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Chapter 4

Holomorphic and real analytic differential
geometry

In this chapter we develop the basic theory of holomorphic and real analytic man-
ifolds. We will be assuming that the reader has a solid background in basic smooth
differential geometry such as one would get from an introductory graduate course on
the subject, or from texts such as [Abraham, Marsden, and Ratiu 1988, Boothby 1986,
Lee 2002, Warner 1983]. While a reader could, in principle, cover the basic of smooth
differential geometry by replacing “holomorphic or real analytic” in our treatment
with “smooth,” we do not recommend doing so. Very often holomorphic differential
geometry is included in texts on several complex variables. Such texts, and ones we
will refer to, include [Fritzsche and Grauert 2002, Gunning and Rossi 1965, Hormander
1973, Taylor 2002]. There is a decided paucity of literature on real analytic differential
geometry. A good book on basic real analyticity is [Krantz and Parks 2002].

4.1 C-linear algebra

Many of the constructions we shall make in complex differential geometry are done
tirst on tangent spaces, and then made global by taking sections. In this section we
collect together the constructions from C-linear algebra that we shall use. Some of
what we say is standard and can be found in a text on linear algebra [e.g., Axler 1997].
A good presentation of the not completely standard ideas can be found in the book
of Huybrechts [2005]. In this section, since we will be dealing concurrently with R-
and C-vector spaces and bases for these, we shall use the expressions “R-basis” and
“C-basis” to discriminate which sort of basis we are talking about.

4.1.1 Linear complex structures

To study the structure of complex manifolds, it is convenient to first look at linear
algebra.

Let us first consider C" as a R-vector space and see how the complex structure can
be represented in a real way. The general feature we are after is the following.

4.1.1 Definition (Linear complex structure) A linear complex structure on a R-vector space
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Visanendomorphism | € Endr(V) such that J o] = —idy. The conjugate linear complex
structure associated to a linear complex structure | is the linear complex structure —J. o

Sometimes, for emphasis, if V is a R-vector space with a linear complex structure

], we shall denote by V the same vector space, but with the conjugate linear complex
structure —J.
Let us give a useful normal form for linear complex structures.

4.1.2 Proposition (Normal form for linear complex structures) If ] is a linear complex
structure on the n-dimensional R-vector space V then n is even, say n = 2m, and there exists
a R-basis (e, ...,€m, €m+1, - - -, €2m) Such that the matrix representative of ] in this basis is

Om><m _Im
Im Omxm '
Proof Suppose that A is an eigenvalue for the complex structure | with eigenvector v.

Then
Jo)=Av = —v=J]]J(v)=A%

and so —A2 = —1 and thus the eigenvalues of | are +i. Moreover, since ]2 +idy = 0, the
minimal polynomial of | is A2 + 1 and so ] is diagonalisable over C. An application of
the real Jordan normal form theorem [Shilov 1977, §6.6] gives the existence of a R-basis
(fi,---s fms fm+1, - - -, fom) such that the matrix representative of | in this basis is

o - O
02 -+ ]
where
0 -1
]2 = [1 0 ] .
If we take ej = fj1 and ej.u = f2j, j € {1,...,m}, the result follows. [ ]

Note thatif (8, ..., 8", "1, ..., p*") is the R-basis dual to a basis as in the preceding
proposition, we have

We shall call a R-basis for V with this property a J-adapted basis.

4.1.3 Examples (Linear complex structures and C-vector spaces)

1. If we take the R-vector space V = C™, then the linear complex structure is defined
by J(v) = iv. A R-basis for the R-vector space C" in which the matrix representative
] takes the normal form of Proposition 4.1.2 is given by

er=01,...,0),...,e,, =(O,..., 1), eps1 =(G,...,0),...,e2,, = (0,...,10).
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Thus the linear complex structure in this case is given by
Joe +iyt, . x +iy™) = (—yt i, L,y i),

which is, of course, just multiplication by i.
We can expand on this further.

2. On a finite-dimensional R-vector space with a linear complex structure we can
define a C-linear structure as follows. If a +ib € C fora,b € R and if v € V, we take

(a + ib)v = av + bJ(v).

One readily verifies that this does indeed define the structure of a C-vector space
on V.

Conversely, if V is a C-vector space, we can certainly think of it as a R-vector space.
We can then define | € Endgr(V) by J(v) = iv, and this certainly define a linear
complex structure on V. Now one has two C-vector space structures on V, the
prescribed one and the one coming from | as in the preceding paragraph. This are
very easily seen to agree. (But be careful, we shall shortly see cases of vector spaces
with two C-vector space structures that do not agree.)

The preceding discussion shows that there is, in fact, a natural correspondence
between R-vector spaces with linear complex structures and C-vector spaces. This
is a sometimes confusing fact. To overcome some of this confusion, we shall
generally deal with real vector spaces and consider the C-vector space structure as
arising from a linear complex structure. o

Now we consider the complexification V¢ = C ® V of V with J¢ € End¢(V) the
resulting endomorphism of V¢ defined by requiring that Jc(a®v) =a® J(v) fora € C
and v € V. Note that if v € V¢ we can write v = 1 ® v; + iv, for some v, v, € V. We can
define complex conjugation in V¢ by

ARV =4dQ7, aeC,veV.
We make the following definition.

4.1.4 Definition (Holomorphic and antiholomorphic subspace) Let | be a linear complex
structure on a finite-dimensional R-vector space V.

(i) The holomorphic subspace for | is the C-subspace V'? of V¢ given by
VIO = ker(Jc —iidy,).
(i) The antiholomorphic subspace for | is the C-subspace V*! of V¢ given by
VO = ker(J¢ +iidy,). .

The “holomorphic” language here is a little unmotivated in the linear case, but will
hopefully become clearer as we move on.
We then have the following properties of V¢, V!0, and Vo1
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4.1.5 Proposition (Complexification of linear complex structures) Let ] be a linear complex
structure on a finite-dimensional R-vector space V. The following statements hold:

(i) Ve = VY0 @ VO (direct sum of C-vector spaces);
(i) 1®v| veV)=fueVe| a=u)
(iii) VIO = {7 € Ve | v € Vo1
(iv) the map o.: N — V' defined by

0/(v) = 318V - i®](v)
is a isomorphism of C-vector spaces, meaning that
0+ (J(v)) = i04(v);
(v) the map o_: N — V' defined by
o_(v) = %(1 ®V+i®]J(Vv))

is an isomorphism of C-vector spaces, meaning that

o-(=J(v)) =io_(v);

Proof (i) Note that Jc is diagonalisable since its minimal polynomial has no repeated
factors. Because V¥ and V! are the eigenspaces for the eigenvalues i and —i, respectively,

we have
Ve =V e Vo
(if) For v € V¢ we can write v = 1 ® v1 +i® v, for v1,v2 € V. Then ¥ = v if and only if
v, = 0, and from this the result follows.
(iif) We compute

1@ +i®veVe | 1®J(v1)+i®J(vr) =i® v — 1 ® vy}
10 +i®@mm eVe | 1®](v1) —i® J(12) = -i®v; — 1 ® vy}
101 —i®uveVe| 10 J(v1) +i®J(vr) = -i® v + 1 ® vy}

V= {oe Vel Je(o) = iv)
= {
={
={
=(oeVel Je@) = vl = [pe Ve | ve V),
as desired.
(iv) First of all, note that u € image(o,) if and only if Jc(1) = iu, i.e., if and only if
u € VIO, Thus o, is well-defined and surjective. That it is an isomorphism follows from
a dimension count. That o, is a C-isomorphism in the sense stated follows via direct
verification.
(v) The proof here goes much like that for the preceding part of the proof. |
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As we warned in Example 4.1.3-2, we have in V¢ a case of a R-vector space
with two C-vector space structures. The first comes from the fact that V¢ is the
complexification of a R-vector space, and is defined by i(a ® v) = (in) ® v fora € C and
v € V. The other comes from the fact that the real endomorphism J¢ is a linear almost
complex structure on V¢ and so defines a C-vector space structure by i(a®v) = a® J(v)
fora € C and v € V. From Proposition 4.1.5 we see that these two C-vector space
structures agree on V'? but are conjugate on V*!'. Unless we say otherwise, the C-
vector space structure we use on V¢ will be that coming from the fact that V¢ is the
complexification of the R-vector space V.

We can use linear complex structures to characterise C-linear maps between vector
spaces with such structures.

Proposition (C-linear maps between vector spaces with linear complex struc-
tures) Let V, and V, be finite-dimensional R-vector spaces with linear almost complex
structures ], and J,, respectively. If A € Homg(V4,V,) with Ac € Home(Vic; Vo) the
complexification of A defined by Ac(a® v) = a® A(v) for a € C and v € V. Then the
following statements are equivalent:

(i) A € Homc(Vs, V,) (using the C-vector space structure on V1 and V, defined by J, and
]2);
(ii) the diagram

Vi —=V;
sl
V2 - V2
2
commautes;
(iii) Ac(V;°) € VY
(iv) Ac(V)h) c VIt
Proof (i) & (ii) This follows since, by definition, multiplication by i in V; and V5 is given
by ivx = Ji(vi) for all v € Vi, k € {1, 2}.
(iii) & (iv) We have
Ac(v) € V;’O forallv e V}’O
& Ac(v)eVy forallve V)’
— Ac(d) e Vg’l forallv e V}’O

= Ac(v)eV) forallve V),

using Proposition 4.1.5(iii) and the fact that Ac is the complexification of a R-linear map.
(i) = (iii) Let v € V0 so that J; ¢(v) = iv. Then

Jo,coAc(v) = AceJi,c(v) = iAc(v),

and so Ac(v) € V;'O.
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(iii,iv) = (ii) Letv € V}’O so that J; ¢(v) = iv. Then
AceJ1,c(v) =1Ac(v) = Jo,c 2 Ac(v).

Similarly, Ac ¢ J1,c(v) = Jo,c °Ac(v) for every v € Vi’o. Since Vi ¢ = V}’O @ Vg’l it follows that
the diagram

Jic
Vic——Vic

ACL lAc

Voo —— Vo
J2c

commutes. Since Ac, J1,c, and Jo ¢ are complexifications of R-linear maps, this part of the
proof is concluded. u

Let us close this section by giving basis representations for the various constructions
in this section.

4.1.7 Proposition (Basis representations for linear complex structures) Let V be a finite-
dimensional R-vector space with a linear complex structure J. Let (e1,...,€m,€m+1,---,€m)
be a J-adapted R-basis for V with dual basis (B,..., ™, ™", ..., p*™). Then the following
statements hold:

(i) the vectors1®e;+i®0,j € {1,...,2m}, form a R-basis for V C V¢;
(ii) the vectors (1 ® ¢j —i® ems), j € {1,...,m}, form a C-basis for V'7;
(iii) the vectors (1 ®ej +i® ems), j € {1,...,m}, form a C-basis for V.
Proof (i) This is clear since V is the subspace of V¢ given by the image of the map v — 1®v.
(if) We compute

](C(1®e]'_i®em+j)_i(1 ®€]‘—i®€m+]') = 1®](€]‘)—i®](€m+]')—i®€]'—1®€m+]'
= 1®em+j+i®ej_i®ej_1®em+j =0,

and so %(1 ®ej—i®eyyj) € ker(Je —iidy,) = V10, That the stated vector form a C-basis for
V10 follows from a dimension count.
(iii) This is a similar computation to the preceding. u

Note thatif (eq,...,€mn, em+1, ..., €2n) is a J-adapted R-basis for the vector space V with
linear complex structure J, then (0.(e1),...,04(en)) and (0_(e1),...,0-(ey)) are C-bases
for V10 and V%!, respectively.

4.1.2 Determinants of C-linear maps

In the preceding section we saw that C-vector spaces are realised as R-vector
spaces with a certain R-endomorphism. We also saw in Proposition 4.1.6 that this
real structure allows us to characterise C-linear maps. Since a C-linear map is also
R-linear, a C-linear endomorphism has a real and complex determinant. In this section
we establish the relationship between these two determinants. This will be useful to us
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in Section 4.1.6 when we look at orientations on R-vector spaces with linear complex
structures.

We first establish an interesting result of Silvester [2000]. To do so, let us set us the
appropriate framework. We let F be a field and F™* be the set of r X s matrices with
valuesin F. Let m,n € Z.y. An (m, n) block matrix is an element of F"""" for which
we recognise the following block structure:

al .o uln
Ap1 - App

where a; € F™", jk € {1,...,n}. Now let R C F™" be a subring of F"" and
denote by R(n) the subset of (1, 1) block matrices of the form (4.1) for which aj € R,
ik €{1,...,n}. Note that elements of R(n) can be regarded naturally as elements of
the set R, the set of n X n matrices with elements in R. Thus we have a bijection
ie: R(n) — R™". We also have a few determinant functions floating around, and let
us give distinct notation for these. For k € Z.(, we denote by det’;: Fixk — F and
det’;{: Rk R the usual determinant functions. With this notation, we have the
following result.

Lemma (Determinants for block matrices) Let F be a field, let m,n € Z.o, and let
R C ™™ be a commutative subring of matrices. We then have

det 7"(A) = det £ (det z3(tn(A)))

for every A € R(n).

Proof The proof is by induction on n. For n = 1 the result is clear. Now let A € R(n) for
n > 2. Let us write

A= aip  ap

ay a
for ap; € RO=Dx(=1) ., ¢ RO-DX1 g0 € R and a4y, € R. A direct computation,
using the fact that R is commutative, gives
A [ﬂzzln—l O(n—l)xl] _ [ﬂzzﬂll — ai2da21 u12].

—an 1r 01x(n-1) a2

We then have
(det fA)ay; ! = (detfy (az2an — a12a21))az

which gives
det['(detfA) det ' (ax)" "' = det(det s (axa11 — arpaz1)) det ! (ax). (4.2)
We also have

(det P A)(det P'(a))" " = (det f"V(anarn — a12a2)) det [ (az0). (4.3)
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By the induction hypothesis,
det ?(n_l)(ﬂzzan — appaz) = det (det s (a2811 — a12a21)). (4.4)
Combining equations (4.2)-(4.4) gives
(det"A — det(det 3 A))(det ! (a22))" ! = Of.

If det {'(a22) # Of then the lemma follows. Otherwise, we make a small modification to the
computations above by defining

A, = | ap
7 ay &Ly +ax

for £ € F. We think of this as being a matrix with entries in the polynomial ring F[£] or as
a block matrix with blocks in the polynomial ring R[£]. Upon doing so, the computations
above may be carried out in the same way to give

(det P} Ag — det f{, (et f, As))(det fi (ELn + 122))" = Ofpg-

Note that (det ’F"[ CE](éIm +a))""! is a monic polynomial and so we conclude that

det ?[%]Ag —det ;1:1[5] (det g[g]AE) = OFpg)-

Evaluating this polynomial at £ = 0 gives the result. u
With this result we have the following.

4.1.9 Proposition (Real and complex determinants) If V is a R-vector space with a linear
complex structure ] and if A € Endc(V;V), then detrA = |det cAl*.

Proof Let (e1,...,em,em+1,---,62m) is a J-adapted (real) basis for V, then (ey,...,e,) is a

C-basis. We let Ar be the real matrix representative of A with respect to the R-basis

(e1,em+1,---,em,e2m). We also denote by Ac the complex matrix representative of A with

respect to the C-basis (ey, ..., en). WeletR C R2mx2m denote the subring of matrices having

the block form
ann ... A1m

Am1 *° Amm
where each of the 2 X 2 matrices a jks Jr ke{l,...,m}, has the form

_|x Y
= [—y X]
for x, y € R; associated to each such matrix is the complex number z = x + iy. Obviously,
detra, = |z (4.5)

One directly verifies that the map z — a, is a ring isomorphism. Since complex multipli-
cation is commutative, it follows that R is a commutative subring of R"". Also note that
Ag € R. Since z - a, is a ring isomorphism, det RAr = ageta.. By Lemma 4.1.8 and (4.5)
we have

detAp = detr detpAg = |detAcf?,

which is the result. [ |
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4.1.3 Duality and linear complex structures

Next we study dual spaces of R-vector spaces with linear complex structures. Since
we will consider both R- and C-vector space structures, we need to be careful with
notation. Indeed, there are many ways to represent the dual of a complexification. . . or
is it the complexification of a dual... By (V*)c we denote the complexification of the
R-vector space V*, i.e.,

(V) =Cer V.

By (V¢)* we denote the complex dual of V¢, i.e.,
(V¢)" = Home(V¢; C).

We also note that the set Homg(V; C) has a natural C-vector space structure with scalar
multiplication given by

(aa)(v) = a(a(v)), aeC, a € Homg(V;C), ve V.

With this structure in mind, we have the following result.

Lemma (Complexification and duality) For a R-vector space \ we have natural R-vector
space isomorphisms
(V)c = (V)" = Homg(V; C).
Proof We can write @« € (V)casa = 1® a1 +1® ap for a;,ap € V. We then have the
isomorphism
(Ve 3 a1 +iap = aq +iap € Homp(V; C).

The isomorphism from Hompg(V; C) to (V¢)* is given by assigning to &« € Homg(V;C) the
element @ € (V¢)* defined by
a(a ®v) = aa(v).

We leave to the reader the mundane chore of checking that these are well-defined isomor-
phisms of R-vector spaces. |

Because of the lemma we will simply write V. in place of either (Vc¢)*, (V*)c, or
Homg(V; C). We shall most frequently think of V. as either C ®g V* or Homg(V; C).
In the former situation, an element of V{, is written as @ = 1 ® a; +i® a; and, in
the latter, an element of V{, is written as « = a; + iax. These two representations are
unambiguously related of course. But the reader should be warned that we shall use
both, on occasion.

With respect to this notation, we have the following result.

Proposition (Linear complex structures and duality) Let V be a finite-dimensional
R-vector space with a linear complex structure J. Then

(i) J" is a linear complex structure on V* and,
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(i) with respect to the linear complex structure J*, we have isomorphisms

(V*)LO ={a e Vi | a(v) =0 for every v € Vo) ~ (Vl'O)*

and
(VY ={a e V. | a(v) =0 for every v € VO ~ (Vo)

(iii) thinking of VE: ~ Homg(V; C),

(V)" = Home(V; C);

(iv) thinking of Vjc ~ Homg(V; C),

(V! = Home(V; C).
Proof (i) We have, fora € V*'andv eV,
J e (a);0) ={J(@); J(v)) =a; ] 2 ]J(v)) = (-, V),

and so J* o J*(a) = —a, as desired.
(il) We have

V) ={ae Ve | J'(a) = ia}
={a e Vi | (J'(a);v) = (ix;v) for all v € V}
={a e Vi | {a;(J —iidy.)(v)) = 0 forall v € V}

={a eV | (o) =0forallve V'),
using the fact that image(J —iidy.) = V%!. One similarly proves that
(VY ={a € Vi | (a;v) =0 forall v e V0L

The fact that (V)10 ~ (VO1)* and (V*)*! =~ (VIP)* follows from the following fact whose
easy proof we leave to the reader: If U = V@& W, then

U = ann(W) @ ann(V) ~ V" & W".

(iii) We need to show that a € (V)? ¢ Homg(V; C) if and only if a(iv) = ia(v) for every
v € V. Suppose first that a € (V). Then

(a;iv) = {a; J(v)) = (J'(a); v) = (ix; V),

or, in different notation a(iv) = ia(v), this holding for every v € V. Reversing the argument
gives a € (V)M if a(iv) = ia(v) for every v € V.

(iv) As in the preceding part of the proof, we must show that a € (V*)! ¢ Homg(V; C)
if and only if a(—iv) = ia(v) for every v € V. And, still along the lines of the preceding part
of the proof, this follows from the computation

(@; =iv) = {a; =] (v)) = (=] (a);0) = (i; v),
this holding if and only if a € (V*)*1. |

Let us look at basis representations for duals.
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4.1.12 Proposition (Dual basis representations for linear complex structures) Let V be a
finite-dimensional R-vector space with a linear complex structure]. Let (e1, ..., €m, €m+1, €m)
be a J-adapted R-basis for V with dual basis (B,..., ™, ™", ..., p*™). Then the following
statements hold:

(i) the vectors1®f +i® ™", je{1,...,m}, form a C-basis for (V*)'0;
(ii) the vectors1® pi —i® f™1,j € {1,...,m}, form a C-basis for (V*)1.
Proof (i) Here we note that

(1B +i®p™;10e +i®euu) =0

for every j,k € {1,...,m}. Thus the vectors 1® p/ +i® "/ are a C-basis for the annihilator
of V91, and the result follows from Proposition 4.1.11(ii).
(ii) This follows similarly to the preceding part of the proof. n

4.1.4 Exterior algebra on vector spaces with linear complex structures

In Section F.3 we define the algebras A (V) and T\ (V) for a vector space V over an
arbitrary field. These algebras are, in fact, isomorphic and the natural products on each
space are in correspondence with one another by Corollary F.3.15. For this reason,
we shall use the notation A(V), even if we think of the elements as being alternating
tensors. We shall also denote the product by “A.”

Now let V be a finite-dimensional R-vector space with linear complex structure J.
Motivated by our constructions with duals from the preceding section, we denote

A"(Ve) = Cer A" (V).

Thus an element w € A"(V}.) can be written as w = w; + iw, for wy, w, € A"(V).
More or less exactly as with duals in the preceding section, cf. Lemma 4.1.10, we have
alternative characterisations of \"(V}.) as (1) the set of R-multilinear alternating maps
from V to C and (2) the C-multilinear maps on the C-vector space V. For concreteness
and future reference, let us indicate how w = 1Qw; +i®w, € A? (V%) is to be regarded
as a C-multlinear map on V¢. Todo so, let 1 ® u; +i® u;, 1 ® 1 +i® v, € V¢ and note
that

(1 ® wq + i® a)z)(l Ui+ i® U, 1® 01 + i® Uz) = (0)1(1/[1,01) — a)l(uz, Uz))
— (w2(u1,02) + wr(u2, 01)) + i((w2(u1, 1) — Wa(Uiz, 2)) + (wW1(111, V2) + W1 (12, v1))), (4.6)

using R-multilinearity and the definition of tensor product.
If o e \"(V;.) we define @ € \"(V}.) by

a‘)(vl, . ,Um) = a)(z71, . /77111)/

where we think of @ as a C-multilinear map on V¢. An element w € A\"(V}.) is real if
@ = w. We have the following characterisation of real forms.
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4.1.13 Lemma (Characterisation of real exterior forms) An exterior form w € \™ (V) is real
ifand only if w = 1® &’ for some ' € \™(V*).
Proof Suppose that w =1® w1 +1® wy is real. Then, for any vy, ...,v, € V, we have
w=w,
= o(1®v,...,100,) =w(1®v1,...,1Q0y),

=  w1(v1,...,0m) —iwa(v1,...,0m) = 01(V1, ..., Un) +iw2(v1,. .., Un).

As this must hold for all v4, ..., v, € V, we have wy = 0.
For the converse, suppose that v = 1® @’ for w € A" (V*). By C-multilinearity of w we
have
W@ ®01,...,0, V) =1 Ay (01,...,0n)

from which we immediately deduce that
(@ V1, ..., 0y @Vy) =1 Ay (V1,...,0m) = W@ ®V1,..., 0 ® Up).
Universality of the tensor product gives the result. [

We are interested in distinguished spaces of alternating tensors that are adapted to
the linear complex structure.

4.1.14 Definition (Alternating tensors of bidegree (k, 1)) Let V be a R-vector space with
linear complex structure | and let k, [, m € Z satisfy m = k + I. An alternating tensor
w € N\"(V) has bidegree (k, 1) if

w(avy, ..., avy,) = ddw(v, ..., v,)

foralla € C and vy,...,v, € V. The set of alternating tensors with bidegree (k,I) is
denoted by /\k’l(sz). By convention, /\O’O(Vjc) =C. °

Let us state a few basic properties of such forms.

4.1.15 Proposition (Properties of alternating forms with bidegree) Let V be a R-vector space
with linear complex structure] and letk,1,k’,1’, m, m’ € Zyg satisfym = k+landm’ = k'+1".
Then the following statements hold:

(i) A (V) N AT (VL) = (0} unless k = K and 1 = 1;
(i) A*(V5) is a C-subspace of \™(V3.);
(iii) if w € N*(VL) then @ € A\™(V2);
(iv) if w e N (V) and @' € NV (V2), then w A o’ € N (V2);
(v) A™(V) = EP AM(Vp).
k1l

k+l=m
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Proof (i) We can obviously suppose thatk+! = k' +1I’. Suppose thatw € /\k’l(VfC) NAFT Vo)
is nonzero and let vy, ..., v, € V be such that w(vy, ..., vy) # 0. We then have

1

akﬁla)(vl, ee,Op) = d’a w(v1,...,0m)

for everya € C. Takinga = el? for 6 € R, we must have e!?*=) = 0= Thjg implies that
k—1— (k" —T") is an integer multiple of 27, and so must be zero.

Proofs of parts (ii), (iii), and (iv) consist of simple verifications.

(v) By part (i) it suffices to show that if w € /\m(VE:) then we can write

k1

k+l=m

for some «f! € /\k’I(VZ‘C). This we show using a basis for V. Thus we let
(e1,...,en en41, ..., €2:) bea J-adapted R-basis for V with dual basis (ﬁl, B ﬁ”“, el ,82”).
By Propositions 4.1.12 and F.3.5, the alternating forms

(1@ +i®F" ™) A A(1@ P +i® ")
A(1®ﬁb1—i®ﬁn+b1)/\"'/\(1®ﬁb’—i®ﬁ”+b’),
1<m<-<y<nl<bhh<---<b<n k+l=m,

form a R-basis for A" (V). Since the alternating forms in the preceding expression with k
and / fixed have bidegree (k, I), the result follows. [ |

An alternative and equivalent way to understand the subspaces /\k’l(VjC) is by the

formula l
A"(Ve) = A"V @ (V) = B AV & AV,
k+]§im
which is Lemma 1 from the proof of Proposition F.3.5. With this as backdrop, we can
define
AV = AV 8 NV,

and this description is easily shown to be equivalent to the one we gave above; indeed,
this is contained in the proof of the preceding proposition.

4.1.5 Hermitian forms and inner products

In this section we consider the structure of an inner product on a C-vector space,
or equivalently a R-vector space with a linear complex structure. We shall adopt the
usual terminology of referring to a symmetric real bilinear map as a bilinear form. In
the complex case, the usual terminology is the following.
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4.1.16 Definition (Hermitian form and Hermitian inner product) Let V be a finite-
dimensional C-vector space. A Hermitian form on V is a map h: VXV — C with
the following properties:

() h(vy,v1) = h(vq,v,) for all vy, v, € V;
(ii) h(vy + vy, u) = h(vy, u) + h(vy, u) for all u, vy, v, € V;
(i) h(avq,v2) = ah(vq,v,) for all v1,v, € Vand a € C.
A map h: VxV — Csatisfying the above properties but with property (iii) replaced by

h(vll avZ) = ah(01102)/ 01,02 € V/ ae (C/

then & is a conjugate Hermitian form.
If we have

(iv) h(v,v) >0forallv e V
then & is positive-semidefinite and if, additionally,
(v) h(v,v) =0thenv =0,
then h is a Hermitian inner product. o
If h is a Hermitian form on a C-vector space V, then we can define an associated

conjugate Hermitian form / in the obvious way: h(u, v) = h(u, v).
The following elementary result characterises Hermitian forms in a basis.

4.1.17 Lemma (Basis representations of Hermitian forms) If (ey,...,ey) is a C-basis for a
C-vector space V, then the following statements hold:
(i) if h is a Hermitian form on V, then the matrix h € C™ defined by hj = h(ej, ex),
j,ke{l,...,n}, satisfies ET =h;
(ii) conversely, if h € C™ satisfies h' = h then the map h: VXV — C defined by
h(Z uje]-, Z Vjej) = Z h]-kuj\'/*k
=1 k=1 jk=1

is a Hermitian form.

As a consequence of the lemma, let us introduce some notation. We let (e, ..., e,)
be a C-basis for the C-vector space V with dual basis (8!,...,8"). For j € {1,...,n}

define B/ € Homg(V; C) by B/(v) = Bi(v). Note that / is antilinear and so is not an
element of Hom¢(V; C), but an element of Hom¢(V; C). In any case, we can write

h= Z hjkﬁj ®ﬁ_k,

jk=1
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understanding that this means that

M, 0) = ) Bl0Bi©) = Y hyld",

jk=1 jk=1

as desired.

The standard Gram-Schmidt procedure [Axler 1997, Theorem 6.20] shows that,
given a Hermitian inner product &, there exists a C-basis (e;,...,e,) for a C-vector
space V for which

]-/ ] = k/
hie;, ex) =
(e, ex) {O, %k

Such a basis is called orthonormal.

As we saw in Section 4.1.1, there is a natural correspondence between C-vector
spaces and R-vector spaces with linear complex structures. We shall study Hermitian
forms in the context of a finite-dimensional R-vector space V with linear complex
structure J. In this case, a Hermitian form /, being C-valued, can be written as

h(v1,v2) = g(v1,v2) — iw(vy, v2),

where ¢ and w are R-valued R-bilinear maps on the R-vector space V. (The minus sign
is a convenient convention, as we shall see.) Let us examine the properties of g and
w.

4.1.18 Proposition (The real and imaginary parts of a Hermitian form) Let V be a finite-
dimensional R-vector space with a linear almost complex structure ], and let h = g — iw be a
Hermitian form on V. Then the following statements hold:

(i) g is symmetric;

(i) w is skew-symmetric;
(iii) g(J(v1),J(v2)) = g(v1,Vv2) forall vy, v, € V;
(iv) w(J(v1),](v2)) = w(v1,v2) for all vi, v, € V;
(v) w(vy,va) = g(J(v1), Vo) forall vi,v, € V.
(Vi) g(vi,v2) = w(vy,](vo)) for all vi,v, € V.

Moreover, if R-bilinear maps g and w are given satisfying conditions (i)—-(v), then the map
h: VXV — C defined by

h(vy, v2) = g(vy, v2) — iw(vy, v2)

is a Hermitian form and is a Hermitian inner product if g is an inner product.
Proof (i) and (ii) For v1,v; € V we have

§(v2,v1) —iw(vz, v1) = h(v2, v1) = h(v1,v2) = §(v1,02) + iw(v1,2),
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and the symmetry of ¢ and skew-symmetry of w follow by taking real and imaginary
parts.
(iii) For v € V we have

8(J(v), J(v)) = g(J(v), ](v)) — iw(]J(v), ](v)) = h(] (), ](v))
= h(iv,iv) = h(v,v) = (v, v) — iw(v,v) = g(v,v).

Now, for v1,v, € V we have

g(J(@1),J(02)) = 38(J(01) + J(v2), J(©1) + J(©2)) = 38(J(v1), J(v1)) — 38(J(v2), ](02))
1 1 1
= 58(v1 + 02,01 + v2) — 58(01,02) — 58(02, v2) = g(v1,2).

(iv) We use part (v) proved below. Using this, we compute

w(J(01), J(02)) = §(J*(01), J(02) = —8(v1, J(v2))

= = 8(J(v2),v1) = —w(v2,v1) = w(v1,02).
(v) and (vi) Here we have
h(iu, v) = h(J(u),v) = §(J(u), v) — iw(J (1), v)

Since h is Hermitian we have h(iu, v) = ih(u, v) which gives

g(J(u),v) —iw(J(u),v) = ig(u, v) + w(u, v).

Matching real and imaginary parts gives w(u,v) = g(J(u),v) and g(u,v) = w(vy, [(v2)), as
desired.

For the final assertion, if is clear that & as defined is R-bilinear, satisfies h(v, 1) = h(u, v),
and is positive-definite if g is positive-definite. To complete the proof it suffices to prove
linearity with respect to scalar multiplication by i in the first entry. To this end we compute

h(iu, v) = h(J(u), v) = g(J(u), v) — iw(J(u), v)
=8> J(w), J(v)) +ig(u,v)
= i(ig(w, J(v)) + g(u,v))
= i(g(u, v) +ig(J(u), ] <] ()

=i(g(u,v) —iw(u,v) = ih(u,v),
as desired. [
Motivated by the preceding result, we have the following definitions.

4.1.19 Definition (Compatible bilinear form, fundamental form) A real bilinear form g on a
R-vector space V with linear complex structure | is compatible with | if g(J(v1), J(v2)) =
g(v1,v,) for all v1,v, € V. For a compatible bilinear form, the alternating two-form w
defined by w(v1, v2) = g(J(v1), v2) is the fundamental form associated to g. °

Let us illustrate the preceding notions with a simple example.
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Example (C" as a Hermitian vector space) We consider the C-vector space C" with
its standard linear complex structure as in Example 4.1.3—-1. Denoting by H the
standard Hermitian metric, we have

m m

H((x" +iy', ..., 2" +iy™), (' +i0', ..., u" +i0™)) = Z(xfuj +yv)) - iZ(xjvf - yu).
=1 j=1

Thus, if we write H = G — iQ) for a bilinear form G and an exterior two-form Q, then

G=) (@ddedd+dyedy) Q=) dvAdy. .

=1 =1

Note that the final assertion of the preceding result gives rise to a Hermitian form
on V with respect to the C-vector space structure associated to . We also have the
C-vector space V¢, and we recall that we use by default the C-vector space structure
coming from the usual complexification, rather than from Jc. With respect to this
C-vector space structure and a (real) bilinear form A on V, we can define a form Ac on
VC by

Ac(@®u,b®v) = abA(u,v). (4.7)
Note that if A is symmetric, Ac is Hermitian.

The following result relates this complexified Hermitian form to the Hermitian
form h constructed from g in Proposition 4.1.18.

Proposition (Properties of complexified forms) Let V be a finite-dimensional R-vector
space with a linear complex structure ], compatible bilinear form g, and fundamental form .
Then the following statements hold:

(i) gc(u,v) =0 forue VY0 andv e Vo,

(ii) 0°.(gcIVH?) = Th, where o is the isomorphism from Proposition 4.1.5(iv);
(i) o* (gcIVO!) = ER where o_ is the isomorphism from Proposition 4.1.5(v);

(iv) o (wclV?) = ih, where o is the isomorphism from Proposition 4.1.5(iv);
(v) 0 (wclVO) = %_h, where o_ is the isomorphism from Proposition 4.1.5(v);
(vi) 1Qw € /\Z(Vjc) is real and of bidegree (1,1).

Proof (i) By Proposition 4.1.5 we write elements of V¥ and V%! as
1eu—-i®J(u), 1®v+i® ().
respectively, for u,v € V. A calculation, using compatibility of ] and g, gives

gc(1l®u-i®J(u),1®v+i® J(v))
=g8c(1®u,1®v) +gc(1®u,i® J(v) - gci® J(u),1®v) — gc(i® J(u),i® J(v))
= g(u,v) —ig(u, J(v)) — ig(J(u), v) — g(J(w), J(v)) = 0.
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(i) As in the preceding part of the proof, this is a direct computation:

gec(l®u-i®J(u),1®v-1i® J(v))
=2c(1®u,1®0) - gc(1®u,i® J(v)) — gc(i® J(1),1®0v) + gc(i® J(u),i® J(v))
= g(u,v) +ig(u, J(v)) —ig(J(u), v) + g(J(w), J(v)) = 2h(u, v),

foru,veV.
(iii) Here we compute

gec(leu+i®J(u),1®v+i® J(v))
=9c(1®u,1®0)+gc(1®u,i® J(v)) + gc(i® J(1),1 ®v) + gc(i® J(u),i® J(v))
= g(u,v) —ig(u, J(v)) +ig(J(u), v) + gUJ(w), J(v)) = 2h(u, v),

foru,veV.
(iv) Here we compute

wc(1®u—-i® J(u),1®v-1® J(v))
=wc(1®u,1®v)—wc(1®u,i® J(v)) —wciA® (1), 1 ®v) + wc(i® J(1),iQ J(v))
= CL)(M, U) + iw(”/ ](Z))) - ia)(](u), U) + a)(](u)/ ]('U)) = Zlh(u/ U)/

foru,veV.
(v) Here we compute

wc(1@u+i® J(u),1®v+1i® J(v))
=wc(1®u,190)+wc(1®u,i® J(v) + wc(i® J(u),1®v) + wc(i® J(u),i® J(v))

= w(u,v) —iw(y, J(0) +iw(J(w),v) + o(J(w), J(v)) = 2ihk(u, v),

foru,veV.
(vi) That 1 ® w is real follows from Lemma 4.1.13. Leta = a; +ia; € C and calculate

w((a1 +ia2)vy, (a1 + ia2)02) = w(a101,4102) + w(a101,a2)(02))
+ w(az)(v1), a102) + w(az](v1), a2 (v2))
= afw(vy, v2) + a1a28(J(v1), J(v2))
+marg(J o (v1),02) + a38(] 2 J(v1), J(v2)

= (a% + a%)w(vll UZ) = aaa)(vll UZ)/
giving the result. [

The following result establishes an important correspondence between Hermitian
forms and their imaginary parts.

4.1.22 Proposition (Hermitian forms and real alternating forms of bidegree (1, 1)) Let V
be a finite-dimensional R-vector space with a linear complex structure J. For a Hermitian form
hon V let g and w be the real and imaginary parts of h, as above. Then the map h — w is an
isomorphism between the R-vector spaces of Hermitian forms and the real alternating forms of
bidegree (1,1).
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Proof The map ¢: h — w is clearly R-linear. To see that this map is injective, suppose
that ¢(h) = 0. By Proposition 4.1.18(iv) it follows that the real part of & is also zero and so
h is zero.
To prove surjectivity of ¢, let w be a real form of bidegree (1,1). Define a map
g: VXV = Rby g(v1,v2) = w(v1, J(v2)). We claim that ¢ is symmetric. Indeed,
8(v2,01) = w(va, J(11)) = —w(J(01),02) = Pw(J(21),v2) = =iiw(J(01), 02)
= - w(]z(vl)/ ](02)) = Cl)(U],](UQ)) = g(vll 02)/

using the fact that w has bidegree (1,1). Now define h: VXV — C by
h(vll UZ) = g(vll UZ) - ia)('(]l, UZ)'

We claim that  is Hermitian. Indeed, & is obviously R-bilinear and satisfies h(v2,v1) =
h(v1,v2). Moreover, we have

g(J(v1),02) —iw(J(v1), v2) = w(J(01), J(02)) — iw(](v1), v2)

— Pw(vr, v2) + iw(02, J(v1)) = i(§(01, v2) — iw(v1, 02)) = ih(v1, v2),

h(ivy, v2)

as desired. ]

The correspondence between a Hermitian form and its imaginary part is often
written as
h = =2iw. (4.8)

By Proposition 4.1.21(iv) this formula makes sense if w is replaced with w¢. By Propo-
sition 4.1.23 below, particularly parts (i) and (iii), this formula makes sense for the
components of i and w with respect to appropriate bases. An heuristic verification
of (4.8) can be given as follows:

h(u,v) = g(u,v) —iw(u,v) = w(u, J(v)) — iw(u, v) = w(u,iv) — iw(u, v) = =2iw(u, v).

This computation stops short of making sense because the relation w(u, iv) = —iw(u, v)
does not make sense, unless w is replaced with wc. In any case, the formula (4.8) is
often used, but only makes sense upon interpretation.

Let us now give the basis representations for the various objects described above.

Proposition (Basis representations associated to Hermitian forms) Let V bea finite-
dimensional R-vector space with a linear complex structure J. Let g be a real bilinear form
compatible with ], let w be the fundamental form associated with g, and let h = g — iw be the
associated Hermitian form. Let (e1,...,€m,€m+1,---,€m) be a J-adapted R-basis for V with
dual basis (B,...,B™, ™%, ..., B*™), and define

fj:%(1®ej—i®em+j), fj:%(1®ej+i®em+j), jE{l,...,m},

and
Y=1ep +i®p™, P=10p-i®p™, jei{l,...,m},
Define hy € C by hyc = h(ej, ex), j, k € {1,...,m}. Then we have the following formulae:
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() h=) hu(F@p +p™0p™ ) i) (hyf @™ - hyp™* o )
jk=1 j k=1
= Y h o7
jk=1
(i) g=") Re(h)(f® "+ @ ™) + Y Im(hy)(f @ ™ + p™** @ )

jk=1 j k=1
m

1 | .
=5 ) /o7 + 7 ey);
jk=1

’

i) o= = Y Tl A+ A+ Y Relydp A T

(0)=(1,....m? o1
i« N
= —5 2 ATk
jk=1
Proof (i) We have h(ej, ex) = hj, j,k € {1,...,m}, by definition. Since / is a Hermitian form
on the C-vector space V,
h(em+j, emsx) = h(iej, iex) = hiej, ex) = hj,
h(ej, emx) = hiej,iex) = —ih(ej, e) = —ihy,

W(emk, €j) = h(ieg, ej) = ihy; = ihj.

From these observations, the first formula in this part of the result follows. For the second,

write u,v € V as
m m
U= Z wej, v= vaej,
j=1 j=1

for u/,v/ € C, j€{l,...,m}. We then have

m
v) = Z h]‘kujﬁk.

jk=1

Next we note that

m m m

Je:) = ] j m+J j
Zue] 1®p Zue] +i®p Zue]
j=1 j=1 =1

m m

=1® ﬁj(Z(Re(uf)e]- + Im(uj)em+]~)) +iQ® ﬁm+j(Z(Re(uj)ej + Im(uj)em+]-))
j=1 j=1

= Re(u]-) + iIm(u]-) = Uj
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and similarly )7j (v) = o/. We, therefore, have
m ) m )
Z l’l]‘k)/] &® )7k(u, v) = Z hjkufﬁk.
k=1 k=1

This gives the second formula in this part of the result.
(il) We have

g(ej, ex) = Re(h(ej, er)),
S(em+j, emsx) = 8UJ(ej), J(ex)) = g(ej, ex) = Re(hlej, ex)),
g(ej emr) = glej, J(er)) = —w(ej, ex) = Im(h(ej, ex)),
g€k, €j) = glej, emrr) = Im(h(e;j, ex)),

giving the first formula. For the second, we first write u,v € V as

m m
U= Z wej, v= Zv]e]-,
j=1 j=1
for u/,v/ € C, jefl,...,m}. Then

g(u,v) = Re(h(u,v)) = —(h(u 0) + h(u,v)) = Z h]ku]v +h ku]v )
]k 1

From this we conclude that

9= (hky]®y +hky]®)/k)

—
=
Il

N =
X ME

1

| =

=5 ) o7 + 7 ey,
jk=1

as desired.
(iii) Here we compute

w(ej,ex) = — Im(h(ej, ex)) = —Im(hy),
@ (m+jr k) = §U(€m+7), emsx) = —8(€j, J(emsr)) = 8UJ(ej), ) = w(ej, er) = —Im(hp),
w(ej, emk) = §UJ(€)), emsk) = §(€m+j, em+j) = Re(hy),
which is the first formula. For the second formula, as in part (ii) of the proof we compute
. . m
i — i ; -
w(u,v) = Im(h(,v)) = ~7 ((u,v) ~ h(u,0)) = ‘E(Z hj ot — o).
jk=1
Thus

i m
w= -7 ;(h]ky] ® 7 iyl )" = - ;ldw ® 7" — iy ® )
k= I

. m
1
= ~5 ) i ert -y ®V])___Zh]k)/]/\7/r
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as claimed. [ |

4.1.6 Volume forms on vector spaces with linear complex structures

Volume forms arise on vector spaces with linear complex structures in a natural
manner. First of all, we let (ey, ..., e, en+1,€21) be a J-adapted basis for a R-vector
space V with a linear complex structure J, and let (8%,...,p", p"*,...,B*") be the
corresponding dual basis. We also denote, as usual,

yi=1@p/ +i®p™, Y =1p -i0p"/, je{l,...,mh.
Then we have a volume form
ﬁl /\‘Bm+1/\/\‘8m/\‘82m
that satisfies
(%)m,)/l /\,)71/\/\,)/m/\?m:1®ﬁl/\‘8m+l/\/\‘8m/\52m

Now let (fi,..., fu, fms1,--., fom) be another J-adapted basis with dual basis
(al,...,am a1, ., a®). Let A € R¥™?" be defined by

2m
fi= ZA%"’ jefl,...,2m}.
k=1

By the change of basis formula we have AJ, = J;A where |, and J, are the matrix repre-
sentatives of | in the bases (e1, . .., em, em+1, €2m) and (f1, ..., fu, fs1,- - -, fm), respectively.
We also have

Omxm _Im
]1:]2:[ 1, l/

Ome

from which we deduce from Proposition 4.1.6 that A: R*" — R?" is C-linear with
respect to the standard linear complex structure on R*". Thus

B C
S

where B, C € R™"_ Since A is invertible, B is also invertible.
The above computations contribute to the following result.

Proposition (Volume forms on vector spaces with linear complex structures) Let

V be a R-vector space with linear complex structure J, and let (e1,...,€m, €m+1,--.,€m) be a
J-adapted with dual basis (8, ..., ™, B™1,..., B*™). Let

V=1@p +i®p™, y=10p -i®p™, je{l,...,mh.

Then V possesses a canonical orientation for which the following statements regarding v €
A" (V") are equivalent:
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(i) v is positively oriented;
(i) v is a positive multiple of

ﬁl/\ﬁm+l/\_“/\‘8m/\52m;

(iii) v is of bidegree (m, m) and 1 ® v is a positive multiple of

(%)myﬂ\;ﬂ/\---/\ym/\;‘/m.

Proof Let us carry on using the notation preceding the statement of the proposition. Note
that
al/\amﬂ/\_“/\am/\aZm ZAﬁl/\ﬁMH/\‘“/\ﬁm/\ﬁzm

for some A € R\ {0}. The result will follow from the computations preceding its statement
provided we can show that, in fact, A € R.. This will follow if we can show that the matrix
A above has a positive determinant. This, however, follows from Proposition 4.1.9. [ ]

4.1.7 Totally real subspaces

The canonical finite-dimensional C-vector space C" features a natural R-subspace
of dimension n that we call the “real part” of C", namely the subspace

{x+i0| x € R"}.

However, this subspace is not as natural as it seems. To wit, given a general finite-
dimensional R-vector space V with linear complex structure |, there is no natural
choice for the “real part.” Nonetheless, one can characterise the subspaces having the
properties of R" € C".

4.1.25 Definition (Totally real subspace) Let V be a finite-dimensional R-vector space with
linear complex structure J. A subspace U C V (subspace as a R-vector space) is totally

real if J(U) N U = {0} .

Let us characterise totally real subspaces in the case that we have an inner product
compatible with the linear complex structure.

4.1.26 Proposition (Characterisation of totally real subspaces) Let V be a finite-dimensional
R-vector space, let | be a linear complex structure on V, and let g be a (real) inner product on V
compatible with J. Then, for a (real) subspace U of V, the following statements are equivalent:

(i) U is totally real;
(i) U and J(U) are g-orthogonal.

Proof Since the second assertion clearly implies the first, we only prove the other impli-
cation. Since g is compatible with |,

§(J(v1), J(v2)) = g(v1,v2), vy, v2€V.
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Thus ] is g-orthogonal. Since | is diagonalisable over C and has only eigenvalues +i, there
exists a g-orthogonal decomposition

V=Vie---aV,

of Vinto J-invariant two-dimensional subspaces. If U is totally real it follows that UNV; is
either one- or zero-dimensional for each j € {1, ..., n}. By relabelling if necessary, suppose
that there exists vy,..., v € V such that UN V; = spang(v)), j € {1,...,k} and UN V; = {0}
for j € {k+1,...,n}. To prove that J(U) and U are g-orthogonal, it then suffices to show
that ¢(J(v;),vj) = 0 for each j € {1,...,k}. This, however, follows easily. Indeed, for any
v € V we have

g(J(©),v) = g(P(v), J(v)) = —g(v, ]()) = =g (J(v), 0),
giving ¢(J(v),v) = 0, as desired. [ |

This allows us to prove the following result, showing that bases for totally real
subspaces can be extended to J-adapted bases.

4.1.27 Lemma (Extending bases for totally real subspaces) Let V be a finite-dimensional
R-vector space with linear complex structure ], and let U C V be a totally real subspace. If
(e1,...,ex) is a basis for U, then there exist linear independent vectors ey, . ..,en € V such

(elr . -/en/](el)/ .. '/](en))

is a J-adapted basis for V.
Proof We choose a J-compatible inner product g on V, e.g., the real part of a Hermitian
inner product on V. As we saw in the proof of Proposition 4.1.26, there then exists a

g-orthogonal decomposition
V=Vio---eV,

such that e; € Vj, j € {1,...,k}. Then choose ¢; € V; for j € {k+1,...,n}. Itis then
immediate that (eq,..., ey, J(e1),...,J(en)) is linearly independent, and so a basis. The fact
that o] = —idy easily shows that this basis is also J-adapted. [ |

4.2 Holomorphic and real analytic manifolds, submanifolds, and
mappings

In this section we simultaneously consider the basic ingredients of holomorphic
and real analytic geometry. Only in a few places do we focus on specific properties of
holomorphic manifolds.

4.2.1 Holomorphic and real analytic manifolds

We shall very quickly go through the motions of defining the basic objects of
holomorphic and real analytic differential geometry, the holomorphic and real analytic
manifolds. Almost all of these basic definitions go as in the smooth case.
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4.2.1 Definition (Holomorphic or real analytic charts, atlases, and differentiable struc-
tures) Let Sbe aset, let F € {R,C}, and let 7 € {oo,w} if F = Rand r = hol if F = C. An
F-chart for S is a pair (U, ¢) with

(i) U asubsetof S, and
(i) ¢: U — F" an injection for which ¢(U) is an open subset of F".

A C'-atlas for S is a family &7 = ((U,, ¢4))sea of F-charts for S with the properties that
S = U,eall,, and that, whenever U, N U, # 0, we have

(i) P.(U, N Up) and (U, N Uy) are open subsets of F”, and

(iv) the overlap map ¢y £ O o D7 o (U, NUp) is a C'-diffeomorphism from ¢, (U, NU,)

to ¢p(U, N Up).

Two C'-atlases . and <% are equivalent if o/} U o is also a C'-atlas. A C-differentiable
structure, or a holomorphic differentiable structure, on S is an equivalence class of at-
lases under this equivalence relation. A C'-differentiable manifold, or a C'-manifold,
or a holomorphic manifold, M is a set S with a C'-differentiable structure. An admis-
sible F-chart for a manifold M is a pair (U, ¢) that is an [F-chart for some atlas defining
the differentiable structure. If all F-charts take values in F" for some fixed n, then n
is the dimension of M, denoted by dimr(M). The manifold topology on a set S with
a differentiable structure is the topology generated by the domains of the admissible
F-charts. .

In Figure 4.1 we illustrate how one should think about the overlap condition.

Figure 4.1 An interpretation of the overlap condition

Note that a holomorphic or real analytic manifold is immediately a smooth man-
ifold, the latter assertion being trivial and the former since holomorphic maps from
open subsets of C" into C™ are infinitely differentiable as maps from open subsets of
C" ~ R* into C" ~ R?".
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We shall very often consider manifolds whose topology has additional assump-
tions placed upon it. One we very often make is that of the manifold topology being
Hausdorff. Manifolds whose topology is not Hausdorff exist, but are not regarded as
being interesting.! Another set of common assumptions are those of second count-
ability and paracompactness. These are not unrelated. For example, second countable
Hausdorff manifolds are paracompact [Abraham, Marsden, and Ratiu 1988, Proposi-
tion 5.5.5]. Also, connected paracompact manifolds are second countable [Abraham,
Marsden, and Ratiu 1988, Proposition 5.5.11].

Let us consider some elementary examples of holomorphic and real analytic man-
ifolds.

4.2.2 Examples (Holomorphic and real analytic manifolds)

1. If U € F" is open then it is a holomorphic or real analytic manifold with the
holomorphic or real analytic differentiable structure defined by the single chart
(U, idy).

2. If U € M is an open subset of a holomorphic or real analytic manifold, then it is
itself a holomorphic or real analytic manifold. The holomorphic or real analytic
differentiable structure is provided by the restriction to U of the admissible F-charts
for M.

3. Take S" C R™! to be the unit n-sphere. We claim that S” is an n-dimensional real
analytic manifold. To see this, we shall provide an atlas for S" consisting of two
charts. The chart domains are

Uy =S"\{0,...,0,1)}, U_=S"\{0,...,0,-1)}.

Define
¢+ Uy — R”

X1 Xn
(x1/~--rxn+l)l_)( JARRY )
1_xn+1 1_xn+1

and
¢_: U- - R"

X1 Xn )
1"'xn+1’“.,1"'xn+1 .

(See Figure 4.2 for n = 1.) One may verify that ¢, (U;) = ¢_(U-) = R" \ {0} and that
the inverse of ¢, is given by

(xll R lxn+l) = (

2 2y, lylP? - 1)

_1 _
O (T Ty T TP T T

'Here is an example of a non-Hausdorff real analytic manifold. On the set S = (R x {0}) U (R x {1})
consider the equivalence relation (x,0) ~ (y,1)ifx = yand x, y # 0. LetM = S/ ~be the set of equivalence
classes and let t: S — M be the canonical projection. Consider the charts (U, ¢o) and (Us, ¢1) defined
by Uy = (R X {0}) and U; = n(R x {1}), with chart maps ¢o([(x,0)]) = x and ¢1([x,1]) = x. We leave it
to the reader to show that these charts define a C”-differentiable structure on M for which the manifold
topology is not Hausdorff. This manifold is called the line with two origins.
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x2

North|Pole

South|Pole

Figure 4.2 Stereographic coordinates for S!

and from this we determine that the overlap map is given by

oy = Y
€000 = [

for y € R"\ {0}. This map is easily seen to be real analytic and, as S" = U, UU_, this
makes S" into a C-differentiable manifold.

We claim that this real analytic structure can be made into a holomorphic structure
when n = 2. Indeed, in this case, denoting a point (1, y2) in R>?~Casz= 1 +1iy2
we have that the overlap map is

(P- o)) =

NI | =

Therefore, if we use the map

- X1 X2
¢—(X1,X2,X3) = (1 +x31_1 +.7C3)

in place of ¢_, we see that the overlap map satisfies

C a1
(B--¢7)E) = <

and this is readily verified to be a holomorphic diffeomorphism from C \ {0} to
itself, e.g., by verifying the Cauchy-Riemann equations.

4. A linein F" is a subspace of " of F-dimension 1. By FIP" we denote the set of lines
in F"*! which we call F-projective space. If (xo,x1,...,%,) € F™+1\ {0} let us denote
the line through this point by [x : x1 : --- : x,]. There are n + 1 natural F-charts for
FP" that we denote by (U;, ¢;), j € {0,1,...,n}. These are defined as follows:

Wi ={[xo:x1:--:x,] € FP" | x; # 0},

Xo Xj-1 Xj+1 X
¢j([X0!X1,"'IXn]):(—...,—, PR _n)

Xj Xj  Xj Xj
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The overlap map ¢; ¢, j <k, is

a aj  Aj+2 a1 agn ﬂn)
V4

Piod (ar, ..., an) :(

P , PR , , P
Aj1 Ajt1 Aj41 Ajy1 Aj1 Ajsq aj1

which is real analytic or holomorphic, as appropriate. In the case of n = 1 the
overlap condition is

doopy (@) =at,
and we conclude by referring to the preceding example that RP! ~ S' and CP* ~ §2.

5. InthesetF" define anequivalencerelationby z ~ wifz—w € A", where A = Z" C R"
in the case of F = R and

A={z=x+iy| xyeZ"}

in the case of F = C. The set T}, = "/ ~ is the F-torus of dimension n. Note that
T =~ TZ'. In particular, Tf. is identified with the standard 2-torus as depicted in
Figure 4.3. °

Figure 4.3 A depiction of ’]I‘(lc ~ T2

4.2.2 Holomorphic and real analytic mappings
Now we turn to maps between manifolds.

4.2.3 Definition (Local representative of a map, holomorphic or real analytic map) Let
F € {R,C},and letr € {co, w}if F = Rand r = holif F = C. Let M and N be C'-manifolds
and let ®: M — N be a map. Let x € M, let (U, ¢) be an F-chart for which U is a
neighbourhood of x, and let (V, 1) be an F-chart for which V is a neighbourhood of
®(x), assuming that ®(U) € V (if ® is continuous, U can always be made sufficiently
small so that this holds). The local representative of ® with respect to the [F-charts
(U, ) and (V, ¢) is the map Dyy: G(U) — (V) given by

Dyy(x) = P oo™ (x).

With this notation we make the following definitions.

(i) We say that ®: M — N is of class C* or is holomorphic or real analytic, if, for
every point x € M and every F-chart (V, 1) for N for which ®(x) € V, there exists
a C-chart (U, ¢) for M such that ®(U) € V and for which the local representative
Dy, is of class C'.

(i) The set of class C" maps from M to N is denoted by C"(M; N).

(iii) We denote by C'(M) = C"(M; F) the set of holomorphic functions on M.
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-~ e
Iy

Figure 4.4 The local representative of a map

F”l

(iv) If @ is a bijection of class C’, and if @' is also of class C’, then @ is a C'-
diffeomorphism or a holomorphic diffeomorphism. o

In Figure 4.4 we depict how one should think about the local representative.
Analogous to the situation for functions defined on subset of F”, if M is a holomor-
phic or real analytic manifold, if A € M, and if f: A — F" is continuous, we denote

1flla = sup{llf()ll | x € A}. (4.9)

As with smooth manifolds, we can define the pull-back of functions by mappings,
and holomorphicity or real analyticity is preserved by Proposition 1.2.2.

4.2.4 Definition (Pull-back of a function) Let F € {R,C}, and let r € {00, w} if F = R and
r =holif F = C. Let M and N be C'-manifolds and let ®: M — N be a C"-map. For
g € C'(N), the pull-back of g is the function ®*g € C'(M) given by ®*g(z) = goD(z). e

4.2.3 Holomorphic and real analytic functions and germs

We shall be much concerned with algebraic structure arising from holomorphic and
real analytic functions. This will not be addressed systematically until Chapter GA2.1.
For the moment, however, we shall need a small part of this development, and we
give it here. The discussion of germs here resembles that given in Section 2.3.1, of
course. We start by considering functions.

LetF € {R,C}, and let r € {oo,w} if F = Rand r = hol if F = C. We let M be a
C’-manifold and note that C'(M) is a ring with the operations of pointwise addition
and multiplication:

(f + Q) = f(¥) +g(), (fe)x) = f(x)g(x),

for f,g € C'(M) and x € M. As we saw in Section 1.2.1, these operations preserve the
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C’-structure. Moreover, C'(M) additionally has the F-vector space structure defined
by (af)(x) = a(f(x)) fora € F, f € C'(M), and x € M. Thus C'(M) is a F-algebra.

Holomorphic or real analytic functions on a manifold have the same restrictions
on their global behaviour from local conditions as we saw with the Identity Theorem
in ", stated as Theorem 1.1.18.

4.2.5 Theorem (ldentity Theorem on manifolds) Let F € {R,C}, and let r = w if F = R and
r = holif F = C. If M is a connected manifold of class C’, if U € M is a nonempty open set
and if £, g € C'(M) satisfy flU = g|U, then f = g.
Proof It suffices to show that if f(x) = 0 for every x € U then f is the zero function. Let

C={xeM]| f(x)=0},

and note that C is closed with int(C) # @ since it contains U. We claim that bd(int(C)) = 0.
Indeed, suppose that x € bd(C). Let (V,¢) be a chart with x € V. By continuity of f
and its derivatives, the Taylor series of foi™ at ¢(x) is zero. Since f is holomorphic
or real analytic, this implies that f oy ~! vanishes in a neighbourhood of ¥(x), and so f
vanishes in a neighbourhood of x, which is a contradiction. We now claim that M\ int(C)
is open. Indeed, let x € M \ int(C) be a point not in the interior of M \ int(C). Then every
neighbourhood of x must intersect € and so x € bd(int(C)) = 0, and so M \ int(C) is open.
Since M is now the union of the disjoint open sets int(C) and M\ int(C) and since the former
is nonempty, we must have M \ int(C) = 0, giving int(C) = M and so € = M. u

The Identity Theorem, then, indicates that it may generally be difficult to extend
locally defined holomorphic or real analytic functions to globally defined functions.
To deal with this and for other reasons, we introduce germs.

Let xo € M. We define as follows an equivalence relation on the set of ordered
pairs (f, U), where U € M is a neighbourhood of xy and f € C'(U). We say that (f, U;)
and (f,, Uy) are equivalent if there exists a neighbourhood U € U; N U, of xy such
that f1|U; = f,/U. This notion of equivalence is readily verified to be an equivalence
relation. We denote a typical equivalence class by [(f, U)]y,, or simply by [f]y, if the
domain of f is understood or immaterial. The set of equivalence classes we denote by
¢ w which we call the set of germs of holomorphic or real analytic functions at xo,
respectively. We make the set of germs into a ring by defining the following operations
of addition and multiplication:

[(f1, U]y, + [(f2, U]z, = [A1Us N U + folUs N U, Us N Us]y,
[(fi, U] - [(f2, U2)]xy = [(AIU N U) (21U N U2), Uy N Usly,

It is elementary to verify that these operations are well-defined, and indeed make the
set of germs of holomorphic or real analytic functions into a ring. As with functions,
germs of functions also have a F-vector space structure: a[(f, U)],, = [(af, U)]y,. Thus
¢} w1s a F-algebra.

Let us prove some results about this algebraic structure. The first more or less
trivial observation is the following.
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Proposition (Characterisation of holomorphic and real analytic function germs)

LetF € {R,C},and letr = w if F = Rand r = hol if F = C. For M a manifold of class C" and

for xo € M, the ring ‘KXYO,M is isomorphic to the ring F[[&1, ..., &l of convergent power series

in n indeterminates, where n is the dimension of the connected component of M containing Xo.
Proof Let (U, ) be a F-chart about xj such that ¢(xp) = 0. We identify U with ¢(U) € F"
and a function on U with its local representative. A function of class C’, by definition, is
one whose Taylor series converges in some neighbourhood of every point in its domain
of deﬁnition and which is equal to its Taylor series on that neighbourhood. Thus, if
[(f, V)]0 € €3, in some neighbourhood V’ of 0 in U we have

Ml
fa )= ) f( 0).

IeZ”

Thus [(f, V)]o is determined by its Taylor series, which gives a surjective map from %7, to

F[[&]]. That this map is also injective follows since two analytic functions having the same
Taylor series at a point are obviously equal on some neighbourhood of that point. u

Note that the isomorphism of %r v With F[[&]] in the preceding result is not natural,
but depends on a choice of coordmate chart. However, the key point is that if one
chooses any coordinate chart, the isomorphism is induced. We shall often use this fact
to reduce ourselves to the case where the manifold is F". This simplifies things greatly.
However, it is also interesting to have a coordinate independent way of thinking of
the isomorphism of the preceding result, and this leads naturally to the construction
of jet bundles as in Chapter 5.

For the moment, however, let us use the isomorphism from the preceding result to
state some useful facts about the ring 27 |,

Theorem (Algebraic properties of the ring of germs of holomorphic or real ana-
lytic functions) Let F € (R,C}, and let r = w if F = Randr = hol if F = C. For M a
manifold of class C' and for xo € M, the following statements hold:

(i) ‘K;O,M is a local ring;
(ii) €\ is a unique factorisation domain;
(ili) € \ is a Noetherian ring.

Proof By Proposition 4.2.6 the ring % \, is isomorphic to the ring %, considered in

0F™
Section 2.3. Thus 47 ) will possess any isomorphism invariant properties possessed by
the ring 4. Since the properties of being a local ring, being a unique factorisation

domain, and being a Noetherian ring are isomorphism invariant, the theorem follows
from Theorems 2.3.1, 2.3.3, and 2.3.4. |

Of course, the previous constructions apply equally well in the smooth case, and
we shall occasionally access the notation €7}, for the ring of germs of smooth func-
tions at xo. Note, however, that while €7}, is a local ring by Proposition 2.3.5, it is
neither a unique factorisation domain (by Proposition 2.3.6) nor a Noetherian ring
(by Proposition 2.3.7). Another point of distinction with the smooth case and the
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holomorphic or real analytic cases has to do with global representatives for germs. In
the smooth case the smooth Tietze Extension Theorem gives the following result (see
also Proposition 5.6.4 below).

4.2.8 Proposition (Global representative of smooth germs) If M is a smooth manifold, if
xp € M, and if [(f, W]y, € G then there exists g € C*(M) such that [(g, M)y, = [(f, U],

Such a result as the preceding does not hold in the holomorphic or real analytic
case, and we illustrate what can happen with two examples.

4.2.9 Example (A germ that has no globally defined representative) We take M = N = F.
We let € € R, let U = D°(0, 1), and consider the function f: U, — F defined by f(x) =
eze_zxz. Note that f is holomorphic or real analytic on U.. However, there is no function

g € C'(F; F) for which [(g,F)]o = [(f, Ue)]o. Indeed, by Theorem 1.1.18 it follows that

any holomorphic or real analytic function agreeing with f on a neighbourhood of 0

must agree with f on any connected open set containing 0 on which it is defined. In

particular, if [(g,F)]o = [(f, Ue)]o then g|Ue = f. Since there is no holomorphic or real
analytic mapping on F agreeing with f on U, our claim follows.
The example shows, in fact, that there can be no neighbourhood of a point on a

holomorphic or real analytic manifold to which every germ can be extended. o

4.2.4 Some particular properties of holomorphic functions

Just as was the case in Section 1.1.7 with holomorphic functions defined on open
subsets of C", holomorphic functions on holomorphic manifolds have properties not
shared by their real analytic brethren. Here we consider the most basic of these arising
from the following result.

4.2.10 Theorem (Maximum Modulus Principle on holomorphic manifolds) If M is a con-
nected holomorphic manifold, if £ € C™'(M), and if there exists zy € M such that |f(z)| < |£(zo)|
for every z € M, then f is constant on M.
Proof Let ¢ € C"!(M) be defined by g(z) = f(z0). Let (U, ¢) be an C-chart with x € U.
Note that |f o~ 1(z)| < |f 1 (P(20))| for every z € ¢(U). By Theorem 1.1.26 we have that
fop7l(z) = gop~!(z) for every z € G(U) and so f and g agree on U. The result follows
from the Identity Theorem in the form of Theorem 4.2.5. [ |

There are a few immediate consequences of this.

4.2.11 Corollary (Holomorphic functions on compact holomorphic manifolds are lo-
cally constant) If M is a compact holomorphic manifold and if f € C"'(M), then f is locally

constant.
Proof The function z — |f(z)| is continuous, and so achieves its maximum on M. The
result follows immediately from the Maximum Modulus Principle. |

4.2.5 Holomorphic and real analytic submanifolds

Next we consider submanifolds.
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4.2.12 Definition (Holomorphic or real analytic submanifold) Let F € {R,C}, and let r €
{00, w}if F =Randr = holif F = C. A subset S of a C"-manifold M is a C'-submanifold
or a holomorphic or real analytic submanifold if, for each point x € S, there is an
admissible F-chart (U, ¢) for M with x € U, and such that

(i) ¢ takes its values in a product F* x F**, and

(i)) pUNS) = HU) N (F* x {0)).

A F-chart with these properties is a F-submanifold chart for S. o

In Figure 4.5 we illustrate how one should think about submanifolds.

AN
A\

Figure 4.5 A submanifold chart

Let us look at some examples.

4.2.13 Examples (Holomorphic and real analytic submanifolds)

1.

Any open subset of a holomorphic or real analytic manifold is a holomorphic or
real analytic submanifold.

Note that S” is a real analytic submanifold of R"*!. This follows from the real
analytic Inverse Function Theorem since S" = f~!(0) for the real analytic function
f(x) = |Ix|I> — 1 whose derivative does not vanish on S".

If M is a compact holomorphic submanifold of C" then dim¢(M) = 0. Indeed, by
Corollary 4.2.11, the coordinate functions on C" restricted to M are holomorphic
functions on M, and so must be constant.

As a consequence, the holomorphic manifold S? is not a submanifold of C" for
any n. .

4.3 Holomorphic and real analytic vector bundles

Vector bundles arise naturally in differential geometry in terms of tangent bundles

and cotangent bundles. The more general notion of a vector bundle also comes up in
a natural way in various contexts, e.g., with respect to jet bundles and with respect
to various sorts of sheaves. In this section we shall give the very basic constructions
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involving vector bundles, noting that in subsequent chapters, especially Chapters 5
and GA2.1, we shall cover other aspects of the theory in a more comprehensive manner.

4.3.1 Local vector bundles, vector bundle structures

There are various ways to construct vector bundles, and the approach we take here
is a direct one, more or less mirroring the way we construct manifolds. That is, we
start locally, and then ask that local object obey appropriate transformation rules. The
local models for vector bundles are as follows. Our initial definition allows for both
R- and C-vector bundles with smooth or real analytic structures. After doing this, we
can specialise to the holomorphic case.

Definition (Local F-vector bundle) Let F € {R, C} and let r € {o0, w}.

(i) A local F-vector bundle over F is a product U X F*, where U C F" is an open
subset.

(i) If U X F* and V x F' are local F-vector bundles, then a map g: U x F¥ —» V X F' is
a C'-local F-vector bundle map if it has the form g(x, v) = (g,(x), ,(2) - v), where
g,: U— Vand g,: U > Homg(F*; F') are of class C'.

(iii) If, in part (i), g, is a C'-diffeomorphism and g,(x) is an isomorphism for each
x € U, then we say that g is a C'-local F-vector bundle isomorphism. o

A vector bundle is constructed, just as was a manifold, by patching together local
objects.

Definition (F-vector bundle) Let F € {R, C} and let 7 € {o0, w}. A C"-vector bundle over
FisasetSthathasanatlas ./ = {(U,, ¢s)}sca Where image(¢,) is a local F-vector bundle,
a € A, and for which the overlap maps are C'-local F-vector bundle isomorphisms.
Such an atlas is a C*-vector bundle atlas over F. Two C’-vector bundle atlases, .« and
g, are equivalent if o7 U <% is a C'-vector bundle atlas. A C'-vector bundle structure
over I is an equivalence class of such atlases. A chart in one of these atlases is called
an admissible F-vector bundle chart. A typical vector bundle will be denoted by E. e

The base space M of a vector bundle E is given by all pointse € E having the property
that there exists an admissible F-vector bundle chart (V, ¢) such that ¢ (v) = (x,0) €
U x F*. This definition may easily be shown to make sense, since the overlap maps are
local vector bundle isomorphisms that map the zero vector in one local vector bundle
to the zero vector in another. To any point e € E we associate a point x € M as follows.
Let (U, ¢) be a F-vector bundle chart for E around e. Thus 1(e) = (x,v) € W x F.
Define x = 1"!(x,0). Once again, since the overlap maps are local vector bundle
isomorphisms, this definition makes sense. We denote the resulting map from E to
M by 7 and we call this the vector bundle projection. Sometimes we will write a
vector bundle as m: E — M. The set E, & ni7(x) is the fibre of E over x. This has
the structure of a [F-vector space induced from that for the local vector bundles, and
the vector space operations are well-defined since the overlap maps are local vector
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bundle isomorphisms. The zero vector in E, corresponds to the point x in the base
space, and will sometimes be denoted by 0,.

Suppose we have a vector bundle chart (U, ¢) for a vector bundle m: E — M
mapping U bijectively onto the local vector bundle U x F¥. We define an induced chart
(Up, ¢o) for M by asking that Uy = r(U) and that ¢(0y) = (po(x), 0).

Remark (On typical fibres being F¥) In our construction of a vector bundle from
local models, we supposed the fibres to be isomorphic to F* for some k € Z.y. As
we shall see, situations can naturally arise where the typical fibre is not F* but rather
some other finite-dimensional F-vector space. However, since all such vector spaces
are isomorphic, even if not necessarily naturally so, to F* for some k € Z.,, we lose no
generality by assuming the typical model for the fibre to be F¥. That being said, there
is something to be said for modelling fibres for vector bundles on finite-dimensional
vector spaces rather than F¥. But we trust the reader can navigate this on their own. e

Note that a C-vector bundle is not just a R-vector bundle with fibres being C-vector
spaces. This is because the linear part of the overlap maps are required to be C-linear
mappings, not R-linear mappings. In the complex case, one can then further impose
the structure of holomorphicity.

Definition (Holomorphic vector bundle) Let M be a holomorphic manifold. A holo-
morphic vector bundle, or a Chlyector bundle, over M is a smooth C-vector bundle
over manM possessing a vector bundle atlas for which the maps g, and g, from Defi-
nition 4.3.1 associated with the overlap maps are holomorphic. o

The reader should understand carefully the hypotheses when reading some of our
definitions and results on vector bundles. If we are working in the smooth or real
analytic category, we will consider both R- and C-vector bundles. In the holomorphic
category, vector bundles are, of course, always complex. One should be sure to
distinguish between smooth C-vector bundles and holomorphic vector bundles.

Let us give some examples of vector bundles.

Examples (Vector bundiles)

1. An F-vector bundle whose fibres are one-dimensional is called a line bundle.

2. LetF € {R,C} and let r € {0, w} if F = R and r € {00, w,hol} if F = C. Let M be
a manifold of class C" and let k € Z.,. By IF’,ﬁA we denote the trivial vector bundle
M x F* which we regard as a vector bundle using the projection pr, : Ff, — M onto
the first factor.

3. Not all vector bundles are trivial. Let us make two comments about this.

(@) A vector bundle t: E — M is trivialisable if there exists a vector bundle
isomorphism (see Definition 4.3.9) ®: E — Ff,. One can relatively easily
show that if M is contractible,—i.e., if there exists x, € M and a continuous map
h: M x[0,1] — M for which p(x,0) = x for p(x,1) = x, for every x € M—then
every vector bundle over M is trivialisable [Abraham, Marsden, and Ratiu
1988, Theorem 3.4.35].
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(b) There exist vector bundles that are not trivialisable. The classic examples are
the tangent bundles of even-dimensional spheres which are not trivialisable
as smooth or real analytic vector bundles (see [Milnor 1978] for an elementary
proof). This implies that T"’CP! is a nontrivialisable holomorphic vector
bundle.

Holomorphic vector bundles are in some sense more difficult to come by, so let us
give a collection of examples of these, namely the line bundles over CP'. To do this,
we recall from Example 4.2.2—4 that CP! ~ S? and we consider the charts (U, ¢.)
and (U-, ¢-) given by

Uy = S? \ {(O, 0, 1)}/ U =§* \ {(0/ 0, _1)}

and X %
P+(01, 22, %) = 17 % 17 —x3 -1, %2 %) = X Ty X3
We alter slightly the notation of Example 4.2.2—-3 to our purposes. We denote
coordinates in these charts by z, and z_, respectively. The overlap map, as we have
seen, is ¢_ o7 (z;) = z;'. We will construct holomorphic line bundles over S? by
considering defining them on the chart domains U, and U_, and asking that on the
intersection U, N U_ the local vector bundle structures be related by a holomorphic
vector bundle isomorphism. The vector bundles we construct we will denote by
Ocpi(k), and these will be indexed by k € Z. First of all, note that since U, and U_
are both contractible (they are holomorphically diffeomorphic to C) every vector
bundle over these open sets is trivialisable, so we can without loss of generality
suppose them to be trivial. That is, we let k € Z and we consider the two local

vector bundles

X1 X

E.(k)=U, xC, E_(k)=U_-xC.
We then have holomorphic diffeomorphisms
Uy XxC 3 (x,wy) = (24 = i (x),w,) e CXC
and
U-XC3xw-) - (z- =p_(x),w-) e CxC,

i.e., we denote local vector bundle coordinates by (z,, w.) and (z_, w_), respectively.
To define the vector bundle Ocpi(k) we patch these local vector bundle charts
together by the local vector bundle isomorphism

P.: CxC—- CxC
(24, wy) P (z;l,z;kar)'

The resulting vector bundle we denote by O¢pi (k), which is the line bundle of degree
k over CP'. Note that Ocpi(0) is the trivial bundle CP' x C since the overlap map
is the identity map in this case.

As we shall see as we go along, various of these line bundle O¢p: (k) are of particular
interest. In particular,
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(@) Ocpi(—1)is called the tautological line bundle (see the construction of Op(y)(—1)
in Section 4.4).

(b) Ocpi(1) is called the hyperplane line bundle (again, see the more general con-
struction in Section 4.4),

(c) Ocpi(—k) is the dual of Ocp: (k) (see Example 4.3.11),

(d) Ocpi(2) is isomorphic to the holomorphic tangent bundle of CP! (see Exam-
ple 4.5.14), and

(e) Ocpi(—2) is isomorphic to the bundle of holomorphic one-forms on CP! (see
Example 4.6.9).

We shall study line bundles over general projective spaces in Section 4.4.

Those who study such things prove that the line bundles O¢p: (k) are the only line
bundles over CP! up to isomorphism. It is also shown that any vector bundle over
CP! is isomorphic to a direct sum of these line bundles, a fact that is no longer true
for vector bundles over higher-dimensional complex projective spaces [Griffiths
and Harris 1978, Section 1.1]. °

One may verify the following properties of vector bundles.

Proposition Let F € {R,C} and let r € {0, w} if F = Rand r € {00, w,hol} if F = C. Let
n: E — M be a vector bundle of class C". Then

(i) M is a C'-submanifold of E, and
(ii) 7 is a surjective submersion of class C".

When we wish to think of the base space M as a submanifold of E, we shall call it
the zero section and denote it by Z(E). For z € M, the set 7~!(z) is the fibre over z, and
is often written E,. One may verify that the operations of vector addition and C-scalar
multiplication defined on E, in a fixed vector bundle chart are actually independent
of the choice made for this chart. Thus E; is indeed a vector space. We will sometimes
denote the zero vector in E, as 0,. If N € M is a holomorphic submanifold, we denote
by E|N the restriction of the vector bundle to N, and we note that this is a vector bundle
with base space N.

4.3.2 Holomorphic and real analytic vector bundle mappings

Let us now consider mappings between vector bundles.

Definition (Holomorphic and real analytic vector bundle mapping) Let F € {R, C},
and letr € {oo,w} if F=Rand r € {oo,w,hol} if F =C. Lettg: E>Mand ng: F —> N
be C'-vector bundles and let ®: E — F be a map.

(i) The map @ is fibre-preserving if there exists a map ®y: M — N such that the
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diagram
E—2-F
commutes.

(i) The map @ is a vector bundle mapping of class C' if
(a) itis fibre-preserving,
(b) itis of class C’,
(c) the induced map ®y: M — N is of class C', and
(d) the map @, £ D|E,: E, — Fgy is F-linear. o
We will often encode the induced mapping @, associated to a vector bundle map-
ping ® by saying that “® is a vector bundle mapping over @,.” Let us look at the
local form of a vector bundle mapping. Thus we let ®: E — F be a vector bundle
mapping over @y: M — N, let x € M, and let (U, @) be an F-vector bundle chart for E

such that E, C U, and let (V,¢) be an F-vector bundle chart for F such that Fe,,) €V
and ®(U) C V. Let us denote

HU) = Uy X FX, (V) = Vo x F!

for open sets Uy € F" and Vo C F". Then one directly verifies that the local represen-
tative of @ is given by

Yo®og!(x,v) = (Fo(x), Fi(x) - v),

where Fy: Uy — Vo and F; : Uy — Homgp(F¥; ') are of class C'.
Associated with any vector bundle mapping are standard algebraic constructions.

Definition (Kernel and image of vector bundle mapping) Let F € {R,C}, and let
r€{oo,w}if F =Rand r € {co,w,hol} if F = C. Let tg: E > Mand ntg: F — M be
C’-vector bundles and let ®: E — F be a C"-vector bundle mapping over idw.

(i) The kernel of @ is the subset ker(®) of E given by ker(®) = U,y ker(®,).

(i) The image of @ is the subset image(®P) of F given by image(P) = U,em image(Dy).

There are then some naturally induced constructions one can introduce associated
with sequences of vector bundle mappings.
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4.3.9 Definition (Exact sequences of vector bundles) Let F € {R,C}, and let r € {c0, w} if
F=Randr € {oo,w,hol} if F =C. Lettg: E > M, tg: F > M, and 1ig: G — M be
C’-vector bundles, and let ®: E —» F and W: F — G be C"-vector bundle mappings
over idy.

(i) The sequence
E—"~F—G
is exact if ker(WV) = image(®).
(if) The vector bundle mapping W is injective if the sequence

0—F—2-G

is exact.
(iii) The vector bundle mapping @ is surjective if the sequence

[©)

E—2-F——0

is exact.
(iv) The vector bundle mapping @ is an isomorphism if the sequence

0 E-2.F 0

is exact, i.e., if it is surjective and injective;
(v) A short exact sequence of vector bundles is a sequence

0 E-2.F-Y. G 0

for which each subsequence is exact. 3

Let us show that vector bundle mappings themselves comprise the basis for a new
vector bundle formed from existing vector bundles. Let F € {R,C}, let r € {oo, w} if
F =Rand r € {oo,w,hol} if F = C. To keep things simple, we consider C'-vector
bundles 7ie: E — M and 7r: F — M over the same base and vector bundle mappings
®: E — F over idy. Let us denote Homp(E; F), = Homg(E,, F,) and

Homg(E; F) = CJM Homg(E; F),.
xe
Suppose that we have F-vector bundle charts (U, ¢) and (V, ¢) for E and F, respectively.

We can suppose, without loss of generality, that the induced charts (U, ¢g) and (Uo, o)
for M are the same. Thus

Plex) = (Po(x), P1(x) - €x) € Po(Uo) X FY,  U(fy) = (Po(x), Y1(x) - f2) € Po(Ug) X F'
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for e, € Wand f, € V, and where ¢;(x) € Homg(E,, F*) and 1;(x) € Homg(F,; F'). We
then define )
Homg(U; V) = Lﬂ Hompg(E; F),

and

Homz(¢; 1): Homg(W; V) = o(Up) X Homg(F*; F')

Ao P1(x) Ao r(x)

One readily verifies that (Homg(U; V), Homg(¢, ¢)) is a vector bundle chart and that
two overlapping vector bundle charts satisfy the required overlap condition. Thus we

endow Homp(E; F) with the structure of a vector bundle.
Of special interest is the following.

(4.10)

Definition (Dual bundle) Let F € {R,C}, let r € {00, w} if F = R and r € {oo, w, hol} if
F = C, and let t: E —» M be a C"-vector bundle. The dual bundle to E is the bundle
E* = Homp(E; Fy). °

Let us consider some examples of holomorphic dual bundles.

Example (Dual bundles for line bundles over CP') We consider the line bundles
Ocpi(k), k € Z, introduced in Example 4.3.5—-4. We claim that the dual of O¢p:(k)
is isomorphic to Ocpi(—k) for every k € Z. To prove this we work with the local
trivialisations

E,=U,xC, E_=U_xC

for Ocpi (k) with the overlap map
(z4,w4) = (271, 275 w,).

The corresponding overlap map for O, (k) is then

(ze,ay) P (27, 25 a)
cf. (4.10), and this establishes our claim. °

4.3.3 Sections and germs of sections of holomorphic and real analytic vector
bundles

Just as with holomorphic and real analytic functions, one of the areas of departure
holomorphic and real analytic geometry from smooth geometry concerns sections of
vector bundles. In this section we merely give the basic definitions, reserving for later
the difficult questions of existence of nontrivial objects we define.
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Definition (Holomorphic and real analytic section) Let F € {R,C}, let r € {0, w}
if F = Rand r € {o0,w,hol} if F = C, and let m: E - M be a C'-vector bundle. A
C'-section of E is a C"-map &: M — E such that £(x) € E,. The set of C'-sections of E
is denoted by I'""(E). °

Of course, in both the real and complex cases, we can also consider smooth sections.
These are denoted by I'°(E) in the usual way.
Let us consider some simple examples of sections of vector bundles.

Examples (Sections of vector bundles)

1. A C’-section of the trivial vector bundle F}, = M X F* takes the form x - (x, &(x)) for
a C'-map &: M — F*. Thus we identify sections of the trivial vector bundle with
F¥-valued functions. In case k = 1 this means that we identify sections of Fy with
functions in the usual sense.

2. A section @ of Homg(E; F) is simply a vector bundle map ®: E — F overidy. e

Let m: E — M be a F-vector bundle. Let r € {oo,w} if F = R and r € {00, w, hol} if
F = C. We note that I'"(E) is a module over the ring C'(M) with the module structure
defined in the obvious way:

€+ ) =) +n(x), (fFO) = f(N)EWX),

where &, € I"(E) and f € C'(M). It is also the case that I"(E) has the structure of an
F-vector space if we defined scalar multiplication by (a&)(x) = a(&(x)).

Note that one can find many sections of smooth vector bundles, because locally
defined section can be extended to globally defined sections using constructions in-
volving the Tietze Extension Theorem [Abraham, Marsden, and Ratiu 1988, §5.5].
However, for holomorphic and real analytic vector bundles, there is no a priori reason
that there are sections other than the zero section. As a concrete instance of this phe-
nomenon, note that holomorphic or real analytic sections of the trivial vector bundle
M X F are merely holomorphic or real analytic functions. Thus, for example, if M is
a compact holomorphic manifold, the only holomorphic sections of the trivial vector
bundle M x C are constant sections.

Let us flesh out the preceding discussion by considering spaces of sections of line
bundles over CP'.

Example (Sections of line bundles over CP') We shall consider the line bundles
Ocpi(k), k € Z, introduced in Example 4.3.5-4. We shall characterise the space of
sections of these bundles. In doing so, we recall the following fact:

If f: C — Cis holomorphic, it admits a global power series expansion
f(z) = Z az
j=0

that converges absolutely and uniformly on compact sets [Conway 1978,
Proposition IV.3.3].
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Now suppose that we have a holomorphic section & of Ocp:(k), and let

(24, 84(24)), 2o (2, 8-(2))

denote the local representatives of this section in the trivialisations E, and
E_, cf. Example 4.3.5—4. Let us write

Ei(z4) = Zaﬂjzir
j=0
so that, applying the overlap map to the section &, we have

Yi(z4,E4(24)) = im;z = z ,im}z

j=0 j=0

o0
k=j
Z_ ayjz_
j=0

must be a holomorphic function if & is a holomorphic section. It must be the case,
therefore, that a, ; = 0 if j > k. From this we conclude that

Since

k+1, kEZZ(),

dil’I’l(C(FhOI(C)(C[P’1 (k))) = {O keZ 0-

A few comments here are worth making.

1. In all cases, the dimension of the vector space of sections of these vector bundles
is finite. This is not like what we are used to for smooth sections, where the vector
space of smooth sections of a vector bundle over a manifold with a component
of positive dimension is always infinite-dimensional. This immediately begs a
few related questions.

(@) Arethereholomorphic vector bundles whose C-vector space of holomorphic
sections is infinite-dimensional?

(b) Is the R-vector space of real analytic sections of a real analytic vector bundle
finite or infinite-dimensional?

The answers to these questions are, “Yes, vector bundles over Stein manifolds,”
and, “It is infinite-dimensional if the base space has a component of positive
dimension.” To obtain these answers requires substantial effort, particularly the
use of sheaf cohomology. This will all be revealed in time.

2. Keeping Example 4.3.11 in mind, we see that the dimension of I"!/(O¢p: (k)) and
IMol(Ogpi (k)) agree only when k = 0. This again is contrary to the smooth case
where the existence of a vector bundle metric provides an isomorphism between
the space of sections of a vector bundle and its dual bundle. o

The Identity Theorem applies to sections.
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4.3.15 Theorem (ldentity Theorem for sections) Let F € {R,C}, and let r = w if F = R and
r=holif F=C. If n: E = Mis a C'-vector bundle with M a connected manifold, if U € M
is a nonempty open set and if &, n € I'(E) satisfy E|U = n|U, then & = 1.
Proof 1t suffices to show that if £(x) = 0 for every x € U then ¢ is the zero function. Let

C={xreM| &(x) =0},

and note that € is closed with int(C) # 0 since it contains U. We claim that bd(int(C)) = 0.
Indeed, suppose that x € bd(C). Let (V, 1) be an F-vector bundle chart with x € V. Let
Vo € M be such that V = w71(Vy). Also let Yo: Vo — F" be the chart map for M with
domain Vy. Thus 1) is defined by asking that 1o(x) = 1(e) for every e € E,. The local
representative of £ is then of the form

Po&ohyt(x) = (x, &(x))

for holomorphic or real analytic &: (Vo) — F¥. By continuity of & and its derivatives,
the Taylor series of & at yp(x) is zero. Since £ is holomorphic or real analytic, this implies
that & vanishes in a neighbourhood of 1(x), and so & vanishes in a neighbourhood of x,
which is a contradiction. We now claim that M \ int(C) is open. Indeed, let x € M\ int(C)
be a point not in the interior of M \ int(C). Then every neighbourhood of x must intersect
€ and so x € bd(int(C)) = 0, and so M\ int(C) is open. Since M is now the union of the
disjoint open sets int(C) and M \ int(C) and since the former is nonempty, we must have
M\ int(C) = 0, giving int(€) = M and so € = M. [ |

Next we consider germs of sections as this will allow us to systematically discuss
local constructions. This is done more or less exactly as was done for functions. Let
xo € M. We define as follows an equivalence relation on the set of ordered pairs (&, U),
where U C M is a neighbourhood of xy and & € I"(U). We say that (&1, U;) and (&2, Uy)
are equivalent if there exists a neighbourhood U € U; NU, of xy such that &;U; = &|U.
We denote a typical equivalence class by [(&, U)]y,, or simply by [£],, if the domain of £
is understood or immaterial. The set of equivalence classes we denote by ¢ ¢, which
we call the set of germs of holomorphic or real analytic sections at x, respectively. We
make the set of germs into a module over 47 |, by defining the following operations
of addition and multiplication:

[(&1, Un)]xy + [(E2, U]y = [E1|U MU + EUs N U, Us N Uy,
[(f, U]y, - [(E, U]y, = [(FIU; NU)(EIU N UR), Uy N Usp]y,.

It is elementary to verify that these operations are well-defined, and indeed make the
set of germs of holomorphic or real analytic sections into a module as asserted. As with
sections, germs of sections also have an [F-vector space structure: a[(f, U)]y, = [(af, U)],-

Let us examine some of the algebraic properties of €7 |,. As we did when talking
about the algebraic structure of germs of functions, we state a result which turns the
problem into one about convergent formal power series.
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Proposition (Characterisation of holomorphic and real analytic section germs)
Let F € {R,C},and letr = wif F = Randr = holif F = C. For t: E — M a vector bundle
of class C" and for xo € M, the module ‘KXIO,E is isomorphic to the ring F[[&,, ..., E]] ® F™
of F™-valued convergent power series in n indeterminates, where n is the dimension of the
connected component of M containing Xy and m = dimg(Ey,).
Proof Let (V,1) be an F-vector bundle chart for E with (U, ¢) be the associated F-chart
about xg such that ¢(xp) = 0. We identify U with ¢p(U) C F" and a section of class C" on
U with its local representative. A section of class C’, by definition, is one whose Taylor
series converges in some neighbourhood of every point in its domain of definition, and
which is equal to its Taylor series on that neighbourhood. Thus, if [(§, V)]o € ¢/, , in some
neighbourhood V' of 0 in U we have

al[l a
5(9(1, vy x?’l) = Z axé (O)Eu/

IEZ;O

where &(x) = (x,&(x)) and where (e, ..., e;) is the standard basis for F”. Thus [(&, V)]o
is determined by its Taylor series, which gives a surjective map from %, to FlE] ® F™.
That this map is also injective follows since two analytic functions having the same Taylor
series at a point are obviously equal on some neighbourhood of that point. |

ou'

With this result we have the following structure of the module of holomorphic or
real analytic section.

Theorem (The module of holomorphic or real analytic section germs is Noethe-
rian) Let F € {R,C}, and let r = w if F = Rand r = hol if F = C. For m: E — M a vector
bundle of class C" and for xo € M, the module € - is Noetherian.
Proof As in the proof of Theorem 4.2.7, this follows from Proposition 4.3.16, along with
Theorem 4.2.7 and Proposition 2.2.15. |

Of course, the previous constructions apply equally well in the smooth case, and
we shall occasionally access the notation ¢ for the module of germs of smooth
sections at xo. However, this module is not Noetherian as in the holomorphic and real
analytic cases. As with germs of functions (see the end of Section 4.2.3), there is also
an important distinction between germs of smooth sections and germs of holomorphic
or real analytic sections in terms of the existence of global generators. In the smooth
case, any germ of a smooth section has a globally defined representative. We state this
as Proposition 5.6.5 below, also cf. Propositions 5.6.4 and 4.2.8.

4.3.4 Holomorphic and real analytic subbundles and quotients

Subbundles arise naturally in various ways when working with vector bundles. In
this section we provide the necessary definitions.

Definition (Holomorphic and real analytic subbundle) Let F € {R, C}, let r € {0, w}
ifF=Randr € {oco,w, hol} if F = C, and let m: E — M be a C"-vector bundle. A subset
F C E is a C'-subbundle of E if, for each x € M, there exists an F-vector bundle chart
(U, ) such that
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(i) ExC,
(i) image(¢) = Up x (F* x F'), and
(i) ¢(F NU) = Up X (F* x {0}).
A vector bundle chart for E as above is called adapted to the subbundle F. o

It is evident that a subbundle of a vector bundle is itself a vector bundle.
One of the places where subbundles can naturally arise is as in the following
result.

4.3.19 Proposition (Kernel and image of a vector bundle mapping as subbundles) Let
F e {R,C}, and let r € {oo,w} if F = Rand r € {oo,w,hol} if F = C. Let mg: E - Mand
mie: F — M be C'-vector bundles, and let ®: E — F be a C'-vector bundle mapping over idw.
The following statements are equivalent:

(i) ker(®) is a subbundle of E;
(i) image(®P) is a subbundle of F;
(iii) the map x v rank(®Dy) is locally constant.
Proof Letus first make some computations with the local representative of ® about xg € M.
Thus we let (U, ¢) be a vector bundle chart for E about xg and let (V, 1) be a vector bundle
chart for F about xj. Let (Uo, ¢9) and (Vo, ¢o) be the induced charts for M. Without loss of

generality (by composing one of these charts with the overlap map) we can suppose that
these charts agree. Denote xg = ¢o(xp). Let us write

O(U) = po(Uo) X FX, (V) = do(Uo) X F'.
The local representative of @ we denote by
(x,7) = (x, D(x) - v).

Let K = ker(®(xp)) and let L C F* be a complement to K. Let R = image(®(xp)) and let
S C F! be a complement to R. Then we represent ®(x) relative to the decompositions
Fk=K®Land F' = R® S by

[q)ll(x) q’lz(x)]
Dyi(x) Dp(x)|

Note that @;1(xg) and P (xp) are both zero since S is complementary to image(®(xp)).
Since K = ker(®(xp)), @11(xp) is also zero. One then directly checks that ®1;(xp) is an
isomorphism. By shrinking Uy if necessary, we can ensure that ®(x) is an isomorphism
for x € ¢o(Up). Let us define an isomorphism A from K@ L to K& L by

[ idy 0 ]
—D) () D11 (x) idL |’

We then compute

(4.11)

3 0 D12(x)
A= [CD21(x) — D@, (x) D11 (x) CDzz(x)]'
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Note that (U, (idgyuy) xA1)o¢) is a vector bundle chart for E about xp and the local
representative of @ relative to this chart and the vector bundle chart (V, ¢) is (4.11).

With these computations we proceed with the proof.

(i) = (ii) Since ker(®) is a subbundle, dim(ker(®,)) is constant in a sufficiently small
neighbourhood of xo. Thus, by the Rank-Nullity formula, rank(®,) is also constant in a
sufficiently small neighbourhood of xp. Using our local representative above, the map

U1 D vy > Dp1(x) - v1 D Do(x) - 02

is onto R. Since rank(®,) can be taken to be constant on ¢o(Uo) it follows that @5 (x) and
D), (x) are zero for x € ¢o(Up). Thus

Y(image(®) NV) = Up X (R® 0).
This shows that image(®) is a subbundle.
(if) = (iii) This follows directly.

(iif) = (i) As we saw in the proof that (i) = (ii), local constancy of x + rank(®y)
implies that @y;(x) and @y (x) are zero for x € ¢o(Up). Thus

P(ker(®) NU) = Uy X (KD 0).
This shows that ker(®) is a subbundle. [ |

Let us briefly consider quotients of vector bundles by subbundles. Thus we let
1: E — Mbe a holomorphic or real analytic vector bundle and let F C E be a holomor-
phic or real analytic subbundle. Let

E/F = ng E./F..

Suppose that (U, ¢) is a vector bundle chart for E adapted to F and let (U, ¢o) be the
corresponding chart for M. Thus ¢ takes values in F*XF' and ¢p(FNU) = ¢(Uo) X (F¥x{0}).
For x € U and e, € E; we can write e, = pr,(ex) + pr,(ex), where

P(pry(ex)) = (Po(x), {v1} X {0}),  P(pry(ex)) = (Po(x), {0} X {v2})

for some appropriate v; € F* and v, € F. Let us define a vector bundle chart (ﬂ, qAb) for
E/F by asking that

= U E,JF,

xeUyp
and that
dlex + Fo) = d(pry(en)) € po(Uo) X {0} X R = ¢ho(Uo) X R'.
One readily verifies that if ((U,, (z))sca is an atlas of vector bundle charts for E adapted
to F, then ((ﬂa, qf)a))aeA is a vector bundle atlas for E/F, and so the latter is a vector

bundle, called the quotient of E by F. We denote by ng/r: E — E/F the canonical
projection. We evidently have a short exact sequence

TIE/F

0 F—/-E

E/F 0

with (r being the inclusion.
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4.3.5 Sums and tensor products of vector bundles

Most of the standard algebraic operations one performs with vector spaces can be
performed fibre-wise for vector bundles to produce new vector bundles. We have
already seen one such instance with quotients in the last section. In this section
we consider two algebraic constructions, direct sums and tensor products. We shall
simply provide the definitions for the vector bundle structure in these cases, leaving
the verifications that the overlap maps are local vector bundle isomorphisms to the
reader.

First let us consider direct sums. We consider the direct sum of two vector bundles,
the extension to more than two factors being mere notation. Thus we let ng: E — M
and 7tr: F — M be holomorphic or real analytic vector bundles over the same base.
We denote .

EeF=UE,oF.
xeM

We let (U, ¢) and (V, ¢) be F-vector bundle charts for E and F, respectively. We can
suppose, without loss of generality, that the induced charts (U, ¢9) and (U, ¢y) for M
are the same. Thus

Plex) = (Po(x), P1(x) - €x) € Po(Uo) X F*,  9(fy) = (Po(x), P1(x) - f) € Po(Uo) X F'
for e, € Uand f, € V, and where ¢;(x) € Homg(E,, F¥) and 11(x) € Homg(F,; F)). In
this case, we define a chart (U® V, ¢ ® ¢) for E® F by

UeV= U E,@oF,

x€Uy

and
PO YP(ex @ f) = (Po(x), (P1(x) - &) ® (Y1 (x) - ) € U (F* @ F).

The vector bundle E @ F is sometimes called the Whitney sum of E and F. Sometimes
it is convenient to use the fibred product representation of E @ F:

E@F ~{( f) € ExF| mele) = ne(f)).

Now let us consider tensor products. As above, welet tg: E - Mand rie: F — M
be holomorphic or real analytic vector bundles over the same base. We denote

E®F=UE,®F,
xeM
We use the same sort of vector bundle charts as above, i.e., charts (U, ¢) and (U, ¢’) with

the same domain and inducing the same chart (U, ¢9) for M. Using notation adopted
from our direct sums above, we define a chart (U® V, ¢ ® ¥) for E® F by

UeV= U E,®F,

x€Uy
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and
¢ @ P(ex ® f) = (Po(x), (P1(x) - &) ® (Y1 (x) - f)) € U X (F* @ F).

Again, we leave to the reader the task of verifying that these charts obey vector
bundle overlap conditions.
We have at our disposal some nice examples of tensor products of vector bundles.

Example (Tensor products of line bundles over CP') We consider the line bundles
Ocpi (k) over CP! introduced in Example 4.3.5-4. It is easy to see that, because the
overlap map for Ocp:(k; + k7) is the product of the overlap map maps for Ocp:(k;) and
Ocpi (k2), and since the tensor product in C ®¢ C is multiplication, we have

Ocpi (k1 + k2) = Ocpi (k1) ® Ocpi (k2).
This implies, for example, that
Ocpi (k) = ®I;:106P1(1)/ Ocpi (—k) = ®I;:1OC[P1(_1)/
ifk € Z.y. °

4.3.6 Pull-back bundles

In this section we provide a standard construction that induces a vector bundle on
the domain of a mapping between manifolds, given a vector bundle on the codomain.
The definition is as follows.

Definition (Pull-back bundle) Let r € {c0,w,hol} and let F = R if r € {00, w} and let
F = Cif r = hol. Let M and N be C"-manifolds, let ® € C"(M;N), and let t: E - N be a
F-vector bundle of class C'. The pull-back of E to M is given by

o' O'E—- M,

where
DE ={(e,x) e EXM]| m(e) = D(x)}

and ®*1t(e, x) = x. °
The pull-back of a vector bundle has a natural vector bundle structure.

Proposition (The pull-back of a vector bundle is a vector bundle) Let r € {c0, w, hol}
and let F = Rif r € {oo,w} and let F = C if r = hol. Let M and N be C'-manifolds, let
® e C'(M;N), and let t: E — N be a F-vector bundle of class C". Then @*: ®'E — M has a
natural vector bundle structure.
Proof We shall construct vector bundle charts for ®*E. Let (U, ¢) be a chart for M and let
(V, 1) be a vector bundle chart for E so that ®(U) € W £ 7(V). This defines a neighbour-
hood VxUWin EXM. Let us suppose that U is diffeomorphic to an open subset of ", that W
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is diffeomorphic to an open subset of ", and that the fibres of E over W have dimension
k. Let ¢9: W — F™ be the induced chart map for N. We then have

YXp: VXU— (F™ x FF) x F"
(e,x) = (Y(e), p(x)).

Denote by @: ¢p(U) — ¢o(W) the local representative of ®@. With this notation, locally the
subset @°E of E x M is given by

DE £ {((y,0),%) € (V) x p(U) | y = D)},
Now define a map g from ®*E to ¢p(U) X F¥ by

8((y,v),x) = (x,0)
We claim that

{((VXWIDE, go (¢ x 9|D'E)) |
(V,¢) is a vector bundle chart for E and (U, ¢) is a chart for M}

is a vector bundle atlas for ®*E. We must verify the overlap conditions. We make things
simpler by assuming another chart for M of the form (U, ¢’) (i.e., the domain is the same
as the chart (U, ¢)) and a vector bundle chart for E of the form (V, ") (again the domain is
the same). These simplifications can always be made by restriction if necessary. Since the
charts (U, ¢) and (U, ¢") satisfy the overlap conditions we have that

¢’ o7t pU) — ¢ (W)
is a C'-diffeomorphism. Similarly, since (V, ) and (V, ") are vector bundle charts,
v o (y,0) = (o(y), A(y) - ),

where 6: Yo(W) — ¢((W)is a C’-diffeomorphism and A: ¢o(W) — GL(k; F) is of class C".
Now we consider the two charts

(VX WID'E, o (¢ x PIO°E) and (VX WIP'E, go (' X ¢'|0°E))

for @*E and show that they satisfy the overlap conditions. Let (¢,x) € (V x U)|®*E. We
write

P X Ple,x) = (D(x), v), %),

defining x € ¢p(U) and v € K. If @' : ¢'(U) = ¢((W) is the local representative of @ in the
“primed” chart, we may write

¥ X Ple,x) = (P'(x'),v),x'),

defining x” € ¢’(U) and v’ € FX. Since (U, @), (U, ¢"), (V,), and (V,1)’) satisfy the overlap
conditions we must have

X =¢'o¢p7(x), o =(A°0()- 0.

This shows that the overlap condition is indeed satisfied. |
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One directly verifies that the map ®: ®'E — E defined by d(e, x) = e is a vector
bundle mapping over ®@. That is, the diagram

PE-2.E

M ®
commutes and @ is F-linear on fibres.

4.4 Line bundles over general projective spaces

In this section, as an illustration of some of the topics of interest in algebraic geome-
try connected with holomorphic differential geometry, we generalise and beautify our
constructions presented in the course of Section 4.3 of line bundles over CP! to general
projective spaces. The constructions we perform are most naturally performed using
general vector spaces over general fields, so we phrase things in this way so as to
isolate the essential algebraic and geometric character. Some of the topics we discuss
here are dealt with nicely in the book of Berger [1987].

4.4.1 Setup

We let F be a field and we let V be a finite-dimensional F-vector space. For k € Z,,
by S*(V) we denote the degree k symmetric tensor algebra of V. For k € Z.y and
v € V we denote by v® the image of v ® --- ® v under the projection V& £ T(V) to
SK(V) ie., using the notation of Section F.2.2,

v =0®- - @v+I5(V).

We begin our constructions by first defining the generalisation of our construction
of FP" to the general setting. This is easy. A line in V is a one-dimensional subspace,
typically denoted by L. By P(V) we denote the set of lines in V. Equivalently, P(V) is
the set of equivalence classes in V \ {0} under the equivalence relation v, ~ v, if v, = av;
for a € F\ {0}. We call P(V) the projective space of V. If v € V \ {0} we denote by [v] the
line generated by v. We can thus denote a point in P(V) in two ways: (1) by [v] when
we wish to emphasise that a line is a line through a point in V; (2) by L when we wish
to emphasise that a line is a vector space.

We will study a family Op(d), d € Z, of line bundles over P(V). We shall refer to
the index d as the degree of the line bundles. The simplest of these line bundles occurs
for d = 0, in which case we have the trivial bundle

Opw)(0) = P(V) X F.
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We have the obvious projection

Ty Or(0) = P(V)
([v],a) & [o].

The study of the line bundles of nonzero degree in a comprehensive and elegant way
requires some development of projective geometry.

In this section we shall frequently use differential geometric language such as
“vector bundle” and “section,” even though we are not in the setting of differential
geometry. This should not cause confusion, as a quick mental translation into the case
of F € {R, C} should make all such statements seem reasonable.

4.4.2 The affine structure of projective space minus a projective hyperplane

In Definition 5.1.1, in preparation for our discussion of jet bundles, we define the
notion of an affine space, and we will use this definition here. At a few points in
this section we shall make use of a particular affine structure, and in this section we
describe this. The discussion is initiated with the following lemma.

Lemma (The affine structure of P(V) with a projective hyperplane removed) If F
is a field, if V is an F-vector space, and if U C V is a subspace of codimension 1, then the set
P(V) \ P(U) is an affine space modelled on Homg(V/U; U).
Proof Let my: V — V/U be the canonical projection. For v+ U € V/U, nal(v + U) is an
affine subspace of the affine space V modelled on U, as is easily checked. Moreover, if L is
a complement to U, then ry|L is an isomorphism. Now, if v+ U € V/U and if L; and L, are
two complements to U, note that

(mull) '@+ U) = (myll) Mo+ U) e U
since
ny((mylly) (v + U) = (myllo) ' (w + U)) = (0 + U) — (v + U) = 0.

Moreover, the map
V/Us v+ U (mylly) Y0+ U) = (mylly) Yo+ U) e U (4.12)

is in Homg(V/U; U). We, therefore, define the affine structure on P(V) \ P(U) by defining
subtraction of elements of P(V) \ P(U) as elements of the model vector space by taking
L; — Lo to be the element of Homg(V/U; U) given in (4.12). It is now a simple exercise to
verify that this gives the desired affine structure. |

To make the lemma more concrete and to connect it to constructions we already have
seen concerning projective spaces, in the setting of the lemma, we let O € P(V) \ P(U),
let eg € O\ {0}, and, for v € V, write v = voep + vy for vo € F and vy € U. With this
notation, we have the following result.
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4.4.2 Lemma (A concrete representation of P(V) \ P(U)) The map
$uo: P(V)\P(U) - U
[v] — V61VU

is an affine space isomorphism mapping O to zero.
Proof Let [v] € P(V) \ P(U) and write eg in its [v]- and U-components:

— /
eo = a(voeo + vy) + vy,

for v{; € U. Evidently, & = v5' and 9], = vg'vy. According to the proof of Lemma 4.4.1, if
w+ U e V/U, then

([v] = O)(w + V) = ([voeo + vyl — [eo])(woeo + U)
= (woeo)) — woeo
= woleo + vélvu) — Woeo
= wov(_)lvu,
where (woep)[,] denotes the [v]-component of woeo.

We now verify that ¢y o is affine by using Proposition 5.1.7. Let [v1], [02] € P(V)\P(U).
Then, forw + U € V/U,

(([1] = O) + ([v2] = O))(w + U) = WO(UI}DULU -0, 6(02,0))
and so
O + (([01] - O) + ([v2] - O)) = [eo + v} hur,u + ¥ Hoaul.

Thus, using the vector space structure on P(V) \ P(U) determined by the origin O,
duo([v1] + [02]) = du,0(O + (([v1] = O) + ([v2] - O)))

= vi})vl,u + Ui%)vz,u
= ¢uo([01]) + puo([v2])-

Also,
a([v] - 0O) = woavalvu
which gives
O +a([v] — O) = [vpeo + avy].

Therefore,
Pu,0@lv]) = ¢pu,o(0 +a([v] — O)) = avg'vy = adyo([v]),

showing that ¢y o is indeed a linear map from P(V) \ P(U) to U with origins O and 0,
respectively.

Finally, we show that ¢y o is an isomorphism. Suppose that ¢y o([v]) = 0, meaning
that valvu = 0. This implies that vy = 0 and so v € O, showing that ¢y o is injective. Since
the dimensions of the domain and codomain of ¢y o agree, the result follows. ]

Next let us see how, if we exclude two distinct hyperplanes, one can compare the
two affine structures.
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Lemma (Transition functions between affine subspaces) Let F be a field, let V be a
finite-dimensional F-vector space, and let Uy, U, C V be distinct codimension 1 subspaces, let
O e P(V)\P(U)),j € (1,2}, let eo, € O; \ {0}, and let Py, 0,: P(V) \ P(U;) — U, j € {1,2}, be
the isomorphisms of Lemma 4.4.2. Then

PU,0, ° Py, o, (W1) = (€0, + u1)g, (€0, + 1)y,

where (eo, + u1)o, is the O,-component and (eo, + u1)y, is the U,-component, respectively, of
€o, + u;.
If, furthermore, Oy € P(U,) and O, € P(U,), then the formula simplifies to

$U,0, ° DU, 0, (W1) = Upg, (€0, +ury,), Wi € du,0,(P(V) \ P(Uy)),

where u, o, is the Oy-component and uy y, is the U,-component, respectively, of uy.
Proof This follows by direct computation using the definitions. |

Let us consider an important special case of the preceding developments to
make connections to the differentiable structure for projective space presented in
Example 4.2.2—-4.

Example (The canonical projective space) We let V = F"*! and denote a point in V
by (ap,a1,...,a,). We follow the convention adopted in Example 4.2.2—4 and denote
by [ao : a; : -+ : a,] the line through (ag, a1, ...,a,). For j € {0,1,...,n} we denote by U;
the subspace

U] = {(llo,al,. . .,an) eV | aj = 0}

Note that U; is isomorphic to F" in a natural way, and we make this identification
without explicit mention. Note that the affine spaces P(V) \ P(U;) correspond to the
chartdomainsU;, j € {0, 1,...,n} from Example 4.2.2—4, and so we denote these exactly
by U;, for brevity. For each j € {0,1,...,n} we denote O; = spanc(e;), j € {0,1,...,n],
where e; is the jth (according to our numbering system starting with “0”) standard
basis vector for V. Note that O; € Uy for j # k, as prescribed by the hypotheses of
Lemma 4.4.3.
With this as buildup, we then have

¢U]-,Oj([ﬂ0 tap e tay]) = ﬂfl(ﬂo,ﬂlf---,ﬂj—l,ﬂj+1, e ly),

consistent with the chart maps from Example 4.2.2—4. We can also verify that, if
7,k€{0,1,...,n} satisty j < k, then we have

ai aj  Ajs2 a1 agm an)
V4

-1
QL)U',O‘O(PU O(all"‘/an):< A4 7 A4 7 7 VA
T Rk aji1 Ajv1 Aj41 Ajv1 Aj+1 Ajs Ajs1

which agrees with the overlap maps from Example 4.2.2—4. o
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4.4.3 The affine structure of projective space with a point removed

In order to study below the line bundles Op)(d) for d € Z.,, we need an enjoyable
linear algebra diversion. Our setup is the following. We let U be an F-vector space
and let W C U be a subspace. We then have a natural identification of P(W) with a
subset of P(U) by considering lines in W as being lines in U. Note that we also have
the canonical projection tyy € Homg(U; U/W) and so an induced map

P(rtw): P(U) \ P(W) — P(U/W)
L (L+W)/W C U/W.

Note that we do require that this map not be evaluated on points in P(W) since these
will not project to a line in U/W. The same line of thinking allows one to conclude that
P(rtw) is surjective. The following structure of this projection is of value.

Lemma (The affine bundle structure of the complement of a subspace in pro-
jective space) If F is a field, if U is an F-vector space, if W C U is a subspace, and if
L € P(U/W) then P(rw)~'(L) is an affine space modelled on Homg(rry, (L)/W; W).

Proof If L € U/W is a line, then there exists u € U \ W such that

L={au+W|aeF}={lau+w+W]| aeF}=M+W)/W,
where M = [u] and so M N'W = {0}. Therefore, we can denote
AL={MePU)\PW)| (M+W)/W =L}

We claim that
AL ={MePU)\PW) | M+ W = ry (L)};

that is, AL is the set of complements to W in ngvl(L). To see this, first note that any such
complement will necessarily have dimension 1 by the Rank-Nullity Theorem. Next let M
be such a complement. Then

L = mu(mpg (L) = (M + W),
which is exactly the condition M € A_. Next suppose that (M +W)/W = L. This means that
w(M + W) = L.

By the Rank-Nullity Theorem, it follows that M is a complement to W in 7,/ (L). The result
now follows from Lemma 4.4.1. [

For us, the most important application of the preceding lemma is the following
corollary.
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4.4.6 Corollary (A vector bundle structure for P(F @ V)) Let F be a field, let V be an F-vector
space, and consider the map

P(pr,): P(F® V) \ P(F®0) — P(V).

For L € P(V), P(pr,) (L) has a canonical identification with L.
Proof We apply the lemma in a particular setting. We take U =F®&Vand W =F & 0. We
have a natural isomorphism ty: V — U/F defined by 1y(v) = 0@v+F. If weletpr,: U —» V
be projection onto the second factor, then we have the diagram

0 w U—""- u/w 0 (4.13)
N
0—=F——=FaV Vv 0

pr;

which is commutative with exact rows. Note that pr;l(L) = FeL C Fe V. Therefore,
prgl(L) /F = L. By the lemma and by the commutative diagram (4.13), IP’(prz)‘l(L) is an
affine space modelled on

Hom,:(pr;l(L)/F; F) ~ Homg(L; F) = L".

Since 0@ L € IP’(prZ)‘l(L) for every L € P(V), the affine space IP)(prZ)‘l(L) has a natural
distinguished origin, and so this establishes a natural identification of P(pr,) (L) with L,
as desired. Explicitly, this identification is given by assigning to [1®v] € P(F® V) \ P(F®0)
the element a € [v]" determined by a(v) = a. [ |

4.4.4 Functions and maps to and from projective spaces

In order to intelligently talk about objects defined on projective space, e.g., spaces
of sections of line bundles over projective space, we need to have at hand a notion of
regularity for such mappings. We shall discuss this only in the most elementary setting,
as this is all we need here. We refer to any basic algebraic geometry text, e.g., [Harris
1992], for a more general discussion.

Caveat We do not follow some of the usual conventions in algebraic geometry be-
cause we do not work exclusively with algebraically closed fields. Thus some of our
definitions are not standard. We do not care to be fussy about how we handle this. At
points where it is appropriate, we point out where algebraic closedness leads to the
usual definitions. J

Functions on vector spaces

First, let us talk about functions on a vector space V taking values in F. We wish to use
polynomial functions as our starting point. A polynomial function of homogeneous
degree d on V is a function of the form

v Av,...,0),
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for A € TY(V). By Sublemma 1 from the proof of Lemma F.2.15 we now have the
following result.

4.4.7 Proposition (Symmetric multilinear maps and homogeneous polynomial map-
pings) Let F be a field and let V be an F-vector space. Then, for a homogeneous polynomial
function £: V — F of degree d, there exists a unique A € S*(V*) such that

f(x) = A(x,...,Xx).

Moreover, for xi, ...,xq € V we have

d

1 d-1
A(x1,...,xd):az Z EDTARG + X, X X)),
T 1= fjgejugll,end)

A general (i.e., not necessarily homogeneous) polynomial function is then a sum
of its homogeneous components, and so identifiable with an element of S(V*). Any
element of S(V*) can be written as Ay + Ay +--- + A; where d € Zy and A; € S/(V*),
j€10,1,...,d}. Justified by the proposition, we shall sometimes abuse notation slightly
and write “f € S(V*)” if f is a polynomial function. When we wish to be explicit
about the relationship between the function and the tensor, we shall write f4, where
A=A+ A+ -+ Ay If we wish to consider general polynomial functions taking
values in an F-vector space U, these will then be identifiable with elements of S(V*)®U.

We will need to go beyond polynomial functions, and this we do as follows.

4.4.8 Definition (Regular function on vector space) Let F be a field, let U and V be finite-
dimensional F-vector spaces, and let S € V. Amap f: V — U is regular on S if there
exists N € S(V*) @ U and D € S(V*) such that

(i) fveS| fp(v) =0} =0and

" fn(v)
i) f(v) = forallv e V.
i) fO) =205
If f is regular on V, we shall often say f is simply regular. o

In some cases regular functions take a simpler form.

4.4.9 Proposition (Regular functions on vector spaces are sometimes polynomial) If
F is an algebraically closed field and if U and V are finite-dimensional F-vector spaces, then
f: V — U is reqular on V if and only if there exists A € S(V*) ® U such that f = f4.
Proof The “if” assertion is clear. For the “only if” assertion, it is sufficient to show that,
in the definition of a regular function, D can be taken to have degree zero. To see this, we
suppose that D has (not necessarily homogeneous) degree d € Z.o and show that fp(v) =0
for some nonzero v. Write D = Dy + D1 +---+ D; where Dy, € Sk(V*) forke{0,1,...,d}. Let
(e1,...,ey) be abasis for V, fix ay, ... ,a, € F\ {0}, and consider the function

Fsaw fp(aey +azex +--- +aye,) € F. (4.14)
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Note that

d k
k
fp(aer +axex + -+ + aye,) = Z Z j Dy(aeq, ..., ae1,apex + -+ - + ayey),
k=0 j=0

j times k—j times

and so the function (4.14) is a polynomial function of (not necessarily homogeneous)
degree d. If

ZDk(azez +--+apey,,...,a2ex+ - +aze,;) =0

k=0
then fp is zero at the nonzero point aze; + - - - + a,e, and our claim follows. Otherwise, the
function (4.14) is a scalar polynomial function of positive degree with nonzero constant
term. Since F is algebraically closed, there is a nonzero root a; of this function, and so fp
is zero at ajeq + azep + -+ - + a,ey, giving our assertion. |

The following example shows that the assumption of algebraic closedness is essen-
tial in the lemma.

4.4.10 Example (A non-polynomial regular function) The function x — — from R to R is

1+ 2
a regular function that is not polynomial. .

Functions on projective space

Note that if f € S/(V*), then f(Av) = A%f(v), and so f will not generally give rise to a
well-defined function on P(V) since its value on lines will not be constant. However,
this does suggest the following definition.

4.4.11 Definition (Regular function on projective space) Let F be a field and let V and U be
F-vector spaces. Amap f: P(V) — Uis regular if there existsd € Zypand N € s1(veU
and D € $*(V*) such that

(i) fve V]| fp(v) =0} = {0} and

(i) f([0]) = f}’() all [

Let us characterise regular functions on projective space with a sort of general result
and an example showing that “sort of general” cannot be converted to “general.”
First the sort of general result.

0] € P(V). .

4.4.12 Proposition (Regular functions on projective space are sometimes constant) If F
is an algebraically closed field, if V is a finite-dimensional F-vector spaces, and if £: P(V) — F
is reqular, then f is a constant function on P(V).

Proof Suppose that f(v) = ;N Ez) forN,D € Sd(V*) where fp does not vanish on V' {0}. Since
F is algebraically closed, the same argument as was used in the proof of Proposition 4.4.9
shows that fp is constant, i.e., of degree 0. Thus fp is a nonzero constant function. It

follows that fy is also a constant function since we have N € s%(v*), and so f is constant. B

The following example shows that algebraic closedness of F is essential.
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4.4.13 Example (A nonconstant regular function on RP") We let F = R and V = R"!,
denoting a point in V by (ag,a1,...,a,). Of course, P(V) = RP". We define a regular
function f on RP" by

fN([ZO/al/--'/an)
2 2 27
24>+ +a

f([ﬂoiﬂ1i"'1ﬂn]):

where fy is a nonzero polynomial function of homogeneous degree 2, e.g.,
fn(ag,a, ..., a,) = dofiy + ardp + - -+ + Ay_1ay.

This gives a nonconstant regular function, as desired. J

Mappings between projective spaces

Next let us consider a natural class of maps between projective spaces.

4.4.14 Definition (Morphisms between projective spaces) Let F be a field and let U and V
be finite-dimensional F-vector spaces. A morphism of the projective spaces P(V) and
P(U) is a map @: P(V) — P(U) for which there exist dy,dp € Zsp, N € S (V*), and
D € S*(V*) ® U such that
(i) {ve V] fn(v) =0} = {0},
(i) fve V] fp(v) =0} = {0},
fn(0)

(iii) D([v]) = m] for all [v] € P(V). °

Let us give a couple of examples of morphisms of projective space.

4.4.15 Examples (Projective space morphisms)

1. If A € Homg(V;U) is a homomorphism of vector spaces, then the induced map
P(A): P(V) — P(U) given by P(A)([v]) = [A(7v)] is well-defined if and only ker(A) =
{0}. If ker(A) # {0}, then P(A)([v]) can only be defined for [v] ¢ ker(A), i.e., we have
a map

P(A): P(V) \ P(ker(A)) — P(U),

which puts us in a setting similar to that of Section 4.4.3.
2. Let V be an F-vector space. Let us consider the map

V3o 0™ eSiV).
This is a polynomial function of homogeneous degree d, i.e., an element of

S'(V") ® S*(V) =~ End(S"(V));
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indeed, one sees that the mapping corresponds to the identity endomorphism. This
mapping vanishes only at v = 0, and, therefore, we have an induced mapping

94 P(V) = P(S“(V))
[0] - [0*7],

which is called the Veronese embedding.

3. Let Uand V be F-vector spaces and consider the map 6yyv: UxV — U®V defined
by 6u,v(1,v) = u ® v. Note that

6(Au, pv) = (Au)o(u,v),
and from this we deduce that the map
ouyv: PU)xP(V) - P(U®YV)
([u], [0]) = [u®0]
is well-defined. This is called the Segre embedding. .

4.4.5 The tautological line bundle

Now we get to defining our various line bundles. In the case of d = -1, denote
Ozw)(=1) = {([o], L) e PV) X P(V) | v € L}

and )
o Or(=1) = P(V)
([vl, L) = [o].

The way to think of nfp_(\ll)) : Opv)(=1) — P(V) is as a line bundle over P(V) for which the
tibre over [v] is the line generated by v. This is the tautological line bundle over P(V).
In the case that F = R, the result is the so-called Mébius vector bundle over RP! ~ S!.
This is a vector bundle with a one-dimensional fibre, and a “twist” as depicted in
Figure 4.6.

Figure 4.6 A depiction of the Mtbius vector bundle (imagine the
fibres extending to infinity in both directions)

For [v] € P(V), let us denote Qy ,; = V/[v] and take

= U Qupr.
VT ey

We can think of Qy as being a vector bundle formed by the quotient of the trivial vector
bundle P(V) x V by the tautological line bundle. Note that we have an exact sequence

00— OP(V)(—l) éP(V) XV—Qy——0

where all arrows are canonical, and where this is done for “fibres” over a fixed [v] €
P(V),i.e., thisisa sequence of “vector bundles.” This s called the tautological sequence.
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4.4.6 The degree —d line bundles, d € Z.,

For d € Z.y we define

Oz (=) = {([0], (1AL, L)) € B(V) X Opsiyy (=1 | Sulle]) = 7y 3, ([AL L)}

and

o Orwy(—d) = P(V)

([2], (1AL L)) = [o].

The best way to think of ﬂﬁ»_(z)) : Opv)(=d) — P(V) is as the pull-back of the tautological

line bundle over P(S7(V)) to P(V) by the Veronese embedding. (See Section 4.3.6 for

a discussion of pull-back bundles.) The condition 94([v]) = n](ln_(;;(v))([A], L) is phrased

to emphasise this pull-back bundle interpretation of Op(y)(—d), but is more succinctly
expressed by the requirement that [v®] € [A]. In any case, Op)(—d) is to be regarded
as a vector bundle over P(V) whose fibre over [v] is [0%].

Let us give a useful interpretation of Op)(—4).

4.4.16 Proposition (Morphisms associated with Ogw)(—d)) For every d € Z.o we have a
canonical isomorphism

Opv)(—d) = Opyy(—1)*

and a canonical inclusion
Opv)(=d) = P(V) x S4(V),

both being vector bundle mappings over idp(y).
Proof For the isomorphism, consider the map

Opv)(=1)® 3 ([0, u®) = ([0], ([0%], u®)) € Opv)(=d) S Opgiy(~1).

Since u € [v], u® € [v®] from which one readily verifies that this map is indeed an
isomorphism of vector bundles over P(V).

If we take the d-fold symmetric tensor product of the left half of the tautological
sequence, we get the sequence

0 — Opq)(~1)% —=P(V) x SX(V)

which gives the inclusion when combined with the isomorphism from the first part of the
proof. |

4.4.7 The hyperplane line bundle

We refer here to the constructions of Section 4.4.3. With these constructions in

mind, let us define
Op)(1) = BF® V) \ P(F @ 0)
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and take ng()\/) = IP(pr,), so that we have the vector bundle ng()v) : Opvy(1) = P(V) whose
fibre over L € P(V) is canonically isomorphic to L*. Thus the fibres of Opy)(1) are linear
functions on the fibres of the tautological line bundle. We call Op)(1) the hyperplane
line bundle of P(V).

We have the following important attribute of the hyperplane line bundle.

Proposition (A projection from a trivial bundle onto the hyperplane line bundle)
We have a surjective mapping
P(V) x V' = Op(1),
as a vector bundle map over idp(y).
Proof Let ([v],A) € P(V) x S?(V*) and consider [A(v) ® v] € P(F @ V) \ P(F & 0). Since
[A(av) @ (av)] = [A(v) @ V], ackF,
it follows that [A(v) ® v] is a well-defined function of [v]. Recalling from Lemma 4.4.2 that
vector addition and scalar multiplication on JP’(prz)_1 ([v]) (with the origin [0®v]) are given
by
[a®v]+[bdv]=[(a+b)®v], aladv]=][(aa)dv], (4.15)
respectively, we see that the mapping ([v], A) — [A(v) ® v] is a vector bundle mapping. To

see that the mapping is surjective, we need only observe that, if [1®v] € P(pr,) ' ([¢]), then,
if we take A € $7(V*) to satisfy A(v) = a, we have [A(v) ® v] = [a ® 7], giving surjectivity. B

If, for [v] € P(V) we denote by Ky [, the kernel of the projection from {[v]} X V* onto
Opv)(1)[0), we have the following exact sequence,

0—=Ky— P(V) XV —— O]p(v)(l) —0

which we call the hyperplane sequence. Note that Ky,; = ann([v]), where “ann”
denotes the annihilator.
The following result gives an essential property of the hyperplane line bundle.

Proposition (The hyperplane line bundle is the dual of the tautological line bun-
dle) We have an isomorphism

Opv)(=1)" = Opw)(1)
as a vector bundle map over idp(y).
Proof 1If we take the dual of the tautological sequence, we get the diagram

00— Q:/ —— P(V) XV —— OP(V)(—l)’r —0
I
| '
Y

0——=Ky—— P(V) XV —— O]Pz(v)(l) —0

thinking of each component as a vector bundle over P(V) and each arrow as a vector
bundle mapping over the identity. The leftmost vertical arrow is the defined by the
canonical isomorphism

QQ’[U] = (V/[v])* = ann [v] = Ky ).
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The dashed vertical arrow is then defined by taking a preimage of a,) € Op)(=1)" in
P(V) x V* then projecting this to Op(y)(1). A routine argument shows that this mapping is
a well-defined isomorphism. |

4.4.8 The degree d line bundles, d € Z.,

For d € 7.y we define

Opwy(d) = {([v], M) € P(V) X Opgiryyy (D) | Sa(lo]) = 7', (M)}

P(S(V))

and ’
@ Opy(d) = B(V)

Op(v)
([vl, M) = [o].

As with the negative degree line bundles, we think of this as the pull-back of Op sty (1)
to P(V) by the Veronese embedding. Note that the fibre over L € P(V) is canonically
isomorphic to (8%(L))* = S*(L*). Thus the fibres of Op)(d) are polynomial functions of
degree d on the fibres of the tautological line bundle. With this in mind, we have the
following adaptation of Proposition 4.4.16.

4.4.19 Proposition (Morphisms associated with Op,)(d)) For d € Z., we have a canonical
isomorphism
Opv)(d) = Opy)(1)*

and a canonical surjective mapping
P(V) x ST(V") = Opqy(d),

both being vector bundle mappings over idp(y).
Proof Keeping in mind the vector bundle structure on Opy)(1) given explicitly by (4.15),
an element of OP(V)(1)®"I can be written as [a? @ v] for [v] € P(V) and a € F. Thus consider
the mapping
Opw)(1)® 3 [0 @ v] - ([0], [a7 @ ™)) € Op(siyy (-

Another application of (4.15) to Opg( (1) shows that the preceding map is a vector bundle
map, and it is also clearly an isomorphism.
Now we can take the dual of the inclusion

Opqvy(—d) = P(V) x S4(V)

from Proposition 4.4.16 to give the surjective mapping in the statement of the proposition.
|

4.4.9 The tangent bundle, the cotangent bundle, and the Euler sequence

To motivate our discussion of tangent vectors and the tangent bundle, we consider
the case when F = R and so V is a R-vector space. In this case, we establish a lemma.
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4.4.20 Lemma (Tangent vectors on real projective space) If V is a R-vector space, there
exists a canonical isomorphism of T, P(V) with Homg([v]; V/[V]) for every [v] € P(V).
Proof ForL € P(V), the tangent space T P(V) consists of tangent vectors to curves at L. We
definea map T\ € Homg (T P(V); Homg(L; V/L)) as follows. Letv € T P(V),lety: I — P(V)
be a smooth curve for which y’(0) = v. Letu € L and let 0: I — V be a smooth curve for
which ¢(0) = u and y(t) = [o(t)], and define T| (v) € Homg(L; V/L) by

T (v)-u=0'(0)+L.

To see that T is well-defined, let 7 be another curve for which 7(t) = u and y(t) = [7(t)].
Since 7(0) — 0(0) = 0 we can apply Lemma 1 from the proof of Proposition 4.5.4 below to
write 7(t) — o(t) = tp(t) where p: I — V satisfies p(t) € y(t). Therefore,

7(0) = 0’(0) + p(0) + L = o’ (0) + L,

showing that T\ (v) is indeed well-defined. To show that T\ is injective, suppose that
T (v) =0. Thus T_(v) - u = O for every u € L. Let y be a smooth curve on P(V) for which
7’(0) = v, let u € L, and let 0 be a curve on V for which ¢(0) = u and y(t) = [o(t)]. Then

0=T (v)-u=0'(0)+L = 0’(0) L.

Since y(t) is the projection of o(t) from V \ {0} to P(V), it follows that y’(0) is the derivative
of this projection applied to ¢’(0). But since ¢’(0) € L and since L is the kernel of the
derivative of the projection, this implies that v = )’(0) = 0. Since

dimg(TLP(V)) = dimg(Homg(L; V/L)),
it follows that T\ is an isomorphism. |

With the lemma as motivation, in the general algebraic setting we define the tangent
space of P(V) at [v] to be
TP(V) = [o]' ® V/[v].

The tangent bundle is then, as usual, TP(V) = O[U]EP(V) TP(V). Recalling the quotient
vector bundle Qy used in the construction of the tautological sequence and recalling
the definition of the hyperplane line bundle, we clearly have

TP(V) = O]p(v)(l) ® Qy.
We then also have the cotangent bundle
TP(V) = Opv)(—1) ® Ky,

noting that Op)(=1) = Opy)(1)" and Q}, = Ky.
We have the following result.
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Proposition (The Euler sequence) We have a short exact sequence
0——=P(V) x F——=P(V) X (V® Op)(1)) —=TP(V) —=0

Proof This follows by taking the tensor product of the tautological sequence with Op(1),
noting that

Opv)(=1) ® Op(y)(1) = F
by the isomorphism v ® @ +— a(v). This is indeed an isomorphism since the fibres of
Opv)(—1) and its dual Opy(1) are one-dimensional. [ |

Sometimes the dual

0 —= TP(V) —=P(V) X (V* ® Op(yy(~1)) —= P(V) x F* —=0

of the Euler sequence is referred to as the Euler sequence. In the more usual presenta-
tion of the Euler sequence one has V = F"*! so the sequence reads

0 — P(F"*!) x F — Op)(1)""! —=TP(F"*!) —0

It is difficult to imagine that the Euler sequence can be of much importance from
the manner in which it is developed here. But it has significance, for example, in
commutative algebra where it is related to the so-called Koszul sequence [Eisenbud
1995, §17.5].

In case dim(V) = 2, the tangent and cotangent bundles are line bundles, and have
a simple representation in terms the line bundles we have introduced above.

Proposition (Tangent and cotangent bundles of one-dimensional projective
spaces) If F is a field and if V is a two-dimensional F-vector space, then we have iso-
morphisms
TR(V) = Opy(2),  T'B(V) = Ogy(~2).
Proof By a choice of basis, we can and do assume that V = F2. We closely examine the
Euler sequence. To do this, we first closely examine the tautological sequence in this case.
The sequence is

0 —— Opz) (—1) —— P(F2) x F2 > Qp 0
and, explicitly, we have

Il (([(x/ y)])r a(xr y)) = ([(xr y)]/ (ﬂx, 11]/))/ P]([(X, ]/)]/ (1/[, U) + [(X, y)])
The Euler sequence is obtained by taking the tensor product of this sequence with Opr2)(1):

[ ®id P1®id
0 — Opez)(—1) ® Op(2y (1) ——= Oppz)(1)> —— TP(F2) — 0

with id denoting the identity map on Op2)(1). Explicitly we have

L @id([(x, )], (alx, y)) ® @) = Li([(x, Y)], (ax, ay)) ® a = (axa) & (aya).
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Now let [(x,y)] € P(F?) so that x and/or y is nonzero. Obviously (x,v) is a basis for
L = [(x,y)] Let (&), Ny) € F? be such that ((x, ), (E@y) Nx,y)) is a basis for F2. For
(u,v) € F? write
(u,v) = a(x,y)(u/ v)(x, y) + b(x,y)(u/ U)(é(x,y)/ n(x,y))/
uniquely defining a,,) (1, v), by, (1, v) € F. Using this we write
Pl ® ld([(xl ]/)]/ (u/ 'U) ® Ot) = ([('xl y)]/ (b(x,y)(u/ U)(E(x,y), n(x,y)) + [(x/ y)]) ® 0().
Now consider the map
¢: Ope)(1)* = Ope)(2)
([, Y] adp) = ([(x, Y] (Ewxna) @ M,y)P))-

Making the identification Oprz)(—1) ® Op(rz)(1) = P(F?) X F as in the proof of Proposi-
tion 4.4.21, we have the commutative diagram

0 — P(F?) x F — Ope)(1)2 —— TP(F2) ——0
J |

|
0—— ]P)(FZ) X F—— OP(FZ)(l)Z e OP(FZ)(Z) —0

Y

with exact rows. The dashed arrow is defined by taking a preimage of v € T P(F?) in
Oé ) and projecting this to Op(r2)(2). One verifies easily that this map is a well-defined
isomorphism.

That T*P(V) =~ Opv)(-2) follows from Propositions 4.4.18 and 4.4.19. |

4.4.10 Global sections of the line bundles

Let us consider the global sections of Op)(d) for d € Z. The sections we consider
are those that satisfy the sort of regularity conditions we introduced in Section 4.4.4.
This takes a slightly different form, depending on the degree of the line bundle.

4.4.23 Definition (Regular sections of line bundles over projective space) Let F be a
field, let V be a finite-dimensional F-vector space, and let d € Z. A section of Op)(d)

is amap o: P(V) — Op)(d) for which ngl()v) o0 = idp(y). A section o is regular if

(i) d < 0: 6: P(V) > S(V) is regular in the sense of Definition 4.4.11, where 6 is
defined by the requirement that

a([o]) = ([0], (1™, 8([0)));

(i) d =0: 6: P(V) — Fisregular in the sense of Definition 4.4.11, where ¢ is defined
by the requirement that

a([v]) = ([0], 6([2]));

(ii) d > 0: 6: V — F is regular in the sense of Definition 4.4.8, where ¢ is defined by
the requirement that

a([v]) = ([0], [6(0) ® 0™)).
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The set of regular sections of Op)(d) we denote by I'(Opv)(d)). J

With these definitions, we have the following result that gives a complete charac-
terisation of the space of global sections in the algebraically closed case.

4.4.24 Proposition (Sections of line bundles over projective space) If F is a field and if V
is an (n + 1)-dimensional F-vector space, for d > 0 we have

) n+d\ m+d)!
> = .
dimp(I'(Opv)(d))) = ( n ) ET
Moreover, if F is algebraically closed, then we have
0, d<o0,

dimF(F(OP(V)(d))) = {(n+d) d>o.

Proof Letd > 0. If A € S%(V*) then there is a corresponding regular section o4 of Opy)(d)
defined by
oa([o]) = ([0], [A@*"),v™]).

Thus we have a mapping from S7(V*) to I'(Opv)(d)). We claim that this map is injective.
Indeed, if o4([v]) = 0 for every [v] € P(V). This means that A(v®) = 0 for every v € V
and so A = 0. The first statement of the proposition now follows from Proposition F.2.9,
also cf. Lemma 1.1.1.

For the remainder of the proof we suppose that F is algebraically closed.

Let us next consider the negative degree case. Let o be a global section of Op)(d)
with 6: P(V) — $%(V) the induced map. Leta € S%(V*) so that a <6 is an F-valued regular
function on P(V), and so is constant by Proposition 4.4.12. We claim that this implies that
0 is constant. Suppose otherwise, and that 6([v1]) # 6([v2]) for distinct [v1], [v2] € P(V).
This implies that we can choose a € S%(V*) such that a6([v1]) # a56([v2]). To see this,
suppose first that only one of 6([v1]) and &([v2]) are nonzero, say §([v1]). Then we need
only choose «a so that 6([v1]) # 0. If both of 6([v1]) and 6([v2]) are nonzero, then they are
either collinear (in which case our conclusion follows) or linearly independent (so one can
certainly choose a so that a°6([v1]) # a<6([v2])). Thus we can indeed conclude that & is
constant. Note that, for [v] € P(V) we have 6([¢v]) = a[v]v®d for some ay,) € F. That is to say,
([v]) is a point on the line [v®] for every [v] € P(V). The only point in S%(V) on every such
line is zero, and so 6 is the zero function.

For d = 0 the result follows from Proposition 4.4.12.

Now consider d > 0 and let o be a regular section of Op((d) with 5: P(V) — F the
corresponding function. In order that this provide a well-defined section of Opy)(d), we
must have

[5([A0]) ® (A0)™] = [6([o]) ® v™],
which means that
6([A0) & (A0)™ = a([6([0]) @ v™])

for some a € F. Since v # 0, v® # 0 and so we must have & = A, and so 6(A[v]) = A%6([v]).
The requirement that & be regular then ensures that 5 = f4 for A € $%(V*), according to
Proposition 4.4.9, since F is algebraically closed. |
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Let us observe that the conclusions of the proposition do not necessarily hold when
the field is not algebraically closed.

4.4.25 Example (Sections of line bundles over RP') We consider the simple example of
line bundles over RP!. First let us show that there are nonzero regular sections of the
tautological line bundle in this case. To define a section 0 of Ogp1(—1), we prescribe
6: RP' — R?, as in Definition 4.4.23(i). There are many possibilities here, and one
way to prescribe a host of these is to take ¢ to be of the form

R plao,a1)  plao, a1)
6([ag : m]) = |a ,a
(lao : a1]) ( Oagk o 1a(2)k o
for k € Z.y and where p is a polynomial function of homogeneous degree 2k — 1. In
Figure 4.7 we show the images of § in a few cases, just for fun. Note that if o is a section

Figure 4.7 The image of § for k = 1 and p(ag,a1) = a0 (top left),
k = 2 and p(ag,a1) = aja; (top right), and k = 3 and p(ao, a1) =
aéa? + aga% (bottom)

of Ogpi(—1) then 0®? is a section of Ogpi(—d). In this way, we immediately deduce that
Ogp1(—d) has nonzero regular sections for every d € Z..
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Of course, there are nonzero regular sections of Ogp1(0), as such sections are in
correspondence with regular functions, cf. Example 4.4.10.

As for sections of Ogpi(d) for d > 0, it still follows from the proof of Proposi-
tion 4.4.24 that, if A € S*(V*), we have a corresponding regular section of Ogp:(d).
However, there are many other global regular sections since, given a given a regular
function f, there is the corresponding regular section fA. o

Remark (The case of real and complex projective spaces) Note that the preceding
discussion regarding sections of line bundles reveals essential differences between
the real and complex case that arise, at least in this algebraic setting, from the fact
that C is algebraically closed, whereas R is not. These differences are also reflected
in the geometric setting where, instead of regular sections, one wishes to consider
holomorphic or real analytic sections. As we saw in Example 4.3.14, the restrictions
for sections that we have seen in Proposition 4.4.24 in the algebraic case are also
present in the holomorphic case. On the flip side of this, we see that even in the
algebraic case, there are many sections of vector bundles over real projective space.
This is, moreover, consistent with the fact that, in the geometric setting, real analytic
vector bundles admit many real analytic sections, cf. Cartan’s Theorem A in the real
analytic case. o
4.4.11 Coordinate representations

In this section, after working hard to this point to avoid the use of bases, we connect
the developments above to the commonly seen transition function treatment of line
bundles over projective space.

Coordinates for projective space
We fix a basis (e, €1, . . ., €,) for V, giving an isomorphism
(X0, X1,...,X,) > Xpeo + X161 + -+ + X8,
of F"*! with V. We shall engage in a convenient abuse of notation and write
x = (X0, X1,.-+,%Xn),

i.e., confound a vector with its components. The line

[x0e0 + X161 + -+ - + Xx,6,]
is represented by [x : x1 : -+ - : x,]. Again, we shall often write

[x] =[x o1 -+ 2 x],
confounding a line with its component representation. For j € {0, 1, ..., n} we denote

Uj=A{[xo:x1:--:x,] | x; # 0}
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and note that P(V) = u;.;ouj. WeletO; = spang(e)), j € {0,1,...,n}. Asper Lemma4.4.2,
the map

(P] u] - Fn

[x0:x1:--:x,] (x;lxo,x -1

]

-1
X100, X j

j x]-_l,x

-1
Xjals - s X] Xn)

is an affine isomorphism.

Coordinate representations for the negative degree line bundles

Let us consider the structure of our line bundles over P(V). We first consider the
negative degree line bundles Op)(—d) for d € Z.y. In doing this, we recall from
Proposition 4.4.16 that Op(y)(—d) is a subset of the trivial bundle P(V) x S7(V). We will
thus use coordinates

([xo0,x1, - .., Xul, A),

to denote a point in ([x], A) € Op)(—d), with the understanding that (1) this is a basis
representation and (2) the requirement to be in Op)(—d) is that

[A] = [(xo, x1, .. -,Xn)®d]-

The following lemma gives a local trivialisation of Op()(—d) over the affine sets U;,
j€{0,1,...,n}
Lemma (Local trivialisation of Op,(—d)) With all the above notation, forj € {0,1,...,n}
and d € Z, the map
Tj(_d)t O[pv(v)(—d)|u]~ - u]- X F
([Xo, X1t -+ s Xnl, a(X0, X1, -+, Xn)®) > ([Xg 1 X1 1 oo+ Xn],and)
is an isomorphism of vector bundles.

(=d)

Proof Let us first show that T is well-defined. Suppose that [x] € U; is written as

[x] =[xo:x1 - ixp] =[yo,y1:- 1yl

so that
x;l(x()/ X1y /xn) = y;l(yO/ ViVERRY yn)

If v = (xo, x1, ..., x,) then we have
-1
U= x]y] (xo,xl,. . .,xn)

and so
d —
(%0, %1, -+, ) = X7y (Yo, y1, - y) >
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From this we deduce that

Tj._d)([x() xp e X la(xo, X1, x0)®) = (o sy e xn],ax?)
= ([(xjyfl)yo : (ijjl)yl e (ijfl)yn],ax?(y?y}d))
=(lyo: y1: - yal @yl (&fy;h)

= TE_d)([J/O : ]/1 L ]/n]z ﬂx?]/;d(yof ]/1; ey ]/n)®d),

and from this we see that 7% is well-defined. Clearly T;._d)

. . —d) . .. . .
Moreover, since x; is nonzero on U;, TE. ) is surjective, and so an isomorphism. [ |

is a vector bundle map.

Now suppose that [x] € U; N Uy and that ([x], A) € Opy(—d). The following lemma
relates the representations of ([x], A) in the two local trivialisations.

4.4.28 Lemma (Transition functions for Op)(—d)) With all the above notation, if
CDIT A) = (xe = X4« ee - N DI AY = (Txa : xq e e s
T]‘ ([X]/ ) ([XO X1 . Xn]/ a])/ Ty ([X]/ ) ([XO X1 . Xn]/ ak)/

then ay = (f(—?)daj.
Proof Note that

(Ti,—d))-l([xo cxp e xala) = (o aqcee xn],ax;d(xo, X1, 20
and so
Tl(c_d) °(T§-—d))_1([xO 1Xp el a) = T,(;d)([XO TXp el xn],ax;d(xo,xl,...,xn)®d)
= ([xo : %1 5 -+ s Xl axfa; ).

We then compute

(o x1 - xd ) = 7 O ([x], A) = 7P o (25 o a7 (141, 4)
=7 o (@) (xo 3 s xala)
=(xp:x1:-: xn],a]'xix]fd),
giving the desired conclusion. u
Since the function
Xp\@
[xo:x1:- i x,] (—)
Xj

is a regular function on U; N U, we are finally justified in calling Op)(—d) a vector
bundle over P(V) since we have found local trivialisations which satisfy an appropriate
overlap condition within our algebraic setting.
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Coordinate representations for the positive degree line bundles

Next we turn to the positive degree line bundles. Here we have to consider sections
of the bundle
P(F @ S'(V)) \ P(F ©0),

so we establish some notation for this. We use the basis
190,0®ey,...,0®e,
for F @V and denote a point
FeVs(Ex)=0a0)+x(0dey) +x1(0dey)+---+x,(0Dey)

by (&, (x0,x1,...,%,)) € F@®F". The line [(&, x)] is then denoted by [£ : [xg : x1 1 - -+ 1 x,]].
We shall also need notation for lines in $(V) and F @ S%(V). For x € V \ {0} we use the
notation
[x it 0, ]®, [E:[xorxgteetx,]™]
to denote the lines [x®] and [£ ® x®'], respectively.
We are now able to give the following local trivialisations for the positive degree
line bundles.

4.4.29 Lemma (Local trivialisation of Op)(d)) With all the above notation, forj € {0,1,...,n}
and d € Zo, the map

T]@ : Opy)( )|, — U x F
(xo:xa:ixal [E: Do xa i xal® ) o (Dxo i 30 1o+ X), EX5°Y)
is an isomorphism of vector bundles.
Proof Suppose that
[xo:x1 - xul =[yoryr:--:ynl
and
[€:Dxo s xn sl = [ e[y sy oot wal™],
which implies that
x]Tl(x()/xl/ ce /xﬂ) = ]/;1(]/0/ VAVERRY ]/n)

and so éx]Td = ny;d. From this we conclude that T;.d) is well-defined. To verify that T;d)

is linear, we recall from Lemma 4.4.2 that, with the origin [0 : [xg : x7 : -+~ : x,]%%], the
operations of vector addition and scalar multiplication in Opy)(d)[, are given by
[Exlxocxy st xg]®]+[E oy s ]®] = [E+ 7 [xo g oo 2],
& [xo:xr - x0]® = [ s [xo s 21 1+ 1 %]

From this, the linearity of T;d) follows easily. It is also clear that Ti.d) is an isomorphism

since x i is nonzero on U j- [ |

Finally, we can give the transition functions for the line bundles in this case. That
is, we let [x] € U; N Uy and consider the representation of ([x], [a & x®1]) in both
trivialisations.
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4.4.30 Lemma (Transition functions for O, (d)) With all of the above notation, if

V(] [a@x*) = (xo i x1 5 -+t Xal, @),
T (x], [a®x*) = ([xo %1+ 2 Xl ),
then ay = (:—i)daj.
Proof We have
(Tﬁ-d))_l([xo pay e ixla) = (o xn sl faxd s [xo e i x]®)
which gives
’cl((d) o(’c;d))_l([xo TX1 el Xy, a) = ’cl((d)([xg TX7 et X, [ax? B E S S TR xn]®d])
=([xp:x1:--: xn],ax?x]:d).
Thus we compute
(o s x1 1+ s 2l ) = T ([x]; [a @ 7))

d d)\— d
=7 o (@) ot (i [a @ )

d d)\—
=7 o (@) (xo i3t )
=([xp:x1:---: xn],a]-x‘]"lx,:d),
as desired. m

4.5 Tangent bundles of holomorphic and real analytic manifolds

In this section we discuss tangent bundles of holomorphic and real analytic man-
ifolds. This breaks into two parts. First we recall the basics of tangent bundles from
smooth real differential geometry, but now applied to the real analytic case. There
is really nothing new here, but we fix notation and conventions. In the holomorphic
case, there is additional structure inherited from the fact that the real tangent spaces
are, in fact, C-vector spaces. This additional structure is considered in detail.

4.5.1 Real tangent vectors and the real tangent bundle

Note that a holomorphic manifold is a real analytic manifold and that a real analytic
manifold is a smooth real manifold. Thus we can adopt from the smooth real setting
the construction of tangent vectors. There are (at least) two equivalent definitions of
tangent vector on a smooth manifold. The definition we use is a geometric definition.

4.5.1 Definition (Tangent vector, tangent space, tangent bundle) Let M be a smooth or
real analytic manifold and let x, € M.
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() A curve at x, is a differentiable map y: I — M such that I C R is an interval,
0 € int(I), and y(0) = xo;

(if) Two curves at xp, y1: 1 = Mand y,: I, — M, are equivalent if, for some R-chart
(U, @) with xo € U, we have

D¢ < y1(0) = D¢ > y2(0).

(iii) A tangent vector at x, is an equivalence class of curves under the preceding
notion of equivalence. Thus a tangent vector may be denoted by [y],, with y
being a curve at x,.

(iv) The tangent space at x, is the set of all equivalence classes of curves, and is
denoted by T,M.

(v) The tangent bundle of M is the disjoint union of the tangent spaces, and is denoted
by TM = Uyen T,M
(vi) The projection from TM to M is denoted by mttu. o

In Figure 4.8 we depict the idea behind our definition of a tangent vector. One

sy

Figure 4.8 The idea behind equivalence of curves at x

can verify, using the Inverse Function Theorem and the fact that the overlap map is a
diffeomorphism to verify that the definition of equivalence of curves does not depend
on the particular choice of chart (U, ¢).

An alternative and equivalent characterisation of tangent vectors comes in terms
of derivations.

4.5.2 Definition (R-derivation at Xo) Let M be a smooth or real analytic manifold and let
xo € M. A R-derivation at x, is a R-linear map 6: C*(M) — R such that

0(fg) = 0(f)g(x0) + f(x0)0(8)- .

We shall subsequently explore derivations in more detail in the holomorphic case,
so let us say a few more things about their structure here.
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4.5.3 Proposition (Derivations are local) Let M be a smooth or real analytic manifold and let
Xo € M. If O is an R-derivation at xo € Mand if f, g € C™(M) have the property that fi{U = g|U
for some neighbourhood U of xo, then O(f) = 0(g).

Proof First let us suppose that g vanishes on U. Let V C U be a neighbourhood of x( such
that cl(V) € U and, by the Tietze Extension Theorem [Abraham, Marsden, and Ratiu 1988,
§5.5], let h € C*(M) be such that h(x) = 0 for x € V and h(x) = 1 for x € M\ U. We then have
hf = f and so
O(f) = O(hf) = O(h)f(xo) + h(x0)O(f) =

Now let ¢ agree with f on U. By our computation above and by the R-linearity of

derivations,
= 0(f - 8) = 0(f) - 0(g),

as desired. ]

The previous result has (at least) two important consequences. First of all, and
somewhat pragmatically, it allows us to work locally in describing R-derivations at x,
and so we can work in the domain of a coordinate chart about xy. Second of all, and
of conceptual importance, we can as well think of a derivation 0 as being a R-linear
map from the ring of germs ¢ to R satisfying

O([f1x[81x) = O([f]x,)8(x0) + f(x0)O([g]x,)- (4.16)

This latter point will be crucial when we subsequently consider the holomorphic case
in detail.

Let us go along the pragmatic lines suggested above to arrive at a concrete descrip-
tion of a derivation is a coordinate chart. Let us provide the notation first of all. We let
M be a smooth or real analytic manifold, let x, € M, and let (U, ¢) be a R-chart about
xo. Let us denote the coordinates in the chart by (x!,...,x"). For j € {1,...,n} define
the R-derivation —(xo) at xp by asking that

a 1
() = 222 g,

for f € C*(M).

4.5.4 Proposition (Coordinate characterisation of derivations) Let M be a smooth or real
analytic manifold, let xo € M, and let (U, ¢) be a R-chart with xo € U. Then the following
statements hold:

(i) the set of R-derivations at X, has a natural R-vector space structure;
(ii) the R-derivations (%(xo), 9-(xo)) form a basis for the vector space of R-derivations
at Xg.
Proof The R-vector space structure for the set of R-derivations is given by

(61 + 02)(f) = 01(f) + 62(f),  (@O)(f) = a(6(f)),

for derivations 0, 01, 0> and for a € R. The verification that these operations define a vector
space structure is the usual tedlous procedure

Toverify that the der1vat10ns -5 (x0), j € {1,...,n}, formabasis for the set of derivations.
We first prove a lemma.

M /axn
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1 Lemma Let f € C*(B"(r, 0)) satisfy £(0) = 0. Then

n

fx) = ) ¥gi(x)
=1
forgi,...,gn € C7(B"(1,0)).
Proof Letx € B"(r,0) and define
yx(t) = f(tx).

We calculate
1
0 = @) - 0 =)= 70 = [yt
n 1 &f no
= ;‘fo xfﬁ(tx) dt = ;x]gj(x),

where

0= [ Lia

ixX) = — X .

& 0 ox/

The functions g, ..., g, are smooth by standard theorems on parameter dependence of
integrals. \

With this in mind, let us assume without loss of generality (by Proposition 4.5.3) that
(u, qb) issuch that‘qb(U) is a ball about some point xy € R". Let &L, & € C®(U) be defined
by & od(x) = x/. By the lemma we have

n

£ = flxo) + ) (E1) - & (x0))gj(x)

j=1

for smooth functions g1,...,g, on U. We claim that a R-derivation 0 at xy applied to a
constant function vanishes. Let us first prove this for the constant function 1:

) =0(1-1)=0(1)-1+1-0(1) =20(1),

giving 0(1) = 0. For a general constant function g taking the value « we have g-1=c-1
and so, using R-linearity of derivations,

6(3) = 6(g 1) = ab(1) = 0.

Now using the fact that derivations of constant functions are zero, we have

0(f) = Y 0(& - &(x0))3;(x0)-
j=1
el

From the proof of the lemma we have g;(xo) = = (x0)(f), giving the result. |
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Note that the proof of the preceding result also gives the coefficients of 6 when
written as a linear combination of the basis vectors:

6 = ZQ(EJ) (%),

where &, ..., &" are the coordinate functions.

Let us use this coordinate representation of a derivation to establish the correspon-
dence between R-derivations at x, and tangent vectors at xo. Again, we stick to the
real case to keep the notation simple. For [y],, € T,,M let us define a R-derivation 0,
at xo by

0,(f) = 5| _ f°v6)-

With this notation we have the followmg result.

Proposition (Tangent vectors and derivations) If M is a smooth or real analytic manifold
and if xo € M, the map

[V]xo = 6)/

is a bijection from T, M to the set of R-derivations at x,.
Proof Let (U, ¢) be a chart about x¢. The derivation 6, is computed to be

0,)= S| _for©= | foiteper
-1
Z (f ‘7’ A0 o aoyol,

j=1

where v = % |S:0¢ oy(s). From this expression we may directly verify the bijection asserted
in the statement of the result. |

Thus tangent vectors at xo, in the geometric sense we have defined, are exactly the
R-derivations at x;. We shall not distinguish these things.

Remark (Why are we using smooth objects on holomorphic or real analytic man-
ifolds?) One might justifiably wonder whether the constructions we have made here
are appropriate. Specifically, while we are considering smooth or real analytic mani-
folds, our curve definition of a tangent vector depended on only differentiable curves
and the R-derivation definition of a tangent vector depended on smooth functions.
The reason this works is that tangent vectors are defined using only first derivatives of
objects defined in a neighbourhood of the point where the tangent vector is anchored.
For this reason, in the real analytic case one could as well define tangent vectors as
equivalence classes of real analytic curves. In the derivation setting, we could as well
use the definition of (4.16) to think of a R-derivation at x as a R-linear map 0: ¢}, — R.

However, it is true that in the holomorphic case, there is additional structure to
be gained by really working with holomorphic objects rather that with smooth real
objects. We turn to this now. o
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4.5.2 The complex structure of the tangent bundle of a holomorphic manifold

Let us now adapt the preceding discussion to manifolds. The discussion here is
really a smooth one, so let us consider only this case for the moment.

4.5.7 Definition (AlImost complex structure, complex structure) Let M be a smooth man-
ifold.

(i) An almost complex structure on M is a smooth (1, 1)-tensor field ] on M such that
J(x) € Endr(T,M) is a linear complex structure for every x € M.

(i) An almost complex structure | is a complex structure if there exists an atlas
((Ua, @a))aea for M such that the local representative of | with respect to each
coordinate chart is constant and such that the derivatives of the overlap maps
commute with the local representatives of J. o

First of all, let us be sure that we understand that complex structures arise naturally
on holomorphic manifolds. We shall in Section 4.8 that, conversely, complex structures
give rise to holomorphic manifolds.

4.5.8 Proposition (Holomorphic manifolds have complex structures) A holomorphic man-
ifold possesses a natural complex structure.
Proof Suppose that M has the structure of a holomorphic manifold. Let (U, ¢)) be a C-chart
and let us denote (real) coordinates by (..., x Y, ., y"). Let us define a (1, 1)-tensor
field J, on U as that whose local representative is

n a +‘ n a )
= - m+j _ ]
Jo ]Z; o5 ®dy ]Z; o @AY, (4.17)

cf. Proposition 4.1.2. If we have another chart (V, 1), then on the overlap U NV the
local representatives ], and ], are related by the Jacobian of the overlap map. Since
this Jacobian is C-linear by virtue of the overlap map being holomorphic, it follows that
multiplication by i is preserved by the Jacobian, and so agrees for the linear complex
structures ], and ]y, on each local representative of each tangent space. Thus we can use
either [, or ]y to define a linear complex structure on the tangent spaces. In other words,
M possesses a well-defined almost complex structure. However, we started the proof by
showing that the natural holomorphic coordinates give a constant local representative for
this almost complex structure. If (U, @a))seca is an atlas of C-charts, one readily verifies
that the derivatives of the overlap maps commute with the local representatives of | since
the derivatives are C-linear maps, cf. Proposition 4.1.6. Thus a holomorphic manifold
possesses a natural complex structure. n

It follows immediately that the constructions of Section 4.1.1 apply to each tangent
space of a holomorphic manifold. Indeed, these constructions can be applied to each
tangent space of a manifold with an almost complex structure, a fact that we will take
advantage of in Section 4.8. But for now we just have the following definition.
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Definition (Complex tangent bundle, holomorphic tangent bundle, antiholomor-
phic tangent bundle) Let M be a holomorphic manifold and denote by Cy = M x C
the trivial R-vector bundle.

(i) The complex tangent bundle is T°M = Cy ®z TM.

(i) The holomorphic tangent bundle, denoted by T'°M, is the (real) subbundle of
T®M whose fibre at x € M is T°M = (T, M)10,

(iii) The antiholomorphic tangent bundle, denoted by T*!M, is the (real) subbundle
of T°M whose fibre at x € M is Ty'M = (T,M)"1. .

These are R-vector bundles. As we shall see in Corollary 4.5.18, TYOM has the
structure of a C-vector bundle.

Let us give a few alternative characterisations of the holomorphic tangent bundle
that are insightful. To do this, we first make some definitions. We start with curves.

Definition (Complex curves) Let M be a holomorphic manifold and let zy € M.
(i) A complex curve at z; is a differentiable map y: D!(r,0) — M such that y(0) = z,.

(i) The tangent vector to a complex curve y: DI(r,0) — M at z; is the element
7'(0) € TS M defined by

P P
7(0) = %(1 ® a—Z(O) _ig %(0)).

(iii) Two complex curves atzy, y1: D'(r1,0) = Mand y,: D'(r, 0) — M, are equivalent
if y1(0) = »5(0). .

Of course, it is holomorphic curves that will be of most interest to us. But to make
the setting have some context, we give general definitions.
Next we work with derivations.

Definition (C-derivation at z;) For a holomorphic manifold M and for zy € M, a
C-derivation at zo is a C-linear map 0: €7}, — C such that

O([f1=[81z) = O0([f1z)8(z0) + f(20)O([g]z)- .

With these notions at hand, we have the following characterisations of holomorphic
tangent vectors. As we see, the situation mirrors the smooth real case in a pleasing
way.

Proposition (Characterisations of T'°M) Let M be a holomorphic manifold and let zy € M.
Then there exist natural C-linear isomorphisms between the following vector spaces:

(i) Ti'M;
(ii) the set of equivalence classes of holomorphic curves at z,;
(iii) the set of C-derivations at z,.



28/02/2014 4.5 Tangent bundles of holomorphic and real analytic manifolds 79

Proof Note that the tangent vector to a holomorphic curve at zg is simply the C-derivative,
which is a C-linear map from C to T,,M, which we naturally identify with an element (the
image of 1 € C) of T,;)M. Thus, by Proposition 4.1.5(iv), the set of equivalence classes of
holomorphic curves at zg is isomorphic to TY/ 0M

Next let us consider derivations as represented in coordinates. We let O: %h"l — Cbe
a C-derivation at zg. Let [(f, U)],, € %h(’l Without loss of generality, we suppose that U is
the domain of a C-coordinate chart (u ¢>) for which ¢(U) is a ball about zp = ¢(zp). Let us
also suppose that the Taylor series for fo¢™! at ¢(zp) converges uniformly on ¢(U):

foorl@)= Y aDFoo ez - )z e p).

IEZ;O

We can factor linear terms from each of the summands in the Taylor series to write

@) = o)+ ) (U@ - U(z0))g)(2),

=1

where U € ChOI(U),j € {1,...,n},arethe coordinate functionsand g; € ChOI(U),]’ ef{l,...,nh.
As in the proof of Proposition 4.5.4, 0 is zero applied to germs of constant functions. We
thus have

0([f1) = Y 0T - U(z0)l:,)g(z0),
j=1
where

360 = 5 (55 - iz Cofl), el )

Knowing what a C-derivation at zg looks like in coordinates, it is easy to verify in
coordinates that, if we define a C derivation 0, at zy associated to an equivalence class
[v]z, of holomorphic curves by

d(f )

0y(f) = (0),

then the map [y],, + 6, is an isomorphism of C-vector spaces. |

Let us relate R- and C-derivations, a process begun in the preceding proof. First
note that ¢}, is a C-subspace of C ® ¢*,,. Thus we can write [f],, € €)'}, as

[fl =1®[8l, +i®[h]

for [gl.,, [h], € %“’ . We can then define a map 0 O from the set T,,M of R-
derivations at z, to the set of C-derivations at z by

6(1® [gls, +i®[hl,,) = O(gly,) +i6([hL.,)-

Now suppose that we have a C-chart (U, ¢») for M about z with coordinates denoted

by z/ = X/ + iy, j € {1,...,n}. Thus we have R-derivations -% and a], jefl,...,n}
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Associated with these R-derivations (which are, by Proposition 4.5.5, elements of the
R-tangent space T. M) are the elements of T M

(m @@—%%@y&@ jetl,...,n,

and
(W‘@®_%“@yﬁm jefl,... n.

These form a basis for T;C() M, a fact we record as follows.

Proposition (Coordinate bases for T_ M) With the above notation, (3= (20), .- ., 7% (20))
is a basis for T M and (<% 21(20), - 2-(z0)) is a basis for Tg’olM.

< s Dpm
Proof Thls follows from Proposition 4.1.7 since the local representative of the linear

complex structure is
— ] — —_— j
Z 2y ®dx Z Ew ®dy’. [ |
j=1 j=1

Let us look at the tangent bundle of CP'.

Example (The tangent bundle of CP') We again work with the one-dimensional
complex projective space CP! ~ §2. To describe the holomorphic tangent bundle of
CP! we again start with our charts (U, ¢,) and (U_, ¢_) as in Example 4.3.5-4. For
our purposes here, it is advantageous to modify these charts slightly. We leave the
domains unchanged, take ¢~ = ¢_, and define ¢,: U, — C by ¢,(x) = =, (x). Since
multiplication by —1 is a holomorphic map, the pair of charts (U,,¢,) and (U_,1)_)
still provide a holomorphic atlas. The overlap condition in this case is _~;!(zy) =
—z;'. As we have done previously, we let z, and z_ be the coordinates for the two
charts, understanding that in the present setting these are not related as previously.
The tangent bundle coordinates we denote by (z;,w,) and (z_,w_). Using the fact
that holomorphic tangent vectors are equivalence classes of holomorphic curves, the
representation of the tangent vector with local representative (zy, wy) in the chart

(Us, ¥y) is given in the chart (U_, ¥_) by (z_, w_) with z_ = —z;! and
w_ = %w =z %w
Tz, v

This is precisely the overlap condition for O¢pi1(2), and so we have a vector bundle

atlas for T'?(CP') which gives the same vector bundle structure as that for O¢p (2).
For a more elevated presentation of the relationship between the tangent bundle

and the degree 2 line bundle, we refer to Section 4.4.9. o
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4.5.3 The derivative of a real analytic map

The notion of derivative for a real analytic map follows that for the smooth case, and
in this section we recall this definition. In the next section we explore the additional
structure possessed by the derivative when dealing with holomorphic manifolds.

First, let us give the basic definition. We deal with the smooth or real analytic case
in the following definition.

Definition (Derivative of real analytic map) If M and N are smooth or real analytic
maps and if @: M — N is smooth or real analytic, the tangent map for @ is the map
T®: TM — TN defined by T®([y]y) = [P y]pw), where [y], € T,M is an equivalence
class of curves. The restriction of T® to T,M we denote by T,®. °

We leave to the reader the mundane chore of verifying that this definition of the
tangent map is independent on the choice of representative for the tangent vector. We
also leave to the reader the task of verifying that, if a tangent vector at x is thought
of as a R-derivation at x, then the tangent map is equivalently defined by asking that
T®(0) is the R-derivation at @(x) given by

T®(0) - g = 6(P°g)

for g € C®(M). Equivalently, following Remark 4.5.6, in the real analytic setting, we
can think of T® as acting on germs:

TO(0) - [(§, Mlow = ('8, P~ (M),

for [(g, V)low € Gg,n and where @ f is the pull-back of g from the neighbourhood

V of @(x) to the neighbourhood ®~!(V) of x. The definition of T® using derivations
shows that it is a R-linear map.

The following coordinate characterisation of T® is easily proved using the above
definitions.

Proposition (Local representative of the tangent map) Let M and N be smooth or real
analytic manifolds, let ®: M — N be smooth or real analytic, let xo € M, and let (U, p) and
(V, ¥) be charts about xo and D(xo), respectively. Then the components of Ty, @ with respect
to the bases (%(xo), cee, %(xo))for Ty, M and (%(@(xo)), e, ayim(q)(xo)))for TN are
aP?
X

(P(x0)), a€f{l,.... m},jefl,...,n}

4.5.4 The derivative of a holomorphic map

Now we turn to the case of holomorphic maps. Thus welet M and N be holomorphic
manifolds and let ®: M — N be a smooth map. For each x € M the R-linear map
T,®: Ty\M — TN extends to a C-linear map

T ® £ (T,®)c: ToM — Tg N



4.5.17

4.5.18

82 4 Holomorphic and real analytic differential geometry 28/02/2014

We can give the coordinate form for the tangent map of a holomorphic map. We let
M and N be holomorphic manifolds, let ®: M — N be holomorphic, let z; € M, and
let (U, ) and (V, 1) be C-charts about z, and ®(zy), respectively. Denote coordinates
for Mby z/ = X/ +1iy/, j € {1,...,n}, and for N by @’ = u* +iv", a € {1,...,m}. As
in Proposition 4.5.13, we have the basis vectors %(zo) and %(zo), j€fl,...,n}, for

T;COM. We have similar notation, of course, for a basis for Tg(ZO)N. Note that % and

%, j €1{1,...,n}, are to be thought of as R-derivations. The components of @ relative
to these coordinates are denoted by @°, a € {1,...,m}. We also define the partial
derivative notation

af 1 af . Idf

ﬁ_z(ﬁ_la_yj)’ ]6{1,.. ,n},
and of 1,0f of

ﬁzi(ﬁﬂa_yf)’ jefl,...,n),

adapting that use in C”, cf. (1.11). With all this notation, we have the following result.

Proposition (Local representative of the holomorphic tangent map) Let M and N
be holomorphic manifolds, let ®: M — N be smooth, let z; € M, and let (U, ) and (V, ) be
C-charts about zo and ®(zo), respectively. Then the matrix of components of Ty, @ with respect

to the bases above is
[ 9! I 99! D! 7

921 T 9w 9zt T o

e . 20 gom . 90T

971 Jdzh 971 oz

s s . b [(P(20)

071 oz 0z! ozn

e . 2P 9o g™
L )71 ozh 0z! ozn |

This result has the following corollary which gives useful structure to the holomor-
phic tangent bundle.

Corollary (The holomorphic tangent bundle is a C-vector bundle) If M is a holomor-
phic manifold then T°M, with the natural R-vector bundle structure induced by the tangent
bundle structure, is a C-vector bundle.
Proof 1If (U, ) and (V, 1) are overlapping C-charts, the resulting overlap map is holomor-
phic. The derivative of the overlap map is the C-derivative of the overlap map, and this
map is C-linear. Thus, by the preceding proposition, the vector bundle structure for T°M,
restricted to TYM, is that of a C-vector bundle. [ |

We can then characterise holomorphicity of maps as follows.

4.5.19 Proposition (Characterisation of holomorphic maps) If M and N are holomorphic

manifolds and if ®: M — N is smooth, then the following statements are equivalent:
(i) @ is holomorphic;
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(i) for each x € M, T @ is C-linear with respect to the linear complex structures on T\M
and TowN, cf. Proposition 4.5.8;

(iii) for each x € M, TS®(Ty°M) C T(D( N;
(iv) for each x € M, TS&(TY'M) € T2 N.

D(x)
Proof By Corollary 1.1.22 it follows that @ is holomorphic if and only if
o0D?  IP*
- = - =0, ae{l,... m}, jell,...,n}
0z 07 { hjel }
The result then follows from Proposition 4.5.17, along with the characterisations of C-
linear maps in Proposition 4.1.6. u

4.5.5 Vector fields on real analytic manifolds

Let us first recall basic constructions for vector fields on smooth or real analytic
manifolds. Thus we let M be a smooth or real analytic manifold. Recall thata C"-vector
field, r € {o0, w}, is a C'-section of the R-vector bundle ry: TM — M. A vector field
defines a map .Zx: C'(M) — C'(M) by

Zxf(x) = X(x)(f),

noting that tangent vectors at x are R-derivations at x. Note that #’x is a derivation,
by which we mean that it is R-linear and satisfies

Zx(fg) = (ZLxf)g + f(ZLxQ)

It is advantageous to have this notion of derivation be localised, i.e., given on germs
of functions. That is, as in (4.16), we think of a vector field X as an assignment to each
x € M a R-derivation Lx,: €y, — %,y In this definition of a vector field, one has
to worry about how one prescrlbes that X be smooth or real analytic. This is taken
care of using the language of sheaf theory by asking that the assignment x - Zx .
be continuous in an appropriate sense. However, we do not worry about this here.
Instead, we use this characterisation of vector fields to define the Lie bracket of two
C’-vector fields X and Y by requiring that

g[X,Y],x[f]x = gX,ng,x[f]x - g}(,xgx,x[f]x-

Using this definition one readily verifies that, in a chart (U, ¢) with coordinates
(x!,...,x"), the local representative of X is

ol wi) R ) G
[X/Y”u = Zl:(k 1 wX - L WY )%,
= = =

O 9

— ] — ]

Xlu—Z:‘X gt Ylu—Z;Y g
= =

where
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4.5.6 Vector fields on holomorphic manifolds

Next we let M be a holomorphic manifold. We have the R-vector bundles TM,
T°M, T'®M, and T%!M. Thus these vector bundles possess sets of C’-sections for
r € {00, w}, and we denote these sets of sections by I"(TM), I"(T*M), T"(T'’M), and
TUTM™, respectively. Since T°M = Cy ®g TM, a C'-section Z of TM, r € {c0, w}, can be
written

Z=1oU+i®V, UV eI'(TM).

Note that by Corollary 4.5.18 we have that T'’M is a C-vector bundle. A holomorphic
vector field is a holomorphic section of T"’M. By I'"!(T'’M) we denote the set of
holomorphic vector fields.

As contrasted with the smooth case, the set of holomorphic vector fields can be
quite small, as the following example shows.

Example (Holomorphic vector fields on CP') According to Examples 4.3.14
and 4.5.14, the dimension of the C-vector space of holomorphic vector fieldsis 3. e

Let us adapt our notion of Lie derivative to the complex setting. Thus let M be a
holomorphic manifold, let r € {0, w}, let Z € ["(T*M), and let f e C'(M;C). We write

Z=1U+i®V, f=g+ih

for U,V e I"(TM) and g, h € C'(M). We define the Lie derivative of f with respect to Z
by extension:

ng=(gug—gvh)+i($uh+gvg).

Let us see how these various sections are represented in coordinates. Thus we let
U, ) be a C-chart with coordinates z/ = x/ + 1yf j €{1,...,n}. We have the basis vector
f1elds == and &], je{l,...,n}, for TM and = and ‘9], ] € {1 ,n}, for T°M. Then the

local representatlve of a sectlon X of TMis g1ven by

XU = ZX] ZI‘ 57

for X/,Y e C'(W), j € {1,...,n}, r € {00, w}. The local representative of a section Z of
TM, T'OM, or T*'M is given by

ZIU = Z wl (4.18)

or
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respectively, for U/, V/ € C'(W;C), j € {1,...,n}, r € {00, w, hol}. Thus a holomorphic
vector field has the form (4.18), where U/ € C™!(U; C).
Now let us define the notion of Lie bracket for vector fields on holomorphic mani-

folds. Let r € {0, w} and let
Z,=1®X,+i®Y, eI"(T°M), X, Y, €T7(T'M), a € {1,2}.
The complex Lie bracket of Z, and Z, is
[Z1, Zo]c = 1@ ([X1, Xo] = [V, Yao]) +1® ([Y1, Xo] + [X3, Yo)). (4.19)
The following lemma is fundamental to the structure of a holomorphic manifold.

4.5.21 Lemma (Property of the complex Lie bracket) If M is a holomorphic manifold then
(i) [Z1,Z3]c € T=(TYM) for every Zy,Z, € T®(TY*M) and
(i) [Z1,Z,]c € T(TM) for every Z1,Z, € T®(TUIM).

Proof We prove the first assertion, the second following in a similar manner.
If Z1,Z, € T*(T'M) then, by Proposition 4.1.5(iv), we write

Z,=190X,—-i®[(X,), a€{l,2},
for some X, € I'°(TM), a € {1,2}. We then have
[Z1, Z2]c = 1@ ([X1, Xo] = [J(X1), J(X2)]) — i@ ([J(X1), Xa] + [X1, J(X2)]).
A direct slightly messy computation then gives
Je([Z1, Z2]c) —ilZ1, Z2]c = =1 ® JoNj(X1, X2)) +i® Nj(X1, X2),

where Nj is the Nijenhuis tensor of Section 4.8.1. By the easy part of Theorem 4.8.4 we
then have

(21, Z2]c € T ((ker(Jc —1 idyey))),
and so the lemma follows by definition of T*M. u

Let us consider the above constructions specialised to holomorphic vector
fields, i.e., holomorphic sections of T'’M. First of all, let us show that holomorphic
vector fields give rise to C-derivations.

4.5.22 Proposition (Holomorphic vector fields are C-derivations) Let M be a holomorphic
manifold and let Z. € TPYTYOM). Then the map

ZL7: CM) > C™'(M)
f— ng

is a derivation of the C-algebra C"'(M), i.e., the map is C-linear and satisfies
L) = (L2B)g + H(L28).
Moreover, if Z1,Z, € T"Y(TYM) and if f € C"'(M), then
Lzt =L2, L7t - L7, L7t
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Proof Let (U, ¢) be a C-chart with coordinates (z},...,z"). A direct computation in coor-
dinates shows that if the local representative of Z is

n

Zu=Y 7/ i,
. dz]
=1

then the local representative of £z f is
n af
= p
Zzfll ]Z:-:‘ ‘ dzl’

and the first part of the result follows from this, along with standard rules for C-
differentiation.
The second part of the result follows again from a direct computation in coordinates.

As in the real analytic case, this can all be localised by considering vector fields to
be derivations on germs of functions. That is, we can think of a holomorphic vector
field Z as an assignment to each z € M a derivation .Zz: ‘5}&1 - Cﬁzh,\‘;ll We can then
define the Lie bracket of holomorphic vector fields as

g[Z,W]C,z[f]z = gZ,ZXW,z[f]z - iﬂw,zgz,z[f]z,

and verify that, in coordinates (z!,...,z") in a C-chart, we have

[Z, W]IU = Z( y &—szk -

k k
j=1 k=1 0z k=1 0z

= 9Z) 0
W)g,

where

n 9 n 9

= ] — = ]

ZIU Z 1 Zi==, WL z 1 W=,
j: ]:

4.6 Differential forms on holomorphic and real analytic manifolds

In this section we turn to the study of differential forms on holomorphic and real
analytic manifolds. In the real analytic case, our presentation will be along the lines
of a review for readers familiar with smooth differential geometry; the constructions
are the same and the main results are the same. In the holomorphic case, however, the
complex structure has important interplay with the algebraic and analytical structure
of differential forms, and we spend some time understanding this.

4.6.1 Differential forms on real analytic manifolds

Let us provide the notation we shall use for differential forms. First let M be
a real analytic manifold. By mrm: T'M — M we denote the cotangent bundle. By
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A¥(T*M) we denote the vector bundle of alternating k-forms. A differential k-form of
class C', r € {0, w}, is a C'-section of /\k(T*M), and we denote the set of all such
sections by I"(A\*(T*M)). Let us recall the usual notation for locally representing
differential forms. We let (U, ¢) be a R-chart with coordinates (x!,...,x"). In the
usual manner, cf. Proposition 4.5.4, we have the basis

J J
{55 @ 5 )

for T,M for each x € U. The dual basis for T;M is denoted by
{dxt(x), ..., dx"(x)).

Given a € I"(A*(T*M)) we can write

a(x) = Z @ (A Ao Adyi(x),  xell, (4.20)
i€l m)
J1<-<Jk
where 5 5
@ (0) = & 5= (), 5 ()

We shall frequently write
a(x) = Z arda!
Ienk

as a shorthand for expressions like (4.20), where n = {1, ..., n}, where

ar=aj,.;, dx'=dx"A---Adxk

if [ = (1y,...,%), and where Y. denotes the sum over increasing multi-indices.
The exterior derivative is then a map d: I"(Af(T*M)) — I"(A*(T*M)) of such a
differential form is given by

k
da(Xo, Xl/ vy Xk) = (_1)]$X(Q(X0/ Xl/ ceey X]/ ceey Xk))
]
j=0

+ Z D)*a(X;, X, X0, ..., Xy, Ry, X, (421)

Jl€(0,1,... k}
j<I

where the terms involving a * mean that that term is omitted from the argument. One
can verify that, in local coordinates,

da() =Y Y %(x) do() Adel(x),  xell.

=1 Jent
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Alternatively, in terms of components,

k

k
daj,jyji, = Z S Gitintimsre-jin + (F1) 55t (4.22)

m=1

The exterior derivative obeys the following rules whose standard proofs can be found
in [Abraham, Marsden, and Ratiu 1988, §6.4].

Proposition (Properties of exterior derivative) Let r € {co, w} and let M be a smooth or
real analytic manifold. The exterior derivative has the following properties:

(i) the map d is well-defined, i.e., the expression (4.21) defines da as a differential (k + 1)-
form;

(i) the map d is R-linear;

(iii) dod =0;

(iv) if WS Misopen and if o € Fr(/\k(T*M)), then (da)|U = d(a|U);
(v) if @ € TY(ANT*M)) and B € T*(\/(T*M)), then

d(@ A B) =da A B+ (=1)*a A dB.

The fact that dod = 0 has important consequences, and the starting point for this
is the following definition.

Definition (Closed/exact differential form) On a real analytic manifold M and for
r € {00, w}, a differential form a € I"( /\k(T*M)) is closed if da = 0 and is exact if there
exists g € I'"( /\k_l(T*M)) such that a = dp. °

Evidently, exact forms are closed, and so we have the de Rham complex:

0 — C'(M) =LA (T

(A"(T'M)) —=0

where 7 is the dimension of M. Let us denote by Z5(M) to be the kernel of
d: I"(ANT'M)) — I"(A*(T*M)) and BS(M) to be the image of d: I"(\*/(T*M)) —
I"(A"(T*M)). Since BS (M) C Z¥ (M), we can define the kth de Rham cohomology group

to be )
Z;(M)

HY(M) = .
BV

Note that HS(M) ~ R¢, where c is the number of connected components of M. This
follows from the fact that smooth functions whose exterior derivative vanishes are
locally constant, i.e., constant on connected components of M.

The following result says that closed forms are locally exact.
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4.6.3 Theorem (Poincaré Lemma) If M is a smooth manifold and if a € F“(/\k(T*M)) is closed,
then, for any x € M, there exists a neighbourhood U of x and p € T™(\*"'(T*W)) such that
all = dg.

Proof As the resultis local, we assume that M is a ball centred at x = 0 € R”. Let X be the
time-varying vector field on M \ {0} given by X(¢t,x) = t~x. The flow of X starting atf =1
at x is Cl)f ,(x) = tx. Using Cartan’s magic formula [Abraham, Marsden, and Ratiu 1988,
Theorem 6.4.8(v)] we have

%(@ft)*a = ()" Lxa = (P)dX 1 a = d((@}) X 1 a).
If t € (0,1] we have )
a—(@F)ya=d( ft (@)X 1 a)ds).
For y € Mand for vy, ..., v, € T,M we have
(@ft)*a(vl, ce,UR) = (X(TyCth “01,. .., TyCDﬁ ‘1) = tka(m, e, Op).
Thus
1t1301(c1>ft)*a =0
and so a = df where )
B= fo (D7) X 1 av)ds,
and this gives the result. [

Note that if df = 0 for f € C*(M), then f is locally constant. Thus, for each x € M,
we have an exact sequence

d. g d Ay —0 (4.23)

x, AL(T*M) x, A" (T*M)

0—=R—>%%,

of R-vector spaces, where by “R” we mean the germs of functions that are constant

in a neighbourhood of x (this will be made more clear and put into some context
when we talk about the constant sheaf and its sheafification in Section GA2.1.1). In
we shall extend this exact sequence from individual stalks to sheaves, and shall as una
a consequence say that this sequence is a soft resolution of the constant sheaf taking
values in R.

4.6.2 Differential forms on holomorphic manifolds

Let us now adapt and extend the preceding discussion to holomorphic manifolds.
Thus we let M be a holomorphic manifold. By

T:"M = (T:M)¢ = (TEM)* = Homg(T.M; C),
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we denote the complex dual of TEM, the isomorphisms arising by virtue of
Lemma 4.1.10. Let (U, ) be a C-chart for M with coordinates given by

E'=x'+iy!, ..., 2" = X" +iy).

By Proposition 4.5.13 we have the basis vectors %(z) and %(z), jefl,...,n}, for TEM,
z € U. According to Proposition 4.1.12, we have the basis vectors

dz/(z) = 1®dx/(z) +i®dyj(z), dz/(z) = 1®dx/(2) —i®dyj(z), jel, ..., n},

for T:°M, z € U.

Let /\k’l(T*(CM) be the subbundle of /\k”(T*CM) consisting of those alternating tensors
of bidegree (k,[). By I"( /\k’l(T*CM)) we denote the set of C'-sections, r € {c0, w, hol}, of
this subbundle, which we call the complex differential forms of bidegree (k,1). Note
that

I'(A™(TM) = C'(M; ©).

Let us represent these differential forms in a C-chart (U, ¢) with coordinates (z', ..., z"),
as above. As we saw at the end of Section 4.1.4, the local representative of a €

I"(A(T“°M)) is given by

gz A AdZEAdZ A AdE (4.24)

alU = Z Z Qi) ,.oip 1o

i1 e ik €L, 1} J1 s j1E(L, o 1}
i <<y J1<<ji

where

Qi 1 fi

(0 Jd d 2,
_“(azil’“"azik’azh"“’ﬁ)

are coefficients in C'(U; C). We shall frequently abbreviate expression like (4.24) to
0(|u = Z’ Z, a”dzl A dZ],
lenk  Jen!

with },” denoting a sum over increasing multi-indices.
Let us now consider how the exterior derivative is adapted to complex differential
forms. First we note that

A" (T:EM) = C @ A"(T:M),
from which we deduce that
I"(A™(T"°M)) ~ C @& I"(A"(T'M)).

Thus d: I"(A"(T*M)) — I"(A\"*(T*M)) extends to a C-linear map dc¢: I"(A"(T*M)) —
" (A" (T*CM)) which we call the complex exterior derivative. The basic properties of
the exterior derivative carry over to the complex exterior derivative.
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4.6.4 Proposition (Properties of complex exterior derivative) Let M be a holomorphic man-
ifold. The complex exterior derivative has the following properties:

(i) the map dc is C-linear;
(i) dceode =0;
(iii) if W € Mis open and if a € F‘x’(/\k(T*CM)), then (dca)|U = dc(alU);
(iv) if @ € T°(AX(T*M)) then dca = dea;
(v) if @ € T°(ANTM)) and g € T=(A(T*M)), then

de(@ A B) =dca A B+ (=1 a A dep.

The following lemma is key to studying complex differential forms.

4.6.5 Lemma (Decomposition of the complex exterior derivative) Let M be a holomorphic
manifold, let m € Zs, and let o € (A (T*M)). Then

d(ca e Iwm(/\k+1,l(Tx-M)) ® rm(/\k,l+1(T*M)).
Proof We adapt the formula (4.21) to the complex setting:

k+1

dea(Xo, X1, Xewt) = Y (1) Lx,(@(Xo, X1, -, Rr, ., X))
r=0

+ Z (_1)7’+5a([Xr/ XS](C/ XOI cecy }A(r/ sy XS/ cecy Xk+l)l (425)

r,s€{0,1,... k+I}
r<s

where Xo, X1, ..., Xiy1 € T®(TEM). Note that the coordinate expression (4.24) implies that
if we evaluate a(x) on k + [ tangent vectors of which more than k are in Ti’OM or more than

l are in TY'M, the result is necessarily zero. Taking advantage of Lemma 4.5.21, it follows
that if we evaluate dca(x) on k + 1 + 1 tangent vectors of which more than k + 1 are in Ti’OM

or more than/+1 are in Tg’l M, the result is zero. Again by the coordinate expression (4.24),
it follows that dca is a sum of differential forms of bidegree (k + 1,1) and (k,/ + 1). [ |

Given the lemma, for o € I'™( /\k’l(T*M)), we can write
dca = da + da,
for some unique
da e T(AF(TM)),  da e TN (TM)).

It is straightforward to give the local representatives of da and da.
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4.6.6 Lemma (The local representative of the complex exterior derivative) Let M be a
holomorphic manifold, let m € Zs, let a € I'™( /\k’l(T*M)), and let (U, ) be a C-chart for M.
If the local representative of « is

’ ’ 1
alu = Z Z OZLJdZ AN dZ],
Ienk Jen!

then the local representatives of da and da are

dalU = Z Z Za Ydz A dz! A dZ

Ienk Jen! i=1

daf=Y "y Zaal]dzl/\dz AdZ.

Ienk Jen! j=1

Proof Let f € C*(M;C). A direct computation gives the local representative dc f as

and

d(jfru = _ile + 7(:12].
; 0z ; 2z

The lemma then follows from Proposition 4.6.4(v). |

We may alternatively express the local forms for d and @ by using components:

k
d d
— m=1 (Y
(8a)i1"'ikik+lrjl"'jl - Zl(_l) Ozim Qi iy gyt i 171 + ( 1) Oz iy iy 1
m=
and
l J
3 k
Q)i jiofijins = Z aZ] veiifiejnct s F (C1) 5o B oo (4.26)
m=1
Using the fact that

(A" (TM) = EP T=(AM(TM)),
k1
k+l=m

we can extend the maps 0 and 0 to be defined on complex differential m-forms.
Applying Proposition 4.6.4 to the decomposition d¢ = d + Jd gives the following
result.
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Proposition (Properties of o and 9) Let M be a holomorphic manifold. The following
statements hold:

(i) the maps d and d are C-linear;
(i) 2o =0,000=0,and dod +d-d = 0;
(iii) if W € Mis open and if a € T(AMTEM)Y), then (da)|U = d(alU) and (Da)|U = I(a|U);
(iv) if @ € T°(AX(T*°M)) then da = da and da = da;
(v) if @ € T°(ANTM)) and p € T=(A(TCM)), then

HaAB)=daAB+(=1)*aAdp

and
da A p) = da A B+ (=D*a A éﬁ.

Similarly to vector fields, one uses our decompositions of complex differential
forms to define holomorphic differential forms.

Definition (Holomorphic differential form) If M is a holomorphic manifold and if
m € Zso, a holomorphic differential m-form is a complex differential form « of bidegree
(m, 0) for which da = 0. By I"!( A" (T**M)) we denote the set of holomorphic differential
m-forms. o

Note that Lemma 4.6.6 shows that the components of a holomorphic differential
m-form are holomorphic functions of the local coordinates.
We have an interesting example of a bundle of holomorphic forms.

Example (Holomorphic forms on CP') The holomorphic zero-forms on CP* are pre-
cisely the holomorphic functions, and from Corollary 4.2.11 we know that such func-
tions must be constant on CP!. Combining Examples 4.3.11 and 4.5.14 we see that
ANTCCPY) =~ Ogpi(—2). Moreover, from Example 4.3.14 we see that there are no
nonzero holomorphic one-forms on CP*. °

4.6.3 The Dolbeault complex

In this section we study a homological construction associated with complex differ-
ential forms, a construction that is the holomorphic analogue of the de Rham complex
for smooth differential forms on a smooth manifold.

The following definitions are analogous to those for the exterior derivative.

Definition (J-closed/exact differential form) On a holomorphic manifold M, a dif-
ferential form « € T®(A"(T*°M)) is d-closed if da = 0 and is d-exact if there exists
B € T=(A\*"1(T*°M)) such that a = Jp. .

Analogously to the de Rham complex we have the Dolbeault complex:

0 —= I (AF(T*EM)) =2 T=(AFH(TEM)) —2— — = = —Zo TN (TCM)) —=0
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if Mhas C-dimension n. Let us denote by Zg’l (M) to be the kernel of d: T'( A (T'M)) —
T(A**(T*°M)) and BY/(M) to be the image of 9: I** (A"~ (T"*M)) — I**(\"(T*M)).
- k1 k1 -
Since B3 (M) € Z; (M), we can define the 1th Dolbeault cohomology group to be
Z5 (M)

HYM) = 2~
s M BY/(M)

Note that Hg’O(M) = Thol(A*Y(T*CM)) since a smooth complex differential form & of
bidegree (k, 0) on M is holomorphic if and only if da = 0.
Evidently, d-exact forms are d-closed. The converse, however, is not true.

4.6.11 Examples (0-closed and exact forms)

1. Let U € Cbe open and let o € I"™( /\k’l(T*CM)) be J-closed. Since U is pseudoconvex
by Example 3.3.11-1, it follows from Corollary 3.4.4 (or using a deeper result that
we will subsequently prove, Theorem 6.2.15) that there exists € I'( /\k'l_lgT*CM))
such that @ = dp. Thus J-closed forms defined on open subsets of C are d-exact,
provided that [ € Z.,.

2. Let us consider M = CP'. We shall determine Hg’l((CIP’l) for k,1 € {0,1}, all other
cohomology groups vanishing since dim¢(CP') = 1.

(@) Hg’o((C]P’l): By Corollary 4.2.11, holomorphic functions on CP! are constant.

Thus
HY’(CP') ~ C.

(b) H};’O(CIP’l): Suppose that « € Z;’O(C}P’l). Since da = 0 it follows that dca = 0.
Since Hé (S?) = {0} (see [Bottand Tu 1982, Exercise 1.4.3]), it follows thata = d¢ f
for some f € C*(CP!; C). Note that a is a holomorphic one-form. Thus dcf is

holomorphic and so, in coordinates, d¢f = g—ﬁdz. Thus ‘;—sz = 0 and so f must
be holomorphic, and, therefore, constant by Corollary 4.2.11. Thus a = 0 and
SO

H*(CP") ~ {0}.

Thus there are no nonzero holomorphic one-forms on CP!, as we have already
see in Example 4.6.9.

(c) Hg’l (CP'): Here we recall from Example 4.2.2—4 that we have two charts
(Uy, 1) and (Uy, ¢2) for CP! for which

P1(Uq) = Ppo(Up) = C

and
H1(U; NUp) = Po(U; NUp) = C 2 C\ {0}
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Let us denote the respective coordinates by z; and z,. The overlap maps are
then

Br oty (z1) = % b1 oy (22) = 21—2

We then compute the change of basis relation for the basis one-forms to be

1 1
de = ——zdzl, de = —_—2d21.
Zl Zl

Now let a € Zg’l (CP') have local representatives
Uy = a1(z1)dz1,  ally = ax(zp)d2s.

Let us define f € C*(CP!; C) by requiring that the local representative of f in
the chart (U, ¢4) is

o () = f (G dG

20

: a(f o 7! .
for some zy # 0. We then directly compute Woo) - a1, using the fact that

_ _ (921

da = 0. That is, on U; we have df = a.

We now need to show that f extends to a well-defined function on U, and that
the extended function also satisfies df = a on U,. First we note that

Z500(20) = —aa(z3"), 2z € P2(Uy N Uy).

Thus for z, # 0 we have

1/z _ ) al(c—1) _ Z9 _
o1 = d = — 2 d = d ,
fety (z2) f a1(C1) dG f Ca ﬁ a2(C2) dCo

72
20 1/zo Cz /2o

and from this we conclude that f indeed extends to a well-defined function
on U, satisfying df = a.
From the above computations we conclude that

Hg'l((C]P’l) = {0}.
H'(CP'): Note that if @ € I**(A""(T*“CP")) then da = dca. Also, if a €
(A" (T*CCP')) then da = 0. Thus
IT=(A(TCCPY))) = de(T(A(TCP))) = C @z dIT(N'(T'CP"))
ZU'(CPY) = T(A"{(T*°CP")) = C @ T™(A*(T'CP)),

Therefore, using the fact that Hﬁ(Sz) ~ R (see [Bott and Tu 1982, Exercise 1.4.3]),
we have
H;'(CP") ~ C.
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3. Let M be a compact connected holomorphic manifold of dimension 1. Following
the lines above for CP!, we see that

H3"(M) = C,

and
Hgl(M) ~ C®g H3(M) ~ C,

since Hj(M) = Hg(M) for a connected, compact, oriented manifold of dimension
n [Bott and Tu 1982, Corollary 5.8]. .

From the examples we can see that the nonvanishing of Dolbeault cohomology
groups provides a combination of information regarding the global topology and the
what global complex structure. We shall flesh out this vague observation more in . For now
we state the following result, known as the 0-Poincaré Lemma or Dolbeault’s Lemma,
the latter name after Dolbeault [1956, 1957]. The result says that locally the Dolbeault
complex is exact.

4.6.12 Theorem (Dolbeault’s Lemma) If M is a holomorphic manifold and if a € T®(A\M(T*°M))
is d-closed, then, foreach z € M, there exists a neighbourhood W of z and € T*( /\k’H(T*CM))
such that a|U = J(BIU).

Proof We begin by proving a generalisation of the Cauchy Integral Formula.

1 Lemma Let U C C be open, let z € U, let r € Ry be such that D(r,z) C W, and let f € C°(U; C).

Th
! =5 [ Dace o o gachde
bd(D!(zr) C— Z 21t Jpigeg 0T C—z

2mi

Proof Lete € (0,7). On D!(r,z) \ D (€,z) consider the (1, 0)-form « defined by

_ f(O)
a(C) = Edg

f da = f o — f a.
D(r,z)\Dl(e,z) bd(D(r,2)) bd(D(e,2))

Substituting the specific expression for a we have

f f© dc=f fO 4+ 8f(c)chdc 427)
b bd(

d(Dl(e,2)) C-z Dl(r,2)) C—z D(r,z)\D!(e,2) aC C-z

By Stokes Theorem,

Using C =z + eel? for the first integral,

271
f 1@ d¢ =i f(z +eel?) do.
b 0

d@(ez) G~ 2
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By the Dominated Convergence Theorem applied to the integral on the right,
lim f f(C) dC 2nif(z). (4.28)
=0 Jbd(D1(e,2)) -z

Now let us consider the following integral:

5 _
fD f(CdCAdC

Diea\z) 0C  C—z

We first make the change of variable w = C — z so that the integral in question becomes

(9 —
fD f +w) dw A dw

1(e,0)\{0} 3C w

A direct computation shows that
dw A d@ = 2idx A dy = 2irdr A dO.

Making the change to polar coordinates then gives

2n
j; 8f( dC/\dC f f —(z+re19)e 19 4rde.
D'(e2)\(z} 9C

) df . dtAdC
1 - =
eg% \fﬁl(e,z)\{z} 8C (C) C —Z

Substituting the preceding expression and (4.28) into (4.27) gives the lemma. v

Thus

Now we prove the theorem. We note that the result is local so we assume that M = U
is an open subset of C". First we consider the case of n = 1. Thus let U C C be an open
set and let D be an open disk with cl(D) € U. Let zg € D and let € be small enough that

D!(2¢,z0) € D. Let a(z) = §(z)dz be a smooth (0, 1)-form on U and note that da = 0. Define

£z) = 1 g(C) dc A dz.

Let ¢ € C(U) be equal to the constant function with value 1 on D'(¢, zg) and 0 outside
D!(2¢,z9). Let g1 = ¥gand g2 = (1 — ¢)g so ¢ = g1 + g2 For z € D!(¢, zp) define

_ 1 81(C) >
fl(Z)—ﬁLEdc/\dC

1 £2(0)
£ = 5 [ S acnac

and
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so that f(z) = f1(z) + f2(z). Using the fact that g> vanishes on D!(€, zp) and using holomor-

phicity of C — é, we have %2 =0 on D!(e, z9) . Also, using a change to polar coordinates
as in the proof of the lemma above,

h, 1 9 [ & Ig1 0
E(‘Z)‘zmaz @C—ch dC = L 5 (z+re'®)dr AdO

d
1 gl(c)dudc

£1(2),

" 21 Jy
using the lemma above since g; vanishes bd(D). Thus

af af1 9f2
0z ?) =

for z € D!(¢, z9). Thus a = df on D. Thus we have the theorem for n = 1 and (k,[) = (0, 1).

Now we prove the theorem, in its local form, for general n. Thus we suppose that
M = U is an open subset of C" and that D = Dy X --- X D, is an open polydisk such that
cl(D) € U. We let @ be a smooth (k,])-form on U satisfying da = 0. We will prove the
theorem in this case by induction on r, with r being the smallest nonnegative integer such
that the coordinate expression for a does not involve dz'*1 ..., dz". For r = 0 the result
is vacuously true since we must have | € Z.(, and so r being zero implies that « is zero.
Also, if the assertion holds 7 = n, then this is what we wish to prove.

So, we suppose that the theorem holds for r € {0, 1, ..., m — 1} and suppose that

( )+ (Z) $1(2) + 2(2) = g(2)

a=dzZ"Aw+0 (4.29)

for w € T'™( /\k’l_l(T*C',D)), 6 e I'™( /\k’l(T*CD)), and where the coordinate expressions for
both w and 8 do not involve dz",...,dz". Let us write

w = Z/ Z,wudzl Adzl.

Ienk Jen!-1

For the moment, let us fix increasing multi-indices I € #* and | € n/~!. Since da = 0 we
have, by (4.29) and keeping in mind the attributes of w and 0,

0
a]a)[]—O jE{m+1,...,Tl}. (4.30)
Thus w is a holomorphic function of z"*!,. .., 2.

Define

— 1 1 1 m—1 m+1 n z
QL](Z) = %Lm C_Zka)L](Z e, Z ,C,z P4 )dC/\dC

By our conclusions from the case n = 1 above we have

d

P mQ”—a)”
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in D. By differentiating the expression for Q;; under the integral sign and using (4.30) we

get
J .
EQL]—O, jeEm+1,...,n}

Q= Z/ Z,QL]CIZI /\dZ’].

Ienk Jen-1

Now define

A direct computation using the properties of {);; above gives
0Q=dz"Aw+ 0

on D”, where 0’ does not involve dz”,...,dz" in its coordinate expression. Therefore,
0-0" = a—JdQ does notinvolve dz™, ..., dz" in its coordinate expression. By the induction

hypothesis, there exists g’ € I'( A HTCD)) such that
I =a-9Q
in D’. The result follows by taking g = " + Q. [ |

The theorem gives rise to a resolution of the module of germs of holomorphic
m-forms at z € M, i.e., an exact sequence
O_>ghol — @™ Lgoo L___Lgoo — -0
zZ, A\"(TCM) z, A"0(T-CM) Z, A" (T<CM) zZ, A" (TCM)
(4.31)

of C-vector spaces, noting that there is a natural inclusion of & hol R into the module

[S¢]

2 N"(TCM)

4.6.4 Differential forms with power series coefficients

In this section we consider the cases of real analytic and holomorphic differential
forms in a little more detail by considering differential forms with power series coef-
ficients. In this case, we shall see that the classical Poincaré Lemma restricts nicely to
the real analytic and holomorphic cases. We do this by first considering an algebraic
setting for differential forms.

Let F be a field and let V be a finite-dimensional F-vector space. For k,I € Zs, we
will find it illuminating to think of the vector space Sf (V@ /\I(V*) as being “differential
I-forms with coefficients being homogeneous polynomials of degree k.” To do this, we
first establish the relationship between S*(V*) and homogeneous polynomial functions.
Let F[V] denote the polynomial functions of degree k on V i.e., the F-valued functions

of the form
fax) = Ax,...,x), xeV, AeTV).

With the identification of such functions with S*(V*) as in Proposition 4.4.7, let us

explicitly demonstrate the desired identification of S*(V*) ® N'(V*) with differential
I-forms with polynomial coefficients of degree k.
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4.6.13 Proposition (Characterisation of S*(V*) ® A'(V") Let k,1 € Zo. The map ¢, from
S* (V) @ A'(V*) to Fi[VI® A'(V*) defined by

Pri(A @ a)(X)(ve, ..., Vi) = A(X, ..., x)a(vy,..., V1), X,Vi,...,vi€V,

is a monomorphism of F-vector spaces.
Proof The map is clearly linear. To see that it is injective, suppose that

Ori(a1 ® A1+ +ay ®Ay) =0.
This means that
A1lx, ..., x0)a1(v1,...,00) + -+ Ar(x, ..., x)ag(v1,...,01) =0
for every x,vy,...,v; € V. Now let uy, ..., ux,v1,...,v; € V. By Proposition 4.4.7 we have

k

1 _
Aj(ul,...,uk)=EZ Y DA+ ).
1=1 (e fi}CiL,.. k)

We may then write

m
Z Aj(ulr ceey Mk)()(]‘(vl, sy Ul)
=

m k
1 -
= E E E E (—1)k IA(M]'1 teee U, U +"'+u]'l)0£]‘(01,...,01).

=1 =1 {1 e ji} ik

The terms on the right vanish since A; ® a1 + --- + A, ® ay, € ker(¢y ), and so we have
A1®ay + -+ Ay ® ay, = 0, giving injectivity of ¢ . |

We can formally perform the usual operations we perform with differential forms
on these differential forms with polynomial coefficients. In particular, we will be
interested in the exterior derivative and wedge product. To this end, if i ® a; €
Fo,[V]I® /\l1 (V) andif fp ® a; € Fi[V]® /\ZZ(V*), then we define

(ida) A (L®a) = (fif2) ® (a1 A az),
where f, f» denotes the usual product of functions, i.e.,
(,fle)(xl e Ix) = fl(-x/ v /x)fZ(x/ .. 'Ix)'

We can also define exterior differentiation as follows. If f ® a € Fi[V]® /\I(V*) then we
define dy(f ® a) € Frq[VI® A (V) by

1+1

dii(f ® @)(x) - (v, ..., 0141) = Z(—l)j+1kA(v]~, X, ..., x0)a(1,...,05...,011),
=
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where A € S¥(V*) is such that
f(x) =Alx,...,x), xeV.

A comparison with (4.22) shows that this definition agrees with the usual definition
if one takes the case F = R and thinks of V as being a differentiable manifold with
coordinates chosen according to a basis for V, cf. [Abraham, Marsden, and Ratiu 1988,
Corollary 6.4.2].

These operations translate into operations on o (V)® /\I(V*). Tothisend,if A1 ®a; €
SV @ A"(V*) and A, ® as € S2(V9) @ A2(V), define

kq'ky! Ky +ky o\ hi+l oy
(A1®a)) A(A2®ay) = —(kl n k2)'(Al OA)® (a1 Aap) €S2V @ ATTH(VY).

For A®a € S*(V*) ® A\'(V*), define & (A ® a) € S1(V) @ A"H(V*) by

O (A a)) (U, ..., Up1,01, .., UL41)
1+1

= Z(—l)j+1kA(Uj, ui,..., l/lr_l)OC(Uh e ,ﬁj, N ,Ul+1),
j=1

with the understanding that S/(V*) = {0} for j € Z.,.
The following result shows that these algebraic operations agree with their differ-
ential counterparts under the map ¢y.

Proposition (Wedge product and exterior derivative) For A ® a € A\'(V*) ® S(V9),
Ai®a; € Ah (V) ®@SM(V), and A, ® ay € A\2(V*) ® S(V*), the following statements hold:
() Pryrio 41, (A1 ® 1) A (A2 ® @2)) = (Piy 1, (A1 ® 1)) A (Pry 1, (A2 ® 2));
(i) $r-1,1+1°0k1(A ® @) = di1 o Pri(A ® ).
Proof (i) We have

(P, 1, (A1 ® a1)(X)) A (Pry 1, (A2 ® a2) (X)) = Ar(x, ..., ) A2(xX, ..., X)1 Ao
= (A1 A)(x,...,x)a1 A ay
= Sym(A1 ® Ap)(x, ..., x)a1 Aay
k!
= T+ k) (A1 0 A)(x,...,x)a1 A ay

= O,k 1y +1, (1 ® A1) A (a2 ® A))(x).

(i) Let us first consider the case when I = 0. In this case we have

dio °Pro(A)X) - 0 = kA(D, %, ..., %) = P11 ° Ok0(A)(X)(V),

so proving the result when [ = 0.
For | > 0 we first prove a lemma.
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1 Lemma If f; ® oy € Fy, [VI® A"(V*) and £, ® az € Fi, [V]® A2(V), then
di, 4k, 1,41, ((F1 ® a1) A (2 ® a2))
= (diy 1, (i ® 1)) A (2 ® a2) + (1)1 (Fy ® 1) A (diy 1, (F2 ® 22)).
Proof Let A; € S (V*) and A, € S®(V*) be such that
fa(x) = Aulx, ..., x), aef{l,2}, xeV.

We compute

diy ey 13+, (1 ® a1) A (f2 ® @2))(X)(V1, .. ., Vg 142)
= di, i+, ((f12) ® (a1 A a2))(X) (01, - . ., Uy 41,41)

l]+12+1
= (_1)J+1 symkl+k2(A1 ® A2)(vj, X, ..., x)a1 A aa(v1, ..., 0j, ..., Ul 41p41)
=1
L+1
1 A
= Z(—l)“ kA1), x, ..., X)ar(v1, ..., 0, ..., 0 41)A2(X, ..., X)a2(V 42, - - -, U 11y 41)
Jj=1
l1+12+1
+ Z (_1)]+1A1(x/ ey x)al(vl/ ey 'U[l)kZAZ(U]‘, X, enn ,X)OC(U]1+], ey ’6]1 ey Ull+lz+1)
j=ll+2

= (g, (i ®@ 1)) A (f2 ® @2)(X)(01, - -+, O 41,41)
+(=1)"1(f1 ® a1) A (diy, (2 ® 42)) (@1, - -+, U1y 11p41),
as desired. v
We now note that an arbitrary element in image(¢y ) is a finite linear combination of

elements of the form f4 ® a for A € S(V*) and a € /\Z(V*). By the lemma we can write

fa®a = fa Aa, thinking of f4 as an element of F¢[V]® AC(V). Using the fact that dg 0 = 0
by definition of dy;, we have

dijopri(A®a)(x) - (v1,...,0141) = (dopofa A @)(x)(01,...,U141)
= Z sign(o)do,0fa(x)(Vs(1)) A(Vs), - - -+ Vo(i+1))s

where the sum is over all permutations o of {1,...,[ + 1} which satisfy
02)<oB)<---<ao(l+1).

This amounts to

1+1
dioPri(A® a)(x) - (v, ..., 0141) = Z(—l)ﬁldo,ofA(x)(Uj) a(y, ..., 0., Vi41)
=
1+1 '
= Z(—nf“kA(vj, X, X)L, ., 0y, U1),
=1
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where “ means the term is omitted from the argument. Thus

diopri(A®a)(x) - (V1 ..., 0141) = Pr—1,141 ° Ok 1(A ® a)(X)(V1, . .., V141),
as desired. [ ]

It is now relatively straightforward to extend the preceding discussion from differ-
ential forms with coefficients being homogeneous polynomial functions to differential
forms with coefficients being power series. We begin by denoting F[[V]] = [T, F[V],
which we call the formal power series on V. Intuitively, a formal power series con-
sists of linear combinations of homogeneous polynomial functions of all orders, just
like an infinite Taylor series, but we do not bother ourselves with convergence, the
setting here being purely algebraic. In this case, F[[V]] ® A\'(V*) is to be thought of as
differential /-forms with power series coefficients. The isomorphisms

Pri: SV @ AV = Fi[VIe A(V)

extend component-wise over the direct product to give isomorphisms
o [[s'vre AV - FilvIe AV,
k=0

Moreover, the maps
Oer: SV ® ANV — STV @ ATV

similarly extend component-wise to maps
o [[s'vye Alevy - [[s' v e ATV
k=0 k=0
and so by composition to a map, which we denote by the same symbol,
or: FIIVII@ N'(V') = FIIVII@ A™(V).

We may now state our main result in this section.

Theorem (Formal Poincaré Lemma) For a field F and an n-dimensional F-vector space
V, the sequence

b2

0 — FI[V]] =~ F[[V]] ® V" =2~ F[[V]] ® AX(V")

6n—l

FIIVII® A*(V') —=0

is exact.
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Proof 1t suffices to show that the sequence

0 Ok~ S
0—— Sk(V*) A> Sk—l(v*) QV & Sk—Z(V*) ® /\Z(V*) k-2,2 o

5k—n+1/n—1

s v @ AV —=0

is exact for each k € Z.
Firstof all, if f@a € F; ® /\I(V*), we compute

di—1,141 o dii(f ® @)(x)(v1, - . ., Vi42)
1+1 1+2

= Z(—l)j+l Z(—l)i+lA(0i, U]‘, X,enn ,x)a(vl, ey ﬁr(i,j)/ oo /ﬁs(i,]')/ ey Ul+2),
j=1 i=1

where

Note that
A(’()i, Z)]',X, AN ,x)a(m, ce /Z’)r(i,j)/ “e /f}s(i,j)/ ooy Z)l+7_) =0
since A is symmetric and « is skew-symmetric. Thus we have image(dy ;) C ker(di_1+1).
For each k,I € Z-o we shall define a map Hy: slivy @ /\l+1(V*) - SV ® /\Z(V*)
with the property that Hy_1 ;11 © 01 141 + Ok © Hi is the identity map on gkt (V)® /\l+1(V*).
ForB®p e SV @ AH(V7) define

1
H,(BepB)u,...,u,01,...,70) = mB(u, w0100,

for u,vq,...,v; € V, noting that this uniquely defines Hj (B ® $B) € sfv) ® /\Z(V*) by
Proposition 4.4.7. Using the definition of 6;; we compute

6k,l OHk,l(B ®ﬁ)(u/ e U0, .,U[+1)

I+1
1 ' A
= = Z(Z(—1)J+1(k ~ 1B, u, ..., u)B(u,v1,...,0j,...,0141)
j=1

1+1
+ Z(—l)]”B(u, B}, D) v)), (432)
=1

for u,vy,...,v;41 € V. Using the definition of 6;_1 ;1 we have

Ok-1141B®P)U, ..., u,01,...,0142)
1+2

= Z(—l)f“(k ~ 1B u, ..., u)B(v1,...,0j,...,0142)

=1
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for u,vq,...,v2 € V. Therefore, using the definition of Hy_1 41,

Hi_1141°0k-1,11(B®B) (U, ..., u,01,...,0141)

= ﬁ((k ~ DB, ..., w1, ..., 0141)
1+1
+ Z(—l)f(k ~DB@j,u,..., WP, v1,...,0),...,0141)) (433)
j=1

foru,vy,...,v;41 € V. Combining (4.32) and (4.33) we arrive at

(Hi=1,141 °Ok=1,141 + O 1 o Hi ))(B® B) (01, . . ., Vg1, Uy - . ., 1)

= ﬁ((k - DB, ..., u)p(v1, ..., V1)

k+1

+ Z(_l)j+1B(M, ey u),B(Ujl O1yevvy i\’]/ Ul+1))
j=1

_ ﬁ((k ~ DB, ..., w1, ..., V1)

+ (I + DB, ..., w1, ..., V141))

=Bu,..., u)p(v1,...,0141)
=B®p(u,...,u,01,...,0141)

for u,vy,...,v;1 € V. By extending the above computations using linearity and by using
Proposition 4.4.7, it follows that Hy_1 41 ©0k—114+1 + Ok °Hy; is the identity on slv) @
/\l+1 (V*).

Now, if 6k—1,141(B1®B1 ++ -+ By ®Bm) = 0for B;®B; € L)@ AT (V) je(1,...,m),
then we define A ® aj € S{(V) ® A'(V*) by Aj®a; = H,(B;®B;), j € {1,...,m). Then

m m
6](,1(2 A]' ® a]') = 6k,l OHk,l(Z B]‘ ® ﬁ])
=1

=1
m m
= (Ok1°Hig + Hg-1,111 °5k—1,1+1)(Z Bi®B)) = Z Bi®pj,
=1 =1
showing that image(0x ;) = ker(6x_1,+1) as desired. [ |

The preceding algebraic constructions are certainly entertaining. But they also give
rise to the following important corollaries.

4.6.16 Corollary (The Poincaré Lemma in the real analytic case) Let M be a manifold of class
CY. If a € T°(A(T*M)) is closed, then, for each x € M, there exists a neighbourhood U of x
and B € T*(A\"1(T*W)) such that a|U = dB.

Proof Since the result is local, we let M be a neighbourhood of 0 € R". Since « is real
analytic, in a neighbourhood of 0 we have the Taylor series expansion that we write in the
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general form
oo My

a@ =) ) aw@ar,
k=0 r=1
where ay, are homogeneous polynomial functions of degree k for each r € {1, ..., m;} and
where wy, are differential /-forms with constant coefficients, e.g., wedge products of the
coordinate one-forms. Using the mappings Hy; from the proof of Theorem 4.6.15, define

gk

my
Hij(a) = Z Hi j(agr ® wyy).
r=1

=~
Il

0

A moment’s consideration of the definition of Hy leads one to the formula

1
H(@)®(1, .., 01) = fo B () x, 01, . 011),

which holds for vy, ...,v;-; € R". From this formula we see that H;(«) is analytic. In the
proof of Theorem 4.6.15 we showed that H;(a) satisfies @ = dH;(«) in a neighbourhood of
0, and this gives the result. [ |

Thus, for each x € M, we have an exact sequence

o _d w d ____d w - .
0—R— 68, —=9, G vy —0  (439)

of R-vector spaces, where by “R” we mean the germs of functions that are constant in
a neighbourhood of x (this will be made more clear and put into some context when
we talk about the constant sheaf and its sheafification in Section GA2.1.1). In making
this translation, we are tacitly using Proposition 5.6.6 below, where the (more or less
obvious) correspondence between germs at a point and power series is established.

Corollary (The Poincaré Lemma in the holomorphic case) Let M be a holomorphic
manifold. If a € ThY( /\I(T*CM)) is d-closed, i.e., da = O, then, for each z € M, there exists a
neighbourhood U of z and B € TP (A" (T*CU)) such that alU = IB.

Proof The proof of Corollary 4.6.16 applies, replacing R with C. |

Thus, for each z € M, we have an exact sequence

hol __9 hol _9  _ _ _ _9_(hol . 4
0 C %;,M gz, AL(TM) gz,/\"(T*M) 0 (4.35)

of C-vector spaces, where by “C” we mean the germs of functions that are constant in
a neighbourhood of x (this will be made more clear and put into some context when
we talk about the constant sheaf and its sheafification in Section GA2.1.1).
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Remark (Connection to the usual proof of the Poincaré Lemma) We can see from
the proof of Corollary 4.6.16 that our proof of the Formal Poincaré Lemma is an
adaptation to the algebraic setting of one of the usual proofs of the lemma involving
the construction of a homotopy operator; see the proof of Theorem 4.6.3 above. o

4.7 Connections in vector bundles

In Section 4.3 we introduced the basic constructions associated with vector bundles.
In this section we introduce one of the important constructions with vector bundles,
namely connections in vector bundles. This is a venerable subject in differential
geometry, and we do not attempt to do it anything like full justice here. Rather, we
just provide the initial definitions and most elementary results. Readers interested
in a deeper treatment of the theory of connections can refer to the two volumes
of Kobayashi and Nomizu [1963].

As always, when we are talking about objects of class C"', we assume all relevant
operations are over C. In order to allow us to simultaneously consider the real and
complex cases, we shall denote by TM the holomorphic tangent bundle of a holomor-
phic manifold M and by T*M the dual bundle. That is, if M is a holomorphic manifold,
we denote TM = TYM and T*M = A"(T*°M).

4.7.1 The vertical lift for a vector bundle

Letr € {00, w,hol} and let F = Rif r € {oo,w} and let F = Cif r = hol. Lett: E > M
be a F-vector bundle of class C". The vertical subbundle of TE is VE = ker(T7t). Denote
ve = mire|/VE. Note that the fibres of ve: VE — E are the tangent spaces to the fibres of
n: E — M thought of as F-submanifolds of E. Since these fibres are vector spaces, this
implies that the fibre V, E is naturally F-isomorphic to E,. We shall talk about curves
in the fibre for both the real and complex settings. Specifically, for ey, f. € E, we have
the curve

Fste +tf, €E,.

The F-derivative of this map at t = 0 is an element of E, ~ V, E. With this in mind, we
define the vertical lift of f, at e, by

vift, () = % (et tf) eV E.

The following result gives a useful characterisation of the vertical lift.

Proposition (Characterisation of vift) Let r € {c0, , hol} and let F = Rif r € {oo, w} and
let F = Cif r = hol. For an F-vector bundle : E — M of class C', the map vlft: m'E — VE



108 4 Holomorphic and real analytic differential geometry 28/02/2014

defined by vlft(ey, i) = vlfte (fx) is an isomorphism of F-vector bundles for which the diagram

E Y VE

o

E=E

commutes, where pr,: w'E — E is the restriction of the projection from E X E onto the first

factor to the submanifold 'E C E X E.
Proof Letey € Ey. The restriction of the map vlft in the statement of the result to the fibre
of the vector bundle pr,: n'E — E over ¢, is given by w, + vlft, (wy). We claim that this
map is surjective. Indeed, let X,, € V., E. From our discussion preceding the statement
of the result, there exists f; € E, corresponding to X, under the natural F-isomorphism
V. E =~ E,. Moreover, by definition of vlft, vlft, (fr) = X.,, giving the desired surjectivity.
Since the fibres in the top row of the diagram have the same dimension, the map vlft is a
fibrewise F-isomorphism. Moreover, the diagram is readily checked to commute, and so
the result follows. n

The preceding constructions can be further refined. Let us also denote
Ex.E={(e¢)e EXE]| n(e) = n(e)}.

As aset, Ex, E is the same as 7*E. However, we wish to endow it with the structure of a
tibre bundle over M by the projection X, m: EX;E — Mdefined by n X, (e, e’) = m(e).
This fibre bundle is, in fact, an F-vector bundle, and the vector bundle operations are
given by

(ex, fr) + (€, f1) = (ex + ey, fu + f1),  alex, fr) = (aey, afy).

Given the vector bundle structure, let us denote E®GE=E X, Eand n® n = w X, 7.
This vector bundle is known as the Whitney sum of E with itself.

Let us also denote by viy: VE — M the composition of the projections ve: VE — E
and n: E — M. Note that the map vlft: E® E — VE defined by vlft(e,, f,) = vlft, (f:)

is an F-diffeomorphism (by Proposition 4.7.1) and that the diagram

EoE Y. VE
n@nj LVM
M M

commutes. Therefore, the map vlft induces the vector bundle structure of E ® E on
VE, rendering the latter bundle a vector bundle over M in a natural way.

4.7.2 Linear vector fields

In this section we develop the notion of a linear vector field on a vector bundle.
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Definition (Linear vector field) Let 7 € {00, w,hol} and let F = R if r € {c0, w} and let
F = Cifr = hol. Let m: E — M be an F-vector bundle of class C'. A vector field
X € I'"(TE) of class C" is linear if

(i) X is m-projectable, i.e., there exists a vector field X € I"(TM) such that
T, t(X(ex)) = mX(x) for every x € M and ¢, € E,, and

(i) Xis a vector bundle mapping for which the diagram

E—X-TE

1 |

M—->TM

commutes. °

Let us now provide a flow interpretation for linear vector fields. To do so, we note
that if X is a vector field of class C’, r € {c0, w, hol}, then the notion of integral curves
extends from the usual notion for r € {o0, w} to a similar notion for r = hol [Ilyashenko
and Yakovenko 2008]. Thus we denote by ¢ a point in F and by I a connected open
subset of I containing 0. An integral curve through x € M is then a map y: I — M of
class C" with the property that )’(t) = X(y(t)) for every t € I, where )’(t) denotes the
F-derivative of y, i.e., y’(f) = Ty - 1. We then use the usual notation ®¥ to denote the
flow of X in both the real and complex settings. Thus ¢ — ®¥(x) is the integral curve
of X through x € M. By Dom(X) we denote the set of points in F x M for which @¥(x)
makes sense.

The following property of linear vector fields explains their importance.

Proposition (Flows of linear vector fields) Let r € {0, w, hol} and let F = Rif r €

{oo,w} and let F = C if r = hol. Let m: E — M be an F-vector bundle of class C'.

If X € T%(TE) is a linear vector field projecting to nX, then ®F|Ey: E, — Eorx 15 an

isomorphism of F-vector spaces for every (t, x) € Dom(7mtX).

Moreover, let1 C IF be a connected open set, let U € M be an open set, and let @: IXE|U — E
be a C'-map with the following properties:
(i) the map e — D(t,e) is a C'-diffeomorphism onto its image for every t € I,
(il) ©(0,e) = e for every e € E|U;
(iii) D(s +t,e) = D(s, D(t, e)) for every s, t € IF such that s, t,s +t € Land e € E|W;
(iv) for each t € 1, the map e — D(t, ), when restricted to the fibre E,, is an F-isomorphism
onto the fibre Ey, where y = (®(t, e)) for some e € E,.

Then the vector field X € I'"(E|U) defined by X(e) = % Pt e)isa linear vector field on E|U.
Proof By [Abraham, Marsden, and Ratiu 1988, Proposition 4.2.4] (and its easily derived
complex analogue) we have 7 oCDf((e) = q)?x omi(e) for (t,e) € Dom(X). Thus (Df((Ex) -
Eq,?x(x). We claim that qbf((Ex) = Eq,?x(x). Indeed, let f € ECD;TX(x)- Then CD}_(t( f) € Ex and so

DL (@X(f)) = f, giving P} (Ex) = Eqrx(y), as claimed. Moreover, since ®|E; is a local F-
diffeomorphism, we have that it is a surjective local F-diffeomorphism, and so a covering
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map. Since the fibres of E are simply connected, ®X|E, is a F-diffeomorphism [Lee 2004,
Corollary 11.24]. It remains to show that @f |Ey is an F-isomorphism. To prove this, let
ex, fx € Ex and let t > ®X(ey) and t — ©X(f;) be the corresponding integral curves. By our
arguments just above, for each t for which the flow is defined, the expression <I)f( (ex) +®f( (fx)
makes sense since the summands are in the same fibre. Moreover, since X is m-projectable
and since 7t(ex) = 1(fx),

T, m(X(e) = Trm(X(f) = 7X(x).

Therefore, since X is a vector bundle mapping over nX,
X(@(ex)) + X(P7 (fo)) = X(Pf(ex) + P (f2)-
Thus we compute

S @ e + DX(f) = S@Ked + SO = X@(e) + X@F ()

= X(@f(ex) + DX (f)),

and we also have (Dé( (ex) + (Dé(( fr) =ex+ fr. Thust - CI)f( (ex) + CDf(( fx) is the integral curve
of X through ey + fy. One similarly shows that t — a®X(ey) is the integral curve through
aey. In particular, this gives the desired linearity of CDflEx.

For the second assertion of the proposition, let @: I X E|U — E have the stated prop-
erties. By (iv) it follows that there exists a map ®p: I X U — M such that

1. the map x — Py(t, x) is a F-diffeomorphism onto its image for every t € [;
2. Oy(0,x) = x forevery x € U;
3. Dy(s +t,x) = Do(s, Do(t, x)) for every s,t € F such thats,t,s +t € I and x € U.
We then define Xy(x) = %| t:Oq)O(O’ x), and we note that Cl)fo (x) = Dy(t, x). Since 7 oCDf (e) =

CDf(U o1t(e), it follows from [Abraham, Marsden, and Ratiu 1988, Proposition 4.2.4] that Xj
is m-related to X. It remains to show that X is a vector bundle mapping over Xy. Let
ex, fx € Ex and compute

d d
X+ ) = 3| _ O+ £ = 3| @ + @ (£)
= X(®@g (ex)) + X(@5(f) = X(ex) + X(fr),
using the hypothesised linearity of ®¥|E,. |

The way to read the preceding result is as follows: A vector field on a vector
bundle is a linear vector field if and only if its flow is comprised of local F-vector
bundle isomorphisms.

Let us give the coordinate form for a linear vector bundle.

4.7.4 Proposition (Coordinate form for linear vector fields) Let r € {oo, w, hol} and let
F=Rifre{oo,w}landlet F = Cif r = hol. Let m: E — M be an F-vector bundle of class
C". Let (V,¢) be a F-vector bundle chart for E with (U, ) the corresponding F-chart for M.
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Denote the coordinates in the chart by (X, v®) wherej € {1,...,n}anda € {1,...,m}. If Xis
a linear vector field of class C', then in coordinates we have

)
b vai—
X = Zx031+ZA gt
ab=1
for C"-functions X{),j €{l,...,n},and A®,a,be(1,...,m}, on W
Proof A general vector field X on E is given in coordinates by

for functions Xé, jefl,...,n},and X%, a € {1,...,m}, on V. Note that

Tr(X) = ZXOa -

Since X is m-projectable, the functions x..., Xg do not depend on the fibre coordinates
ol,...,v". Thus these are the components of the projected vector field 7X. Since X is a
vector bundle mapping over nX, the functions X%, cee, X’1” must be linear functions of the
fibre coordinates v, ..., 7", and from this the result follows. |

4.7.3 Connections in a few different ways

The notion of a connection is often useful in making global constructions on man-
ifolds. In this section we provide a few characterisations of connections in vector

bundles.
The following is thus our initial definition.

4.7.5 Definition (Connection in a vector bundle) Let r € {co,w,hol} and let F = R if
r € {oo,w} and let F = C if r = hol. Let t: E — M be an F-vector bundle of class C". A
C'-connection in E is an assignment to a vector field X € I"(TM) and a section & € I'"'(E)
a section Vx& € I"(E), and the assignment has the following properties:

(i) the map (X, &) = Vx¢ is F-bilinear;
(i) Vix& = fVxé for every X € I"(TM), £ € I(E), and f € C'(M);
(i) Vx(f&) = fVx& + (Xf)E for every X € I"(TM), £ e I"(E), and f € C'(M).
We call Vx¢& the covariant derivative of & with respect to X. °

Let (V, 1) be an F-vector bundle chart for m: E — M with (U, ¢) the associated
F-chart for M. Let (ey, ..., e,) be the corresponding basis of sections for E|U. Then we
define C"-functions l"?’ u - R,abefl,....m},je(l,...,n}, called the connection

coefficients, by
m
_ b
Vae, = Z I’jaeb
ox/
b=1
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Using the defining properties of connections, one directly verifies that, if X = ¥, XiZ =
and & =YL, &%,, then

m

m m b

Vxé = ZZ 85 +Zrb &) Xle,
j=1 b=1

Thus the connection coefficients determine the connection in coordinates.

If Visa C"-connection on E and if £ € I"(E), then we define a section V& € I"(T*"MQE)
by VE&(X) = Vx&. This definition makes sense by virtue of the second of the defining
properties of a connection, which ensures that the map X — V¢ is tensorial.

If £: M — E is a section on E, we denote by £'VE the pull-back of the vertical
bundle to M by &. Note that if n: M — £"VE is a section of this pull-back bundle, then
n(x) € VewE ~ E;. Thus sections of £*VE are naturally thought of as simply sections.
We shall make this identification implicitly below.

Next we make some constructions involving jet bundles. We will formally dis-
cuss jet bundles for vector bundles in Section 5.5. Let us provide, associated with a
connection Von t: E — M, a section of the bundle 71(1): J'E - E.

Lemma (Connections and sections of jet bundles) Let r € {co, w, hol} and let F = R if
r € {00, w}and let F = Cifr = hol. Let V be a C'-connection on a F-vector bundle t: E — M
of class C'. Then there exists a unique C-section Sy: E — J'E satisfying

VE(x) = jid(x) = Sv(&x)),

for every section & € I'"(E), noting that j; £(x) —Sv(E(x)) € TM® V¢ E and that V. E ~ E,.
Proof The existence of the section Sy is simply a matter of defining Sy (ex) = j1&(x) = VE(x),
where £ is any section satisfying &(x) = ex. We should verify that this definition is well-
defined. Let f € C'(M) be such that df(x) = 0 (here, d stands for “d” if F = R and “d¢” if
[F = C. Then, for any section &,

VFER) = FOOVER) +df() ® ER) = dF () ® £(x). (4.36)

Similarly,
ji(fE)x) = f(x)j1&(x) + df(x) ® E(x) = df(x) ® E(x). (4.37)
Thus, if C is a section vanishing at x, since I"(E) is a locally free module (cf. the detailed

discussion in ), in a neighbourhood of x we can write

C:f151+"'+fnén

for linearly independent (over C"(M)) sections &;, ..., &, and for functions fi, .. ., f, which
vanish at x. By (4.36) and (4.37) we then have j;C(x) = V((x). Now let £’ be a section such
that &£’(x) = &(x) = ex and compute

(j16(x) = VEWX)) = (j1&'(x) = V(%)) = j1(&E = &)(x) = V(& = &)().
Note that the section ¢ = & — & vanishes at x, and so our computations above give
J1C(x) = V((x), giving well-definedness of Sy.

It is clear that Sy is uniquely determined from V by the condition in the statement of
the result. |
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We now use the map Sy as the basis for our further constructions. Let ¢; € J'E, let
e = my(er), and let x = 7t(e). Let £&: M — E be a section satisfying j1&(x) = v;. Define
L., € Homy(T M; T.E) by L., (vy) = T:&(vy).

4.7.7 Lemma (Properties of Le,) Let e; € J'E, let e = my(ey), and let x = ni(e). The following
statements hold:
(i) Le, is a well-defined linear injection;
(II) TeT( OLe1 = idTXM;
(iii) image(Le,) is a complement to V.E in TE.
Moreover, if e € E and x = ni(e), and if L: TM — T.E is a linear map satisfying TeroL =
idr w, then there exists a unique e, € (115)™'(e) such that L = L.
Proof (i) Suppose that &1, &0 M — E satisfy j1&1(x) = ji&2(x) = e1. This means that, for
any curve y: I — M of class C" satisfying 0 € mt(I) (remember that I is an open subset
of IF) and y(0) = x it holds that (fs| 0(51 Y)(s) = ds 320(52 oy)(s). This immediately gives
Ty&1(vx) = Txéa(vy) for every vy € T M. Thus the definition of L., is independent of the
choice of local section &. Linearity of L., is now obvious. To see that L., is injective note
that mo& = idy and so TgymoTyé = idr,m. Thus L., possesses a left-inverse and so is
injective.
(i) This was proved as part of the proof of the previous assertion.
(iii) Suppose that u, € image(L,,) N V.E. Let u, € image(L,,) write u, = L, (vy) for
vy € TyM. Then let y: I — M be a curve of class C" satisfying 0 € int(I) and y’(0) = vy. If
&: M — Eis a section satisfying j1£(x) = eq, then this means that u, = Cls| O(E ¥)(s). Since
u, is vertical we have T,7t(u,) = 0. This in turn means that

L E® = 2| yo =0

This means, therefore, that 1, = 0. This gives image(L,,) N V.E = {0}. This part of the result
then follows from a dimension count.

For the last assertion, let (V, 1)) be an F-vector bundle chart with (U, ¢) be the corre-
sponding F-chart for M. Denote the coordinates for E by (x/, %), jell,...,n},aefl,..., m}
Suppose that ¢(x) = 0 and that i(e) = (0, v). An arbitrary linear map between T,Xand T.E
will have the coordinate representation

L= ZA]dx ® — +ZZB“ x]®

jk=1

The condition that T,rtoL = idt u is readily seen to imply that Ai = 6£, ik efl,... n}
Now, if we define a local section £ on U with local representative

&(x) = (x, Bx)

where B is the m X n matrix with components B‘]?, jell,...,n},a €f{l,...,m], then it is
immediate that if we take e; = j1&(x) we have L = L,,. This gives the existence assertion.
For uniqueness suppose that L., = L., and let £; and &, belocal sections such that L., = Tr&1
and L,, = Tx&. This means that j1&1(x) = j1&2(x) and so e; = ey, as desired. |
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Now, associated with Sy, we define an endomorphism Plé of TE by
Pg(ue) = st(e) OTeT((ue), U, € TEE.

The following assertions are more or less obvious.

4.7.8 Lemma (Properties of the horizontal projection) Let r € {co,w, hol} and let F = R if
r € {00, w} and let F = C ifr = hol. Let V be a C'-connection on the F-vector bundle : E —
M of class C" and let Sy: E — J'E be the corresponding C'-section. The endomorphism
PY € I'(T'E ® TE) has the following properties:
(i) ker(Py) = VE;
(i) TE = ker(Py) ® image(Py).
Proof (i) Itis clear that VE C ker(PIé ). For the opposite inclusion, suppose that PIV{ (ue) = 0.
Since Lg,(,) is injective this implies that T.7t (1) = 0 whence u, is vertical.
(ii) Since T, is surjective it follows that image(PIV{ (e)) = image(Ls, () which is comple-
mentary to V.E by Lemma 4.7.7. [ |

The endomorphism PY is called the horizontal projection associated with the
connection Sy and the endomorphism Py = idre —P¥ is called the vertical projection.
It is easy to see that Py is a projection onto VE and Py is a projection onto a subbundle,
denoted by HE, that is complimentary to VE. For e, € E,, note that H, E is naturally
isomorphic to T,M and V, E is isomorphic to E,. For H, E, we note that the restriction
of T, m to H, E is the desired isomorphism with T,M. For V, E, we note that this
subspace is the tangent space to the fibre E,, and so is naturally isomorphic to E,
without having to say more.

We will have need of the coordinate expressions for the horizontal and vertical
projections. Let (V, 1)) be an F-vector bundle chart for E with (U, ¢) the corresponding
F-chart for M, and denote the corresponding coordinates for E by (x/,v"), j € {1,...,n},
a € {1,...,m}. Parsing the above constructions, one can show that

Z 6l dx* ® -5+ Z Z F]bvbdx] ® ——

jk=1 j=1 ab=1

Z 6“dv ® — - Z Z F]hvbdx] ® —

a,b=1 j=1 ab=1

4.7.4 Tensor products of connections

Connections on a vector bundle lead to extensions to many of the standard algebraic
constructions. Some of these are straightforward. For example, if V! and V? are
connections on F-vector bundles 7t;: E;, — |manM and 7,: E, — M, then there is a
naturally induced connection V! @ V? on E; & E, defined by

(V'@ VA)x(&1 @ &) = (Viér) @ (V&)
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In this section we focus on connections in tensor products of vector bundles which
themselves have connections.
The main result is the following.

4.7.9 Proposition (Feasibility of the tensor product of two connections) Let r €
{oo,w,hol} and let F = R ifr € {oo,w} and let F = C if r = hol. Let my: E; — M and
7. Ex — M be T vector bundles of class C* and let V! and V? be C'-connections in E; and
E,, respectively. Then there exists a unique C'-connection V' ® V2 on E; ® E, satisfying

(V' ®@ VA)x(&1 ® &) = (Vyé1) ® & + &1 ® (Vi) (4.38)

for &, € IM(E,), a € {1,2}, and X € T (TM).
Proof The existence assertion comes from the condition (4.38), since any section of E; ® E;
isa |

4.7.5 Affine connections and the Levi-Civita connection

The following result further characterises pseudo-Riemannian affine connections.

4.7.10 Proposition Let (M, g) be a pseudo-Riemannian manifold and let V be an affine connection
on M. The following are equivalent:

(i) V is a pseudo-Riemannian affine connection;
(i) Te(ty, tp) is an isometry for every curve c: [a,b] = M of class C>and a < t; < t, <b.

Proof Suppose that V is a pseudo-Riemannian affine connection. Let c: [4,0] — M be a
curve of class C2 witha <t; <t, <b. Letu,v € Te¢,)M and let X and Y be the vector fields
along c obtained by parallel translating # and v along c, respectively. We then have

d
38X M), Y1) = (Verg)(X(B), Y1) + g(Ven X(1), Y(1)) + g(X(E), Ve Y(£) = 0

since X and Y are parallel along c and since V is pseudo-Riemannian. This shows in
particular that g.(;,) (1, v) = g(7c(t1, t2)-u, Tc(t1, t2)-v). In other words, 7.(t1, t2) is an isometry.

Now suppose that 7.(t1,t2) is an isometry for every curve c: [a,b] — M of class C?
curveanda < t; <ty <b. Letx € Mand letu,v,w € T,M. Letc: (—€,€) —» M be a curve of
class C? such that ¢(0) = x and ¢’(0) = w. Let X and Y be the vector fields along c obtained
by parallel translation of u and v, respectively. We then have

0= %8(}(@/ Y(t) = (Vo g)(X(®), Y(1))

where we have used the fact that parallel translation consists of isometries and that X and
Y are parallel along c. Evaluating this expression at t = 0 gives (V,g)(u,v) = 0. As x and
u,v,w € T,M are arbitrary, the result follows. [ |

The following important theorem asserts that pseudo-Riemannian metrics exist.
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4.7.11 Theorem (The Fundamental Theorem of Riemannian Geometry) If (M, g) is a

pseudo-Riemannian manifold then there exists a unique affine connection V on M such that

(i) V is a pseudo-Riemannian affine connection, and

(ii) V is torsion-free.

The affine connection V is called the Levi-Civita affine connection associated with (M, g).

Proof First we establish existence. We define V by asking that for vector fields X, Y, and
Z on M we have

§9xY,2) = 2 Lx(80%.2) + Lr(5(Z, X)) - L2(5(X, )+
g(X,Y1,2) - g([X, 2], Y) - g(1%, Z], X)). (4.39)

To ensure that this definition make sense one must verify that it is linear with respect to
multiplication by functions in the second argument. Thus, for f € C*(M) we must verify
that

§(VxY, fZ) = f3(VxY,Z)

using the relation (4.39). This is straightforwardly done using the derivation properties
of the Lie bracket. We must also ensure that (4.39) does define an affine connection. This

consists of checking that % satisfies the defining properties of an affine connection. The
property is obvious. To check let f € C*(M) and then verify that

g(fo% Z) = g(fVxY, 2)

which one does easily by using the derivation properties of the Lie derivative. In a similar
manner one may show that

9(VxfY, Z) = g(fVxY + (ZLxf)Y, 2).

One also needs to verify that V so defined is torsion-free. It is straightforward to see that
indeed

(VY - VyX, Z) = g(IX, Y], Z)

G G
which means that V is torsion-free. Finally, one needs to show that V is a pseudo-
Riemannian affine connection. To verify this one can use (4.39) to show that

Lx(3(Y,2)) = §(VxY, Z) + §(¥, VxZ).

G G
From the derivation properties of V one then sees that this implies that Vx(Y, Z) = 0 for all
vector fields X, Y, and Z. That is, % is pseudo-Riemannian. This establishes the existence
of V.
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Now we show that conditions (i) and (ii) uniquely define V. So suppose that V is an
affine connection satisfying these conditions. Then, for vector fields X, Y, and Z one has

Lx(8(Y,Z2)) = g(VxY, Z) + (Y, VxZ)
LY(3(Z, X)) = §(VyZ, X) + §(Z,VyX)
ZL7(3(X,Y)) = g(VzX, Y) + g(X, VzY).

Now add the first two equations add subtract from this the third to get
Zx@Q(Y,2)) + Zy(Q(Z, X)) - £Lz(8(X,Y)) =

In arriving at this formula we have used the relation VxY—-VyX = [X, Y] as V is torsion-free.
Now we use the same relation to note that VyX = VxY — [X, Y] to obtain

23(VxY, Z) = Zx((Y, 2)) + LY (8(Z, X)) — L 2(g(X, Y))+
8([X, Y], Z) - ¢(IX, Z],Y) - g([Y, Z], X).
Thus V satisfies (4.39). [ |

The formula (4.39) is called the Koszul formula.
From the proof we may obtain an expression for the Christoffel symbols of the
Levi-Civita affine connection:

1 il(aglf 4 Gk 3 agjk)

T = 28\ T o o

for the Christoffel symbols.

4.8 Correspondence between holomorphic manifolds and
complex structures

In Proposition 4.5.8 we saw that any holomorphic manifold possesses a natural
almost complex structure. In this section we shall explore the converse relationship,
holomorphic structures on manifolds with almost complex structures.

4.8.1 The Nijenhuis tensor

In this section we recall a construction of Nijenhuis [1951] on the structure of
(1, 1)-tensor fields.

4.8.1 Definition (Nijenhuis tensor) Let M be a smooth manifold. The Nijenhuis tensor of a
(1, 1)-tensor field A on M is the (1, 2) tensor field given by

NA(X,Y) = [AX, AY] + A2[X, Y] - A[AX, Y] - A[X, AY]. .

Of course, we should verify that this is indeed a tensor.
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4.8.2 Lemma (The Nijenhuis tensor is well-defined) The mapping (X,Y) = Na(X,Y) is
C*™(M)-bilinear.
Proof Welet f,g € C*(M)and X, Y € I'°(TM) and compute
Na(fX, gY) = [fAX, gAY] + A*([fX, gY]) - A(FAX, gY]) — A([fX, gAY])
= felAX, AY] + f(LaxQ)AY — g(Lay f)AX+
FEAPIX, Y]+ f(ZLx)A(Y) = (L YA (X)~
fSA(AX, Y]) — f(LaxQ)AY + g(ny)AZ(X)—
FSAIX, AY]) — f(LxAX(Y) + g(L av ))AX
= fgNaA(X,Y),
as desired. m

Let us give the local representation of the Nijenhuis tensor. Let (U, ¢) be a chart
for M with coordinates (x!,...,x"). A straightforward computation gives the local
representative of N4 as

no 0AT 9Ak  9Al O0AL 9
NalU = Al Al LAk AR ) = @ dx' @ dx. 4.40
8 z’jklzl( Toxt o T ’8xl)axk ®dx ®dx (4.40)

The definition of the Nijenhuis tensor does not make immediately apparent its
usefulness, so let us describe a typical generic problem that comes up in the study of
(1,1)-tensor fields, and how it relates to the Nijenhuis tensor.

The study of deformations of geometric structures was instigated by Cartan [1955].
For our purposes, let us say that a (1,1)-tensor field A on a smooth manifold M is
0-deformable if, for each x € M, there is a chart (U, ¢) around x with ¢(x) = 0 and such
that, for each x € ¢p(U), there exists P(x) € GL(n; R) such that

A(x) = P(x) - A(0) o P~ (x).

We say that A is integrable if, for every x € M there is a chart (U, ¢) around x for
which the matrix function of the components of A, x — A(x), is constant. Clearly, if
A is integrable then it is 0-deformable. The converse is not generally true. For certain
classes of O-deformable (1, 1)-tensor fields, one can show that integrability is implied
by the vanishing of the Nijenhuis tensor N,. This is often related to the Jordan form of
A(0) (see [Kobayashi 1962] and [Lehmann-Lejeune 1966]). However, it is not true that
a 0-deformable (1, 1)-tensor field is always integrable if its Nijenhuis tensor vanishes
(see [Kobayashi 1962]).

4.8.2 Equivalent characterisations of complex structures

In this section we consider various conditions equivalent to an almost complex
structure being a complex structure. The equivalence of many of the conditions we
give is proved in a more or less straightforward manner, but one implication is proved
using the difficult results of Section 6.2.
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To state our main result in this section, we first note that if | is an almost complex
structure on a smooth manifold M, the tangent bundle constructions of TEM, THOM,
and T%'M can be made fibrewise from the constructions of Section 4.1.1. In like man-
ner, the differential form constructions of A*(T**M) can be made fibrewise following
Section 4.1.4. We still have the decomposition

A"(TEM) = EP AT M),
k1l
k+l=m

as this is purely an algebraic construction. That is, the algebraic structures associated
with vector spaces with linear complex structures all can be adapted to manifolds with
an almost complex structure. What fails are the differential constructions involving
the Lie bracket and the exterior derivative. Specifically, Lemmata 4.5.21 and 4.6.5 do
not generally hold for manifolds with an almost complex structure. However, we can
still define the operators d and d, thanks to the following lemma.

4.8.3 Lemma (The complex exterior derivative on manifolds with an almost complex
structure) If M is a smooth manifold with an almost complex structure J, then

de(T(AM(TCM)))
- l—woo(/\k—l,1+2(-|-*<cM)) ® l—woo(/\k,lﬂ(-l-*(cM)) @rw(/\kﬂ'l(T*CM)) ® roo(/\k+2,1—1(T*(cM))‘

Proof Since /\1(T*CM) = /\1’0(T*CM) o N\ (T*CM) the result holds when k = I = 0. Since
N(TEM) = AZT M @ AT EM) @ AT M) @ APA(TEM),

the result also holds for (k1) = (1,0) and (k,1) = (0,1). Since T(A*(T*°M)) is locally
generated by T(A"(T*CM)), T=(A(T*CM)), and T=(A\*}(T*CM)), and since the result is
local, the result follows from the cases proved and Proposition 4.6.4(v). [ |

Thus we can define d and d applied to T(A"(T**M)) as the (k + 1,1)- and (k, I + 1)-
components of dc.

With this development, we have the following summary of equivalent characteri-
sations of complex structures.

4.8.4 Theorem (Equivalent characterisations of complex structures) If M is a smooth
manifold with an almost complex structure J, the following statements are equivalent:

(i) [Z1,Z5]c € T*(T'OM) for every Zy,Z, € T(TOM);
(ii) [Z1,Z]c € T(TUM) for every Zy,Z, € T(TUIM);
(iii) de(@>(A"(TEM))) € T(A*(TEM)) @ T=(A "' (TEM));
(iv) de@(A* (TEM))) € T=(A (T M) @ T=(A"*(T"*M));
(v) de@=(AM(TEM))) € T=(AX (T M) @ T=(AM(TEM)) for k,1 € Zso;
(vi) dc = 0 + 0;
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(vii) Ny = 0;
(viii) J is a complex structure.

Proof (i) < (ii) By Proposition 4.1.5, a section of TIOTCM has the form
Z=19X-i® J(X)

and a section of T%' TCM has the form
Z=19X+i®J(X)

for a smooth (real) vector field X on M. As in the proof of Lemma 4.5.21, the condition
that the Lie bracket [Z1, Z>]c of two such T'?M-vector fields be a T"?M-valued vector field
is that

Je([Z1, Z2]c) —ilZ4, Z2]c = 0.

The corresponding condition that the Lie bracket [Z1, Z>]c of two TOIM-vector fields be a
ToIM-valued vector field is that

Je([Z1, Z2]c) +ilZ1, Z2]c = 0.

As each of these conditions is equivalent to the conjugate of the other, this part of the proof
follows.
(i) & (iv) For a € F°°(/\O’1(T*CM)) and Z1,Z; € T (TY'M) we have, using (4.25),

dc(Z21,22) = Z7,(a(22)) — L 7,(a(Z1)) — a([Z1, Z2]) = —a([Z1, Z2)).

Note that (i) is equivalent to the right-hand side vanishing for every «, Z1, and Z,, while (iv)
is equivalent to the left-hand side vanishing for every «, Z;, and Z,.

(iif) & (iv) Using Proposition 4.1.15(iii) and Proposition 4.6.4(iv), these conditions
are easily seen to be conjugate to one another.

(iii,iv) = (v) As in our proof of Lemma 4.8.3, this follows since I'*( Ak’l(T*CM)) is
locally generated by T®°(A\*(T*CM)), T®(AY(T*CM)), and T=(A*(T*CM)).

(v) = (iii,iv) This is clear.

(v) & (vi) This follows by definition of d and d and Lemma 4.8.3.

(i) & (vii) Consider sections

Z(l:1®Xll_i®](Xa)/ ae{llz}l

of TYOM, where X; and X; are smooth vector fields on M. The computation from the proof
of Lemma 4.5.21 of the formula

Je([Z1, Z2]e) = ilZy, Zo]e = =1 @ JoNj(X1, X2)) +i® Nj(X1, X2)
is valid for almost complex structures. Thus Nj = 0 if and only if
[Z1, Zo]c € T ((ker(Je — i idqep))) = T(THM).

(viii) = (vii) This follows from (4.40) since the components of | in a C-chart are
constant.
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(vi) = (viii) In the above we have shown that the first seven conditions in the theorem
are equivalent and that they are implied by the eighth. The remaining implication is
difficult, and the proof we give relies on the constructions and results of Section 6.2. We
will assume without mention these constructions and results, acknowledging that this
presupposition will only be realised after a great deal of effort from the reader.

Let us first do some preliminary constructions to justify our use of the results of
Section 6.2 for almost complex structures. As in Section 6.2.1 we let 1 be a Hermitian
metric on M that is compatible with the almost complex structure J. Also as in Section 6.2.1
we use an orthonormal local basis (v, ..., ") for /\1’O(T*CM), so that we define % and
o jefl,...,n}, by

. df .
def = (@a}] + ﬁaﬂ).

Next note that the condition d¢c = d + d implies that
9°0=0, dod=0, ded+dod=0.

If one now goes through the constructions and arguments of Section 6.2, one sees that
these properties of d and d are the only ones used. Thus all existence and regularity results
for the partial differential equation du = f from that section can be applied to the case
when 9 and J are defined for an almost complex structure for which condition (vi) holds.

Next, the result is local so we assume that M is a neighbourhood of 0 € C". We denote
Euclidean coordinates for M by (x, y) € R** and denote z = x +iy € C". By a linear change
of coordinates, we can without loss of generality suppose that

d J J d
(ﬁm), 5 (0), a—yl(()), . 8_y”(0))

is a J(0)-adapted basis for ToM. Let € C*(M) be given by ¢(x, y) = |Ix||* +|y||*>. We readily
verify that %8 0d1(0) is positive-definite since J(0) is the canonical complex structure on
C". We can assume, possibly after shrinking M, that ¢ is “strictly plurisubharmonic” on
M, i.e., strictly plurisubharmonic after the natural adaptation of those words to almost
complex manifolds. Let us take r € R such that By,(r,0) € M and, moreover, redefine M
to be this ball. Then .
_-—_—
I T ey
is a plurisubharmonic exhaustion function on M, cf. the proof of Proposition 6.1.21(iv). As
in the proof of Theorem 6.2.13 we can thus choose ¢ to be a convex increasing function
of the right-hand side of the preceding equation such that, if f € L120 ( A (T*CM)) satisfies
a_f = 0, then there exists u € LIZOC(M; C) satisfying ou = fand |lully < Ifllp-

Now, keeping in mind that M has been assumed to be a ball of radius r about the
origin in C", let C',...,C" be linear C-valued functions on M for which dc/(0) = «/(0),
j€fl,...,n}. Fore € (0,1), by 6.: C* — C" denote the mapping d¢(x, y) = (ex,ey). We
then have the almost complex structure J. = 6:] on M, and 620)1, ..., 00" generate the
subbundle of forms of type (1,0) for this almost complex structure. Let d. and J. denote



122 4 Holomorphic and real analytic differential geometry 28/02/2014

the differential operators associated with the almost complex structures J.. Since

9e 2 Iep(0) = 5— e Ie(0),

we can sift through the arguments to see that the function ¢ above has the property that,
foreverye € (0,1),if f € L1 ocl A" 1(T’*‘CM)) satisfies d. f = 0, then there exists u € L2 (M;C)
satisfying deu = f and lullp < Nlfllyp-

Let us prove a simple lemma that we shall call upon a couple of times in the remainder
of the proof.

loc

1 Lemma The form dcU — €185 and all of its derivatives converge uniformly to zero as € — 0.
Proof Letje{l,...,nfandk €{1,...,2n}, and note that

6Za)j(x, Y) e = a)j(T(x,y)(Se -ep) = ea)j(ex, €Y) - .

From this and the fact that dc(/(0) = @/(0) we conclude that dcU/ — €715 ! converges
uniformly to zero as claimed. For the corresponding statement for the derivatives of this
form, note that all derivatives of (/ are zero, and, for I € Zi’(‘),
D! (e‘léza}f )x,y) = elD'w/(ex, €Y).
From this the lemma follows. v
Now we give a few technical lemmata that will be important for us.

2 Lemma Let U C C™ be open, let f € L2(U;C) have compact support, and suppose that aaf]
Lz(u; C),jefl,...,n}. Thenfe H! (U; C) and, moreover, if K C U is compact, then there exists

C € R.q such that
3 ID' < C(lfl + ZH H
<1

for every f € L*(U; C) for which supp(f) € K.
Proof Let 6 be the formal adjoint, with respect to the integral using the Lebesgue measure

on C", of 55 / We first suppose that f € Z(U;C). Computations like those used for
Sublemma 3 from the proof of Lemma 6.2.11 give

“aw] ” ||aw] “ f i° aw] 0j° =~ )f(x, y)f(x, y) dA, ). (4.41)
One can verify, cf. Lemmata 6.2.6 and 6.2.7, that the operator
d - d

AN S
I 9w dwl

is of order (not necessarily homogeneous order) one. Note that any linear partial differen-

tial operator of homogeneous order one is a linear combination of the operators % and

%, j€{l,...,n}. In particular, if |[I| = 1 then

D'f = Z Ia j Z 18a)1

j=1
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forc d e C®(W;C), je(1,...,n}. Thus one obtains an estimate

Y
S Of 2 " Af 2
o= SI2 v FIZE
for suitable C;1,Cj2 € Rs. We also write
j°% —5]'°ai]~f = Y aD'f

<1

for a; € C*(U; C). If we apply (4.41) and the Cauchy-Schwarz inequality we then have

Y D' f1i < C’(i”%llj +1Ifla Y ID 1)
=1 <1

=1

for some suitable C" € R.(. The inequality ( % —a)? > 0 gives 1’2—2 +a? > \2ab > ab, and this
gives
4 ’ 1
CIfIID' fl < CHIfIE + 51D A1B.

Thus we have

of 12 1
I 12 / 12 2 I 2
Y ID'fI < C —80_)j"2+(n+1)C ||f||2+§§ D! fI12.

[11=1 <1

This gives the inequality of the lemma when f €]sD(U; C).
In the general case, we let p € C*(R") be a nonnegative-valued function with support
in B,,(1,0) and define pe(x) = € "p(e”x). As we showed in the proof of Proposition E.2.16,

(e * Jd
| 67 e 55l =0

Using this fact, we can apply the inequality of the lemma to the smooth compactly sup-
ported function pe * f — ps * f gives that D!(p, * f) converges in L2, and this proves that
D'f e L2(U;C) for |I] < 1. v

The following lemma is essential for us.

3 Lemma Let U € C" and let f € 1.2 (U; C) satisfy o H?OC(U; C),j € {1,...,n}, for some

loc Bl

q € Zso. Then f € H?Otl (U; C). Moreover, if K € U is compact and if V C W is a neighbourhood
of K, then there exists C € R such that

Y, fK IDE(x, y)IP dAx, y)
I<q+1
(LY, [Py arcen+ [l 2 arcy).

ll<q j=1
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Proof This is proved using the previous lemma along the lines of the corresponding part
of Theorem 6.2.14. v

Taking g = 2n we have

Y, [ 10! i aa, v

<1
ZZ f“DI e, y)” dA(x, y) + flf (x, 2P dAx ). (4.42)
ll<q j=1
Now we can conclude the proof. For each € € (0,1) and j € {1,...,n}, we can find Cj

such that QEC] = d.U and such that IIC] lp < (R II(p This last 1nequa11ty, along with the
lemma above, allow us to conclude that lime_|IClll, = 0. Applying the projection onto
AYHT*CM) to the conclusion of Lemma 1, we have

lim|[D'(9eC/)ll2 = 0
e—0
for any I € ZZ. We can then apply (4.42) with f = Cé to conclude that
lim||D'c/[l2 = 0
e—0

for |I| = 1. Thus, if we define zé =0 - Cé, we see that_ d@zzj(O), ...,dczZ(0) are linearly
independent for € sufficiently small. Moreover, since gezi = 0 it follows that, for fixed ¢,

¥, y) - Z(x,y) 2 2l x, e Ny)

satisfies dz/ = 0. Thus the functions z!,...,z" are holomorphic functions in a neighbour-

hood of 0 for which 9z%,...,9z" are linearly independent. These are, thus, holomorphic
coordinates for M. [ |

One can see from the proof of the theorem that the equivalence of the first seven
conditions is proved more or less easily, and that the difficult part of the proof is that
these conditions imply the eighth. This was first proved by Newlander and Nirenberg
[1957] and the proof given above is that of Kohn [1963].

4.9 Why is there not a chapter on Kahler geometry?

An important notion in holomorphic differential geometry is that of a Kdhler man-
ifold. We shall not have much to say about Kdhler manifolds in this book, and in this
section we say a few words about what we are not talking about.

4.9.1 Definitions and main structural results

Let us introduce the main player.
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4.9.1 Definition (Hermitian metric) A Hermitian metric on a holomorphic manifold M is a
section 11 € T®(Cy ® S*(T*M)) for which h(z) is a Hermitian inner producton T,M. e

Let us note that Hermitian metrics exist.

4.9.2 Theorem (Holomorphic manifolds possess Hermitian metrics) If M is a paracompact
holomorphic manifold, then there exists a Hermitian metric on M.
Proof Let ((Ug, ))sca be an atlas of holomorphic charts. Since M is paracompact, for each
a € Alet p; € C*(M) be such that image(p,) € [0, 1] and supp(ps) € Uy, a € A, and such
that (supp(ps))aea is locally finite and }’,c4 ps = 1 [Abraham, Marsden, and Ratiu 1988,
Theorem 5.5.12]. For a € A define , € T*(Cy ® S*(T*M)) by

ha(z) = {¢Z(H|¢a(ua))(z), ze U,

0, otherwise,

where H is the canonical Hermitian metric on C". Then defineh = ) ,c4 15, this sum making
sense since it is locally finite. Moreover, since the set of Hermitian inner products on a
vector space is convex (as can easily be verified), and since h(z) is a convex combination of
Hermitian inner products, it follows that /(z) is a Hermitian inner product. |

Now, given a Hermitian metric  on a holomorphic manifold M, we follow the
constructions of Section 4.1.5 and write h = ¢ — iw for a Riemannian metric ¢ and an
exterior two-form w of bidegree (1,1). Additional requirements are specified to ensure
that  is a Kdhler metric.

4.9.3 Definition (Kahler metric) A Hermitian metric i = ¢ —iw on a holomorphic manifold
M is a Kdhler metric if dw = 0. o

The requirement that  be closed has a few equivalent characterisations.

4.9.4 Theorem (Characterisations of Kahler metrics) For a Hermitian metrich = g —iw on
a holomorphic manifold M, the following statements are equivalent:

(i) dw = 0;
(i) V] = 0;
(i) Vo = 0.

In the above, | is the canonical almost complex structure on M and V is the Levi-Civita
connection associated to g.
Proof We first assemble a few technical lemmata.

1 Lemma If h = g — iw is a Hermitian metric on a holomorphic manifold M then
1 1
g(VXY/ Z) = Edw(x, Y/ Z) - Eda}(x, ]Y/ JZ)

for every X, Y, Z € T*(TM), where V is the Levi-Civita connection associated with g.
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Proof By the formula of [Palais 1954] we have
dw(Xo, X1, X2) = Lx,(w(X1, X2)) — Lx, (0(Xo, X2)) + L x,(w(Xo, X1))
- w([Xo, X1], X2) + w([Xo, X2], X1) — w([X1, X2], X0).
Using Proposition 4.1.18 we may rewrite this as
dw(Xo, X1, X2) = Zx,(8(JX1, X2)) — Zx,(8(JXo, X2)) + Lx,(8(JXo0, X1))
= 8(J[Xo, X1], X2) + g(J[Xo, X2], X1) — g(J[X1, X2], Xo) = 0. (4.43)
We shall also make use of the identity

dw(Xo, [ X1, JX2) = ZLx,(8(JX1, X2)) — ZL1x,(8§(Xo, X2)) + ZL1x,(8(Xo, X1))
- 8([Xo, [ X1], X2) + g([Xo, [ X2]), X1) — g(J[JX1, ] X2], Xo). (4.44)

Since V is the Levi-Civita connection for g we have

Lx,(8(X1, X2)) = g(Vx, X1, X2) + §(X1, Vx, X2).

By cyclically permuting this identity and using the fact that V is torsion free, one may
easily arrive at the formula

§(Vx, X1, X2) = %(-i”Xo (8(X1, X2)) + L x,(8(Xo, X2)) — Lx,(8(Xo, X1))
+ 8([Xo, X11, X2) + g([X2, Xol, X1) — g([X1, X2], Xp)). (4.45)
Now for X, Y, Z € I'*(TM) we compute
s(VxNY, Z2) = g(Vx(JY), Z) - g(J(VxY), Z)

= g(Vx(JY), Z) + ¢(VxY,]Z)

= 2EXGUYD) + L8 2) - L2804 V)
+8(X,JY1,Z2) + ¢(IZ, X],]Y) - g(lJY, Z], X)
+ Zx(Y,J2)) + Zv(g(X, ]2)) = Zj2(8(X, Y))
+8(X, Y], J2) + g(UZ X1, Y) - g(Y, ] Z], X))

= (2K 2) = L2 V) + Lx(3(Y,2)

+8(X, JY1, Z) + (12, X1, ]Y) - g(JY, Z], X)
+8(X Y1, JZ) + 8([JZ, X1, Y) - 8([Y, JZ], X))

= AV TZ) - Z2(805 V) + Zx(8(Y,2)

—dw(X, Y, JZ) + ([JY, 21, JX) + g(JIX, Z], Y) = gUY, Z1, ] X)
- 8(UIX, Y1, Z) = g(1Y, 21, JX) = (1Y, Z], ]X) = (LY, Z], X)

= S(da(X,Y,2) - da(X, JY,12) + N (Y, 2), JX)).

Here we have made use of the relations (4.43), (4.44), and (4.45). We have also repeatedly
used Proposition 4.1.18. The result follows since Nj = 0. v
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2 Lemma An almost complex structure ] on a manifold M is a complex structure if and only if there
exists a torsion-free affine connection V on M such that V] = 0.

Proof Let | be an almost complex structure on M. We may first suppose that M possesses

some torsion free affine connection V (see [Lang 1995]). Given such an affine connection,
let us define a (1, 2) tensor field Q on M by

QO Y) = ZEDX + L(Er)X) + 2 JE D).

As Qisa (1,2) tensor field, _
VxY =VxY-Q(XY)

defines another affine connection on M. We first claim that V] = 0. We note that 0 = Vx J? =
(Vx))] + J(Vx]) from which we arrive at

J(VxDIY) = (Vx))Y. (4.46)

Now for X, Y € I'°(TM) we compute

(Vx))Y = Vx(JY) = J(VxY)
= Vx(JY) = J(VxY) = Q(X, JY) + JQ(X, Y)

= TxDY + ;DX = JEpDX) - 3H@xDIY)
+ @D - J@DX - 2 (FxY
= STxDY = 21 (@FxDIY).

Substitution of (4.46) shows that V] = 0. Next we show that N; = 4T where T is the torsion
tensor of V. We have

Ny X, Y) = [JX JYI - [X, Y] = J(UX, YD) = J(X, JY])
=VixJY = VyJX = VxY + VyX
= J(VixY = VyJX) = J(Vx]Y = Vv X)
= (VixDY + J(VyDX) = (Viy )X = J(Vx])Y)
=4(Q(X,Y) - Q(Y, X)) = 4T(X, Y).

We have repeatedly used here the derivation properties of V.

To summarise the above, given an almost complex structure on M we have constructed
an affine connection V such that V] = 0 and N; = 4T. Now suppose that | is a complex
structure. Then by Theorem 4.8.4 N; = 0 and so T = 0 and V as constructed above is a
torsion free affine connection on M with V] = 0. Now suppose that there exists a torsion
free affine connection V such that V] = 0. Following through the above computations with
V = Vand Q = 0 shows that Nj = 0 since V is torsion free. Thus | is a complex structure
by Theorem 4.8.4. v
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3 Lemma If V is a torsion-free affine connection on M then da = (=1)*(k + 1) Alt(Va) for a €
T(AS(TM)).
Proof We proceed by induction on k. For k = 0 the result follows since Vx = Zx

on C”(M). Now assume the lemma true for k = [ — 1 and let a € 1"°°(/\I(T*M)). For
Xo, X1, ..., X; € I'°(TM) we compute

da(Xo,Xl, ce /Xl) = (XO N dO()(Xl, e /Xl)
= (XXOOZ)(XL .. .,Xl) - (d(XO i a))(Xl, e ,Xl)
!

= Ly, (X1, ..., X)) - Z alXy, ..., [Xo, Xil, ..., X))
i=1

— DFUARV (X 2 a) (X, -, X))

/
= Lxy(@(Xa,-, X)) = Y aXa, o, Vi Xis o, X))
i=1

+ Z Xy, ...,V Xo, ..., X)) + (~D)IAINV(Xo 1 @)X, ..., X).
(4.47)

Here we have used Cartan’s formula, the derivation property of .Zx,, the induction
hypothesis, and the fact that V is torsion free so that [X, Y] = VxY — VyX. Observe that the
tirst two terms in (4.47) combine to give

l
Exo(a(Xl, ceey X[)) Z O((Xl, . VXO ireeeys X[) = (VXOOZ)(Xl, ‘o ,Xl). (448)
i=1

Let us simplify the last term in (4.47). We compute
(XO u a)(Xll ey Xl—l) = a(XOI Xl/ ceey Xl—l)'
If we covariantly differentiate both sides with respect to X; € I'°(TM) we get

-1
(Vx,(Xod o)) (X1, ..., Xj-1) + Z(XO Ja)(Xy, .., Vx, X, o, X121)
i=1
= (VXIOL)(XO/ Xl/ ceey Xl—l) + [X(VXIX(), Xl/ ey Xl—l)

+ Z (X0, X1, .., VX, ., X_1).
i=1

This then gives

(V(XO i a))(Xll ey Xl) = (VU()(XO, X]/ ceey Xl) + a(VXIXO, X]/ ceey Xl—l)'
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Therefore,

(-D'IAI(V(Xo 2 @) (X1, ..., X))

-1 l '
= (l( _ 1))1 Z(SIgna)(va)(XOr Xg(l), ey XU(Z))
O'ES[
+ ( 1)' Z(s1gna)a(VXU(Z)Xg, Xo(tyr s

€S

Substituting (4.48) and (4.49) into (4.47) gives

da(Xo, ..., X)) = Va(Xy, ..., X, Xo) + Z aX1,...,VxXo, ..., X))
i=1

-1 1 '
+ (Z( _ i)! Z(Slgnﬁ)(va)(xo, XU(l)I ceey XU(Z))
UES[
+ ( 1)' Z(s1gna)oc(vxg(l)Xo, Xo(tyr s

€S

One may readily verify that since « is alternating in all arguments that

(- 1)’

€S
o(l)=i

where“means the term is omitted. Therefore, we compute

(— )
—1)!

Z (SIgnG)a(VXJ(I) XO/X / ccy XU(Z—l))

€S

-1 1
(l — 1))1 Z Z (signo)a(Vx,Xo, Xsq), - -+, X

i=1 o€S;
o(l)=i

1
Z(—l)z(x(VXlXQ, Xl, .. .,X,', .. -/Xl)
i=1
1
- Z O((Xl,. . .,VXiXO,. . -/Xl)-

Z (signo)a(Vx, Xo, Xoy, - - - Xog-1)) = (-1 a(Vx,Xo, X1, ...

Xo(-1))-  (449)

Xs(-1))-  (4.50)

\><i>

i/"'le)

o(-1))

Thus the second and fourth terms in (4.50) cancel. Since Va is alternating in the first /
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entries we may see that

_ l
(—1)l(l + 1) Alt(Va)(Xo, ..., X)) = ) Z (signo)(Va)(Xs(), - - - Xo))

UGSIH

Z Z (signo)(Va)(Xs(), - - - » Xo(-1y, Xi)

i=0 0€S)41
o(l)=i
!

= Z(—l)f(va)(xo, X, X, X, (4.51)
i=0

Similarly we compute

(— )
—1)!

Z(Slgm (Va)(Xo, Xoq1y, - -+ Xo@1)

0€S;

Z (VO( (X()r Xl/ cey Xi/ ceey Xl—l/ XZ) (452)
=1

Combining (4.51) and (4.52) we see that the first and third terms of (4.50) are exactly
(1)1 + D(A(Va)(Xo, - - -, X))
which is the lemma. v

It is now straightforward to prove the theorem.

(i) = (ii) Suppose that h is a Kdhler metric so that dw = 0. By Lemma 1 this implies
that V] = 0.

(i) = (iii) Since w” = —g°], the fact that V] = 0 and Vg = 0 implies that Vw = 0.

(iif) = (i) By Lemma 3, if Vw = 0 we have dw = 0. |

The preceding establishes what we mean by a Kédhler manifold: it is a Hermitian
manifold with an additional integrability condition. Cases where this integrability
condition is satisfied are interesting and are extensively studied in algebraic geome-
try [Griffiths and Harris 1978]. However, the condition is quite non-generic, and is
seldom met in situations having to do with applications. Thus it is not one that we
will pursue in our treatment that we intend to be broadly applicable.

4.9.2 A simple example of a Kahler manifold

We consider CP!, which we showed in Example 4.2.2—4 is C*-diffeomorphic to S?.
In this section we examine the structure of CP' by working explicitly with S?, and
understand its holomorphic geometry by relating it to the geometry of R>.

We denote by G the Euclidean inner product on R* which we also regard as a
Riemannian metric on R® by the identification of the tangent spaces of the manifold R?
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with R? in the usual way; thatis, T,R® ~ R3. We define a two-form @ and a Riemannian
metric g on S? by

wy(u,v) = G(x, u X v), (1, v) = G(u, v),

where X is the usual vector cross-product and where we think of T,S? as a subspace
of R® for x € S%. Using the fact that u X v is orthogonal to x for every u,v € T,S* we
conclude that w is nondegenerate. Clearly dw = 0 and so w is a symplectic form. Let
us define a (1, 1)-tensor field ] on S? by | = w”¢’. First we obtain an explicit formula
for J.

4.9.5 Lemma J,(v) = —x X v for x € S* and v € T,S?.
Proof We identify T:S? with T,S? using g, i.e., we write the pairing of T:S? with T,S?
using the Euclidean inner product. With this identification, we may easily verify that

a)l,’c(v) =xX0, gﬁ’c(v) =0
by checking that
Clwi(),u) = wx(0,1),  C(ga(0), 1) = g0, 1)

for every u € T,S%.
We claim that
a)i(v) = -xX07.

Indeed, if wt is so defined, we have

wi oa)l,’c(v) = a)i(x Xv)=—-xX(xX0).

We now invoke the vector product identity
axbxc)=(a-c)b—(a-b) (4.53)
i #

to show that ?. o @’(v) = v thus showing that our proposed formula for w is correct. Now
we compute

J+(0) = whogh(v) = wh(v) = —x x v,

as claimed. ]

Note that | is an almost complex structure. Indeed,
JioJx(v) = =Jx(x X v) = =x X (x X v) = -0,

using Example 4.53 and the fact that ||x|| = 1. We claim that ] is the complex structure
on $? if we think of S? as a holomorphic manifold as in Example 4.2.2—4. We do this
by showing that the local representative of | is the canonical complex structure in local
coordinates. To do this, recall that we cover S* with charts (U, ¢,) and (U_, ¢_) given
by

u+ = Sz \ {(OI O/ 1)}1 U- = Sz \ {(OI 0/ _1)}
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and
X1 . X2

_ T I

P (x1, X2, x3) = - tigT x3' P_(x1,x2,x3) = T+ P .
note that we have changed the notation from Example 4.2.2-3 to ensure the overlap
map is holomorphic. Let us denote coordinates for the charts (U, ¢.) and (U_, ¢_) by

z, and z_, respectively. One then determines that, for (x, x,, x3) € U, we have

2Re(zy) 2Im(zy) |z.]* - 1)

X1,X2,X3) = (
(a1, 22, %3) Zo P+ 1z P+ 17 |z P+ 1
if z, = ¢, (x1,x2,x3) and, for (x1, x2, x3) € U, we have

2Re(z.) 2Im(z.) 1- |z_|2)
z-P+1" |z P+17 |z P +1

(1,32, %3) =

ifz_ = (P_(Xl,Xz, X3).
Let us recall a few elementary facts about one-dimensional C-vector spaces.

4.9.6 Lemma Let V and V' be two-dimensional R-vector spaces with linear complex structures J'
and " and compatible inner products g and g’, let w and w’ be the corresponding fundamental
forms, and let (e1, e2) and let (e7, €)) be J-adapted orthonormal bases for V and V', respectively.
For a nonzero linear map A: N — V’, the following statements are equivalent:

(i) A € Homc¢(V; V'),
(i) the matrix representative of A with respect to the bases (e1, ;) and (e}, }) has the form

5

for some a,b € R;
(iii) the following conditions hold:
(a) g'(Aler), Alez)) =0;
(b) g'(Ale1), Aler)) = g'(A(e2), Ale2));
(c) A'w’ = aw for a € Ry.
Proof (i) = (ii) Since (e1, e2) are J-adapted, ex = J(e1), and similarly ¢} = J'(¢]). We thus
have A(e;) = ae| — be), for some a,b € R. We also have

Alez) = Ao J(er) = ] o Aler) = aJ’(e)) — b]'(e}) = ae + be},

from which the desired form of the matrix representative follows.
(if) = (iii) The given matrix representative implies that

Aler) = aey —bej,  A(e) = be; + ae).

Direct computation, using the fact that (e}, e}) are g’-orthogonal, shows that the first two
assertions hold. Using the fact that w(u,v) = g(J(u),v) and similarly for @', we can also
show that w’(A(u), A(v)) = (a® + b*)w(u, v), giving the final desired conclusion.
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(iiiy = (ii) Let us write A(e1) = ae] — be), for a,b € R. Since A(ey) is orthogonal to A(e;)
we must have A(e2) = A(be] + aey) for some A € R. The condition that A(e;) and A(ez) have
the same length implies that A = £1. We now directly compute

W' (Aler), Ale2) = M@ + %),
which gives A = 1 upon noting that, by hypothesis, we have
AMa?® + %) = o' (Aler), Aler)) = aw(eq, e2) = a > 0.
(i) = (i) Using the given form of the matrix representative of A, we compute
J o A(er) = J'(ae] — be) = aely + be,

and
J 0 Alez) = J'(be] + ae}) = ber, — ae;.

We also compute
Ac](er) = Alez) = be + ae;,

and
Ao](e2) = —Aler) = —aej + be),

and we indeed see that [’ cA = Ao]. [ |

We now wish to verify the following formula, which shows that the almost complex
structure | is indeed the complex structure on S? induced by the holomorphic atlas

(Us, 4), (U=, @)

4.9.7 Lemma The formulae

Txp+ (Jx(v)) = iTxp(v), x €U, veT,S?
and
T (i) = Mo (v),  xel, veT,&,

hold.
Proof We consider the mappings

Yy C— R3

(2Re(2+) 2Im(zy) |z4)? - 1)
Iz + 17 |z P+ 17 |z P+ 1

Zy >

and
Y_: C— R3
L (2 Re(z-) _ZIm(z_) 1- Iz_|2)
h lz_P+1" |z_P+1" |z_2+17”
i.e., the inverses of ¢, and ¢_, respectively. Note that ¢, and {_ are diffeomorphisms onto
U, and U-, respectively. In particular, T;, ¢+ and T,_1p- are isomorphisms onto Ty, (., ¢+
and Ty_(;y;, respectively. Note that the inner product on each of these latter tangent
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spaces are the restrictions of the Euclidean inner product G. Let us write z, = x4 + iy,

+

and z_ = x_ + iy- and denote by gx+ and g% the vectors of partial derivatives of ¢, and

similarly ‘;% and %. We can then compute

I+ 7 _||9¥ 4 oy N
el =55 =i =G Cla, @) g, @) =0
Y e e -t el S
Jx- (1 +[z_)?’ =0.

The proof will now follow from the implication (iii) = (i) from Lemma 4.9.6 if we can

show that ¢, @ and ¢ w are positive multiples of the standard volume form of C ~ R?.
Since Y w and Y w are each equal multiples of the standard volume form, since the
multiple is nowhere zero by virtue of the ¢, and ¢_ being diffeomorphisms, and since C
is connected, it suffices to show that ¢, w and 1)” w are a positive multiples of the standard
volume form at a single point in C. Thus let consider the point (0,0, -1) € U, for which
¢+(0,0,-1) = 0. Let (e1, e2) be the standard basis for ToC = R2. A direct computation gives
Toy+(e1) = 2e1 and To+(e2) = 2ez, where by slight abuse we let (ey, e, e3) be the standard
basis for T(O,O,_l)Rz’ so that (e, e;) are a basis for T(O,O,_l)Sz. From this we directly compute

w(0,0,-1)(Tow+(e1), Tow+(e2)) = £(0,0,-1)(J0,0,-1) ° Tow+(e1), To+(e2))
= 80,0,-1)(2e2,2e2) = 4,

using the fact that
Jo,0-1)(e1) = =(0,0,-1) x (1,0,0) = e>.

Since the standard volume form acting on the pair (e, e2) is equal to 1, it follows that
Y w(0) is 4 times the standard volume form. An entirely similar argument applied to the
point (0,0, 1) gives the same conclusion for 1)* w, and so the lemma follows. n

Note that S? is automatically a Kdhler manifold since, if we define the Hermitian
metric h = g+ iw on §?, we have dw = 0. According to Theorem 4.9.4, it follows that |
and w are parallel with respect to the Levi-Civita connected associated with the round
Riemannian metric on S?.
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