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Chapter 6

Stein and real analytic manifolds

In Corollary 4.2.11 we saw that there will generally be significant restrictions on
the character of holomorphic functions on holomorphic manifolds. In Chapter 3 we
saw that there are domains in C" (these are holomorphic manifolds, of course) for
which it is possible to find holomorphic functions satisfying finitely many algebraic
conditions. This raises the question of how one can distinguish between manifolds
with few holomorphic functions and those with many holomorphic functions. It is
this question we study in this chapter, adapting the methods of Chapter 3. The theory
we present in this chapter originated in the work of Stein [1951], building on work
of many, including [Behnke and Thullen 1934, Cartan 1931, Cartan and Thullen 1932,
Oka 1939], Indeed, it is difficult to ascribe the development of the theory of so-called
“Stein manifolds” to one person. All of this aside, a detailed presentation of the theory
is given by Grauert and Remmert [2004].

As with the material in the strongly related Chapter 3, the treatment in this chapter
is mostly holomorphic. In Section 6.4 we apply holomorphic techniques to prove
some important results concerning real analytic manifolds. In Section 6.5 we consider
embedding theorems in the cases of interest to us.

6.1 Various forms of convexity for holomorphic manifolds

In Chapter 3 we introduced various three principle forms of convexity, holomorphic
convexity, (weak and strong) pseudoconvexity, and Levi pseudoconvexity. These
notions can be extended to subsets of holomorphic manifolds, although just what
happens in these cases does not always mirror what happens in the case of subsets of
C". Moreover, the considerations on manifolds are interesting when one considers the
subset consisting of the entire manifold, and this is unlike the situation in C". In this
section we explore these concepts.

6.1.1 Holomorphic convexity on manifolds

The development of the notion of holomorphic convexity on manifolds proceeds
in a manner essentially identical with that of holomorphic convexity in C". Indeed,
much of the development is a mere repetition of the material from Section 3.1.2, just
reproduced for convenience to encapsulate the required minor changes of notation.
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The starting point is the following definition. We refer the reader to (4.9) for the
notation ||||x used in the definition.

6.1.1 Definition (Holomorphically convex hull) If M is a holomorphic manifold and if
K € M, the holomorphically convex hull of K is the set

hconv(K) = {z € M| |f(2)] < l|flk for all f € C"'(M)}.

A set K is called C"!(M)-convex if hconvy(K) = K. °
Let us give some elementary properties of the holomorphically convex hull.

6.1.2 Proposition (Properties of the holomorphically convex hull) Let M be a holomorphic
manifold and let K, L C M. Then the following statements hold:

(i) K € hconvy(K),

(i) if K € L then hconvyu(K) € hconvy(L);
(iii) hconvy(hconvy(K)) = hconvy(K);
(iv) hconvu(K) is a closed subset of M.

Proof (i) This is obvious.
(i) This too is obvious.
(iii) By parts (i) and (ii) we have

hconvy(K) € hconvy(hconvy(K)).

To prove the opposite inclusion, let z ¢ hconvy(K). Then there exists f € CM'Y(M) such

that |f(z)| > ||fllk. This implies, however, that |f(z)| > |f(w)| for every w € hconvi(K) (by

definition of hconvy(K)) and so |f(2)| > || fllhconvy(k), Showing that z ¢ hconv(hconv(K)).
(iv) For f € Chol(M) note that

Cr={zeM| If@I < Ifllk}
is a closed subset of M. Moreover, one can see easily that
hconvy(K) = ﬂfechol(M)Cf,
giving closedness of hconvy(K) in M. |

From the previous result, the holomorphically convex hull is always closed. The
situation where it is always compact is of interest to us.

6.1.3 Definition (Holomorphically convex manifold) A holomorphic manifold M is holo-
morphically convex if hconvy(K) is compact for every compact K € M. .

There are two principal examples of holomorphically convex manifolds.
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6.1.4 Examples (Holomorphically convex manifolds)

1.

If QO € C"is a domain of holomorphy, it is also a holomorphic manifold, being
an open subset of the holomorphic manifold C". Moreover, it is holomorphically
convex by Theorem 3.5.1.

If M is a compact holomorphic manifold and if K € M is compact, then hconvy(K)
is closed by Proposition 6.1.2(iv) and so compact ([Runde 2005, Proposition 3.3.6]).
Thus compact holomorphic manifolds are holomorphically convex. J

Let us give some properties of holomorphically convex sets.

6.1.5 Proposition (Basic properties of holomorphically convex manifolds) For holomor-
phic manifolds M and N the following statements hold:

(i) if M and N are holomorphically convex, then so too is M x N;
(ii) if N is holomorphically convex and if ® € C"'(M; N) is proper, then M is holomorphically

convex;

(iii) if M is holomorphically convex and second countable, there exists a sequence (K)icz., of

compact subsets of M with the following properties:
(@) hconvy(Kj) = Kj;
(b) K; € int(Kjs1) forj € Zsy;
(c) M = Uiz K.
Proof (i) Let K € M x N be compact and let L £ M and M € N be compact subsets for

which K C L x M. Note that if f € C'°(M) then, f(z,w) = f(z) defines f € C"'(M x N). If
(z, w) € hconvyxn(L X M) then

Ifz )l = 1f@)] < Ifll.
Thus z € hconvy (L) and so
hconvxn(L X M) € hconvy(L) X N.
Similarly,
hconvxn(L X M) € M X hconvy(M)

and so
hconvyxn(L X M) € hconviy(L) X hconvy(M).

By hypothesis, the set on the right is compact. Since
hconvpxn(K) € hconvpxn (L X M),

we have that hconvyxn(K) is a closed subset of a compact set, and so is compact.

(i) Let K € M be compact so that ®(K) € N is also compact [Runde 2005, Proposi-
tion 3.3.6]. We claim that hconv(K) € @~ !(hconvy(®(K))). Indeed, let z € hconvy(K))
so that |f(2) < ||fllx for every f € CM(M). Note that &g € CM!(M) for every
g€ Crl(N) by Proposition 1.2.2. Therefore, for every g € Chol(N), g o D(2)| < g ° Dllok),
which means that ®(z) € hconvy(P(K)), as claimed. Now we have that hconvy(K) is
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a closed (by Proposition 6.1.2(iv)) subset of the compact (because ® is proper) subset
@1 (hconvy(D(K))). Thus hconvy(K) is compact [Runde 2005, Proposition 3.3.6].

(iii) Let (Lj)jez., be a sequence of compact subsets of M such that L; C int(Lj;1) and
M = Ujez,,L;j (using [Aliprantis and Border 2006, Lemma 2.76]). We let K1 = hconvi(Ly).
Now suppose that we have defined Kj, . . ., K, with the desired properties. Choose N, > m
sufficiently large that K;;, C Ly,, and take K41 = hconvy(Ly,,). One readily verifies, using
Proposition 3.1.6, that the sequence (K;)cz., has the asserted properties. |

In Section 3.1.2, at this point we presented some ideas concerning interpolation
and singular functions in holomorphically convex domains in C", Theorems 3.1.12
and 3.1.13, respectively. Note that these results do not translate to holomorphically
convex manifolds. For example, compact holomorphic manifolds are holomorphically
convex, but certainly there will be no general solution to the interpolation problem
for holomorphic functions. Also, the notion of a singular function on a holomorphic
manifold is problematic as we are working with boundaryless manifolds. Thus these
teatures of holomorphic convexity do not figure into our discussion here.

We can, however, give some properties of holomorphic convexity as it relates to
holomorphic differential geometry.

Proposition (Holomorphic convexity of submanifolds) If M and N are holomorphic
manifolds, then the following statements hold:
(i) if M is holomorphically convex and if S € M is a closed holomorphic submanifold, then
S is holomorphically convex;

(i) if Si,...,Sx € M are holomorphically convex holomorphic submanifolds for which
S = ﬂjk:lSj is a holomorphic submanifold, then S is holomorphically convex;

(iii) if ®: M — N is holomorphic, if S € M and T C N are holomorphically convex
submanifolds, and if S N ®~Y(T) is a holomorphic submanifold of M, then SN ®~1(T) is
holomorphically convex.

Proof (i) By Proposition 6.1.5(ii) it suffices to show that the inclusion map of S in M is
proper. For this, it suffices to show that if K C M is compact then KN S is compact in S. If
KNS = 0 this is clear. Otherwise, let (z);ez., be a sequence in KN S. Since K is compact,
there is a convergent subsequence converging to z € K by the Bolzano-Weierstrass Theo-
rem [Abraham, Marsden, and Ratiu 1988, Theorem 1.5.4]. Since S is closed, z € S and so
KNS is compact, again by the Bolzano-Weierstrass Theorem.

(i) Let M¥ be the k-fold Cartesian product of M with itself and let i: M — M be the
inclusion (z) = (z,...,z). We first claim that

k
w(S) = ([ [ 81) N uM.

j=1

Indeed, if z € Sthenz € Sj, j € {1,...,k}. Thus (z) € H;;l Sj, giving the inclusion “C.”
Conversely, if ((z) € Hlle Sjthenz € §j,j € {l,...,k}, giving the inclusion “2.” Let us give
the set T £ Hl;’:l S; the holomorphic structure inherited from Mk, noting that this makes
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sense even if the submanifolds Sy, ...,S; are not closed (immersed submanifolds have
natural differential or holomorphic structures). We claim that (,(S) is a closed submanifold
of T. First of all, it is a submanifold since ¢ is an injective immersion and since S is a
submanifold by hypothesis. To check that it is closed, let (z ]-) j€Zso be a sequence in S such
that the sequence (1x(z))) jez., converges to (w1, ..., wy) € T. First of all, since (M) is closed
in M and since i(zj) € k(M) for every j € Z-o, we must have wy = --- = wy = w. Thus
the sequence (1x(z)))jez., converges to ((w) € TN (M) = ((S). Thus w € S and (S) is
a closed submanifold of T, as claimed. By part (i) and Proposition 6.1.5(i) it follows that
1k(S) is holomorphically convex.
Now let K C S be compact. We claim that

heonvg(K) C ¢! (hconvr(1(K))). (6.1)

Indeed, let z € hconvg(K). Thus |f(z)| < ||fllx for every f € Chol(S). Thus | fou(z)l <
IIf ol () for every f e CM(S). Since glu(S) € C™!(T) for every g € C(T), this implies
that |gou(z)| < lIgll,(s) for every ¢ € CMUT). Therefore, 4(z) € hconvr(,(K)) and so
z e L;l(hCOHVT(Lk(K))), as claimed.

Since T is holomorphically convex by hypothesis, hconvt(i,(K)) is compact in T. Thus
hconvr(1x(K)) N (M) is compact in T, being the intersection of a compact set with a closed

set. Since
(! (heonvr((K))) = 1" (heonvr((K)) N (M)

we have that L;l(hCOHVT(lk(K))) is compact, being the preimage of a compact set under a
map that is a homeomorphism onto its image. Thus, by (6.1), hconvg(K) is compact, being
a closed subset of a compact set.

(i) Let K € S N @~ 1(T) be compact. We first claim that

hconvgng-1(1)(K) € heconvg(K) N O~ (hconvt(D(K))). (6.2)

Indeed, let z € hconvgng-1(1y(K) so that |f(2)] < ||fllk for every f € Chol(S N @~Y(T)). Since
gIS N @ (T) € CMUS N d(T)) for every g € CM(S), it follows that [g(z)| < |igllk for
every g € Ch°l(S) and so z € hconvg(K). Also note that ®*h|S N &~1(T) € CYS N O~(T))
for every h € CrlT). Thus [Dh(z)| < ||[@*H|x for every h € CMl(T). Said otherwise,
®(z) € hconvy(P(K)) and so z € ®~L(hconv(P(K))). Thus (6.2) holds. All one needs to
note now is that the right-hand side of (6.2) is compact, being the intersection of a compact
set with a closed set, and so hconvgg-1(1)(K) is compact, being a closed subset of a compact
set. |

We close this section with a discussion of a class of holomorphically convex sets.

6.1.7 Definition (Holomorphic polyhedron) A subset P € M of a holomorphic manifold is
a holomorphic polyhedron of order m if there exist fi, ..., f,, € C™(M) such that P is a
union of some number of connected components of the set

izeM| Ifi(@) <1, je(l,...,m}}. e

We then have the following result, generalising Example 3.1.8-2.
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6.1.8 Proposition (Holomorphic polyhedron are sometimes holomorphically convex)
If M is a holomorphically convex holomorphic manifold and if P € M is a holomorphic
polyhedron, then P is holomorphically convex.

Proof Let fi,..., fi € C'(M) be such that P is a union of connected components of
U={zeM]| |fie)l <1, jefl,... kl}

Let K C Pbe compactand letr € [0, 1) be such that |fj(z)| < rforeach j € {1,...,k}and z € K.
Thus |fj(z)| < r for each j € {1,...,k} and z € hconvp(K) since [P € C™(P), j € {1,... k.
Therefore,

hconvp(K) C {z€ M| |fj(z)| < r}.

Thus hconvp(K) is a closed subset of the compact (because M is holomorphically convex)
set hconv(K), and so is compact [Runde 2005, Proposition 3.3.6]. |

6.1.2 Plurisubharmonic functions on manifolds

The matter of defining plurisubharmonic functions on manifolds can take various
flavours. We shall try to flesh this out by starting with a slightly ungainly definition,
and showing that this definition is equivalent, in an appropriate sense, to a nicer
characterisation.

6.1.9 Definition (Plurisubharmonic function) A function #: M — [—o0, 00) on a holomor-
phic manifold M is plurisubharmonic if, for each z € M, there exists a C-coordinate
chart (U, ¢) about z such that u o ¢ is plurisubharmonic in the sense of Definition 3.2.5.
By Psh(M) we denote the set of plurisubharmonic functions on M. J

A consequence of Proposition 3.2.19 is that this definition is well-defined in the
sense that it will not be the case that a function can be verified to be plurisubharmonic
with respect to one choice of charts, but not with respect to another choice of charts.

Let us record the basic properties of plurisubharmonic functions inherited from
their definition. All of these properties follow from their corresponding assertions for
open subsets of C", along with the fact that the property of plurisubharmonicity is a
local one.

6.1.10 Proposition (Properties of plurisubharmonic functions on manifolds) If M is a
holomorphic manifold, the following statements hold:

(i) if (W)jez., is a sequence in Psh(M) such that u;,1(z) < vj(z) for eachj € Zso and z € M,
then the function u on M defined by u(z) = lim_,, u;(z) is plurisubharmonic;

(if) if (Ua)aea is a family of functions in Psh(M) then the function u on M defined by
u(z) = sup{u.(z) | a € A}

is plurisubharmonic if it is upper semicontinuous and everywhere finite;

(iii) if M is connected and if u is plurisubharmonic and has a global maximum in M, then u
is constant;
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(iv) if uy,...,ux: M = [—00, 00) are plurisubharmonic and if F: Rk — R is continuous,
convex, and nondecreasing in each component, and if we extend F to F: ([—o0, 00))k —
[—00, o) as in Theorem 3.2.2(Vii), then the function

z = F(ui(2),...,u(2)
is plurisubharmonic.

We can immediately see one of the ways in which the analysis of plurisubharmonic
functions differs on holomorphic manifolds as compared with open subsets of C".

6.1.11 Proposition (Plurisubharmonic functions on compact manifolds are locally con-
stant) If M is a compact holomorphic manifold and if u € Psh(M), then u is locally constant.

Proof Since M is compact, there exists zp € M such that u(z) < u(zg) for every
z € M [Aliprantis and Border 2006, Theorem 2.43]. Let

C={zeM]| u(z) = u(z)},

noting that € is closed since € = u~!([u(zg), ®)) and since u is upper semicontinuous. By
Proposition 6.1.10(iii) it follows that for any z € € there is a neighbourhood U of z on
which u takes the constant value u(zp). Thus € is open, and so u is constant on each of its
connected components. |

Note that this is property of being locally constant on compact manifolds is a
property shared between holomorphic and plurisubharmonic functions.

For functions with some regularity, one can use the Levi form to give a differential
characterisation of plurisubharmonic functions. Thus we need to define the Levi
form. It is possible to do so by making the definition in coordinates and noting by
Lemma 3.2.11 that this definition makes sense. However, it is interesting to make the
definition intrinsically. To do so, we first make the following observation.

6.1.12 Lemma (Reality of complex Hessian) If ¢ € C*(M) is a R-valued function on a holomor-
phic manifold M, then id - d¢ is a real form of bidegree (1, 1).
Proof We compute

900 = dod = Jodd = -3¢,
using Proposition 4.6.7, and this shows that 1809qb is real. The definitions of d and J
ensure that it is also of bidegree (1, 1). [ |

By Proposition 4.1.22 the following definition makes sense.

6.1.13 Definition (Levi form) If M is a holomorphic manifold and if u € C?(M), the Levi form

associated to u is the Hermitian form Lev(u) associated to the real bidegree (1,1) form
la ° éu °
2 :

In a C-chart (U, ¢) with coordinates (z', ..., z") we have

n 2
l,aoéum = l ou
2i

—_dz/ A dZF
2i i Jzi0ZK z z
jk=1
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Referring to Proposition 4.1.23 we thus have

d*u

0z1dzk

Lev(u)U = dz/ ® dz", (6.3)
showing that the Levi form agrees with our definition in C" from Definition 3.2.7. As
with open subsets of C", we shall be using plurisubharmonic functions to characterise
certain types of manifolds (as we shall see in the next section). It will be useful, there-
fore, to know that we can impose smoothness assumptions on our plurisubharmonic
functions without losing any information. For open subsets of C", this is the point
of Lemma 3.3.7. For manifolds, the issues are a little more subtle as Lemma 3.3.7 is
no longer true in general. For example, since plurisubharmonic functions on compact
manifolds are locally constant, one cannot expect on such manifolds to be able to
approximate such functions with functions for which the Levi form is strictly positive.

In order to state the appropriate approximation result, we shall need to have at hand
a notion of strict plurisubharmonicity. For functions of class C?, this is not problematic
since we can use the natural adaptation of Definition 3.2.16. For plurisubharmonic
functions that are merely continuous, the condition that they be strictly plurisubhar-
monic needs more care, however.

Definition (Strictly plurisubharmonic function) Let M be a holomorphic manifold,
let 11 be a continuous Hermitian metric on M, and let € € C°(M; Rso).

(i) A continuous function u € C°(M) is (h, e)-plurisubharmonic if, for each z, € M,
there exists a neighbourhood U and a function ¢ € C?(U) such that

(@) u — ¢ is plurisubharmonic on U and
(b) the eigenvalues of the linear map h? oLev(¢h)’(zo) exceed e(zp).

(i) A continuous function u € C’(M) is strictly plurisubharmonic if it is (h,0)-
plurisubharmonic.

(iii) The set of strictly plurisubharmonic functions is denoted by SPsh(M). o

One readily checks that this definition of strictly plurisubharmonic agrees with that
that Lev(u)(Z.) > 0 for all nonzero Z, € T'’M in the case that u is of class C*. Indeed,
one need only take ¢ = u in the definition in this case. In particular, the definition of
the notion of strictly plurisubharmonic is not dependent on the choice of Hermitian
metric h. The notion of (h, €)-plurisubharmonic, however, does depend on & when € is
nonzero.

With this notion of a strictly plurisubharmonic function, we can prove that continu-
ous strictly plurisubharmonic functions are approximated by smooth strictly plurisub-
harmonic functions. We state the result here, and also state it with proof as Theo-
rem GA2.7.1.5. The result is originally proved by Richberg [1968], but our proof in
Section GA2.7.1.3 follows the strategy of Greene and Wu [1979].
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Theorem (Approximation of continuous strictly plurisubharmonic functions) Let
M be a paracompact holomorphic manifold, let u € SPsh(M) N C°(M), and let € € C°(M; R.y).
Then there exists Gi: M — R with the following properties:

(i) G € SPsh(M) N C*(M);

(i) u(x) < a(x) <u(x) + e(x) for x € M.
Moreover, if h is a continuous Hermitian metric on M and if u additionally has the property
that Lev(u) —h > 0, then G can be chosen so that

(i) Lev(a) — (1 — €)h > 0.

Let us close this section by defining the plurisubharmonic convex hull. We shall
explore its relationship with the holomorphically convex hull in Proposition 6.3.10.

Definition (Plurisubharmonic convex hull) If M is a holomorphic manifold and if
K ¢ M, the plurisubharmonic convex hull of K is the set

pconvy,(K) = {ze M| u(z) < Sllipu for all u € Psh(M) N C°(M)}.

A set K is called Psh(M)-convex if pconv,,(K) = K. °

6.1.3 Pseudoconvexity on manifolds

Having at hand the notion of plurisubharmonic functions on manifolds, the various
notions of pseudoconvexity carry over directly from the versions in C". We begin by
giving the natural adaptation of the notion of an exhaustion function.

Definition (Exhaustion function) A function u: M — [-oo, 00) is an exhaustion func-
tion if the sublevel set u™!((—o0, a)) is a relatively compact subset of M for every o € R. @

With this, we have the following notions of pseudoconvexity.

Definition (Weak and strong pseudoconvexity) A holomorphic manifold M is
weakly pseudoconvex (resp. strongly pseudoconvex) if there exists a smooth plurisub-
harmonic (resp. strictly plurisubharmonic) exhaustion function on M. °

As with holomorphic convexity, there are two basic classes of pseudoconvex man-
ifolds.

Examples (Pseudoconvex manifolds)
1. If Q ¢ C"isadomain of holomorphy, it is strongly pseudoconvex by Theorem 3.3.8.

2. If M is a compact holomorphic manifold then it is weakly pseudoconvex. Indeed,
by Proposition 6.1.11, plurisubharmonic functions on M are locally constant and
the Levi form of all such functions is zero. Note that this also shows that M is not
strongly pseudoconvex. o

Let us consider some elementary properties of pseudoconvex manifolds.
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6.1.20 Proposition (Basic properties of pseudoconvex manifolds) For holomorphic mani-
folds M and N the following statements hold:

(i) if M and N are weakly (resp. strongly) pseudoconvex, then so too is M X N;

(i) if M is weakly pseudoconvex and if there exists a smooth, strictly plurisubharmonic,
nonnegative-valued function on M, then M is strongly pseudoconvex.

Proof (i) Let u € Psh(QQ) N C*(M) and v € Psh(A) N C*(N) be exhaustion functions. Let
ii: MxN — Rand 9: Mx N — R be defined by

f(z,w) = u(z), 9(z,w)=ov(w).

We claim that both 7 and 9 are plurisubharmonic. To see this for 7, let pr;: MX N — M
be the projection onto the first factor, which is a holomorphic map. By Proposition 3.2.19
and the fact that plurisubharmonicity is a local property, it follows that @ = uo pr, is
plurisubharmonic. Similarly, 9 is plurisubharmonic. Now define

o(z, w) = max{u(z), v(w)} = max{ii(z, w), 6(z, w)}.

The function o is continuous (obvious) and plurisubharmonic (by Proposition 6.1.10(ii)).
Since
07N (=00, a)) C u™H (=00, ) X v (=0, ),

it follows that o is also an exhaustion function. Note that if u and v are strictly plurisub-
harmonic, then so too is o.

(ii) Let u € Psh(M) N C*(M) be an exhaustion function and let v be a smooth strictly
plurisubharmonic Rxo-valued function. We claim that u + v is a strictly plurisubharmonic
exhaustion function. Clearly u + v is strictly plurisubharmonic since Lev(u +v) = Lev(u) +
Lev(v). To see that u + v is an exhaustion function, let @ € R and note that

U+0) " (—0,a) ={ze M| u@)+v(i) <a)C{ze M| u®z) < al,
giving relative compactness of (1 +v) ! ((—oo, a)) since u™1((—o0, @)) is relatively compact. B

Let us now give some results indicating how pseudoconvexity interacts with sub-
manifolds.

6.1.21 Proposition (Pseudoconvexity of submanifolds) If M and N are holomorphic mani-
folds, then the following statements hold:

(i) if M is weakly (resp. strongly) pseudoconvex and if S € M is a closed holomorphic
submanifold, then S is weakly (resp. strongly) pseudoconvex;

(i) if Si,..., Sk € M are weakly (resp. strongly) pseudoconvex holomorphic submanifolds
for which S = ﬂj};lSj is a holomorphic submanifold, then S is weakly (resp. strongly)
pseudoconvex;

(iii) if ®: M — N is holomorphic, if S € M and T C N are weakly (resp. strongly)
pseudoconvex submanifolds, and if S N ®~Y(T) is a holomorphic submanifold of M, then
S N O (T) is weakly (resp. strongly) pseudoconvex;
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(iv) if M is weakly (resp. strongly) pseudoconvex and if u € Psh(M) N C*(M), then
u!([—oo, )) is weakly (resp. strongly) pseudoconvex for every a € R.

Proof (i) Let u be a smooth, plurisubharmonic exhaustion function. Then u|S is smooth
since S is closed. By Lemma 3.2.11 it follows that u|S is plurisubharmonic (and is strictly
plurisubharmonic if u is). To show that u|S is an exhaustion function, let & € R and note
that

WIS) H (=0, ) ={z€ S| u@z) <a}C{zeM| u@z) < aj

so that (u|S)!((—o0, a)) is relatively compact in M. Since Sis closed, cl((u|S)"}((-o0,a)) € S
giving relative compactness of (1|S)~!((—o0,a)) in S.
(i) Here we make use of a lemma.

1 Lemma Let 6 € C™(R) be such that supp(6) C [-1, 1] and such that

fﬂ%@(x) dx =1, Lx@(x) dx = 0.

Force RI;O define M¢: R* — R by

Mc(x) = f max{x; +y1,..., Xk + ik} H 9 y] d/\(y)
=1
Then the following statements hold:
(i) M is smooth, convex, and nondecreasing in all variables;
(i) max{xy,..., Xk} < Mc(x) < max{x; +¢1,...,Xx + ¢k} forall x € Rk;

(iii) if x; + ¢ < max{x; —cy,..., & — &, xx — ¢} for somej € {1,...,k}, then Mc(x) = Me].(ﬁj),
where X = (x1,...,%j,...,xx) and & = (cy,...,§j, ..., ck), and where * means the term is
omitted from the list;

(iv) Mc(x+(a,...,a)) = Mc(x) +aforalla € R;

(v) if uy, ..., ux € Psh(M) N C3(M) satisfy Lev(w)(Z,) — h(Z,,Z,) > 0 for every Z, € T'OM,
then the function
z - Mc(u1(2), ..., uK(z)) = u(2)

is plurisubharmonic and has the property that Lev(u)(Z,) — h(Z,,Z;) > 0 for every Z, €
TVOM.

Proof (i) We have

k
M@ = [ maxtys,-oo,md [ [ o(2) daw,

using a change of variable, and the smoothness of M, follows by standard theorems on
dependence of integrals on parameters. Convexity and the nondecreasing property of M,
follow from the same properties for the function

x — max{xy,..., X}
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(if) Note that the support of the function y — 6(%) is contained in [—cj, ¢;]. Thus

k
Mc(x):f max{x1 + y1,...,xc + v} | | 6(L)dA(y)
D¥(c,0) L kT Yk B (C]) y

Fory e Bk(c, 0) we have
max({xy, ..., x¢} <max{x; + y1,..., X + Y} <maxixy +c1, ..., X + ol

This, along with the fact that

k
Y -
o L1 8100 =1

gives this part of the result.
(iii) If
xj+c¢j <max{x; —cy,..., & — &, xx — cx}
then, for y € Bk(c, 0),
Xj+yiSxj+cj<x—c<x+y, lefl,...,j... k},
and so
max{x1 + Yi,-- -, Xk + ]/k} = max{x1 + ]/1,...,52]' +y]-,...,xk + ]/k}

This means that the integrand in the definition of M, is independent of y; except through

the dependence of 6(y;), and the result follows since fR O(x)dx = 1.
(iv) This follows since

max{xy +4a,...,x +a} = max{xy,..., X} +a

forallx e Rfand a € R.

(v) Plurisubharmonicity of u follows from Proposition 6.1.10(iv) and part (i). Also let
zp € M and let (U, ¢) be a C-chart for M about zj such that ¢(zg) = 0. Let h: U — C™" be the
matrix of components of the Hermitian metric & in these coordinates (which we think of
as itself defining a Hermitian inner product h(z) on C" for each z € U) and, for j € {1, ...k}
and € € R, define a function ;. on U by

0je(2) = uj(2) = h(2)((2), $(2)) + el
Then, using the first part of the proof of this part of the lemma, we have that
z > Me(u1,6(2), - -, ie(2))
is plurisubharmonic. By part (iv) we have

Me(tt1,6(2), -, re(2)) = Me(t1(2), - ., ur(2)) = h(2)(§(2), $(2)) + ellp@)IP.
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Since the function on the left is plurisubharmonic, we can apply Proposition 6.1.10(i) in
the limit as € — 0 to deduce that the function

2 Me(u1(2), .., ur(2)) = h(2)(P(2), $(2))

is plurisubharmonic. It follows from Proposition 3.2.12 and (6.3) that its Levi form is
nonnegative evaluated on any vector field Z € I'°(T?U). But this Levi form is precisely
Lev(u)(Z) — h(Z, Z), which gives the result. \

Now let u; be a smooth plurisubharmonic exhaustion function on §;, j € {1,...,k} so
that, as in the previous part of the proof, u|S is also a smooth plurisubharmonic exhaustion
function (and is strictly plurisubharmonic if u; is) for each j € {1,...,k}. Then, using the
construction of the lemma above, the function

u:ze Mq,. 1)(1(2),. .., ux(z))

is smooth and plurisubharmonic on S. Moreover, if each of the functions uy, ..., uy is
strictly plurisubharmonic, then so too is u. These fact follow from part (v) of the lemma
above. It remains to show that u is an exhaustion function. Let a € R and, using part (ii)
from the previously cited lemma, compute

.....

C{z eS| max{ui(z),...,ui(2)} < a}

c “§=1 (zeS| uj(z) <al.

Since the sets ujfl((—oo, @), j € {1,...,k}, are relatively compact and since S is a closed

submanifold, it follows that u~((—c0, @)) is also relatively compact, as desired.

(iii) Let u and v be smooth plurisubharmonic exhaustion functions on S and T, re-
spectively. We claim that u + ®*v is a smooth plurisubharmonic exhaustion function on
S N @~ Y(T). Under the existing hypothesis that S N ®~!(T) is a holomorphic submanifold,
it follows that u + ®*v is smooth on S N ®~Y(T) (this is standard) and plurisubharmonic
(by Lemma 3.2.11 and locality of plurisubharmonicity). Moreover, it u and v are strictly
plurisubharmonic, then so too is u + ®*v (again by Lemma 3.2.11).

It remains to show that +®*v is an exhaustion function. Leta € R. Let K; € SN®~(T)
be a compact set such that u(z) > « for all z € (S N ®~Y(T)) \ Ky, this being possible by
Lemma 3.3.2 and the fact that u is an exhaustion function. Let K, € S N ®~(T) be such
that vo®(z) > a for all z € (S N ®}(T)) \ Ky. This is possible because ® maps compact
sets onto compact sets and is surjective onto T, and since v is an exhaustion function. Let
K = K; UK. Then u(z) + ®v(z) > a for all z € (SN ®X(T)) \ K. Another application
of Lemma 3.3.2 allows us to conclude that since u + ®*v is an exhaustion function on
SNo~(T).

(iv) Let v be a plurisubharmonic (resp. strictly plurisubharmonic) exhaustion function.
Without loss of generality, suppose that « is such that u~!((—o0,a)) # 0. In this case we
claim that the function

o(z) = v(z) + P
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is a smooth plurisubharmonic (resp. strictly plurisubharmonic) exhaustion function on
u71((=o0,a)). The smoothness of ¢ is clear. If (U, ) is a C-chart for M with coordinates

(z%,...,z"), then we compute
P(ep™h) B P@edp™)
o A= oo @
2 Auop™l)  Auogp™) 1 Puodp™)
Yauee@p a0 Dok O GTueei@r adex O

from which we deduce that Lev(0)(Z,) > 0 for nonzero Z, € T"’M. Thus o is strictly
plurisubharmonic.

It remains to show that o is an exhaustion function. Let § € R. Let K’ C M be such
that v(z) > g for all z € M\ K, this being possible by Lemma 3.3.2 and the fact that v is

an exhaustion function. Let C C u~!((—o0,a)) be such that a_#u(z) > B forallz € C. Let
K = K’ N C so that K is compact and o(z) > g forall z € (u™1((~00, @))) \ K since a+4(z) >0
for all z € u~!((—o0, a)). By Lemma 3.3.2 we conclude that ¢ is an exhaustion function. W

6.1.4 Connections between holomorphic convexity and pseudoconvexity

We close this section by considering connections between the two forms of convex-
ity we have introduced.

6.1.22 Theorem (Holomorphically convex manifolds are weakly pseudoconvex) If M is
a holomorphically convex holomorphic manifold, then it is weakly pseudoconvex.

Proof By Proposition 6.1.5(iii) let (K;);ez., be a sequence of compact subsets of M such
that

1. hconvy(K;) = K;,
2. K; C int(Kj41) for j € Zso, and
3. M= Uj€Z>0Kj-

Denote L; = Kj;» \ int(Kj11), j € Zso. For w € L; let f,,; € C™(M) be such that |f,, j(w)] >
Il fuw, il K/ this being possible since w ¢ K; and since hconv(K;) = K;. By rescaling we can
suppose that || fyll K <1 and |fy j(w)] > 1. Let Uy,,; be a neighbourhood of w such that

|fw,j(z)| > 1 for all z € Uy, ;. Since L; is compact, let wy, ... s Wk be such that L; C uf;’luwl,]-.
Then, for all z € L; we have

max{|fy, /(@I | T€{1,... ki}} >1
and forallz € K j we have

i@ <1, Tell,... k.

Now choose m; € Z¢ sufficiently large that

ki
Y Mo, @R >, zel
=1
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and
ki .
Zlfwl,j(z)|2mj < -, z € K.
=1 2

Now let

-

el ]

u@ =) Y fu @M, zeM.

=1 1=1

Clearly this series converges uniformly on compact subsets of M and so converges to
a continuous function. We moreover claim that this function is real analytic and is a
plurisubharmonic exhaustion function.

To see that u is real analytic, we use the following lemma.

Lemma If (fj)iez., is a sequence of holomorphic functions on a holomorphic manifold M for which
the series ijllfjl2 converges uniformly on compact sets, then the limit function is real analytic and
plurisubharmonic.

Proof Let (U, ) be a C-chart for M for which ¢(U) is a ball in C" with centre 0. Denote
B = ¢(U). Define F;: B X B — Cby

Fi(z,w) = fio¢7'(2)fjo¢ (w)

We compute

JF; INfjop™) ——

@ w) = = (f o6 ) = 0
and -

8F

—L(z,w) = fiep ™ (z)——— (f] qb (w)=0

ow!
for every j € {1,...,n} and (z,w) € B X B. Thus F]- is holomorphic on B x B. We claim
that Z}”zl F; converges uniformly on compact subsets of B x B. Indeed, let K C B X B be

compact and let € € R.g. Let K’ € M be a compact set sufficiently large that ¢p~!(K) € K’
and let N € Z. be sufficiently large that

!
Y Ifi@P <e

j=k+1

for z € K’, this being possible since uniformly convergent sequences of continuous func-
tions on compact sets are Cauchy in the co-norm. Then, using the Cauchy-Schwarz
inequality,

! !
Y Fizw)|< Y 1fioo  @Iifog @)

j=k+1 j=k+1

!
(Yoo @R Zlf] Twp) " <e

j=k+1 j=k+1
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for k,I > N with | > k. By completeness of the space of continuous functions on a compact
set in the co-norm ([Hewitt and Stromberg 1975, Theorem 7.9]), we conclude that we have
the desired uniform convergence on compact sets. Therefore, by , F £ Z}“’zl Fjconvergesto unat
a holomorphic function on B X B. Therefore, the restriction of F to the closed submanifold

D={(z,w) e BXB| z=w}

is real analytic. But we have
Y Ified7 @ = F(z,2),
j=1

showing that the local representative of Z;’il | fjl2 is real analytic, as desired.

To verify that f £ Z;iﬂ f;I* is plurisubharmonic we directly compute

> I If; If:
Lev(Au=Y" Y a—ga—;dzr ® dz*

j=1 r;s=1

for any C-chart (U, ¢). From this we see that

[ee]

Lev(f)(Z:) = ) |Z:fiP 2 0,

=1
giving plurisubharmonicity. v

Finally, we show that u constructed before the lemma is an exhaustion function. Let
a € R and let N € Z( be the least integer such that N > a. Then, for every j > N,
u(z) > j > a for every z € L;. Therefore,

u™((=e0,)) € Njsn(M\ Lj) = M\ UjsnL; € Knqo.
Thus u~!((—o0, a)) is relatively compact, as desired. |

Note that the theorem does not say that a holomorphically convex manifold is
strongly pseudoconvex; indeed this is false since compact holomorphic manifolds are
holomorphically convex (by Example 6.1.4-2), but not strongly pseudoconvex (by
Proposition 6.1.11). We shall see that the property of a holomorphic manifold being
strongly pseudoconvex is equivalent to its being a Stein manifold (Section 6.3.2).

Moreover, the converse of Theorem 6.1.22 does not hold.

6.1.23 Example (A weakly pseudoconvex manifold that is not holomorphically convex)
Define f,, f, € C"/(C%; C?) by

f1(z1,22) = (z1 + 11, €%2y), f2(z1,22) = (z1 +1, el%z,)

for some 04, 0, € R. Note that each of these maps is a diffeomorphism of the holomor-
phic manifold C?. Let I be the group of holomorphic diffeomorphisms generated by f,
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and f,, and let M = C?/T be the orbit space and let : C> — M be the canonical projec-
tion. For (z1,2,) € C?, m ™ (nt(z1,22)) is a countable union of discrete points possessing
disjoint neighbourhoods that are mapped diffeomorphically to one another by ele-
ments of I'. Thus each of these neighbourhoods is mapped by 7 onto a neighbourhood
of 1(z1, z2), and in this way M acquires a holomorphic atlas.

We claim that M is weakly pseudoconvex. Indeed, note that the function: C*> - R
defined by 7(z1,2,) = |zo* is plurisubharmonic and I'-invariant. Thus there exists a
unique function #: M — R such that 7 = 7'u. By Lemma 3.2.11 we have

Lev(i1)(Z:) = Lev(u)(Tzn(Zz)).

Since T, is surjective, we conclude that u is also plurisubharmonic. We can also show
that u is an exhaustion function. Indeed, let @ € R and note that

U™ (=00, a)) = {n1(z1,22) € M| uot(21,22) € (—00, )}

= (" (=00, @))).

Continuity of 7 and relative compactness of i17!((—c0, @) ensure that u~!((-o0, )) is
also relatively compact. Thus we conclude that M is indeed weakly pseudoconvex.
Let us now consider whether M is holomorphically convex. Let us first consider
the character of holomorphic functions on M. Such holomorphic functions are in one-
to-one correspondence with T-invariant holomorphic functions on C?. Let us suppose

that f € ChOl((CZ) is I'-invariant and consider the function z; f (z1,22) for z, € C fixed.
The image of this function is evidently contained in

flz1 € C| Re(z1),Im(z)) € [0,1]} x DY(0, |z2])).

As this latter setis bounded, the function z; — f (z1,22) is constant for each z; € C, i.e., f
is independent of z;. From this we conclude that holomorphic functions on M are in
one-to-one correspondence with functions f on C for which

f(€%125) = f(e%25) = f(z)

forevery z, € C. If either 0; or 0, are irrational, this implies that f is constant on circles
with centre at 0. By the polar coordinate form of the Cauchy—-Riemann equations,

dRe(f) 19Im(f) JIm(f)  19Re(f)
o r 90 ' o  r 90 '

it follows that f is constant if 6; or 0, is irrational. Moreover, if 6; and 6, are rational
and if their least common denominator is k € Z.,, then any convergent power series

of the form }.;,a jzék is easily verified to be a I'-invariant holomorphic function.

We claim that M is holomorphically convex if and only if 8, and 0, are rational.
First of all if one of 0; and 0, are irrational, the only holomorphic functions on M are
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constant functions. Therefore, for any compact K € M, hconvy(K) = M and, since M is
not compact (the function n(zy, z;) = |z»[? is an unbounded continuous function on M),
it follows that M is not holomorphically convex. Conversely, suppose that 0; and 0, are
rational with least common denominator k € Z.,. Let K € M be compact and suppose
that hconvy(K) is not compact. Then L = n'(hconvy(K)) is a closed set projecting
to hconvy(K). Since m(L) is not compact, it must be unbounded. Let us consider
the I'-invariant holomorphic function f (z1,22) = z’é on C2. Since L is unbounded, f is
unbounded on I.. Thus the induced function fe C"l(M) is unbounded on hconvy(K).
This, however, contradicts the fact that |f(7(z1, z2))| < ||fllx for m(z1,z2) € hconvu(K).
Therefore, hconvy(K) is compact and so M is holomorphically convex.

In any event, by taking 0; and 0, irrational, we have an example of a holomorphic
manifold that is weakly pseudoconvex but not holomorphically convex. .

6.2 Hormander’s solution to the 5—prob|em on manifolds

In this section we present the solution of Hormander [1965] to the é-problem.
Hormander makes great use of the solution of the d-problem and the techniques
associated with the solution to investigate many problems of interest in complex
analysis and complex differential geometry. We shall use the existence theorems for
the d-problem that we prove in this section to solve the Levi problem on manifolds in
Section 6.3.2.

6.2.1 Formulation of 5-problem and its solution method

Let M be a holomorphic manifold and let u € T®(A"(T*M)) and f €
[ (A"*(T*CM)). The d-problem on manifolds asks when the condition that df = 0 is
sufficient for the existence of solutions to the equation du = f (the condition is clearly
necessary). This is an example of an overdetermined system of partial differential
equations, and so the question is whether the obvious integrability condition df = 0is
sufficient for the existence of solutions. In the real analytic category, such problems can
be studied locally using formal methods built around the Cartan—-Ké&hler theory [e.g.,
Goldschmidt 1967]. In the smooth case and when one wants global solutions, these
local methods do not give the required existence theorems, and other methods must
be employed. The solution of the d-problem by Hérmander [1965] uses Hilbert space
techniques. Specifically, the problem is first studied when the data u and f are differ-
ential forms with coefficients in appropriately defined L*-spaces. In this section we
give the machinery required to formulate the problem in this way.

We let M be a second countable holomorphic manifold. To define the appropriate
[*-spaces requires a Hermitian inner product on the tangent spaces of M. We thus let 1
be a smooth Hermitian metric on M, the existence of which is proved in Theorem 4.9.2.
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Locally in a C-chart (U, ¢) we write

MU =) hydz @ d*

jk=1

for smooth functions hj € C%(U;C) satisfying hy; = I_z]-k, ik €11,...,n}, cf. Proposi-
tion 4.1.23. Let W € C*(U; C), j,k € {1,...,n}, be defined by

th"hkl =6/, jlell,...n).
k=1
We can then define an inner product on the fibres of A(TCM) by

(=) Waipy,

jk=1

if

n

alU = Z adz/, plU= Z,Bjdzj.
=

=1

It will be convenient to use local bases other than the coordinates bases, bases that are
orthonormal with respect to h. Thus, in a chart (U, ¢) we let (o', ..., ®") be a basis of
AY(T°M) that is orthonormal with respect to the inner product induced by h; this
can be done via the usual Gram-Schmidt procedure. The inner product can be easily
extended to differential forms of general bidegree. Thus we let a, € (A (T**M))

and write , ,
a=), ), aya A, p=),) e nd,
len” Jen® len” Jen®
where, as usual, ) denotes sum over multi-indices that are increasing and where

W'=wW" A AT, @ = A A D

apy=Y"Y by

Ien" Jen®

We then define

It is a straightforward verification, using the change of basis formula, that this defini-
tion of the inner product is independent of the orthonormal basis. In the usual manner,

we denote ||a|| = V{a, a).

We now define a sequence of functions that will be useful in our constructions.
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Lemma (A sequence of cutoff functions) Let M be a second countable holomorphic
manifold. There exists a sequence (X;)icz of smooth functions with the following properties:
(i) xihas compact support for eachj € Zs;
(ii) xi(z) €[0,1] forall z € M;
(iii) for any compact set K € M, there exists N € Z such that xj(z) = 1 for all z € K and
j=N.
Moreover, given such a sequence (Xj)iez.,, there exists a Hermitian metric h on M such that
19x(2)Il < 1 for all j € Zo and z € M.
Proof By [Aliprantis and Border 2006, Lemma 2.76] we let (Kj);cz., be a sequence of
compact subsets of M such that K; C int(K}), j € Zso, and such that M = U]?’ZlKj. Using
the discussion in [Abraham, Marsden, and Ratiu 1988, §5.5], let x; € C*(M) be such that
Xj(z) € [0,1], xj(z) = 1 for z € Kj and x(z) = 0 for z € M \ int(K;;1). This sequence clearly
has the desired properties.

Now let i” be an arbitrary Hermitian metric. For each j € Z.(, the one-form é_?)(]- is
nonzero on at most int(Kj;1) \ K;. Thus there exists m € C*(M; R>¢) such that

19xi@I <m(z),  z€M, jeZsy,

where ||-||' denotes the norm induced by /’. By taking & = m?i’ we see that h has the
desired property. |

Notation (Standing constructions) For the remainder of this section we assume that
a sequence (X;)jez,, of smooth functions and a Hermitian metric i have been chosen
satisfying the condition of the lemma. Along with this construction comes the compact
exhaustion (K})jez., used to define the sequence (x;)jcz.,- We let u be the volume form
induced by the Hermitian metric. Precisely, we define u = %w", where w is the two-
form of bidegree (1, 1) given by w(X, Y) = h(J(X), Y). The integral with respect to u we
denote by fM du(z). °

Now we introduce the function spaces we use. By leoc( A" (T**M)) we denote the

set of maps a: M — A"*(T*°M) with the property that, if we write a in a C-chart (U, )

as , ,
au=Y""Y""aydz' nde,

Ien” Jen®

the coefficients a;; are measurable and with the property that

f @I du() < oo
K

for every compact K € M. Next suppose that ¢ € C*(M) and let Lé( A (T*“M)) be the
set of maps a: M — A"(T**M) with the property that, if we write a in a C-chart (U, ¢)

as , ,
oclu = Z Z OquZI A dZJ,

len” Jen®
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the coefficients a;; are measurable and with the property that

lally 2 ( fM la@IPeOdu@) < .

we also denote

(a, By = fl\ﬂ(a(z),ﬁ(z»e_(p(z)dy(z).

The choice of the weight ¢ will come up as a technical device rather near the end of
the proof.

We wish to define the operator d on Lé( A”(T*°M)). To do this we denote by
2(N\"(T*M)) (borrowing notation from the theory of distributions) the set of smooth
forms of bidegree (,s) with compact support.

Lemma (Density of smooth compactly supported forms) The subspace
D(N\(T*CM)) is dense in Lé( A" (T*CM)). Moreover,

d: D(N*(TTM)) > 2\ (TCM))

. . . 2
is a closable linear operator in the L -topology.
Proof Let us abbreviate

L2(M;7,5) = LZ(A"*(T"°M)),
DM;1,5) = DN*(TEM)).

Let (Xx)jez., be the sequence of smooth functions from Notation 6.2.2. We claim that if

ael? o(M;7,5) then the sequence (xja)jez., converges to a in the L -norm. Indeed, the
sequence (Yj)jez., in Rxo defined by

yi= f Ilxj(2)a@)Pe?® du(z)

j+1

is a decreasing sequence. Moreover, by the Dominated Convergence Theorem, the se-
quence (y)jez,, converges to 0. Thus, for € € Ry, let N € Z5 be sufficiently large that
yj < € for j > N. We then have

o = xjal2 = yj < €2,
giving the desired convergence.

Now we approximate compactly supported forms in Lé(M ;7,5) by elements of
P(M;r,s). Let K € M be compact and let a € Lé(M; t,s) have support in K. For z € K
let (U;, ¢,) be a C-chart for M about z. By the usual regularisation procedure (e.g., using
convolution [e.g., Kecs 1982]) in the chart codomain, there is a neighbourhood V, C U,
and sequence (f;,j) ez, of smooth forms of bidegree (r, s) with compact support in U, such
that

lim f 1B, — xv.(Qa(@IPe O du(?) = 0
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with xvy_ being the characteristic function of V,. By compactness let z4, ...,z € K be such
that K C ULVZZ. Let (p1, ..., pr, pr+1) be a partition of unity subordinate to the open cover
(V2 ..., Vy, M\ K) [Abraham, Marsden, and Ratiu 1988, Theorem 5.5.12]. Let € € R, and
choose N € Zsq sufficiently large that

A 2
[ 182 0, QA O O < T, 2N, TE LN

This implies that

2
fM 1910, © = PO, Qa@IFe O du@ < =, j=N, 1€ lL,...,N),

since p;(C) € [0,1], I € {1,...,k}, z € M. Let

k
BiQ) =) puOB= Q) jEZsp, CEM,
=1

noting that this sum makes sense for every C € M. Also note that

k k

Y pQxv, (@) = Y prOa(Q) = aQ),  CeM.

=1 I=1
Thus
fM 1B, - a@IPe PO du(@) <&, j=N.

Since f; has compact support for each j € Z.o, we get the desired approximation of forms
in Li,(M; 1,5) by forms in 2(M;r, s).

Next let a € L‘;")(M; 1,5) be arbitrary and let € € R.g. From the first paragraph of the
proof, let N € Z be sufficiently large that ||a — x;all, < § for j > N. From the second
paragraph of the proof let § € Z(M; 1, s) be such that ||xja —ll, < 5. The triangle inequality
then gives |la — B|| < € which proves the first part of the lemma.

For the second part of the proof we will show that d restricted to Z2(M; 1, s) is closable
in Lé(M; 1,8). Thus we will show that for any sequence (8))jez., in Z(M;r,s) converging
to 0 in Lé(M; r,s) and for which (éﬁj) jezZ,, converges to a € Lé(M; 1,5 + 1) in the Lé-norm,
it holds that @ = 0, cf. Proposition E.1.4. As above, since a € L?U(M;r, s), for € € Ryg
there exists a compact set K such that |[xmxall, < €. Now let Uy, ..., Uy be coordinate
neighbourhoods whose images under the corresponding C-chart maps ¢y, ..., ¢ are balls
centred at 0 € C". Let (p1,..., pk+1) be a smooth partition of unity subordinate to the
open cover (Uy, ..., U, M\ K). Since the functions p;, [ € {1, ..., k}, are bounded, we easily
deduce that each of the sequences (pif))jez.,, | € {1,...,k}, converges to zero in Lfo(ul ;1,5).
Similarly, (p;08)jez., converges to pja in Lé(u,; r,s+1) forl € {1,...,k}. If we think of d
as being defined on 2'(U;; 1, s) (the latter being distributions on U; acting on test functions
that are smooth compactly supported (r,s)-forms), the fact that (p;dB;)jez., converges to
pia in Lé(ul; r,5) means that (p;d j)jez., converges to pja in Z’'(U;;r,s + 1) [Renardy and
Rogers 1993, Remark 6.15]. Note that

pi9B;j = ANpiB;) — Ipi A B;.
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Since differentiation of distributions and multiplication by smooth functions are continu-
ous operations on distributions, it follows that (é(plﬁ ))jez., converges to 0in 2’ (U;; 7, s+1).
Since multiplication by smooth functions is a continuous operation on distributions, so is
wedge product. Thus (dp; A B))jez., converges to 0 in Z’(Uj; 7,s + 1). Thus (p;9p))jez., con-
verges to 0 in 2’(U; R). Since the LF-spaces are injectively included is the corresponding
distribution spaces [Renardy and Rogers 1993, Lemma 6.16], this means that p;a is 0 in
Lé(ul; 1,5 + 1). Therefore, for any € € R,

k+1
lally < ) llpielly < e,
=1

since the functions p;, [ € {1,...,k + 1}, take values in [0, 1]. Thus d is closable in Lé(M; 7,S)
as claimed. ]

From the lemma, we can extend d from the subspace of compactly supported forms
to unique closed linear maps

T: LE(A™(TM) = LA™ (T M) (64)

and
S: LI (A (TEM)) - LI(A**(TCM)) (6.5)

with dense domains containing Z(A\"*(T**M)). The d-problem in L2 then becomes to
show that image(T) = ker(S), noting that the inclusion image(T) C ker(S) is obvious.
We do this by first establishing a few general Hilbert space results.

6.2.2 General Hilbert space inequalities

In this section we translate the solution of the J-problem in L* into the establishment
of an estimate, namely that of the following lemma.

Lemma (A general Hilbert space estimate) Let H and G be C-Hilbert spaces, let T: H —
G be a closed linear map defined on a dense subset dom(T) of H, and let F C G be a closed
subspace for which image(T) C F. Then image(T) = F if and only if there exists C € R,
such that ||f|lg < C|[T*(f)||n for all £ € F N dom(T").
Moreover, if this equality is satisfied, then, for each g € F and u € H such that T(u) = g,
we have |[ully < lIglla.
Proof First suppose that there exists C € R.g such that [|fllg < Cl[T*(f)ll4 for all f €
FNdom(T"). Let g € F and let f € dom(T"). Let us write f = f1 + f> for fi e Fand f, € F*
(the orthogonal complement of F). We then have

K8 fral = K& fla < ligllallAille < ligllallflle < CligllalIT™ (NI,

using the Cauchy-Schwartz inequality and the hypotheses of the lemma. This shows that
the linear map from image(T”) to C defined by T*(f) + (g, f)g on image(T") is bounded by
Cligllg, and moreover is C-antilinear. Let P: H — image(T") be the orthogonal projection
and consider the map from H to C defined by v - (g, f)g, where f € dom(T”) is such that
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P(v) = T*(f). By the Riesz Representation Theorem, let u € H be such that (1, v)n = (g, f)g
for every v € H and where P(v) = T*(f). We then have (u, T"(f))n = (g, f)c for every
f € dom(T*). Thus (T(u), f)g = (g, f)g for every f € dom(T”) since T™ = T [Reed and
Simon 1980, Theorem VIIL1]. Thus T(u) — ¢ € dom(T*)* and so T (1) — g = 0 again by [Reed
and Simon 1980, Theorem VIII.1].

For the converse, suppose that image(T) = F. We will first show that the set

B ={f e Fndom(T") | IT"(f)lln < 1}

is bounded. For this it is sufficient to show that the function f — (f, g) on B is bounded
for every ¢ € G. Write g = g1 + g2 for g1 € Fand g, € F+. Let u € H be such that T(u) = ;.
Then, for f € B,

IKf, &al = Kf, g1dal = KT'(f), wnl < llulln
since T** = T [Reed and Simon 1980, Theorem VIII.1]. Thus B is indeed bounded. Then
there exists C € R, such that B € B(C,0). Now let f € F N dom(T”) so that S eBC

_ IT*(F)lln
B(C,0) and so ||fllg < CIIT*(f)llH, as desired.
For the final assertion, note that

Tw=g <= T Ou=< e  fe€dom(T).

We also showed that [u, T*(f))ul < CligllclT*(f)lle. By the Hahn-Banach Theo-
rem [Kreyszig 1978, Theorem 4.2-1] applied to the map

image(T*) > T*(f) — (u, T"(f))n, € C,

we extend this map to all of H by requiring it to be zero on image(T*)*, and note that the
resulting map is bounded by C||gllg. This resulting map, however, is simply the element
of H* defined by u under the Riesz Representation Theorem. Thus ||ull4 < Cligllg. [ |

Our solution of the d-problem in L* will consist of showing that the estimate of the
lemma holds for T = J in strongly pseudoconvex manifolds. To do so, we shall use
the operator S defined by (6.5) and establish instead the estimate

IIG < CAAT(OIG +ISCHIE),

which gives the estimate of Lemma 6.2.4 when the subspace F of the lemma is taken
to be ker(S).

Some of the important consequences of the solution of the d-problem will rely on
another general Hilbert space estimate that we now give.

Lemma (Another general Hilbert space estimate) Let H and G be C-Hilbert spaces,
let T: H — G be a closed linear map defined on a dense subset dom(T) of H, and let F € G
be a closed subspace for which image(T) C F. Suppose that there exists C € R, such that
lfllc < CIT*(f)lln for all £ € F N dom(T*). Then, for v € ker(T)*, there exists f € dom(T")
such that v = T*(f) and such that ||f||g < C||v||n.
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Proof We have
v € ker(T)* = (image(T")")*" = cl(image(T™))

using the fact that the orthogonal complement of the orthogonal complement of a subspace
is the closure of the subspace, cf. [Kreyszig 1978, Lemma3.3-6]. Also, using Theorem E.1.8,

F 2image(T) = F* Cimage(T)" = ker(T").

Thus, if we write ¢ € dom(T*) as g = g1 + ¢2 for g1 € F and g, € F*, we have T*(f) =
T*(f1),1i.e.,image(T") = T*(Fndom(T™)). The condition ||fllg < ClIT*(f)ll4, f € FNdom(T"),
implies that T*(F N dom(T")) is closed [Kato 1980, Theorem IV.5.2]. Thus, if v € ker(T)* =
cl(image(T”)) there exists f € F N dom(T") such that v = T*(f). The lemma now follows
directly from the hypotheses. n

These general results involve the adjoint operator T*, and so we need to say a few
things about this operator.

6.2.3 Estimates for 9 and its adjoint

The results of Section 6.2.2 illustrate that one needs to understand the adjoint of
T. In this section we undertake to understand those facets of this adjoint that will be
important, as well as some similar elementary facets of the operator S.

First we give a local coordinate expression for S and T*. In order to do so, it is
convenient to exploit notation associated with an h-orthonormal local basis &', ..., "

for AY°(T*M). In particular, for a C-chart (U, ¢) and for f € C*(U;C), we defme %

and 2L, je(l,...,n}, by

The exact expressions for —f and W are easily determined by the change of basis

formula. To wit, if w/ = Zk=1 a),]{dz , then

Of  9f ,
aa)] Z ]azk’ ad)] Z ]a kl ]6{1,...,1/[},
where T @]vi = 5. Note that if u € T*(A\"*(T"°M)) is locally given by

/ ’
u= Z Z uua)l/\a')],
Iens  Jen”
then we can locally write

ount =1y Y'Y Z%wmwmuz'z'm,,m,,,

lens Jen' j= lens  Jen”
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where a;; € T*(A\"*(T*°M)). For f € T®(A"*(T*°M)), let us abbreviate

’ ’ I 8u .
AP =1 ) ), g_]’].’wl A& A @ (6.6)
len®  Jen" j=1

The following lemma then gives an estimate for the operator S.

6.2.6 Lemma (An estimate for S(f)) Let (U, ) be a C-chart for M and let K € U be a compact

set. Then there exists C; € R such that, for any f € 9( AZTHTEM)) with support contained
in K, ||S(f) — Al < Cq|lfll. Moreover,

lAG@IP=3"Y" Z\af”( [-Y'YY §f;£ )‘Zf;?()

Ien" Jenstl j=1 Ien" Jens jk=1
Proof For j,ke€{l1,...,n}and K € n°, define
i {sign(,g(), j¢] keK [jlu] = kUK

kK 0, otherwise.

One then directly verifies that

lanEIE=Y." Y Zaf” ‘9f”< (2)el)

len” ] Kenst1 jk=1

Let us examine this expression. First consider terms in the sum with j = k. For the
corresponding term to be nonzero, we must have k = jand j ¢ J. Thus the terms for which

j =k sum to
Y Y Y o) )

len" Jenstl jg]

Now we consider terms in the sum for which j # k. In order for ej] to be nonzero, we

must have j € K, k€ J,and ]\ {k} = K\ {j i} £ L. One readily verifies that e{i IchK % for
every j, k, 1, ], K, and L. Thus, for the particular j, k, [, ], K, and L given the assumptions
we are making, we have

] jIJkL kL j] _kjL _ ¢ jL

Cek = Cpiirk T Tk T "kCk

This gives the terms corresponding to j # k to be

YUY Z af“‘% ) f“( ). (6.9)

Ien" Len® jk=1
j#k

Now note that by taking j = k in the inner sum of the preceding expression we get
9f1 ]L | afu |

Ien" Len® len” jeps+l
i€l

(6.9)
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Combining (6.7) and (6.8), and using the equality (6.9), we arrive at the formula of the
lemma. [ |

Now we arrive at a similar estimate for T*. We do so by also providing a local form
for T*. To do this, we use the notation

MACREY,

dwl '
where g is, for the sake of generality, a distribution defined on a C-chart domain U.
With this notation in hand we define

BH=C1" ) ) Zé(ﬁmw NG, (6.10)

Ien” Jen® j=

6i(g) =e”

jell,... n},

for f € dom(T") with support in the chart domam U given by

F=Y ) fyendl

Ien” ]€n5+1

With this notation we have the following lemma.

Lemma (A local expression and an estimate for T*) If f € dom(T") has support in a
C-chart domain U for M, then T*(f) = B(f) + B(f), where B is a differential operator of order
zero, i.e., B(f) is an expression linear in f and involving no derivatives of f. Moreover f is
independent of .

Consequently, if K C U is compact then there exists C, € Rsq such that ||T*(f) — B(f)|| <

Collfll for £ € 2(A\"*(T*°M)) having compact support contained in K.

Proof Let , ,
U= Z Z gl A @ € 2(N*(TCU))

Ien” Jen®
and

F=Y "N fgel nal e AT,

Ten” ]En5+1

If f € dom(T") then we have

f Y Y (T (@ @e R dutz) = (T (F), udy = (f, Tw)),
Ien” Jen®

- [ Y Y )2 e e

Ien” Jen® j=1

LZ Z (f(2), a1;(z) )u”(z)e P(2) du(z)

Ien” I€n5+1

8 P -
= (-1y! fu KD i@ dutz)

j
Ien” ]eng j= 1 dw

o [ XY @ i@ du)

Ten" ]En5+1
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using the distributional derivative. Here the terms aj; depend on u, but not on the
derivatives of u. Matching coefficients gives

n

(T(Fy = (=17 ) e

22 frjp)
— dw]
j=1

+B(f),

as asserted in the first part of the lemma.
The second assertion of the lemma follows immediately from the first. u

We will also need a technical lemma regarding dom(T").

6.2.8 Lemma If xy € Z(M;R) and if f € dom(T"), then xf € dom(T").
Proof For u € dim(T) we compute

Xf, T = (f, xTW))p = {f, T(xu))p + {f, xT(u) — T(xu))e
= (XT*(f), uyp — (f, X A 1))y

This last expression is continuous in u and so there exists 1’ € LZ(M ;1,8) such that (1, u) =
(xf,T(u)) for every u € dom(T). This is the definition for xf to be in dom(T*) and,
moreover, gives T*(xf) = v. [ |

6.2.4 Reduction to smooth compactly supported forms

In this section we show that it is possible to verify the estimate of Lemma 6.2.4
for the operator T by establishing it for smooth compactly supported forms. We do
this by proving a density result that will be an essential part of establishing our main
estimate.

6.2.9 Lemma (Density of smooth compactly supported forms in dom(T*) N dom(S)) The
subspace Z(\"*"(T*°M)) is dense in dom(T*) N dom(S) with respect to the norm

t = [Iffl, + [T (Ol + IS,

Proof We shall abbreviate
Lo (M; 7,8) = LE(A"™(T*°M)),
PM;1,5) = 2(N*(TEM)).

Using Proposition 4.6.7(v), the definition of S, and the standing assumptions of Nota-
tion 6.2.2, we have

15(xi))@) = xj@S(H@I = 19x ;@) A f@I < If @), f€dom(S), j € Zso, z € M. (6.11)

Now we perform a similar estimate for T*, but this will require a little effort. Us-
ing the computation from the proof of Lemma 6.2.8, the definition of the adjoint T%,
Proposition 4.6.7(v), and the standing assumptions of Notation 6.2.2, we have

(T'(xif) = x;T°(f), wyp = —(f, éxj Ay, fedom(T), ue 2(M;r,s), j € Zso.
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Using the explicit expression for (-, -),, this gives

|<T*(Xjf)—XjT*(f),u>l(pSj';lllf(z)llIIM(Z)IIe'(P(Z)du(Z)- (6.12)

Let us abbreviate v(z) = T*(x;f)(z) — xj(2)T*(f)(z). We claim that [[v(z)]| < [|f(z)|| for almost
every z € M. Suppose otherwise so that

A={zeM] [o@)Il > [If I}

has positive measure. Let U be a relatively compact open set such that U N A has positive
measure. Note that Lé(u; 1,8) C L}P(U; r;5) since U has finite measure. Thus

C 2 max] fu lo@lle™® dy(z), fu 1@l du(z)} < oo.

Let K € U N A be compact and such that p(K) > 0. Let Uy, ..., Ux € U cover K, be such that
cl(U;) €U, j € Zso, and be such that

ka0 — £

Define u € 2(U;r,s) as follows. We require that |[u(z)|| € [0,1] for all z € U. For z € K we
require that [[u(z)]| = 1 and that @ be collinear with v(z). And, for z € U\ U’]‘.:1 cl(U;), we

require that u(z) = 0. For u so defined and for z € K,

(0(2), u(2)) = @) u@) = [l > Il f @I uE).

Thus
f (0(2), u(=)e P du(z) > f e du(z).
K K

We also have

(0(2), u(z))e du(Z)| < fu \KKU(Z), u(z))le™ du(z)

' U\K

o) €
< L\Khv(z)llnu(z)lle PP du) < 5

and

f If@IHuE)lle™? du(z) < g
U\K

Thus
f If@INuE)le™® du(z) - f (0(z), u(z))e @ du(z)
U\K U\K

< |L\K”f(2)” ||M(Z)||e_‘f’(2) du(z) - L\K(y(z),u(z»e—(p(z) duz)| <e.
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Now take € € R sufficiently small that

e < fK (0(), u(2)e P du(z) - fK @I G le® du(z),

this being possible since the expression on the right does not depend on our choice of
cover Uy, ..., U for K. Now, extending u to be defined on M by requiring that it be zero
off U, we have

f If@INu@)le™® du(z) - f (0(z), u(z))e @ du(z)
M\K M\K

< [ e uEe @ due - [ I I duc).
K K
Upon rearrangement this contradicts (6.12) and so we indeed have

IT"(xi/)@) = xi@QT (NI <1f@I,  j€Zso, fedom(T), (6.13)
for almost every z € M.

Now let f € dom(T*) N dom(S). The bounds (6.11) and (6.13) allow us to use the
Dominated Convergence Theorem to assert that

HmISOc) = xGS(Plly = 0, BmIIT(xif) = T (Flly = 0.

Thus the sequence (xf)jez., converges to f in the norm from the statement of the lemma.
It, therefore, suffices to show that Z(M; r,s+1) is dense in the subspace of dom(T*) Ndom(S)
consisting of compactly supported forms.

We do this first for forms with compact support in a C-chart domain U. Thus we let
f € dom(T*) N dom(S) have compact support in U. We let p € C*(R") be a nonnegative-
valued function with support in B,(1,0) and define p.(x) = e "p(e'x). As we showed in
the proof of Proposition E.2.16,

(1€1_r)%||5(Pe * f) — Pe* S(f)”(p =0.

Therefore,
li_r)%S(Pe*f) = y_{%Pe*S(f) = 5(f) (6.14)

in the appropriate Lé-spaces, using the usual convergence arguments for convolu-
tions [Kecs 1982]. Taking into account Lemma 6.2.7, we can also apply the constructions
from the proof of Proposition E.2.16 for T*. Specifically, we have

?L%”T*(pe *f) = pe+ (T*(f))”(p =0.

Thus
lim T"(pe + ) = lim pe  T'(F) = T'(), (6.15)

the limits being taken in Lé—spaces. Combining equations (6.14) and (6.15) with the usual
limitlime_0 pe* f = f (againin Lé), we have the density of Z(U; r,s+1) in dom(T*)Ndom(S)
in the norm of the statement of the lemma.

Now, to complete the proof of the lemma, we can use the partition of unity argument
from the proof of Lemma 6.2.3 to show that Z(M;r,s + 1) is dense in the subspace of
Lé)(M ;7,5 + 1) consisting of compactly supported forms. |
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6.2.5 A useful estimate

In this section we prove two technical lemmata—one local and a similar global
lemma—that will allow us to easily establish the estimate of Lemma 6.2.4 for the

d-problem.
In the course of the construction, we will require the local representation of the
Levi form in our orthonormal basis (!, ..., @") in a C-chart (U, ¢). To do so, let us

introduce local structure constants, i.e., smooth functions C1]<z' ik1efl,...,n},onU
given by

éa)f:Zcilkaail, jefl,...,n}.
kl=1
For g € C®(U; C) let us also denote

S R
3= Jaraer * L 3er
With this notation, we have the following result.

6.2.10 Lemma (A local representation for the Levi form) If g € C*(M) then, in a C-chart
(W, ¢) for M and in an orthonormal basis (@', ..., ") for A" (T*°M), we have

Lev(g) = Z gjka)j A DK

jk=1

Proof This is a direct computation using Lev(g) = d°dg and the definition of gj. n

Let us denote by A € C°(M) the smallest eigenvalue of the endomorphism
I oLev(p)” of T°M. The local lemma is the following.

6.2.11 Lemma (A local estimate) If (U, ¢) is a C-chart for M, if (',..., @) is an orthonormal
basis for \")(T*CW), if @ € C (M), and if A is the smallest eigenvalue function as defined
above, and if K C U is compact, then there exists Cs € R such that

f Z'Z'|f1,](z)|2A(z)e—¢<Z>dy(z)+% fu ZZZH" %(Z)re‘("(z)du@)

u len® ]EHSH Ienr ]en5+1 =1

< 2T B + ISEIR + CHlIfIR)

for every f € (N (T*CW)) with support contained in K.
Proof From Lemmata 6.2.6 and 6.2.7 there exists C1,C, € R such that

IS(f) = A(Pllp < Cillfllp,  NT(f) = B(Hllp < Callfllp

for every f satisfying the conditions of the lemma, and where A and B are as given by (6.6)
and (6.10), respectively. Thus

IA(HIp < NACS) = S(Hllp + ISl < ISCHlp + Callfllp-
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Squaring both sides of this inequality and using the fact that 2(a + b?) > (a* + b? + 2ab) for
a,b € Ryg, we get

IACHIE < 23IS(HIIE + CRIAIE)

A similar computation for ||B(f)|l, applies, and adding the resulting expression to that just
derived gives

IAGHIZ + IBOIE < 2(IS(HIZ + IT*(HIB) + CHlIAIZ (6.16)

for some C, € Rso, and where f € 9( A HT*CU)) has support in K. Combining the
conclusions of Lemmata 6.2.6 and 6.2.7 we have

IAGDIZ + 1B = f MO MNP LIS SLEE
len" Jepstl j=1
L

To manipulate the rlght -hand side into something we want, we shall swap the operators

(6 (f1,iN @k fry)(z) = f“’ f“"( >) e @ du(z). (6.17)

Ien” ]EnS jk=1

0; for the operators —%. To do so, let us first indicate the appropriate integration by parts
formula
Sublemma If g, h € 2(U; C) then
dh Jg  ——
f g(z)5~(2)dA(z) = - f 28 (Dh(z) dA(2)
u d7) 1 02
and
dh Jdg  —
f 8(z)5=(2)dA(z) = - f 2 ()h(z) dA(2)
u 07) U 07)
forjefl,...,n}
Proof This is a direct computation using the definitions of (ﬂ and W' and the usual
integration by parts formula. v
The following closely related lemma is one we shall implicitly make use of.
Sublemma If g, h € 2(U; C) then

f B2) 5 () dp(e) = - fu 2 (hte) due) + fu 528 () dy(z)
and

[z Do) dute) —- [ Zoh@aue + [ Fep@h@au
foriefl,...,n) ,where B € C=(U; C) are independent of g and h.

Proof The proof is a direct computation using the preceding lemma and the fact that %
()

and - are linear combinations of e, ﬁ and ‘9 T, %, respectively, with coefficients

in C°°(u C). v

Now we have the following lemma relating the operators % and 6;.
(@)
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3 Sublemma If g,h € 2(U; C) then

d — - -
fu a—;(z)h(z)e—¢(1> du(z) = - fu g(2)5;(h)(z)e ?? du(z) + fu a;(z)g(z)h(z)e *? du(z),

for some a € C*(W; C) that is independent of g and h.
Proof This is a direct computation using the definition of §;, integration by parts, and the
fact that ¢ and h have compact support. v

Now, by moving both differentiations to the left in the first summand in the second
integral of (6.17), we see that we need to understand the commutator §; o 3 =& — k °0;. The
following lemma gives us this.

4 Sublemma For g € C*(U; C) we have

n n
198
] % k(g) R oél(g) = ggolk + Z CL](Sl(g) - Z C]-lk@.
1=1 1=1
Proof This is another direct computation using the definitions. v

We now put together the preceding two sublemmata to deduce that

jl‘l Z Z (6 (ﬁ]])(z)(sk(f]k])(Z) ﬁ]]( ) flk]( ) —(p(z) d[l( 2)

Ien" Jen® jk=1

f Z 92 fi1(2) fxg (2)e™ " dp(z) (6.18)
U Tenr Jens jk=1
f Z Z Z fij(2) Ck](z (Z) ) du(z) (6.19)
U Tenr Jen® ]kl 1
f fI,j](Z)E/l(j(Z)(Sl(fl,k])(z)e_q)(z) du(z) (6.20)
U Tenr ]ens ]kl 1

f [fr j1@az) == f (2) = 12220k fix)(z) [ ) du(z).
U Tenr ]ens jk=1

(6.21)

We next estimate the terms in lines (6.18)—(6.21).
Since the basis (a)l, ..., w") is orthonormal, ¢ ks jk €1{1,...,n}, are the components of

both the Hermitian form Lev(¢) and the Hermitian endomorphism hb o Lev((p)b. It follows,
therefore, that

Y. P fi ) fr@ = A@) Y fij(2) fr () (622)

jk=1 j=1

Therefore,

DM Z P @@ =A@ Y Y Z fLii@fiiE) = A@Nf@)IP,

len” Jens jk=1 len" Jen® j=1
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giving an estimate for line (6.18).
Now let us consider line (6.19). First we use a lemma.

Sublemma There exists ¢, € Ry such that, for any w,z € C",

n n n
Z |W]||Zk| < Cn(Z|Wj|2)1/2(Z|Zj|2)1/2.
= =

j k=1

Proof Our argument is somewhat indirect. We first define a norm on the set C"*" matrices

by
n
Al = ) 1Al
k=1
Note for w, z € C" we have
n
= willz¢l = llwz" |-
k=1

Now denote by |[|-[l22 the norm on C™" induced by the Euclidean norm on C.p;j thinking
of C™" as being the set of endomorphisms of C", That is,

lAll22 = inf{[|AC]| | [IC]| = 1}.

Then we have
lwz"¢ll = Kz, OHlllwll < llwlllizIlIIS]],

from which we conclude that [|wzT|» < |lwll|lz]. The lemma follows by noting that
equivalence of the norms ||-||; and |[|-|l,> implies the existence of the constant ¢, in the
statement. v

Note also that there exists N € Z-( such that

Y'Y Y <N Y Y s,

j=1 Ien" Jen® len” Jepstl

since the sum on the left contains each term in the sum on the right a finite number
(bounded above by some N € Z() of times.
Let
M = sup{|c’k].(z)| | zeK, jkle(l,..., n}.
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Putting all of the above together we compute

’L ﬁ]](z)ck](z) el (z)e #() du(z)'

len” ]Enq jkI=1

<My f Y Y Y | 2 e au

len" Jen® jkil=1

<M, fz Z |, (2) e dp( z) IZ 8f1k] | o9 dy(z))l/z
]kl 1 len" Jen® len” Jen®
8f1k] 1/2
<o fzz Y i@ du(z) ZZ f|
j=1 len" Jen® k=1 Ien" Jen®

3/’1}

< Neaht f Y Y 1R

Ien” ]Ens+1

<z>| ) dy(z))

]en’ ]E s+1

By combining Sublemma 3 with computations like those above, the term in line (6.20)
is estimated by

’ fu Z ﬂ]I(Z)Ck](Z)éz(ﬁk])(Z)e () dy(z)|

Ien” ]Ens jkI=1

<Nch2 fz Z |fi)(z))%e ‘P(z)dy(z

Ien” ]€n5+1

afII

Mo e aucz)

len” ]e s+1

+ Ms f fu Y )P duz)

len” ]€n°+1

for suitable constants Mj, M3 € R.y.

We can estimate the terms in the line (6.21) in a similar way, and combining the
estimates for lines (6.19)—(6.21) we obtain that the sum of these lines is bounded above in
magnitude by

) f Y'Y lfis@Re D ducz)

Ien’ ]€n5+1

9f11

<z>] e du(z))

]enr ]€n5+1

+D2fufuz Z |f1(2)Pe P du(z)

Ien” ]enb‘*l

for some D1, D, € R.g. We now apply the equality ab < l(012 + b?), valid for a,b € R, for

o=([ X Y hserke o duca)

Ien” ]Ens+1
o
b= Dy f”

Mo erd au) "

Ien" ]En”’l
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In this case the sum of the lines (6.19)—(6.21) is bounded above in magnitude by

LY Y e e o [ X T ke aue

I=1 len’ Jens+1 len™ Jens+!

for some D € R..
Assembling all of the estimates for lines (6.18)—(6.21) we finally obtain

f [ (f1i)@0k(fri)(2) -
u IEn’ ]ens jk=1

> [ Y Y 1@R @ dute) - ; f Y Y @R dutz)

len” ]€n5+1 Ien” ]€n5+1
9fl ]

_Dfu

Combining the preceding estimate with the equality (6.17) and the inequality (6.16) gives
the lemma. |

fl]] fIkI

a5 ) ~P® dp(z)

<z>) 3 dp(2).

Ien” ]€n4+l

We now give a global version of the preceding lemma.

6.2.12 Lemma (A global estimate) If ¢ € C*(M) and if A is the smallest eigenvalue function as
above, there exists C € CO(M) such that

fM (A@) - CO@ e du(z) < 40T @I + ISOIR)

for every f € 2(N""(TCM)).
Proof We cover M by a locally finite open cover (U),ca Whose open sets are C-chart
domains. For each a € A let p, € 2(U,; [0, 1]) be such that

Z pa(2)? =1, zeM.
aeA

(One can take the functions p,, a € A, to be the square roots of the functions defining
a partition of unity subordinate to (U,),ca.) For a € A, note that K, = supp(p,) is a
compact subset of U,. Then, by Lemma 6.2.11, there exists C, € R such that, for any
fe 2N TEMY),

fM Ipa(2) f@IPAR)e? du(z) < 2(IT"(pa NI, + IS(paf)I5) + Ca fM lpa(2)f(2)IPe™* dp(2).

Now note that
IS(afllp < llpaS(Pllp + lpaS(f) = S(paf)llp-
We square both sides and using the fact that 2(a® +b?) > (a® +b? +2ab) for a, b € Rsg, we get

1S(a I < 2(lpaSCAIZ + l1paS(F) = S(pafIB) < 2llpaS(AIR + 2112,
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using (6.11). Similarly, using (6.12), we have
IT (paPIE, < 2lpaT (AN + 2113

Thus, for each a € A we have the estimate

fM lpa(2) f@IPA(2)e™® dpu(z) < 4lpaT"(AIE, + llpaS(AIZ) + (4 + Ca) fM If@)IPe?? du(z).

By summing this inequality over A, it only remains to show that there exists a continuous
function C such that
CE)z ), (4+Co),
a€eA,

where A; = {a € A | z € U,}. As Mis assumed to be second countable, let (K;)jez., be a
compact exhaustion of M. For j € Z-q let

M; :max{Z(4+Ca)

acA,

S K]‘}.

By local finiteness of the open cover (U;),ea, M; is finite for every j € Zs. Define g1 €
C%(M; [0,1]) so that g1(z) = 1 for z € Ky and gi(z) = 0 for z € M\ int(Ky). For j > 2 let
gj € C%(M; [0, 1]) be such that gj(z) =1forz € K;jand gj(z) = 0 forz € (M \ int(Kj41)) U (M \
int(K;-1)). Then the function

C2) = Y IMlg;(2)
j=1

has the desired property. ]

6.2.6 Existence theorems for the 5-problem

Now we use our estimates from the preceding section to give existence theorems
for the d-problem. We do this first for data in L}

loc*

6.2.13 Theorem (Existence of solutions to the d-problem in L?) If M is a second countable
strongly pseudoconvex holomorphic manifold then there exists ¢ € C™(M) such that, given
f e L2 (A"(TCM)) satisfying of = 0, there exists u € L2 (A" (T*°M)) satisfying du = f
and ||ull, < |lffl,.
Proof Let  be a strictly pseudoconvex exhaustion function on M and let A € C°(M) be
the smallest eigenvalue function for Kt oLev(gl))b. We let 0: R — R be smooth, convex, and
strictly increasing so that ¢ = o) is strictly plurisubharmonic. It is plurisubharmonic by
Proposition 6.1.10(iv) and strictly plurisubharmonic since, in a C-chart,

82¢ 44 alﬁb alp ’ 82¢
(@) = W) T (@) 5@ + 0 WD) (),

0z
from which we deduce that Lev(¢) is positive definite. From this last formula observe that
the inequality (6.22) implies that

YUNY 0k@fi i@ = o GEDARIF I

len” Jens jk=1
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for f € 9( ASTHT*CM)). Therefore, by Lemma 6.2.12, there exists a continuous function
C such that

fM (0’ P(2)AE) = CE)IfF@Nle @ du(z) < 4T (HIF, + IS(HIF)

for every f € Z(A"**1(T*°M). We claim that it is possible to choose o so that
o' (Y(2)A(z) — C(z) > 4, z€eM. (6.23)

Indeed, for x € R denote
Ki={zeM]| ¢(z) <},
noting that this set is compact since 1) is an exhaustion function. With this notation, (6.23)
is equivalent to the requirement that
4 +C(2) |
AMz)

o’ (%) > y(x) £ sup{ € Kx}

for every x € R. Note that y is increasing and bounded on all compact subsets of R.
It is then a straightforward exercise (e.g., first use a piecewise linear function and then
smooth it) to find a smooth increasing function ¢’ that exceeds y. One can without loss of
generality also ensure that ¢’ is positive. Integrating gives us the desired smooth, convex,
and strictly increasing o so that, if ¢ = 0oy, then

LFIE, < I (AR + ISCHIIE-

for every f € Z( ASTHTEMY). By Lemma 6.2.9 we conclude that this inequality holds for
every f € dom(T*) Nker(S). From Lemma 6.2.4 we conclude that for every f € ker(S) there
exists u € Lé( A (T*CM)) such that T(u) = f and such that |jul, < |Ifll,. This establishes
the required existence result in Lé( A (TCM)).

Now let f € leo o AZTHTCM)). By taking o sufficiently large, for ¢ = o) we have

fe Li( A**HT*CM)). By our arguments above there is a solution u € Li( A7 (TEM)) to
T(u) = f. Since Lé( AP(TCM)) € L2 (ATH(T*CM)), the theorem follows. |

loc

Now we investigate the regularity of solutions to the d-problem when the problem

data is regular. We shall refer here to the Sobolev space constructions of Section E.2.1.
We consider a holomorphic manifold M. By H] (A"(T**M)) we denote the sections
of A" (T*M) for which the components of the local representatives in any relatively
compact C-chart (U, ¢) are in H7(¢(U); C). It is easy to show that this definition makes
sense since the notion of being locally in L? is independent of changes of coordinate.
This notation is used in the following theorem.

Theorem (Existence of solutions to the d-problem in H%) If M is a second count-
able strongly pseudoconvex holomorphic manifold and if q € Zso, then, given f €

Hq

loc

(A" (T*CM)) satisfying If = 0, there exists u € HI" (A" (T*°M)) satisfying du = f and

llully < [Iflly-

Moreover, if s = 0 then u € Hﬁ:( A" (TCM)) for every u satisfying du = f.
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Proof Throughout the proof, we make use of regularisations by convolution, and refer to

the constructions of Lemma GA2.7.1.4 for details. Here, we shall simply denote by (f)) ez,

the sequence of compactly supported smooth approximations of a function or form f.
We first prove a technical lemma.

1 Lemma Let M be a holomorphic manifold, let (U, ¢) be a C-chart for M, and let («?, ..., ")
be a basis for N\"*(T*°M). If g € L2(W; C) has compact support and if ag € LA(U; C) for each
jefl,...,n}, then g € H(W; C).

Proof First let us suppose that g is smooth. In this case, two applications of Sublemma 2
from the proof of Lemma 6.2.11, using the fact that ¢ has compact support, gives

[ 28 @ duta) = f o (Z)du(Z)

8
) _f dwidw J(Z)g(z)d” @)+ f ﬁJ(Z) Z)g(Z)d#()
[I55 (Z>| au) - [ F/o)25 g dutz)

- fu @208 ) dua) + fu BB (2)3(2) du(z).

Now let (gx)kez., be a sequence of smooth compactly supported approximations to g, cf. the
proof of Lemma GA2.7.1.4. By hypothesis and since differentiation, even of distributions,

. . ) . .
commutes with convolution, the sequence (%}kj)kez>O converges in L?. Therefore, by using
our computation above, for € € R, there exists N € Z such that

f|agk z) dy(z) <e€

80)]

for k,I > N. Thus the sequence (%)kez>0 also converges in L?. Therefore, the sequence
(8))jez,, has a limit, namely g, that is an element of HY(U; C). v

Now we prove the theorem in the case s = 0. Thus we let f € H;’OC( A"HT*EM)) and
note that Theorem 6.2.13 shows that there exists u € leo ( /\r’O(T*CM)) such that T(u) = f.
loc(/\rs(T’*‘CM)) for every k € {0,1,...,9 + 1}. We
certainly have u € HlOC(/\rs(T*CM)). Suppose that 1 € H{‘OC(/\“(T*CM)) forke{0,1,...,q}.
For z € M let (U, ¢;) be a C-chart about z. Let V, be a relatively compact open set such
that z € V, and such that cl(V,) C U,. Let x; € Z(U,; C) be such that y,(w) =1 forwina
neighbourhood of V,. Note that if

ulU, = Z, updz!,

Ien”

We will prove by induction that u € H

we have 3;” € Hk(uz, C) for each increasing multi-indexI € n"and j € {1,...,n}. Therefore,
by Leibniz’s Rule, .
d(x-u) € H'(Uy; C). (6.24)
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Now let I € ZZ | satisfy |I| = k. By (6.24) it follows that D' (xzu)) € LAA\"HTCU,)). By
Lemma 1 above, y,u € H*Y(A"H(T*CU,)). Since x- is equal to the constant function 1 on V,,
u|v, € Hk+1( /\r’l(T*(CVZ)). Thus we have a covering of M by coordinate charts V,, z € M, for
which the components of u are in H**}(V,; C) for each z € M. Thus u € HSL(AX(T*CM)),

loc
and by induction u € H?(:Cl( N ’O(T*CM)), as desired. Note that this also proves the second
assertion of the theorem.
Now lets > 2 and let f € H?OC( A*THT*CM)). We will prove by induction on k that

ue H]foc(/\r’s(T*(CM)) forevery k € {0,1,...,4 + 1}. By Theorem 6.2.13 this holds for k = 0.
So suppose that this holds for k € {0,1,...,q}. For z € M let (U, ¢,) be a C-chart about z.
Let V, be a relatively compact open set such that z € V, and such that cl(V,) € U,. Let
Xz € 2(U,; C) be such that x(w) = 1 for win aneighbourhood of V,. Leta € 2(A\"*(T**U,)),

let D be a partial differential operator of order k, and compute
(dDuj, a) = (uj, D'd"ay = (u,d'D'aj) = (f, D*aj) = (Dfj, ),

using change of variables in the convolution formula, and using the fact that convolution
commutes with differentiation with respect to coordinates. From the above computation
we deduce that dDu;j = Dfj, equality being as distributions with support in some compact
subset of U,. Now, according to the proof of Lemma 6.2.4, we can choose u € cl(image(d”))
such that du = f. Thus, by Theorem E.1.8, (1,e ?dB) = 0 for every p € Z(N\"**(T*CU,))
for ¢ € C®(M) chosen as in the proof of Theorem 6.2.13. This implies, therefore, that
(u,e~?d(e?p)) = 0 for every p € Z(N\"*"2(T*C1,)). Thus we have

(u,dB) = —(u,dp A B)
for every B € 2(N\"""*(T*CU,)). Let us write
~(u, 90 A B) =B, V)

for an appropriate 7, € L*(A\"**(T*CM)), this being possible since the expression on the
left is linear in f. Note that, in fact, y,, € H{‘OC( A "3(T*M)) by the induction hypothesis.
As above, let D be a linear constant coefficient differential operator of order k and compute

<9*Du]'lﬁ> = <M],D*9ﬁ> = <ula_D*ﬁ]> = <y(pr D*ﬁ]> = <D()/(p)/ﬁ]> = <(D(V<p))]/ﬁ>,

oo N*72(T*M)). As with the computation above, in the above
sequence of calculations we used a change of variable in the convolution and the commuta-
tivity of convolution with differentiation. In any event, we conclude that J*Du i = DY)
equality being of distributions with support in compact subsets of U,. We also conclude
from the arguments above that the sequences (D) ez, and (9*Duj) jez., converge to D(f)
and D(y) in the sense of converging in L? on compact sets.

Next note that

using the fact that y,, € Hf

é(xzDuj) = )(Zé_’Duj +dxz A Du;
and, using the local form for d* from Lemma 6.2.7,

9" (xzDuj) = xz0"Du; + B(dxz, Du;),
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where B is a zeroth-order differential operator, the exact form of which is of no particular
consequence. Now, by the induction hypothesis and our arguments above, the sequences
(d(xDu ))jez, and (0*(x:Du i)jez., converge in the Lz-topology on cl(Vy).

Nextletm e {1,...,n},letl € n" and | € #°, and note from Lemma 6.2.11 that we have

e
f [ e ) (X (””)f @) du() < 407 DuI? + 13e=DupI + Cl=Du ).

Since the terms on the right-hand side correspond to converging sequences, given € € R,
there exists N € Z-¢ such that

”[|8UzDuuﬂﬁ__8UzDU%ﬂU
_ (9(1_)"1

2
@ﬂw@<e

9(XzD(M1,])j))
oM j€Z>0

we see that this implies that the sequence (

for j,k > N. Thus ( converges in L?. Referring to the proof of Lemma 1,

9(XzD(ML])j))

dam j€Zs0
arguing as in the proof of Lemma 1, x,D(u;) € Hl(uz; C)and souy; € Hk+1(VZ; C), giving
the result. ]

also converges in L2. Therefore,

We can now state the main result of this section.

6.2.15 Theorem (Existence of solutions to the o-problem in C*) If M is a second countable
strongly pseudoconvex holomorphic manifold then, given f € T®(\""(T*°M)), there exists
u € T°(A™(T*°M)) satisfying du = f.
Proof By Theorem 6.2.14 we have that there exists u € Ngez,, 10C( A*(T*M)) such that
du = f, with equality being in the sense of distributions. It remains to show that if ¢ €
(A(T*CM)) then g is almost everywhere equal to an element of (A" (T**M)).
10C( A”(TCM)) and let zg € M. Let ¢ € 2(M;R) have the property
that ¢(z) = 1 for z in a neighbourhood of zg. Since § € Nyez., 10C( A7 (TCM)) we easily
conclude that g € Ngez H]_(A"(T*°M)). Let us suppose that supp(¢) C U where U is
the domain of a holomorphic chart for M. To simplify notation, let us identify objects with
their local representatives. Let us also suppose for simplicity that the image of U under
the chart map is a polydisk. Let p € C*(C") have the following properties:

mq€Z>0 loc
Thus let g € Ngez,

1. p(z) > 0;
2. supp(p) = B"(1,0);
3. p(z1) = p(z2) whenever ||z1]| = ||z2]];

4. [, p(x)dA(z) = 1.
For j € Z-( define

@91 = [ @0@p(i - ) dA@),

noting that (¢g); is a smooth differential form and has compact support contained in U for
j sufficiently large.
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We claim that, for any linear partial differential operator D of degree k € Z>y with
constant coefficients, D((¢g);) is a Cauchy sequence with respect to uniform convergence.
To see this, consider the linear partial differential operator Dy defined by

b _ aan
Ol’b - 8x1 .. .axnayl .. ayn

where z/ = x/ + iy/ are the coordinates in the chart. For ¢ € L2(A"(T*CU)) let us denote

W= [ ¥ Y @R

U Tenr Jen®

Since convolution commutes with partial differentiation of distributions, since the inclu-
sion of L2 (A" (T*W)) in 2(/\"*(T*°U)) is continuous, and since ¢g € H (A" (T*CU)), we
have

im|IDoD(¢9);) ~ DoD(¢9)ll = 0.

Let h € C*(C") have compact support in U, let z € U, and let w € C" \ U. We then estimate

Re(z!) Re(z") Im(z") Im(z")
pa=| [ [ D@ i)
I

Re(w!) Re(w") JIm(w!) m(w")

< [ IDoh@) aA@ < A Dt
u
using the Cauchy-Schwartz inequality in the last step. This shows that

Y'Y supliD((@g1)i ) | 2 €W < AQWAIDD((9)))la-

Ien” Jen®

It follows, therefore, that the coefficients (D((¢g1));)jez., form a Cauchy sequence for
uniform convergence, as was claimed at the beginning of this paragraph.

As the conclusions of the preceding paragraph hold for any linear partial differential
operator with constant coefficients, it follows that all partial derivatives of the sequence
((98) ) jez., converge uniformly on U, and so converge to some smooth limit that we denote
by h. Moreover, we have

Il — ¢gll2 = }i_)r?oll(Cf)g)j - ¢gll =0,

the first inequality holding since uniform convergence implies L2-convergence. From this
we conclude that ¢ g is almost everywhere equal to h. Thus ¢g is almost everywhere equal
to a smooth differential form. Since ¢ has value 1 in a neighbourhood of zy we conclude
that g is almost everywhere equal to a smooth differential form in a neighbourhood of z,
and from this the theorem follows. n
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6.3 Stein manifolds

As we have seen, there are two quite different sorts of holomorphically convex
holomorphic manifolds: (1) domains of holomorphy in C" and (2) compact holo-
morphic manifolds. The character of holomorphic functions on these two sorts of
holomorphically convex manifolds are quite different. For example, in a domain
of holomorphy we can solve “reasonable” interpolation problems (Theorem 3.5.3),
whereas on compact holomorphic manifolds all holomorphic functions are locally
constant (Corollary 4.2.11). What we seek is a class of holomorphic manifolds that
resemble domains of holomorphy in that they have a plentiful supply of holomorphic
functions.

6.3.1 The ingredients for Stein manifolds

There are a number of equivalent definitions of what is meant by a Stein manifold.
In this section we introduce the concepts used to define what is meant by a Stein
manifold, and the relationships between them. Some of the relationships are trivial,
and others much less so, relying on the solution to the Levi problem we give in
Section 6.3.2.

6.3.1 Definition (Holomorphically separable, holomorphically spreadable, global co-
ordinate functions) Let M be a holomorphic manifold.

(i) M is holomorphically spreadable if, for every z € M, there exists k € Z.y, a ma
4 y sp y p
e CMl(M; CF), and a neighbourhood U of z such that
&

) NU={z).

(i) M is holomorphically separable if, for every distinct z;,z, € M, there exists
f € C™(M) such that f(z;) # f(z).

(iii) M is locally holomorphically separable if, for each z € M, there exists a neigh-
bourhood U of z such that, for every w € U, there exists f € col(m) satisfying

f@w) # f(2).
(iv) M possesses global coordinate functions if, for every z € M, there exists f €
CrY(M; C") and a neighbourhood U of z such that (U, f|U) is a C-chart. °

Let us prove some relationships between these various concepts.

6.3.2 Lemma (Connections between holomorphically spreadable, holomorphically
separable, and global coordinate functions) For a holomorphic manifold M, the fol-
lowing statements hold:

(i) if M is holomorphically spreadable then it is locally holomorphically separable;
(i) if M is holomorphically separable then it is locally holomorphically separable;
(iii) if M is holomorphically separable then it is holomorphically spreadable;

(iv) if M possesses global coordinate functions then it is holomorphically spreadable;
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(v) if M is second countable, Hausdorff, and holomorphically convex, then the following

statements hold:

(a) if M s locally holomorphically separable then it is holomorphically separable;
(b) if M is holomorphically spreadable then it is holomorphically separable;
(c) if M is holomorphically separable then it possess global coordinate functions.

Proof (i) Let z € M, and let U be a neighbourhood of z and f € ChOI(M ; CK) be such that
FUf(2) N U = (). Define g € C™'(M) by

k
g@w) =Y (fiw) - £,
j=1

and note that g(z) = 0 and g(w) € Ry for w € U. From this we conclude that M is locally
holomorphically separable.

(i) This is obvious.

(iii) Let zp € M and let z; # zy. Let f; € CMY(M) satisfy fi(z0) # fi(z1). By shifting
and scaling the values of f;, we may suppose that fi(zg) = 0 and f1(z1) = 1. If zg lies
in a component of dimension 0 of the analytic set f~ 1(0) then i Y(fi(z0)) N U = {zo} for
some sufficiently small neighbourhood U of zy. Otherwise, let Sy, ..., Sy be the irreducible
components of f;1(0). For each j € {1,...,k} choose w; € Sj and let g; € Chol(M) be such
that g]'(Z()) =0and g](w]) = 1. Let

k

f@)=1-]]0-g@)

j=1

so that f>(zo) = 0 and fo(w;) = 1 for each j € {1,...,k}. Note that f, then does not vanish
identically on the irreducible components of f,° 1(0). If z lies in a component of dimension 0
of the analytic set fl‘l(O) Nf, 1(0) then f_l( f(z0)) = {zo} with f(z) = (f1(2), f2(z)). Otherwise,
we continue on this way, next on the irreducible components of f71(0). As the dimension
of the irreducible components decreases at each step, this procedure will terminate with
the existence of f € CM'Y(M; CF) for which £ (f(z0)) = {zo}.

(iv) Let z € M and let (U, ) be a C-chart for which ¢(z) = 0, supposing since M
possesses global coordinate functions, that ¢ = f|U for f € CM{(M;C"). Then we have
@) NU = {z).

(va) By Theorem 6.3.3, M is strongly pseudoconvex. By Theorem 6.3.5, M is holomor-
phically separable.

(vb) By part (i) and Theorem 6.3.3, M is strongly pseudoconvex. By Theorem 6.3.5, M
is holomorphically separable.

(vc) By part (i) and Theorem 6.3.4, M is strongly pseudoconvex. By Theorem 6.3.5,
M possesses global coordinate functions. |

By Theorems 3.1.10 and 3.1.12 we deduce that domains of holomorphy are holo-

morphically separable. By Corollary 4.2.11 we have that compact holomorphic man-
ifolds are not holomorphically separable.
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6.3.2 The Levi problem on manifolds

In this section we shall present the solution to the Levi problem on manifolds using
the solution of the d-problem that we presented at length in Section 6.2. As we saw
in Section 3.4, the Levi problem for open subsets of C" is the assertion that weakly
pseudoconvex (or equivalently strongly pseudoconvex) open sets are domains of holo-
morphy. This problem was solved by [Oka 1953]. The Levi problem in manifolds is
slightly different in that one must begin with the hypothesis of strong pseudoconvex-
ity and the conclusion is that the manifold is a Stein manifold. This version of the
Levi problem was solved by Grauert [1958] using methods from sheaf theory. Here
we give the solution of the Levi problem using partial differential equation methods.
Our approach follows the presentation of Hormander [1973].

The Levi problem gives the equivalence of strong pseudoconvexity with holomor-
phic convexity in the presence of other conditions. We begin with some of the easier
implications, beginning with the assumption of local holomorphic separability.

Theorem (Holomorphic convexity plus local holomorphic separability imply
strong pseudoconvexity) Let M be a second countable Hausdorff holomorphic manifold.
If M is holomorphically convex and locally holomorphically separable, then M is strongly
pseudoconvex.
Proof Letz € Mand let V be a neighbourhood of z such that, for every w € 'V, there exists
fe chol(m) satisfying f(w) # f(z). Let (W, ¢) be a C-chart about z such that ¢(z) = 0 and
such that ¢~1(B"(r,0)) € V. Let w € ¢~ '(bd(B"(,0))) and let g,, € C"°(M) be such that
Sw(w) # gw(z). Without loss of generality we can suppose that g,(z) = 0 and gw(w) > 1.
By continuity of g, there is a neighbourhood N, of w such that gw(w’) > g for all w’ € Ny,.
By compactness of qb‘l(bd(gn(r, 0))) there exists wy, ..., wy, € qi) (bd(B"(r, 0))) such that, if
we take h, = Z];illgwjlz, then h,(z) = 0 and h (w) > 1 for we ¢ bd(B”(r 0))). By Lemma 1
from the proof of Theorem 6.1.22, h, is smooth and plurisubharmonic. Now define

hz(w), weM \¢‘1(B”(1 0)),
fZ(w) = 2 n
Mee)(hz(w), llp@)IP), w € $~'(B"(1,0)),

where M) is as defined in Lemma 1 from the proof of Proposition 6.1.21. Note that
f- is plurisubharmonic and strictly plurisubharmonic (by Lemma 1 from the proof of
Proposition 6.1.21) in a neighbourhood N; of z. Since M is second countable, there exists
(zj)jez., such that (N;,)jez., covers M.

We shall construct a strictly plurisubharmonic function v as the limit of a sequence of
smooth functions converging in the weak C*-topology. We prove the following lemma of
general utility.

1 Lemma If M is a smooth paracompact Hausdorff manifold and if (f;)iez., is a sequence in C*(M),
then there exists a sequence (€)ez., in Rso such that the sum Zj‘:l €jf; converges in the weak
C*®-topology.

Proof We equip M with a Riemannian metric G, this by paracompactness of M [Abraham,
Marsden, and Ratiu 1988, Corollary 5.5.13]. We denote by V the Levi-Civita connection of
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G. Let g € C®(M). If K € M is compact and if r € Z3(, we define

gl k = sup{lIVg)ll | x€K, jel{o,1,...,71},

where ||| indicates the norm induced on tensors by the norm associated with the Rieman-
nian metric. One readily sees that the family of seminorms ||||; x, ¥ € Z>p, K € M compact,
defines a locally convex topology agreeing with other definitions of the weak C*-topology.
Thus, if a sequence (g/) jez., satisfies

lim(lg - gjll,k =0,  r€Zsyo, K< M compact,
]—)00

then g is infinitely differentiable [Michor 1980, §4.3].

Without loss of generality, we suppose that M is connected, since otherwise the con-
struction can be applied separately to the connected components of M. If M is paracompact,
connectedness allows us to conclude that M is second countable [Abraham, Marsden, and
Ratiu 1988, Proposition 5.5.11]. Using Lemma 2.76 of [Aliprantis and Border 2006], we let
(Kj)jez., be a sequence of compact subsets of U such that K; C int(Kj;1) for j € Z> and
such that Ujez_ K; = U. Let us define a; = ||fj||j,1<j and take €; € R to satisfy €; < (aj2f)‘1.
We define f by

[ee]

fo) =) eifi0),

j=1
and claim that the sum converges to f in the weak C*-topology. Let us define g,, € C*(M)
by
m
gu(x) = Y €ifi(x).
j=1

Let K € M be compact, let r € Z5p, and let € € R.g. Take N € Z sufficiently large that
K € Ky and such that

12

Z Zim<e,

m=mq+1

for my,my > N with m; < mjy, this being possible by convergence of 2}21 % Then, for
mq, mp 2 N/

gy — gmallrk = sSUpHIIV/gm, (x) = Vigm, (@)l | x €K, j€{0,1,...,7}}

sl Y enViiuto)] | ¥k et n)
1

m=mi+
myp ) my 1
<sup{ Y em||v1fm(x)||| xek je(01,. <) S <€
m=my+1 mi+1

Thus, for every r € Zsy and K € M compact, (fu)mez., is a Cauchy sequence in the
norm ||-[l,x. Completeness of the weak C*-topology implies that the sequence (fin)mez.,
converges to a function that is infinitely differentiable. v
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By the lemma, let (€;)ez., be a sequence in R for which the sum

[ee]

v= Zejfzj

=1

converges in the weak C*-topology. Let z € M. Since v is an infinite sum of smooth
plurisubharmonic functions, at least one of which is strictly plurisubharmonic in a neigh-
bourhood of z, it follows from that v is strictly plurisubharmonic in a neighbourhood of z,
and so it strictly plurisubharmonic.

Finally, we show that there exists a smooth strictly plurisubharmonic exhaustion
function on M. Since M is holomorphically convex, it is weakly pseudoconvex by Theo-
rem 6.1.22. Our assertion follows from Proposition 6.1.20. [

A related result with stronger hypotheses and stronger conclusions is the follow-

ing.
6.3.4 Theorem (Holomorphic convexity and global coordinate functions imply strong
pseudoconvexity) Let M be a second countable Hausdorff holomorphic manifold, let K € M

be compact, and let U be a neighbourhood of K. If M is holomorphically convex and possesses
global coordinate functions, then there exists u € C*(M) N SPsh(M) such that

(i) u is an exhaustion function,
(i) u(z) < 0 for every z € K, and
(iii) u(z) > 0 for every z € M \ U.
Proof By Proposition 6.1.5(iii) let (K;)jez., be a sequence of compact subsets of M such
that
1. K7 = hconvy(K),
2. hCOl’lVM(K]‘) = K]‘,
3. K;j € int(Kj41) for j € Zso, and
4. M= UjeZ>on~
For each j € Zo let U; be such that K; € U; C Kj;1, this being possible by a simple
construction using the fact that K; C int(K;;1) and that K; is compact. We may suppose,
moreover, that U; € U. Denote L;j = Kjy2 \ Uj, j € Zso. Forw € L; let fy,; € ChOI(M) be such
that |fy, j(w)| > || fw,]-IIKj, this being possible since w ¢ K; and since hconvy(K;) = K;. By
rescaling we can suppose that || fy,jllx;, < 1and |fy j(w)| > 1. Also let gu1, ..., uwn € chol(m)
be such that the map
W = (ua (@), ..., §un(@"))
is a C-chart on a neighbourhood of w for which w is mapped to 0. By rescaling if necessary,

we can suppose that ||gw,l||K]- < 1forl € {l,...,n}. Let Uy be a neighbourhood of w
such that |fy,j(z)] > 1 for all z € Uy, ;. Since L; is compact, let w1, ..., Wy be such that

L;c Ui 1uwl,j. Then, for all z € L; we have

max({l fw, @I | L€{1,..., kil Ullgw, @I L€{1,... ki}, refl,...,n}}) > 1



48 6 Stein and real analytic manifolds 28/02/2014

and forallz € K j we have

|fwl,]‘(Z)| <1, le {1,...,k]'},

and
|gw,(2)] <1, le {1,...,k]-}, refl,..., n}.

We combine the two families

(fwl,j/ e /fwkj,j)/ (gw1,1/ o /gwl,}’l/ e rgwkj,ll e /gwk].,n)

into a single family that, with an abuse of notation, we denote by

(Forjr-+r for, )

Now choose m; € Z sufficiently large that

ki
N fu @ 2 ) zel
I=1
and
k; 1
Y fur P < 5 ek
=1
Now let

(o] kj
u@ =Y Yl @ -1, zeM
=1 1=1

By Lemma 1 from the proof of Theorem 6.1.22, u is real analytic and plurisubharmonic.
Following the proof of that lemma, we showed that u is also an exhaustion function.
Moreover, by construction, u(z) < 0 for z € Kand u(z) > 0 forz € M\ U.

It remains to show that u is strictly plurisubharmonic. Suppose that Lev(u)(Z,, Z,) = 0
for some Z, € TM. As we saw in the proof of Lemma 1 from the proof of Theorem 6.1.22,

ki

Lev(u)(Z,) = i leszl,]’|2~

=1 I=1

Thus we have Z.f,, ; = 0 for every | € {1,...,k;}, j € Z>o. Since the list of functions f, ;,
lefl,..., kj}, j € Z>, contains functions that form a C-chart about z, it follows that Z, = 0,
giving strictly plurisubharmonicity of u as desired. |

Now we can prove a converse to results such as the preceding two. While the
preceding results are more or less easy to prove, the proof we give of the following
result depends on the results of Section 6.2.

6.3.5 Theorem (The Levi problem on manifolds) If M is a second countable, strongly pseudo-
convex holomorphic manifold, then M is holomorphically convex, holomorphically separable,
and possesses global coordinate functions.

Proof We first prove a lemma.
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1 Lemma If M is a holomorphic manifold, if u is a smooth strictly plurisubharmonic exhaustion
function on M, and if zg € M, there exists a neighbourhood Uy of zg and fy € Ch(’l(uo) such that
fo(zo) = 0 and

Re(fo(2)) < u(z) — u(zo)

forall z € Up \ {zo}.

Proof Let (U, ¢) be a C-chart for M about zj such that ¢(zp) = 0. By Lemma 3.2.10 we can
then write the Taylor series for the local representative Uug as

up(z) = ugp(0) + Re(P(z)) + Lev(uy)(0; z) + O(lIzI1%)

for a polynomial P of degree at most two and satisfying P(0) = 0. Since Lev(u) is positive-
definite,
Re(P(z)) < ug(z) — ug(0)

for z in some neighbourhood of 0. Taking fp to have local representative P gives the
result. v

Let u be a strictly plurisubharmonic exhaustion function on M. Letzp, z; € Mbe distinct
and choose a neighbourhood Uy of zp and fy € Ch"l(uo) as in the lemma. We suppose,
without loss of generality, that u(z;) < u(zp). We may also suppose that z; ¢ Uy, cf. the
proof of the lemma. Let U; and U, be neighbourhoods of zj satisfying

cl(Uy) € Uz € cl(Up) S Up.

By the Tietze Extension Theorem [Abraham, Marsden, and Ratiu 1988, Proposition 5.5.8],
let ¢ € C*(M) be such that supp(¢) € U, and ¢(z) = 1 for z in some neighbourhood of Uj.
Leta > u(zp) and let

zZE€ supp(élp) N{weM| u(w) <aj.

By choosing a sufficiently small, continuity of u ensures that such a z exists. Then, since
z € supp(dy) C cl(Up) \ Uz € Up \ {zo}, Re(fo(2)) < u(z) — u(zp). Therefore, u(zo) > a,
Re(fo(z)) <a—a=0.

By compactness of supp(dy), there exists € € R such that

Re(fo(2)) < —€, z € supp(dyP) N {w € M| u(w) < a}. (6.25)
Define

M, ={ze M| u(z) <a}.

By Proposition 6.1.21(iv) and Theorem 6.2.13 there exists ¢, € C*(M,) such that, if g €
le0 N /\O’l(T*CMu)) satisfies d¢ = 0, then there exists v € L2 (Mg, @,) for which dv = ¢

loc
and [[vlly, < lIglly,- Moreover, by Theorem 6.2.14 and the argument of the proof of
Theorem 6.2.15, if g is of class C*, then so too will be v.

Now, with fy and ¢ as above, and for f € Ch"l(uo) and t € R., define

gt = fehooy.
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Note that ¢; = d(fe'f01)) and so dg; = 0 by Proposition 4.6.4. By (6.25) we have

€t

lIgtllp, < Cre™

for some C; € Rsg. Thus there exists v; such that dv; = gt and

[0ellp, < Cre™

for some C; € Rxg. Since g(z) = 0 for z € M, \ supp(dy), v; is holomorphic in M, \ supp(dy).
Finally, define
fi = fethy -y, (6.26)

and note that f; is also holomorphic in M, \ supp(di).
By applying Lemma 1 from the proof of Theorem GA2.7.1.7, along with the discussion
following that lemma, we have

tlim fi(z1) = —tlim vi(z1) =0
(noting that z; € M, since we are assuming that u(z1) < u(zp)) and
lim fi(z0) = f(z0) — lim v¢(z0) = f(20).

Now take f so that f(z9) = 1 so that fi(zo) # fi(z1) for t sufficiently large. By Theo-
rem GA2.7.1.7 it follows that there exists g € cholamy, approximating f; on cl(Mgy())
closely enough that g(zo) # g(z1). Thus M is holomorphically separable.

For a € R let us denote

M, = {ze M| uz) < a} = cl(M,).

We claim that hconvy (m) = Ma foreverya € R. To see this, let zg ¢ Ma and leta’ € (a, u(zo)).
By our constructions above, and using zg as used in these constructions, we have a family
ft, v € Ry, of smooth functions on M for which

lim fi(z0) = 1

and

lim fM P i) =0,

(using the Dominated Convergence Theorem). The arguments from the proof of Theo-
rem GA2.7.1.7 show that f; converges as t — oo uniformly to zero on compact sets. In

particular, then f; converges uniformly to zero on M,. Choose t sufficiently large that
[l ftHM < % and fi(zo) > % Using Theorem GA2.7.1.7 we can approximate f; uniformly on
My by functions holomorphic on M. Thus there exists g € Ch"l(M) for which |g(zo)| > || g||ma.

Thus zy ¢ hconvy (m), as desired.
Next we show that our conclusion of the preceding paragraph implies that M is
holomorphically convex. Let K € M be convex. Since u is an exhaustion function, there

exists @ € R such that K € M,. By Proposition 6.1.2(ii), and the previous paragraph,
hconvy(K) € M,. Since M, is compact (1 being an exhaustion function) and since hconvy(K)
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is closed by Proposition 6.1.2(iv), it follows that hconvy(K) is compact by [Runde 2005,
Proposition 3.3.6]. Thus M is holomorphically convex.

Finally, we show that M possesses global coordinate functions. We again make ref-
erence to the constructions of the first part of the proof, i.e., that portion of the proof
following the lemma. In particular, we start with zg € M. By shrinking Uy if necessary, we
choose f1,..., f* € Ch°(Uy) such that z - (f1(2),..., f"(z)) forms a coordinate system in
a neighbourhood of zy mapping zo to 0. Then define smooth functions f},..., f on M as
in (6.26), i.e., replace “f” in (6.26) with “f7”, j € {1,...,n}. Note that

If (20) = Iff(z0) - Igi(z0),  jEL, ..., n),

and so, by our arguments above,
lim 9 ) = dfi(z0),  jell,...,n} (6.27)

Let J; be the holomorphic function defined in a neighbourhood of zp by computing the
Jacobian determinant with respect to the coordinates z — (fl(2),..., f(z)) of the C"-
valued function z — ( ft1 (), ..., f{!(2)). By (6.27) it follows that lim; e J+(zo) = 1. Thus, for
t sufficiently large, we have that z - ( ft1 (2), ..., f{(2)) are globally defined coordinates for
M about z. [ |

6.3.3 Stein manifolds and their basic properties

There are many ways one can characterise Stein manifolds, but they all amount
share being equivalent to the fact that a manifold is a Stein manifold if and only if
it is strongly pseudoconvex. The results of Section 6.3.2, along with Lemma 6.3.2,
lead to many equivalent such characterisations, all of which appear in the literature in
various places. We formulate our definition of a Stein manifold to capture all of these
equivalent characterisations, just to summarise what they are so that we can use the
characterisation that is most convenient for our various purposes.

6.3.6 Definition (Equivalent definitions of “Stein manifold”) A second countable holo-
morphic manifold M is a Stein manifold if it satisfies one of the following equivalent
definitions:

(i) Mis holomorphically convex and holomorphically spreadable;
(if) Mis holomorphically convex and locally holomorphically separable;
(iii) M is holomorphically convex and holomorphically separable;

(iv)
)

(v) Mis strongly pseudoconvex. o

M is holomorphically convex and possesses global coordinate functions;

As we shall see as we go along, Stein manifolds possess many deep and ultimately
useful properties. In this section we shall present some of the simpler properties of
Stein manifolds, most of which follow directly from their defining properties.

Let us consider some examples of Stein manifolds.
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6.3.7 Examples (Stein manifolds and not Stein manifolds)

1. If U € C"is an open set, then the coordinate functions are holomorphic functions on
U that provide a global C-chart for U. Thus an open subset of C" is a Stein manifold
if and only if it is holomorphically convex. Thus, by Theorems 3.1.10 and 3.1.13,
the open subsets of C" that are Stein manifolds are the domains of holomorphy.

2. The only compact holomorphic manifolds that are Stein manifolds are those of zero
dimension. Indeed, holomorphic functions on a connected compact manifold are
constant by Corollary 4.2.11, and this precludes a compact holomorphic manifold
from being locally holomorphically separable, even though it is holomorphically
convex.

3. The holomorphic manifold from Example 6.1.23 is not Stein, although it is weakly
pseudoconvex. In that example, the manifold is not holomorphically convex. e

The following result is a consequence of Propositions 6.1.20 and 6.1.21.

6.3.8 Proposition (Basic properties of Stein manifolds) If M and N are Stein manifolds,
then the following statements hold:

(i) M x N is a Stein manifold;

(ii) if M is a Stein manifold and if S € M is a closed holomorphic submanifold, then S is a
Stein manifold;

(iii) if Si,...,S¢ € M are Stein submanifolds for which S = n]!;ls]- is a holomorphic
submanifold, then S is a Stein manifold;

(iv) if ®: M — N is holomorphic, if S € M and T C N are Stein submanifolds, and if
S N ®Y(T) is a holomorphic submanifold of M, then S N ®~Y(T) is a Stein manifold;

(v) if Mis a second countable Stein manifold and if u € Psh(M)NC™ (M), then u™([—c0, @)
is a Stein manifold for every a € R.

The following result gives a criterion for a holomorphically convex manifold to be
Stein. We refer to Chapter GA2.6 for a discussion of analytic sets.

6.3.9 Proposition (Analytic subsets of Stein manifolds) If M is holomorphically convex and
if there are no compact analytic subsets of positive dimension, then M is Stein.
Proof Letzp € Mso K = hconvm{zo} is compact. Let U be a relatively compact neighbour-
hood of K. For all z € bd(U) there exists f € chol(M) with | f(2)| > |f(zo)l. Since bd(U) is
compact there exists fi, ..., fx € ChOI(M) such that, for z € bd(D), there exists j € {1,...,k}
such that |f;(z)| > |fj(zo)l. Let

S={zeM| i) = fizo)

Then S N D is a closed subset of M and hence is a closed analytic subset of M contained in
cl(D). Thus ZN D is finite and so M is holomorphically spreadable. u

For Stein manifolds, one can also relate the holomorphically convex hull with the
plurisubharmonic convex hull.



28/02/2014 6.4 Real analytic manifolds 53

6.3.10 Proposition (Convex hulls for Stein manifolds) If M is a Stein manifold and if K € M

6.4.1

is convex, then hconvy(K) = pconv,,(K).
Proof Let z ¢ hconvy(K) so that there exists f € C"°!(M) for which |f|(z) > |l|flllx. This
implies that |f ) >l f ||k, and since | f ? is plurisubharmonic (cf. the proof of Lemma 1
from the proof of Theorem 6.1.22) it follows that z ¢ pconv,,(K). This proves that
pconvy,(K) € hconv(K).
For the opposite inclusion, suppose that z ¢ pconv,(K). Thus there exists u € Psh(M)n
C%(M) such that u(z) > supy u. We can then choose € € R sufficiently small that

u(z) + eup(z) > sup(u + €uyp),
K
where ug is a smooth strictly plurisubharmonic exhaustion function (which exists since M
is Stein). Now we can use Theorem GA2.7.1.5 to infer the existence of v € Psh(M) N C™(M)
such that v(z) > supyv. Let ¢ € (supgv,0(z)). As we proved during the course of the
proof of Theorem 6.3.5, v=((~o0, c]) is holomorphically convex. Since ¢ < supy v we have
K € v71((~o0, c]). Therefore,

heconv(K) € hconvy(v™((=o0, c])) = v~ ((—o0, c]).

Thus z ¢ hconvy(K) since v(z) > c. [ |

6.4 Real analytic manifolds

In this section we apply techniques from the theory of Stein manifold to say useful
things about real analytic manifolds. As we shall see, real analytic manifolds should
not be thought of as being analogous to general holomorphic manifolds, but rather
only to holomorphic manifolds that are Stein. Thus real analytic manifolds do not
share the sorts of restrictions on their real analytic functions that one can expect for
general holomorphic manifolds.

6.4.1 Totally real submanifolds of holomorphic manifolds

In this section we consider a generalisation of the notion of the fact that we have a
natural embedding

1

(', ., - (' +10,...,x" +i0)

of R" as the “real part” of C". To generalise this idea to a holomorphic manifold is no
longer natural. For example, were one to attempt to formulate the definition of a real
submanifold as being one whose image under a C-chart lies in R" € C”", this notion
fails to be chart independent. The following definition captures the notion we are
after, using the complex structure on a holomorphic manifold as per Definition 4.5.7
and the notion of a totally real subspace from Section 4.1.7.

Definition (Totally real submanifold) Let M be a holomorphic manifold with complex
structure J. A smooth real submanifold S of M, i.e., S is a submanifold of the smooth
manifold M, is totally real if T,S is a totally real subspace of TM for everyz€ S. e
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Totally real submanifolds are distinguished by the fact that they admit particular
coordinate charts.

6.4.2 Lemma (C-charts near totally real submanifolds) Let M be a holomorphic manifold
with complex structure ] and let S be a smooth totally real submanifold. Then, for z, € S,
there exists a C-chart (U, ¢) for M about z with the following properties:

(i) ¢ takesvaluesin C* ~ R*XR™ =~ R*XR?* and we denote coordinates by ¢(z) = z(z) =
x(z) +iy(z) € C", $(2) = (x(2), y(z)) € R" X R", or ¢(z) = (&(2),1)(2)) € R* X R>7;

(i) ¢(zo) = 0;

(iii) To(p(U N S)) = ToR* C To(R* x R2"k),
If, moreover, S is additionally a real analytic submanifold, then (U, ¢) may be additionally
chosen so that

(iv) (UIS) C{(&n) | &=0}.
Proof Let (U, ¢) be any C-chart about zp such that {(z9) = 0. Since (V N S) is a totally
real submanifold of (V) € C", To((V N S)) is a totally real subspace of ToC" ~ C". Let

(v1,...,v;) bea(real) basis for To((VNS)). By Lemma 4.1.27 there exists vyyq,...,v, € C"
such that

(vll‘ . '/vi/lr](vl)/' . '/](vn))

is J-adapted, where | denotes the standard linear complex structure on C". Thus, by
Proposition 4.1.6, the map L: C" — C" defined by

n n
L(Z alv; + Z () = @ +ib',...,a" +ib")
j=1 j=1
is C-linear. Then the map ¢: U — C" defined by ¢(z) = L o1)(z) has the properties (i)—(iii),
as can be verified directly.

For the final assertion of the lemma it is convenient to rename the coordinates (&, 1) €
RF x R2"k as (21, z0) € CK x C"* as follows:

i/, jefl, ... k),
=7/ +in™, jell,...,n—kl.

We also denote x; = Re(z1), y; = Im(z1), x2 = Re(z2), and y; = Im(z2). Then, from
the first part of the proof and by shrinking U if necessary, we have real analytic maps
x1: (W) NRF - RF and x,: ¢(U) N RF — C"* with the property that

PUNS) = {(x1 +iy;, 22) € C" X C"F | y; = x1(01), 22 = x2(x1), x1 € PU) N R,

Moreover, x; and x; and their first derivatives vanish at 0 € R¥. By Lemma 1 from the proof
of Proposition 6.4.3 below, there exists a neighbourhood U of 0 € C* and holomorphic
maps Xi: U — Ckand xp: U — C"* that agree with x; and x,, respectively, on U N Rk,
Define ®: U x U — Ck by

D(z1, 1) = z1 — G1 — ix1(Cy)-
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By the holomorphic Implicit Function Theorem, Theorem 1.2.7, we can write ¢; as a
holomorphic function of z; and such that ®(z1, ;(z1)) = 0. We have

Re(C;(z1)) = Re(z1) + Im(x; (Re(G4(21)))) = Re(z1)

since x; is real for real arguments. Therefore, we have that Im(;(z1)) = 0 if and only if

0 = Im(z1) — Re(x1(Re(C1(21))) = y; — x1(Re(C1(21))) = y; — x1(Re(z1)),
Let us also define
Co(z1,22) = 22 — X2(C1(21))-
If Im(C(z1)) = 0 then
Co(z1,22) = z2 — X2(Re(C1(21))) = x1(Re(z1)).

so that (z1,2z2) € P(UNS) N U if and only if Im(C;(z1)) = 0 and {5(z1,22) = 0. Thus the
coordinates (G, §,) achieve the desired result. |

The lemma says, roughly, that totally real submanifolds are linearly approximated

by real subspaces of C" (this is unsurprising) and, if the submanifold is real analytic,
this approximation is not only linear, but local.

It is also possible to extend real analytic maps from real analytic totally real sub-

manifolds.

6.4.3 Proposition (Extension of real analytic maps) Let M and N be holomorphic manifolds,
let S C M be a totally real real analytic submanifold for which dimg(S) = dim¢(M), and

let

® e CY(S;N) (thinking of N also as a real analytic manifold). Then there exists a

neighbourhood U of S in M and ® € Chc’l(u;l_\l) such that ®|S = . Moreover, if U and
W are two neighbourhoods of S in M and if ® € C™(U;N) and @ € C™(W;N) satisfy
DIS = V'|S = D, then O and O’ agree on any connected component of U N W that intersects

S.

Moreover, if dimc(M) = dimc(N) and if ® is a real analytic diffeomorphism onto a totally

real submanifold of N, then the neighbourhood U and the extension ® can be chosen so that ®
is a holomorphic diffeomorphism onto its image.

1

Proof Let us first do this for Euclidean space, using the following (usual) identification
of C" with R" x R™:

(le ey Zﬂ) = ((Re(zl)l ey Re(zn))/ (Im(21), ey Im(zn))) (628)
With this convention, we have the following result.

Lemma Let U C R™ be open and let ® € CV(U; C™). Then there exists a neighbourhood U C C™
of Ux {0} and XS ChOI("l_L; C™) such that ®|U x {0} = D. Moreover, for any other neighbourhood
W of U x {0} in C™ and for any other mapping ®' € CM°\(W; C™) for which @'|U x {0} = @, ®
and @' agree on any connected component of UN W intersecting W.

Moreover, if m = nand if @ is a real analytic diffeomorphism onto its image in R™ x {0}, then
W and the extension @ can be chosen so that @ is a holomorphic diffeomorphism onto its image.
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Proof Letx € U and let Vy C U be a neighbourhood of x in R” such that the Taylor series
for @ converges on V. Thus, for each y € V,, we have

- 1 M/
=== @y-», jefl..,m.
kZ::;IZ I ox!

n
EZZG

Then, by Theorem 1.1.17, there exists a neighbourhood v, of (x,0) in C" such that

ad Ilepi

Y Y ST e wo), el m),
k=0 rezz, ¥

converges for every z € V.. Let @, € ChOI(Vx ; C"™) be the holomorphic function defined by

the preceding Taylor series.

We claim that if V is a neighbourhood of (x,0) and if W e chol(y; cm) agrees with @,
when restricted to a neighbourhood of x in R" x {0}, then @, and ¥ agree on the connected
component of the intersection of their domains containing (x, 0). To see this, we note that
the real Taylor series of @, and W, restricted to R" x {0}, must agree. Thus @, and W have
the same Taylor series at (x, 0), and so must agree on a neighbourhood of (x, 0). Our claim
follows from Theorem 1.1.18.

Thus we have a family (Vy)reu and (@)yey; Of open sets and holomorphic functions
defined on these open sets. Define U to be the connected component of UyetVx containing
U x {0} and define ® € ChOI(ﬁ; R) by asking that @(z) = Dy(z) where x € U is such that
z € V. By the second paragraph of the proof, ® is well-defined on U since U is connected.
That @ is holomorphic follows by holomorphicity of the functions ®,, x € U. The final
assertion of the theorem follows from the Identity Theorem, Theorem 1.1.18.

The final assertion follows by the Inverse Function Theorem, Theorem 1.2.6, along
with the fact that the complexification of a R-linear isomorphism is a C-linear isomorphism.

v

For the general case, let z € S and, by Lemma 6.4.2, choose a C-chart (U, ¢.) for M
about z such that
(Pz(uz NS)C{zeC"| Im(z) =0}.

Also choose a C-chart (V;,¢,) for N about @(z) and suppose that ®(U,) € V,. Then the
local representative @y, : z > ;o Do 171(z) satisfies the hypotheses of the lemma. By the
conclusions of the lemma we can extend @ to @, € ChOI(ﬂZ ; N) defined on a neighbourhood
U, of U,. We can argue as in the proof of the lemma that, by doing this for each z € S,
we obtain a neighbourhood U = UsesUz and a well defined map De Ch‘)l(u; N) given by
requiring that D(w) = D,(w) if w € U,. The Identity Theorem for manifolds, Theorem 4.2.5,
gives the uniqueness assertion of the theorem.

The final assertion of the theorem follows from the final assertion of the lemma above,
along with an application of Lemma 6.4.2 at z € S and ®(z) € N. |

An important property of totally real submanifolds is that they have Stein tubular

neighbourhoods. This was first proved by [Grauert 1958] in, more or less, the case of
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totally real submanifolds of half the (real) dimension of M. The proof in general that
we give is that of [Cieliebak and Eliashberg 2012]. To state the theorem and give the
proof, we need to recall some facts about Riemannian manifolds.

We suppose that M is equipped with a Hermitian metric H, and that the associated
Riemannian metric is denoted by G, cf. Section 4.1.5. We shall additionally suppose
that M is connected. For an absolutely continuous curve y: [0,T] — M we define its
length by

T
£a(y) = fo GO/ (1), /()2 dt.

Itis easily and directly shown that this definition of the length of a curve depends only
on the trace of the curve and not its parameterisation. Thus we may as well suppose
that T = 1 when we speak of the length of a curve. Thus, for x, y € M, we define the
distance between x and y to be

du(x, v) = inf{€u(y) | y: [0,1] = Mis absolutely continuous with y(0) = x, y(1) = y}.

One verifies that dy is a metric on M. Thus, for a subset S € M, we can define
diStsi M— RZO by
dists(x) = inf{du(x, y) | y € S}

as the distance function from S. With all this as backdrop, we state the following
theorem.

Theorem (Totally real submanifolds possess Stein neighbourhoods) Let M be
a paracompact holomorphic manifold, let H be an Hermitian metric on M with associated
Riemannian metric G, and let S be a properly embedded, totally real submanifold of M. Then

(i) dist§ is strictly plurisubharmonic in a neighbourhood of S and

(ii) for any neighbourhood N of S, there exists a neighbourhood W C N of S that is a Stein
manifold with a smooth strictly pseudoconvex boundary, i.e., a boundary that is a level
set of a strictly plurisubharmonic function.

Proof We suppose that M is connected, and so second countable [Abraham, Marsden,
and Ratiu 1988, Proposition 5.5.11]. If this is not so, the construction of the proof can be
made on all connected components of M. We let NS C TM|S be the G-normal bundle of S.
For z € S and v, € N,S define 7(v;) = y,.(1), where y,, is the unique geodesic satisfying
Yy, = 0z For p: S — Ry define

NS, = {v: e NS | [lvzlle < p(2)}.

By the Tubular Neighbourhood Theorem [Brocker and Janich 1982, Theorem 12.11] there
exists a continuousmap p: S — Ry such that 7 isa diffeomorphism from NS, onto a neigh-
bourhood of S in M. Moreover, by properties of geodesic normal coordinates [Kobayashi
and Nomizu 1963, §IV.3], the distance from z € NS, to S is It~ (2)llG.

The following lemma gives particular coordinates for T, £ 7(NS,) about every point

in S.

ref

ref
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1 Lemma For each zy € S there exists a chart (U, ¢) about zo with the following properties:
(i) ¢ takes valuesin R"xXR" =~ RE xRk and we denote coordinates by P(w) = (x(w), y(w)) €
R™ X R™ or p(w) = (§(w), n(w)) € R x Rk,
(i) SNU={welU| nw) =0},
(iii) for w € U, dists(w) = [[n(w)ll;
(iv) foreach z € S N'U the function f, € C*(U) given by

f,(w) = 2lInw)I* - 115(w) — &@)IIP
is strictly plurisubharmonic on U.

Proof Let(V,{)beachart for S about zg, and denote coordinates in this chartby w +— &(w).
We suppose this chart has been chosen so that (%(ZQ), cee, a%k(ZO)) is a G(zg)-orthonormal
basis for T,,S. By Proposition 4.1.26 and the fact that J(zp) is G(zp)-orthogonal, it follows

that
d J J

8_51(20), sy 8_5"(20)' ](8_51
form an orthonormal basis for T,,S & J(T,,S).
Now let Xj, ..., X,,—x be orthonormal sections of NV that are orthogonal to J(TS). Let
Y1,..., Yy be orthonormal sections of NV for which Y/(zo) = ](a%j), j€{1,...,k}. Finally, let
Yk+1,- - -, Yn be orthonormal sections of NV for which Y(zo) = J(X;-k(z0)) for j € {k+1,...,n}.
Note that with these sections as defined, J(zp) has the matrix representation

;3

J
ey (9_5"(20)' X1(z0), - -+, Xy—k(20), Y1(20), - - ., Yu(z0)

d

3_§1<(Z0))

z0)),-- -

in the basis

d

oet (20),
for T,,M.

For z € V and for (1}, ..., ?" ) € R?"¥ sufficiently small, we can define

Zn—k) —

exp,(n',...,1 Vi@ M), - - VY i) T20—b))s

where t = y,(t) denotes the geodesic of G for which y’(0) = v. Moreover, the Tubular
Neighbourhood Theorem shows that the map

N'Y1(@) + -+ " Yok (2) - (8(2), 1)

is a diffeomorphism from a neighbourhood of Z(NS) to a neighbourhood of S. Thus we
have a chart (U, ¢) for M defined in a neighbourhood of zp. Moreover, the distance from
z € U to S is exactly n(z).

It remains to show that f; is strictly plurisubharmonic in a neighbourhood of zj for
each z sufficiently close to zg. Let J be the complex structure on ¢p(U) € R" x R* = C"
induced by the coordinate chart and the complex structure | on M. That is, | = ¢.(J|U).
Note that ] agrees with the canonical complex structure at ¢(zp) by the manner in which
we have constructed our coordinates. Next note that the function

&) = 2l - 11§ - &@)IP
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is strictly plurisubharmonic on C" for any z € V, as can be directly verified. By this we
mean that it is strictly plurisubharmonic with respect to the standard complex structure.
Define a map L: U X U — C™" by asking that Ljj(z, C) be the Levi form for ¢.fy-1;) with
respect to the complex structure J(z) evaluated at the standard basis vectors e; and e;. The
matrix L(¢(z0), $(z0)) is Hermitian and positive-definite. Thus there is a neighbourhood
of zg such that the Levi form of f, is positive-definite for every z in that neighbourhood,
and this concludes the proof. v

By virtue of second countability of M, we can thus choose a locally finite covering of
S with a countable family (U, ¢1))iez., of submanifold charts as in the lemma, and with
closed subsets A; C U;, | € Zs, for which S = Ujez_ A;. Borrowing the notation from the
lemma, we denote
Pi(w) = (x(w), y(w)) = (&(w), n,(w)).
For each | € Z.p and each z € § N A}, define f;, € C*(U;) by

fi2(@) = 2, @)I? ~ 1§ (w) — &I

By the lemma the neighbourhood U; is chosen so that f; is strictly plurisubharmonic on
U; foreachz € SN Uj;.
Let N be a neighbourhood of S. Since disté(w) = IIT‘l(w)IIé the Hessian of disté at
z€Sis
Hess distg (2)(uz, 0z) = G(2)(v(1), v(02),

where v is the projection onto N,S. From Lemma 3.2.9 we have
Lev(dist3)(02) = G(z)(1(02), v(v2)) + GR)W(J(v2)), v(J(v2)))-

Since S is totally real, we conclude that disté is strictly plurisubharmonic along S. By
Lemma 3.3.3 let 1 be a smooth exhaustion function on S that we extend arbitrarily to a
smooth function on the tubular neighbourhood T, by asking that t*9(v,) = 1(z) for every
v, € N;S,. That is, if we regard T, as a bundle over S whose fibre over z € S is a disk,
the extension of ¢ just described prescribes 1 as being constant on these fibres. Now,
following the argument given in the proof of Theorem 6.2.13, let 6: R — R be smooth,
convex, and strictly increasing and such that ¢ + ¢ odisté is strictly plurisubharmonic on
S, and so in a neighbourhood U of S. We choose U to be a neighbourhood of S contained
in N N cl(Ty).

For each z € S let V, be a neighbourhood of z such that (1) V, € U and (2) if w € V,
and if | € Zsg is such that z € U;, then 3||n(w)|* < dist(A;, bd(1;))?, the distance between
sets being given as in . This is possible since the covering (U;)cz., is locally finite. Let
V = cl(U,esVs). For z € Sand [ € Z such that z € U;, denote

C,={lwely,nV| fi.(w)>0}.
We claim that, with V so chosen,
bdy(C;,) ={w e UyNV| fi.(w) =0},

i.e., the boundary of C;, in V does not contain points from bd(l;). Indeed, suppose this is
not so, so that there exists w € cl(C; ) N bd(U;). Therefore,

0 < fiz(w) = 2n@)I — IE@)I.

ref
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Since w € bd(l;) and z € A; we have
du(w, z) > dist(A;, bd(U;)).

By the lemma,
du(w, 2) 2 dists(w) = lIn@)Il-

Combining the preceding inequalities, we have
dist(A;, bd(Up))* < [In(@)I* +11E@) = E@)IP < 3ln()I* < dist(A;, bd(Wy)?,

which is a contradiction. Thus we conclude that (6.4.4) holds, as desired. For z € S fix
I, € Zso such that z € Aj,. Since V \ S = U,sCy_,, the condition (6.4.4) ensures that there
exists a countable set (zj)jez., in S such that bd(V) € U j€Z>0Cle,Z],. (To see this, note that
bd(V) is a countable union of compact sets, each of which can be covered by a finite number
of the sets C;_,.)

Now let

e/t >0,
t) =
o) {O, t <0.

and define g; = ¢o flz].,z,-/ j € Z>o. Note that g; is defined on Uj;, but can be smoothly
extended to V. Moreover, by Proposition 6.1.10(iv), g; is strictly plurisubharmonic on
Clzj,zj and plurisubharmonic on V. We can then choose suitable a; € R, j € Zso, such
that, if we define

s@)= ) aigd,  zeV,

J€Zso

then g71([0,1)) € V. If € € (0, 1) is a regular value for g (of which there are densely many by
Sard’s Theorem [Abraham, Marsden, and Ratiu 1988, Theorem 3.6.5]), then V, = g‘1 ([0,€))
is a neighbourhood of S with a smooth strictly pseudoconvex boundary.

Now let € be a regular value of g and «: [0,€) — Ry be defined by x(s) = tan(7?),
noting that x is a strictly convex diffeomorphism. Thus kg is plurisubharmonic by
Proposition 6.1.10(iv). Thus u = xog + ¢ + aodistZS is strictly plurisubharmonic. Let
us verify that it is also an exhaustion function on V.. Let « € R. Since ¥|S is an
exhaustion function, (1)|S)7}((—c0,a]) is compact. Since S is properly embedded in M,
Ky £ P71((—o0,a]) N S is compact. Note that, by the manner in which ¢ is extended from
Sto T,

P H(=o0,a]) = {z € Ty | mrm(t™(2)) € Kal.

By the following lemma, {~!((—o0, a]) is compact.

Lemma Let X and Y be topological spaces with X compact and let t: Y — X be a continuous map
with the following properties:

(i) 7 is a surjective open mapping;
(ii) 7=Y(x) is compact in Y for every x € X.
Then Y is compact.
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Proof Let(U;)sca be an open cover for Y. Letx € X and note that (U, N 71(X))gen isan open
cover for " 1(x). Since 1 (x) is compact there exists a finite subset {a1(x),...,a (x)} € A
such that 77 1(x) = U';iluaj(x). Now, note that N, = ﬂl;iln(uuj(x)) is a neighborhood of x
since 7t is open. In turn, this implies that .4 = (Ny)xex is an open cover of the compact set
X. Therefore, there exits a finite subset {xq,...,x;} € X such that X = Uﬁ 1Nx,. In summary
we have
Y = Upeqrt 1 (6) = Uperr U, Uy (0 = UM UR 1
= YxeX = YxeX j=1 aj(x) = ¥i=1 j=1 a;j(x)s

giving a finite subcover of Y as desired. v

Since g and disté are Ryo-valued we have u™!((—o0, a]) C ¥~((~0, a]). Compactness
of u~1((=o0, a]) now follows since it is a closed subset of the compact set 1 ((—o0, a]). Thus
Ve is strongly pseudoconvex, and so Stein. |

6.4.2 Complexification of real analytic manifolds

Very often in real analytic geometry it is useful to complexify, by which we mean
extend real analytic objects to the corresponding holomorphic objects. The first step in
doing this, of course, is to complexify real analytic manifolds. It is relatively easy to do
this in a dumb direct way, but upon doing so one would like for the complexification
to have some nice properties. In this section we indicate what these nice properties
might be, and prove that a complexification does indeed exist with these properties.
The first substantial work in this direction was done by Whitney and Bruhat [1959] (see
also [Cartan 1957]). Further exploration of the idea of complexification was carried
out by Kulkarni [1978].

Let us first define what we mean by the complexification of a real analytic mani-
fold.

Definition (Complexification) If M is a real analytic manifold, a complexification of
M is a pair (M, t) where M is a holomorphic manifold M and ¢: M — M is a real analytic
embedding for which (M) is a totally real submanifold. A complexification M is
minimal if 1 is a homotopy equivalence, i.e., if there exists continuous maps p: M — M,
h: 0,11 xM = M, and h: [0,1] X M = M such that

(i) h(0,x) = peou(x) for all x € M,

(i) h(1,x) =xforallx € M,

(iii) 1(0,z) = top(z) forall z € M, and

(iv) h(1,z) =z for all z € M. .

With these definitions we have the following result.

Theorem (Real analytic manifolds possess minimal complexifications) If M is a
Hausdorff, paracompact real analytic manifold then there exists a minimal Hausdorff complex-

ification M of M.
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Proof For x € M let Uy, V,, and W, be neighbourhoods x in M for which U, and V, are
relatively compact, for which

Cl(ux) CVy, Cl(vx) CWy,

and for which Wy is the domain of a real analytic chart map ¢,: W, — R". We denote
Ay = ¢0x(Uy), By = ¢x(Vy), and Cx = ¢px(Wy). Since M is paracompact, by [Abraham,
Marsden, and Ratiu 1988, Proposition 5.5.5] we choose a subcover of (Uy)xem of M with
index set I such that (U;)icr, (Vi)ier and (W;);er are locally finite open covers. We use the
symbols A;, B;, €;, and ¢; for the obvious entities for each i € I. Let us also denote

Aij = pi(WiNU)),  Bij=¢i(VinV)), € =d:(WinW))
fori, j € I. We shall assume whenever necessary and without saying so that i, j € I are such
that desired intersections are nonempty. Thus we have a real analytic diffeomorphism
¢ij: Cij — Cj; if €;; # 0. Obviously we have
Aij € Bij C Cjj
and
dij(Aij) = Aji,  ¢ij(Bij) = Bji.

By Proposition 6.4.3 we can extend ¢;; to a holomorphic diffeomorphism q_bl-]-: Eij - Eji
from a neighbourhood €;; of €;; C R" in C". By restricting if necessary, we suppose that

_i‘jl = 5].1. for eachi,j € I. Fori,j €1 let @i]» be an open subset of C" with the following
properties for each i, j € I:

1. cl(@ij)) is a compact subset of C;j;

2. BjjNR" = Bj;

3. cl(Bij) NR" = cl(Bj);

4. ¢;(Byj) = Bjj.
Note that cl(A;) N aji(cl(ﬂ ) Ncl(Bj;)) is a compact subset of @i]'. Thus, for each i, j € I, there
exists an open subset D;; of C" with the following properties for each i, j € I:

5. cl(@lj) is a compact subset of @ij;

6. cl(A;)N aﬁ(cl(Aj) Ncl(B;) € Dij;

7. ¢;i(Dyj) = Dji.
Since 51-]' is an open set containing the intersection of the two compacts sets cl(A;) and
¢ ji(cl(A j) N cl(Bj;)), it follows that the sets

cl(A) - Dy, q_b]-i(cl(ﬂj) N cl(B;) — Dy

are disjoint and each compact. Thus there exist disjoint open sub sets YZ- and 91- in C"
containing these complements, and thus having the property that

cl(A;) C 51']' U E,‘]’, aﬁ(d(ﬂ]’) N Cl(fBj,‘)) - 51‘]' U gi]‘.

Leti € I. Let X; be an open subset of C" having the following properties:
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8. X;NR" = A;
9. (X)) NR™ = cl(A;);
10. X; C 5,-]- U i-]- for each j € I (of which there are finitely many) for which C;; # 0.
Note that

cl(X; N Bjj) € cl(X) N cl(Byj)
and so
cl(;i(X; N Bij)) € by (cl(X) N el(B).
Therefore,

cl(@, ( : (Xi1NBy)) NR" C 5 (cl(X;) N cl(Bj) NR”

= ¢;;(cl(X) N el(Bij) NR")
= ¢ij(cl(Ai) N cl(By))), (6.29)

by virtue of the properties of 2 and 3 of ﬁ-j and 8 and 9 of X;.
For x € B;, let B, be an open subset of C” satisfying the following properties:

11. for each j € I (of which there are finitely many) for which x € B;;, %i . C @i]- ;
12. for each j € I (of which there are finitely many) for which x € q) ]Z(cl(A ) N cl(Bi),
le c Dz] U 131];

13. since, by (6.29), if ¢ij(x) € cl(A;) then we have x ¢ gbl (cl(X;) N cl(B,])) we require
that, for each j € I (of which there are finitely many) for wh1ch Pij(x) ¢ cl(A)),

BixN 5i]‘(C1(:Yi) N cl(By)) = 0;
14. for each ordered pair (j,k) € J X | (of which there are finitely many) for which
x € BjjN By, we have

Bix C 5]7(%]'1' N B ) N @y (Br N By))
and 51-]-(2) = @k]- o@k(z for every z € B, .

Now denote B = Uyes, Bl » and let A be a nelghbourhood of A; in C" contained in
X; N B; and for which cl(4;) C B;. By properties 8 and 9 of X; we have

A;NR" = A;,  cl(A) NR" = cl(A,)).

Let us also define L _ L
Aij = Ai N (AN Bji), A = Aij 0 A

Note that q_bl- ].|Zi]- is a holomorphic diffeomorphism onto ﬁﬁ. Alsoletz € Zijk soz € ﬁ,-]-
and, therefore, z € 5 ji (AT]' N gﬁ). Similarly, z € q_bki(zk N Byi). From this we conclude that

z € 5]l(i] N g]l) N aki(ik N gki)-

Therefore, if z € §i,x for some x € B; (as must be the case), then @i,x must intersect both
¢;;(X;NBji) and ¢ (XxNBy;). By property 13 of the sets B, » we conclude that ¢;(x) € cl(A;)
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and ¢ (x) € cl(A). From this we conclude that x € B;; N Bj. By property 11 of the sets
Bl . we conclude that z € B;; iN Blk Thus we have

5ik(z) = @k Oaij(z) € ij-

Since z € Aj; we also have az-k(z) € Ay. Therefore, we also have akj oq_bz-k(z) = ai].(z). From
this we conclude that

aij(z) € ‘Z]/ azj(z) € alj(zl N gi]’)/ 51](2) € ak](Zk N Ek])

From the preceding three formulae we conclude that 5 (z) € 7L]-,-k Thus 51 ](zijk)
Aﬂk In like manner we conclude that gb ]1(A]zk) Cc Al]k Therefore, qbZ] is a holomorphic
diffeomorphism from A; jk onto A jik-

Now consider the disjoint union Ulel A;; thus an element of this set is a pair (i, z) where
z € A;. On Ujer A; we use the disjoint union topology, i.e., the topology generated by the
sets {i} x O for i € I and for O C A; open. We define an equivalence relation on this set by
(i,z) ~ (jjw)if z € Ajj, w € Ajj, and w = ¢, ].(z). Our constructions above, particularly that
O; j is a holomorphic diffeomorphism from A;; onto A j; and from A;j onto A, ensure that
~ is indeed an equivalence relation. (We adopt the natural convention that A;; = A; and
51-1- =idy .) Let us denote by M the quotient of Uier Ai by the equivalence relation, and we
equip M with the quotient topology. By = we denote the projection. We claim that M has

a holomorphic structure and an inclusion of M whose image is real analytic and totally
real. First we specify the holomorphic structure by prescribing a holomorphic atlas. For

ielletU; = n({i} x A;) and Ei: U — C" by Ei(z) = (i,z), where 7(i,z) = z. Since Ei is a
bijection onto A;, (1L;, Ei) is a C-chart. For two overlapping charts (ﬁi,ai) and (ﬂj,aj) we
have qb]- o¢i‘1(z) = gbi]-(z) for z € ¢;(U; N U;). Thus ((U;, ¢,))ier is a holomorphic atlas. Now
we need to embed M in M as a totally real submanifold. If x € M then x € U; for some i € I.
We then define 1(x) = o ¢;(x). To see that ¢ is well-defined, suppose that x € U;. We then
have ¢;(x) = ¢;j o pj(x) so that (i, p;(x)) ~ (j, p(x)), giving well-definedness. Since the local
representative of 1 with respect to the chart (U;, ¢) for M and the chart (E-, 61.) for M is the

canonical embedding of A; € R" in A; C C", it follows that ¢ is real analytic and that its
image it totally real.

Next we show that the topology on M is Hausdorff. To do so, we first show that
cl(ﬁl]) c E; To do so, we suppose without loss of generality that C;; # 0. Let z € XU.
Noting that Aji i € A; C B;, it follows that there exists x € B; such that z € §i,x' We claim
thatx € ¢ ].i(cl(A]) N cl(Bji)). Indeed, suppose otherwise so ¢;j(x) ¢ cl(A;). By property 13
of the sets B, we have z ¢ ¢ ;;(X; N Bj;). This implies that z ¢ ¢ ;(A; N Bj), contradicting
the fact that z € A; j by the definition of 7[1-]- We, therefore, have x € a (cl(A)) N cl(Bj)). By
property 12 of the sets Bl «wehaveze D” UHU Wealsohavez € A; CX; C f)Cl] U@l] Since
DCZJ and 91] are prescribed as being disjoint, we must have z € D,] Since DU is prescribed
as being relatively compact in B;; j, it follows that cl(A; i) C B j, as desired.
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To show that M is Hausdorff, let z,w € M be distinct and suppose that (i, z) = z and
1i(j, w) = w. We claim that there exists a neighbourhood § of z in A; and a neighbourhood
T of w in A; such that the set

(@ 2), Gw)) e (i x8) x{j xT)| (i,2) ~ (jw)}

is empty (this obviously suffices to show that z and w have disjoint neighbourhoods).
Suppose otherwise. This implies that there exists sequences (z))icz., in A;j and (w))jez,,

in Zﬁ converging to z and w, respectively, and such that w, = (pij(zl), l € Zso. By the

preceding paragraph, we conclude that z € @i]' and w € gﬁ. This contradicts the fact that
(i, z) = (j, w).

Finally, we show that there is a minimal complexification. This, however, follows
from the Tubular Neighbourhood Theorem in the following manner. We suppose that M
possesses a Riemannian metric G as a smooth real manifold. By that theorem we have a
function p: M — R and a diffeomorphism 7: NM, — M from a neighbourhood of the
zero section of the normal bundle to M in M. By shrinking, we suppose that M = image(7).
We then define the smooth map p: M- M by p(z) = vet~1(z)x, where v: NM — M is the
vector bundle projection. We define smooth maps /: [0,1] XM — Mand h: [0,1]xM — M
by h(s,x) = x and E(s, z) = 7(st7'(z)). These maps clearly satisfy the conditions in the
definition of minimality. [

If we combine the preceding theorem with Theorem 6.4.4 we have the following
result.

Corollary (Real analytic manifolds possess Stein complexifications) If M is a
Hausdorff, paracompact real analytic manifold, then it possesses a minimal Stein complexifi-
cation.

6.5 Embedding theorems

Embedding theorems for manifolds have to do with the question, “When can a
manifold be embedded as a submanifold of Euclidean space?” The abstract definition
of a manifold by no means makes it clear that such an object can, indeed, be regarded
as a submanifold of Euclidean space. Embedding theorems, when they exist, are often
quite useful. For example, an embeddable manifold will always possess a Riemannian
or Hermitian metric, simply by restricting the standard Euclidean inner product or
Hermitian inner product, respectively. A host of similar type existence theorems follow
from embeddability, for example Theorem GA2.5.3.3 and its Corollary GA2.5.3.4.

The basic embedding theorem for smooth manifolds in differential geometry is that
of Whitney [1936], which says that a second countable smooth Hausdorff manifold of
dimension 1 can be embedded as a smooth submanifold of RY for some sufficiently
large 2n+1. The embedding theorem of Whitney is comparatively easy to prove, using
partitions of unity, and we give a proof below. Another important smooth embedding
theorem is that of Nash [1956], which says that if a second countable smooth Hausdorff
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manifold possesses a smooth Riemannian metric, its embedding into RN (generally we
will have N > 21 + 1) can be chosen such that the Riemannian metric on the embedded
submanifold agrees with that induced by the standard Euclidean metric. Nash’s proof
is a technical one, and involved proving a powerful Inverse Function Theorem in
infinite dimensions.

Thus, in the smooth case, one has at one’s disposal exactly the sort of embedding
theorems on would like. However, it is not the case that embedding theorems hold
universally; for instance, Example 4.2.13-3 shows that not all holomorphic manifolds
can be embedded in complex Euclidean space. Thus the question of embeddability
does not always have a positive answer. In this section we overview the embedding
theorems that will be of interest to us.

6.5.1 Proper mappings

The embedding theorems we give will all assert the our manifold is properly em-
bedded in some Euclidean space. In this section we quickly overview the notion of
being proper, and why it is important.

Definition (Proper map) For topological spaces § and 7, a map ®: § — T is proper if
®1(K) is compact for every compact subset K C 7. o

To gain some insight into this definition, let us consider some examples.

Examples (Proper and not proper maps)

1. If Sisacompactspace, if Tis a Hausdorffspace, and if @: § — T is continuous, then
® is proper, since a compact set K C T is closed ([Runde 2005, Proposition 3.3.6]),
so @Y(K) is closed and so compact ([Runde 2005, Proposition 3.3.6]).

2. The map P: R — R is a polynomial function of positive degree, then it is proper.

o

The map sin: R — R is not proper.

4. We claim that continuous exhaustion functions are proper. Indeed, if u: § — R
is such a function and of K C R, then K C (—o0, a] for some a. Therefore, u~'(K)
is a closed subset of the compact set u!((—o0,a]) and so compact [Runde 2005,
Proposition 3.3.6].
Note, however, that not all continuous proper functions are exhaustion functions.
For example, an odd polynomial function P: R — Ris proper but not an exhaustion
function. Roughly speaking, proper functions have to “blow up” at “infinity” to
plus or minus infinity, whereas exhaustion functions “blow up” at “infinity” to
plus infinity. o

The examples, particularly the last two, suggest that a proper map “must go to
infinity when evaluated at points going to infinity.” This is imprecise, of course,’ but

!t can be made more precise by use of one-point compactifications. A little more specifically and
assuming that § and T are locally compact but not compact, if § and 7 are the one-point compactifications
of § and T, respectively, then a continuous map ®@: § — Tis proper if and only if it extends to a continuous
map ®: § — T having the property that ®(co) = co.
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nonetheless it does capture the spirit of why properness is important for our purposes.
To flesh this out further, let us introduce the following definition.

6.5.3 Definition (Properly embedded submanifold) A submanifold S of a smooth mani-
fold M is properly embedded if the inclusion map ts: S — M is proper. J

Some examples illustrate the point of this definition.

6.5.4 Examples (Properly and not properly embedded submanifolds)
1. Let M = R? and consider the submanifold

S={(xy R y=0)

One readily verifies that S is properly embedded. Intuitively, points at infinity in
S are also at infinity in M.

2. Let M = R? and consider the submanifold
S={xy) eR| y=0,xe(-1,1)}

Note that the compact subset K = [-1, 1], intersected with S, is not a compact subset
of S, and this precludes S from being properly embedded. Intuitively, points at
infinity in S, i.e., points tending to the endpoints of S, are not at infinity in M. e

The following result encapsulates the important properties of proper maps.

6.5.5 Proposition (Characterisations of proper maps) If M and N are smooth manifolds and
if ®: M — N is a continuous injection, then the following statements are equivalent:

(i) @ is proper;
(i) ©(M) is closed and @: M — (M) is a homeomorphism provided that ®(M) is equipped
with the subspace topology inherited from N;
(iii) ©(A) is a closed subset of N for every closed subset A C S.
Proof (i) = (iii) Here we use a lemma.

1 Lemma Let M and N be smooth manifolds and let ® € C°(M; N). Then ® is proper if and only if it
holds that, for every sequence (Xj)jez., for which the sequence (P(xj))jez., converges to'y € N, then
there is a convergent subsequence (X )ez., for which (D(x;,))kez., also converges to'y.

Proof Suppose that @ is proper. Since the sequence (®(x))jez., converges, there exists
a compact set K € N such that ®(x;) € K for every j € Zso. Then ®(K) is compact
since @ is proper, and x; belongs to the compact set ®~!(x;) for each j € Z.o. By the
Bolzano-Weierstrass Theorem, there exists a convergent subsequence (x},) jez.,, and clearly
limy_, 0 @(xjk) =y.

To prove the converse, let K C N be compact and let (x))jez., be a sequence in @~ (K).
Since K is compact, by the Bolzano-Weierstrass Theorem there exists a subsequence
(X )kez., such that (O(xj))rez., converges to y € K. Then, by hypothesis, there exists a
subsubsequence (xjkl)]€Z>0 in ®!(K) converging to x € M. Since @ is continuous, ®~(K)

is closed x € ®}(K). By the Bolzano-Weierstrass Theorem we conclude that ®~!(K) is
compact and so P is proper. v
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Now let A C M be closed and let (xj)jez., be a sequence in A for which (®(x)))jez.,
converges toy € N. By the lemma and since A is closed, there exists a subsequence (x;,)jez.,
converging to x € A. Since @ is continuous, ®(x) = y and this shows that ®(A) is closed.

(i) = (i) Let K € N be compact so that K N ®(M) is a compact subset of the closed
set ®(M). By [Runde 2005, Proposition 3.3.6] we have that K N ®(M) is compact. Since
® is a homeomorphism with the subspace topology on ®(M), we conclude that dK) =
O~ 1(K N ®(M)) is compact, as desired.

(ii) = (i) Let ®~1: ®(M) — M be the inverse of ® restricted to its image. Since @ is
obviously continuous, it suffices to show that @1 is continuous. For this, we must show
that ®(U) is an open subset of ®(M) in the subspace topology. By hypothesis, ®(M \ U) is
a closed subset of N, and so a closed subset of ®(M) in the subspace topology. Injectivity
of @ ensures that ®(U) = ®(M) \ (&(M \ U)), and from this we conclude that ®(U) is indeed
open. |

6.5.2 The Whitney embedding theorem for smooth manifolds

In this section we prove the grandfather of the embedding theorems, and perhaps
the easiest of them to prove.

6.5.6 Theorem (The Whitney Embedding Theorem) If M is a smooth, paracompact, Hausdorff

and connected manifold of dimension n, then there exists a proper smooth embedding of M in
R2n+l.

Proof The proof will be by a series of lemmata. The first is a weak version of Sard’s
Theorem, adequate for our needs. For the general version and an elementary proof, we
refer to [Aubin 2001].

1 Lemma If ®: U — R" is a map of class C' from an open subset U C R™, then ®(Z) has measure
zero for every subset Z C U of measure zero.

Proof Let B C U be a closed ball. Since B is compact, ®@|B is Lipschitz, and so there exists
C € R, such that
P (x) — P(y)ll < Cllx - yll

for every x,y € B. Since Z N B has measure zero, given 0 € R,y we can cover Z N B by
balls (B))jez., whose volumes sum to less than 6. For each j € Z-(, ®(B)) is contained in a
ball whose radius is less than C times that of B;. Thus @®(B;)) is contained in a ball whose
volume is less than C" times that of B;. In other words, @(Z N B) is covered by balls (B}) j€Zs0
whose volumes sum to less than C"6. Since 6 can be chosen as small as desired, @(Z N B)
has measure zero. Since Z can be covered by countable many closed balls, @(Z N B) is a
countable union of sets of measure zero, and so of measure zero. v

The next lemma is similar in spirit.

2 Lemma If M is a second countable smooth manifold of dimension n and if ® € C/(M;R™) for
m > n, then ®(M) has measure zero.

Proof First we prove the result in the case that M = U is an open subset of R". Let
p: R™ — R" be the projection onto the first n components and define ® € C! (U x R"™"; R™)
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by D(x, y) = ®(x). By the preceding lemma, d(U x {0}) has measure zero. Since (U) =
d(U x {0}), the lemma follows in this case.

If M is second countable, it can be covered by countably many coordinate charts. By
the first part of the proof, the image of each coordinate chart under ® has measure zero.
Thus image(®) is a countable union of sets of measure zero, and so has measure zero. V¥

For the next lemma, let R be the set of R-matrices with n rows and columns, and
for k < min{m, n} let Rl’zxm be the matrices of rank k.

3 Lemma The subset R”™ is a finite union of submanifolds of dimension k(n + m — k).

Proof A simple computation shows that there are

T

minors of size kxk. Thus we have functions W, : R™™ - R,je{l,...,N(n, m,k)}, returning
the values of these k X k-minors. Let us denote

S;={A € R™™ | Wi(A) #0).

Let us suppose that W is the principal k X k-minor.

If kK = min{n, m} then RZX’" is the set of matrices of full rank, and so none of the
N(n,m,k)
i=1
j€fl,...,N(n,m,k)}. Therefore, ]RZX’” is also o]pen, and so a submanifold of dimension nm.

In case k < min{n,m} then if A € R it must be the case that W;(A) # 0 for
some j € {1,...,N(n,m,k)}. Let us suppose consider the set S;, as all other sets S,
j € {2,...,N(n,m,k)}, are mapped to S; by reordering row and column indices. In this
case, forae{l,...,n—k},be{l,...,m—k},and A € R, define d,,(A) to be the determi-
nant of the matrix

functions W; vanishes on Rl’gxm, ie., RZ“” =U S;. By continuity, the sets S; are open,

1 ... 1 1
Al Ak Ak+b
H oA A

a “oe a a
Al Ak Ak+b

Then define

O: RPM R(n—k)(m—k)
A (dll(A)r ey dlk(A)r ceey dn—k,l (A)/ ceey dn—k,m—k(A))/

and note that 51 N szm is given by ®-1(1,0,...,0). We then compute, for A € S; N RZX’”,

8dab(A)_ Wi(A), i=k+a, j=k+D,
IA! o, ielk+1,...,n), jelk+1,...,m}, i#k+a, j#£k+D.

We conclude that points on $1 N RZX’” are regular points for ®, and so 51 N RZX’” is a
submanifold of dimension nm — (n — k)(m — k) = k(n + m — k). As mentioned above, by
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reindexing, we also conclude that S; NR™" is a submanifold of dimension nm — (n—k)(m —

k) = k(n + m — k) for each j € {1,...,N(n, m, k)}. Finally, since R C Ui\i(? mh g j» we have
_ 1 Nnmk) o
R = Ui 8N RY™,
and so RZX’” is indeed of the stated form. v

Now we can give our first interesting construction, showing that certain maps can be
well approximated by maps all of whose values are regular values.

4 Lemma If ®: U — R™ is a mapping of class C* from an open subset U C R™ with m > 2n, then,

for € € Ry, there exists A € R™" such that
(i IA].iI <eforief{l,...,m},je(l,...,n}, and
(i) the mapping x — D(x) + Ax is an immersion.
Proof Let us define W: U X R} — R™" by
W(x,B) = D®D(x) + B.

If k < n we have
n+k(m+y,-ky<n+m-1D(m+1) <nm-1.

Thus, by the first lemma and the third lemma, W(U x RZ“”) has measure zero, and so
consequently does W(U X UZ:‘ll]R]TX”). It follows, therefore, that there are matrices A in
the complement to U,’{‘:‘llemX”, i.e., matrices of maximal rank, that are as small as we
like, e.g., their components are as small as we like, and which satisfy the condition that
D®(x) + A has maximal rank for every x € U, as desired. v

Next we give a local approximation result.

Lemma Let M be a smooth manifold of dimension nand let ®: M — R™ be of class C! withm > n.
Let (U, @) be a chart, let K C U be compact, and suppose that, for all x € K, Tx® has maximal
rank n. Then there exists 6 € Ry such that, if ¥ € CY{(M; R™) satisfies ||D(\Ifoqb‘1)(x)|| < 6 for
x € ¢(K), then Ty (D + V) has maximal rank n for all x € K.

Proof Letd: K — R be defined by asking that d(x) be the maximum absolute value of all
n X n minors of D(W¢~1)(¢(x)). Note that d is continuous and d|K is positive. Thus, by
virtue of compactness of K, there exists € € R, such that d(x) > € for all x € K. Continuity
of the determinant ensures that there exists 6 € R. such that, if A € R™*" satisfies ||A|| < 0,
then D(W o qb‘l)(gb(x)) +Ahas rank n for all x € K. From this the result immediately follows.

v

Now we use the preceding lemmata to arrive at a global approximation result.

Lemma Let M be a smooth, connected, paracompact, Hausdorff manifold, let ®: M — R™ be a
mapping of class C* with m > 2n, and let 5 € C°(M;Rs). Then there exists a C' immersion
W: M — R™ satisfying ||W(x) — D(x)|| < 6(x) for every x € M.
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Proof By [Abraham, Marsden, and Ratiu 1988, Proposition 5.5.5] and since M is sec-
ond countable as it is paracompact and connected [Abraham, Marsden, and Ratiu 1988,
Proposition 5.5.11] we let (U;)jez.,, (V) jez.,, and (W))jez,, be locally finite open covers by
relatively compact sets such that (W}, ¢) is a coordinate chart, and such that

C](u]') - V]‘, Cl(V]') cW;

for each j € Z¢. For each j € Z let p; be a smooth function taking values in [0, 1] and
such that p;(x) = 1 for x € cl(U;) and pj(x) = 0 for x € M\ cl(V;) [Abraham, Marsden, and
Ratiu 1988, Proposition 5.5.8]. We inductively define a sequence of maps (W;)MR™ such
that W — @ is smooth and has support contained in Ky = Ul;:l cl(V;) for each k € Z. For

k=1,1let A; € R™" and define
Wi(x) = O(x) + p1(x)A1(P1(x)).

By the fourth lemma above, we can choose A such that (1) T,V is injective and (2) ||\ (x)—
D) < % for x € cl(U;). Now suppose that we have defined Wy, ..., Wk such that, for
each j € {1,...,k}, ¥; — @ is smooth, has support in K;, and satisfies ||W;(x) — ®(x)|| < %
for x € K;. For Ay,; € R™" denote

Wir1(x) = Wi(x) + prs1 () Ajes1 (Pra1 (X))

Moreover, choose Ay, such that (1) TyWy,, is injective for x € Wy (by the fourth lemma)
and (2) (W (x) — Y@l < 29 for x € K N cl(Wy,1) (by the fifth lemma). Now take

2k+1

W(x) = limy_,o Wi(x), this limit existing and W being of class C? since, for each x € M, there
exists N € Zso such that Wi(y) = Wn(y) for y in some neighbourhood of x. Moreover,
easily verify that W is an immersion and satisfies |[W(x) — ®(x)|| < 6(x) foreachx e M. ¥

Next we modify the immersion of the preceding lemma so that it is injective.

7 Lemma Let M be a smooth, connected, paracompact, Hausdorff manifold, let ®: M — R™ be a
mapping of class C* with m > 2n + 1, and let 6 € C°(M; Rsq). Then there exists a C' injective
immersion W: M — R™ satisfying ||V (x) — P(x)|| < 6(x) for every x € M.

Proof By the preceding lemma, let®: M — R be a C> immersion such that || Y'(x)-®(x)|| <

@ for every x € M. By Theorem 1.2.9 (or the smooth version of this, which follows from
the smooth Inverse Function Theorem exactly as Theorem 1.2.9 follows from the real
analytic Inverse Function Theorem), for each x € M there exists a relatively compact
neighbourhood U, about x such that YU, is injective. By paracompactness (and so second
countability, since M is connected) of M let (U;)cz., be a locally finite open cover of M by
relatively compact open sets such that Y|U; is injective. For each j € Z.¢ let p; be a smooth
function on M taking values in [0, 1] and satisfying p;(x) = 0 for x € M \ U;, and suppose
that 2}21 pj(x) = 1 for every x € M, i.e., (pj)jez,, is a partition of unity. For any sequence

5(x)

(y]-)jez>o in R?+1 satisfying ||y]-|| < 5% for x € U, for k € Z( define

k-1

W) = Y@) + Y pi@)y;.

j-1
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By the fifth lemma above the sequence (y,)jez., can be chosen so that W is an immersion
for each k € Z-.
For each k € Z-q let

Ok = {(x, y) € MX M pi(x) # pi(y)}
and define I'y: O — R*"*1 by

_ Wi(x) — Wi(y)
) = o~ o)

Noting that I'; is of class C?, by the second lemma above we conclude that image(I'y) has
measure zero. Thus we can successively amend our section of the sequence (¥))jez., in
such a way that we additionally have y, ¢ image(I'y). Upon doing so, we define W(x) =
limy_,o Wi(x), noting that W is of class C?,is an immersion, and satisfies || ¥ (x)-®(x)|| < 5(x).

It remains to show that W is injective. Suppose that W(x) = W(y). Let N € Z( be
sufficiently large that p;(x) = p;(y) and W;(x) = V;(y) = WY(x) = W(y) for every j > N.
Since yy_; ¢ On-1 we have py_1(x) = pn-1(y). Consequently, the equality Wy(x) = Wn(y)
forces us to conclude that Wy_1(x) = Wn-1(y). We can proceed inductively backwards to
conclude that p(x) = p;(y) and W(x) = W;(y) for every j € Z>(. Consequently, Y(x) = Y(y).
Since pj(x) # 0 for at least one j € Z, it follows that x, y € U; for some j € Z(. However,
this is in contradiction with the fact that Y|U; is injective. v

Now we can conclude the proof of the theorem. It remains to show that an injective
immersion can be chosen that is an embedding. By Proposition 6.5.5 this means that we
must be able to choose a proper injective immersion. Let 6 be the constant function on M
taking the value 1 and let u be a smooth exhaustion function on M; such a function exists
by Lemma 3.3.3. Now define ® € C®(M; R?**1) by

O(x) = (u(x),0,...,0).

By the previous lemma let W be an injective immersion such that |[W(x) — ®(x)|| < 1 for
every x € M. We claim that W is proper. Let K C R?**! be compact. If x € W~1(K) then

IW(x)|l < suplllxll | x € K} = Ck,

and so ||®(x)|| < Cx + 1. Since ||®(x)|| = |u(x)| we have W1(K) € u~!((~o0, Cx + 1]). Since
u is an exhaustion function we conclude that W~}(K) is compact, being a closed subset of
the compact set u~1((=o0, Cx + 1]), [Runde 2005, Proposition 3.3.6]. [ |

A much harder theorem, also due to Whitney [1944], asserts that an n-dimensional
paracompact Hausdorff manifold can be smoothly embedded in R*". For our purposes,
the preceding theorem suffices. For example, it allows us to immediately conclude the
following.

6.5.7 Corollary (Existence of smooth Riemannian metrics) If M is a smooth, paracompact,
Hausdorff manifold, then there exists a smooth Riemannian metric on M.

Proof 1t suffices to give a smooth Riemannian metric on each connected component of

M. By the Whitney Embedding Theorem, one can embed each such connected component

into RY for suitable N, and the restriction of the Euclidean inner product to the embedded

component defines a smooth Riemannian metric on that component. n
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6.5.3 The Remmert embedding theorem for Stein manifolds

In this section we give the basic embedding theorem for holomorphic manifolds due
to Remmert [1955], with additional contributions by Bishop [1961] and Narasimhan
[1961]. The proof we give follows the treatment of Héormander [1973]. For holomor-
phic manifolds, note that a general embedding theorem is not possible, for example,
by virtue of the fact that there are no compact positive-dimensional holomorphic
submanifolds of CN (Example 4.2.13-3). Thus we need restrictions on holomorphic
manifolds in order for them to admit a holomorphic embedding into C”; it turns out
that the condition is that the manifold be a Stein manifold. Certainly a holomorphic
submanifold of CV is Stein by Proposition 6.3.8. The difficult thing to prove is the
converse, and this is what we now do.

Theorem (The Remmert Embedding Theorem) If M is a holomorphic, paracompact,
Hausdorff and connected manifold of dimension n, then there exists a proper holomorphic
embedding of M in C*+1,
Proof The first part of the proof bears a strong resemblance in structure to the proof of the
Whitney Embedding Theorem. First we show that compact subsets of M can be immersed
in sufficiently large copies of Euclidean space.

1 Lemma Let M be a holomorphically separable holomorphic manifold possessing global coordinate
functions and let K € M be compact. Then there exists N € Zso and a holomorphic map
®: M — CN such that TS® is injective for each z € K.

Proof ForzeKletl,...,(" e ChOI(M) be holomorphic functions such that there exists a
neighbourhood U, of z for which

b w e (L), ..., C(w))

gives a C-chart (U, ¢,). Since K is compact, we can cover it by finitely many such charts
denoted (U;, ¢;), j € 1{1,...,k}. Let W: M — C"™ be the map

W(2) = ($1(2), - - -, Pr(2)).

If z € K then z € U; for some j € {1,...,k}. Then T§¢j is injective, and so TSW is injective.
LetW = u’];luj X U; € Kx Kbe aneighbourhood of the diagonal. We claim that W x W|W
is injective. Indeed, if (z1,z2) € W that z1,z; € U; for for some j € {1,...,k}. Then we
immediately have z; = z, because of injectivity of ¢;. Now let (z,w) € K x K\ 'W. Since
M is holomorphically separable, there exists f, ) € CPl(M) such that few (@) # frzw@).
There thus exists a neighbourhood W, .y of (z,w) such that f(; ,)(z") # fizw)(w’) for each
(z/,w") € W(zw). By compactness of K X K we can then find finitely many holomorphic
functions, say fuxs1,---, fm, such that, if fi(z1) = fj(z2) forall j € {nk+1,...,m}, thenz; = z3,
provided that (z1,z2) € Kx K\ W. If we define @: M — C" by

@(Z) = ((Pl (Z)I crcy (Pk(Z), fnk+1 (Z)/ e /fm(z))/
we see that @ has the desired properties stated in the lemma. v

The next lemma says that, up to a point, we can reduce the number m from the
preceding lemma. We suppose, as usual, that dimc(M) = n.
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2 Lemma Let M be a holomorphic manifold, let K C M be compact, and let ® € CMY(M; C™+1),

m > 2n, be an immersion on K. Then, for € € R, there exists v.€ C™ such that ||v|]| < € and
such that the map

z - (Dl(z) - vIO™l(z), ..., DT (z) — vDTH(2)) e C™
is an immersion on K. Moreover, the set of v.€ C™ for which this is possible has a complement of
measure zero.

Proof First let us suppose that K C U for a C-chart (U, ¢). To keep notation simple, let us
identify the local representative of ® with @.
Let us define

b: KxC"— ¢!

N (BT LA

We claim that if (v,1) ¢ image(b) then v satisfies the conclusions of the lemma. Indeed,
suppose that v € C" does not satisfy the conclusions of the lemma. This means that there
exists A € C" \ {0} such that

o oD! Plokad oD aq>m+1
k 1
E Al—=—(2) —v o (2),..., 5k (z) ="

S (2) =0
for some z € K. Equivalently, if we take v"™*1 = 1 there exists A € C" \ {0} such that

Z/\k ()_J‘Zl‘Aka@:H(z), jefl,... m+1},

since otherwise A is a nonzero element of ker(T,®). Then, by scaling A, we can suppose

that . )
m+
Z )\ka(izk (z) =1.
k=1
It then immediately follows that b(z, A) = (v, 1), and we infer that if (v, 1) ¢ image(b) then
a satisfies the conclusions of the lemma. Now we note that, by Lemma 2 from the proof
of Theorem 6.5.6, image(b) has measure zero in C™+1, Therefore, we also have that

{veC"| (v,1) € image(b)}

has measure zero. Thus we can find v € C™ as in the statement of the lemma, and moreover
can choose v as close to 0 as we like.

Finally, if K € M is not necessarily contained in a C-chart, we can cover K with finitely
many compact sets, each of which is contained in a C-chart. The set of v € C™ such that
the conclusions of the lemma hold has a complement that is the union of finitely many
sets of measure zero, and so has measure zero. We can thus still take v as small as desired,
and satisfying the conclusions of the lemma. v
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3 Lemma Let M be a holomorphic manifold, let K € M be compact, and let @ € Ch"l(M; Cm+1,
m > 2n + 1, be an injective immersion on K. Then, for € € Ry, there exists v.e C™ such that
Ivll < € and such that the map

z - (Dl(z) - vIO™(2),..., DM (2) — VDM (2)) e C™

is an injective immersion on K. Moreover, the set of v € C™ for which this is possible has a
complement of measure zero.

Proof Let us define

b: KxKxC— C"™!
(ZI/ZZ/ 0() = O((CI)l(Zl) - (D(ZZ)/ ey q)m+l(zl) - CDI’H+1 (ZZ))~

We claim that if (b, 1) ¢ image(b) then the conclusions of the lemma hold. Indeed, suppose
that the conclusions of the lemma do not hold. Then there exists z1,z> € K such that

Dl(z1) — VO (1) = D(z0) — /D" (),  je(l,...,m+1},
which we rewrite as
Dl(z1) — D(zp) = V(D" () - D" (20)),  jell,...,m+1},

taking "+l = 1. Since @ is injective on K, we must have D" (z1) — D™ l(zy) # 0,
since otherwise we arrive at a contradiction. Consequently, there exists @ € C such that
(@™ (z) — P"*(z;)) = 1, and so

(Dl (z1) — Dl(zp)) = v/, jefl,..., m+1}.

Thus (a, 1) € image(b), showing that, for the conclusions of the lemma to hold, it suffices
to choose v so that (v,1) ¢ image(b). By Lemma 2 from the proof of Theorem 6.5.6 we
know that image(b) has measure zero. Combining this with the preceding lemma we see
that we can choose v € C" from a set with a complement of measure zero that satisfies the
conclusions of the lemma. v

We may now prove a preliminary result concerning the existence of immersions and
injective immersions of a holomorphic manifold in complex Euclidean space. To state the
result, we recall two things. First, the set Chol(M; R™) is a Fréchet space and so a complete
metrisable space . Second, a subset of a complete metric space is of first category if it is
contained in a countable union of closed sets with nonempty interior. A subset of first
category has no interior and a dense complement, i.e., can be thought of as being “small.”

4 Lemma If M is a second countable, holomorphically separable holomorphic manifold that admits
global coordinate functions, then
(i) the set of holomorphic immersions of M in C™ has a complement of first category in
chol(M; C™) if m > 2n and
(i) the set of holomorphic injective immersions of M in C™ has a complement of first category in
Chol(M; €™) if m > 2n + 1.
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Proof We prove the first assertion. Since M is second countable, there exists a family
(Kj)jez., of compact sets such that K; C int(Kj41), j € Zso, and M = Ujez_ K; [Aliprantis and
Border 2006, Lemma 2.76]. It thus suffices to show that if K € M is compact then the set of
mappings ® € C'°/(M; C™) for which T,® is not injective for some z € K has first category.
Let us denote this set of mappings by Mkx. We first claim that Mk is closed. Suppose
that (@) jez., is a sequence in Mk converging to @ € Chol(M; C™). Let z;j € K be such that
T, ®; is not injective. By the Bolzano—Weierstrass Theorem let (zj, )xcz., be a subsequence
converging to z € K. We claim that T,® is not injective. Indeed, suppose it is injective. By
continuity there exists a neighbourhood U of z such that T,,® is injective for every w € U.
Since convergence in C'!(M; C") implies uniform convergence of derivatives , there also
exists a neighbourhood V of z and N € Z. such that T,,®; is injective for w € V and
j = N. But this contradicts the fact that there exists N’ € Z¢ such that z;x € V for k > N’
and T, @y is not injective. Let us next show that Mg has empty interior. According to
Lemma 1letk € Zsgand W € ChOI(M ; CK) be such that W is an injective immersion on K. Let
@ e CMl(M; C™) and denote by (®, W) the holomorphic mapping from M to C"** obtained
by adjoining the components of W to those of ®. Now apply Lemma 2 r times to arrive at

ai €C,jell,...,m},re(l,...,m}, such that, if we define

k
©F =0+ ) AW,
r=1

we have that T,®’ is injective for z € K. Thus ®" ¢ Mk. Since the coefficients ai, j€
{1,...,m}, r € {1,...,m}, can be chosen arbitrarily small, we can moreover conclude that
any neighbourhood of @ contains elements from the complement of Mg, and so Mg must
have empty interior. Thus Mk is of first category, as desired.

The second assertion of the lemma follows from Lemma 3 as the first part follows
from Lemma 2. v

Our first result is that compact sets can be contained in holomorphic polyhedra (see
Definition 6.1.7).

Lemma If M is a Stein manifold, if K € M is a compact holomorphically convex set, and if U is
a neighbourhood of K in M, then there exists a relatively compact holomorphic polyhedron P such
that K C P and cl(P) C U.

Proof 1t suffices to take U to be relatively compact. Let z € bd(U) and let f, € a(Y)
have the property that |f.(z)| > |[f.llk. By rescaling we have |f.(z)] > 1 and ||fllx < 1.
Then there exists a relatively compact neighbourhood V, of z such that |f(w)| > 1 for
w € cl(V;) N bd(U). By compactness of bd(U) we choose zi,...,z, € bd(U) such that
bd(U) C U;ﬁ:luzj. Let f; = fzj, j€1{l1,...,m}. Note that the set

zeM| Ifi@l <1, jell,...,m) (6.30)

contains K and its closure does not intersect bd(U). Thus we can take P to be the union of
the connected components of the set (6.30) that intersect U. v

Now let us reduce, up to a point, the number of holomorphic polyhedra needed to
cover a compact set.



28/02/2014 6.5 Embedding theorems 77

6 Lemma Let M be a Stein manifold and let K C M be compact. If P is a holomorphic polyhedron of
order m +1, m > 2n, that covers P, then there exists a holomorphic polyhedron P’ of order m such
that K C P’ C P.

Proof Let fi,..., fu+s1 € ChOI(M) be such that P is a union of some connected components

of
zeM| |fi@)I <1, je{l,..., m+1}}

Let ap € (0,1) be such that [|fjllk < ao for each j € {1,...,m + 1}, this since the functions
Ifil, ..., | fm+1| achieve their maximum on K by compactness. Let a1, a, and a3 satisfy

apg<ap <ap<az<l.
Let us define a compact set
Ky ={zed®)| |fun(2)] 2 az}.

Now choose f/,..., f, .| € Chol(M) to satisfy the following conditions:

m+1
1. f7:1+1 = fm+l;

2. by Lemma 4 choose f/, ..., f,, so that the map

NG
z (fm+1(z),”"fm+l(z))

is an immersion on Kj;

3. again by Lemma 4 and noting that choosing fm_i»l close enough to j%, jell, ..., m},
implies that f].’ can be made as close as desired to f; on K, ||f].’||1< <ap, jefl,...,m};

4. arguing asin the preceding point, f] ! can be made sufficiently close to f;, j € {1,...,m},
such that cl(U) € P, where

U={zeP| Ifj’(z)l <az, je{l,...,m+1}}L
(All statements regarding “closeness” above are made with reference to the Fréchet topol-
ogy on C°l(M; C™).)
Next, for k € Z+, let
Vi =ze M| If/ @) = fun (@] <af, je{l,...,m}).

Let us also denote by P; the holomorphic polyhedron that is the union of the connected
components of Vi which have nonempty intersection with K. Noting that limk_m(g—fl’)k =0,
let k be sufficiently large that 20/6 < a’{. Moreover,

f{ @ = fan @ < 1f[ @) = fun @I <20, jell,... m),
for every z € Kand k € Z-g. Thus

fi@ = fun@f <oy, jell... m),
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for z € M and for large k, and from this we conclude, therefore, that K C 'V, for k sufficiently
large. Obviously we also have K € P, for sufficiently large k.

To conclude the proof we must show that P; C P for sufficiently large k. We shall do
this by proving that P, C U for k sufficiently large. Suppose that there exists no N € Z
such that P;{ C U for all k > N. Noting that, for every k € Z, every connected component
of P,’c intersects U since it intersects K, this means there for each N € Z.( there exists k > N
such that PI’< Nbd(U) # 0. Thus we have an increasing sequence (k;),ez., in Z>p and a
sequence (z;)rez., such that z, € P, N bd(U). We claim that f,,.1(z,) > a» for r sufficiently
large. Suppose otherwise so that there is an increasing sequence (r7)jcz_, in Zso such that
fm+1(zr,) < a for each | € Zs(. Then we have

k k k k ki
|f]',(zrl)| i S |f]'/(zr1) _fm+1(zr1)| T+ |fm+1(z7‘1)| < alrl + DCZVZ'

ky .
We have a’{ + ag < a’é for large k, and so we conclude that | f] ! (zrl)|k’z < agl for large I. This

contradicts the fact that z,, € bd(U). Thus we conclude that f,,+1(z,) > a» for r sufficiently
large. That is to say, for large 7,

zr €L 2 zebdW)| fun(2) > az).

Let us now arrive at a few estimates. We denote F; = J%, j €{1,...,m}, understanding
that we will be evaluating F; only at points where f,,11 is nonzero. For some of the
estimates, we shall utilise a C-chart (W, ¢) for M about z € L. For convenience in these
cases, we identity W and ¢(W), and so we work in C". In particular, we will let ¢ € C"
satisfy [|C]| = klz

1. Letj€({l,...,m}and z € L. Using Taylor expansions,

|frs1(z + OIF = | fus1(2) + D1 (2) - ¢ + OkH)F.

k
v

Thus, for k sufficiently large, |fu+1(z + o) > =. Note that this estimate holds
uniformly in z € L since the terms in O(k™%) involve derivatives of fm+1 and so are
uniformly O(k™*) on L. Thus there exists N € Zs( such that

Pl 1
funiE+OI 2 =, kzNi, zel, gl = .

2. Letje{l,...,m}. A Taylor expansion gives

Fi(z+ Q)
] _ (A LDE (=) - -4
76 1+ Fj(z)" DFj(z) - ¢ + O(k™).
Since F; is an immersion on L, there exists C € R such that
max{|F;(z) 'DF(z)- ¢| | j€{1,...,m}} > C|Cl.

Thus we have

- 1‘ ' je {1,...,m}} > kClICl + O(k2) = (—k: + Ok,
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max{ ‘je{ }}_2(;(

for k sufficiently large. More precisely, since the term O(k™2) involves derivatives of
Fj, itis O(k™?) uniformly, and so there exists N, € Z( such that

3. Letje(l,...,m}. If z € L then f].’(z) = az and fy;41(2) € [a2,a3) and so Fj(z) > 1.

4. Letje(l,...,m}. Ifz € LNV then we have, by definition of L and V, IF‘(z)k 1 < (0‘1 )~

Note that limj_, k(gﬁ—;)k = 0, and so for k sufficiently large we have (0‘1 < 4—Ck.

Therefore, for k sufficiently large, we have |F;(z)f — 1| < 4k. By compactness of L this
bound holds uniformly, and so there exists N3 € Z.g such that

and so
Fi(z+¢)

Fiz)k !

I ]’(Z + C)k . C
> > —
—j(z)k -1 ] € {1,. . .,m} —Zk, k Nz, z e 1., ||C|| =

C
Fi@) ~11< gz, k=Ns zeLnVy

5. Letje{1,...,m}. We shall write
1f (2 +0) = fur1(z + 01 = IFj(z + O = Ul frs1 (z + Q)

and
Fi(z+ o)
Fj(z)k

Using the preceding two expressions and combining the above estimates gives N’ €
Zq such that

Fi(z+ Q) —1=Fj(z )k( —1)+F]-(z)k—1.

Cak
fj(z +0)f fm+1z+c>"|>— k2N, zeL, ligll = -

6. Now we note that lim_, ., k(g—;)k =0 and so k(g—;)k < £ for k sufficiently large. Thus
we finally arrive at the estimate: There exists N € Z. such that

’ , 1
fj@+0)" = fun(z+0f 120, k2N, zeLnV Il =

This contradicts the definition of Vi, and so we conclude that, for k sufficiently large,
P, NU =0 and so P; must be contained in U. v

By Lemma 4 let W: M — C?"*! be a holomorphic injective immersion. By
Proposition 6.1.5(iii) and since M is second countable being paracompact and con-
nected [Abraham, Marsden, and Ratiu 1988, Proposition 5.5.5], let (Kj) j€Zs0 be a sequence
of holomorphically convex compact sets satisfying K; C int(K;,) and M = Ujez_ K;. By the
preceding lemma, there exist holomorphic polyhedra P;, j € Z, such that K; C P; C Kj,1.
Let

M;=sup{W(z)| z€Kj, jell,...,.2n+1}}

We now prove another lemma.
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7 Lemma There exist f1, . .., fon € CMU(M) such that
sup{lfj(z)| | z € bd(Py), j € {1,...,2n}} > k + My

fork € Zso.

Proof Fork>2leth; ..., h;, €C"!(M)be such that Py is a union of connected compo-
nents of the set ' '
{zeM| |2 < 1).

We thus have
sup{lhk,j(z)l | zec(Pkoq), je{l,...,2n}} <1, sup{lhk,]'(z)l | zebd(Py), jell,...,2n}} =1.

Now let a; € (1, 00) be sufficiently small and let my € Z-( be sufficiently large that, if we
define f, j = (a2h2,j)"™, j € {1,...,2n}, then we have

sup{lfo, (@)l z€ Py, je(l,...,2n}} <27F
and
sup{lf2,j(2)l | z€bd(P2), j€{l,...,2n}}
> M1 +k+1+supllfijl | z€bd(Py), jell,..., 2n}.

Then, inductively ink > 3, define takeay € (1, o) sufficiently small and my € Zq sufficiently
large that
sup{lfij(2)l | z € Pey, jE{L,... 2n}} <27F

and

supi|f2,j(2)| | z€bd(Py), j€(1,...,2n}}
k-1

> Mk+1 +k+1+ sup { Z|f1,]'(z)|
I=1

zebd(Py), je {1,...,2n}}.
It is then clear that, on any compact set K € M, the sum

fi2) =) fiei@
k=1

converges uniformly, and so converges to a holomorphic function . It is easy to check that
the functions fi, ..., f2, have the desired properties. v

The nextlemma gives us the function we need to append to fi, ..., fo, to get the desired
proper embedding.
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8 Lemma There exists f € CM°Y(M) such that
sup{lf(z)| | z € Pis1 \ P} > Kk + M.
Proof For k € Z-q let us denote

Sk =1{z € Pry1 \ P | max{|f;(z)| | j€{l,...,2n}} <k + M1},
Ty =1{z € P | max{|fjz)|| je{l,...,2n}} <k+ M}

By the previous lemma,
sup{|fj(z)| | z€bd(Py), j€{1,...,2n}} > k+ My

and
sup{|fj(2)| | z€bd(Pks1), jEL, ..., 2n}1} > k+ 1+ Mz >k + Myyq.

From these facts we conclude that Sy is a compact subset of Py \ Py and that Ty is
a compact subset of P,. Moreover, Sy N Ty = 0. By Proposition 6.1.2(i) we have that
hconvy (S U Ty) € Ki4o. In fact, by Proposition 6.1.8, hconvi(Sx U Tx) € Pyy1. Now, by
Theorem GA2.7.1.7, there exists h; € CM°(M) such that

sup{im@)|| ze T1} < 3

and
sup{lhi(z)| | z € S1} = k+ 1+ Mjs1.

We then iteratively define hy € CPol(M) such that

sup{l(2) | z € Ty} <27* (6.31)

zZ € Sk}

We claim that M = Ucz Tk. Indeed, if z € M then there exists N € Z( such that z € Py
for all k > N, by the manner in which the holomorphic polyhedra Py, k € Z, are defined.
Also, since Py is relatively compact, the functions f1, ..., f», arebounded on Py. Therefore,
there exists k sufficiently large that

and
k-1

Y i@

=1

sup{lh(z)| | z€ S1} =2 k+1+ My + sup{

max{|fiz)| j€{1,...,2n}} <k+ My,

i.e., such that z € Tj. It follows, therefore, that every compact subset of M is contained in
T} for some k and so the definition

f@) =) ()
k=1

defines a holomorphic function on M by virtue of (6.31) and . Moreover, we easily verify res
that
lf@)| > k + Mgy, z €5y,

and since Sy C Piyq \ Py, the lemma follows. v
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To complete the proof of the theorem we will show that @ € CM!(M; C2*+1) defined by

D'(2) = (A, ..., fn(2), f(2)),

with fi,..., fon as in Lemma 7 and with f as in Lemma 8 gives the desired proper em-
bedding after a minor modification. From the preceding lemma and the definition of Mj,
k € Z-y, we have

sup{|®/(2)| | z € Pey1 \ Py, jE(1,...,2n+1}}
>k+supl|W/(z)| | z€ Py \ Py, jELL,...,2n+1}}.

Therefore, noting that U;?‘;kP j+1 \ Pj = M\ Py, we have

sup{|®/(2)| | ze M\ Py, jell,...,2n+1}}
>k +sup{[W/(z)|| ze M\ Py, jell,...,2n+1}}.

Relative compactness of Py then implies that
zeM| max{®/(z)| jell,...,2n+1}} <k +max{W/(z)| jell,...,2n+1}}}

is relatively compact. We then successively apply Lemma 3 to the map z — (P(z), ¥(z))
from M to C*"*2 and the compact sets Ky, k € Z, to define

' ' 2n+1
O =0T+ Y oWk el 2+ 1),
k=1

with the constants v]](, ik €{1,...,2n + 1} chosen so that @ is an injective immersion and

such that
2n+1

ng <1, jefl,...2n+1}
k=1
We then have

zeM| [Di2)| <k jell,...,2n+1}}
ClzeM| max{[®(z)|]| jell,...,2n+1}} <k + max{|®/(2)| | je{l,...,2n+1}}},
which implies that @ is proper since any compact subset of C>"*! lies within a set of the

form ‘
{z| max{|z/| <k| je{l,...,2n+1}}}

for some k € Zy. [ |

We have the following corollary that follows from the preceding theorem just as

Corollary 6.5.7 follows from Theorem 6.5.6.
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6.5.9 Corollary (Existence of holomorphic Hermitian metrics) If M is a paracompact, Haus-
dorff Stein manifold, then there exists a holomorphic Hermitian metric on M.

6.5.4 The Grauert—Morrey embedding theorem for real analytic manifolds

Our final embedding theorem is that for real analytic manifolds. This is an instance
of where real analytic theory differs from holomorphic theory. For holomorphic mani-
folds, we have arestriction, namely that they be Stein, in order for them to be embedded
in Euclidean space. For real analytic manifolds, there are no such restrictions.

6.5.10 Theorem (Embedding of real analytic manifolds) If M is a second countable real ana-
lytic manifold of dimension n, then there exists an embedding of M into R*™+2,

Proof By Corollary 6.4.7 let M be a Stein manifold of which M is a proper real analytic

totally real submanifold. By Theorem 6.5.8 there is a proper embedding of M in C2+1 ~

R¥"*2, Restricting this map to M gives the desired embedding since holomorphic maps are

real analytic. u

We have the following corollary that follows from the preceding theorem just as
Corollary 6.5.7 follows from Theorem 6.5.6.

6.5.11 Corollary (Existence of real analytic Riemannian metrics) If M is a real analytic,
paracompact, Hausdorff manifold, then there exists a real analytic Riemannian metric on M.
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