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Chapter 5

Holomorphic and real analytic jet bundles

In this chapter we study quite carefully the structure of jet bundles. Jets can
be thought of as a way of adapting the notion of Taylor series to the differential
geometric setting. As we shall see, this adaptation requires a little care if one is to
properly describe the algebraic structure of these jets. In order to present the theory
in appropriate context, our development will include some discussion of the smooth
case, along with the holomorphic and real analytic case. We shall see that jet bundles,
in the holomorphic and real analytic case, have a nice correspondence with germs that
one does not have in the smooth case.

We give a completely self-contained account of jet bundles here. However, fur-
ther details and some applications can be found in Saunders [1989] in [Kola#, Michor,
and Slovak 1993, Chapter IV], at least in the real case. We do not know of a refer-
ence that covers the holomorphic case, although the constructions are straightforward
adaptations of the real ones.

5.1 Preliminaries to jet bundle constructions

Prior to embarking on our construction of jet bundles, it is helpful to organise a
few preliminary constructions. Throughout this section, as usual, we use IF to denote
either R or C. We will talk about objects of class C" with 7 € {oo,w} if F=Rand F = C
if = hol. We will, as in the preceding section, denote TM = T"’M and T'M = AY(M)
if M is a holomorphic manifold. This will greatly facilitate simultaneously treating the
real and complex cases of the constructions we make in this section.

5.1.1 Affine spaces and affine bundles

Intuitively, an affine space is a “vector space without an origin.” In an affine space,
one can add a vector to an element, and one can take the difference of two elements
to get a vector. But one cannot add two elements. Precisely, we have the following
definition.

Definition (Affine space) Let F be a field and let V be an F-vector space. An affine
space modelled on V is a set A and a map ¢: V X A — A with the following properties:

(i) for every x,y € A there exists an v € V such that y = ¢(v, x) (transitivity);
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(i) ¢(v,x) = x for every x € A implies that v = 0 (faithfulness);

(iii) ¢(0,x) = x, and

(iv) ¢(u+2,%) = P(u, P(v,x)).
The notation x + v if often used for ¢(v, x) and, for x, y € A, we denote by y — x € V the
unique vector such that ¢(y — x, x) = y. o

An affine space is “almost” a vector space. The following result says that, if one
chooses any point in an affine space as an “origin,” then the affine space becomes a
vector space.

Proposition (Vector spaces from affine spaces) Let A be an affine space modelled on
the F-vector space V. For xo € A define vector addition on A by

X1 + Xz = Xo + ((x1 = X0) + (X2 = Xo))
and scalar multiplication on A by
ax = Xg+ (a(x—xp)).

These operations make A into a F-vector space and the map x — x — X is an isomorphism of
this F-vector space with V.

Proof The boring verification of the satisfaction of the vector space axioms we leave to
the reader. To verify that the map x — x — xq is a vector space isomorphism, compute

(x1 +x2) = x0 = (x0 + ((x1 — X0) + (x2 — X0))) — X0 = (x1 — Xp) + (x2 — Xp)

and
ax —xg = (xo + (a(x —xp))) —xo = a(x—xp),

as desired. ]

Let us denote by @, : A,, — V the isomorphism defined in Proposition 5.1.2. Note
that we have
Dy (¥) = x —x9, D (v) =x0 + .

We shall use these formulae below.
We have the notion of an affine subspace of an affine space.

Definition (Affine subspace) Let V be a F-vector space and let A be an affine space
modelled on V with ¢: V X A — A the map defining the affine structure. A subset B
of A is an affine subspace if there is a subspace U of V with the property that ¢|U x B
takes values in B. 3

Let us give a list of alternative characterisations of affine subspaces.
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5.1.4 Proposition (Characterisations of affine subspaces) Let A be an affine space modelled
on the F-vector space V and let B C A. The following statements are equivalent:

(i) Bis an affine subspace of A;
(ii) there exists a subspace U of V such that, for each xo € B, B = {xo + u| u € U};
(iii) if xo € B'then {y —xo | y € B} C V is a subspace.

Proof (i) = (ii) Let B C A be an affine subspace and let U C V be a subspace for which
¢lU x B takes values in B. Let xo € B. For y € B there exists a unique u € V such that
Y = xo + u. Since ¢|U X B takes values in B it follows that u € U. Therefore,

BC{xo+u| ueU}
Also, if u € U then xp + u € B by definition of an affine subspace, giving
Bo{xg+u| ueU},

and so giving this part of the result.

(if) = (iii) Let U € V be a subspace for which, for each xo € B, B = {xo + u | u € U}.
Obviously, {y — xo | y € B} = U and so this part of the result follows.

(iif) = (i) Let xg € B and denote U = {y — xo | y € B}; by hypothesis, U is a subspace.
Moreover, for u € U and y € B we have

Pu,y) = p(u, x0 + (y = x0)) = %o + (4 +y — x0) € B,
giving the result. u

We also have notions of maps between affine spaces. To make this definition, it is
convenient to denote by A, the set A with the F-vector space structure defined as in
Proposition 5.1.2 by a choice of x; € A.

5.1.5 Definition (Affine map) If A and B are affine spaces modelled on F-vector spaces V
and U, respectively, a map ¢: A — B is an affine map if, for some x; € A, ¢ is a linear
map between the vector spaces A,; and Byx). o

Associated with an affine map is an induced linear map between the corresponding
vector spaces.

5.1.6 Proposition (Linear map associated to an affine map) Let V and U be F-vector spaces,
let A and B be affine spaces modelled on V and U, respectively, and let ¢: A — B be an affine
map. Let xo € A be such that ¢ € Homg(Ay,; Byx)). Then the map L(¢): V — U defined by

L(P)(v) = p(xo + V) — P(x0)
is linear. Moreover,
(i) if x1,%2 € Aare such that x, = xq + v, then L(¢)(v) = ¢(x2) — ¢(x1) and
(ii) if x; € A then ¢(x) = P(xq) + L(P)(x — xp) for every x € V.
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Proof Note that L(¢)) = @y, oo Py). Linearity of L(¢) follows since all maps in the
composition are linear.
(i) Now let x1,x2 € A and denote v = x, — x1. Write x1 = xo + v1 and xp = xg + v, for
01,02 € V. Then
U2 =01 = (X0 +02) =~ (o +01) =X2 - X1 =0,

and so
P(x2) = P(x1) = P(xo + v2) — P(xo + V1)
= (P(x0) + P(x0 + v2)) — (P(x0) + P(x0 + V1))
= (¢(x0 + v2) — P(x0)) — (P(x0 + V1) — P(x0))
= Diy(ry) © P 0 P, (02) = Pop(y) © P o P, (01)
= L(¢)(v2 — v1) = L()(0),
as desired.

(ii) By the previous part of the result,
L(¢)(x = xp) = ¢(x) = p(xp),
from which the result follows by rearrangement. u

The linear map L(¢) is called the linear part of ¢. The last assertion of the propo-
sition says that an affine map is determined by its linear part and what it does to a
single element in its domain.

It is possible to give a few equivalent characterisations of affine maps.

5.1.7 Proposition (Characterisations of affine maps) Let V and U be F-vector spaces, let A
and B be affine spaces modelled on U and V, respectively, and let ¢p: A — B be a map. Then
the following statements are equivalent:

(i) ¢ is an affine map;
(ii) ¢ € Homp(Ay,; By for every xo € A;
(iii) D) °P oDy} € Home(V; U) for some xo € V;
(i) Qpxy) oo Dy € Homg(V; U) for all xo € V.
Proof (i) = (ii) By Proposition 5.1.6 we have

P(x) = P(xo) + L()(x — x0)

for every x, xg € A, and from this the result follows.
(if) = (iii) This follows immediately from Proposition 5.1.6.
(iif) = (iv) This also follows immediately from Proposition 5.1.6.
(iv) = (i) Let xo € A. Define a linear map L(¢) = Q) ° ¢ o@;ol. Then

d(x) = P(x0) + L(P)(x — xp)-
Clearly, then, ¢ is an affine map. [ ]

Now we make the preceding algebraic constructions geometric.
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Definition (Affine bundle) Let 7 € {co,w,hol} and let F = R if r € {co,w} and let F = C
if r = hol. Let m: E — M be an F-vector bundle of class C". A C"-affine bundle over M
modelled on E is a fibre bundle 7: A — M of class C" and a map ¢: E xy A — A such
that the diagram

E sy A~ A
.
E M

commutes and such that a + ¢ £ ¢(e,a) makes A, into an affine space modelled on E,
for each x € M. Here pr, is projection onto the first factor. J

We can define subbundles of affine bundles and maps between affine bundles.

Definition (Affine subbundle) Let » € {00, w,hol} and let F = R if r € {oo, w} and let
F = Cif r = hol. Let F be an F-vector subbundle of class C" of the F vector bundle
i: E — M of class C" and let 7: A —» M be a C"-affine bundle modelled on E. A C'-
affine subbundle of A modelled on F is a C'-subbundle B of the fibre bundle : A - M
such that B, is an affine subspace of A, associated with F;, for each x € M. °

Definition (Affine bundle map) Let r € {0, w, hol} and let F = R if r € {c0, w} and let
F =Cifr=hol If 1;: Ay > M; and 15: A; = M, are C'-affine bundles then a C"-affine
bundle map between these affine bundles is a C'-map ®: A; — A, for which there
exists a C"-map @y: My — M, such that the diagram

commutes and with the property that ®|7;*(x): 7' (x) — 7, (Po(x)) is an affine map. If
® is a C'-diffeomorphism we say it is an affine bundle isomorphism. J

5.1.2 Inverse systems

We shall be interested in spaces of infinite jets, and shall consider the algebraic
structure on these. To do so, it is useful to have at hand the notion of the inverse
limit, and in this section we make this a little precise. In Section GA2.2.3.7 we discuss
inverse limits more comprehensively in their proper setting of category theory.

The approach for all of our various sorts of jet bundles is the same, and relies on
the following category theory-based construction.
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5.1.11 Definition (Inverse system, inverse limit) Let (I,>) be an inverse totally ordered
set, i.e., (I, X) is an totally ordered set where < is defined by i < jif j > i. Let C = (0, %)
be a category, i.e., € is a family of objects and .7 is a family of morphisms. An I-inverse
system in C is a family .¥ = (S;);c; of objects from ¢ with a family

M= (1) S-S jiel, jxi)

of morphisms from .# satisfying

(i) n/ = et foralli, jk € Z.o such that j > k > i and

(i) ch =1idg, foralli € I.
A inverse limit of an inverse system (., .#) is a pair (S, (7;°)ic1), where S, € &' is an
object and 7°: S, — S;, i € I, are morphisms from .# such that

Seo
N
Si—— 5

1

(iii) the diagram
(5.1)

commutes for every i, j € I such that j > i and
(iv) if T € 0 andif f;: T — S;, i € I, are morphisms from .# such that the diagram

T
N
_ S;
/

Vs
i

(5.2)

5

commutes for every i, j € I such that j > i, then there exists a unique morphism
g: T — S from .# such that the diagram

T (5.3)

N

Seo === Si
1

commutes for every i € I.

We often denote S., = inv lim; S;, suppressing all of the maps involved when they are
understood. .

The so-called universal property of the inverse limit expressed by condition (iv) is
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encapsulated by the diagram

which commutes for i, j € I with j > i for a unique morphism g.

We shall certainly not make use of the preceding definition in general categories.
Our interest will be restricted to sets, vector spaces, and commutative algebras. In
these cases we can describe inverse limits more or less concretely. Let

(7 = (Skezoy, A = (T} Sk = SDkjery, k21)

be an inverse system in the category of vector spaces or commutative algebras over
some field F. Define

Sw=19: 1= US| () € S, ] 20()) = p(D)

and define 7¢°: So, — S;by () = ¢(i), i € I. If the category is that of F-vector spaces,
we define addition and scalar multiplication in S., component-wise:

@ +P)D) = o) +¢(0), (@P)(i) = a(P(i)), i€l P €S, ackF.

If the category is that of F-algebras, then we additionally define the product in S
component-wise:

(@)D = @) - (@), i€l P €S

Let us verify that (Su, (717°)ie1) is an inverse limit.

Lemma (Inverse limits exist and are unique) Let F be a field and let (1, >) be an inverse
totally ordered set. Let

(7 = Siier, A = (Tfjii Sj = Sijer, j=i)

be an I-inverse system in the category of sets, F-vector spaces, or F-algebras. If (Sco, (1;°)ic1) is
as constructed above, then it is an inverse limit. Moreover, if (Te, (0{°)ic1) is an inverse limit,
then there exists a unique isomorphism t: T, — Soo such that the diagram

commutes for every i € L
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Proof First of all, note that the direct product of (S;)ics is

[1si=1¢:1- Usil ¢ € si).

i€l

In the category of F-vector spaces or algebras, the operations are defined component-wise.
Let us verify that S, is a subspace or subalgebra in the case we are looking at these
categories. Fora € F, ¢, € S, and i, j € [ with j > i we have

wl(ap()) = mla(()) = anl(p()) = ag(i),
(@ + P)() = 7T (SG) + Y() = 7D + TG = Pi) + (i) = (@ + ),

and, in the case of commutative algebras,

(& - P)() = 7 (@G) - () = (GG - 7)) = b(0) - (i) = (@ - Y)(i).

This shows that S, is an object in the appropriate category. Similarly styled computations
show that the maps 77°, i € I, are morphisms in the appropriate category.
Next we show that (Se, (77°)ier) is indeed an inverse limit. Firstly,

n]en(9) = TB() = $0) = 77°(@),

giving commutativity of the diagram (5.1). Nextlet T € ¢ and if f;: T — S;, i € I, are
morphisms from .% such that the diagram (5.2) commutes, then define g: T — S by
g = fi(y). We leave to the reader the elementary exercise of verifying that g is a
morphism in the appropriate category. We also immediately have

7o g(y) = fi(y),

giving the commutativity of the diagram (5.3). If ¢’: T — S is any other such morphism,
then the commutativity of the diagram (5.3) commutes, then it immediately follows that
§' ) = fi(y), giving g’ = g.

Finally, we prove the last assertion of the lemma, supposing that (T, (p;°)ies) is an
inverse limit. By the second of the properties of inverse limits, let (: Too, — S be the
unique morphism for which 7> o1 = p® for each i € [. All that remains to show is that ¢ is
an isomorphism. Since (T, (p;°)icr) and (Sw, (17°)icr) are inverse limits, by the second of
the defining properties of inverse limits, there exists unique morphisms ¢: Too — So and
Ut Soo = Teo such that 7% o1 = p and p* 0" = 7° for each i € I. Thus

o) ) _ 00 ) _ 0
S etol = piol’ =TT,

Thus we have

],on‘?oo[oL' =T
1 ]

Thus if we replace “T” with “Se” and “f;” with “r®c1o/” in the diagram (5.2), the
diagram commutes. Since (Seo, (7;°)ier) is an inverse limit, there exists a unique morphism
g: Seo — Swo such that the corresponding diagram (5.3) commutes. However, the identity

e Fom® = it®,
i ] i
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morphism make this diagram commutative, and so we must have ¢ = ids_. This means
that the diagram

idSoo
S0 — S50

commutes for every i € I. However, the identity morphism in S is the unique morphism
which makes the preceding diagram commute since (S, (7;°)ie) is an inverse limit. Thus
tot’ =idg,. By reversing arrows, one similarly shows that (" o1 = idr_, and this completes
the proof. |

5.1.3 Symmetric tensors and derivatives

The kth F-derivative D*f(xy) of a map f: U — F" from an open subset U C F”
is an element of the set L’;ym(]F‘” ; F™) of symmetric multilinear maps from (F")* to F™.
This set is naturally isomorphic (essentially by definition) to TSH(F")*) @ F™. Given
the results of Section F.2.4, this F-vector space is isomorphic to S*((F")") ® F™. Let us
discuss making this observation geometric.

Let r € {oo,w,hol} and let F = R if r € {o0,w} and let F = C if r = hol. Let us
consider manifolds M and N of class C" and let ® € C'(M; N). Given our discussion of
the previous paragraph, one might be tempted to say that the kth derivative of @ at
xo € M is to be regarded as an element of Sk(T;OM) ® TowN. This temptation leads one
into trouble, since the kth partial derivative of the local representative of ® at x, is not
generally the local representative of an element of Sk(T’;OM) ® TouyN. Itiswhenk =1,
of course, and the reader is invited to see that the coordinate transformation rules are
not satisfied in the case when k > 2. What is true, however, is the following.

Proposition (kth derivatives of maps whose first k — 1 derivatives vanish) Let
r € {oo,w,hol}and let F = Rifr € {0, w} and let F = Cif r = hol. Let M and N be manifolds
of class C, let @ € C"(M; N), let (U, ) be a F-chart for M about X, let (V, ) be a F-chart for N
about P(xp), and let k € Z. Suppose that @ is such that the jth-derivative,j € {1,...,k -1}
of the local representative @y, vanishes at ¢(xo). Then the following statements hold:
(i) the jth derivative, j € {1,...,k — 1} of the local representative ® g, vanishes at ¢’(xo)
for any F-charts (W, ") about xo and (V’, ") about ¢(xo);
(ii) the local representative of kth derivative of @ at X, is the coordinate representative of an
element of Sk(Tj(OM) ® Tx)N.
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Proof (i) This follows directly from Lemma A.1.1.

(i) Let (x1,...,x") and (#,...,%") be coordinates for M about xo and let (yl, ey
and (7, ...,7™) be coordinates for N about ¢(xp). Let (®!,...,®") and (®!,...,d") be the
corresponding components of the local representatives of ®@. Aninspection of LemmaA.1.1
shows that

ok Z S oxt oxlk 9t 9
+ V¥,

Yok ¥ 9%k Oxi - Ok Jyb
ox ox = ox %k dx Ix)k dy

where W is a linear combination of the first k — 1 derivatives of the components P ..., P,

Thus, when evaluated at ¢(xp), these terms are zero, and from this this part of the result
follows. |

Let @: M — N be of class C'. The point of the preceding discussion is that the kth
derivative of a function cannot really be talked about intrinsically unless the first k — 1
derivatives vanish. Thus, one is led to the understanding that the object of interest is
all derivatives from the Oth to the kth. What kind of space describes these derivatives?
An obvious guess, based on Proposition 5.1.13, is that the totality of all derivatives 0
through k at x; should take values in

k
P ST M) ® TayN.

j=0

More generally, we might guess that the Taylor series of @ at x, takes values in the
direct product

[ 8TM) & TowN

J€Z>0
(cf. Proposition 4.2.6). This obvious guess is, in fact, incorrect. The reason is that the
derivatives do not change coordinates in the right way, and the reader is encouraged
to explore this by considering again the case of how derivatives from 0 to 2 transform
under changes of coordinate. Thus the pressing question now is, “What is the structure
of the set of derivatives of maps between manifolds?” This is the subject of this chapter,
and in fact we turn to this right now.

5.2 Jet bundles of F-valued maps

We shall consider three settings for the study of jet bundles: (1) jets of func-
tions; (2) jets of general maps between manifolds; (3) jets of sections of vector bundles.
These three settings are not mutually exclusive; for example the first and third obvi-
ously are subsumed by the second. However, as we shall see, each setting has distinct
structure and the structure of the second two settings is described by understanding
the first. Thus we start by looking at jets of functions. Throughout this section, and
indeed this chapter, we let F € {R, C} and r € {oo, , hol} and adopt the convention that
r € {00, w} when IF = R and 7 = hol when F = C. We also use the same symbol d to
stand for the real or complex differential.
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5.2.1 Definitions
We begin with the definition.

Definition (Functions agreeing to order k) Let » € {0, w,hol} and let F = R if
r € {00, w} and let F = C if r = hol. Let M be a manifold of class C’, let x, € M, let U and
V be neighbourhoods of x, let f € C'(U) and g € C'(V), and let k € Z,. The pairs (f, U)
and (g, V) agree to order k at x if, for every C'-curve y: I — M for which 0 € int(I) and
7(0) = xo, , .

(fo7)(0) = (g21)"(0),
jef0,1,... Kk} o

Remark (The réle of functions defined on neighbourhoods) In the preceding defi-
nition we defined agreement of functions defined only on a neighbourhood of a point.
This is inessential in the smooth case, since a smooth function defined in a neighbour-
hood of xj can be extended, using the Tietze Extension Theorem [Abraham, Marsden,
and Ratiu 1988, Proposition 5.5.8], to a globally defined function agreeing to order k
with the locally defined function. In the real analytic and holomorphic case, this is
no longer generally true. For example, on a compact holomorphic manifold, a non-
constant locally defined function cannot be extended to one that is globally defined
and agrees to any order greater than zero. Other examples of this appear at the end
of Section 5.6.3. Most standard treatments of jet bundles are developed in the smooth
setting, and so work with globally defined functions. o

Let us verify that this definition has the desired characterisation in coordinates.

Proposition (Agreement to order k in coordinates) Lef r € {co, w,hol} and let F = R
if r € {oo,w}and let F = Cif r = hol. Let M be a manifold of class C', let xo € M, let U and
V be neighbourhoods of X, let f € C'(U) and g € C'(V), and let k € Zsy. Then the following
statements are equivalent:

(i) (£, U) and (g, V) agree to order k at xo;
(i) for any F-chart (W, @) about xo with W € U NV and with coordinates (X1, ..., Xn), it

holds that :
" (fop™") P29 ) o) I"(g°¢™) (6(x0))
IXj, + -+ IXj, (9x]1 - OXg,,
forji,...,jm €{1,...,nfand m € {0,1,...,k}.
Proof (i) = (i) Let (W, ¢) be a F-chart about x¢ with coordinates (xi,...,x,). Let us
suppose, without loss of generality that ¢(xg) = 0. Let y: I — M be a C"-curve (recalling
that I is an open subset of F) such that y(0) = x. Since (f, U) and (g, V) agree to order k
we have f oy(0) = goy(0) giving f(xo) = g(x0), and giving the desired statement for m = 0.
Now let m € {1,...,k} and let ji,...,jm € {1,...,m}. Letl € {1,...,n} and let i; be the
number of occurrences of [ in the list ji, ..., j. Let € € R be sufficiently small that
th fin

11:
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for t € D'(0, €). Define y: D'(0,€) — M by

th tin
oor® = (v 7)
and note that, by symmetry of partial derivatives [Abraham, Marsden, and Ratiu 1988,
Proposition 2.4.14], we have

" (poy)

I"(¢°y)
8le .- ~8xjm

i i
dx| - dx;)

0) = ) =1,

and all other derivatives of ¢p oy are zeroatt = 0. It follows immediately from Lemma A.1.1

that 5 )
_ "(fed™)
(F=)0) = (F267 29200 = 52 L (¢aa)
x]l . im
and similarly for g. This gives the desired assertion immediately.
(i) = (i) Under the stated hypotheses we obviously have f(xg) = g(xp) and so
foy(0) = g°y(0) for any curve y for which y(0) = xg. Letm € {1,...,k} and lety: I — Mbe
a curve such that 0 € int(I) and y(0) = xo. Then

(fo)™(0) = (fodp™ o oy)™(0)

and similarly for g. By Lemma A.1.1 it follows that the mth derivative of the composition
(fep™1)o(¢poy) involves the derivatives 0 to m at ¢(xp) and 0, respectively, of the two
components of the composition. The same statement holds for g, of course. By hypothesis,
the derivatives 0 to m of fo¢™! and gop~! agree ¢(x), and so it follows that

(f29)™(0) = (g°)"(0),
as desired. [ ]

Let M be a manifold of class C’, let x, € M, let U and 'V be neighbourhoods of x,
let f € C'(U) and g € C'(V), and let k € Zso. Let us write (f, U) ~kx, (g, V) if (f,U) and
(g,V) agree to order k at xp. The relation ~,, is obviously an equivalence relation in
the set of pairs (f, U) with U a neighbourhood of x; and f € C'(U). For convenience,
let us abbreviate by .#"(x) the set of such pairs.

5.2.4 Definition (Jets of functions) Let 7 € {co,w,hol} and let F = R if r € {00, w} and let
F = Cif r = hol. Let M be a manifold of class C’, let xy € M, and let k € Z,.

(i) A k-jet of functions at x( is an equivalence class under the equivalence rela-
tion ~p y,.
(if) The equivalence class of (f, U) € .#"(x,) is denoted by ji f(xo).
(iii) We denote
Sy F) = {ief (o) | (f,U) € .F(x0), f(x0) = so)

and J§ (M; F) = Ugerdt, (M ).

(Xo,So)
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(iv) We denote JS(M;F) = Ugemxrd’ (M;F) which we call the bundle of k-jets of
(x,5) ) )

(x,s
functions. By convention, J%(M; F) = M X F.
(v) For k,I € Zsy with k > | we denote by pf: J5(M;F) — J(M;F) the projection
defined by p¥(jif(x)) = jif (x). We abbreviate pf by py.

(vi) We abbreviate TxM = Ji, o (M;F) and T*M = Urem TYM. °

5.2.2 Geometric structure

Let us now understand the structure of the jet bundles J(M;F). We begin by
verifying that the jet bundles are manifolds.

5.2.5 Lemma (Differentiable structure of jet bundles of functions) Let r € {co, w, hol} and
let F =Rif r € {co,w}and let F = Cif r = hol. Let M be a manifold of class C", let k € Z,,
and let (U, ¢) be a F-chart for M. Define (ji U, jxp) by

iU = jif) | (£, W) € F(x), x € U}

and
ks U — U)X F XL (FYF) x -+ x LY (FTF)

sym sym

if(X) = (P(), £(x), D(fe ™) (P(X)), ..., D (Eop™)(P(x))).
Then (WU, jx@) is an F-chart for JS(M; F). Moreover, if (Ua, Pa))aca is an atlas for M, then
(K Ua, jxPa))aca is an atlas for J<(M; F).
Proof For the first assertion of the lemma, we must show that jx¢ is a bijection from j, U
onto an open subset of

F" X F X L (" F) X - X L (F"F).

sym

First note that
JRPGiW) = GU) X F X Ly (B F) X - - X LE, 1, (F"; F).

sym
This can be shown by, for each
(6,5, A1, ..., A) € G X F X Loy (" F) x - x Lk (F F),

explicitly constructing a polynomial function in coordinates such that f(x) = sand D/ f(x) =
Aj,j€{l,...,k}. Thiswasdone, for example, as part of our proof of Theorem 1.1.4. Next we
show that ji¢ is a bijection. Suppose that jrd(ji f(x)) = jkP(jkg(y)) for jif(x), jxg(y) € jklL.
Thus, by definition of jx¢, the first k derivatives of f and g (including the zeroth) agree.
By Proposition 5.2.3 it follows that ji f(x) = jkg(y). Thus (jiU, jx¢) is an F-chart.

To verify that an atlas for M induces an atlas for Jk(M;F), we must verify that the
overlap maps are F-diffeomorphisms. Thus let (U,, ¢,) and (Uy, ¢p) be F-charts for M such
that U, N U, # 0. Note that, obviously, jxU, N jxU, # 0. Let us suppose that U, = U, = U,
for simplicity and without loss of generality. For a C"-map ¢: N — F with domain an
open subset N C ", let us abbreviate

i N> NxFxLL (F"F)x---x Lk _(F";F)

sym sym
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as the map
jp(x) = (x, P(x), DY(x), ..., DFp(x)).

Let x € U. With the notation above we have

kDo ik f X)) = ji(f oy N Pu()) = ji(f o Pt o pa oy ) () (5.4)
Now we use a lemma.

1 Sublemma Let ¢: N — N’ be a C'-diffeomorphism of open subsets N and N’ of F™ and define a
map

J: NxFxLL (FGF) x - xLE (FGF) » N xFx LY (F;FY) x - x LK (F™; F)

sym sym sym sym

by asking that

]kl;b(xl g(x)r Dg(x)/ ceey Dkg(x))
= (X)), (g (X)), D(go Y H(WX)), ..., Dg v HHx)),

for any C*-function g: N — F. Then Jy is a C*-diffeomorphism.

Proof First of all, note that the map Ji1) is well-defined by Lemma A.1.1.
Next we prove that [ is of class C'. We prove this by induction on k. For k = 1 we
have

]177[}(35/ Yy, 0‘) = (ll’(x)/ Y, (Dll)_l(X))*(Ot)),

and the lemma follows in this case from the Inverse Function Theorem. Now suppose
that the lemma holds for k € {1,...,m}. Then, for g € C'(N), the first m derivatives of
go~! are C'-functions of the first m derivatives of ¢ by the induction hypothesis. Then,
by Lemma A.1.1,

D" (goyp ) (Y(x)) = D" g(x) - (DY (Y(x)), ..., DY (Yh(x))) + G(x, Dg(x), ..., D" g(x),

where the function G is a C'-function of x and the first m derivatives of g. Thus the first
m+1 derivatives of go1~! are C'-functions of the first m + 1 derivatives of g, and this gives
Jkp as being of class C".

Now we prove that Jiy is invertible. To see this, one needs only to note that the map

(¥, %, Dh(y), ..., D*h(y)) = (" (), x, Do)~ (), ..., D (o)W~ (),

for h € C"(N’), is the inverse of Jyy. Moreover, this inverse is of class C" by the same
argument as in the preceding paragraph. v

By (5.4) we have
o (i f () = Telp o9z )(i(f o P ) pa()))-
Since ¢ © ¢;1 is an F-diffeomorphism, the overlap condition for jet bundle charts holds. B

An F-chart for J5(M;F) as in the lemma is called a natural chart. The lemma gives

the following result which further refines the differentiable structure of the jet bundles
JN(M; ).
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5.2.6 Theorem (Fibre and vector bundle structure for jet bundles of functions) Let
r € {00, w, hol} and let F = R if r € {00, w} and let F = C if r = hol. Let M be a manifold of
class C" and let k,1 € Zsy with k > 1. Then

(i) pr: JM;F) — J(M;F) is a locally trivial fibre bundle.
Moreover, if pr;: M X F — M denotes the projection onto the first factor, then
(i) pr; px: J5M;F) — M is a vector bundle and
(iii) (pr; o p)IT*M: T*M — M is a vector bundle.

Proof (i) This follows since the local representative of pé‘ is
(x,s,Al, .. -/Ak) = (x,s,Al, .. ~/Al)/

which shows that p’l‘ is a surjective submersion and that pf : KM F) — J(M; ) is locally
trivial with respect to the natural coordinate charts.

Let (Ug, ¢a) and (Uy, ¢p) be F-charts for M with (jxUy, jxda) and (jxUy, jxdp) the associated
natural charts for J'(M;F). Parts (i) and (iii) follow since, by Lemma A.1.1 and our
computations from Lemma 5.2.5, the overlap map relating jxdp(jx f(x)) to jx@a(ji f(x)) are
linear in the coordinate components of the derivatives of f. |

Note that the vector bundle operations in
pr, ope: JMM;F) > M and (pr, cpoT*M: T*M — M
are both defined by
Jef () + jk8(x) = ji(f +8)(x),  ajif(x) = jilaf)(x).

5.2.3 Algebraic structure

Now that the jet bundles are manifolds, let us examine their algebraic structure. A
key to doing this is the following result.

5.2.7 Lemma (Products of vanishing functions) Let r € {oco,w,hol} and let F = R if r €
{oo,w} and let F = C if r = hol. Let M be a manifold of class C', let xo € M, let U be a
neighbourhood of xo, let f, ..., fix € C'(U) be functions vanishing at X, and define f = f; - - - fy.
Then the first k — 1 derivatives of f vanish at xo and the kth derivative of f at X, (which makes
sense by Proposition 5.1.13) is

dfi(xp) @ - - - © dfic(x) € SK(Ti,M).
Moreover,

S¥(T;, M) = spany(dfi(xo) © -+ © dfi(xo) | fi,...,fk € C'(M), fi(x) = -+ = fi(xo) = 0).

Proof Let us first prove that the first k — 1 derivatives of f vanish at xp. To do so, we use
the general form of the Leibniz Rule from Lemma A.2.2. We apply this result to the case
where ny,...,m = m = 1, where L(xy,...,xx) = x1-- X, and where fi, ..., f; are (abusing
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notation) the local representatives. One easily sees that the jth derivatives of f vanish at xg
since each term in the sum in Lemma A.2.2 will involve a term with the zeroth derivative
of one of the functions fi,..., fx. Since these functions vanish at xo, the derivatives must
also vanish.

Now we prove that the derivative has the stated form. By Corollary F.2.13,

dfi(xo) © - ©dfi(xo) = Z dfs1y(x0) ® - - - ® d f) (x0)-

UESk

Therefore, in an F-chart (U, ¢) with coordinates (x!,...,x"), we can use Lemma A.2.2 and
the fact that the functions fi, ..., f¢ vanish to xg to compute

k(fob~1... f o1 4 ,
8(f1 ¢ frop )(qj(xo))dxh@"”@dx]k

DX(fed M) = )

Fenfi=1 Ax - Ix
n dfiop (fko¢_1) - )
= ' Z ZJ dxJom ((P( X0)) - - o (¢(x0))dx]a( ) ® -+ ® dalow

Z 2 a(fggl;lqj (p(x0)) - - (fg(k)—QD(qb(x )dx]1® - @ dulk

= d(fi o™ )(P(x0)) © - © d(fi °p ™) (¢ (x0)),
as desired.
For the final assertion of the lemma, let (U, ¢) be an [F-chart about xg such that ¢(xg) = 0
For j € {1,...,n}let fj € C'(U) have the property that fjo¢~'(x) = x/ for x € U. Since
SH(T3,M) = span(dfi(x0) © -+ © d fi(x0)),
the result follows. [ |

Let k € Z. and let x, € M, We define a map
€k S (T M) = Jf;, 0/(M; F)

by
ex(dfi(xo) ©--- © dfi(x0)) = jk(f1- -+ fi)(x0),

where fi, ..., fr all vanish at xy. That this gives a well-defined map on all of Sk(T;OM)
follows from Lemma 5.2.7. The following lemma is then important.

5.2.8 Lemma (Structure of jets of functions vanishing to order k — 1) Let r € {co, w, hol}
and let F = R if r € {oo, w} and let F = C if r = hol. Let M be a manifold of class C" and let
Xg € M. Then the following sequence of F-vector spaces is exact:

Pkl

KT Chxo i . k-1
0——=S (TXOM)_>J(X0,O)(M’]F) J )(M F)—0
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Proof First let us show that €, is injective. Let A € Sk(T;OM) be such that € ,,(A) = 0.
Let (f,U) € .#"(xo) be such that the first k — 1 derivatives of f at xo vanish and such that
Jkf(x0) = €xx,(A). Thus jif(xo) = 0 and so the first k derivatives of f vanish at xgp and so
A =0, giving the desired injectivity.

By construction, the image of € ,, consists of k-jets of functions whose first k — 1
derivatives vanish. Thus image(e x,) € ker(pi_l). Let #n be the dimension of the connected
component of M containing xo. By Corollary F.2.10 it follows that dimp(image(ey x,)) =
(”+ﬁl). By Corollary F.2.10 and Lemma 5.2.5,

n

k
. n+k-1
dimp(F(M; F)) =+ 1 + Z;( o )
]:
Thus dimg(J*(M; F)) — dimg(J*1(M; F)) = (”ﬁ;l , showing that image(ey x,) = ker(p’lz_l) by
dimension counting and since €y 4, is injective. Since it is clear that pi_l is surjective, the
lemma follows. u

Now let us make the preceding pointwise construction global. Note that S*(T*M) is
an F-vector bundle over M. Let us denote by o;: S(T*M) — M the canonical projection.
Note that we then have the pull-back vector bundle p;_,0x: p;_lsk(T*M) — JSUM;T).
Our constructions above all took place, not in J5(M; F), but in T*M since we were
considering functions which vanish at the point under consideration. Let us make a
mild abuse of notation and denote pf | = pi™|T*M and pi = (pr; °p))[T*M. We then
have a mapping €: p;_l‘Sk(T*M) — T*M obtained by extending the above pointwise
construction. Since the local representative of €, in natural coordinates is

((x/ 0/ Al/ o /Ak—l)/ Ak) — (x/ 0/ Al/ o /Ak—1/ Ak)/
it follows that € is a vector bundle mapping of class C'.

5.2.9 Theorem (Affine bundle structure for jet bundles of functions) Let r € {c0, w, hol}
and let F = R if r € {co,w} and let F = C if r = hol. Let M be a manifold of class C" and let
k € Z.y. Then the sequence of F-vector bundles

K
Pra

T+IM—0

0— p;_,S(T*M) —=T*M

is exact, and, as a consequence, py_, : T*M — T M is an affine bundle of class C" modelled
on the pull-back vector bundle p*k_lSk(T*M).

Proof The exactness of the sequence follows from Lemma 5.2.8. For the final statement
we prove the following general fact.

1 Lemma Let U, V, and W be vector bundles over M. If

0 u—2-v-2.w 0

is an exact sequence of vector bundles over idy, then ker(W) is an affine bundle modelled on
image(®), where, by definition, v + u = v + ®(u), i.e., the affine structure of V is addition
restricted to V x ®(U).
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Proof The only possibly nontrivial facts to verify are that the affine structure is faithful
and transitive. Let us prove transitivity. Let v1, v, € ker(W),. Thus v, — v; € ker(W), and
so, by exactness of the sequence, there exists u € U, such that v, —v; = u,ie, v = v1 + 1.
This gives transitivity. Now we prove faithfulness. Let v € V, and let uj, up € Uy be such
that v + ®(u1) = v + P(u2). Thus P(u1) = O(up), and injectivity of @ gives u; = uy. \/

The theorem follows immediately from the lemma. [ |

The preceding constructions can be generalised when considering general projec-
tions pf: J*(M; F) — J/(M;F). Let us outline how this works since it gives some context
to our constructions above. First we need some notation. Let k,[ € Z., with k > [
and let x, € M. Denote by Z;‘,XO(M;IF) the subset of J’(‘XO,O)(M;IF) consisting of k-jets of
functions whose first [ derivatives vanish at x,. Note that Z’f’xo(M; IF) is a subspace of

T}’;M. This can be seen by noting that, in natural coordinates, elements of Z;‘xo(M ;)

are represented as
(X,O, o,.. .,0,A1+1, e ,Ak),

and that this form is preserved by the overlap maps. Define eé‘xO: Zi‘xO(M;F) -
J’(‘XO,O)(M ; F) to be the inclusion. Then one shows that the sequence

|
O—>Z§XO(M;IF) 0)(M F) — Jé oM F) —0
of vector bundles is exact. What is interesting about the case when | = k — 1 is that the
structure of Zk (M; F) can be understood in terms of the symmetric algebra of T; M.
We shall see the preceding constructions concerning the affine structure of jets
mirrored in the structure of our other jet bundles below. The point is that the natural
structure of sets of derivatives is not that of a vector bundle, but rather an affine bundle.
There is additional structure of T*M that is of interest. As we noted in Lemma 5.2.5,
T:¥M has the structure of a F-vector space, and the vector space operations are

Jef(xo0) + jrg(xo) = jx(f + &)(x0),  ajif(x0) = jr(af)(xo).

It is also true that T;*M possesses a product defined by

(i f (x0)) - (jxg(x0)) = ji(f §)(x0)-

That this product makes sense in T:tM follows from the Leibniz Rule, Lemma A.2.2.
Thus we have the following result.

5.2.10 Theorem (Algebra structure of jets of functions) Let r € {co, w, hol} and let F = R if
r € {oo,w} and let F = C if r = hol. Let M be a manifold of class C', let xo € M, and let
k € Zo. Then T:5M has the structure of am F-algebra with the algebra operations being those
inherited from the pointwise algebra operations on functions.
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Moreover, let (U,¢) be an F-chart for M about xo such that ¢(xo) = 0 and let
X(lf,, Xy U= F be the coordinate functions for the chart. Then the coordinate functions

generate the algebra TEM, ie.,

TEM = span(jm(()) - (P)00) | M€ {L,..., K, pr+-- +py = m).

Proof Only the final assertion remains to be proved. Note that, if p; + --- + p, = m, the
coordinate representation of jm((,“((lp)”1 ‘e ()(g))p”)(xo) is

dxf' ©---odx), (5.5)

following the constructions at the end of Section 1.1.2. As we saw in the proof of Corol-
lary F.2.10, the set

{dxif@---edxn” p1+---+pn:m}

is a basis for S"(T;M). Note that we have the following exact sequence,

TIM — T IM —— .. —— T2M T; M 0

the horizontal arrows being the canonical projections. By Lemma 5.2.8, it follows that
k
dimF(T;ﬁM) = Z dimp(S"(T;M)).
m=1

From Lemma 1.1.1 and Corollary F.2.10 and since T{*M contains all vectors of the
form (5.5), the theorem follows. |

5.2.4 Infinite jets

In this section we define precisely the notion of an infinite jet of an F-valued
function, and consider the algebraic structure of the set of such infinite jets, using
our constructions from Section 5.1.2. It is also possible to consider topological and
differentiable structures on infinite jets, but we will not make use of this structure here.
We shall, however, need to understand the topological structure for infinite jet bundles
in Section 7.5, and in Section 7.5.1 we shall take the requisite measures to describe
this topology. We also refer to [Saunders 1989, Chapter 7].

Letr € {oo,w,hol} and let F = R if r € {0, w} and let F = C if r = hol. We let M be a
manifold of class C" and let x; € M. Note that

(TEMeezoor (O iez0, 121)

is a inverse system of F-algebras. By Lemma 5.1.12, we can define the F-algebra

ToM= inkv lim Tx’; M
with the associated F-algebra homomorphisms p: Ti°M — TEM. If (f,U) € .77 (xo)
satisfies f(xo) = 0 then we define j., f(xo) € T;’M by asking that j., f(x0)(k) = jif(xo) for
each k € Z,.
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5.3 Jet bundles of curves

In this section we define jet bundles associated with curves. We shall not make
much direct use of this construction, but it will provide a useful way of thinking
about jets between manifolds in Lemma 5.4.1 below. Also, it serves to provide a more
complete picture of the general theory of jets which is useful in and of itself. As in
all of our discussions about jets, we let ' € {R,C} and r € {co, @, hol} and adopt the
convention that 7 € {oo, w} when F = R and r = hol when F = C. We also remind the
reader that we are talking about curves in the general sense of having a domain I as
an open subset of F.

5.3.1 Definitions

We begin with the following definition, using the terminology thata curveatx, € M
isa curve y: I — M where I C F is an open subset for which 0 € I and y(0) = x,. We
also recall from the preceding section that .7"(xo) is the set of pairs (f, U) where U is a
neighbourhood of x; and f € C'(U).

Definition (Curves agreeing to order k) Let 7 € {co, w, hol} and let F = R if r € {co, w}
and let F = Cif r = hol. Let M be a manifold of class C’, let I, ] C F be open sets for
whichO€land0 € J,letxy € M,lety: I - Mand leto: ] — Mbe curves at x, of class
C’, and letk € Z¢. The curves y and o agree to order k at x, if, for every (f,U) € .F"(x),

(f 29)P(0) = (f 20)"(0),
je{0,1,...,kh. .

As with functions agreeing to order k, one can readily verify that curves agreeing
to order k have the expected characterisation in coordinates.

Proposition (Agreement to order k in coordinates) Lef r € {co, w, hol} and let F = R
if r € {oo,w} and let F = C if r = hol. Let M be a manifold of class C', let 1,] C F be open sets
for which0 e Land 0 € ], let xo € M, let y: 1 — Mand let 6: ] — M be curves at x, of class
C', and let k € Zso. Then the following two statements are equivalent:

(i) y and o agree to order k at xo;

(ii) for any F-chart (U, ) about X, it holds that

d"(¢y)  d"(@-0)

o0 =—37—0), me01.. k.

Proof (i) = (ii) Let (U, ¢) be an F-chart about xp and let )(é: U—TF,je(l,..., n}, bethe

coordinate functions for the chart. Let € € R. be such that B"(e, @(x0)) € Pp(U). Then, if y
and o agree to order k at xo,

(Xé 21)D(0) = (X(; o0)(0), 1e{0,1,... Kk}
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By Lemma A.1.1,

d"(¢poy)

0, o)™ = (297 o (o)™ = =22 0), el nl, me(01,...k,

and similarly for 0. From this, this part of the result follows.
(i) = (i) Let (U, ¢) be a F-chart about xp and let (f,V) € #"(xg). We have

(fo)™©0) = ((fed ) o(pey)™(©0), mel01,...,k,

and similarly for . Using this formula, Lemma A.1.1, and the hypotheses of this part of
the proposition, it follows that

(fo1)™(0) = (fo0)™(0), mel{0,1,...,kl,

giving the result. [ |

For xo € M we define an equivalence relation ~,, in the set of C'-curves at x; by
asking that y ~y, 0 if y and o agree to order k at xy. We can now define jets for curves.
For convenience, denote by ¢”(x¢) the set of pair (y,I) where I C F is open with 0 € I
and where y: I — M s of class C" and satisfies y(0) = xo.

Definition (Jets of curves) Let r € {0, w, hol} and let F = Rif r € {oo,w} and let F = C
if » = hol. Let M be a manifold of class C’, let x, € M, and let k € Z,.
() A k-jet of curves at x( is an equivalence class in 6”(xg) under the equivalence
relation ~j y,.
(if) The equivalence class of (y,I) € €"(xo) is denoted by ji)(0).
(iii) We denote
Te,M = (i) | (7,D) € € (xo)).

(iv) We denote T'"M = U,emTEM which we call the bundle of k-jets of curves. By
convention, T°'M = M.

(v) For k,1 € Zsy with k > | we denote by pf: T'"M — T'M the projection defined by
P¥(jky(0)) = jiy(0). We abbreviate pf by px. 3

Note that, by definition, T'M = TM. Thus T'M is to be thought of as the space of
“velocities” on M. Correspondingly, the sets T*M, k > 1, are to be thought of as spaces
of higher-order derivatives, accelerations, etc.

5.3.2 Geometric structure

As with the bundle of jets of F-valued functions, one can give some structure to
the bundles T*M. We begin by describing the natural differentiable structure of these
sets. We make an abuse of notation regarding charts, using the same notation as in
Lemma 5.2.5. This ought not cause any confusion since the context should make clear
the meaning of the symbols.
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5.3.4 Lemma (Differentiable structure of jet bundles of curves) Lef r € {0, w, hol} and let
F=Rifre{oo,w}andlet F = Cif r = hol. Let M be a manifold of class C', let k € Z, and
let (U, ) be an F-chart for M. Define (ji U, jk¢) by

iU = {jxy(©) | y acurveat x, x € U}

and
Jx@ ]ku (Z)( ) X X X

k times

jky(0) = ((9=7)(0), (¢=»)(0), ..., (P =y)N(0)).

Then (WU, jk@) is an F-chart for TSM.  Moreover, if (U, Pa))aca is an atlas for M, then
((KWUa, jxPa))aca is an atlas for TM.
Proof We first show that ji¢ is a bijection from j,U onto the open set (1) X (Fmyk C (kL
First we show that ji¢ is surjective. Let (x,v1, ..., vx) € ¢(U) X (F")¥. Let ¥ be a curve whose
local representative is
k
t|—>x+tvl+--~+%vk
for t sufficiently small. Note that jxp(jx)(0)) = (x, v1, ..., vk), giving the desired surjectivity.
To show that jx¢ is injective, suppose that jx$(jxy(0)) = jrkp(jxo(0)) for C'-curves y and o
at x € U. This implies that the first k Taylor coefficients at 0 of ¢ oy and ¢ oo in coordinates
agree. By Lemma A.1.1 this implies that the first k Taylor coefficients at 0 of foy and f o0
agree, noting that
for =(fod ooy,
and similarly for 0. Thus jx)(0) = jxo(0), giving bijectivity of ji¢.

For the final assertion of the lemma, we must show that the overlap condition is
satisfied. Thus let (U,, ;) and (Uy, ¢p) be F-charts for which U, N Uy # 0. It is clear that
JkUs N Uy # 0. We suppose without loss of generality that U = U, = U,. For an open set
I C F for which 0 € I, for an open set N C F", and for a C"-curve y: I — N, we denote

jky(0) = (¥(0),/(0), ..., y®(0)).

Note that
7Py (0)) = ji(Pp °¥)(0) = ji(pa oyt Py oy)(0). (5.6)

With this in mind, we give a lemma.

1 Sublemma Let : N — N’ be a C'-diffeomorphism of open subsets N and N’ of F™ and define a
map
T N x (F™)K — N7 x (FMk

by asking that
Jp(r(0),y'0), ., y(0) = @ =y (0), (¥ 2¥)'(0), (¥ =) (0))
for any C'-curve y: 1 — N for which 0 € 1. Then J\ is a diffeomorphism.
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Proof First of all, note that the map Jii is well-defined by Lemma A.1.1.
Next we prove that [ is of class C'. We prove this by induction on k. For k = 1 we
have

J1y(x,0) = (P(x), DY(x) - v),

and the lemma follows immediately in this case. Now suppose that the lemma holds for
ke{l1,...,m}. Then, for y: I - N with 0 € I, the first m derivatives of ¢ oy are C'-functions
of the first m derivatives of y by the induction hypothesis. Then, by Lemma A.1.1,

D™ (Y 2y)(0) = DY(y(0)) - Y™ (0) + G((0), ¥ (0), ..., ¥"™(0)),

where the function G is a C'-function of the first m derivatives of y. Thus the first m + 1
derivatives of i oy are C’'-functions of the first m + 1 derivatives of y, and this gives that
Jk is of class C".

Now we prove that Jiy is invertible. To see this, one needs only to note that the map

(6(0),6°(0),....,a9(0)) > (¥ 26(0), (1 2 0)'(0), (Y < 0)P(0))

for a C'-curve o: I — N’ for which 0 € I, is the inverse of Jii). Moreover, this inverse is of
class C" by the same argument as in the preceding paragraph. v

By (5.6) we have
k@b (iky(0)) = Je(dp ° i ) ik(pa )(0)).

Since ¢, © qb;l is a diffeomorphism, the overlap condition for jet bundle charts holds. W

An F-chart for T*M as in the lemma is called a natural chart. The lemma gives
the following result which further refines the differentiable structure of the jet bundles
TEM.

5.3.5 Theorem (Fibre bundle structure for jet bundles of curves) Let r € {00, w, hol} and
let F =Rif r € {co,w}andlet F = Cif r = hol. Let M be a manifold of class C" and let
K, 1 € Zso withk > 1. Then pf: T"M — T'M is a locally trivial fibre bundle.

Proof This follows since the local representative of p;‘ is
(x,01,...,01) B (x,01,...,01),

which shows that p;‘ is a surjective submersion and that p;‘: TM — T'M is locally trivial
with respect to the natural coordinate charts. [

5.3.3 Algebraic structure

Note that T*'M does not have an obvious vector bundle structure like T*M, except
in the case that k = 1, in which case T'M is simply the tangent bundle. (We shall see in
Section 5.4.3 that TM does possess algebraic structure.) However, T*M does have an
affine structure. First let us describe an injection of T,M into TEM. Let k € Z-o and let
I € F be an open set for which 0 € I. Denote

L={teF| el
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and let 7;: Iy — I be defined by 7(t) = % We let x € M and define ¢;,: T,M — TXM by

€xx(0) = jk(y > 1)(0),

where y: I = Mis a C"-curve for which y’(0) = v. Now, to define the affine structure,
let jxy(0) € T*M and let v € T,M. Suppose that y has domain I C T, let ] C F be an open
set for which 0 € ], and let o: ] X I = M be a C"-map for which

1. 0(0,t) = y(t) for every t €  and

d
2. 5

0(s,0) =0.

Then definef=INJand y: I — M by y(t) = o(t«(t), t). We then define

Jky(0) + v = jikp(0).

The notation is intended to suggest that j;(0) is the affine addition of v to jx)(0). The
proof of the following result contains all of the ingredients to ensure that this makes
sense.

5.3.6 Theorem (Affine bundle structure for jet bundles of curves) Let r € {co, w, hol} and
let F =Rif r € {oo,w} and let F = C if r = hol. Let M be a manifold of class C’, let k > 0, let
x € M, and let v € TyM. Then the diagram

T*M

+Vv
k k

TE1M

T*M

commutes and the map (v,jky(0)) = jxy(0) + v makes (pt_l)‘l(jk_ly(O)) an affine space
modelled on T,M.

Proof Let us first derive the local representative in natural coordinates for j;)(0) + v. Let
(U, ) be an F-chart about x and let

(x,01,...,9) € O(U) X (F"Y, veF"

be the coordinate representations for jx)(0) and v, respectively. The local representative
for o has the form (s, t) = o(s, t) fora C"-map o: ]’ X I' = ¢(U) satisfying

1. 0(0,t) = y(t) and

2. D106(0,0) = v,
where y is the local representative of y. Thus the local representative y of Y is given by

p(t) = o(1x(t),t). To facilitate taking derivatives of , let us denote i (t) = (7«(t), t) so that
¥ = o°i. Note that

1. le(ol 0) = (OI 1)/
2. D"y(0,0) = (0,0) form e {2,...,k—1},and
3. Dy (0,0) = (1,0).
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Then, by Lemma A.1.1,
D"$(0) = D" o6 °4(0) = D}'6(0) = vy, me{l,... . k—1}

and
D#(0) = D*6 o 14(0) = D56(0,0) + D16(0,0) = vy + .

Thus the local representative of jxy(0) + v is
(x,01,...,0p+0).

This shows that j,)/(0) + v does not depend on the choice of 0. Moreover, the assertions of
the theorem follow directly from the form of this local representative. |

5.4 Jet bundles of maps between manifolds

In this section we consider jets of mappings between manifolds. We do this by
making use of notion of jets of functions and curves as considered in the preceding
sections. As we have done all along in this chapter, welet F € {R, C} and r € {o0, w, hol}
and adopt the convention that 7 € {0, w} when F = R and » = hol when F = C. We
also use the same symbol d to stand for the real or complex differential. Also, when
we say “curve” we mean a map of class C" from [ where I C F is open.

5.4.1 Definitions
The key to our construction is the following lemma.

Lemma (Characterisations of kth-order agreement for maps) Let r € {0, w, hol}
and let F = Rif r € {co,w} and let F = C if r = hol. Let M and N be manifolds of class C", let
Xo € M and let yy € N, let U be a neighbourhood of xo and let V be a neighbourhood of y,, and
let @,V € C'(U; V) be such that D(xp) = W(xo) = yo. Let (W, ¢) be an F-chart for M about x,
and let (V', ) be an F-chart for N about y, such that ®(U’), V(W) C V'. Then, for k € Zs,
the following statements are equivalent:
(i) D"Dyy(P(x0)) = D"Wyy (W(x0)), m € {0, 1,..., k)
(ii) ju(@=y)(0) = ji(W > )(0) for every (y,I) € € (xo);
(i) (£ D)(x0) = jilE=W)(x0) for every (£, W) € F7(yo).
Proof (i) = (ii) By Lemma A.1.1, the local representative for the mth derivative of ®oy
involves the local representatives for the first m derivatives of ® and y, and similarly for
Woy. Thus, if the local representatives for the first k derivatives of ® and W agree, then so
too do the local representative for the first k derivatives of ® oy and W 0y. This part of the
lemma then follows from Proposition 5.3.2.
(i) = (iii) Let (f, V) € #"(yo). By hypothesis, the curves ® oy and W oy agree to order
k at yo for every (y,I) € Z'(xp). Thus, by definition,

(fo(@op)0) = (Fo(Wey)(0),  je{0,1,...,K,
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for every (y,I) € €"(x9). Again by definition, this means that fo® and foW agree to
order k at yp. But this means, by a final application of the definitions, that ji(f o ®)(xg) =
Jif o W)(xo):

(iif) = (i) Without loss of generality, suppose that the chart (V’, ) has the property
that Y(P(xg)) = 0 € F". Also suppose that ¢ takes values in F”. Let coordinates in the
chart (U, ¢) be denoted by (x1,...,x,) and coordinates in the chart (V’,1) be denoted
by (y1,...,ym). Letj € {1,...,k} and let ji,...,jun € Zxo be such that j; +--- + ]n = j.
Let ] = (j1,...,ju) and let I € {1,...,m}. Now define f,;: P(V) — F by fl,](y) = yl By

Lemma A.1.1,
JI(f ;oDo (o™ ) Ji(Wwododr 1Y 9; o op-1)
(frje®op™h) (6(x0)) = (fi, ‘lP )() (Yoo )¢( ) = (YoDeodp™)

8x{1 ---8xn y{ 8x{1 ---8xn ox {1 -~8xn

(@ (x0))-

A similar expression holds for W. Since ji(f;,;j o ®)(x0) = jx(f1,j°¥)(x0), we may conclude
from Proposition 5.2.3 that

dl(Wodopb) (W oW o1
T L0 o) = ZLTL L gy
8x11---c9x£l” ax?---axﬁ”

Since this holds for every I € {1,...,m} and for every multi-index | for which |J| < k, this
implication of the lemma follows. |

Let xo € M, yo € N, and k € Z,. For convenience, let us denote by .Z"(x, yo) the
set of triples (P, U, V) such that U is a neighbourhood of x(, V is a neighbourhood of
Yo, and @ € C'(U; V) satisfies O(xg) = yo. Based on the above lemma, we can have the
following equivalent characterisations of an equivalence relation ~y , ., in .Z" (xo, yo):

1. D~ W if D" Oy (D(x0)) = DWWy (V(x0)), m € {0,1,..., k}, for all F-charts (U, ¢)
for M about x; and F-charts (V, ) for N about y, such that ®(U), ¥(U) € V;

2. D~y yo Vif ji(Doy)(0) = jx(Woy)(0) for every (y,1) € € (xo);
3. D~y yo Vif ji(f o D@)(x0) = ji(f e W)(x0) for every (f, W) € F'(yy).
This allows us to make the following definition.

5.4.2 Definition (Jets of maps between manifolds) Let r € {0, w, hol} and let F = R if
r € {oo,w} and let F = C if r = hol. Let M and N be manifolds of class C’, let x, € M, let
Yo € N, and let k € Z,.

(i) A k-jet of maps at (xo, o) is an equivalence class in .#"(xo, o) under the equiva-
lence relation ~j -

(if) The equivalence class of (®,U, V) € .#Z"(xo, o) is denoted by j P(xy).
(iii) We denote
(xo yo)(M N) ]kq)('xO) | (CD/ u/ v) € %r(x(]/ ]/0)}
(iv) We denote J5(M;N) = U(xfy)EMXNJI((xO,yO)(M; N). By convention, J%(M;N) = M x N.

(v) For k,I € Zsy with k > I we denote by pf: J5(M; N) — J(M;N) the projection
defined by p¥(ji®(xo)) = ji(P(xo)). We abbreviate pf by px. o



5.4.3

28/02/2014 5.4 Jet bundles of maps between manifolds 27

5.4.2 Geometric structure

Let us describe the differentiable structure for jet bundles of maps between mani-
folds.

Lemma (Differentiable structure of jet bundles of maps between manifolds) Let
r € {oo,w,hol} and let F = R if r € {oo,w} and let F = C if r = hol. Let M and N be
manifolds of class C', let k € Zso, and let (U, ¢) and (V, {) be F-charts for M and N. Define

(U X V), ji(P X ) by
(U X V) = {jH@X) | x €U, (DU, V) € .4 (xo,Y0)}

and
(@ X P): U X V) = GU) X P(V) X L (FF™) X -« X LS, (B F™)

KP(X) = (), P o D(x), DLyy(P(X)), - - -, D*Dysy (H(X))-

Then (ji(U X V),jx(¢ X 1)) is an F-chart for JX(M; N).  Moreover, if (Ua, @a))aca and
(Vo, Y))vep are atlases for M and N, respectively, then ((x(Ua X Vb),jk(Pa X Ub)))@b)eaxs

is an atlas for J(M; N).
Proof Let us first show that ji(¢ X 1) is a bijection from j;(U X V) to
DU X (V) X Ly (B ™) X -+ X L (" ™).
To see that ji(¢p X 1) is surjective, let

(%0, Yo, A1, -, Ak) € GU) X P(V) X Ly (B, F™) X -+ X L (7 ™)

sym

and define @: " — F™ so that ®(xg) = y, and Di®(x) = Aj, j€ef{l,...,k}. This con-
struction was done as part of the proof of Theorem 1.1.4. Let r € R, be such that
B (r,x0) C ¢(U) and such that D(B"(r,xp)) C Y(V). Then the function ®(x) = D(P(x))
defined on ¢~1(B"(r, x0)) has the property that

JK(@ X P)(jxkPx)) = (x0, Yo, A1, - - -, Ag)-

Next we show that ji(¢ X 1) is injective. Suppose that

Je(@ X P) (k@) = ji(P X P)(jx ¥ (x)).
This implies that ®(x) = W(x) and that

DI®yy(p(x)) = D'Wyy(p(x),  je(l,... k.

By Lemma 5.4.1 it follows that j,®(x) = jxW(x), and so (jx(U X V), jk(¢ X 1)) is an F-chart.
Next we verify that the charts satisfy the overlap condition. Let (U, XV}, ¢ X ¢p,) and
Uy X Ug, pa X gbﬁ) be product charts for M X N such that their intersection is nonempty.
Note that
(Uy X V) N (Uy X Uﬁ) = U, NUy) X (VN Vﬁ)
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Thus we may assume, without loss of generality, that U, = U, = U and that V}, = Vg = V.
If W: N — Mis a C'-map between open subsets N C F" and M C F™, define
JKW: N = N XM X Leym (L F")F" X+« - X Loym (k; F")F™
x - (x, W(x), D¥(x),..., D"'¥(x)).

With this notation we have

jk(@a X Yp)(jk@(x)) = ji(Wpo Do) (Palx) = jk(Wpothy oty o Dot oy oy ) (Pa(X)).
(5.7)

We now use a lemma.

Sublemma Let ¢: N — N’ be a C'-diffeomorphism of open subsets N, N’ C F", let ¢p: M — M’
be a C*-diffeomorphism of open subsets M, M’ C F™, and define a map

]k(qbX#}): NXMXLl (Fn;Fm)x...ka (Fn,Fm)

sym Sym
— N XM X Ly (" F™) X -+ X L (F™ F™)

sym

by asking that

Ji( X P)(x, W(x), D¥(x), D*W(x))
= (), (P oW o™ ) (X)), D e Wop ) (P(x)), ..., DKW W o ) ((x)))

for any C'-map W: N — M. Then Ji (¢ X ) is a C'-diffeomorphism.

Proof By Lemma A.1.1, Jx(¢ X ) is well-defined.
To prove that the map is of class C’, we use induction on k. For k = 1 we have

1@ X P)(x, 3, A) = (@), P(y), DY(y) ° A D™ (x).

By the Inverse Function Theorem, it follows that J1(¢ X 1) is of class C". Now suppose that
Jk(p x ¢) is of class C" for k € {1,...,m}. By Lemma A.1.1,

D" (g oW o™ )(G))(01, -, Vr1)
= Dy(y) o D" W) - (DG (%) - 01, DG (%) - Oyus)
+ G(x,y,DW¥(x),..., D"W(x),v1,...,0m+1),
where G is a C'-function of its arguments. By the induction hypothesis, [,;+1(¢ X ¢) is of
class C'.

To verify that Ji(¢ X 1) is a bijection, we note that its inverse is defined by the map
satisfying

(', D(x'), DD(x’), D*Dd(x'))
= ('), @ e @) (¥)), DY e @ o) (p (X)), ..., DT e D oh) (T ()))

for a C"-map ®@: N’ — M’. Moreover, this inverse is of class C" by the same arguments
used to prove that Ji(¢ X ¢) is of class C". v
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Rephrasing (5.7), we have
je(ba X Yp) (k@) = Je(Da o Pa ') X (g o Yy k(o ° P o 7 ) (Pa())-

By the lemma, this implies that the overlap map is a diffeomorphism. u

As with the analogous charts constructed for jet bundles of curves and functions,
the charts from the preceding lemma are called natural charts for J*(M;N). Also as in
the previous cases, these charts allow us to give fibre bundle structure to jet bundles.

Theorem (Fibre bundle structure for jet bundles of maps) Let r € {co, w, hol} and let
F=Rifre{o,w}andlet F = Cif r = hol. Let M and N be manifolds of class C" and let
k,1 € Zsywithk > 1. Then

(i) pr: J(M;N) — J(M;N) is a locally trivial fibre bundle.
Moreover, if pr;: MX N — Mand pr,: M x N — N are the projections, then
(i) pr; opx: JM;N) = Mand pr, - px: J*(M; N) — M are locally trivial fibre bundles.

Proof The local representative of pi‘ in natural charts is
(x Yy A1,...,A) > (x,y,A1, ..., A).

From this the first assertion follows immediately. The second assertion also follows easily
from this formula for the local representative. |

The following result characterises jets of compositions of maps.

Proposition (Jets commute with composition) Let r € {oo, w, hol} and let F = R if
r € {oo,w} and let F = C if r = hol. Let k € Zy,. Let M, N, and P be manifolds of
class C', let xo € M, yo € N, and zy € P, and let U be a neighbourhood of xo, V be a
neighbourhood of yo, and W be a neighbourhood of zy. If (@1, U, V), (D,, U, V) € 4" (X0,V0)
and (W1, V, W), (W2, V, W) € 4" (yo, 2o) satisfy juP1(xo) = jxP2(x0) and jxW1(yo) = jxW2(yo),
then ji. (W1 o @1)(x0) = jk(W2 o D2)(xo).

Proof Let (y,I) € €7 (xo). Since jx®1(xo) = jxP2(xo) it follows from Lemma 5.4.1 that

Jx(@127)(0) = jk(D2°)(0). (5.8)

We next claim that
Ji(W10®D109)(0) = k(W1 oDz 09)(0). (5.9)

Indeed, let (f, W) € .F#"(zp). Since foW; is of class C" on some neighbourhood of yy, it
follows from Definition 5.3.1 and (5.8) that

(feW1o®@ o) N(0) = (foWr1o@200)(0),  je(l,... Kl
Since this holds for every (f, W’) € .#7(29), it follows by definition that (5.9) holds. Similarly,
Ji(W2 0 @1 0p)(0) = ji(W2 o D2 2y)(0). (5.10)
Since jxW1(yo) = jxW2(yo) it follows from Lemma 5.4.1 that

Jk(W10®@109)(0) = jk(W2 oDy 2y)(0).
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From the preceding equation and (5.10) we have

Jk(W1o@12y)(0) = jx(W2 0Dz 27)(0),
giving the result by Lemma 5.4.1 since the preceding equality holds for every curve y. B

The point of the result is that the composition of jets can be defined to be the jet of
composition. That is, if (O, U, V) € .#Z"(xo, yo) and (¥, V, W) € .#" (o, z0), then

Tt (o)  kP(x0) = jx(W o D)(x0). (5.11)

5.4.3 Algebraic structure

Now let us examine the algebraic structure of jet bundles of maps. This algebraic
structure will come in two parts. The first characterisation relates jets of maps to jets
of functions.

Theorem (Maps between spaces of jets of functions) Let r € {co, w, hol} and let

F=Rifre{oo,w}andlet F = Cif r =hol. Let Mand N be manifolds of class C", let xo € M

and let yo € N, and let (O, U, V) € .4 (xo,yo). Then the map ji®(xo): T;};N — T:EM defined
by kP (x0)(jxf(y0)) = jk(P*f)(x0) is a well-defined homomorphism of F-algebras.

Moreover, if W: T;ISN — TEM is a homomorphism of F-algebras, then there exists

(®,U, V) € A" (x0,Y0) such that ¥V = ji D(xo).

Proof First let us verify that jy®(xp) is well-defined. Let (f,V), (g, V) € .#"(yo) be such that

Jkf(Wo) = jx&(yo). Note that @ f = f o®and so ®*f(xp) = 0. By the higher-order Chain Rule,

Lemma A.1.1, the coordinate expression for ji(®*f)(xo) depends on the first k-derivatives

of f at yp and @ at xg. By Proposition 5.2.3 it follows that ji(®* f)(xo) = jx(P"g)(x0) and so

jx®(x0) is well-defined, as claimed.
Let us now verify that j,®(xg) is a homomorphism of F-algebras. Using elementary
properties of pull-back [Abraham, Marsden, and Ratiu 1988, Proposition 4.2.3] we have

Tk @) (i f (x0) + jx&(x0)) = jxP(x0)(jk(f + §)(x0)) = jk(P*(f + &))(x0)
= ji(D" f)(x0) + ji(D*g)(x0) = jxP(x0) ik f (W0)) + jkP(x0) (k& (W0))-

In like manner we compute

kP x0)k(f9)(W0)) = jxP(x0)(jif (Vo)) jxP(x0)(jk&(W0)),

and from this we deduce that j,P(xp) is an algebra homomorphism as desired.

Now we verify the last assertion of the theorem. Let (U, ¢) be an F-chart for M about
xo and let (V, 1) be an F-chart for N about 9. Suppose, without loss of generality, that
¢(xo) = 0 and that (o) = 0. Suppose that n is the dimension of the connected component
of M containing xo and that m is the dimension of the connected component of N containing
yo. By Lemma 5.2.5, the charts (U, ¢) and (V, ¢) establish F-algebra isomorphisms

(ﬁk: T;CISM - L;ym(Fn; F) XX L];ym(Fn; [F),

Pz TEN — LLn (F™ F) X - x LE 1 (F™; ).
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Let

W LY (F™F) X - X LE  (F™ F) = Ly (B F) X -+ X L (F™; F)
be given by W = ¢y oW og@;l. Note that W is an F-algebra homomorphism. If (¢!, ..., e")
denotes the standard dual basis for Lgym(F”; F) ~ (F")* and if (fl, ..., f™) denotes the
standard dual basis for Lgym(F’” ;F) = (F™), then write

\if(f”,o,...,())=(Zn“\y;fef,o,...,o), aell,...,ml,
j=1

noting that the right-hand side will have the given form by the high-order Leibniz Rule,
Lemma A.2.2, since the argument on the left corresponds to a function whose derivatives
of order higher than one vanish, i.e., a linear function. Now define d: F" — by

b, ... x") = (i ‘If}xj, .. .,i ‘P;”xj),
=1 =1

and note that
Y(f*,0,...,0) = jyP0)(f,0,...,0), aell,...,m).

Since the elements

(€,0,...,0) € L (F";F) x--- XL (FF),  jefl,... nl,

sym
(f°,0,...,0) € Ly (F";F) X - - X L’;jm(Fm;IE‘), ae{l,...,m,

generate the F-algebras by Theorem 5.2.10, it follows that W = j;®(0). |

Next let us examine the affine bundle structure of J(M; N). To do this we use our

interpretation from the preceding theorem of elements of foO’yO)(M ;N) as algebra homo-

morphisms. We first establish a mapping from €y (x,,y) : Sk(T;OM) ®T,,N— J’(‘xo,yo)(M ;N).

We shall first simply state the constructions, keeping in mind that these construc-
tions will be made sense of in the ensuing proofs. Let (f1,U),..., (fi, U) € F'(x)), let
(g, V) € #'(x0), and let Y be a vector field defined on V. Let us abbreviate f = f;--- f.
We then define a homomorphism Hyy: T;'N — Ti¥M by

Hry(jk8Wo)) = ji(Ly&(Wo) f1 -+ - fi)(x0)-

Let us be clear what the preceding expression means. The function whose k-jet is being
taken at x; is the function

x = Lygo)fi-- flx),

with 2y g(yo) being thought of as a scalar.
Now one defines the proposed map € (x,y,) by asking that

€k, (0,90 (A f1(x0) © - - - © d fi(x0)) ® Y(v0) = Hyy,

understanding that we identify homomorphisms of the F-algebras T*y’;N and T,"M

with JI((xo,yo)(M ;N). The following lemma gives some meaning to the preceding con-

structions.
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5.4.7 Lemma (k-jets whose first k — 1 derivatives are zero) Let r € {co, w, hol} and let
F=Rifref{co,wandlet F = Cif r = hol. Let M and N be manifolds of class C', let
(X0,y0) € MX N, and let k € Zg. Let ®y; € C*(M; N) be defined by Phiy (x) = yo. Then the
MAp €x(xpy0): S (T, M)®TN — JX(M; N) is a well-defined bijection onto (pf_,) ™ (i1 Py, (X0))-

Proof We adopt the notation preceding the statement of the lemma. We first claim that
Hyy is, in fact, a homomorphism of F-algebras. Clearly Hyy is F-linear. Also,

H gy (jkg(wo)jkh(yo)) = Hry (jr(gh)(x0)) = Ly (M) (Wo) jk(f1 - - - fi)(x0)
= (L &(yo)h(yo) + 8(y0)-L Y (y0))jk(f1 - -+ fi)(x0)
= Hy,y(jkg(y0))h(yo) + g(vo)Hf,y(jxh(yo)),
as desired.
We next claim that Hyy € (pi_l)‘l( Ji-1Pyy(x0)). By Lemma 5.2.7 it follows that
Ji-1(Hfy) = 0. Since jr_1®y,(x0) = 0 we have ji_1(Hyy) = jk-1Py,(x0), as desired.
We next note that Hyy is actually a map from T*y})N =T, Nto T:¥M, and the domain is
regarded as T*y’;N by composition on the right with the projection p’;. That is, we have

Hyy(jk8(yo)) = jr((dg(vo) - Y(yo)) f1 - - fi)(x0)-

With the above discussion in hand, let us make a construction. Let aq,...,a; €
Ti,M and let u € Ty N. Let (f;,U) € F"(x0) be such that fi(xg) = 0 and dfj(xo) = aj,
j €1{1,...,kl, and let Y be a vector field defined on a neighbourhood V of y such that
Y(yo) = u. Abbreviate a = (a1, ...,ax). Then define an element H, , of Sk(TjCOM) ® TyN =
Homg (T, N; (T, M)) by

Hyy=a10---0ay®u.

The constructions of the two preceding paragraphs and Lemma 5.2.7 show that
Hf,Y = €kxo oHa,u OP]{/

where f and Y are related to a and u as above, where € Sk(T;OM) - T;I(‘)M is as defined
preceding Lemma 5.2.8, and where plfz T;’f)N — T} N is the projection. By Lemma 5.2.7
and since Hyy depends only on the value of Y at yp, it follows that this expression is
independent of the choices made for f and Y. This all shows that €y, ,,) is a well-defined
map from Sk(T;OM) ® TyN to (pllz_l)_l( Jk®y,(x0)). Moreover, noting that (pllz_l)‘l( Jk®@y, (x0))
is an F-vector space (cf. the proof of Proposition 5.1.13), the map constructed is a linear
map.

Thus it remains to show that this map is a bijection. Suppose that €, y,)(A) = 0.
By [Hungerford 1980, Theorem IV.5.11] let us write

A=A1Qui+--+A,; Quy

for Ay,..., Ay € Sk(T}OM) and for a basis (uy,...,un) for T, N. Thus, by definition of
€k,(xo,y0)- W€ have

(dg(yo) - u1)A1 + -+ + (dg(vo) - tum)Am =0
forevery (g, V) € #'(yo). Taking g such that dg(yo) is the ath basis vector dual to (u, ..., 1)
gives A, = 0. Since this can be done for every a € {1,...,m}, we have A = 0. Thus € (x,,y,)
is injective. Surjectivity of € (r,,y,) follows from Lemma 5.2.7. |

With the preceding constructions, we can state the following result.
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5.4.8 Theorem (Affine structure of jets of maps) Let r € {oco,w,hol} and let F = R if

r € {oo,w} and let F = C if r = hol. Let M and N be manifolds of class C' and let

K € Zso. Then pg_,: JXM;N) = J<Y(M;N) is an affine bundle modelled on the pull-back of
S*(T*M) ® TN (as a vector bundle with base M x N) to J<1(M; N).

Proof Let (x0,y0) € MXN. Let ¥ € J]((xa,yo)(M" N) and let A € Sk(T;UM) ® Ty,N. We regard

W and € (x,y)(A) as homomorphisms from T*y’;N to T}’éM. We have pr(W(jkg(y0))) = 0 for

every (g,V) € F'(yo) since TIOM is the equivalence class of functions taking the value zero.

By Lemma 5.4.7 it follows that p’lz_l(ek,(xO,yo)(A))( jx&(Wo)) = 0 forevery (g, V) € #'(yo). Thus

W(jkg(yo)) = jx&1(x0) for (g1, U) € F'(xp) vanishing at xo and € (r,,)(A)(jk&(H0)) = jrg2(x0)
for (g2, U) € F7'(xg) vanishing to order k — 1 at xo. It follows from Lemma A.2.2 that
Jjk(g1h2)(x0) = 0 and jx(g2h2)(x0) = O for every g, h € C'(N). Therefore,

W(jkg (o) jkh(y0)) + €k (xo,10) (A (x&(0) k(o)) = W (jxg(yo)) W (jxh(vo))
= (W(jk&(Y0)) + €k (xo,50)(A)(x&(Y0))) - (Y (jxh(y0)) + €k (xo,y0) (A (jh(Y0)))-

This shows that the homomorphisms W and € (v, y,)(A) can be added.

Moreover, in natural local coordinates for J5(M;N) and S*(T*M) ® TN, the local repre-
sentatives of W, A, and W + € (r, y,)(A) are

(xl y/All- ..,Ak_l,Ak), (x/ Yy, B)I (xl y/All' . -/Ak—llAk +B)I
respectively, which gives the desired affine bundle structure. n

Let us make a few cautionary remarks about what structure is not possessed by
jets bundles of maps between manifolds.

1. Unlike the fibres T:XM, the fibres J’(‘XO yo)(M ; N) are not generally F-vector spaces since
there is not generally a notion of addition in the codomain N.
2. As a consequence, one cannot generally write an exact sequence

LA (M;N) —=0

0 — SF(T:, M) @ TN 22220k o)

(x 0.Y0 )(M N)

since the entries in the sequence are not all [F-vector spaces.

5.4.4 Infinite jets

Now we shall consider the structure of the infinite jets for maps between manifolds.
Thus we let M and N be C"-manifolds and let xo € M and y, € N. Note that

((J(xo o) (M} N))kez.o, (P;{)k,lezm, k21)

is an inverse system of sets. We also have the projections p;°: J7°

(%0 yo)(M; N) —
(M;N). By Lemma 5.1.12 we have the set

(x /Y0)

JG, yo)(M N) = thka

o) (M N)-

Let us consider now the algebraic structure of the set J7° oo )(M ;N).
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5.4.9 Proposition (Elements of J°° vo) (M N) as algebra homomorphisms) Let r €
{oo,w,hol} and let F = R if r € {oo,w} and let F = C if r = hol. Let M and N be manifolds
of class C" and let xo € Mand yo € N. If O € J°;’0,YO)(M N) then the map Ag: T;‘;"N - Tx°M
defined by

Ao(P)(k) = (k)(P(k))

is a homomorphism of F-algebras for which the diagram

T;‘(’;’N (5.12)
:
(I)Opio T;(-((()JOM (I)Opi’o
% P
TaM : oM
P

commutes for every k,1 € Z.o with k > 1.
Moreover, if A: TiZN — T.*Mis a homomorphism of F-algebras for which the diagram

*OON
Ay \Aopl
*kM *l M

pl

(6.13)

commutes for every k,1 € Z.o withk > 1, then there exists O € J‘(’;O,YO)(M ;N) such that A = Ag.

Proof Using the fact that, for each k € Z., ®(k) is a homomorphism of the F-algebras T;’; N
and ijg M, one easily verifies that Ap is a homomorphism of F-algebras. The commutativity
of the diagram (5.12) follows by direct verification.

For the second assertion of the proposition, since T;*N is an F-algebra, since the maps
Aep?, k € Zso, are F-algebra homomorphisms, and smce T Mis an inverse limit, by the
definition of inverse limit there exists a unique [F-algebra homomorphlsm B: T{°N — T:°M
for which the diagram

*00
Tyo N
LB
Acpz . Acpp
Tx? M
o P
sk %]
Tx0 M p TX0 M

commutes for every k, € Z.q such that k > I. Let us verify that B = A. For ¢ € T*y‘;"N we
have

B(@)(k) = Bop (@) = A pi’(¢) = A(@)(k),
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using commutativity of the preceding diagram. Next we must show that A = Ag for some

De J?;o,yo)(M ;N). However, this follows by defining ®: Z.o — Ok€Z>O Tzio,yo)(M; N) by

k)i f (yo)) = Aepi (),

where ¢ € TyPN is such that (k) = jif(yo). By the commutativity of the diagram (5.13) it

follows that this definition of @ ensures that ®(k) is a map from T;ON to T}’SM. Moreover,

using the fact that A and p,” are homomorphisms of F-algebras, one easily verifies that
®(k) is a homomorphism of F-algebras. By Theorem 5.4.6 it follows that @ so defined is
an element of J?;O yo)(M; N). [ |

Thus J?;o,yo)(M ; N) is to be thought of as the set of homomorphisms of the F-algebras

JiwN and J7M, exactly as is the case for finite jets in Theorem 5.4.6. If ® € .#"(xo, yo)
then we define j..®(x)) € J?;O,yo)(M; N) by jD@(x0)(k) = jxP(xo) for each k € Zsy.

5.5 Jet bundles of vector bundles

In this section we study the jet bundles associated with a vector bundle. Thus
we let mg: E — M be a vector bundle over M. Since sections of E are smooth maps
between manifolds, we can talk about jets of sections as jets of maps in the usual sense.
However, since sections have additional structure, this structure is reflected in the
structure of the jets. In this section we explicate this additional structure.

5.5.1 Definitions

Let r € {oo,w,hol} and let F = R if r € {oo,w} and let F = C if r = hol. We
consider a vector bundle : E — M of class C'. For x, € M we denote by .#"(x,) the
set of pairs (&, U) where U is a neighbourhood of x; and & € I'"(E|U). For k € Z5, we
define an equivalence relation ~,, in .%"(xp) by saying that & ~, 1 if & 2y ¢ N IN
A (x0,E(xp)). With this notation we can make the following definition.

Definition (Jet bundles associated with a vector bundle) Let r € {c0, w, hol} and let
F=Rifr € {oo,w} and let F = Cif r = hol. Let mg: E — M be a vector bundle of class
C’, let xp € M, and let k € Zs,.

() A k-jet of sections at x is an equivalence class in .”"(x) under the equivalence
relation ~p .

(if) The equivalence class of (£, U) € .7"(x) is denoted by ji&(xo).
(iii) We denote
JE = (o) | (&,1) € 7" (xo)).
(iv) We denote J'E = U,quJXE. By convention, J°E = E.
(v) For k,1 € Zsy with k > | we denote by pf: J'E — J'E the projection defined by
P& (x0)) = ji&(x0). We abbreviate pf by px. o
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We can give a coordinate characterisation of the equivalence relation used to char-
acterise jets of sections of vector bundles.

Lemma (Characterisation of sections whose k-jets agree) Let r € {co, w, hol} and
let F =Rif r € {oo,w}andlet F = Cif r = hol. Let mg: E — M be a vector bundle of class
C', let xg € M, let k € Zso, and let £, 1 € I"(E). Let (V, V) be an F-vector bundle chart for E
with (W, ) the induced F-chart for M. Denote by

=Pty opolod™: PU) > F™, n, =pry cponod™: pU) > F"

the local representatives of & and 1, respectively, where pr,: ¢(U) X F™ — ™ is the projection
onto the second factor and where n,m € Z. are such that 1 is F* X F™-valued. Then the
following statements are equivalent:

(i) ji€(x0) = jin(xo);
(i) D&y (P(x0)) = D' (P(x0)),j € {1, ..., K}.

Proof This follows from Lemma 5.4.1, noting that the local representatives of £ and 1), as
maps from M to E, are

X (M), X (xn, ).

Since these local representatives agree in the first component, the lemma follows. |

5.5.2 Geometric structure

Of course we have J'E C J5(M; E). It happens that J'E is a submanifold. It is also a
vector bundle.

Lemma (Vector bundle structure of jet bundles of vector bundles) Let r €
{oo,w,hol} and let F = R if r € {oo,w} and let F = Cif r = hol. If ng: E - Misa
vector bundle of class C", then J¥E is a C'-submanifold of J(M; E). If (V,1) is an F-vector
bundle chart for E with (U, ) the associated F-chart for M, then define (ji'V, ) by

KV = {jké(X) | (&, W) € S (x0), x € V}

and
KV = U)X F™ X Loy, (FF™) X Ly, (F7 F™)

KEX) = (D09, E(G(X)), DEY(D(X)), - - ., DE(D(X)),

where n,m € Zs are such that ¢ is F* X F™-valued and ¢ is F"-valued, and éjw is the local
representative of & as in the preceding lemma. Then (jV,jx) is an F-vector bundle chart for
JXE. Moreover, if ((jxVa,jxia))aca is a vector bundle atlas for E, then ((jkVa,jkia))aca is a
vector bundle atlas for J]E. Finally, the vector bundle operations in J*E are given by

KEG) k() = (€ + M(X),  ajké(x) = jk(a&)(x),
where &,n € I"(E) and a € F.



28/02/2014 5.5 Jet bundles of vector bundles 37

Proof We shall prove the first assertion of the lemma along the way to proving the second
assertion. Associated to the F-vector bundle chart (V,1)) for E and the corresponding F-
chart (U, ¢) for Mis the natural chart (j(Ux V), jk(¢ X)) for J5(M; N) given in Lemma 5.4.3.
If we restrict the domain of this chart to J'E N Jr(U X V) we get

(P X Y)(jrE®)) = (@), (@), Ey(@())), (T, DEY(HX))), - - -, (0, DEy(d(x)))),

noting that L{j,(F"; F" @ F™) =~ L{,(F";F") @ L{,,,(F"; F™) for j € Zo. It is clear that by
mere rearranging of the components in the domain of ji(¢ X ¢) we arrive at a submanifold
chart with domain 'V, codomain
PU) X F" X Ly (B F™) X -+ X L (F"; F™) X BN

for an appropriate N, and where the first component of the chart is j;i) and the second part
of which is 0 € FN. This establishes that J'E is a submanifold of J*(M; N) and that ( 7V, jk)
is an F-chart. Moreover, it also satisfies the hypotheses for an F-vector bundle chart.

Next we verify that the overlap condition for vector bundle charts is satisfied by the
charts just constructed. Let (V,, ;) and (V}, Yp) be overlapping F-vector bundle charts.
For simplicity and without loss of generality, suppose that V, =V, = V. Denote by (U, ¢,)
and (U, ¢p) the corresponding induced F-charts for M. The overlap map for the vector
bundle E that has the form

Yoy (x,0) = (Pp o ;' (%), B(x) - v),

where B: ¢,(U) — GL(m; F) is of class C" with m the fibre dimension of E|U. For & € I"(E)
we write

&4, (%) = pr, ohg o &0 (x).

Thus we have

&4, (@) = pry oo, oge&o oy o a0yt (%) = (B(a oy, () - &y, (a0 Py (1))).

We claim that the jth derivative of 5% at x is linear in &y, and its derivatives up to order
j at ¢4 °Py(x). This is proved by induction on j. For j = 0 the assertion is true by virtue of
the vector bundle overlap condition for E. Assume the assertion is true for j = r. Thus

,
D&y, (x) = ) Lo (DI&, (da " (%))
j=0

where L, ; € L(Léym(F” ;F™); Liym (F"; F™)). Differentiating this expression with respect to x
yields an expression that is linear in the first 7 + 1 derivatives of &, at ¢, © ¢y(x), as desired.
This shows that the overlap map for the charts for J'E are F-linear in the fibre coordinates,
and so satisfy the compatibility conditions for F-vector bundle charts.

The final assertion of the lemma follows since the local representation of the vector
bundle operations for the vector bundle charts are exactly the local vector bundle opera-
tions. n
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5.5.3 Algebraic structure

Next let us examine the affine structure of jet bundles of vector bundles. Let
ne: E — M be a C'-vector bundle, let x, € M, and let (§,U) € .¥"(xp). Let
(f,W,...,(f W € F'(xo) be such that fi(xo) = 0, j € {1,...,k}. Then define
€k S'(Ty,M) ® Ey, — J5 E by

€xxo (A f1(x0) © -+ O d fi(x0) ® E(x0)) = ji((f1 -+ fi)E)(x0)-

The following lemma shows that €, is well-defined, and gives it some meaning.

Lemma (Structure of jets of sections vanishing to order k — 1) Let r € {0, w, hol}
and let F = Rif r € {oo,w} and let F = C if r = hol. Let mg: E — M be a vector bundle of
class C" and let xo € M. Then the following sequence of F-vector spaces is exact:

ek,xo

K /e pkfl _
0——SKTLM) @ By —2 gk E 2L gitE

Proof Let us first show that €, is well-defined. That is, suppose that (f;, U), (g;, U) €
F'(xo) satisfy fi(xo) = gj(xo) = 0 and dfj(xo) = dgj(x0), j € {1,...,k}, and suppose
that (&, U), (n,U) € S"(xo) satisfy E(xp) = n(xp). One then shows, using coordinates,
Lemma A.2.2, and a moments thought, that

Je((f1 -+ fi)&)(x0) = jk((g1 -~ k)1)(X0)-

This shows that € ,, is indeed well-defined.
Next we show that €y, is injective. Suppose that € ,,(A) = 0 for A € Sk(TjCOM) ® Ey,.
Let (u1, ..., uy) be a basis for E,, and, using [Hungerford 1980, Theorem 5.11], write

A=A1Qui+--+A;, Quy

forAy,..., Ay € Sk(T;OM). Since (A1 ®uy, ..., Ay ® uy,) are linearly independent, it follows
that A = 0. The exactness of the sequence now follows from the dimension counting
arguments from the proof of Lemma 5.2.8. [

To make the preceding constructions global, we denote by ox: S"(T°M) — M the
vector bundle projection and so have the pull-back vector bundle

pi_1(ox ® 1) pi_, (S (T'M) ® E) — J'E.
We also have the vector bundle mapping
ex: P (S"MM)®E) — J'E
over J*"'E. Then the local representative of ¢ is
(x,0,A1,...,Ak1), (%, Ap)) = (x,0,A1,...,Ar1, Ag),

showing that e is a C"-vector bundle map. Moreover, we have the following theorem.
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Theorem (Affine bundle structure for jet bundles of vector bundles) Let r €
{oo,w,hol} and let F = Rif r € {oo,w} and let F = C if r = hol. Let mg: E — M be
a vector bundle of class C" and let k € Zo. Then the sequence of vector bundles

k
0— pi_,(SK(T"M) ® E) —2- JKE 22 Jk-1E 0

is exact, and, as a consequence, pi_lz JYE — JXIE is an affine bundle modelled on the
pull-back vector bundle p;_l(Sk(T*M) ® E).
Proof This follows immediately from the lemma from the proof of Theorem 5.2.9. |

As we observed with jets of functions following Theorem 5.2.9, the preceding con-
structions can be generalised. We briefly describe this generalisation; the verification
of the validity of all statements is an elementary exercise. Letk, [ € Z. satisfy k>1,and
letus denoteby Zj' the k-jets of sections whose Ijets are zeroat xo. Lete}, : Zj, — J{E
be the inclusion. We then have the following exact sequence of IF- Vector spaces

k
IxO Py

JLE

0—2ZF, JE—0

The case where [ = k — 1 is distinguished since one has an isomorphism of Zﬁ—l,xo with
SKT:,M) ® Ey,.
The following result gives an inclusion that will be of use to us.

Lemma (Character of iterated jet bundles) Let r € {co,w,hol} and let F = R if r €
{oo,w} and let F = C if r = hol. Let mg: E — M be a vector bundle of class C" and let
k,1 € Z.o. Then the mapping

L1t Jk+lE - Jk(JlE)
jr&(x) P k(g (x))

is a well-defined monomorphism of vector bundles.
Proof We work locally in a vector bundle chart (V,¢) for E with (U, ¢) the associated
chart for M. Let & be a local section about x with local representative x +— &(x). The local
representative of j; is then

x - (x,&(x),D§, ..., D'E),
and so the local representative of ji(j;<) is
x - ((x,&x),DE, ..., D'&), (D&(x), D%, ..., DI*1E), ..., (DM &(x), D2, . .., DFE)).

Therefore, the local representative of 1 is given by

(xr 50/ 61/ cey §k+l) = ((x/ 501 élr ceey §k+l)r (51/ 62/ sy §k+1)/ sy (€k+1r §k+2/ cey £k+l))-

This shows that (; is well-defined, and keeping in mind the local characterisation of
the vector bundle structure for the domain and codomain, the map is readily seen to be
injective and fibre-linear. |
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5.5.4 Infinite jets

The only remaining jet bundle structure for which we need to understand the
structure of infinite jets is the infinite jet bundle of a vector bundle. Thuslet tg: E — M
be a vector bundle of class C" and let x, € M. Note that

(S5 EDkezoy, (P teze, k1)

is an inverse system of F-vector spaces. Thus we can use Lemma 5.1.12 to define the

inverse limit
o0 _ . k
JL.E =invlimJ; E,

k—o0

which is a F-vector space. We also have the projections p*: JYE — JX E, k € Z. If

(&, U) € F"(x0) then we define j&(xo) € JT E by jeol(x0)(k) = jk&(xo) for each k € Zsy.

5.6 Jets and germs

In this section we clarify the relationship between jets of functions (resp. maps,
sections of vector bundles) with germs of functions (resp. maps, sections of vector
bundles). While our interest is mainly in holomorphic and real analytic objects, for
appropriate context we also present the smooth case. We also take the opportunity to
present the notion of germs in the most general setting we shall need. This general
notion of germ is useful for some of the constructions we shall make .

5.6.1 Germs of functions, maps, and sections

We have given definitions of germs in Sections 2.3.1, 4.2.3, and 4.3.3. In this section
we expand these existing definitions and also define for the first time the notion of a
germ of maps between manifolds. The definitions of germs for various objects all have
a similar character, so we make all of our definitions together. We shall mostly use the
notion of germs at a point, but we will on occasion use germs for general sets. Thus
we give the definitions in this general case, but the reader is welcome to substitute the

Definition (Equivalence of locally defined functions, maps, and sections) Let
r € {oo,w,hol} and let F = R if r € {oo,w} and let F = C if » = hol. Let M and N be
manifolds of class C" and let g : E — M be a vector bundle of class C". Let A C M be a
set. Let U,V € M be neighbourhoods of A, let f € C"(U) and g € C'(V), let ® € C"(U; N)
and W € C'(V;N), and let £ € I"(E|U) and n € T"(E[V).
(i) The pairs (f,U) and (g, V) are equivalent if there exists a neighbourhood W of A
such that W C U NV and fIW = g/W.

(if) The pairs (®,U) and (¥, V) are equivalent if there exists a neighbourhood W of
A such that W C U NV and ®|/W = W|W.

(iii) The pairs (&, U) and (1, V) are equivalent if there exists a neighbourhood W of A
such that W Cc U NV and W = n|W. °
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One readily verifies that the above three notions of equivalence define an equiva-
lence relation on the set of stated pairs. Let us verify this in the case of functions. First
of all, it is clear that (f, U) is equivalent to itself by taking W = U. Symmetry of the
relation is also clear from the definition. To verify transitivity of the relation, suppose
that (f,U) and (g, V) are equivalent and that (g, V) and (h, W) are equivalent. Taking
W =UNVNW, we see that W’ is a neighbourhood of xy for which fIW" = hW'.
Thus (f,U) is equivalent to (h, W). The equivalence classes under these equivalence
relations are what we are interested in.

Definition (Germs of functions, maps, and sections) Let » € {0, w, hol} and let
F =Rifr € {oo,w} and let F = C if r = hol. Let M and N be manifolds of class C" and
let mg: E — M be a vector bundle of class C'. Let A € M, let x, € M, and let y, € N.
Consider the equivalence relations from Definition 5.6.1.

(i) The set of C'-germs of functions on M at A is the set of equivalence classes under
the equivalence relation Definition 5.6.1(i) and is denoted by ) - We abbreviate
ngro,M = Cg{go},M'

(i) The set of C'-germs of maps from M to N at A is the set of equivalence classes un-

der the equivalence relation Definition 5.6.1(ii) and is denoted by %’;(M; N). We
abbreviate ¢} (M;N) = %;O}(M ;M). The subset of ¢ (M;N) consisting of equiva-
lence classes for pairs (@, U) satisfying f(xo) = yo is denoted by %&Olyo)(M ;N).

(iii) The set of C"-germs of sections of E at A is the set of equivalence classes under the

equivalence relation Definition 5.6.1(iii) and is denoted by 9, g- We abbreviate

r _ cgr
gXOIM - g{xo},M' L]

Let us denote the equivalence class of (f,U) (resp. (®,U), (&, U)) by [(f,W)]a
(resp. [(@,W)]a, [(£,U)]a). We use the expected abbreviations [(f, U], = [(f, UW)]ix,),
(D@, W], = [(P, Wik}, and [(€, Wk, = [(§, W]ixy)- I [(P, W]y, € E ,(M;N) then we
will write the equivalence class as [(®, U)]x,,,) when we wish to emphasise the role of

Yo-

Let us provide some algebraic structure for germs of functions and sections.

Proposition (Germs of functions are a ring and germs of sections are a module)
Letr € {oo,w,hol} and let F = R if r € {00, w} and let F = C if r = hol. Let M be a manifolds
of class C" and let mg: E — M be a vector bundle of class C". Let A € M. Then €\, is an
F-algebra with the operations
al(f, W]a = [(af, W]a,
[(£, W]a + [(g V)]a = [(F+IUNV,UNV)]4,
[(£,W)]a - [(g V)]s = [((£- IUNV,UNV)]a,
and Eﬁ/E is a module over the ring %;/M (forgetting the F-vector space structure) with the
operations
[(€, W]a + [, V)]a = [(E+MUNTV,UNV)]4,
[(£,W]a - [(E,V)]a = [((E- OUNYV,UNV)]4.
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Proof This is quite routine. One must first verify that the operations are independent of
representatives of equivalence classes. Let us verify this in the case of the operation of
addition in ¢} ,, noting that the argument is the same for all other operations. Suppose
that [(f, U)]a and [(f',U)]a are equivalent and that [(g, V)] and [(g’, V’)]a are equivalent.
Let W=UNUWNVNV.ThenWCUNVand WC U NV and

(f + QW = (f +&HIW.

Thus ((f + IUNV,UNV) and ((f* + )W NV, U N'V’) are equivalent.
To complete the proof, one must show that the operations satisfy the ring and module
axioms. This is an elementary verification which we leave to the reader. [

It is also possible to define algebraic structure on %&O,yo)(M ;N). This rather mirrors
what we have already done with jets of mappings. First of all, we note that 4, (M;F)
is a subalgebra of ¢ \\ = €3 (M;F). For [(®,U)]w,y,) we define a mapping from

‘K(’yolo)(N;]F) to CK(;O,O)(M; F) by

[(f, Vo) = [(f 2P, Wixo00,

where V is a neighbourhood of y, such that ®(U) € V. We leave to the reader the task
of verifying that this mapping is well-defined, and is moreover a homomorphism of
F-algebras.

We shall often abbreviate [(f, U)]4 (resp. [(&, W)]a, [(D, U)]a) with [f]a (resp. [E]a,
[®]4) when the neighbourhood is not relevant.

5.6.2 Infinite jets and smooth germs

One can certainly imagine that there are relationships between the set of germs at
xo and the set of jets at xo. However, this relationship is not as easy to characterise as
one might imagine. For example, the situation differs in a significant way between the
smooth and the analytic case.

We begin by considering the smooth case. We first need to define a map from
germs into jets.

Proposition (From germs of smooth maps to jets of maps) Let M and N be smooth
manifolds of positive dimension and let xo € M and yo € N. If [(®, W)] x50 € Cf(j(‘;)/YO)(M; N)

then there exists W € C*(M; N) such that [(D, W)]x,yo) = [(¥, M)](x,y0). Moreover, the map

f(XOrYO): [(P, W)](Xofyo) = jOO\II(XO)

from CK&" (M;N) to J7° _(M; N) is well-defined, surjective, and not injective.
0,¥0) (x0,¥0)
Proof Let (U, ¢) be a chart for M about x¢ and let (V,¢) be a chart for N about xo. By
shrinking U if necessary, we assume that U € W and that ®(U) € V. For simplicity, assume

that ¢(xp) = 0 and y(yo) = 0. Let r € R be such that B"(r,0) C ¢(U). By the smooth Tietze
Extension Theorem [Abraham, Marsden, and Ratiu 1988, Proposition 5.5.8], let @p: U — R
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be such that ¢0|§”(§,0) = o®o¢p~! and such that @y(x) = 0 for x € p(U) \ B"(r,x0). If
W e C*(M;N) is given by

W - {clno@(x)), x€UN ™ B (r,x0)),

Yo, otherwise,

then [(D, W)(x,y0) = [(W, M)](xy,) since @ and W obviously agree on the neighbourhood
gb‘l(B”(%,O)) of xo.

To see that the map _#(y,,y,) is well-defined, note that, if W € C*(M; N) is any mapping
such that [(®, W)]xy,y0) = [(W', M)](x,y) and if (", W’) € [(D, W)](xy,0), then jo V" depends
only on the values of W’ in any neighbourhood of xy. Since any neighbourhood of xg
contains a neighbourhood on which @ and W’ agree, the well-definedness of _#(, v
follows.

To prove surjectivity of _Z(y ), let © € J*°  (M;N). Let (U, ¢) and (V,) be

(xo0,y0)
charts for M about x¢ and for N about y, respectively. For each k € Zso define Ay =

DF( o Do) (¢(x0)) € L’Sfym(R”; R™) where ® € C*(M;N) is such that p;°(©) = jiD(xo).
By Borel’s Theorem, Theorem 1.1.4, let W € C*(R";R™) be such that DkCD(qi)(xO)) = Ay
for each k € Zsp. As in the first part of the proof, let ® € C*(M;N) be such that the
local representative of @ agrees with W in a neighbourhood of ¢(x). It is then clear that
Jk®@(x0) = p;°(®) for each k € Z>p, and s0 joP(x0) = ©.

Now we show that ¢, y,) is not injective. Since _#(y,,, depends only on the local
value of maps, we can assume that M = U is a neighbourhood of 0 € R" and that N = R".
Then _#(x,,y) is not injective if and only if there exist smooth maps @, ®’: U — R™ whose
derivatives of all orders agree and which differ on any neighbourhood of 0. Equivalently,
A (xo,y0) 18 Not injective if and only if there exists a smooth map ®: U — R™ whose germ at
0 is not the germ of the zero map and whose derivatives of all orders vanish. It is easy to
furnish such a map, however. Indeed, define h: U — R by

1
h(x) = exp(w)

and define ®(x) = (h(x),...,h(x)). It is clear that the germ of @ at 0 is not that of the
zero function. One can also determine that the derivatives of all orders of ® vanish at
0, cf. [Abraham, Marsden, and Ratiu 1988, Page 82] and Example 1.1.5. [ |

A similar construction is possible for section of vector bundles.

5.6.5 Proposition (From germs of smooth sections to jets of sections) Let ig: E - M
be a smooth vector bundle for which M and the fibres of E have positive dimension and let
xp € M. If [(§, W)]y, € %(‘)’(‘;,YO)’E then there exists 1 € I'°(E) such that [(£, W)]x, = [(17, M)]x,-
Moreover, the map

/xo : [(é/ W)]Xo = joog(XO)

from = to JOE is well-defined, surjective, and not injective.
Proof The proof here follows closely that of Proposition 5.6.4. We leave to the reader the
exercise of making the appropriate adaptations. |
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Note that, in the smooth case, there is nothing gained, in some sense, by using
germs of objects rather than objects defined globally. Indeed, the first of the assertions
of Propositions 5.6.4 and 5.6.5 is exactly that the information contained in a germ is
obtained from a globally defined object. As we shall see in the next section, this is not
true in the analytic case.

5.6.3 Infinite jets and holomorphic and real analytic germs

Now we consider the ways in which jets are related to germs of holomorphic or
real analytic functions, mappings, and sections of vector bundles. We let F € {R, C}
and r € {w,hol} and adopt the convention that r = @ when F = R and r = hol when
F = C. Let M and N be manifolds of class C" and let tg: E — M be a vector bundle of
class C". Let xo € M and y, € N. Note that we have inclusions

Com € Co MF), 6 ((MN)cgr (M;N), & .9

(x0.%0 (x0.%0 x0,E°

Therefore, the maps %y, ,, and _Z,, from Propositions 5.6.4 and 5.6.5, respectively,
restrict to ¢ (M;N) and &7 .. Let us denote the restrictions by Fooye and _Fo,

) (x0.%0
respectively.

Let us characterise the properties of these restrictions.

Proposition (From germs of holomorphic or analytic maps to jets of maps) Let
Fe{R,Clandletr =wif F=Randr =holif F = C. Let M and N be manifolds of class
C' of positive dimension and let xo € M and yo € N. Then the map

j(xo,yo): [(D, W)](Xo,yo) = jOO‘I](XO)
from G o,yo)(M ;N) to J?;o,yo)(M ; N) is well-defined, injective, and not surjective.
Proof The well-definedness of /A(XO/}/O) follows from the well-definedness of _#(y, ,,)- Since
the definition of /f(x(],yo) is characterised by local information, we can assume that M = U
is a neighbourhood of 0 € F" and that N = F™. Suppose that @, W: U — F™ are analytic
maps defined on a neighbourhood U € U of 0 and that jo®(0) = j'¥(0). This means that
the derivatives of all orders for ® and W agree at 0. By Theorem 1.1.17 it follows that the
Taylor series of @ and W converge. As we showed in Theorem 1.1.17, ® and W are equal to
their Taylor series in a neighbourhood of 0. In particular, there exists a neighbourhood of 0
on which ® and W agree, and so joP(0) = jo¥(0). Thus we have the desired injectivity of
/JA(xo,yo)- It is clear that aj(xo,yo) is not surjective since the derivatives of analytic mappings
satisfy the derivative conditions prescribed by Theorem 1.1.17. |

An analogous result holds for analytic sections of vector bundles.

5.6.7 Proposition (From germs of analytic sections to jets of sections) Let F € {R, C},

andletr = w if F = Randr = hol if F = C. Let mg: E — M be a vector bundle of class C"
for which M and the fibres of E have positive dimension and let xo € M. Then the map

A

/xo : [(5/ W)]xo = joon(XO)

from ¢ o to JOE is well-defined, injective, and not surjective.
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Proof The proof here follows closely that of Proposition 5.6.6. We leave to the reader the
exercise of making the appropriate adaptations. [

The preceding results clearly point out distinctions between the correspondence
between germs and sections in the smooth and holomorphic and real analytic cases.
Other distinctions are illustrated at the end of Sections 4.2.3 and 4.3.3.

Finally we show that there can be no neighbourhood small enough that jets of
holomorphic or real analytic mappings defined on this neighbourhood recover all jets
of analytic functions.

Example (There is no fixed neighbourhood to which all jets can be extended) We
again take M = N = F and xp = 0. Let € € R, and define f.: M — N by f.(x) = %
Note that f. € C'(F) but the Taylor series for f. converges only on D!(0, €). This implies
that, for any neighbourhood U of 0, there exists an element of J;'(IF; ) defining a power

series that does not converge on U. o
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