine space modeled on U.

It should be noted that a rigid motion is described by relating a Newtonian space model
S to a body reference space B. Hence a body is not required to define a motion.

Our understanding of rigid motion begins with the definition of rigid transformations.
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Definition 2.16 (Rigid transformation). For a Newtonian space model S “ pS,V, g, θq

and a body reference space B “ pB,U,G,Θq, a rigid transformation of B in S is an
affine map Φ : B Ñ S defined by

ΦpXq “ ΦpX0q ` RΦpX ´ X0q, X P B, (2.3.1)

for any X0 P B, where RΦ P HomRpU;Vq is a linear orientation-preserving isometry. We
will denote the set of rigid transformations of B in S by RgdpB;S q.

By Isom`pB,S q we will denote the set of linear orientation-preserving isometries from
U to V. Hence, from the previous definition, RΦ P Isom`pB,S q.

The following lemma, [4, Lemma 2.8], helps us gain better understanding of rigid trans-
formations.

Lemma 2.17 (Rigid transformations with respect to origins). Let S “ pS,V, g, θq be a
Newtonian space model and let B “ pB,U,G,Θq be a body reference space. Let x0 P S and
let X0 P B. If Φ P RgdpB;S q, then there exist rΦ P V and RΦ P Isom`pB;S q such that

ΦpXq “ x0 ` prΦ ` RΦpX ´ X0qq, X P B. (2.3.2)

Moreover, RΦ is uniquely determined by Φ and does not depend on x0 or X0.

We interpret Lemma 2.17 as follows. Given a choice of body origin X0 P B and spatial
origin x0 P S, rigid transformations can be thought of as a rotation followed by a translation.

Before we define motion we need the notion of time.

Definition 2.18 (Time). A time axis is an affine space T modelled on R. A time
interval is a subset T1 Ď T of the form

T1 :“ t0 ` t, t P I

for some t0 P T and for some interval I Ď R.

We can now define rigid motion.

Definition 2.19 (Rigid motion). Let S “ pS,V, g, θq be a Newtonian space model, let
B “ pB,U,G,Θq be a body reference space, and let T be a time axis. A rigid motion of
B in S is a curve ϕ : T1 Ñ RgdpB;S q defined on a time interval T1 Ď T.

We present [4, Corollary 2.14] that will be useful to us when representing velocities
associated to rigid motions of a rigid body.

Corollary 2.20 (A convenient representation of the velocity of a rigid motion). Let S “

pS,V, g, θq be a Newtonian space model, let B “ pB,U,G,Θq be a body reference space, and
let T be a time axis with T1 Ă T a time interval. Let X0 P B be the body origin and x0 P S
be the spatial origin. Then there is an injective vector bundle mapping

TpRgdpB;S qq Ñ RgdpB;S q ˆ pHomRpU;Vq ‘ Vq

9ϕptq ÞÑ pϕptq, p 9Rϕptq, 9rϕptqqq

depending only on X0 for every differentiable rigid motion ϕ : T1 Ñ RgdpB;S q.
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This corollary is useful because, upon choice of a body origin, we can extract the nec-
essary information used to calculate the rigid body velocities of a differential rigid motion.
We will often make use of this property without mention of the corollary.

Given this background, we can define spatial and body velocities as follows.

Definition 2.21 (Rigid body velocities). Let S “ pS,V, g, θq be a Newtonian space model
and let B “ pB,U,G,Θq be a body reference space. Let T be a time axis with T1 Ă T a time
interval. Let x0 P S be our spatial origin and X0 P B be our body origin. Given a rigid
motion ϕ : T1 Ñ RgdpB;S q defined by

ϕptqpXq “ x0 ` prϕptq ` RϕptqpX ´ X0qq, t P T1,

we can make the following definitions:
(i) The spatial angular velocity for the motion is

t ÞÑ ωϕptq :“ ­ṘϕptqRT
ϕ ptq P V.

(ii) The body angular velocity for the motion is

t ÞÑ Ωϕptq :“ ­RT
ϕ ptqṘϕptq P U.

(iii) The spatial translational velocity for the motion is

t ÞÑ vϕptq :“ 9rϕptq ` rϕptq ˆ ωϕptq P V.

(iv) The body translational velocity for the motion is

t ÞÑ Vϕptq :“ RT
ϕ p 9rϕptqq P U.

For a more thorough construction of these velocities, we refer to [4, Section 2].

2.4. Configuration manifold and interconnected rigid body
systems

In this section we build up the necessary background to define the configuration manifold
and interconnected rigid body systems.

As the name implies, interconnected rigid body systems are a class of mechanical sys-
tem derived from the interconnections of multiple rigid bodies. As such, we consider a
Newtonian space model S “ pS,V, g, θq and a finite collection of body reference spaces
Ba “ pBa,Ua,Ga,Θaq, for a P t1, . . . ,mu. In each of the body reference spaces Ba we have
a rigid body Ba, where Ba is a compact set in Ba.

The configuration manifold is a differentiable manifold that represents the allowable
configurations of our interconnected rigid body system, or simply put, it represents all
possible positions of system. We begin with discussion of the free configuration manifold.
This characterizes the artificial situation where multiple bodies can move freely and even
occupy the same points in physical space.
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Definition 2.22 (Free configuration manifold). Let S be a Newtonian space model, let
there be body reference spaces Ba with rigid bodies Ba for a P t1, . . . ,mu. The free config-
uration manifold for the system is Qfree “

śm
a“1RgdpBa;S q.

Now we discuss admissible physical configurations of the bodies pB1, . . . ,Bmq in physical
space, and the maps of the rigid bodies from their reference spaces to admissible physical
configurations.

Definition 2.23 (Physical configuration space, configuration space). Let S be a Newtonian
space model, let there be body reference spaces Ba with rigid bodies Ba for a P t1, . . . ,mu.
(i) A physical configuration of the bodies in S is a subset

Φ1pB1q ˆ ¨ ¨ ¨ ˆ ΦmpBmq Ď

m
ź

a“1

S,

for some Φa P RgdpBa;S q, a P t1, . . . ,mu.
(ii) A physical configuration space is a subset P Ď

śm
a“1 2

S of physical configurations,
where 2S is the power set of S. A point in P is called an admissible physical
configuration .

(iii) Given a physical configuration space P, the configuration space is the subset Q Ď

Qfree defined by

Q :“ tpΦ1, . . . ,Φmq| Φ1pB1q ˆ ¨ ¨ ¨ ˆ ΦmpBmq P Pu.

A point in Q is called an admissible configuration .

We will use the following definition for interconnected rigid body systems.

Definition 2.24 (Interconnected rigid body system). An interconnected rigid body
system consists of the following data:
(i) a Newtonian space model S “ pS,V, g, θq;
(ii) body references spaces Ba “ pBa,Ua,Ga,Θaq with rigid bodies Ba, a P t1, . . . ,mu;
(iii) a physical configuration space P where the associated configuration space Q is a sub-

manifold of Qfree, called the configuration manifold .

Now let us consider motions of interconnected rigid body systems.

Definition 2.25 (Motion). Consider an interconnected rigid body system with Newtonian
space model S , body reference spaces B1, . . . ,Bm with rigid bodies pB1, . . . ,Bmq, and with
configuration manifold Q. A motion for the system is a curve ϕ : T1 Ñ Q whose domain
is a time interval in a time axis T.

The tangent space TQfree represents the subspace of free motions of the system, that is,
the motions that are not required to remain in the configuration manifold Q. The tangent
space TQ represents the subspace of allowable configurations whose motion remain in the
configuration manifold Q.

By choosing an arbitrary reference point in each body (commonly the centre of mass)
as an origin for its body reference space and repeated application of the of Corollary 2.20,
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we define a vector bundle monomorphism

TQfree Ñ

´

m
ź

a“1

RgdpBa;S q

¯

ˆ

´ m
à

a“1

pHomRpUa;Vq ‘ Vq

¯

p 9ϕ1ptq, . . . , 9ϕmptqq ÞÑ ppϕ1ptq, . . . , ϕmptqq, ppA1, v1q, . . . , pAm, vmqqq, (2.4.1)

where restriction of the map to TpRgdpBa;S qq would be the map of Corollary 2.20 for
each a P t1, . . . ,mu. Since Q Ď Qfree, we have TQ Ď TQfree. We can restrict the vector
bundle monomorphism (2.4.1) to a vector bundle monomorphism with domain TQ and the
same codomain. This map will be useful in defining rigid body velocities for interconnected
rigid body systems, we will often make use of this property without mention.



Chapter 3

Interconnections and the
configuration manifold

Interconnection constraints are prescribed by restricting the points of two rigid bodies
to share the same point in physical space for all allowable configurations. We can use
this information, in part, to describe the space of allowable physical configuration for the
system. The description of the physical configuration space can then be used to define the
configuration manifold and to describe the allowable motions in the configuration manifold.
In Section 3.1 we define the configuration manifold for a single constraint between two
bodies, and in Section 3.2 we follow a similar construction for multiple bodies with multiple
constraints. Not all configuration manifolds are defined by the interconnection of points in
rigid bodies. In Section 3.3 we remark on situations where this is the case and state the
assumptions we make regarding the configuration manifold.

3.1. Configuration manifold given a single interconnection

In this section we will develop the configuration manifold for an interconnected rigid body
system with two rigid bodies that share one interconnection constraint. We also present a
method for defining the space of allowable motion for this system. We note that, throughout
this section, it is assumed that the interconnection of the two points is the only constraint
acting on the system.

Let S be a Newtonian space model, and let there be body reference spaces B1 and B2

with rigid bodies B1 and B2 respectively. The free configuration manifold for the system is
defined to be

Qfree “ RgdpB1,S q ˆ RgdpB2,S q.

Given interconnected points X1 P B1 and X2 P B2, the set of admissible physical configura-
tion of bodies B1 and B2 is defined by

P “ tpΦ1pB1q,Φ2pB2qq Ď S ˆ S | Φ1pX1q “ Φ2pX2qu ,

for some Φj P RgdpBj ;S q, j P t1, 2u. Given our definition of the physical configuration
space P, we can define the configuration manifold to be

Q “ tpΦ1,Φ2q P Qfree | pΦ1pB1q,Φ2pB2qq P Pu .

13
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To understand the effects of this interconnection on the space of allowable motions for
B1 and B2, we consider continuously differential motions ϕj : T1 Ñ RgdpBj ,S q, j P t1, 2u,
such that pϕ1p0q, ϕ2p0qq “ pΦ1,Φ2q and pΦ1,Φ2q P Q. Here the spatial motion of the
interconnected points X1 and X2 are given by

t ÞÑ ϕjptqpXjq “ x0 ` prϕj
ptq ` Rϕj

ptqpXj ´ Xj,0qq, for j P t1, 2u,

where X1,0 P B1 and X2,0 P B2 are body origins for bodies B1 and B2 respectively, and
x0 P S is the spatial origin. Differentiating these expressions at t “ 0 gives

d
dt pϕjptqpXjqq

ˇ

ˇ

t“0
“ 9rϕj

p0q ` 9Rϕj
p0qpXj ´ Xj,0q, for j P t1, 2u,

where 9rϕj
p0q P V and 9Rϕj

p0q P HompUj ;Vq for j P t1, 2u. For the motions of the intercon-
nected rigid body system to remain in Q we require

d
dt pϕ1pX1qptqq

ˇ

ˇ

t“0
“ d

dt pϕ2pX2qptqq
ˇ

ˇ

t“0
,

implying that
d
dt pϕ1pX1qptqq

ˇ

ˇ

t“0
´ d

dt pϕ2pX2qptqq
ˇ

ˇ

t“0
“ 0. (3.1.1)

Next we define the map

ιΦ,X1,X2 : TΦQfree Ñ V

ppA1, v1q, pA2, v2qq ÞÑ v1 ´ v2 ` A1pX1 ´ X1,0q ´ A2pX2 ´ X2,0q, (3.1.2)

for Φ “ pΦ1,Φ2q P Q. It should be noted that the kernel of (3.1.2) defines the subspace of
motions in (3.1.1). Hence (3.1.2) is defined such that

kerpιΦ,X1,X2q “ TΦQ,

where TΦQ represents the allowable motions for configurations Φ P Q.
Under the assumption that the interconnection of pointsX1 andX2 is the only constraint

on the system, we can then define the tangent space of the configuration manifold to be the
kernel of the map

ι : TQfree Ñ Qfree ˆ V

pΦ, pA,vqq ÞÑ ppΦ1,Φ2q, ιΦ,X1,X2ppA1, v1q, pA2, v2qq,

where pΦ, pA,vqq “ ppΦ1,Φ2q, ppA1, v1q, pA2, v2qqq, i.e.,

TQ “ kerpιX1,X2q.

3.2. Configuration manifold given multiple interconnections

Using a similar process as in Section 3.1, we give a description of the configuration manifold
for multiple bodies with multiple constraints, and define the tangent space of the configura-
tion manifold. Again, we note that interconnections are assumed to be the only constraints
acting on the system throughout the section.

Consider an interconnected rigid body system with Newtonian space model S , and
body reference spaces pB1, . . . ,Bmq with rigid bodies pB1, . . . ,Bmq. The free configuration
manifold for the system is Qfree “ RgdpB1,S q ˆ ¨ ¨ ¨ ˆ RgdpBm,S q. For this system we
assign the following data:
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(i) for each pair pa, bq such that a, b P t1, . . . ,mu, where b ą a, we assign an integer
qa,b P Zě0, which denotes the number of interconnection constraints between bodies
Ba and Bb.

(ii) for each pair pa, bq, and each j P t1, . . . , qa,bu, we assign interconnected points Xa,b,j P

Ba and Xb,a,j P Bb

Given this information, we define the set of admissible physical configuration to be

P “

m
č

a“1

m
č

b“2,bąa

qa,b
č

j“1

#

m
ź

i“1

ΦipBiq Ď

m
ź

S | ΦapXa,b,jq “ ΦbpXb,a,jq

+

,

for pΦ1, . . . ,Φmq P Qfree. Here the physical configuration space is defined by the intersec-
tion of all the subspaces generated by pairs of interconnected points. We now define the
configuration manifold to be

Q “ tpΦ1, . . . ,Φmq P Qfree | pΦ1pB1q, . . . ,ΦmpBmqq P Pu .

To properly define the tangent space of the configuration manifold, we begin by defining
the vector bundle mapping

ι : TQ Ñ Q ˆ

˜

m
à

a“1

m
à

b“2,bąa

qa,b
à

j“1

V

¸

,

defined by

ιpΦ, pA,vqq “ pΦ1, . . . ,Φmq ˆ

˜

m
à

a“1

m
à

b“2,bąa

qa,b
à

j“1

ιpΦa,Φbq,Xa,b,j ,Xb,a,j
ppAa, vaq, pAb, vbqq

¸

,

where pΦ, pA,vqq “ pΦ1, . . . ,Φmq, ppA1, v1q, . . . , pAm, vmqq, and where ιpΦa,Φbq,Xa,b,j ,Xb,a,j
is

defined as in (3.1.2). Using this we define the tangent space of the configuration manifold
to be

TQ “ kerpιq.

3.3. Remarks on the configuration manifold

In Sections 3.1 and 3.2 we presented a method in which we could describe the configuration
manifold and the tangent space to the configuration manifold. In both of these sections it
was assumed that the interconnections were the only constraints on the system. It should
be noted that the configuration manifold of an interconnected rigid body system cannot
always be defined by interconnection constraints alone. There are other phenomena that
are also modeled in the configuration manifold.

A simple example of this would be a system restricted to planar motion, such as the
system presented in Section 1.2. In the example we chose our coordinates accordingly so
we would be restricted to planar motion. This restriction to planar motion alters the con-
figuration manifold in a way that is not described by interconnection constraints, although
it can be modeled quite easily.

There are many more examples in which defining the configuration manifold may be
a lot more challenging. The process involved in defining such a configuration manifold is
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outside the scope of this report. For our purposes, as stated in Definition 2.24, we will work
under the assumption that our configuration manifold Q is a smooth submanifold of Qfree.
Doing so gives us the useful property that TΦQ has locally constant rank.

It is possible that one may be interested in interconnected rigid body system whose
configuration manifold Q is not a submanifold of Qfree. An example of a system with this
property would be any system that may encounter obstacles in its environment. There will
be a discontinuities about any configuration that results in a collision.



Chapter 4

Velocity constraints on single rigid
bodies

In this chapter we discuss the definitions of primary velocity constraints as well as their
effects on the dimension of allowable angular and translational velocities for a single rigid
body. The following is a detailed outline of the chapter: Section 4.1 presents the definition
of primary velocity constraints and the classifications of primary angular and translational
velocity constraints; in Section 4.2 two mappings are introduced which are used to describe
the space of allowable velocities of a reference point in a rigid body that is being constrained;
Section 4.3 describes the dimension of allowable motions for a rigid body with a single
primary velocty constraint; in Section 4.4 we present a theorem that outlines the conditions
for degeneracy of rigid bodies with multiple primary angular constraints; in Section 4.5 we
present a theorem that outlines the conditions for degeneracy of rigid bodies with multiple
primary translational constraints; Section 4.6 explores the degeneracy of rigid bodies with
multiple primary angular and translational constraints.

4.1. Primary velocity constraints

In this section we present our definition of a primary velocity constraint and its different
classifications.

Let S “ pS,V, g, θq be a Newtonian space model, and let B “ pB,U,G,Θq be a body
reference space. When no ambiguity can arise, we will use the convention that x P S denotes
the image of X P B under configuration Φ P RgdpB;S q, i.e., ΦpXq “ x P S.

We now define a primary velocity constraint.

Definition 4.1 (Primary velocity constraint). Let Φ P RgdpB;S q and X0 P B. A pri-
mary velocity constraint for B at pΦ, X0q is a subspace CΦ,X0 Ď V ‘ V where, for
pω, vq P CΦ,X0, v represents a possible spatial translational velocity of the point ΦpX0q “ x0
and ω is a possible spatial angular velocity of the body ΦpBq about the point ΦpX0q “ x0.

We can further classify primary velocity constraints into two different types, primary
angular velocity constraints, and primary translational velocity constraints.

Definition 4.2 (Primary angular velocity constraint). Let Φ P RgdpB;S q and X0 P B. A
primary angular velocity constraint for B at pΦ, X0q is a subspace AΦ,X0 ‘V Ď V ‘V

17
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where, for ω P AΦ,X0, ω is a possible spatial angular velocity of the body ΦpBq about the point
ΦpX0q “ x0, and spatial translational velocities are not restricted for the point ΦpX0q “ x0.

Definition 4.3 (Primary Translational velocity constraint). Let Φ P RgdpB;S q and X0 P

B. A primary translation velocity constraint for B at pΦ, X0q is a subspace V ‘

TΦ,X0 Ď V ‘ V where, for v P TΦ,X0, v represents a possible spatial translational velocity
of the point ΦpX0q “ x0, and spatial angular velocities are not restricted about the point
ΦpX0q “ x0.

We will use the following convention when describing primary angular and translational
velocity constraints. A primary angular velocity constraints is prescribed by the restriction
of rotations in a particular axis µ0 P V about point ΦpX0q “ x0, i.e.,

AΦ,X0 ‘ V “ tpω, vq P V ‘ V| gpω, µ0q “ 0u.

Similarly, a primary translational velocity constraint is prescribed by the restriction of
translations of the point ΦpX0q “ x0 in a particular vector u0 P V, i.e.,

V ‘ TΦ,X0 “ tpω, vq P V ‘ V| gpv, u0q “ 0u.

Given this convention, any type of velocity constraint can be described by one of these
constraints or a combination of multiple of these constraints. For example, a constraint on
the angular velocities at point ΦpX0q, such that the set of allowable angular velocities is
described by rotations about a single vector v P V, can be described by the intersection of
two primary angular velocity constraints

AΦ,X0,j “ tω P V| gpω, µjq “ 0u, j P t1, 2u,

where v P pspanpµ1, µ2qqKg, and µ1 R spanpµ2q. Similarly, translational velocity constraints
restricting translations to a one-dimensional subspace can also be described by two primary
translational velocity constraints.

4.2. Effects of primary constraints on allowable velocities

In this section we are interested in describing the set of allowable angular and translational
velocities of a point x “ ΦpXq P S given primary velocity constraints.

Let S “ pS,V, g, θq be a Newtonian space model, and let B “ pB,U,G,Θq be a body
reference space with rigid body B. Let us suppose that we have a differentiable rigid motion
ϕ : T1 Ñ RgdpB;S q such that ϕp0q “ Φ. The spatial motion of a point X P B is given by

t ÞÑ ϕptqpXq “ ϕptqpXjq ` RϕptqpX ´ Xjq, j P t1, 2u.

Differentiating at t “ 0 gives

d
dt pϕptqpXqq

ˇ

ˇ

t“0
“ d

dt pϕptqpXjqq
ˇ

ˇ

t“0
` ωϕp0q ˆ pRϕp0qpX ´ Xjqq , j P t1, 2u.

From the above equations we can see

d
dt pϕptqpX1qq

ˇ

ˇ

t“0
“ d

dt pϕptqpX2qq
ˇ

ˇ

t“0
` ωϕp0q ˆ pRϕp0qpX1 ´ X2qq

“ d
dt pϕptqpX2qq

ˇ

ˇ

t“0
` ωϕp0q ˆ px1 ´ x2q,
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where xj “ ΦpXjq, j P t1, 2u. Using this expression, we can express the spatial translational
velocity of point x1 “ ΦpX1q in terms of the spatial velocities of point x2 “ ΦpX2q. We
will now use this information to define two maps that will help describe the set of allowable
velocities at any given point.

We begin with a description of the allowable velocities of a point given a single primary
angular velocity constraint. We define the linear map

ρΦ,X0,x : V ˆ V Ñ R
pω, vq ÞÑ gpω, µ0q, (4.2.1)

where µ0 represents the constrained axis of rotation for point x “ ΦpXq. Thus ω P

kerpρΦ,X0,xq are the allowable spatial angular velocities of any point x P S given primary an-
gular velocity constraint CΦ,X0 “ AΦ,X0‘V. It should be noted that kerpρΦ,X0,xq “ AΦ,X0‘V
for any choice of x.

Next we describe the set of allowable velocities of a point given a single primary trans-
lational velocity constraint. We define the linear map

τΦ,X0,x : V ˆ V Ñ R
pω, vq ÞÑ gpv ` ω ˆ ∆0, u0q, (4.2.2)

where ∆0 “ x´x0, and x0 “ ΦpX0q is a point whose velocities have been constrained in the
direction of u0. Thus pω, vq P kerpτΦ,X0,xq are the allowable spatial angular and translational
velocities of point x given primary translational velocity constraint CΦ,X0 “ V ‘ TΦ,X0 .

Using these maps, we describe the subspace of allowable velocities of a point x “ ΦpXq P

S given multiple primary velocity constraints. Suppose we are given primary velocity con-
straints CΦ,X1 , . . . ,CΦ,Xn`m on body B, where n,m P Zě0 and n ` m P Zą0. Without
loss of generality we assume CΦ,X1 , . . . ,CΦ,Xn are primary angular velocity constraints, and
CΦ,Xn`1, . . . ,CΦ,Xn`m are primary translational velocity constraints. Given maps (4.2.1)
and (4.2.2) we define the allowable velocities for a point x P S to be

˜

n
č

j“1

kerpρΦ,Xj ,xq

¸

č

˜

n`m
č

j“n`1

kerpτΦ,Xj ,xq

¸

. (4.2.3)

Hence, we define the subspace of allowable spatial velocities of a point in the body to be
the intersection of the all the subspaces of allowable velocities generated by each primary
constraint at that point.

4.3. Effects of single primary constraints on dimension

In this section we present the dimensions of allowable motion for a rigid body given a single
primary velocity constraint.

The dimension of allowable motions of a rigid body can be given by the dimension of the
set of allowable spatial velocities for any point in the body. We are interested in the effects
of primary velocity constraints on the dimension of allowable velocities of a rigid body.
For an unconstrained rigid body the allowable angular velocities, ω P V , and translational
velocities, v P V, for a given point ΦpXq “ x is the set

tpω, vq P V ‘ Vu.
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Thus the dimension of allowable velocities for the unconstrained rigid body is 6.
Given a single primary angular velocity constraint AΦ,X0 ‘ V, the set of allowable ve-

locities for the point x in the rigid body is given by

kerpρΦ,X0,xq “ tpω, vq P V ‘ V| gpω, µ0q “ 0u

“ tpω, vq P V ‘ V| gpω, µ0q ` gpv, 0Vq “ 0u, (4.3.1)

where 0V is the zero vector in V. Thus dimpkerpρΦ,X0,xqq “ 5, and the dimension of allowable
velocities for the rigid body with a single primary angular velocity constraint is 5.

Similarly, given a single primary translational velocity constraint V ‘ TΦ,X0 the set of
allowable velocities for the point x in the rigid body is given by

kerpτΦ,X0,xq “ tpω, vq P V ‘ V | gpv ` ω ˆ ∆0, u0q “ 0u.

dimpkerpτΦ,X0,xqq “ 5, hence the dimension of allowable velocities for the rigid body with a
single primary translational velocity constraint is 5.

4.4. Degeneracy of multiple primary angular velocity con-
straints

In this section we are interested in providing the conditions for degeneracy of the subspace
generated by multiple primary angular velocity constraints.

Let S “ pS,V, g, θq be a Newtonian space model, and let B “ pB,U,G,Θq be a body
reference space with rigid body B. Let Φ P RgdpB;S q. Let AΦ,Xj ‘ V Ď V ‘ V, j P

t1, . . . , nu, be primary angular velocity constraint for B at pΦ, Xjq, j P t1, . . . , nu. By the
results of Section 4.2, the dimension of allowable velocities given n primary angular velocity
constraints is equal to

dim

˜

n
č

j“1

kerpρΦ,Xj ,xq

¸

.

By Section 4.3 we know each primary angular velocity constraint spans a 5-dimensional
subspace. We also note, by the definition,

kerpρΦ,Xj ,xq “ tpω, vq P V ‘ V| gpω, µjq “ 0u,

primary angular velocity constraints are only capable of restricting the angular velocities
of a given point since the translational velocities always lie in the kernel of the map. Hence
the subspace generated by n primary angular velocity constraints is non-degenerate when

dim

˜

n
č

j“1

kerpρΦ,X0,xq

¸

“ maxt6 ´ n, 3u, (4.4.1)

and degenerate if the dimension is greater. We will show the conditions in which a rigid body
with n angular velocity constraints is non-degenerate. We present the following theorem.
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Theorem 4.4 (Degeneracy of primary angular velocity constraints). Given n primary
angular velocity constraints, AΦ,X1 ‘ V, . . . , AΦ,Xn ‘ V, the subspace generated by these
primary translational velocity constraints is non-degenerate if and only if

dim

˜

n
ÿ

j“1

spanpµjq

¸

“ mintn, 3u.

Proof. We begin by noting

kerpρΦ,Xj ,xq “ tpω, vq P V ‘ V| gpω, µ0q ` gpv, 0Vq “ 0u

“ spanpµj , 0VqKg,

for j P t1, . . . , nu. By (4.4.1), the dimension of allowable velocities given n ă 3 primary
translational velocity constraints is non-degenerate only if

dim

˜

n
č

j“1

kerpρΦ,X0,xq

¸

“ dim

˜

n
č

j“1

spanpµj , 0VqK

¸

“ dim

˜˜

n
č

j“1

spanpµjq
K

¸

‘ V

¸

“ dim

¨

˝

˜

n
ÿ

j“1

spanpµjq

¸K

‘ V

˛

‚ (4.4.2)

“ dim

¨

˝

˜

n
ÿ

j“1

spanpµjq

¸K
˛

‚` 3

“ 6 ´ n,

where the line (4.4.2) follows from Lemma 2.10. From this it follows that

dim

˜

n
ÿ

j“1

spanpµjq

¸

“ n.

Similarly, the dimension of allowable velocities given n ě 3 primary angular velocity
constraints is non-degenerate only if

dim

˜

n
č

j“1

kerpρΦ,X0,xq

¸

“ dim

˜

n
č

j“1

spanpµj , 0VqK

¸

“ dim

¨

˝

˜

n
ÿ

j“1

spanpµjq

¸K
˛

‚` 3

“ 3

Hence we have the result

dim

˜

n
ÿ

j“1

spanpµjq

¸

“ 3.
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This theorem has a simple interpretation. Non-degeneracy of primary angular velocity
constraints is a linear independence condition on the restricted axes of rotation (i.e., the µj ,
j P t1, . . . nu). For there to be non-degeneracy between primary angular velocity constraint
we require the vectors µj , j P t1, . . . , nu, be linearly independent when n ď 3 or we require
three of them remain linearly independent when n ą 3.

4.5. Degeneracy of multiple primary translational velocity
constraints

In this section we will follow the same process as Section 4.4 to show the conditions for
degeneracy of the subspace generated by multiple translational angular velocity constraints.

Let S “ pS,V, g, θq be a Newtonian space model, and let B “ pB,U,G,Θq be a body
reference space with rigid body B. Let Φ P RgdpB;S q. Let V ‘ TΦ,Xj Ď V ‘ V, j P

t1, . . . , nu, be primary translational velocity constraint for B at pΦ, Xjq, j P t1, . . . , nu. By
the results of Section 4.2, the dimension of allowable velocities given n primary translational
velocity constraints is equal to

dim

˜

n
č

j“1

kerpτΦ,Xj ,xq

¸

.

By Section 4.3 we know each primary translational velocity constraint spans a 5-dimensional
subspace. Unlike angular velocity constraints, primary translational velocity constraints
can restrict both angular and translational velocities of a given point. Hence the subspace
generated by n primary translational velocity constraints is non-degenerate when

dim

˜

n
č

j“1

kerpτΦ,X0,xq

¸

“ maxt6 ´ n, 0u, (4.5.1)

and degenerate if the dimension is greater. We will show the conditions in which a rigid
body with n translational velocity constraints is non-degenerate. We present the following
theorem.

Theorem 4.5 (Degeneracy of primary translational velocity constraints). Given n primary
translational velocity constraints, V‘TΦ,X1 , . . . ,V‘TΦ,Xn, the subspace generated by these
primary translational velocity constraints is non-degenerate if and only if

dim

˜

n
ÿ

j“1

spanpuj ˆ ∆j , ujq

¸

“ mintn, 6u

Proof. We begin by noting that

kerpτΦ,X0,xq “ tpω, vq P V ‘ V | gpv ` ω ˆ ∆0, u0q “ 0u

“ tpω, vq P V ‘ V | gpv, ujq ` gpω, uj ˆ ∆jq “ 0u (4.5.2)

“ spanpuj ˆ ∆j , ujq
Kg
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where (4.5.2) follows from (2.1.1). By (4.5.1), the dimension of allowable velocities given
n ă 6 primary translational velocity constraints is non-degenerate only if

dim

˜

n
č

j“1

kerpτΦ,Xj ,xq

¸

“ dim

˜

n
č

j“1

spanpuj ˆ ∆j , ujq
K

¸

“ dim

¨

˝

˜

n
ÿ

j“1

spanpuj ˆ ∆j , ujq

¸K
˛

‚

“ 6 ´ n.

Hence it follows that

dim

˜

n
ÿ

j“1

spanpuj ˆ ∆j , ujq

¸

“ n.

Similarly, the dimension of allowable velocities given n ě 6 primary translational velocity
constraints is non-degenerate only if

dim

˜

n
č

j“1

kerpτΦ,X0,xq

¸

“ dim

˜

n
č

j“1

spanpuj ˆ ∆j , ujq
K

¸

“ dim

¨

˝

˜

n
ÿ

j“1

spanpuj ˆ ∆j , ujq

¸K
˛

‚

“ 0.

Once again it follows that

dim

˜

n
ÿ

j“1

spanpuj ˆ ∆j , ujq

¸

“ 6.

The interpretation of this theorem is not completely clear. Much like Theorem 4.4, non-
degeneracy of primary translational velocity constraints is a linear independence condition
on the vectors puj ˆ∆j , ujq, j P t1, . . . nu. For there to be non-degeneracy between primary
translational velocity constraint we require the vectors puj ˆ ∆j , ujq, j P t1, . . . nu, be
linearly independent when n ď 6 or we require six of them remain linearly independent
when n ą 6.

In the case that n “ 2, the result has a clear interpretation. For degeneracy between two
primary translational velocity constraints V‘TΦ,X1 , and V‘TΦ,X2 we require pu1 ˆ∆1, u1q

to be parallel to pu2 ˆ ∆2, u2q. So we must have pu1 ˆ ∆1, u1q “ αpu2 ˆ ∆2, u2q for some
α P R. Thus u1 “ αu2 and

u1 ˆ ∆1 ´ αu2 ˆ ∆2 “ αu2 ˆ p∆1 ´ ∆2q “ 0.

Hence the conditions for degeneracy are as follows:
(i) u1 ∥ u2;
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(ii) ∆1 ´ ∆2 ∥ u1.
We note that ∆1 ´∆2 “ px´ x1q ´ px´ x2q “ x2 ´ x1, where x1 “ ΦpX1q and x2 “ ΦpX2q

and x P S is some reference point. Thus degeneracy for two primary translational velocity
constraints occurs when the two constraints are collinear, that is, both vectors u1 and u2
pass through both constrained points points x1 and x2.

In the case that n ě 3, the result is not as clear. Constraints still degenerate when they
are collinear, but it may not be the only cause of degeneracy. Further research into the
interpretation of this result is still needed.

4.6. Interaction of translational and angular primary velocity
constraints

Now that we understand where degeneracies occur when given a body with n primary angu-
lar or translational velocity constraints, we shift our focus to understanding the interaction
of angular and translational constraints.

Let S “ pS,V, g, θq be a Newtonian space model, and let B “ pB,U,G,Θq be a body
reference space with rigid body B. Let Φ P RgdpB;S q. Let AΦ,Xj ‘ V Ď V ‘ V, j P

t1, . . . , nu, be primary angular velocity constraint for B at pΦ, Xjq, j P t1, . . . , nu, and let
V ‘ TΦ,Xj Ď V ‘ V, j P tn ` 1, . . . , n ` mu, be primary translational velocity constraint
for B at pΦ, Xjq, j P tn ` 1, . . . , n ` mu. By the results of Section 4.2, the dimension of
allowable velocities given n ` m primary velocity constraints is equal to

dim

˜˜

n
č

j“1

kerpρΦ,Xj ,xq

¸

č

˜

n`m
č

j“n`1

kerpτΦ,Xj ,xq

¸¸

.

By the results from Sections 4.4 and 4.5 this system is non-degenerate when

dim

˜˜

n
č

j“1

kerpρΦ,Xj ,xq

¸

č

˜

n`m
č

j“n`1

kerpτΦ,Xj ,xq

¸¸

“ maxt6 ´ pñ ` m̃q, 0u, (4.6.1)

where ñ “ mintn, 3u and m̃ “ mintm, 6u, and degenerate if the dimension is greater.
We will show the conditions in which a rigid body with these types of constraints will be
non-degenerate. We present the following theorem.

Theorem 4.6 (Degeneracy of primary angular and translational velocity constraints).
Given n primary angular velocity constraints, AΦ,X1 ‘ V, . . . , AΦ,Xn ‘ V, and m primary
translational velocity constraints, V ‘ TΦ,Xn`1 , . . . ,V ‘ TΦ,Xn`m, the subspace generated by
these primary velocity constraints is non-degenerate if and only if

dim

˜

n
ÿ

j“1

spanpµj , 0Vq `

n`m
ÿ

j“n`1

spanpuj ˆ ∆j , ujq

¸

“ mintñ ` m̃, 6u.

Proof. From the proofs of Theorems 4.4 and 4.5 we know

kerpρΦ,Xj ,xq “ spanpµj , 0VqK, j P t1, . . . , nu,
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and
kerpτΦ,Xj ,xq “ spanpuj ˆ ∆j , ujq

K j P tn ` 1, . . . , n ` mu.

Hence we have

dim

˜˜

n
č

j“1

kerpρΦ,Xj ,xq

¸

č

˜

n`m
č

j“n`1

kerpτΦ,Xj ,xq

¸¸

“ dim

˜˜

n
č

j“1

spanpµj , 0VqK

¸

č

˜

n`m
č

j“n`1

spanpuj ˆ ∆j , ujq
K

¸¸

“ dim

¨

˝

˜

n
ÿ

j“1

spanpµj , 0Vq `

n`m
ÿ

j“n`1

spanpuj ˆ ∆j , ujq

¸K
˛

‚, (4.6.2)

where (4.6.2) follows from Lemma 2.10. To simplify notation, let

A “

n
ÿ

j“1

spanpµj , 0Vq `

n`m
ÿ

j“n`1

spanpuj ˆ ∆j , ujq.

Since dimpAq `dimpAKq “ 6, we must have dimpAq “ 6´dimpAKq. Under the assumption
that A is not degenerate, the result follows from (4.6.1).

This theorem tells us that non-degeneracy of multiple primary velocity constraints is
a linear independence condition on the vectors pµj , 0Vq, j P t1, . . . , nu, and puj ˆ ∆j , ujq,
j P tn ` 1, . . . , n ` mu. Thus we have a condition that describes where degeneracies of
primary constraints occur, however, the physical interpretation of this is not clear and
requires more research.

By the previous proof we have one more result. Given n primary angular velocity
constraints, AΦ,X1 ‘ V, . . . , AΦ,Xn ‘ V, and m primary translational velocity constraints,
V ‘ TΦ,Xn`1 , . . . ,V ‘ TΦ,Xn`m , the subspace of allowable velocities for point x “ ΦpXq is

˜

n
ÿ

j“1

spanpµj , 0Vq `

n`m
ÿ

j“n`1

spanpuj ˆ ∆j , ujq

¸Kg

,

which follows from (4.6.2). This is different representation of the result (4.2.3) that has a
clearer interpretation of the effects of primary constraints on the set of allowable motions.



Chapter 5

Constraint subspace and
distribution

In this chapter we describe the constraint subspace, constraint distribution, and present a
theorem regarding the location of singularities in the constraint distribution. The chapter
is outlined as follows: in Section 5.1 we define the constraint subspace and two mappings
that will be useful in the definition of the constraint distribution; in Section 5.2 we develop
the definition of the of the constraint distribution; in Section 5.3 we present a theorem
regarding the location of singularities in the constraint distribution.

5.1. Constraint subspace

In this section we present the definition of the constraint subspace and present two maps
that can also be used to define the constraint subspace.

We begin this section with the definition of the constraint subspace.

Definition 5.1 (Constraint subspace). Let Φ P RgdpB;S q and X0 P B. The con-
straint subspace associated to a primary velocity constraint CΦ,X0 is the subspace DΦ,X0 Ď

TΦpRgdpB;S qq defined by

DΦ,X0 “ tpΦ, pA, vqq|p~ART
Φ, v ` ApX0 ´ Xqq P CΦ,X0u.

Given a primary angular velocity constraint AΦ,X0 ‘ V, defined by

AΦ,X0 “ tω P V| gpω, µ0q “ 0u,

we can describe the associated constraint subspace DΦ,X0 by the kernel of the map,

ρ̃Φ,X0 : TΦpRgdpB;S q Ñ R

pA, vq ÞÑ gp~ART
Φ, µ0q. (5.1.1)

Similarly, given a primary translational velocity constraint V ‘ TΦ,X0 , defined by

TΦ,X0 “ tv P V| gpv, u0q “ 0u,

26
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we can describe the associated constraint subspace DΦ,X0 by the kernel of the vector bundle
mapping,

τ̃Φ,X0 : TΦpRgdpB;S q Ñ R
pA, vq ÞÑ gpv ` ApX0 ´ Xq, u0q. (5.1.2)

It should be noted that the maps (5.1.1) and (5.1.2) are simply the vector bundle version
of (4.2.1) and (4.2.2) respectively.

5.2. Constraint distribution

The constraint distribution is the subspace that describes the set of velocities which satisfy
all velocity constraints as well as the constraint of remaining in the configuration manifold
Q. In this section we construct the definition of the constraint distribution.

Consider an interconnected rigid body system with Newtonian space model S , body
reference spaces pB1, . . . ,Bmq with rigid bodies pB1, . . . ,Bmq and configuration manifold
Q. To each Φ “ pΦ1, . . . ,Φmq P Q we assign the following data:
(i) for each a P t1, . . . ,mu, we assign two integers hΦ,a, kΦ,a P Zě0 which corresponds to

the number of angular and translation constraints on body a, respectively;
(ii) for each a P t1, . . . ,mu and j P t1, . . . , hΦ,a ` kΦ,au, a point XΦ,a,j P Ba which is the

point being constrained;
(iii) for each a P t1, . . . ,mu and j P t1, . . . , hΦ,au, a primary angular velocity constraint

AΦ,a,j ‘ V for Ba at pΦa, XΦ,a,jq.
(iv) for each a P t1, . . . ,mu and j P thΦ,a ` 1, . . . , hΦ,a ` kΦ,au, a primary translational

velocity constraint V ‘ TΦ,a,j for Ba at pΦa, XΦ,a,jq.
With this allocation of data we define the map

Λ : TQ Ñ Q ˆ

˜

m
à

a“1

Rhϕa`kϕa

¸

(5.2.1)

Λ pΦ, pA,vqq “

˜

pΦ1, . . . ,Φmq ,
m

à

a“1

˜˜

hϕa
à

j“1

ρ̃Φ,XΦa,a,j

¸

à

˜

hϕa`kϕa
à

j“hϕa`1

τ̃Φa,XΦ,a,j

¸¸¸

,

for pΦ, pA,vqq “ ppΦ1, . . . ,Φmq, ppA1, v1q, . . . , pAm, vmqqq.
We can now define the constraint distribution.

Definition 5.2 (Constraint distribution). Consider an interconnected rigid body system as
above. The constraint distribution of the system is defined to be

D “ kerΛ,

where Λ is defined by (5.2.1).

5.3. Singularities in the constraint distribution

In this section we present a proposition and a corollary that describes the location of
singularities in the constraint distribution.

We begin by defining singularities in the constraint distribution.
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Definition 5.3 (Singularities). Consider an interconnected rigid body system with Newto-
nian space model S , body reference spaces B1, . . . ,Bm with rigid bodies B1, . . . ,Bm, and
with configuration manifold Q. Let D be the constraint distribution for the system. A con-
figuration Φ0 P D is a singularity if there does not exist a neighbourhood U of Φ0 such
that

dimpDΦq “ dimpDΦ0q

for all Φ P U , where
DΦ “ kerpΛq|TΦQ.

We now present a useful property from [8, Proposition 6] that will be useful in proving
our final result.

Proposition 5.4 (Upper semicontinuity of the dimension of the kernel). Let M and N be
smooth manifolds. We let π : E Ñ M and σ : F Ñ N be infinitely differentiable vector
bundles with finite-dimensional fibres and we let f : E Ñ F be a infinitely differentiable
vector bundle map over f0 : M Ñ N. We have function dimpkerpfqq : M Ñ Zě0 defined by
asking that dimpkerpfqqpxq be the dimension of the kernel of f |Ex. With M, N, E, F, f and
f0 as above the function dimpkerpfqq is upper semicontinuous.

With this definition, Proposition 5.4 leads to the following corollary, which gives insight
to the locations degenerate configurations.

Corollary 5.5 (Singularities in the constraint distribution). Let Λ, defined as in (5.2.1), be
a smooth vector bundle map. Given an interconnected rigid body system with smooth con-
figuration manifold Q, singularities in the constraint distribution D arise at configurations
where rankpDq increases.

Proof. By definition, singularities of a subspace occur at locations that do not have locally
constant rank. By the property presented in Proposition 5.4, given a singular configuration
Φ P Q, the dimension of the constraint distribution D “ kerpΛq is upper semicontinuous in
a neighbourhood around this configuration. Hence, we have shown that singularities are a
result of an increase of dimension in the constraint distribution.



Chapter 6

Summary and conclusion

In this report we developed a convention for primary velocity constraints that defines the
set of allowable velocities of a rigid body in terms the orthogonal complements of a one
dimensional subspace. For primary angular velocity constraints

AΦ,Xj ‘ V “ tpω, vq P V ‘ V| gpω, µjq “ 0u, j P t1, . . . , nu,

and primary translational velocty constraints

V ‘ TΦ,Xj “ tpω, vq P V ‘ V| gpv, ujq “ 0u, j P tn ` 1, . . . , n ` mu,

the subspace of allowable velocities for a point x “ ΦpXq was shown to be given by

˜

n
ÿ

j“1

spanpµj , 0Vq `

n`m
ÿ

j“n`1

spanpuj ˆ ∆j , ujq

¸Kg

,

where ∆j “ x ´ ΦpXjq, and non-degeneracy of this subspace was shown to be a linear
independence condition on the vectors pµj , 0Vq, j P t1, . . . , nu, and puj ˆ ∆j , ujq, j P tn `

1, . . . , n ` mu. We then developed the definition of the constraint distribution in terms of
the kernel of the vector bundle mapping Λ. Using this, we were able to prove that singular
configuration in the constraint distribution arise where there is an increase of dimension in
the constraint distribution

Further work must go into the interpretation of the physical meaning of linear indepen-
dence condition in Theorem 4.6. With a better understanding of this, one may be able to
determine how to model interconnected rigid body systems with velocity constraints that
do not have locally constant rank. Specifically, one may be able to determine some sort of
physical law that dictates a method to solve for the unsolved Lagrange multipliers in the
equations of motion for a rigid body systems at singular configurations.
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