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Abstract

In the comparison of nonholonomic mechanics and constrained variational
mechanics, invariant affine subbundles arise in the determination of the ini-
tial conditions where the two methods yield the same trajectories. Motivated
by this, differential conditions are considered for invariant affine subbundles
as they arise in the comparison of nonholonomic and constrained variational
mechanics. First of all, the formal integrability of the resulting linear partial
differential equation is determined using Spencer cohomology. Second, iterative
formulae are provided that permit the determination of the largest invariant
affine subbundle invariant under an affine vector field. Finally, the problem of
a disc rolling on an inclined plane with no-slip is considered as an example to
illustrate the theory.
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1. Introduction

We warmly dedicate this paper to the memory of Professor Miguel Munoz-
Lecanda. Miguel was very kind to the first author early in his career; his friendship
was greatly valued. The subject of this paper, nonholonomic mechanics, was one
in which Professor Munoz-Lecanda made a number of contributions, e.g., [de Leon,
Lainz, and Munoz-Lecanda 2021, Gracia, Marin-Solano, and Munoz-Lecanda 2003,
Munoz-Lecanda 2018]. Unlike mechanical systems with holonomic constraints, con-
strained variational trajectories for a system with nonholonomic constraints are not
necessarily the ones obtained from nonholonomic mechanics. While the former has
the appeal of a variational framework, the latter capture the physics correctly [Lewis
2017]. The case when constrained variational trajectories are nonholonomic trajec-
tories has been considered extensively in the literature, for example in [Fernandez
and Bloch 2008], [Jézwikowski and Respondek 2019], [Lewis 2020], and [Lewis and
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Murray 1995]. As is well-known, the two approaches are equivalent—in the sense
that they always yield the same physical trajectories—if and only if the constraint is
holonomic. The interesting question, and the one we are concerned with in this pa-
per, is when some nonholonomic trajectories arise from some constrained variational
trajectory. For a review of the history of the subject, see [de Ledn 2012].

In the recent exposition of Lewis [2020] using an affine connection formulation for
the equations of the extermals, the two sets of trajectories were compared. Although
restricted to kinetic energy minus potential energy Lagrangians, previous results for
the classification of regular constrained variational trajectories as nonholonomic were
recovered and, for the first time, a classification of singular constrained variational
trajectories as nonholonomic trajectories was presented. The conditions arrived at
in [Lewis 2020] are algebraic and differential in nature and are for the existence of a
flow-invariant affine subbundle variety contained in a cogeneralized subbundle for the
regular case and of a flow-invariant cogeneralized subbundle contained in a cogener-
alized subbundle in the singular case (see Sections 2.2 and 2.3 for the definitions).
Our objectives are to explore these conditions more deeply, and to understand how
to apply them by considering a fairly simple, but yet illustrative, example.

The following is an outline of the paper.

1. We fix our notation and conventions in Section 2. In this section, we also review

the relevant definitions and results from [Lewis 2020)].

2. In Section 3 we present the equations governing nonholonomic and constrained
variational trajectories, following the refinements of [Lewis 2020] of the initial
work in [Kupka and Oliva 2001]. In this section we also indicate how the notions
of invariant subbundles from Sections 2.2 and 2.3 arise in the comparison of
nonholonomic and constrained variational trajectories.

3. In Section 4 we explore two aspects of the results of [Lewis 2020]: (a) the formal
integrability of differential conditions for invariance; (b) the determination of
computable infinitesimal characterisations of invariance.

4. We provide a complete geometric formulation of the problem of a disc rolling
with no-slip over an inclined plane as suggested by Lemos [2022] in Section 5.
For this example, we carry out a detailed analysis of this example vis-a-vis the
question of comparing nonholonomic and constrained variational mechanics. As
we shall see, our results allow for a complete characterization of the existence of
invariant affine subbundle varieties, something which is typically not done doe
to implicit assumptions about the absence of singularities.

2. Preliminaries

In this section we review some elementary geometric constructions for the purpose
of fixing notation, and we review the relevant definitions and results of Lewis [2020)]
concerning subbundles and their invariance under flows of certain sorts of vector

fields.
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2.1. Notation and elementary constructions. To treat both smooth and real-
analytic regularities, we let r € {oo,w}.

2.1. Given a linear connection V on a vector bundle 7: E — M, the tangent bundle
TE can be decomposed into horizontal and vertical bundles. These are denoted by
HE and VE, respectively. Recall that the horizontal lift isomorphism is given by the
map hl: 7*TM — HE such that, for e € E,

Tr(hl(e,v)) =v, v € TroM.

The vertical lift isomorphism is the map vl : E @ E — VE such that, for e € E,

Vl(e7f): % (€+tf), fEEW(e)-
t=0

Let Xy € ['"(TM). The horizontal lift of X is the vector field X' € I'"(TE) defined
by
X5 (e) = hl(e, Xo(n(e))), e€E

The vertical evaluation of A € I'"(End(E)) is the vector field A® € I'"(TE) defined by
A%(e) = vl(e, A(m(e))(e)), e€E.

The horizontal lift of f € C"(M) is the pullback using 7, that is, fi = 7*f € C"(E).
The vertical evaluation of A € I'"(E*) is the function A\° € C"(E) defined by

X(e) = (\(m(e)),e), e€E.

2.2. A vector field X € I'"(TE) is called a linear (resp. affine) vector field over Xj if
it is a C"-vector (resp. affine) bundle map over X, such that the following diagram
commutes

E—— TE

1 e

M= ™™

If X € I'"(TE) is an affine vector field over Xj, then, using the linear connection V
in E, it can be decomposed as

X =X+ A+ 1,

where A € I'"(End(E)), and b € I'"(E). The case where b is the zero section corre-
sponds to linear vector fields. It is easy to see that a smooth curve n: I — E is an
integral curve of X + A + bV if and only if

Vyn=Aon+bor, (2.1)

where v = mon.
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2.3. The flow of a vector field Y € I'"(TE) at e € E is denoted by F1' (¢). The dual
vector field of Y on the dual bundle E*, is the vector field Y* on E* defined by

d
V') =+ (F1Y,)*(\), MeE~
t=0

If Y is a linear vector field over X, then Y* is linear vector field over Xy. Moreover,
if Y = X) + A°, then Y* = X{"* — (A4*)°, where X" is the horizontal lift of X
corresponding to the dual connection on E*.

We need a few elementary results regarding Lie differentiation. We record them
in the following elementary lemma. See [Lewis 2020] for the proof.

2.4 Lemma. Let Xy € I"(TM), let A € I'"(End(E)), and let b € T"(E). Then, for
k € Z~q, for U C M open, for f € C"(U), and for any local section X of E* over U,
the following holds:

(i) Lo [ = (L 1)

(i) Lifh = L =0,

(iii) LEX = (Vi)

(iv) LEN = ((A*)k)\)e;

(v) LA = (A b)"
2.5. Let G be a C"-Riemannian metric on M. Then G defines a musical isomorphism,
the flat isomorphism G”: TM — T*M. This is defined by G’(v,)(u,) = G(u,,v,) for

G
Uy, vy € ToM. The inverse of G’ is denoted by Gf. We denote by V the Levi-Civita
connection associated with G.

2.6. Let D C TM be a C"-distribution, i.e., a C"-subbundle of TM. If G is a C’-
Riemannian metric on M, we denote the G-orthogonal complement of D by D+. The
G-orthogonal projections are given by the vector bundle maps Po: TM — D and
Ppi: TM — D* projecting onto D and D™, respectively. The constrained connection

is the affine connection % on M that is defined by
D G G
VxY =Vx Y+ (Vx Pp0)Y, X, Y eI (TM).

It follows that % x Y = Ppo % x Y. The second fundamental form for D is the tensor
field Sp € I'"(T*M ® D* ® D) defined by

So(X,Y) = —(Vx Po.)Y, X €I"(TM), Y e I"(D).
The Frobenius curvature Fp is a tensor field Fp € I'"(A\* D* ® D) defined by

Fo(X,Y) = Sp(X,Y) — Sp(Y,X) X,Y €I"(D).



INVARIANCE OF SUBBUNDLES AND NONHOLONOMIC TRAJECTORIES )

The geodesic curvature Gp is a tensor field Gp € I'(S?D* ® D) defined by
Go(X,Y) = Sp(X,Y) + Sp(Y, X) X,Y e I"(D).

Related to the above definitions of Fp and Gp, we consider their transposes. We
define F5, G¥ € I"(D ® D*) such that, for 3 € I"(D+) and X,Y € I'"(D),

G(X, F5(B)(Y)) = G(8, Fp(X,Y)), G(X,Gp(B)(Y)) = G(B,Gp(X,Y))
holds. Similarly, we define the maps Fi% and G

G(X, F5(Y)(8)) = G(B, Fp(X,Y)), G(X,Gp(Y)(B)) = G(B, Gp(X,Y)).
This can be seen as flipping of arguments, that is

Fp(B)(Y) = Fp(Y)(B), Go(P)(Y) = Gp(Y)(B).

2.2. (Co)generalized (affine) subbundles and their invariance. Let 7: E — M be
a C"-vector bundle. We wish to consider generalizations of subbundles for which the
rank is allowed to vary. The first sort of such a generalization is the following.

2.7 Definition. A generalized subbundle of E is a subset F C E such that, for every
x € M, there exists an open neighborhood U of z and a collection of sections {¢; };c; C
" (71 (U)) such that

7 '(y) NF =spang {&(y) |iel}, yel.

The local sections are called the local generators of F. Without loss of general-
ity, these can be taken to be a finite collection of global sections of E [Lewis 2020,
Corollary 2.18]. For each x € M, the subspace 7~!(z) N F is denoted by F, and its
annihilator by A(F), € EX. We denote the union of all annihilators by A(F) C E*,
that is, EX N A(F) = A(F),. For any subset S C M, the set F N 7~1(S) is denoted by
F|S.

Using annihilators, we can define another sort of a generalization of a subbundle.

2.8 Definition. A cogeneralized subbundle is a subset F C E such that A(F) is
generalized subbundle of E*.

For a (co)generalized subbundle F C E, a point x € M is a regular point of F if
there exists a neighborhood U of x such that F|U has constant rank. A singular point
of F is a point which is not a regular point.

2.9 Remark. For any generalized or cogeneralized subbundle F, there exists an open
dense set U C M consisting of regular points of F [Lewis 2020, Lemma 2.20]. That is,
F|U is a subbundle of E|U. In particular, all points are regular for subbundles of E.
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As we will be working with affine vector fields, the notion of an invariant subbundle
is of less interest than that of an invariant affine subbundle. Thus we need to define
what we mean by an affine subbundle.

2.10 Definition. A generalized affine subbundle is a subset B C E for which there
exists a generalized subbundle F C E and a section &, € I'"(TM) such that

B, := BNE, = &() + F..

One can phrase the definition of a generalized affine subbundle in terms of gener-
ators [Lewis 2020, Lemma 2.23].
There is also a cogeneralized version of an affine subbundle.

2.11 Definition. A cogeneralized affine subbundle is a subset B C E for which there
exists a cogeneralized subbundle F C E and a section &, € I'"(TM) such that

B, := BNE, = &() + F..

Now we give the definitions for invariance of (co)generalized (affine) subbundles
under affine vector fields. In [Lewis 2020], two types of invariance are discussed,
“flow-invariance” and “invariance,” and much of the work of the paper is devoted
to giving the relationships between these. The notion of “flow-invariance” is exactly
what one would expect: a set is flow-invariant under a vector field if the integral
curves through points in the set remain in the set. The notion of “invariance” is
more delicate, and involves the ideal sheaf of the set, i.e., the sheaf of functions that
vanish on the set. Our interest is in (flow-)invariant sets that are (co)generalized
(affine) subbundles. To this end, we make two comments.

1. For subbundles and affine subbundles, the ideal sheaf can be characterized by

particular classes of functions, namely linear and affine functions, respectively.

2. The ideal sheaf is only meaningful for cogeneralized (affine) subbundles because

these are naturally defined by the vanishing of suitable classes of functions.
We refer to [Lewis 2020, §4] for a detailed discussion of this. What we shall do here
is give the results that characterize the invariant objects that are of interest to us
here. To do so, we denote by Cy, the sheaf of C"-functions on M and by Gf the sheaf
of sections of a generalized subbundle F.

The following is a characterization of flow-invariance in terms of algebraic and
differential conditions. See [Lewis 2020, §4] for the details.

2.12 Proposition. Let B =&y + F be a cogeneralized affine subbundle. If B is flow-
invariant under X = X + A° 4+ b¥, then the following conditions hold:

(i) A(z) € End(F,) for all x € M;

(1)) Vxo(Gir) € Gy
(117) (Vx,§0 — Ao & —b)(x) € Fy, z € M.
The converse is true in the real analytic case and if F is a subbundle in the smooth
case.
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The same result holds for generalized subbundles, but the differential condition is
on F not its annihilator. That is, the second condition Vx,(GF) C Gf. Note that the
conditions of the proposition are differential /algebraic in nature. One of the goals of
this paper is to show that the differential part of the result defines a linear partial
differential equation that is formally integrable under certain hypotheses.

2.3. Affine subbundle varieties and their invariance. The essential problem of
interest in [Lewis 2020] is the following: given a cogeneralized subbundle F C E
and an affine vector field X*¥ on E, find a cogeneralized affine subbundle B that
is (a) invariant under X** and (b) contained in F. The difficulty with this sort of
problem is that the affine subbundle may be empty, or have nonempty fibers over
a strict subset of M. To facilitate the analysis in this case, it turns out to be most
convenient to recast the problem from one of solutions to linear equations to the
linear equations themselves. In this way, one can talk about the equation, even when
it has no solutions.
We begin with the algebraic setting.

2.13. Let V be a finite-dimensional R-vector space, let A € End(V), and let b € V.
Consider the set
Sol(A,b) ={veV|Alw)+b=0}.

Using the dual A*, we define the subspace
Sol*(A,b) = {(A*(N), (N, b)) e V"R | A e V'}.

This subspace has a positive codimension in V* @ R. Alternatively, if A CV* @ R is
a subspace of positive codimension, then A = Sol*(A4, b) for some A € End(V) and
b € V. Furthermore, one can easily see that

Sol(A,b) ={ve V| (v,1) € A(A)}.

We remark that the set Sol(A, b) uniquely defines A, but does not uniquely define A
and b [Lewis 2020, Lemma 2.29].

Now we adapt this to the geometric setting. By Ry we denote the trivial line
bundle over M.

2.14 Definition. (i) A generalized subbundle A C E* &Ry is a defining subbundle
it A, has positive codimension in E} @ R for all z € M.
(ii) A subset A C E is called an affine subbundle variety if there exists a defining
subbundle A such that

A=AA)={ecE|Xe)+a=0, (A\a) €A}

(iii) The subset
SAA)={ze M| ANE, #0}
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is called the base variety of A.
A defining subbundle A is total if S(A(A)) = M, partial if § # S(A(A)) € M, and
null if S(A(A)) = 0.

The idea of the terminology of total (resp. partial, null) is that the linear equation
defined by A has solutions for all (resp. some, no) points in M.

Suppose that A is an affine subbundle variety. Let A, denote the affine subspace
ANE,, for each x € S(A). It follows that there exists a unique subspace A, C EX ®R
such that A, = {e € E, | (e,1) € A(A,)}. Let Ay, denote the image of A, under the
projection

EEeR— (Ei®R)/({0} & R) ~E,
and set Ay = UgemA ;.

2.15. Before defining the flow-invariance of defining subbundles and affine subburgike
varieties, we replace the affine vector field X! on E with a linear vector field Xaff
on E® Ry. Let X2 = Xél + A® + b¥ be an affine vector field over X, and set
X'in — X 4 A Let V be the connection on E @ Ry obtained by taking the direct
sum of V in E and the flat connection in Ry,. That is

Vx(& 1) = (Vx& Zxf), X eT"(TM), (& f) € T"(E@ Ry),

We define a linear vector field on E & Rg by
Xeft = Xp + (A4, b,

where the horizontal lift of X, is done using V, and @ € I'"(End(E & Ry)) is
defined by

—

(A,0)(&, f) = (A + fb,0), (& f) € I"(E® Rm).
We note that the dual of this linear vector field is

L —

Xofr = Xb (A b)*e.

The importance of the vector field Xofl g explained by the following result [Lewis
2020, Lemma 4.18].

2.16 Proposition. Let A be a defining subbundle with A the associated affine sub-
bundle variety. Then the following statements are equivalent:
(i) A C E is flow-invariant under X*7;
(i) {(e,1) € Ex Ry | e € A} is flow-invariant under )?Ef;
(111) A is flow-invariant under Xoft
The previous result allows us to replace the quite subtle notion of invariance of

an affine subbundle variety under an affine vector field with the notion of invariance
of an affine subbundle variety under a linear vector field on an extended bundle, and
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then to replace this with the notion of invariance of a subbundle on the dual bundle
of the extended bundle under a linear vector field. By working with A rather than
A(A), one does not have to concern oneself with whether A(A) is nonempty when
discussing invariance.

2.17. The constructions from the proceeding paragraph allow for a convenient test
for invariance of affine subbundle varieties. As we mentioned at the beginning of this
section, we are interested in invariant affine subbundle varieties that are contained
in a cogeneralized subbundle F. To intertwine invariance and containment in F,
we introduce the following notation for a cogeneralized subbundle F and a defining
subbundle A:

AA)=AA)N(Ex{1}), F={(e,1) €E®Ry | e €F}.

It is easy to see that the affine subbundle variety associated with A is

—

A={ecE|(el)e A(A)}

and that A C F if and only if /@ cF.
We need the following result [Lewis 2020, Theorem 4.26].

2.18 Proposition. Let F be a cogeneralized subbundle and suppose that A is a defin-
ing subbundle that is flow-invariant under X**. If A/(E) CF , then the following
statements hold:

(i) A(M(A L)) CF, for o € M;

(i) V3o @e) € 95,
If m NF # (), then the converse is true in the real analytic case and if F is a
subbundle in the smooth case.

2.19 Remark. In particular, if A and F satisfy the hypothesis of Proposition 2.18

(including the hypothesis that A/(K) NF # (), then A(A) is flow-invariant and con-
tained in F.

Following the previous characterization, we have the following definition for defin-
ing subbundles for which the associated affine subbundle variety is flow-invariant and
contained in F.

2.20 Definition. A defining subbundle A is (X*F, F)-linearly admissible if it is flow-
invariant under X®T and the following conditions hold:

() A(A(AL) C F, for 2 € M:

(ii) VXo(gK(FQ - gﬁl
If, additionally, A/(E) # (), then we say that A is (X F)-admissible.

One of the objectives of the paper is to find a constructive means to find flow-
invariant affine subbundle varieties.
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3. Nonholonomic and constrained variational mechanics

In this section we give the governing differential equations for the two types of
mechanics we are comparing, nonholonomic mechanics and constrained variational
mechanics. We only consider mechanical systems with “kinetic minus potential en-
ergy” Lagrangians. These are certainly of significant interest, and also have enough
structure to be able to draw deeper conclusions that one will be able to draw with gen-
eral Lagrangians. The equations we present here are an evolution presented in [Lewis
2020], based on the work in [Kupka and Oliva 2001].

We begin with the definition of the mechanical systems we consider.

3.1 Definition. A C"-constrained (simple) mechanical system is a quadruple
(M,G,V,D) of a C'-manifold M, representing the configuration manifold, a C’-
Riemannian metric G representing the kinetic energy, a C"-potential function V
representing the potential energy, and a C"-distribution representing the constraints.

Now we consider the two different equations of motion. Note that, in the case
of constrained variational mechanics we have two cases for the equations of motion,
corresponding to normal (called “regular” in the definition) and abnormal (called
“singular” in the definition) extremals. The connection between these definitions and
variational formulations is established by [Lewis 2020, Theorems 5.18 and 5.22].

3.2 Definition. Let I C R be an interval and let v: I — M be an absolutely
continuous curve such that 7/(t) € Dy a.e. on I.
(i) The curve v is a nonholonomic trajectory if it is C! with an absolutely contin-
uous derivative and

D
Vo7 + Poograd Vovy=0. (NH)
(i) The curve v is a D-regular constrained variational trajectory if it is C' with
an absolutely continuous derivative and if there exists an absolutely continuous
curve \: I — Dt over v such that

D
Vo '+ Poograd Voy = F5(v) (M),

DJ_ 1 / ! 1 * / 1 * /
Vg A= §GD(7 ,7)+ Ppograd V oy + §GDL(7 J(A) + 3 o1 (V) (ARCV)

(iii) The curve v is a D-singular constrained variational trajectory if there exists a
nowhere zero, absolutely continuous curve \: I — D+ over 7 such that

F5(7")(A) =0,
1 (SCV)

pt 1 * / * /
Vo A= 5 DJ_('V )()\) + §FDJ-(7 )a ()‘)

The curve A over v is the adjoint field.
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We are primarily interested in this paper with comparing nonholonomic trajecto-
ries with D-regular constrained variational trajectories. Note that the first of equa-
tions (RCV) agrees with the equation (NH) on the left-hand side, while the former
has a term involving the Frobenius curvature on the right-hand side. Essentially, we
wish to consider under what initial conditions for the second of equations (RCV) will
the term on the right in the first equation vanish. Indeed, in such cases, the cor-
responding D-regular constrained variational trajectory will also be a nonholonomic
trajectory.

To develop the framework for this, we pull back the second of the equations (RCV)
to D to get a vector field over the vector field defining the nonholonomic trajectories.
We let mp: D — M be the restriction of the tangent bundle projection. We let 75D
and 75Dt denote the pull-back bundles. We use 7p: D — M to pull back the tensor
fields Fy, FJ., and G, to get

F DY — 5D

(Uazyam) = (vaFS(Ux)<ax))7
DL :7T|*3Dl — 7T|‘5DL

(Uzaam> — (UI7FSL (’Ux)(Oém)),
A*DL Dt — Dt

(V2; 0z) = (02, Gpo (V2) ()

A

1 1
We also pull back the connection DV to get the connection %* in Thmp.: 7Dt — D
defined by
D+ bt
V' o = (U, Viympw) @), v €D,weT,D, aeD.
Denote by Xg" € I'"(TD) the vector field whose integral curves are nonholonomic
trajectories. Define bp € I'"(75D+) and Ap € I'"(End(7jD1)) by

1
bp(vy) = (vx, éGD(vgg,vx) + PpLo gradV) , v, €D, (3.1)
and
1 Ak 1 M * ML
Ap (v, az) = | g, éGDJ_("Ux,Ozx) + éFDl(vx,aI) , vz €D, (v, ) € 7D
(3.2)
Then set ing -
XEne — (xahyh oy ge
D ( D ) D (33)

Xp® = (Xp")" + Ap + bp,

pL
where (X3 € I"(T(75D)) is the horizontal lift of X3! by V*.
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Suppose that we have a curve 7 satisfying (NH) and let T = «/. Let AT — 5Dt

be a curve over Y and write A = (T, \). The second of the equations in (RCV)
and (SCV) for the adjoint field A can be written as

pL . . pt N ~
Vv A=ApoA+bpoYT and V' v A= Apo ), (3.4)

respectively. Together with (NH), these equations are equivalent to A being an inte-
gral curve for X3 or X% respectively, that projects to the nonholonomic trajectory
7. By examining equations (3.4), we see that they resemble an affine and a linear
differential equation, respectively. We can also make the following observations.
1. If A(t) € ker(Eg)r@y and X is an integral curve of X%, then T is an integral
curve of X3 and v and \ satisfy (RCV).
2. If A(t) # 0 for all t € I, A(t) € ker(E3)r(r), and A is an integral curve of X3"®
then T is an integral curve of X5 and v and A satisfy (SCV).
The following two results align with these observations [Lewis 2020, Theorems 7.8
and 7.9]. Indeed, we are looking for flow-invariant cogeneralized subbundles and affine
subbundle varieties which are contained in ker(F).

3.3 Theorem. Suppose that either (a) r = w and XB" is complete or (b) r = 0o and
ker(ﬁ’g) 18 a subbundle. Then the following statements are equivalent:
(i) some (resp. all) nonholonomic trajectories are D-reqular constrained variational
trajectories;
(ii) there exists a partial (resp. total) (X8, ker(E%))-admissible CT-defining subbun-
dle A C (75D+H)* @ Rp.

3.4 Theorem. Suppose that either (a) r = w and X8 is complete or (b) r = 0o and
ker(ﬁg) 1s a subbundle. Then the following are equivalent:
(i) some nonholonomic trajectories are D-singular constrained variational trajecto-
T1€S;
(ii) there exists a flow-invariant cogeneralized subbundle under Xf)ing that is con-
tained in ker(E%).

Together with the (flow-)invariance results stated in Sections 2.2 and 2.3, these
results are of fundamental importance in understanding questions of when constrained
variational trajectories are also nonholonomic trajectories.

4. The differential conditions for invariance of (co)generalized
subbundles

As we remarked after the statement of Proposition 2.12, and as can also be seen in
Proposition 2.18, the conditions for flow-invariance of an affine subbundle variety un-
der an affine vector field involve differential and algebraic conditions. In this section
we prove two results that are useful in applications of the general theory. The first



INVARIANCE OF SUBBUNDLES AND NONHOLONOMIC TRAJECTORIES 13

result is concerned with the possibility that, upon differentiation of the differential
condition, further algebraic conditions may reveal themselves. We give conditions
under which this is not the case by using the theory of linear overdetermined partial
differential equations developed in [Goldschmidt 1967] and presented in [Pommaret
1978]. The second result provides a concrete methodology for constructing an invari-
ant affine subbundle variety.

4.1. Formal integrability. We let 7: E —+ M be a C"-vector bundle and let F C E
be a subbundle of E. We let V be a linear connection on E and consider a linear
vector field X' = Xb + A¢ over Xy € I'"(TM). We are concerned with the analogue
for generalized subbundles of condition (ii) in Proposition 2.12. That is to say, we
are concerned with the condition Vx,(Gf) € Gf. We let pgr: E — E/F be the
canonical projection, noting that E/F is a vector bundle as we are assuming that F
is a subbundle. (We can just as well use the projection onto a complement of F in
E.) In this case, the condition Vx, (GF) C Gf can be written as Prir o Vx,& = 0 for
¢ eTI"(F).

The next result gives two situations in which we have formal integrability of this
linear partial differential equation in the real analytic case.

4.1 Proposition. Let 7 : E — M be a real analytic vector bundle with a real analytic
linear connection V and fiber-wise inner product, let Xo € I'“(TM), let F C E be a
C¥-subbundle, and let FL denote its (orthogonal) complement subbundle. Denote the
canonical projection by Pri: E — FL, and define a vector bundle map ®: J,E — F*+
by ©(71&(x)) = Pri(Vx,(&(x))). Suppose that ker(®) is a subbundle. Then PrioVx,
15 formally integrable if either of the following conditions holds:

(i) Xo is nowhere vanishing;

(ii) Prr oV o PrioVE € S?T*M® FL for every € € T¥(E) satisfying ® o j,& = 0.

Proof. We shall first make some constructions that apply to both cases before con-
sidering each case separately.

Denote Ry = ker(®) C J)E. Let k € Zso. Let pp(®): JSE — J*FL be the
kth prolongation of ® and denote Ry,; = ker(pi(®)). Let o(®): "M ® E — F*+
be the symbol of ® and denote by o1(®): S T*M ® E — S*T*M ® FL be the kth
prolongation of the symbol (or, equivalently, the symbol of the kth prolongation).
Let us give an explicit formula for o (®). Denote by

i, s SFHTM — SFT*M

the contraction by Xy. The symbol of ® is then o(®) = %, ® Prr and the kth
prolongation of the symbol is oy (®) = L§(0 ® Pgi. The symbol of Ry is then G; =
ker(o(®)) = T*M ® F and the symbol of Ry is Gpy1 = ker(oy(®)) = SFIT*M @ F.
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We claim that G; is involutive. Indeed, the sequences

mT* 4 * m—1-x* 4 2 * m—2T* g
0 — S"T'MRF == T'M@ 5" 'T'MaF = /\ T'M@S" *T*"M&F — -
m—1 m
5 A\ TMeTMeF - \"T'MaF,

for m € Z~q are simply the d-sequences for the vector bundle F, and these sequences
are exact by the d-Poincaré Lemma [Pommaret 1978, Proposition 3.1.5].

Since G; is involutive and G, is a subbundle, the only remaining ingredient to ver-
ifying the conditions of [Goldschmidt 1967, Theorem 4.1] is to show that Ry projects
surjectively onto R;. We do this separately for the two conditions in the statement
of the proposition. In each case, we work with the commutative diagram

0 0
STMEE 2O TMeF —s K — 0
0 > R, 5 J;E n® J1\I;1
| |
0 > Ry > J:E q’ > FL
0 0

with exact rows and columns. Note that Pr. o V is a linear connection in F*, cf. the
constrained connection from 2.6. Therefore, we can use this connection to give a
splitting

WFt~Fre (T'Me FhY,

this being a simple case of [Lewis 2023b, Lemma 2.15]. Let j;{(z) € R;. Define a
map  : Ry — K by k(j1&(z)) = 7(A), where A € T*M ® F* is such that ¢(A) =
p1(®)(j2€(x)). This is possible by exactness of the third column. To show that
R, projects onto Ry, we need to show that n can be chosen so that j;& = jin and
Jan(z) € Re. By [Pommaret 1978, Theorem 2.4.1], this is equivalent to x(j:£(z)) = 0.
Therefore, to complete the proof we show that we can choose £ so that x(j1£(z)) =0
in each of the two cases from the statement of the proposition.

(i) Here we claim that the vector bundle map oy(®) is surjective. Indeed, let
a € T*M ® F. We can consider a local trivialization given in terms of local sections
{e1,...,er}, where k is the rank of E, such that {ey,...,e,} spans F, where m is
the rank of F, and {e,,41,...,ex} spans F. Moreover, we consider a chart for M
such that the chart domain coincides with the neighbourhood associated with the
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trivialization. Since Xy is nowhere vanishing by assumption, we can choose the chart
for M so that Xo = 0. We can write o = of da’/ ®e,. We want to find A € S*T*M®E
such that Pri(A(Xp)) = . We construct A locally. Trivially, we set Af; = 0, for
a€{l,...,m}, and

A‘ijS = Aj, = af,

fora e {m+1,...,k} and j € {1,...,dim(M)}. These components give rise to a
tensor A which is mapped to a by oy (®).

Now we note that, if o1(®) is surjective, then K = 0, and so 7 is the zero map.
Therefore, k(j1&(x)) = 0 for any £ for which ji§(x) € ker(®).

(ii) In this case, we explain how to find A € T*M®F= so that ¢(A) = p; (®)(j2€(x))
and 7(A) = 0. We have

p1(P)(j2¢(x)) = j1(Prr o Vx,&(x))

by definition of prolongation. By noting that the fiber of J;F+ ~ FX & (T*M ® F1)
over Pri(Vx,&()) is just TEM @ FL, we get

5(]15(1')) = T(PFJ- © VPFJ— (onf(l'))),
since Pri oV is a connection in FX. Thus x(j;£(x)) = 0 if and only if
Pri o VP (Vx,&(x)) € ker(7) = image(o1(P)).

By definition of o1 (®), this condition will be met when PrioVo PrioV¢ is symmetric
for & satisfying ® o j;1£(z) = 0. [

4.2. lterative infinitesimal constructions. Let 7: E — M be a C"-vector bundle,
let F C E be a cogeneralized subbundle, and let X be an affine vector field on E
over a vector field Xy on M. We suppose that we have a linear connection V in E,
and write X = X! + A° 4+ . Motivated by Theorem 3.3, we wish to determine
“the largest X*!-invariant affine subbundle variety contained in F.” The existence of
such an object is established in [Lewis 2020, Theorem 4.23]. However, the matter of
constructing this affine subbundle variety is by no means clear. Here we provide an
infinitesimal construction based on the following observations.

1. The cogeneralized subbundle F is defined by its annihilating generalized sub-

bundle A(F), in the sense that

F={weE|Aw)=0, e "AF)I= (] ()70
A€l (A(F))

Therefore, the functions \® are in the ideal sheaf of any variety contained in F.
2. If X € T"(A(F)), then Z%.4\°, k € Zs, will vanish on any flow-invariant variety
contained in F.
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3. The function Zx.aA®, and more generally the functions 3)’;&3)\9, k € Zwo,

4.

are affine functions on E, and so their zero level sets will be affine subbundle
contained in F. The intersection of these zero level sets,

N () (Zar) 0, (4.1)

kE€Zo ADT(A(F))

will then be something like an affine subbundle variety invariant under X?f.
Because the intersection of affine subspaces is an affine subspace that is possibly
empty, the projection of this affine subbundle to M might be a strict subset of
M, or even empty.

Under suitable regularity hypotheses, the intersection (4.1) will define the
sought after largest X*¥-invariant affine subbundle contained in F.

The difficulty with this procedure, and the one we address in this section, is to come
up with a suitable characterization of the iterated Lie derivates of A® with respect to

Xl

We note that

Lyt X = (Vx, + AN+ (Ao by,

using Lemma 2.4. The following result records a recursive formulation of the iterated
Lie derivatives..

4.2 Proposition. Set Ly =id and cg = 0. For k € Z~q, recursively define L; and

cr by

k
Li = (Vx, + A and cp(N) =Y L4 LA\ b)

J=1

for U C M open and \ € 42 (U). Then the following statements hold:
E
(Z) Ck+l()\) = CZ(Lk(/\)) + g)l(ock()\>7 fO’f’ l, k S ZZQ;
(i) L) = (Li(N) + (ce(N)?, for k € Zs.

Proof. (i) Compute

k+1
() = Ziﬂ;](;l (Lit1-jA, D)
j=1
l ' k '
=L L (L), 0) + > (L (V) 0)
j=1 j'=1

= Cl(Lk(/\)) + f)l(ock()\).

(ii) We proceed by induction; for k = 1, we compute

Lrar A = (Vx,A)° + (A*N)° 4+ (A, b))
= (L1(N)° + (A, )"



INVARIANCE OF SUBBUNDLES AND NONHOLONOMIC TRAJECTORIES 17

Suppose this is true for k£ — 1 and compute

Lk = Lo ((Lea0) + (ee1(V)")
= (L))" + (L1 (V) D) + (Lxyena ()"
= (L))" + (L1 (V) 0)" + (x(A) = e1(Lia )"
= (L) + ()",

where we use linearity of pullback, (i), and the definition of ¢;(\). [

€

A
A

Of course, the preceding result does not give a very concrete representation of the
iterated Lie derivatives f)’;aﬂr A¢, but it is all one can expect. In terms of using these
iterated Lie derivatives to find a flow-invariant affine subbundle variety, we have the
following result.

4.3 Proposition. Let F C E be a C"-subbundle and let \',... X" € T"(A(E)) be
generators for I'"(A(F)) as a C"-module. Suppose that there exists N € Z~qo such
that

N m

() (ZRad) H0) = AT F) = () [ (LR (V))H(0),

k€Z>o AT (A(F)) k=0 j=1

and that either r = w or that r = co and A(X**F) is a submanifold. Then A(X*,F)
s a flow-invariant affine subbundle variety.

Proof. By [Lewis 2020, Proposition 4.3], to show flow-invariance it suffices to show
invariance. To show invariance, it suffices to show that Zyas f vanishes on A(X*T F)
for

fe{LtaN)F|ke{0,1,....N}, je{l,....,m}}.

This, however, holds by hypothesis.

To show that A(X®*T F) is an affine subbundle variety, note that the functions
Lra(N)e, ke {0,1,...,N}, j € {1,...,m}, are affine functions, and so can be
identified as sections of E* @ R. Indeed, these are generators for a defining subbundle
of E* @ R whose associated affine subbundle variety is exactly A(X?T F). [ |

The global generators hypothesized in the statement of the result exist by an
appropriate version of the Serre-Swan Theorem [e.g., Lewis 2023a, Theorem 20].
5. Example: Rolling disc on an inclined plane

In this section, we consider a rolling disc over an inclined plane without slip, as
depicted in Figure 5. A classical treatment of this example is given in [Lemos 2022].
As we shall see, by properly dealing with the singularity in the generalized subbundle
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Figure 1: Disc rolling on an inclined plane

spanned by sections of D and their Lie brackets, we are able to refine the analysis
in [Lemos 2022].

We shall first present a few of the calculations that are needed, and then apply
the main results of the paper to draw conclusions concerning which constrained vari-
ational trajectories are also nonholonomic trajectories. We use MATHEMATICA® for

symbolic computations. The modelling procedure we give is as outlined in Chapter 3
of [Bullo and Lewis 2004].

5.1. The spatial frame {s1, S2, 83} is chosen so that s3 is perpendicular to the plane on
which the disc rolls. The spin angle is denoted by 6, the rolling angle is denoted by ¢,
and the inclination angle for the plane is denoted by 7. The body frame {by, by, b3}
is located at the geometric center of the disc, with bs chosen to be the axis about
which the disc rolls.

5.2. From the problem setup, the configuration manifold is

cos(¢) cos(f) —sin(¢p)cos(f)  sin(h)
Q = |cos(¢)sin(f) —sin(¢)sin(d) —cos(d) |, (x,y, R) p € SO(3) x R®.
sin(¢) cos(¢) 0

It is easy to see that Q ~ T? x R%. We carry out our calculations in a single chart
with coordinates (0, ¢, z,y) € (—m, m)? x R% We abuse the notation and identify the
chart domain with Q. We will denote a typical point in Q as ¢. It will be convenient
at times to use the coordinate functions as functions, and write x(q) or ¢(q), for
example.

5.3. We assume that the inertia tensor of the disc is represented by a diagonal matrix
I given by I;; = s = J; and I35 = J,., where J, denotes the spinning principal inertia
associated with by and bs, and J, is the principal inertia related to rolling. We assume
that bg is an axis of symmetry of the body. We denote the mass of the disc by m.
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One then readily ascertains that
G =mdzr @ dr + mdy ® dy + Jsdf @ df + J.dp @ d¢.
Clearly all Christoffel symbols for the associated Levi-Civita connection vanish.

5.4. The potential energy is given by V (0, ¢, z,y) = mg(R — zsin(7)), where g is the
acceleration due to gravity. Hence we compute

grad V =G% odV = —gsm(T)ax.
m

5.5. By assumption, the disc rolls with no-slip on the inclined plan. Hence, for any
non-holonomic trajectory t — (0(t), ¢(t), z(t),y(t)), we must have

#(t) = Ro(t) cos(0(t)),

y(t) = Ro(t) sin(0(t)).
We define a vector bundle map F: TQ — Q x R? by
F(0,¢,x,y,v9,04,05,0y) = (0,0, 2,y, v, — Rugcos(6), v, — Rvgsin(h)).

We set D = ker(F'). It is clear that D has constant rank and D is the constraint
distribution.

5.6. Let us determine a suitable basis for TQ adapted to the distribution D and its
G-orthogonal complement D*. By construction, the vector fields

{0p, 04 + R cos(6)0, + Rsin(6)0,}

span D. In fact, one can see that the given vector fields are G-orthogonal. One can
thus normalize to obtain G-orthonormal vector fields X;, Xy € I'"(D) spanning D.
That is,

1

— 9
VI

X1(9,¢,l’,y) =

and

X2(0, ¢, x,y) = (0p + Rcos(6)0, + Rsin(6)0,) .

1
VdJ, + mR?

A convenient orthonormal basis for D+ is verified to be given by {X3, X4} with

sin(6)
vm

~ cos(6)

Oy NG

X3(97¢axay) = ay

and

Xa(0. 6. 2.1) v/, cos() o 4 v/, sin() 5. _ vm 5
A = T mEE " v A mRE T I mRE
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5.7. The bases {X1, Xy} and {X3, X4} for D and D*, respectively, allow us to in-
troduce coordinates for D and D+. We write a typical point in D as v,X; + v, Xo,
where v, is the “spin velocity” and v, is the “roll velocity.” Thus we use coordinates
0,0, z,y,v,.,vs) for D.

We will denote a typical point in D by v and, as we indicated above for coordinates
for Q, we will think of coordinates for D as functions on D. Thus we will sometimes
write y(v), or 6(v), or v,(v), for example.

5.8. Note that the basis vector fields for D and D+ give basis vector fields for the
pull-back bundles 75D and 75D+, and we denote these bases by

{WBXl,TFBXQ}, {WBX{;,TFBX;;},
respectively. There are also dual bases that we denote by
{mp X1, mp X3}, {mp X3, mp X5}

Using the basis for 7D+, we write a typical point in 75D+ as pymj X3 + pampy Xy
This gives coordinates (0, ¢, x,y, vs, v, p1, p2) for mDE. A typical point in 75D+ we
denote by p, and we think of the coordinates as functions on 7D. Thus we may
write z(p), or ¢(p), or vs(p), or p1(p).

5.9. We calculate

Vi, X ymB
NG WV s Ty
o VmR VIr
Vx, X3 = Xy,
VIN T F mR2 \/Ts\/ J, + mR?
G Jr
Vx, X4 = vV

X3,
VINT tmR2

and all other covariant derivatives of the basis vector fields are zero. From these
computations, we make a few immediate conclusions.

1. The Christoffel symbols of the linear connection % Ppo % in D with respect
to the frames { X7, Xo, X3, Xy} for TQ and {Xl,Xg} for D are zero.

2. The Christoffel symbols of the linear connection V Ppio V in D+ with respect
to the frames {X;, X5, X3, X4} for TQ and {X3, X,;} D* are determined by

B VI eow VI
VI amRE T VT v me

3. The Frobenius curvature Fp is determined by

DL
Vx, X3

VR

Fp(X1, Xp) = —Fp(Xp, Xi) = _\/ijg'
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4. The geodesic curvature Gp is determined by

R
Gp(X1, Xz) = Gp(Xp, X1) = _\/T\/%X&

5. The Frobenius and geodesic curvatures Fp: and Gp. both vanish; thus D+ is

G
integrable and geodesically invariant for V.

5.10. Let us next calculate £, which is a vector bundle map from 75D* to 75D.
We represent this bundle map as a 2 X 2 matrix representing this map in the bases
{m5Xs, 5 X4} and {75 X, m5X2}. Using the computation of Fp from above, we
ascertain that

___vmRkR_ .
[F*] _ VIAN Tr+mR2 T
D - \/mR v 0
VIV Jr+mR2 7S

We observe that
span{mp X}, v2+ 0?2 #0,
(m5D1),, vy = v, =0,

ker(F), = {

where v € D.

5.11. Let us next calculate Ap and bp. Since Gp. and Fp. are zero, Ap is also zero.
We note that bp is a section of the pullback bundle 75D+. We represent bp in terms
of its components in the basis provided by 75 X3 and 75X,. A calculation gives

gvm/ T

J, + mR?

2R
_l’_
VIN I, + mR?

5.12. Let us determine the vector field X3" using the “Poincaré representation”
explained in [Bullo and Lewis 2004, §4.6.4]. We can use the computations above to
ascertain that

bp = — <\/ﬁg sin(7) sin(0) vsfur> TpX3— sin(7) cos(0)mp Xy

Xlgh(e7 ¢7 x,Y, Vs, Ur)
_ U g Uy 9.+ R cos(0)v, Rsin(0)v, mgR sin(T) cos(6) 5
VA T tmRE I tmRE " It mRE Y VI +mRr2 "
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Thus the associated differential equations are

(1) = Rcos(0(t))v,(t)
VI + mR?

_ Rsin(0(t))v.(t)

VI, +mR2

mgR sin(7) cos(6(t))
V. + mR? '

5.13. We can similarly ascertain the equations governing the regular constrained
variational trajectories. Here we again use the Poincaré representation for the vector
fields. We compute the vector field on ;D representing the dynamics (RCV) as

R cos(0)v, Rsin(0)

Uy

v v
rev o+ "o gy
N Ry o2 Vi +tmee Y VL T tmee ¢

_ mup 9 4 mgR+/J, cos(0) sin(T) + /musp;
VIAN T, +mR2 " VIN T, + mR?
NEEIR 2y/mRusv, . : )
+ - - 0)) o,
(ﬁsm T e~ Vmesin(r)sin®) ) 0,
B ( VJvspr N Vmy/J,.gsin(7) 005(0))
VIAN T, + mR? VI + mR?

Oy,

Op, -



INVARIANCE OF SUBBUNDLES AND NONHOLONOMIC TRAJECTORIES 23

The differential equations are then computed to be

i) = Feos@®)o(t)
VI +mR?
i(t) = Rsin(0(t))v.(t)
VI +mR?
i) = Vs
(o) = =,
o(t) = _ul)
VI +mR?
bu(t) = — Y On )

VIN T +mR2’
50 (1) = mgR+/Js cos(0(t)) sin(7) + v/mRuv,(t)p; (1)
T VI T+ mR? ’
. VIuspa(t)  2¢/mRuy(t)v(t) . .

t) = - - 0(t)),
WO = T mIE T pmiE YR sin)
plt) = — VIusOpi(t)  V/my/Jrgsin(r) cos(6(t))

2 VI I, + mR2 VI +mR? '
5.14. One can also ascertain that the singular constrained trajectories as prescribed

by (SCV) are determined by curves t — v(t) € Q and nonzero sections t — A(t) of
D+ over v satisfying the algebraic equation

JmR
VINJ, + mR?
R
JmR

(of course, one can eliminate the coefficient NoVamryot but we elect to keep it

vur(t)pa(t) = 0,

because it reminds us where these conditions come from), and the differential equation

VT m
VIN T, +mR?
G X (T
VIN T +mR?
5.15. We now use Proposition 4.3 to find the largest X *-invariant affine subbundle

variety of D+ contained in ker(FS), as required by Theorem 3.3 to determine the
regular constrained variational trajectories that are also nonholonomic trajectories.

pi(t)
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We have
e _ Rcos(0)v, N Rsin(0)v, L s Uy _I_ng\/_sm( 7) cos(6)
o = B e L e I ame

VI 0sp2 2y/mRuv, . .
(\/_m \/Tsm—\/ﬁgsm(ﬂ Slﬂ(@)) Op,
(A ST a0
VIN T, + mR? VI, + mR? m

and the associated differential equations are

Rcos(6(t))v.(t)

VI, +mR?
Rsin(0(t))v,(t)

VI, +mR?
vs (1)
\/73,
_ e (t)

VI, + mR?’ (5.1)
i}S(t> = O?

ng\/_sm( ) cos(6(t))

VIN T+ mR?

_ VIu)pa(t)  2y/mBu (v (t) -
= TJI e JIT iR — v/mgsin(7)sin(6(t)),
polt) = — VIusOpi(t)  vmy/Jrgsin(r) cos(d(t))

’ VIN T+ mR? VI + mR?

i(t) =
y(t) =

We note that R
ker(F5) = (X)71(0),

where \ € (7D1)* is given by
A= (v +oDmh X
One computes

2mgR sin(T) cos(0) ;
/—JT T mR2 rP1

vV : . 2y/mR
mmvspg — v/mgsin(7) sin(6) — NV ST Vg T) )

One can also compute Z)’?reg/\e for £k > 2, but the symbolic expressions are too
D

Fyre)® =

+ (V2 +0?) (

unwieldy to record.
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Our strategy for finding invariant affine subbundle varieties is the following. For

k € Z>, denote
k

Ae(Xp®, ) = [()(LraexX) 7 (0).
§=0
We shall sequentially consider conditions on p € 75D+ that ensure that p €
Ap(X5E, ), k € Zso. We do this explicitly and in detail for k& € {0,1}, and then use
our conclusions, along with a recording of conclusions deduced from MATHEMATICA®
and the differential equations (5.1), to finalize the conditions on p.
R1. We first take sin(7) # 0. If p € Ag(X5*, A°), then either (a) pi(p) = 0 or
(b) vs(p) = v,.(p) = 0. We consider these possibilities in turn.
(a) If p1(p) = 0, then p € A1 (X5®, \°) if and only if either (i) vs(p) = v.(p) =0
or (ii)
VI, 2/mR
VINT s mie VI s mie

Let us denote by ((p) the expression on the left in the preceding equation.
We consider the preceding possibilities in turn.
(i) If

p € AL(XpE ) :={p € mhD" | ;1 () =0, vs(p) =0, v, (p') = 0},

then we calculate

(p)p2(p)—v/mgsin(r) sin(6(p))— (p)v,(p) = 0.

L X (p) = 0,

. 6m°/2g3 R? sin(7)? .
L) (p) = — R cos(0(p))” sin(6(p)).
This last expression vanishes exactly when either sin(f(p)) = 0 or

cos(f(p)) = 0. If we take

A= {pe ;D" | pi(p)

0, vs(p) =0, v,(p) n(6(p)) = 0}
U{p € mpD" | pi(p) =0, v,

=0, si
(p) =0, v.(p) =0, cos(f(p)) = 0},

then the differential equations (5.1) are easily examined to see that
A is an Xp®*-invariant affine subbundle variety. We observe that ps is
constant along integral curves of X5® with initial conditions in A.
(We remark that the submanifold defined by the condition vs(p) =
0 is Xp®-invariant. That is, integral curves of X5* with an initial
condition with vs(0) = 0 will satisfy vs(t) = 0 for all ¢. In this case,
one also sees that 6 is constant. This is a starting point for much of the
analysis of the differential equations (5.1) that we reference below.)
(ii)) For the condition that ((p) = 0 we consider two cases, namely
(I) vs(p) = 0 and (II) vs(p) # 0. Let us consider these cases in turn.
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If
peE All(Xlgeg? )‘e) = {p/ € WBDJ_ ’ p1<p/) =0, ’Us(p/) = O}a
then we calculate

LxreeX°(p) = —v/mygsin(1) sin(0(p))v, (p)*.

Excluding the condition v,(p) = 0 which we have already consid-
ered above, the vanishing of the expression on the right requires
that sin(f(p)) = 0. If we take

A={pemD" | pi(p) =0, vi(p) =0, sin(6(p)) = 0},

then the differential equations (5.1) are easily examined to see that
A is an Xp®-invariant affine subbundle variety. The evolution of
po along integral curves is as determined by the po-component of
the differential equations (5.1), noting that p; = 0 in this case.

In this case, the condition ((p) = 0 uniquely specifies ps(p), and
we denote this value of py by p3(v), noting that this value depends
only on v = wjimpL(p). If

p € AUXpE N = {p e mpDt | pi(p) = 0, pa(p) = p5(v")},
then we calculate
LR\ (p) = a1 (v) cos(6(p)),

where a7 is a complicated nowhere zero f-independent function of
the points v € D satistying vs(v) # 0. Now we let

p € AL(XEEX)
= {p e mpD" [ pu(p)) =0, p2(p) = p3(v'), cos(A(p')) = 0},
then we calculate
LN (p) = ax(v) sin(6(p)),

where a is a complicated nowhere zero #-independent function of
the points v € D satisfying vs(v) # 0. Since sin and cos have no
common zeros, we see that the subset

{p € 75D | pi(p) =0, vy(p) # 0}

contains no X ®-invariant affine subbundle varieties.
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(b) If
p € AL(XEE ) = {p € D+ | vs(p) =0, v,.(p) = 0},
then o202 B o ( )2
2 vesn  2mPgR*sin(T )
LyresX(p) = TR cos(0(p))"p1(p)-

Setting aside the condition that p;(p) = 0 that has already been consid-
ered, the vanishing of the expression on the right requires that cos(6(p)) =
0. Now, if we let

A={pemD" | vi(p) =0, vi(p) =0, cos(f(p)) = 0},

then a consideration of the differential equations (5.1) shows that A is
an Xp®-invariant affine subbundle variety. The evolution of p; and py
along integral curves is as determined by the p;- and py-components of the
differential equations (5.1).
R2. Now we consider the case of sin(7) = 0. As above, for p € Ag(X5*, A°), we have
the two cases (a) p1(p) = 0 or (b) vs(p) = v,.(p) = 0, which we consider in turn.
(a) If p1(p) = 0, then p € A1 (X", X°) if and only if either (i) vs(p) = v.(p) =0
or (ii)

NaR . 2v/mR ol
VIN T +mR2 "’ VIN T, + mR? o\P

Let us again abbreviate the expression on the left by ((p). We consider
the two preceding cases.
(i) If we take

(p)p2(p) — Jur(p) = 0.

A={pemD" | pi(p) =0, vi(p) =0, v.(p) =0},

then we can immediately deduce from the differential equations (5.1)
that A is an X§®-invariant affine subbundle variety. We observe that
p2 is constant along integral curves of X® with initial conditions in
A.

(ii)) For the condition that ((p) = 0 we consider two cases, namely
(I) vs(p) = 0 and (II) vs(p) # 0. Let us consider these cases in turn.
(I) In this case, we can immediately verify from the differential equa-

tions (5.1) that

A= {pemiD" | pi(p) =0, vs(p) = 0}

is an Xp*-invariant affine subbundle variety. We observe that ps
is constant along integral curves of X® with initial conditions in

A.
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(IT) In this case, the condition {(p) uniquely specifies ps(p), say pa(p) =
p5(v). One can see that, if we take

A={peapD" | pi(p) =0, p2(p) = p3(v)},

then both p; and ps are zero on A. Thus A is an Xp®-invariant
affine subbundle variety.
(b) In this case, we take

A= {pemD" | v,p) =0, v,(p) = 0}

and note directly from the differential equations (5.1) that A is an X*-
invariant affine subbundle variety. We observe that both p; and py are
constant along integral curves of X5® with initial conditions in A.

5.16. We can also find the largest X3 -invariant subbundle of 75D+ contained in

ker(F7%), as required by Theorem 3.4 to determine the singular constrained variational
trajectories that are also nonholonomic trajectories. We have

R cos(0)v, 94 Rsin(0)v, L s Byt Uy 9 +ng\/_sm( T) cos(d )a
Vo Ay A ey RS e e AN A B
VIvsps o Ve
TN A mE " T/ T B

and the associated differential equations are

Xsmg

i(t) = Rcos(6(t))v,.(t)
VI, +mR2
i) = Rsin(0(t))v,(t)
vy + mR?
2oy Us(t)
0(t) = N
N v, (1)
=R (5.2
'Us(t) - Oa
50 (t) = mgR+/J, sin(7) cos(6(t))
" VI T + mR?
pl (t) _ \/Trvs(t)pZ(t)
VIN T+ mR?
sty = — YT
VINT +mR?
One computes
2mgR sin(7) cos(0) v,

gXlsjingAe = vpp1 + (V2 4 02)

VI T i VINT T e
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We follow the same strategy as in the preceding paragraph to determine the cogen-
eralized subbundles that are invariant under X3".
S1. We first take sin(7) # 0. If p € Ag(X3"™, X°), then either (a) pi(p) = 0 or
(b) vs(p) = v,(p) = 0. We consider these possibilities in turn.
(a) If p1(p) = 0, then p € A;(X3"8, X°) if and only if

vs(p)p2(p) (vs(p)? + vr(p)?) = 0,

and this holds if and only if either (i) vs(p) = 0 or (ii) p2(p) = 0. We
consider these possibilities in turn.
(i) In this case we see that

A= {pe D" | pi(p) =0, vi(p) =0}

is an X3 - invariant subbundle and the value of p, is constant along
integral curves of XJ"® with initial conditions in A.
(ii) In this case, if we take

A={pe 7T|*3Dl | p1(p) =0, p2(p) = 0},

then A is an X E)ing-invariant affine subbundle variety, and the values of
p1 and ps are zero along integral curves of XJ"® with initial conditions
in A.

(b) Let us denote

AL (X2 X°) = {p € 5Dt | ve(p) = 0, v,(p) = 0}.
For p € A} (X3¢, \°) we compute

_ 2m*g®R*sin(7)?
~ Jr+mR?

$2Sing A (p)

o cos(0(p))*pr(p)-

Setting aside the condition that p;(p) = 0 which has already been consid-
ered, we see that for the expression on the right to vanish we must have
cos(6(p)) = 0. One can then see that, if we define

A={pemD" | up) =0, v.(p) = 0. cos(d(p)) = 0},

then A is an X E)ing—invariant affine subbundle variety. We can additionally
see that the values of p; and py are constant along integral curves of X Bing
with initial conditions in A.

S2. Now we consider the case of sin(7) = 0. As above, for p € Ag(X3™, X°), we
have the two cases (a) p1(p) =0 or (b) vs(p) = v,(p) = 0, which we consider in
turn.

(a) If pi(p) = 0, then p € Ag(X3"¢, X°) if and only if either (i) vy(p) = 0 or
(ii) p2(p) = 0. We consider the two preceding cases.
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(i) Here we define

A= {pemsD* | pi(p) =0, vs(p) = 0},

and note that A is an Xf)ing—invariant affine subbundle variety. The
value of py is constant along integral curves of Xgng with initial con-
ditions in A.

(ii) If we define

A= {pe D" | pi(p) =0, pa(p) = 0},

then A is an X Bing-invariant affine subbundle variety, and the values of
p1 and py are zero along integral curves of XJ"® with initial conditions
in A.

(b) Finally, if we take

A= {pe ;D" | vs(p) =0, v,(p) =0},

then A is an X3 -invariant affine subbundle variety, and the values of p;
and py are constant along integral curves of XJ"® with initial conditions
in A.

5.17. Let us now assemble the detailed analysis of the preceding two paragraphs
into final results. We first consider the case where nonholonomic trajectories are also
regular constrained variational trajectories.

5.18 Proposition. (i) When sin(7) # 0, the following initial conditions give all
nonholonomic trajectories that are reqular constrained variational trajectories
for suitable choices of p1(0) and p2(0):

(a) sin(0(0)) = 0, vs(0) =0, v,(0) = 0;
(b) cos(6(0)) =0, vs(0) =0, v,.(0) = 0;
(¢) sin(0(0)) = 0, vs(0) = 0.

(ii)) When sin(1) = 0, all initial conditions give nonholonomic trajectories that
are reqular constrained variational trajectories for suitable choices of p1(0) and

Next we consider the case where nonholonomic trajectories are also singular con-
strained variational trajectories.

5.19 Proposition. (i) When sin(r) # 0, the following initial conditions give all
nonholonomic trajectories that are singular constrained variational trajectories
for suitable choices of pi(0) and py(0):

(a) vs(0) = 0;
(b) cos(0(0)) =0, vs(0) =0, v,.(0) =0.
(ii) When sin(t) = 0, the following initial conditions give all nonholonomic trajec-
tories that are singular constrained variational trajectories for suitable choices
of p1(0) and p2(0):



INVARIANCE OF SUBBUNDLES AND NONHOLONOMIC TRAJECTORIES 31

(a) vs(0) = 0.

These results improve the analysis in the literature for this example in various
ways. For example, our analysis includes the singular case for the first time, even in
the oft-studied case when sin(7) = 0 [Cortés, de Leén, Martin de Diego, and Martinez
2002, Example 6.6]. We also are able to carry out a more detailed analysis in the reg-
ular case when sin(7) # 0 than is carried out in [Lemos 2022]. For example, in [Lemos
2022] it is indicated that (here we paraphrase to convert to our terminology), “except
for the trivial case vy(t) = 0, for which the constraints are actually holonomic, regu-
lar constrained variational trajectories are never nonholonomic trajectories.” As we
have seen in our analysis, this “trivial case” is actually not quite trivial since it arises
at singularities of the cogeneralized subbundle ker(ﬁg). These singularities preclude
most nonholonomic trajectories with vs(t) = 0 from being regular constrained vari-
ational trajectories. It does, however, permit such nonholonomic trajectories to be
singular constrained variational trajectories.
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