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Abstract

This paper considers a class of strategic scenarios in which two networks of agents have opposing objectives with regards to
the optimization of a common objective function. In the resulting zero-sum game, individual agents collaborate with neighbors
in their respective network and have only partial knowledge of the state of the agents in the other network. For the case
when the interaction topology of each network is undirected, we synthesize a distributed saddle-point strategy and establish
its convergence to the Nash equilibrium for the class of strictly concave-convex and locally Lipschitz objective functions. We
also show that this dynamics does not converge in general if the topologies are directed. This justifies the introduction, in the
directed case, of a generalization of this distributed dynamics which we show converges to the Nash equilibrium for the class
of strictly concave-convex differentiable functions with globally Lipschitz gradients. The technical approach combines tools

from algebraic graph theory, nonsmooth analysis, set-valued dynamical systems, and game theory.
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1 Introduction

Recent years have seen an increasing interest on net-
worked strategic scenarios where agents may cooperate
or compete with each other towards the achievement of
some objective, interact across different layers, have ac-
cess to limited information, and are subject to evolving
interaction topologies. This paper is a contribution to
this body of work. Specifically, we consider a class of
strategic scenarios in which two networks of agents are
involved in a zero-sum game. We assume that the objec-
tive function can be decomposed as a sum of concave-
convex functions and that the networks have opposing
objectives regarding its optimization. Agents collaborate
with the neighbors in their own network and have partial
information about the state of the agents in the other
network. Such scenarios are challenging because infor-
mation is spread across the agents and possibly multiple
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layers, and networks, by themselves, are not the decision
makers. OQur aim is to design a distributed coordination
algorithm that can be used by the agents to converge
to the Nash equilibrium. Note that, for a 2-player zero-
sum game of the type considered here, a pure Nash equi-
librium corresponds to a saddle point of the objective
function.

Literature review. Multiple scenarios involving net-
worked systems and intelligent adversaries in sensor
networks, filtering, finance, and wireless communica-
tions [Kim and Boyd, 2008, Wan and Lemmon, 2009
can be cast into the strategic framework described
above. In such scenarios, the network objective arises as
a result of the aggregation of agent-to-agent adversarial
interactions regarding a common goal, and information
is naturally distributed among the agents. The present
work has connections with the literature on distributed
optimization and zero-sum games. The distributed op-
timization of a sum of convex functions has been in-
tensively studied in recent years, see e.g. [Nedic and
Ozdaglar, 2009, Wan and Lemmon, 2009, Johansson
et al., 2009, Zhu and Martinez, 2012]. These works build
on consensus-based dynamics [Olfati-Saber et al., 2007,
Ren and Beard, 2008, Bullo et al., 2009, Mesbahi and
Egerstedt, 2010] to find the solutions of the optimiza-
tion problem in a variety of scenarios and are designed
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in discrete time. Exceptions include [Wang and Elia,
2010, 2011] on continuous-time distributed optimization
on undirected networks and [Gharesifard and Cortés,
2012c] on directed networks.

Regarding zero-sum games, the works [Arrow et al.,
1958, Maistroskii, 1977, Nedic and Ozdgalar, 2009]
study the convergence of discrete-time subgradient dy-
namics to a saddle point. Continuous-time best-response
dynamics for zero-sum games converges to the set of
Nash equilibria for both convex-concave [Hofbauer and
Sorin, 2006] and quasiconvex-quasiconcave [Barron
et al., 2010] functions. Under strict convexity-concavity
assumptions, continuous-time subgradient flow dynam-
ics converges to a saddle point [Arrow et al., 1951,
1958]. Asymptotic convergence is also guaranteed when
the Hessian of the objective function is positive defi-
nite in one argument and the function is linear in the
other [Arrow et al., 1958, Feijer and Paganini, 2010].
The distributed computation of Nash equilibria in non-
cooperative games, where all players are adversarial,
has been investigated under different assumptions. The
algorithm in [Li and Bagar, 1987] relies on all-to-all
communication and does not require players to know
each other’s payoff functions (which must be strongly
convex). In [Frihauf et al., 2012, Stankovic et al., 2012],
players are unaware of their own payoff functions but
have access to the payoff value of an action once it has
been executed. These works design distributed strate-
gies based on extremum seeking techniques to seek the
set of Nash equilibria.

Statement of contributions. We introduce the prob-
lem of distributed convergence to Nash equilibria for
two networks engaged in a strategic scenario. The net-
works aim to either maximize or minimize a common
objective function which can be written as a sum of
concave-convex functions. Individual agents collaborate
with neighbors in their respective network and have
partial knowledge of the state of the agents in the other
one. Our first contribution is the introduction of an
aggregate objective function for each network which
depends on the interaction topology through its Lapla-
cian and the characterization of a family of points with
a saddle property for the pair of functions. We show
the correspondence between these points and the Nash
equilibria of the overall game. When the graphs describ-
ing the interaction topologies within each network are
undirected, the gradients of these aggregate objective
functions are distributed. Building on this observation,
our second contribution is the synthesis of a consensus-
based saddle-point strategy for adversarial networks
with undirected topologies. We show that the proposed
dynamics is guaranteed to asymptotically converge to
the Nash equilibrium for the class of strictly concave-
convex and locally Lipschitz objective functions. Our
third contribution focuses on the directed case. We show
that the transcription of the saddle-point dynamics to
directed topologies fails to converge in general. This
leads us to propose a generalization of the dynamics,

for strongly connected weight-balanced topologies, that
incorporates a design parameter. We show that, by ap-
propriately choosing this parameter, the new dynamics
asymptotically converges to the Nash equilibrium for
the class of strictly concave-convex differentiable ob-
jective functions with globally Lipschitz gradients. The
technical approach employs notions and results from
algebraic graph theory, nonsmooth and convex anal-
ysis, set-valued dynamical systems, and game theory.
As an intermediate result in our proof strategy for the
directed case, we provide a generalization of the known
characterization of cocoercivity of concave functions to
concave-convex functions.

The results of this paper can be understood as a gen-
eralization to competing networks of the results we ob-
tained in [Gharesifard and Cortés, 2012¢]| for distributed
optimization. This generalization is nontrivial because
the payoff functions associated to individual agents now
also depend on information obtained from the opposing
network. This feature gives rise to a hierarchy of saddle-
point dynamics whose analysis is technically challeng-
ing and requires, among other things, a reformulation of
the problem as a constrained zero-sum game, a careful
understanding of the coupling between the dynamics of
both networks, and the generalization of the notion of
cocoercivity to concave-convex functions.

Organization. Section 2 contains preliminaries on non-
smooth analysis, set-valued dynamical systems, graph
theory, and game theory. In Section 3, we introduce the
zero-sum game for two adversarial networks involved
in a strategic scenario and introduce two novel aggre-
gate objective functions. Section 4 presents our algo-
rithm design and analysis for distributed convergence to
Nash equilibrium when the network topologies are undi-
rected. Section 5 presents our treatment for the directed
case. Section 6 gathers our conclusions and ideas for fu-
ture work. Appendix A contains the generalization to
concave-convex functions of the characterization of co-
coercivity of concave functions.

2 Preliminaries

We start with some notational conventions. Let R, R>,
Z, Z>1 denote the set of real, nonnegative real, integer,
and positive integer numbers, respectively. We denote
by || - || the Euclidean norm on R%, d € Z>; and also
use the short-hand notation 14 = (1,...,1)7 and 04 =
(0,...,0)T € R% We let |y denote the identity matrix
in R¥*4. For matrices A € R%*% and B € R *x¢2,
dy,dg,e1,ex € Z>1, we let A® B denote their Kronecker
product. The function f : X; x Xy — R, with X; € R% |
Xy C R?% closed and convex, is concave-convex if it is
concave in its first argument and convex in the second
one [Rockafellar, 1997]. A point (z7,23) € X1 x Xg is
a saddle point of f if f(xy,x3) < f(af, xf) < f(xf,x2)
for all z7 € X; and z2 € Xo. Finally, a set-valued map
f : R4 = R takes elements of R? to subsets of R



2.1 Nonsmooth analysis

We recall some notions from nonsmooth analysis [Clarke,
1983]. A function f : R? — R is locally Lipschitz at
x € R if there exists a neighborhood U of x and C,, €
R>¢ such that | f(y) — f(2)] < Cylly — z||, for y, z € U.
f is locally Lipschitz on R if it is locally Lipschitz at
x for all x € R? and globally Lipschitz on R? if for all
y, 2z € R? there exists C' € Rxq such that |f(y) — f(2)| <
C|ly — #||. Locally Lipschitz functions are differentiable
almost everywhere. The generalized gradient of f is

of (z) = Co{ klgI;OVf(xk) | o — x,xp & Qf US},

where ) is the set of points where f fails to be differ-
entiable and S is any set of measure zero.

Lemma 2.1 (Continuity of the generalized gradi-
ent map): Let f : R? — R be a locally Lipschitz func-
tion at x € R, Then the set-valued map Of : R? = R
is upper semicontinuous and locally bounded at x € R?
and moreover, 0 f (x) is nonempty, compact, and convez.
For f: R x RY — R and z € R?, we let 0, f(z,2) de-
note the generalized gradient of x — f(z, z). Similarly,
for x € RY, we let 0, f(x, z) denote the generalized gra-
dient of z — f(x,2). A point x € R? with 0 € 9f(z) is
a critical point of f. A function f : RY — R is regular at
x € Rif for all v € R? the right directional derivative of
f,in the direction of v, exists at x and coincides with the
generalized directional derivative of f at = in the direc-
tion of v. We refer the reader to [Clarke, 1983] for defi-
nitions of these notions. A convex and locally Lipschitz
function at z is regular [Clarke, 1983, Proposition 2.3.6].
The notion of regularity plays an important role when
considering sums of Lipschitz functions.

Lemma 2.2 (Finite sum of locally Lipschitz func-
tions): Let { f'}1" be locally Lipschitz at v € R%. Then
O, [)(=) € X, 0f(z), and equality holds if f*
is regular fori € {1,...,n}.

A locally Lipschitz and convex function f satisfies, for
all 2,2’ € R? and ¢ € 9f(z), the first-order condition of
convexity,

f@) = f(@) = € (2’ — ). (1)

2.2 Set-valued dynamical systems

Here, we recall some background on set-valued dynam-
ical systems following Cortés [2008]. A continuous-time
set-valued dynamical system on X C R? is a differential

inclusion

i(t) € W(x(t)) (2)
where t € R>g and ¥ : X € R = R? is a set-valued
map. A solution to this dynamical system is an abso-
lutely continuous curve « : [0, 7] — X which satisfies (2)
almost everywhere. The set of equilibria of (2) is denoted
by Eq(¥) ={z € X |0 € ¥(x)}.
Lemma 2.3 (Existence of solutions): For ¥ : R =
R? upper semicontinuous with nonempty, compact, and

convez values, there exists a solution to (2) from any
initial condition.

The LaSalle Invariance Principle for set-valued continuous-
time systems is helpful to establish the asymptotic
stability properties of systems of the form (2). A set
W C X is weakly positively invariant with respect to
U if for any « € W, there exists £ € X such that
Z € U(x). The set W is strongly positively invariant
with respect to U if U(z) C W, for all € W. Finally,
the set-valued Lie derivative of a differentiable function
V : R? — R with respect to ¥ at € R? is defined by
LoV (z)={v -VV(z)]|veT(x)}

Theorem 2.4 (Set-valued LaSalle Invariance
Principle): Let W C X be a strongly positively invariant
under (2) and V : X — R a continuously differentiable
function. Suppose the evolutions of (2) are bounded and
max LoV (z) < 0 or LoV (z) = 0, for all x € W. If
Seyv ={x e X]0e LgV(x)}, then any solution x(t),
t € R>q, starting in W converges to the largest weakly
positively invariant set M contained in Sy v NW. When
M is a finite collection of points, then the limit of each
solution equals one of them.

2.3 Graph theory

We present some basic notions from algebraic graph the-
ory following the exposition in [Bullo et al., 2009]. A
directed graph, or simply digraph, is a pair G = (V, &),
where V is a finite set called the vertex set and £ C V' xV
is the edge set. A digraph is undirected if (v, u) € £ any-
time (u,v) € £. We refer to an undirected digraph as a
graph. A path is an ordered sequence of vertices such that
any ordered pair of vertices appearing consecutively is
an edge of the digraph. A digraph is strongly connected if
there is a path between any pair of distinct vertices. For
a graph, we refer to this notion simply as connected. A
weighted digraph is a triplet G = (V, &, A), where (V, £)
is a digraph and A € RZ§" is the adjacency matriz of G,
with the property that a;; > 0if (v, v;) € £ and a;; = 0,
otherwise. The weighted out-degree and in-degree of v;,
i € {1,...,n}, are respectively, d3,(v;) = >_7_, a;; and
di(v;) = Z?:l a;i. The weighted out-degree matriz Doy
is the diagonal matrix defined by (Dout )i = d¥,. (), for
alli € {1,...,n}. The Laplacian matrix is L = Doy — A.
Note that L1, = 0. If G is strongly connected, then zero
is a simple eigenvalue of L. G is undirected if L = L” and
weight-balanced if d¥. (v) = d¥¥ (v), for all v € V. Equiv-
alently, G is weight-balanced if and only if 17L = 0 if and
only if L+ L7 is positive semidefinite. Furthermore, if G
is weight-balanced and strongly connected, then zero is
a simple eigenvalue of L 4+ L. Note that any undirected
graph is weight-balanced.

2.4 Zero-sum games

We recall basic game-theoretic notions following Bagar
and Olsder [1999]. An n-player game is a triplet
G = (P,X,U), where P is the set of players with
|P| = n € Zsa, X = Xy x ... x Xy, X; C R% is the



set of (pure) strategies of player v; € P, d; € Z>1, and
U= (uy,...,up), where u; : X = R is the payoff func-
tion of player v;, i € {1,...,n}. The game G is called a
zero-sum game if >, u; = 0. An outcome z* € X is
a (pure) Nash equilibrium of G if for all i € {1,...,n}
and all z; € X;,

wi(zy, o) = uilzs, 27,),
where x_; denotes the actions of all players other than v;.
In this paper, we focus on a class of two-player zero-sum
games which have at least one pure Nash equilibrium as
the next result states.

Theorem 2.5 (Minmax theorem): Let X; C R%
and Xo C R%, dy,dy € Z>1, be nonempty, compact, and
conver. If u : X1 X Xo — R is continuous and the sets
{2/ e Xy |u(@',y) > a} and {y' € Xo | u(z,y’) < a} are
convez for all x € X1, y € Xo, and o € R, then

max minu(z, y) = min max u(z,y).
T Y Y €z

Theorem 2.5 implies that the game G = ({v1, v2}, X3 X
Xa, (u, —u)) has a pure Nash equilibrium.

3 Problem statement

Consider two networks ¥; and Yo composed of agents
{vi,...,vn,} and agents {wsi,..., wy,}, respectively.
Throughout this paper, ¥; and Y9 are either connected
undirected graphs, c.f. Section 4, or strongly connected
weight-balanced digraphs, c.f. Section 5. Since the lat-
ter case includes the first one, throughout this section,
we assume the latter. The state of X1, denoted x1, be-
longs to Xy C R4, d; € Z>1. Likewise, the state of o,
denoted x2, belongs to Xy C R%, d, € Z>1. In this pa-
per, we do not get into the details of what these states
represent (as a particular case, the network state could
correspond to the collection of the states of agents in
it). In addition, each agent v; in ¥; has an estimate
7% € R% of what the network state is, which may differ
from the actual value z;. Similarly, each agent w; in 3

has an estimate 27 € R% of what the network state is.
Within each network, neighboring agents can share their
estimates. Networks can also obtain information about
each other. This is modeled by means of a bipartite
directed graph Yeng, called engagement graph, with dis-
joint vertex sets {v1,..., v, } and {w1, ..., wy, }, where
every agent has at least one out-neighbor. According to
this model, an agent in ¥; obtains information from its
out-neighbors in ¥¢,, about their estimates of the state
of Yo, and vice versa.

Figure 1 illustrates this concept.

For each i € {1,...,n1}, let f{ : X; x X2 — R be a
locally Lipschitz concave-convex function only available
to agent v; € ;. Similarly, let fJ : X3 x Xo — R be a
locally Lipschitz concave-convex function only available
to agent w; € Yo, j € {1,...,ns}. The networks ¥; and

Fig. 1. Networks X1 and 32 engaged in a strategic scenario.
Both networks are strongly connected and weight-balanced,
with weights of 1 on each edge. Edges which correspond to
Yeng are dashed.

Y5 are engaged in a zero-sum game with payoff function
U: X1 X X2 — R

Uler,x2) =) filw,az) =Y fi(@r,22),  (3)
i=1 J=1

where X1 wishes to maximize U, while ¥5 wishes to min-
imize it. The objective of the networks is therefore to
settle upon a Nash equilibrium, i.e., to solve the follow-
ing maxmin problem

in U . 4
e A, Ul ) W

We refer to the this zero-sum game as the 2-network zero-
sum game and denote it by Gadv-nes = (X1, X2, Xeng, U).
We assume that X; ¢ R% and X, ¢ R% are compact
convex. For convenience, let 1 = (x1,...,27")T and
x2 = (23,...,25%)T denote vector of agent estimates
about the state of the respective networks.

Remark 3.1 (Power allocation in communication
channels in the presence of adversaries): Here
we present an example from communications inspired
by [Boyd and Vandenberghe, 2004, Section 5.5.3]. Con-
sider n Gaussian communication channels, each with
signal power p; € R>( and noise power 7; € R>g, for
i € {1,...,n}. The capacity of each channel is propor-
tional to log(l + Bp;/(o; + m;)), where 8 € Ry and
o; > 0 is the receiver noise. Note that capacity is con-
cave in p; and convex in n;. Both signal and noise powers
must satisfy a budget constraint, i.e., Y-, p; = P and
>t mi = C, for some given P,C € Rs. Two networks
of n agents are involved in this scenario, one, X1, select-
ing signal powers to maximize capacity, the other one,
39, selecting noise powers to minimize it. The network
>’1 has decided that my channels will have signal power
1, while n — 1 — my will have signal power x5. The re-
maining nth channel has its power determined to satisfy
the budget constraint, i.e., P —miz; — (n — 1 — mq)as.
Likewise, the network Yo does something similar with
msy channels with noise power y;, n — 1 — mo channels
with noise power g9, and one last channel with noise
power C'—may; — (n—1—msz)y2. Each network is aware
of the partition made by the other one. The individual



objective function of the two agents (one from ¥;, the
other from X3) making decisions on the power levels
of the ith channel is the channel capacity itself. For

i€{1,...,n — 1}, this takes the form
; Bz,
-1 25,
f(z,y) = log p——

forsome a,b € {1,2}. Here x = (21, 22) and y = (y1,y2)-
For i = n, it takes instead the form

n _ ﬁ(P_mlxl - (n_ 1 —ml)xg)
f™(@,y) = log (1+ P (n—1—m2)y2)'

Note that > ;" , f*(x,y) is the total capacity of the n
communication channels. °

3.1  Reformulation of the 2-network zero-sum game

In this section, we describe how agents in each net-
work use the information obtained from their neighbors
to compute the value of their own objective functions.
Based on these estimates, we introduce a reformulation
of the Gadv-net = (X1, X2, Xeng, U) which is instrumen-
tal for establishing some of our results.

Each agent in ¥; has a locally Lipschitz, concave-convex
function fj : R x R92"2 — R with the properties:
(Extension of own payoff function): for any z; €

Rdl, To € Rd2,

fi(@1, 22). (5a)

(Distributed over Yepng): there exists f; R% x

R%MWEes Dl R such that, for any 21 € R%
Io € Rd2n2,

Filar,1n, ® 22) =

Filar, o) = fi (21,7 (22)), (5b)

with 7 : Rd2m2 — REWEL 0D (16 projection of x

to the values received by v; from its out-neighbors

in Yepg.
Equation (5a) states the fact that, when the estimates
of all neighbors of an agent in the opponent’s network
agree, its evaluation should coincide with this estimate.
Equation (5b) states the fact that agents can only use
the information received from their neighbors in the in-
teraction topology to compute their new estimates.

Each agent in Y5 has a function fg : Rh™M x R% — R
with similar properties. The collective payoff functions
of the two networks are

$17w2

Zfl T, T2), (6a)

Z f3(@1,23). (6D)

wlv mQ

In general, the functions U 1 and U2 need not be the same.
However, Ul( ny 21,1y, @x9) = U2( ny ®@x1,1p, ®
x9), for any z; € R4, 25 € R%. When both functions
coincide, the next result shows that the original game
can be lifted to a (constrained) zero-sum game.

Lemma 3.2 (Reformulation of the 2-network
Zero-sum game) Assume that the individual pay-

off functions {fi}" e {fg}"zl satisfying (5) are such
that the network payoff functions defined in (6) sat-
isfy Uy = Us, and let U denote this common function.
Then, the problem (4) on R% x R is equivalent to the
following problem on R™M % x R"242

max min U(x, ),
:c1€X; T2 EX"2

subject to Lyixy = 0p,4,, Loxa=0p,4,, (7)

with Ly = Ly ® g, and L, the Laplacian of 3¢, € € {1,2}.

Proof. The proof follows by noting that (i) U(1,, ®
21,1, ® 13) = U(xy,22) for all 2y € R® and x5 €
R? and (ii) since G; and Gy are strongly connected,
Llccl = Onldl and LQ.’BQ = On2d2 iff ] = 177«1 X 21 and
xo = 1,, ® xg for some x; € R and z, € R%. O

Remark 3.3 (Restrictions on extensions): The as-
sumption of Lemma 3.2 does not hold in general for all
sets of extensions satisfying (5a) and (5b). If the interac-
tion topology is one-to-one (i.e., both networks have the
same number of agents, the interaction topology is undi-
rected, and each agent in the first network obtains infor-
mation only from one agent in the opposing network),
the natural extensions satisfy the assumption. Exam-
ple 5.5 later provides yet another instance of a different
nature. In general, determining if it is always possible to
choose the extensions in such a way that the assumption
holds is an open problem. °

We denote by CN“'adv—nct = (21722726ngaﬁ) the con-
strained zero-sum game defined by (7) and refer to
this situation by saying that Gaqv-net can be lifted
to éadv_nct. Our objective is to design a coordination
algorithm that is implementable with the information
that agents in 31 and Xs possess and leads them to find
a Nash equilibrium of Gaqy-net, Which corresponds to
a Nash equilibrium of Gaqy-net by Lemma 3.2. Achiev-
ing this goal, however, is nontrivial because individual
agents, not networks themselves, are the decision mak-
ers. From the point of view of agents in each network,
the objective is to agree on the states of both their own
network and the other network, and that the resulting
states correspond to a Nash equilibrium of G,qv_pet-

The function U is locally Lipschitz and concave-
convex. Moreover, from Lemma 2.2, the elements of

0z, U(x 1, x2) are of the form

9(x1,x2) = (9(11%_,22), e € 321[7(3’31, 562),

,g?m?)mQ))



where f]zz ) € O, fi(xh, o), fori € {1,...,n1}. Note
0

that, because of (5b), we have O, (28, 1,0, @ ) =
Oy f1 (2, x2). A similar reasoning can be followed to de-
scribe the elements of O, U (21, 22). Next, we present a
characterization of the Nash equilibria of éad\,_net, in-
strumental for proving some of our upcoming results.

Proposition 3.4 (Characterization of the Nash

equilibria of éadv-net): For ¥y, 35 strongly connected
and weight-balanced, define Fy and Fa by

. 1
Fi(z1, 21, @) = —U(z1,22) + 2] L121 + 5513{1419317

- 1
FQ(CEQ,ZQ,CEl) = U(ccl,ccg) + ngQZQ + 5.’13%1:[42.’132.

Then, F1 and Fy are convez in their first argument, lin-
ear in their second one, and concave in their third one.
Moreover, assume (x7, 21, x5, z5) satisfies the following
saddle property for (Fy, F2): (x5, 27) is a saddle point of
(x1,21) — Fi(x1, 21, 25) and (x5, 25) is a saddle point
of (x2, z2) — Fy(xa, z2,x%). Then,

(i) (&}, 27 + 1p, ® a1, x5, 25 + 1,, ® a2) satisfies the
saddle property for (Fy, Fy) for any a; € R, aq €
R% and

(i) (x5, x%) is a Nash equilibrium of Gady-net-

Furthermore,

(iii) if (x5, x3) is a Nash equilibrium of Gadvnet then
there exists z7, z5 such that (x¥, 27, x5, z3) satisfies
the saddle property for (Fy, Fs).

Proof. The statement (i) is immediate. For (ii), since
(x7, 27, x5, z5) satisfies the saddle property, and the net-
works are strongly connected and weight-balanced, we
have z} = 1,,, @ 2}, 27 € R4 x} = 1, @ x5, x5 € R,
Lizi € —05U(x},x3), and Lozi € 0.,U(x],x3).
Thus there exist gi,(wi‘,mg) € O filz},a3), i €

{L...om}, and gl . .0 € —Ou,fi(ai,a3), j €
{1,...,n2}, such that

* 1 T
Lz = (91,(m;,m;)w~-79?,@;@;))) ; and

* 1 T
L2Z2 = (927@;@;); yeee agg,(mf,zg))) .

Noting that, for ¢ € {1,2}, (1%, ® lq,)L¢ = (1], ®
|d£)(|_g ® Idz) = 15 L ® lg, = 04,xdyn,, we deduce that

£
Z?:ll 9117(11‘@;) = Od1 and Z;Lil g;,(z’l‘,z;) = 0d27 Le.,
(z1,x3) is a Nash equilibrium. Finally for proving (iii),
note that 7 = 1,, ® ] and 5 = 1,, ® 5. The result
follows then from the fact that 0 € 9,,U(x7,25) and
0 € 0,,U(x},x5) implies that there exists zj € R™é
and z5 € R™% with Ly 2} € 9,,U(x},x3) and Lyzj €
— 02, U(x3,x5). O

4 Distributed convergence to Nash equilibria
for undirected topologies

In this section, we introduce a distributed dynamics
which solves (7) when 7 and 32 are undirected. In par-
ticular, we design gradient dynamics to find points with
the saddle property for (Fy, Fy) prescribed by Proposi-
tion 3.4. Consider the set-valued dynamics ¥Nash-undir :
(Rdlnl)2 X (Rdznz)Q :g (Rdln1)2 X (Rd2n2)27

1+ Lixy + Lz € 8:,:10(:131,:132),

(8a)

z1 =Lizy, (8b)

To + Loxs + Lozo € _6m20($17 332)a (SC)
zz = Loz, (8d)

where x4, z, € R™% ¢ € {1,2}. Note that (8a)-(8b)
and (8c)-(8d) correspond to saddle-point dynamics of
F1 in (21, 21) and F» in (@2, 22), respectively. Local so-
lutions to this dynamics exist by virtue of Lemmas 2.1
and 2.3. We characterize next its asymptotic conver-
gence properties.

Theorem 4.1 (Distributed convergence to Nash
equilibria for undirected networks): Consider the
zero-sum game Gadv-net = (21,22, Xeng, U), with 3
and Xy connected undirected graphs, X; C R%, Xy € R%
compact and convex, and U : X; X Xg — R strictly
concave-convex and locally Lipschitz. Assume Gady-net
can be lifted to éadv_nct. Then, the projection onto the
first and third components of the solutions of (8) asymp-
totically converge to agreement on the Nash equilibrium
Of Gadv—nct-

Proof. Throughout this proof, since property (5b)
holds, without loss of generality and for simplicity
of notation, we assume that agents in ¥; have ac-
cess to xo and, similarly, agents in ¥y have access
to x1. By Theorem 2.5, a solution to (6) exists. By
the strict concavity-convexity properties, this solu-
tion is, in fact, unique. Let us denote this solution by
xF =1,z and 5 = 1,,,®x3. By Proposition 3.4(iii),
there exists zf and zj such that (z],z7,x3,25) €
Eq(¥Nash-undir)- First, note that given any initial con-
dition (29, 29,29, 23) € (R™%1)2 x (R"292)2  the set

Weo 20 = {(21, 21, @2, 22) |
(15, @la,)ze = (15, ®1a,)27, £ € {1,2}} (9)

is strongly positively invariant under (8). Consider the
function V : (R%171)2 x (R92"2)2 — R defined by
V(1 21, T2, 22)

= 5@~ )" (z1 —

+1(
_w_
2 2

* 1 * *
x]) + §(Z1 —z1) (21 — 27)

1 * *
w3)" (z2 — x3) + g(zz — 235)" (22 — 23).



The function V is smooth. Next, we examine its
set-valued Lie derivative along Wnash-undir- Let & €

LOymmnan V (@1, 21, T2, 22). By definition, there exists
v € UNash-undir(T1, 21, @2, 22), given by

v=(—Lix; —Liz + 91,(z1,22)>
— Loxo — Lozy — 92 (z1,x2)5 Lz, L2w2)’

where 91 (2, .2,) € Oz, U(x1,22) and go(z, 2,) €
Oz, U(x1,22), such that

E=v-VV(xy, 21,22, 22)
= (x1 — &))" (~Liz1 — L121 + 91 (21 20))
+ (22 — 25)" (—Loma — Loz — 92 (2, ,20))
+(z1 — zi‘)TLlccl + (22 — Z;)TLQCBQ.

Note that —Li21—L121491,(2,,2,) € —0, F1(%1, 21, T2),
Llccl S 8le1(.’B1,Zl,.’B2), —LQCEQ — L2z2 — g2,(m1,m2) S
— O, Fo(x1, 22, T2), and Loxy € 05, Fo(xa, 22, 1). Us-
ing the first-order convexity property of F} and Fj in
their first two arguments, one gets

£ < Fi(x], z1,@2) — Fi(x1, 21, T2) + Fo (x5, 22, 1)
— Fs(x2, 20, 1) + Fi (@1, 21, x2) — Fi(x1, 27, T2)
+ Fy(x2, 22, 1) — Fo(x2, 25, 21).

Expanding each term and using the fact that (7, 27, €3, 25)

€ Eq(PNash-undir), we simplify this inequality as

£< —U(m’{,wg) + U(ml,wz) — ziLixzy

1 1
— §$1L1$1 — Z;ngg — §$2L2$2.

By rearranging, we thus have
§£< _F2($27 zsv :If{) - Fl(wlv z>1k7 w;)
Next, since Fy(x}, z5, x5) + Fi (x5, 25, 27) = 0, we have

5 < Fl(ﬂﬂfaﬁ) - Fl(wlvzfvwz)

+ F2($;7Z;7$D - F2($27z;7$s1ﬁ)7
yielding that £ < 0. As a result,
max Z‘I‘Nash-undirv(wlv 21, T2, ZQ) <0.

As a by-product, we conclude that the trajectories
of (8) are bounded. By virtue of the set-valued version
of the LaSalle Invariance Principle, cf. Theorem 2.4,
any trajectory of (8) starting from an initial condition
(20, 29,29, 29) converges to the largest positively invari-
ant set M in Syy,, v NV HLS V(2 20, 29, 29)).
Let (@1, 21,@2,22) € M. Because M C Swy,unain,Vs

then Fy(x%, z7, x5) — Fi(x1, 2}, 25) =0, i.e,

7 * * 7 * * 1
~U(xy,x3) + Uz, ) — ] L2} — imelwl =0.
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Define now Gy R™Md ¢ Rmdi i Rrzdz R( b})l
Gl(ml,zl,mg) = Fl(:cl,zl,:cg) - %w?lel. G1 is con-
vex in its first argument and linear in its second. Further-
more, for fixed xo, the map (x1,21) — Gi(x1, 21, X2)
has the same saddle points as (21, z1) — Fi(x1, 21, T2).
As a result, Gi(x}, 25, x5) — Gi(x1,2},23) < 0, or
equivalently, —U(z%,z3) + U(z1,x3) — #f Lizf < 0.
Combining this with (10), we have that Liyz; = 0
and —U(x¥,x5) + U(z1,25) = 0. Since U is strictly
concave in its first argument x; = «}. A similar ar-
gument establishes that x; = 5. Using now the fact
that M is weakly positively invariant, one can deduce
that Lyzy € —0g,U(x1,x2), for £ € {1,2}, and thus
(x1, 21, T2, 22) € Eq(VNash-undir). O

5 Distributed convergence to Nash equilibria
for directed topologies

Interestingly, the saddle-point dynamics (8) fails to con-
verge when transcribed to the directed network setting.
This observation is a consequence of the following result,
which studies the stability of the linearization of the dy-
namics (8), when the payoff functions have no contribu-
tion to the linear part.

Lemma 5.1 (Necessary condition for the conver-
gence of (8) on digraphs): Let %, be strongly con-
nected and f; =0, i € {1,...,n¢}, for € € {1,2}. Then,
the set of network agreement configurations Sggree =
{(]-nl @ w1, 1n1 & 21, 1n2 @ g, 1n2 & 22) S (Rnldl)z X
(Rm242)2 | 2 2, € R¥% ¢ € {1,2}}, is stable under (8)
iff, for any nonzero eigenvalue A\ of the Laplacian L,

¢ € {1,2}, one has v3|Im(\)| < Re()).

Proof. In this case, (8) is linear with matrix

<(11 B)eLle 0 ) )

0 (7' %) @Le

and has S,gree as equilibria. The eigenvalues of (11) are

of the form A, (_71 + @z) , with A an eigenvalue of Ly, for
¢ € {1,2} (since the eigenvalues of a Kronecker product
are the product of the eigenvalues of the corresponding
matrices). Since Ly = L; ® lg,, each eigenvalue of Ly is
an eigenvalue of Ly. The result follows by noting that

Re(Ae(5E + %3i)) = 3(FvBIm(\¢) — Re(\)). O

It is not difficult to construct examples of strictly
concave-convex functions that have zero contribution to
the linearization of (8) around the solution. Therefore,
such systems cannot be convergent if they fail the neces-
sary condition identified in Lemma 5.1. The counterex-
ample provided in our recent paper [Gharesifard and



Cortés, 2012¢] of strongly connected, weight-balanced
digraphs that do not meet the stability criterium of
Lemma 5.1 is therefore valid in this context too.

From here on, we assume that the payoff functions are
differentiable. We elaborate on the reasons for this as-
sumption in Remark 5.3 later. Motivated by the obser-
vation made in Lemma 5.1, we introduce a parameter
a € Ryg in the dynamics of (8) as

1 +alixy + Lz = VU(wl, 1132), (12&)
21 = L1:131, (12b)

X9 + alisxo + Loszy = —Vﬁ(ml, :BQ), (12C)
2.52 = LQCBQ. (12(1)

We next show that a suitable choice of o makes the
dynamics convergent to the Nash equilibrium.

Theorem 5.2 (Distributed convergence to Nash
equilibria for directed networks): Consider the zero-
sum game Gadv-net = (X1, X2, Xeng, U), with 1 and o
strongly connected and weight-balanced digraphs, X; C
R%, Xy € R% compact and convex, and U : X; x Xo —
R strictly concave-convex and differentiable with glob-
ally Lipschitz gradient. Assume Gagv-net can be lifted to
G adv-net such that U is differentiable and has a globally
Lipschitz gradient. Define h : Rsg — R by

h(r) —%AT”(\/(L UL L L

r r
Kr?

where A" = ming—1 o{A.(Le + LT)}, Ai(-) denotes the
smallest non-zero eigenvalue and K € Ry is the Lip-

schitz constant of the gradient of U. Then there exists
B* € Rsg with h(8*) = 0 such that for all 0 < 8 < B*,
the projection onto the first and third components of the

solutions of (12) with o = 8 ﬂ+2 asymptotically converge
to agreement on the Nash equilibrium of Gadv-net-

Proof. Similarly to the proof of Theorem 4.1, we as-
sume, without loss of generality, that agents in ¥,
have access to 2 and agents in >y to x;. For conve-
nience, we denote the dynamics described in (12) by
UNashedir * (RA™)Z x (RT72)2 — (RN™1)2 5 (RP212)2,

Let (29,29 29, 29) be an arbltrary initial condition.

Note that the set W0 .o defined by (9) is invariant un-

der the evolutions of (12). By an argument similar to the
one in the proof of Theorem 4.1, there exists a unique
solution to (7), which we denote by 7 = 1,, ® ]
and x5 = 1,, ® z5. By Proposition 3.4(i), there exists
(w1, 21, %3, 25) € Eq(¥Nash-dir) N Wo 0. Consider the

function V : (R%171)2 x (R92m2)2 — Ry,

V(mlv 21,2, 22)

* * 1 * *
= 5(331 —z}) (2 — ) + 5(5‘52 —x5)" (zy — x3)
1 T
i(y(ml z1) (z’l‘,zf)) (y(ml,zl) - y(m’l‘,zf))a
1 T
i(y(m2 z2) T (z;,z;)) (y(mg,zz) - y(m;,z;))a

where Yz, ) Bxy + z¢, £ € {1,2}, and 8 €
R satisfies 82 — aB + 2 = 0. This function is
quadratic, hence smooth. Next, we consider {& =
LOyaunanV(T1, 21, T2, 22) given by

5 = (—OéLliltl —Liz + VU(:Bl, :132), Lixi, —aloxs
— LQZQ — VU(:El, CEQ), LQ.’BQ) . VV(.’Bl, zZ1,X2, 22).

After some manipulation, one can show that

- .’BZ, y(:l!g,z[) - y(:cz,z;))TAl(wla y(mg,z;z))

21
£ = Z 5(3@2
=1
1

+ Z 5(:3?7 y,{mbze))Ag(wé - ilfz, Y(xe,ze) — y(mz,zZ))

—I—Z Y @y — x5) Vi, Uz, 22)

+ Z J 1[3 Y(xy,z) — y(mz,zz)>Tvm50(mla .’1}2),
where Ay, ¢ € {1,2}, is

< —(a = B)Ly —Ly )
Ay = .
(=B(a— ) +1)L¢ —pLy

This equation can be written as

2
1 *
g = Z g(wf - mlvy(a:g,zg) - y(mZ7zZ))T

~
Il
—

Q@(III( - :I}?, Y(@,ze) — y(mZvZZ‘))

— T}, Y(wy,z0) ~ Y(x;,2}) ) A7, Y x¥,z *))

+ Z y(mbzé)

Y(a;,=p)) | Va, U(21,22),



where Qy, ¢ € {1,2}, is given by

QF(LHLE)@(_( s

Note that, we have

A (mlay(ml,z ))

Az ($2, y(w2,z2))

FEh) _1>. (14)

-1 -8

—(L1Y(z: 20 BLiy(ar =1))

—(Va, U@}, @2), BV, Uz}, 22)),
—(LoY(z; 22): BLoy(as z1))

= (Va,U(@1,23), BV, U (1, 23)).

Thus, after substituting for y(,,-,), we have

2
€= %(fve wj, 20— 2;)T Qulae — %7, 20 — 2[)
=1
+ (1+ B8 (w1 — 2})" (Vo, U1, ®2) — Vo, U}, 22))
= (1+ %) (2 — x5)" (Va, U1, @2) — Vo, U1, x5))
+ ﬂ(zl - ZT>T(VZ1[7(:B17 mQ) - leﬁ(mL mQ))
— Blz2 — 23)" (Va, U (@1, @) — Vo, Uz, 23)), (15)
where
s (B (ER) -8 -1+ "
= L L
Qf < —(1—|—ﬂ2) _ ®( ¢+ 5)7

for £ € {1,2}. Each eigenvalue of Q is of the form

_ —(Br+3B8%+2) £ /(B +3B82 +2)2 — 42

e = A

26
(16)

where )\, is an eigenvalue of L, + L7, ¢ € {1,2}. Using
now Theorem A.1 twice, one for (z1,x2), (7, z2), and
another one for (x1, z2), (€1, x3), we have

(1 — wT)T(V 1U($1,:B2) VmIU(:BI,:Bg)) <
||Vm U( 1,1132) leU 1131,1132 )
—(y — x3) T (Vo Uy, @2) — Vo, Ulxy, x3)) <

1
K

(

T1, L) — szU x1, x| )

where K € Ry is the Lipschitz constant of VU. We
thus conclude that

£< (xe — ), 20 — 27) " Qulwe — ), 20 — 27)

1

(1+57) 2
— 4 (IVa, U1, 22) — Vo, U], @)

+ |V, U@y, @) — Vo, U1, @3)] )
+B(z1 — 21)" (Va,U(@1, @2) — Vo, U}, 2))
— Blz2 — 23)" (Va, U1, 2) — Vi, U(w1, 3)).

Mw
™ N

+

One can write this inequality as displayed in (17), where

*

X =(xy —x], 21 — 2], @2 — T3, 22 — 25,
leﬁ(wl, o) — leﬁ(w’{, Z2),
vm2U(m1; .’132) - szU(wlv m;))

Since (1, 21, @2, 22) € W0 0, we have (1%, @14,)(z¢ —
z}) = 04,, £ € {1,2}, and hence it is enough to establish
that Q is negative semidefinite on the subspace W =
{(01,1)2,’03,1)4,1}5,1)6) S (Rnld1)2 X (Rn2d2)2 x Rn1dr
andz | (121 & Idl)UQ = Odla (122 & Idz)v4 = 0"2}' USing
the fact that —+ (14 82)l,,q, is invertible, for ¢ € {1,2},
we can express Q as

Q =
Q. 0 0 0
0 Q 0 0
N QQ NT,
0 0 —%(1+ 8, 0
0 0 0 —+(1+ By,
D
. 00
Wherngng—i—(lli—%zz)< ),66{1,2},and
0 lnyd,
lng, O 0 0 0 0
0 gy 0 0 —{F%lua, O
N 0 0 lyg O 0 BKO
O O O In2d2 O 1+62 Ingdz
0O 0 0 0 Iy dy 0
0O 0 0 0 0 (I

Noting that W is invariant under N7 (i.e., NTW = W),
all we need to check is that the matrix D is negative
semidefinite on W. Clearly,

<%(1+52)|711d1 0 )
0 (1487 ngay



Q111 Q12 O 0 0 0
Q121 Qi22 0 0 Blnyd, 0
e< lyr 0 0 Q211 Q212 0 0 X, (17)
2 0 0 Q221 Q22 0 —Blnyds,
0 PBluag O 0 U 0
0 0 0 —Bluya 0 ST

Q

is negative definite. On the other hand, for ¢ € {1,2},
on (R™%)2 0 is an eigenvalue of Q; with multiplic-
ity 2d, and eigenspace generated by vectors of the form
(1,, ® a,0) and (0,1,, ® b), with a,b € R%. However,
on {(v1,v2) € (R™4)2 | (1T @ lq,)vs = 0g4,}, 0 is an
eigenvalue of Q ¢ with multiplicity d, and eigenspace gen-
erated by vectors of the form (1,, ® a,0). Moreover, on
{(v1,v2) € (R™¥)? | (1%, ® lg,)va = Og,}, the ecigen-
KB 0 0 Kp?
(1+82) Olntzdz) are myge)
nede — dy and 0 with multiplicity ngdy. Therefore, us-
ing Weyl’s theorem [Horn and Johnson, 1985, Theorem
4.3.7], we deduce that the nonzero eigenvalues of the
sum Q, are upper bounded by A, (Q,) + (1[_1—6;2) Thus,
Q1 0

A Qz) are upper bounded by

the eigenvalues of Q = (
ming—1 2{A.(Qe)} + (1}-<|-—%22) From (16) and the defini-

tion of & in (13), we conclude that the nonzero eigenval-
ues of @) are upper bounded by h(3). It remains to show
that there exists 8* € Rso with h(8*) = 0 such that
for all 0 < 8 < B* we have h(3) < 0. For r > 0 small
enough, h(r) < 0, since h(r) = —2A™"r 4+ O(r?). Fur-
thermore, lim, o, h(r) = K > 0. Hence, using the Mean
Value Theorem, we deduce the existence of 5*. There-
fore we conclude that Ly, ..V (21,21, X2, 22) < 0.
As a by-product, the trajectories of (8) are bounded.
Consequently, all assumptions of the LaSalle Invariance
Principle, cf. Theorem 2.4, are satisfied. This result then
implies that any trajectory of (8) starting from an ini-
tial condition (a9, 27,9, 29) converges to the largest
invariant set M in Swy,, q,v N Wso z0. Note that if
(ml,zl,wg,zg) S S\pNashidi”V n Wzrli o, then NTX €

722

ker(Q) x {0}. From the discussion above, we know ker(Q)
is generated by vectors of the form (1,, ® a1,0,0,0),
(0,0,1,, ® az,0), a; € R%, j € {1,2}, and hence x; =
z; +1,, ® ag, z¢ = z;. Using the strict concavity-
convexity, this then implies that =, = xj. Finally, for
(x3%,z1, x5, z2) € M, using the positive invariance of M,
one deduces that (7, 21,25, 22) € Eq(UNash-dir). O

values of with multiplicity

Remark 5.3 (Assumptions on payoff function):
Two observations are in order regarding the assump-
tions in Theorem 5.2 on the payoff function. First, the
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assumption that the payoff function has a globally Lip-
schitz gradient is not too restrictive given that, since
the state spaces are compact, standard boundedness
conditions on the gradient imply the globally Lips-
chitz condition. Second, we restrict our attention to
differentiable payoff functions because locally Lipschitz
functions with globally Lipschitz generalized gradients
are in fact differentiable, see [Gharesifard and Cortés,
2012c, Proposition A.1]. .

Remark 5.4 (Comparison with best-response
dynamics): Using the gradient flow has the advan-
tage of avoiding the cumbersome computation of the
best-response map. This, however, does not come for
free. There are concave-convex functions for which the
(distributed) gradient flow dynamics, unlike the best-
response dynamics, fails to converge to the saddle point,
see [Feijer and Paganini, 2010] for an example. .

We finish this section with an example.

Example 5.5 (Distributed adversarial selection
of signal and noise power via (12)): Recall the com-
munication scenario described in Remark 3.1. Consider
5 channels, {chy, chy, chs, chy, chs}, for which the net-
work ¥; has decided that {chy, chg} have signal power
21 and {chy, chy} have signal power z3. Channel chj
has its signal power determined to satisfy the budget
constraint P € Ry, i.e., P — 2z; — 2x2. Similarly,
the network Yo has decided that ch; has noise power
Y1, {cha,chs, chy} have noise power yo, and chs has
noise power C — y; — 3y2 to meet the budget con-
straint C € Ryg. We let & = (2,22 2% 2% 2%) and
y = (y".y% 9%y y°), where ' = (af,2%) € [0, P]?
and y* = (yi,v4) € [0,C)?, for each i € {1,...,5}

The networks 31 and X9, which are weight-balanced and
strongly connected, and the engagement topology Yeng
are shown in Figure 2. Note that, according to this topol-
ogy, each agent can observe the power employed by its
adversary in its channel and, additionally, the agents in
channel 2 can obtain information about the estimates
of the opponent in channel 4 and vice versa. The payoff
functions of the agents are given in Remark 3.1, where
for simplicity we take o; = o1, for i € {1,3,5}, and
0O; = 09, fori € {2,4}, with 01,09 € R>0.

This example fits into the approach described in Sec-
tion 3.1 by considering the following extended payoff



Seng

Fig. 2. Networks X1, ¥2 and Yeng for the case study of Ex-
ample 5.5. Edges which correspond to Xcng are dashed. For

i€ {1,...,5}, agents v; and w; are placed in channel ch;.
functions:

Pt ) =tog(1-+ L2

Pt ~gron(1+ 2+ Ziogrr 4 22
ety —tog + 2,

Pt =g los+ 22 1 Brog+ 2L

. B B(P — 225 — 223)
fl(‘r 7y)_10g(1+01+c_y?_3y§,)7

falzyh) =fl='y), f=y®) =@ y),

~ 2 Ba3 1 B
2(.4%) =2 log(1 + —2%2 ) 1 Liogr 4 P72 )
Fi(@.4) =3 log(1 + —) + log(1 + —2)
~ 1 Ba3 2 Bl
Lyt = log(1 + P72y 1 210p1 4 P72
Pyt =g log(1 + ) + Slog(1 + )

fg(wvyf)) :ff(x57y)

Note that these functions are strictly concave and thus
the zero-sum game defined has a unique saddle point
on the set [0, P]? x [0,C]%. These functions satisfy (5)
and U; = U,. Figure 3 shows the convergence of the
dynamics (12) to the Nash equilibrium of the resulting
2-network zero-sum game. °

6 Conclusions and future work

We have considered a class of strategic scenarios in which
two networks of agents are involved in a zero-sum game.
The networks aim to either maximize or minimize a
common objective function. Individual agents collabo-
rate with neighbors in their respective network and have
partial knowledge of the state of the agents in the other
one. We have introduced two aggregate objective func-
tions, one per network, identified a family of points with
a special saddle property for this pair of functions, and
established their correspondence between the Nash equi-
libria of the overall game. When the individual networks
are undirected, we have proposed a distributed saddle-
point dynamics that is implementable by each network

11

via local interactions. We have shown that, for a class
of strictly concave-convex and locally Lipschitz objec-
tive functions, the proposed dynamics is guaranteed to
converge to the Nash equilibrium. We have also shown
that this saddle-point dynamics fails to converge for di-
rected networks, even when they are strongly connected
and weight-balanced. Motivated by this fact, we have in-
troduced a generalization that incorporates a design pa-
rameter. We have shown that this dynamics converges
to the Nash equilibrium for strictly concave-convex and
differentiable objective functions with globally Lipschitz
gradients for appropriate parameter choices. An inter-
esting venue of research is determining whether it is al-
ways possible to choose the extensions of the individual
payoff functions in such a way that the lifted objective
functions coincide. Future work will also include relax-
ing the assumptions of strict concavity-convexity and
differentiability of the payoff functions, and the glob-
ally Lipschitz condition on their gradients, extending
our results to dynamic interaction topologies and non-
zero sum games, and exploring the application to various
areas, including collaborative resource allocation in the
presence of adversaries, strategic social networks, collec-
tive bargaining, and collaborative pursuit-evasion.
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A Appendix

The following result can be understood as a generaliza-
tion of the characterization of cocoercivity of concave
functions [Golshtein and Tretyakov, 1996, Lemma 6.7].

Theorem A.1 (Concave-convex differentiable
functions with globally Lipschitz gradients): Let
f:R& xR%E 5 R be a concave-convex differentiable
function with globally Lipschitz gradient (with Lipschitz
constant K € Rwg). For (x,y), (z',y') € R4 x Rz,

(z — a2\ (Vo f(2,y) — Vo f(2',y))
+ W —y) (Vyf(@,y) = Vyf(z,y)

< - 5 (Vs @ y) = Vuf )P
IV, 9) = Vo f )P
IV y) = Vaf )P
+ IV @,y) = Vo f@y)l?):



Proof. We start by noting that, for a concave function
j : R4 — R with globally Lipschitz gradient, the follow-
ing inequality holds, see [Golshtein and Tretyakov, 1996,
Equation 6.64],

jla) <j* ——IIVJ( P, (A1)

where j* = sup, cpa j(«) and M is the Lipschitz constant
of Vj. Given (2/,y') € R4 x R, define the map f :
R% X R% — R by

fla,y) = fz,y) = f(@'y) = (v = 2') TV, f (@, y)
+ fzy) = fle,y) + (v =)V fla,y).
Since the gradient of f is Lipschitz, the function f is

differentiable almost everywhere. Thus, almost every-
where, we have

Vo f(2,y) = Vaf(@,y) = Vo f (@', y) + Vaf(2,y)
— Vo f(, y) ( — ) VLV f(z,y),
Vyf(@,y) = Vyf(,y) = V(@' y) + Vyf(z,y)
—V, f(x, y) ( —2) 'V, Vo f (2, y).

In particular, note that V,f(z',y') = V, f(z',y') = 0.
Since z — f(z,y’) and y — f(a’,y) are concave and con-
vex functions, respectively, we can use (A.1) to deduce

fl@y) < ——IIV f@,y) = Vaf (@ ¥, (A.2a)

—f(x’,y)<——||Vyf(:r y) = Vyf (@, 9%, (A.2b)

where we have used the fact that sup,cga, f(z,y") =
inf, cga, f(@',y) = f(z',y') = 0. Next, by definition of f,

fla,y') = fay) = [ y) = (@ =) VL (2, y),
f@'sy) = f@'sy) = f@ ) = (= y) TV f @),
Using (A.2), we deduce that

flay) = f@y)

—(z - xl)Tsz(I/,y/) +(y - y/)TVyf(:zr’, y)

1 / / /
< g (IVef@,y)) ~ Val I
+ IV f(a'y) = Vy f(9)I1P). (A3)

The claim now follows by adding together (A.3) and

the inequality that results by interchanging (x,y) and
(’,y')in (A.3). O
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