CONTROLLABILITY OF COUPLED PARABOLIC SYSTEMS WITH
MULTIPLE UNDERACTUATIONS, PART 2: NULL
CONTROLLABILITY
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Abstract. This paper is the second of two parts which together study the null controllability of
a system of coupled parabolic PDEs. Our work specializes to an important subclass of these control
problems which are coupled by first and zero-order couplings and are, additionally, underactuated.
In the first part of our work [II], we posed our control problem in a framework which divided the
problem into interconnected components: the algebraic control problem, which was the focus of the
first part; and the analytic control problem, whose treatment was deferred to this paper. We use
slightly non-classical techniques to prove null controllability of the analytic control problem by means
of internal controls appearing on every equation. We combine our previous results in [II] with the
ones derived below to establish a null controllability result for the original problem.
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1. Introduction. We begin with defining some notation and conventions.

1.1. Notation and conventions. Throughout this work, we define N* := N\
{0}, and similarly, R* := R\ {0}. For n,k € N*, we denote the set of n x k matrices
with real-valued entries by M, xx(R), and we denote the set of n x n matrices with
real-valued entries by M,,(R). We denote the set of linear maps from a vector space
U to a vector space V by Z(U;V). For (X, 7Tx) a topological space and U C X, we
denote the closure of U by U. We now recall the coupled parabolic system of interest.

1.2. A system of interest. In this second part of this two-part work, the
primary objective is maintained from the first part: that is, for Q7 := (0,T) x  and
Y= (0,T) x 0 for some T > 0, we wish to study the controllability properties of
the system of coupled parabolic PDEs given by

Oy = div(DVy)+ G -Vy+ Ay +r, inQr,
(11) Yy = Oa on ET?
y(oa ) = yo(')v in Qa

where D := diag(di,...,dm), G = (gpk)1<p,i<m € Mm(R™) and A := (apr)1<pk<m €
M, (R). We associate to this system the differential operator

m

(1.2) Ly=> | =div(d,Vy,) = > ok - Vb — Y apii | €p,
k=1 k=1

p=1

where gpr = (g -+ 9p) € R dp € M,(R) is symmetric and ep is the p-th
canonical basis vector in R™, for p € {1,...,m}. We call g,i the first-order coupling
coefficients and aypy, the zero-order coupling coefficients, which are constant in space
and time.
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In this work, we assume that £ satisfies the uniform ellipticity condition: that is,
there exists C' > 0 such that,

n

(1.3) Y i > CleP,  vEeR™

,j=1

Suppose r € L2(Qr)™, y° € L*(Q)™. For u,v € HE(Q)™, we define the bilinear
form

n

Blu,v] := / d”(@zLuP (Oz;vp) — g gpk (O, uk)Vp — aprurvy | epde.
p,k=1 \4,5=1

One has the following definition.
DEFINITION 1.1. Suppose r € L?(Q7)™, y° € L*(Q)™. A function

y € L*((0,T7);: Ho ()™ N H'((0,T); H~ ()™

is said to be a weak solution of system provided that for every v € H ()™ and
almost every t € [0,T]

(i) (Ly,v) —|—B ly,v] = [orTvdz, and;

(ii) y(0) = y°,
where (-,-) denotes the appropriate duality pairing.

It can be deduced, for example, from [6, Theorems 3 and 4, Section 7.1.2], that for
any initial condition y° € L?(Q2)™ and r € L?(Qr)™, system admits a unique
solution. From now on, we mean by “solution to a coupled parabolic system” the
weak solution in the sense of Definition [[L1l

1.3. A parabolic regularity result. We state a regularity result for the solu-
tion of system which is essential in the work to follow.

THEOREM 1.2. [0, Theorem 6, Subsection 7.1.3] For d € N, assume y° €
H2HL)y™ v e L2((0,T); H*(Q))™ N HY((0,T); L*(2))™, and assume that'y €
L2((0,T); HY(Q))™ N H((0,T); H=1(2))™ s the solution of system (L.1)). Suppose
also that the following compatibility conditions hold:

9% =1 € Hy(Q)™;
g' =1(0) — Lg® € Hy ()™

' d—1
g% =45 (0) — Lg¥! € H{ ()™

Then'y € L*((0,T); H**2(Q))™ N HATL((0,T); L?(2))™ and we have the estimate

‘|y‘|L2((0,T);H2d+2(Q))mﬁHd+1((O,T);LQ(Q))”L < C (‘|r||L2((O,T);HQ"Z(Q))mﬂHd((O,T);LQ(Q))m
(1.4) +||y0||H2d+1(Q)m) .

1.4. The control problem. This work specializes to the case of internal (or
distributed) control: that is, for w C 2 nonempty and open, we study the case where

r = 1,Bu, for B = (Idc ch(m,c))T € Mpxc(R) and 1 < ¢ < m, and henceforth,
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we denote by gr the set (0,7) x w.

An interesting control problem that arises in many engineering applications is
underactuation, that is, when ¢ < m. Our work will further specialize to this case,
where there are currently few results for first and zero-order couplings, for arbitrary
m and ¢ < m —1 (even for the case of constant coefficients). We focus on a particular
type of controllability property, which is defined next.

DEFINITION 1.3. We say that is null controllable in time T if for every
initial condition y° € L?(Q)™, there exists u € L?(Qr)° such that the solution y €
L2((0,T); HYX(Q)™ N HY((0,T); H-Y(Q))™ to satisfies y(T) = 0 in €.

This work’s main objective that we aim to achieve by selecting appropriate control
inputs is null controllability of system (1.I). Next, we recall the method which we
introduced in [I1]; we employ this method to achieve our main objective.

1.5. Fictitous control method. We first described following control problem,
referred to as the analytic control problem: for any §° € L?(Q)™, proving the existence
of (g, @) a solution of

0wy = div(DVy) + G- Vg + Ay + N (1,a), inQr,
(1.5) y =0, on Y,
) =73°0), in

such that §(T,-) = 0, where N is a differential operator that was chosen to be the
identity in [I1], @ acts on all equations in , and we denote by 1, a smooth version
of the indicator function (this can be constructed via mollification; cf. relation
for its exact definition).

We next consider a different control problem, referred to as the algebraic control
problem: proving the existence of a solution (g, ) of

0y = div(DVY)) + G - Vi + Aj + Bi+ N (1,4), inQr,
(16) :g = 0, on ET,
) =9(T,-) =0, in Q,

where U acted only on the first ¢ equations.

We defined the notion of algebraic solvability of in [I1], which is a property
that enabled us to algebraically “invert” the differential operator associated to
and recover the solution to this control problem locally. We recovered the following
result.

PROPOSITION 1.4. Given m,n and c in N* with |5 | +1 < ¢ < m, if the matriz
Ce Mcx(mfc)(nle) (R) gwen by

A(c+1)1 -+ Aml gicﬂ)l cee g,lm - 9?%1)1 R

c Alc+1)2 -+ Am2 g(c+1)1 s g}nl s 9&4_1)1 s g:;l
1 1 n n

Uctl)e -+ Ome Giepe -+ Ime - Yere - Ime

has full rank, then is algebraically solvable in qr.

Importantly, the “inverse” differential operator that we recovered in [I1], denoted
by B, was of differential order at most p + 2 in space. This differential order is of
consequence in Section , where we require the controls in the analytic system
to be regular enough to withstand these p + 2 spacial derivatives. This regularity
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on the controls is necessary for the solution that was constructed for the algebraic
problem to be well-defined.

With the algebraic problem resolved, solving the analytic problem is this paper’s
secondary objective. Achieving this secondary objective will allow us to attain this
work’s main objective, as will be shown in Section [

1.6. Statement of contributions. The first contribution is a partial general-
ization of [B, Theorem 1]. In particular, our result gives a sufficient condition for the
null and approximate controllability of an underactuated system of coupled parabolic
PDEs, with constant first and zero-order couplings, when more than half of the equa-
tions are actuated. Importantly, this controllability condition applies to systems with
multiple underactuations. Furthermore, this condition, which requires the rank of
a matrix containing some of the coupling coefficients as entries to be full rank, is
generic. The technique used to prove this result is adapted from [4].

Our second contribution is Proposition which is an extension of [5, Proposition
2.2]. Specifically, our Carleman estimate contains higher differential order terms on
its lefthand side, which allows us to construct very regular controls in Proposition [£.2]
Importantly, these highly regular controls are necessary when applying Theorem [2.]]
to problems with many underactuations.

2. Main result. The main controllability theorem of this work is stated next,
where we assume that more than half of the equations in system are actuated.

THEOREM 2.1. For a fired m, suppose Q@ C R™ nonempty, open and bounded.
Furthermore, suppose € is connected and of class CPT2. For L5 ] +1<c<m, if the
matriz C € My (m—c)(nt+1)(R) given by

A(c+1)1 -+ Am1 glc+1)1 ce 971n1 e g(bc_;_l)l ce ggzl

c Ale+1)2 =++ Am2 YGep1)1 - 97177.1 cee g&+1)1 cer Gma
1 ’ 1 n n

Act1)e -+ Qme g(c+1)c coo Ome e g(e+1)c s Ome

has full rank, then the system (L.1|) is null controllable in time T.
The rest of this work is devoted to proving the above result. First, we will
resolve the analytic control problem in Section [4} next, we will utilize the solutions

to the algebraic and analytic control problems to solve our original control problem
in Section [3| which is the null controllability of the underacted system (1.1).

3. A Carleman estimate for the analytic problem. In this section, we
study the analytic system:

0y = div(DVy) + G- Vj+ Aj+ 1,4, in Qr,
(3.1) y=0, on Yr,
5(0,-) = go(.)’ in Q.

The goal of this section is to prove that the solution (7, @) to the analytic control
system (3.1]) satisfies the following so-called weighted observability inequality, which
will help us deduce its null controllability. To this end, we consider the adjoint system
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to system (3.1)) given by

—9p = div(DV) — G* - Vi) + A*), in Qr,

(3.2) P =0, on X,
&(T’ ) = 1;0(')7 in Q,

where 0 € L2(Q)™.
We state the weighted observability inequality we aim to establish.
PROPOSITION 3.1. For every ¥° € L2(Q)™, the solution v of system (3.2) satis-

fies
N 2 ~ 2
(3.3) / |00,2)| dz < Can, / / 20|\t )| ded,
Q 1 (0,T) xwo 1

where Cops = CTOeCATST/AHL/T?) 5  and || - ||y denotes the Buclidean norm. We
call a weighted observability inequality with weight p := e~ 251%E2P+7 for o and
& defined below in and , respectively, where s1 = o(T° + T'%) for ¢ > 0
depending on 0 and wy.

We utilize the Carleman estimate technique to develop an estimate which will
help us establish the observability inequality stated above; the proof of Proposition 3.1]
follows from Proposition and is given in the Appendix. This section builds upon
the technique developed in [5 Section 2.2]: in particular, it incorporates the higher-
order terms found on the lefthand side of which allow us to construct highly
regular controls for system . Constructing a solution (g, @) to system with
highly regular controls and satisfying g(7,-) = 0 is treated in Section

3.1. Some notation and technical results. We begin by introducing some
notation. For the multi-index § of length [ consisting of multi-indices, consider the

[*"-order tensor given by C := (Cjs)s, where 3; has length n;, for n, € N*, for
i€{1,...,1}. We associate to C the element-wise norm:
1/2
M1y yM
— 2
I-lle=1{ > Chimi
=10 =1

An equivalent interpretation of || - ||; is the following: given a [**-order tensor C, one

vectorizes C into a vector of length 22:1 n; and then applies the Euclidean norm to
recover || - ||;. Fix a sequence (wi)f;rg of nonempty open subsets of w such that

w; Cw;_1, for ie{l,...,p+2},
wo C w.

The next result is an adaptation of [8, Lemma 1.1] (see also [2, Lemma 2.68]).
LEMMA 3.2. Assume that §) is of class CP*2 and connected. Then there exists
n° € CP*2(Q) such that

(3.4) n° >0, in Q,
n’ =0, on 0N,

anoul 2 K, in Q\Wp+27



for some k > 0.

REMARK 3.3. In , we require n° to be (p + 2)-times differentiable; this is
why we require spatial domain boundary regularity in Theorem [2.]]

For (t,x) € Q7 we define

12A0°lloe _ AQL0]|n°] oo +0° (2))

(3.5) at,x) := BT = 1)

and

26 eA10[17° oo +n° (2))

( . ) g(tvx) T tS(T _ t>5

Additionally, for t € (0,T) we define

(3.7) a*(t) := max a(t, )
e

and

(3.8) £(1) = ming(t,z).
e

For s,A >0 and u € L2((0,T); H(Q)) N H((0,T); H~(£2)), let us define
(3.9)  T(s,hu) = sOA / / 203y 2t + s)2 / / o256 | V|2 dad.
T Qr

In the work to follow, for u € L?((0,T); H3 ()™ N H((0,T); H=1(Q))™, we use a
slight abuse of notation and define Z(s, A; u) as above but with | - | replaced by || - ||1,
and with || - ||1 replaced by || - [|2-

We now state a Carleman estimate result for the heat equation; the proof is quite
technical and is omitted here.

LEMMA 3.4. [7, Theorem 1] Assume that d > 0, u® € L*(Q), f1 € L*(Qr) and
f2 € L3(27). Then there exists a constant C := C(Q,wp42) > 0 such that the solution
to

—0wu = div(dVu) + f1, inQr,

0
8% = fo, on 3,
U(T7) = UO(_)’ mn Qv

satisfies

I(s,\;u) < C |3\ // e 2503 ) dadt + // e 259 f1 2 dadt
(0,T) Xwp42 Qr
+5A / 625"‘*5*|f2|2d0dt>
T

for all A\ > C and s > C(T° +T').
We can adapt the Carleman estimate in Lemmato system ([3.2]) with Neumann
boundary condition; this adapted Carleman estimate will be used later (cf. (A.5)).
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LEMMA 3.5. Assume that 9° € L2(Q)™ and v € L2(S7)™. Then there exists a
constant C := C(Q, wpy2) > 0 such that the solution to

~0) = dis(DV) — G*- Vi + A™), in Qr,

(3.10) o _ u, on X,
w(Tﬂ) = ¢O(')7 in Q7

satisfies

(3.11)

- 12 .
I(s,\9)<C <s3)\4 // e 2sag3 HwH dzdt + s\ // e s g |u||§d0dt>
(0,T)Xwp42 1 Sr

for all X > C and s > C(T° + T'7).

The proof of Lemma [3.5] can be deduced from Lemma [3.4] and the definitions of
¢ and « (one can absorb the integral with coupling terms appearing as the integrand
into Z(s, A; 1) on the lefthand side).

We will also use the following estimate in the ensuing treatment (cf.
and (A-19)).

LEMMA 3.6. [3, Lemma 3] Let r € R. There exists a C' := C(Q,wpi2,7) > 0
such that for every T > 0 and every u € L*((0,T); H'(2)),

st / / e” 2502y 2 dadt <C<sw+1 / / e~ 259" || Vu||? dadt
T T

+ 8r+2>\r+3 // e2sa£r+2|u|2dxdt>
(O,T) Xwp42

for every A > C and s > C(T° + T°).

Finally, one can establish the following Carleman estimate for system , which
is an extension of [B, Proposition 1].

PROPOSITION 3.7. There exists a constant C' := C(2,wq) > 0 such that for every
Y0 e L2(Q)™, the solution ¥ to system satisfies

p+4
// em250 3 gL \ZR 2l ek 2y
Qr k=1
112
(3.12) < 2Pt \2p+8 // ef2sa£2p+7 quH dxdt
(O,T)XUJO L

for every A > C and s > C(T° + T?).

REMARK 3.8. It is worth pointing out to the fact that contains spa-
tial derivatives past order one, since 0 is assumed to be in L?()™, and hence
¥ e L2((0,T); HE(Q)™ N HL((0,T); L3(Q))™. However, due to inequalities ([A.15)
and and since the weight e=2%% absorbs the singularity of € at t = 0, one can
deduce that these integrals exist.



4. Proof of main theorem. Recall from Section[2]that our principal goal was to
prove null controllability of system with multiple underactuations. To this end,
we studied an algebraic system and an analytic system both related to system .
In [II], we developed an algebraic method which allowed us to solve the algebraic
control problem under the assumption that the source term 1,4 be regular enough so
that our algebraic solution B(1,a) be well-defined, where B is a differential operator
of order zero in time and at most p 4+ 2 in space. In Section [3| we established the
weighted observability inequality for the analytic system .

The goal of this section is to solve the analytic control problem with reqular
enough controls 1,u so that the algebraic control problem also be solved. The
treatment presented in this section is an extension of that used in [5, Section 2.3].
In particular, since the right inverse B of £ derived implicitly in [I1] is in general of
order at most p + 2 in space, we require higher regularity of controls in the analytic
problem than in [5].

4.1. An optimal control result. We do not use the weighted observability
inequality to directly deduce null controllability of system . Instead, we use a
method developed in [8] to construct controls with high regularity which will help
us deduce controllability results; to do this, we rely on the following unconstrained
optimal control result.

THEOREM 4.1. [9, Section 3, Theorem 2.2] Let y° € L?*(Q)™, u € L*(Qr)™,
B e Z(L*(Qr)™; L*(Q1)™), and suppose L given in satisfies the uniform ellip-
ticity condition (L3). Let N € L (L*(Qr)™; L*(Qr)™) such that (Nu, u) p2(gpym =
v[ull72(gpym forv >0 and for allu € L*(Qr)™, and let D € £ (Hg (Q))™; Hg(2))™).
Consider the optimal control problem associated to system with cost functional
J(u) : L*(Qr)™ — RT given by

(4.1) J() = (N, ) g ym + (Dyu(T-) = 2a) T2 (ym »

for some zq € H}(Q)™. This problem has a unique solution, and the optimal control
is characterized by the following relations:

Oryu = div(DVyy,) + G - Vy, + Ay, + Bu, inQr,
Yu = 07 on ZTa
yu(ov) :yo('>7 n Qv

—0thy, = div(DVYy,) — G* - Vb, + A%y, in Qr,
’(/Ju =0, on ET?
Uy (T, ) = D* (Dy,(T,-) — zq) , in Q,

and

B*1)y, + Nu = 0.
Hence, for this unconstrained optimal control problem, the second term in (4.1) has
no dependence on u (nor do the primal/adjoint systems).

4.2. Null controllability of the analytic problem. Recall that in [I1], we
fixed a p large enough such that we recovered algebraic solvability of (1.6). In this
section, we establish the following proposition.
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PROPOSITION 4.2. Consider § € CP*2(Q) such that

Supp(f) € w,
(4.2) =1, in wo,
0<6<1, inQ.

Then there exists v € L?(Qr)™ such that
(5,60v) € L*((0,T); Ho ()™ N H'((0,T): H~H(Q)™ x L*(Qr)™

is a solution to the analytic control problem (1.5)) satisfying §(T,-) =0 in Q. More-
over, for every K € (0,1), we have

Ry e L2((0,T); HPT2(Q) N Hy ()™ N H'((0,T); L*(2))™, and

(4.3) €55 0| L2 0,7y 0+ 2 (a2 () (05222 < CNT° L2y -

Proof. Let §° € L2(Q2)™, p := e~ 2519¢2P*7 and C := C(Q,wo, T) > 0. Let k € N*
and denote by L?(Qr, p’1/2)m the space of functions which, when multiplied by p~1/2,
are L*-integrable (i.e., for u € L*(Qr, p~/?)™, we require Jlo,p7! [ ul| dzdt < o).
Consider the following optimal control problem:

84 {minimize Te() = [fo, o~ 0l dadt + & [ 15(T, )|} da,

subject to v € L2(Qr,p~ /2™,

where § € L?((0,T); H} ()™ N HY((0,T); H~1(2))™. The functional Jj is differen-
tiable, coercive and strictly convex on L*(Qr, p~'/2)™. By Theorem (for D = V/k,
N =p~tand zg = 0 in Q7), there exists a unique solution to this problem, and the
optimal control is characterized by the solution g to the analytic system

O = diV(DV:I]k) + G-V + Agr + 0vg, in Qr,
(4.5) yr = 0, on X,
gk(oa ) = go(')7 in Qa
the solution z/;k to its adjoint system

— Oy, = div(DVy) — G* - Vi + A™y,  in Qr,

(4.6) Y =0, on X,
'LZJK(T7 ) = kg(Tv ')a n Q7

and the relation

(4.7)

v = —pOx, in Qr,
v € LA(Qr, p~ /%)™,



From (4.5) and (4.6), we calculate

T
/ ((ykﬁt%)m(g (@ykﬂﬁk)L?(Q)m)d
0

d (T = -
% (Ur, Yr) L2(ym dt
(4.8) = (T, ), ki (T, ) 2@y — (3% ¥ (0, ) p2(ym

and

(i, i) L2 (ym + (O, Vi) L2(@)m

= (G, —div(DVYy) + G* - Vi, — A"Pp) p2aym

+ (div(DVi) + G - Vi, + Afiy + vk, ¥i) L2 (0ym
(4.9) = (Ovr, ¥r) L2 () -

It follows from (4.7)), (4.8) and (4.9) that

1 r 1. -
J]C(’Uk) = —= (9’(/%, U]C)LQ(Q)'NL dt + ,(yk (T7 -), wk(T, -))Lz(Q)m
2 Jo 2

1t T . -
= *5/ (Y, Ovg) L2 ()mdt + 5/ ((yk,aﬂ/fk)m(mm + (8tyka1/)k)L2(Q)M) dt
0 0

(4.10) + %(yo,@((l ) r2ym= %(yoﬂﬁk(oa )2 @)ym

Moreover, employing the weighted observability inequality along with ( .,
. . and the Cauchy-Schwarz inequality successwely7 we have

1940, ooy < Cons [ ][

S Cobs // p92
—1 2
= Cops // P oy dedt

< 2Cops T (Vi)
< 2Cops[|195(0, ) || L2 (ym 1Y | L2 02y m »

~ 2
‘wkHldxdt

from which we deduce

(4.11) 14650, )| L2 (@ < 2Cobs 140l L2y -
Furthermore, by (4.10), (4.11) and the Cauchy-Schwarz inequality, we obtain
(4.12) Ji(vk) < CobSHyOH%Q(Q)m
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One can deduce from parabolic regularity, (4.2) and (4.12) that

Hgk’||L2((O,T);Hé(Q))""ﬂHl((O,T);Hfl(Q))m <C (H@vk”LQ(QT)m + HgO”LQ(Q)m)
< C (Iloelliz oy + 17 2@)m)
(4.13) < C(l + QCobS)HQOHL?(Q)m’

since for our choice of s; (which depends on p; see (A.33))) and by (3.5)) and (3.6, p < 1
in Q7. Owing to the well-known result that in Hilbert spaces, bounded sequences

have weakly convergent subsequences (see, for example, [1]), along with (4.4) (4.12)),
and (4.13]), one can extract subsequences of (vg)r and (gx)r (which we still denote by
vk and g ) such that

vy —= v in LZ(QT,pfl/Q)m,
e =g in L*((0,T); Ho ()™ N H'((0,T); HH(Q)™,
gx(T,-) =0 in L*(Q)™.
Hence, (7, 6v) is the solution to the analytic control problem (L.5) with v € L*(Qr, p~/?).

Furthermore, we deduce from (4.4)) by taking k¥ — oo that §(7T,-) = 0 (in the sense of
Definition [L.1]). In addition, by (4.12)) and since p < 1 in Q7 for our choice of s1,

Il Z2(@r) < V2Cobsl14° 122y m

as claimed. It is left to show that (4.3)) is verified. Note that for every K € (0,1),
there exists a Cx := Ck () such that

(414) 62K51a* < Cva—2p—7e2sloz7

for all (t,x) € Qr. Hence, utilizing (4.14)), (4.4) and then (4.12), we obtain

I 0 gy < o [ 7 el ot

(4.15) < Cr|17°1172(ym-
For a > 0, one has (see (A.9))
(4.16) |9, (£%e™2519)| < CTEvH0/Pe 2510,
Furthermore, for r = {0,...,p + 2} one has
(4.17) |V (e 29| < Cgrtremne
Indeed,

V(€%e219) = agr I AVROEe 2% — 25, €920 (_AVy0¢)

=y’ <Z + 251> gotlem2na

and since C' := C(Q,wo,T), (4.17) is verified for r = 1. The same reasoning can be
used for the r-th derivative, where we have fixed n° € CP*2(2). Hence, by (4.7)), the
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triangle inequality and then (4.17) for a = 2p + 7, we obtain

”eKsla V”Uk”sz(QT)m

:// 21| Vo | 3dwdt
T

= [[[ e v e aod,) pdade

T

< C//Q o2Ksia” <Hv(€2p+7e—2sm)ui H%Hi + HEQPH@_QSWV%HZ) dudt
11 <0 [[ i (g0 o + 11wl ) aza
T

and similarly, for r € {1,...,p+ 2}, we obtain
(4.19)

s
HeKsla*vrka%?(QT)m < C// 62K31o<*_4sloc (Z £4p+14+21”vr—l1;k”$l+1> dxdt.
Qr 1=0

By (4.16) and since by, satisfies system (4.6), we obtain

(4.20)  [|0u(e™ M v |22 gy

< C// (2Ks10" —4s1a <£(20p+82)/5 W’“Hj I Haﬂ;’“H:D dudt

< C// Hisra" —ds1a (6(20p+82)/5 HJ)’CHQ
T 1
(4.21) 4 i (HVVI%H:%, + (| Vb |12 + Hl;k”j) )dxdt.

Note that for every a,b > 0 and K € (0,1), there exists Cyp i := Cop x(€2) > 0 such
that

(422) 5‘1621(8104*—45104

b _2s1«
< Cap, €™

From (4.15)), (4.18), (4.19), (4.20) and utilizing (4.22)) for appropriate a and b,

”eKsla

Ukl L2 ((0,); 02 (@) H () m L (0,7); L2 (02))
p+4

< Crnan i / / e PN R | IR dadt,
T k=2

where Cpqz k= max{max, s{Cop r }, Cx}. Owingto (4.2), Proposition and (4.7)),

we deduce

[|ef519 gy, L2 (0,7 2 @) HE (@)L (0,7); L2 (02))

~ 112
< Crmaz, K Cobs // e agintT H%}kHl dwdt = Craz ik Cobs||[VE 7 2 (g pym-
Qr

12



Lastly, for Cx := Cx (Q,wo, T), [#.12)) yields the inequality

”eKSla*'Uk”L2((O,T);Hp+2(Q)mHé(Q))mﬁHl((O,T);LQ(Q))M < Cr |7l p2(aym
from which (4.3) is verified by taking a convergent subsequence and k — oco. O

With algebraic solvability of the algebraic control problem (1.6) and null con-
trollability of the analytic control problem (|1.5) established for highly regular con-
trols, we can now prove null controllability of the system ((1.1)) with internal controls
@ € L%(qr)¢, where c <m — 1.

In Proposition we showed the existence of (g,0v) € L2((0,T); H(Q))™ N
HY(0,T); H1(Q))™ x L%(Q7)™ satisfying

0,y = div(DVYy) + G - V§+ Ag+ 0v, in Qr,

(4.23) on X,

0,
yo(-), in Q,

<
Il

~—

g(07 :

such that §(7,-) = 0 in Q. Furthermore, we established the following higher regularity
for v:

(4.24) efs197y e L2((0,T); HPY2(Q) N HE(Q))™ N HY((0,T); L*(Q))™,

for all k € (0,1). Notice that (4.24]) implies that v is exponentially decaying as t — 0
and t — T. For the linear partial differential operator B (of order zero in time and at
most p + 2 in space) constructed implicitly in [T1], let us define

(

which is well-defined by (4.24)). By virtue of B being a linear partial differential
operator of the stated orders with constant coefficients, we conclude that

SR

)::B(Hv),

(4.25) (9,a) € L*(gr) x L*(qr);

we then extend (g,u) by zero to Qp. Since v decays exponentially as t — 0 and
t — T, §(0,-) = g(T,-) = 0 in Q. Furthermore, it follows from the discussions in

)
Subsection that (g, %) is the solution to

O = div(DV§) + G- Vi + Aj+ Bi+ 0v, in Qr,
(4.26) 1y =0, on X,
Q(Ov ) = g(Tv ) =0, in €,

where, by (4.25) and by parabolic regularity, (g, @) satisfies Definition Defining
(y,u) := (§—9, —0), it is immediate that (y, u) is the solution to (|1.1)) with y(7',-) =0
in Q. This finishes the proof of Theorem

5. Conclusion. Using the powerful fictitious control technique, which has al-
lowed us to pose our controllability problem as two interconnected problems, we
have derived a sufficient condition for the null controllability of a system of cou-
pled parabolic PDEs, where the couplings were constant in space and time and of
first and zero-order and more than half of the equations in the system were actuated.
This controllability condition is generic.
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Appendix. In a proof to follow, we rely on the so-called Gagliardo-Nirenberg
interpolation inequality, which is stated next.

THEOREM A.1. [I{}] For Q C R™ open, for q,r € R such that 1 < ¢,r < 0o and
formeN, let u:Q — R such that w € LI(Q) N W™ (Q). For 0 <j <m, we have

(A1)

lullwir(o) < C|\U||%me(g)|\“||;?g),

where p satisfies

1 4 <1 m) 11—«
S=ttal-—-—)+—
p n romn q
for all a in the interval % < a <1, where C := C(n,m, j,q,r,a), with the following
exceptional assumptions:
(i) if j =0, rm < n, ¢ = o0, then we require u — 0 at infinity, and;
(ii) if 1 <r < oo and m—j—2 a nonnegative integer, then only holds for
« satisfying # <a<l.
Proof. (Proof of Proposition : We denote by C' various positive constants
which depend on  and wy. We define the operator

(A.2) L* = (~div(DV) + G* - V — A%).
By density of H*(Q)™ N H(Q)™ in L?(Q)™ for k € N (this follows from the inclusion
Ce ()™ c HF(Q)™ N HLH(Q)™ C L2(Q)™ and since C°(2)™ dense in L%(Q)™), we

- - p+2
assume without loss of generality that ¢ € H?P™5(Q)™ and ((E*)k¢0>k . C HYQ).
14



Hence by Theorem (1.2} the solution ¥ to system ([3.2) is an element of
(A.3) L2((0,T); H**0(Q))™ N HPF3((0,T); L* ()™

We apply the differential operator VP*2 to system (3.2)) and, for 8 a multi-index with
|B| = p+ 2, we denote 9g1) by ¢g so that ¢z satisfies
7({925(;55 = diV(DVgﬁﬁ) -G*- ng)ﬁ + A*(ﬁg, in Qr,

0
(A.4) ;ff Vg - n, on X,

05(T,") = 9p0°(:), in €.

Indeed, since D, G* and A* are constant, VP*? commutes with all the terms in
system (3.2). We define the (p + 3)-th order tensor ¢ := (¢g)1<4,.....8,,2<n; aPPlying

Lemma [3.5( to system (A.4]), we have a Carleman inequality for ¢:
Z(s, A ¢)
(A.5)

< c( 3 )8 // e 203 §|2, gt + s\ // 250 g% |7 . | +3dadt>
OT)pr+2 ET

for every A > C and s > C(T® + T'?). The rest of this proof follows three steps
(i) We will estimate the boundary term on the righthand side of ( with a
global interior term involving z/}, which will be absorbed into the lefthand
side;

(ii) we Wlll relate Z(s, A; ¢) with the lefthand side of (3.12));

(iii) we will estimate the local term on the r1ghthand s1de of (A5) with a local
term of zero differential order (as appearing in (3.12))) and some other local
terms which will be absorbed into the lefthand side.

Step (i): Consider a function § € C?(Q2) such that V0 -n = § = 1 in Q, where n is
the outward pointing normal of 9Q2. With this construction, V8 = n. Indeed, for any
q € 09) and for any parametrized curve v : R — € passing through point ¢ at time 0,
we have

t=0

since §# = 1 in Q. Hence, since V@ is orthogonal to the tangent of any curve passing
through any arbitrary point ¢ € 09 at t = 0, it must be equal to n. Let 8 and v be

15



multi-indices of length n; we integrate the boundary term by parts to obtain
[ e o n, sdod
X7

=sA > / /)S Te*%a*g*(amp.vo)(aﬁw-n)dadt

|B|=p+3

= > (SA / / Tefzs‘”‘*ﬁ* (0y0) (Dp) - V) dasdt

|8|=p+3
|v|=p+4

+ 5\ / / e 2V (g - V0) - Optbdadt ).

Next, we employ Cauchy-Schwarz and Young’s inequalities to obtain

[ e e o ni ydod
Xr
(A.6)

T
<O (/ e—2sa*(85*)2k”w”%{p+4(9)mdt+/
0 0

T
o250 (Sf*)2_2k”’¢| %{p+3(ﬂ)mdt> ,

for k € (0,1) to be chosen later. We define 12 = pip, with p € C°°([0,T]) defined
by p := (s&*)% 5" for some a € R to be chosen later. Note that O(T,-) = 0in Q,
since p decays exponentially to zero as ¢ — T'. Similarly, dd—;p(O) =0, for all ¢ € N.

Furthermore, 1[1 is the solution to

— 0 = div(DVY) — G* - Vb + A — %pl[}, in Qr,
(A7) TZ =0, o1 ET?
(T, ") =0, in Q.

Hence, by (A.3)), one can utilize Theorem [1.2| to get the estimate

9] 2 (0. 1y 2042 (@) mpra+1 (0,72 ()

d -
(A.8) <C @pw

L2((0,T); H?4(Q))™NH((0,T); L2(2))™

for d € {0,...,p + 2}. Owing to (3.5 and (3.6]), we have the bound

d .
(A9) dtp‘ < OT(Sf*)a+6/5675a )
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_ . 0 0 ~ 0 0 0
Indeed, for ¢ := min, cq {1017 lle 7" (@)} and and ¢ := max, g {217 lle A0 lloctn7 (@)
we have

al—ea * a—gad*
as(s€") Lot —s(se) e Lo

d
dt

s(sﬁ*)a-lm (02 — (57
10t — 5T <a - (sf*)é)‘

—sa”*
= e

_ (Sé-*)aefsa*

(T —t) ¢
_ *\a+6/5_ —sa™ (10t - 5T) atS (T - t)5 c
- (Sé- ) / e 56/5 56/5 - m )

and since s > C(T® + T'9), one can obtain (A.9). Similarly, we have

< CTT(Sg*)a+6T/5€_Sa*,

d'f'
Al
(A.10) ] <,

for r € N. We apply (A.8) to zZ fora=1—-kand d= LP#J to obtain

T
| e R g

(/

w2l ] ym
| 2]
(A.11) 2 A - (dt (em*(sg*)lk)&)

We now apply (A.8) to ¢ = % o) (which satisfies a system similar to (A.7)) and verifies
the compatibility conditions in Theorem fora=1—-kandd = L%J —1 to obtain

Jaym
2

efsoz S§*>17k> J) dt

2

dt
L2 (@)™

T
/0 i (768 Jarm "
2 oy ra A
e G
T 2 . 12
SC/ iz ()8 E e
(A12) + Z / - (;; e )w) ;(Q)mdt'

17



Repeating this way |25 | — 1 more times and utilizing (A-10) yields the inequality

T
| e P g

(Qyn
p+1J+1 B 2
<c/ ey (e ) g e
L2(Q)™
T
ptl —2sa” *)2— (|2t 7
(Alg) S CTQI_ 2 J+2/O e 2 (Sf )2 2k+ 5 (I_ 2 J+1)||w‘|%2(g)mdt

We can get very similar estimates (A.11) and (A.12) for a =3k —1,d = (%L and
by using (A.10)), we obtain

T
| e gy

(Q)nL
2

al#= 0+ N -
<c/ T — (e gy @ dt
L2(Q)m
T
pt2 —2sa* * —o412([pt2 7
(A.14) <or e / e (s 2RI g 2 g

Suppose for the moment that p is odd. By applying Theorem [AT]to the appropriate
spatial derivative of ) with j =1, m = ¢ = p =r = 2 and o = 1/2, and then
employing the Cauchy-Schwarz inequality, we obtain

T
/0 N G K I

T
<C —sa’* *\3k—1,7 ) —sa* *\1—k 7 s dt
<O [ N g o e ) g

T % T 2
s0< [ e 2||w||22[p+41(mmdt> ( J A L . t) .

Choosing k = % % (LPTHJ — P%FQ—D verifies
1

2(|p+1 12 (|p+2
g (7] ) e (157 )

and hence by utilizing (A.13) and (A.14]), we obtain

T
/0 i €30 L

T
(A.15) SCT’VL;Q-|+LPTHJ+2/ e (s ) LA | HE [ 1|\¢||L2(Q
0

18



Identical steps can be followed for the case when p is even to obtain
T . ~
| e e syt

T

(A.16) < CTVT“HL"T“JH/ —2sa” (ger) i+ %L%H%(%ﬂw”%z(mmdt
0

It follows from (A.6), (A.13) and (A.15]) that

[ e e Vol ydod

X7

T
Y e L e I A O Rt Sl P A

0

for p odd, and it follows from (A.6), (A.14)) and (A.16])

[ e Vo nldode
X7

42 42 +1 T 1743 +2
< COA (T2[%1+2+TP’T1+L%J+2)/ e 2 (ser) EHR L IR )2, g 0 d

0

for p even. In what follows, we choose p even without loss of generality (the exact
same technique can be used for p odd), and since

(10T L g T21 1 2 < ot Lo 2T

for s > C(T5 + T'9), we use (3.7) and (3.8) to obtain

N[ e Vol o
T

T
§C’82p+34/5>\/ e—2sa*(§*)%+%L‘%1J+%( : HW”L?(Q)mdt

0
< 20134/ / —2sa§157+%L ] +8[22] HJJH daxdt.
1
T

Denoting by I(p) the exponent 1—57 —&—% L%J —l—% {’%ﬂ, we arrive at the end of Step (i)
to conclude that

(s, N 9)
(A.17)

<o s // =253 |2 +3dxdt+82p+34/5)\// =250 gl®) HwH dadt
(0,T) Xwp2 T

for every A > C and s > C(T° + T'Y).
Step (ii): In this step, we relate Z(s, \; ¢) to the lefthand side of (3.12). We apply
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Lemma [3.6| to ¢ for » = 2p + 5 to obtain

S2PHT )\ 2p+8 // ¢ 2sag2n+T H&HQ dadt
T 1
< 0(82p+5)\2p+6 // 6—28(152}7-&-5 HV?&H2dﬂcdt
- 2
T

~112
(A.18) 52PN / / ezt ||| dudt | |
(0,T)Xwp 2 1

for every A > C and s > C(T° + T'°). Similarly, for k& € {0,...,p}, we apply
Lemma to VPH1=k4) for r = 2k + 3 to obtain

52k:+5>\2k+6 // 672sa£2k+5||Vp+17k1/;HZ2)+2_kdxdt
T

2

dzxdt
p+3—k

< C<S2k+3)\2k+4 // 25 g2kt va+2—kd~}
T

(A.19) psthroaie [ /( . e%af%%nvpﬂ%||f,+2_kdxdt> 7
5 Wp+2

for every A > C and s > C(T® + T'°). One can upper bound the first term in the
righthand side of by for k = p and continue this way by backwards
iteration on k. The global terms on the righthand side of (A.19) can be absorbed in
the exact same way. Hence, a combination of (A.17)), (A.18) and (A.19) gives

p+4

// 25 Z SPETINREh | grta k2
T k=1
p+4 -
<C < // o2 Z 82k—1/\2k€2k—1|‘vp+4—k1/)||2+5_kdl‘dt
(0,T)Xwp42 k=2

+ 83)\4 // 6_28a53||vp+212}”12)+3d$dt+ 82p+34/5>\// 6—280551(1))
Qr Qr

112
‘z/JHlda:dt ,

for every A > C and s > C(T° + T'Y). By utilizing (A.17) once more, we arrive at
the inequality

pt+4
// e~ 25¢ Z §2h—1\2k g2k ||Vp+4—k¢||§+5_kdxdt
T k=1
pt+4 -
<0 ( / / e Y S TINRER T YRR dadt
(0,T)Xwpi2 k=2

. 112
(A.20) 4 §20H4/5 ) // =250 ¢lp) ]sz da:dt),
1
T

which is verified for every A > C and s > C(T° + T'°).
Step (iii): In this final step, we absorb the higher-order local terms in the righthand
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side of ([A.20). Consider the function 6,1 € C%(Q) satisfying

Supp(9p+1) c Wp+1,
(A21) 0p+1 = 1, in Wp4-2,
0< b1 <1 in Q.

Let 8 be a multi-index of length n. Since w,12 C wpy1, where wyy1 is an open
subset of €2, we integrate the rightmost term in (A.20) by parts and employ the the
Cauchy-Schwarz inequality to obtain

112
AL / / e 2sags va+2¢H dadt
(0,T) Xwpt2 p+3

~112
< $5A4 / / 0,4 6203 va+2¢“ dwdt
(0,T) Xwpt1 p+3

= 53\ / / > (0O 200,050 + b6 02050 ) (950 dudt
(0, T)Xwpy1 ;=1
[Bl=p+1

<o [ (19 o], o
(0,T)Xwp41 p+2

(A.22)

+0p+1672sa§3 vaJrB,JJH va‘Fl,&H +2>dl‘dt.
P

p+4
By and (3.6)), we have that

(A.23) |V (Bprre ) ||, < Csre™?5¢h
Indeed,

IV (Bpere 290 |, = o2 (V0,11 + 280, 1691 + 30,1 9)
V9p+1 30p+1 Vno
SAE s&

and since s > C(T° + T'°), (A.23) is verified. Hence, by (A.21), (A.23) and using

Young’s inequality with € > 0, we have

3)\4 // 7250453 va+2¢” dl’dt
0 T)pr+2 p+3
< O\t / / (sxe—%ag‘* HVW’J;
0 T)pr+1
| ) dudt
p+4 p+2

< C// o250 (653)\453 vaww
OT)X(.UP+1

(A.24) +Es5)\6§5 va+1u}Hp+2> dudt.

= s)e ,

1

7250454

+ 20p+1V7] +

HVP—HQZJ

p+3 p+2

fe2sagd va-wz[} ’vp+1d~}

FoeshZe va+3w
p+3 p+4
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Observe that the first two terms in the righthand side of (A.24) can be bounded above
by employing (A.20) and (A.24]) recursively: indeed, by positivity of the integrand in
Q7 and by (A.20)), we obtain

. ~12 12
¢ / / e 25 (S3A4§3 Hw“sz + 5% Hv”%H ) dwdt
(0,T) xwp+1 p+3 p+4

p+4
< CE(// 672.3@ Z8%71)\%5%71||Vp+47k1/3||§+5,kdxdt
(0,T)Xwp42 k=2
+S2P+34/5)\// 672sa§l(p) HJ)Hdedt>
1
T
pt+4 ~
— CE // 6723& Z 82’671)\2]652]671||vp+47kw||§+5_kd$dt
(0,T)Xwp42 k=3

(A.25)

~112 -2
+83)\4 // e—28(1£3 va+2,¢)H dl‘dt+$2p+34/5)\// 6—23cz€l(p) HwH dxdt 7
(0,T)Xwp2 p+3 Qr 1

for A > C and s > C(T® + T'?). Combining (A.25)) and (A.24) yields

112 12
¢ / / ¢—2sa (53A4§3 va“wH + a2 HV”*%H > dwdt
(0,T)xwp 41 p+3 p+4

pt+4
S C (6 // €—2sa Z SQk—l)\2k§2k—l||Vp+4—k1;”127+5_kdxdt
(O’T)pr+2 k=3

2 2
+ // 67250462 <53A4§3 va+2¢” + S/\2§ va+3w” )
(0,T)Xwp41 p+3 pt+4
2
+ / / e~ 2509,45 \0¢5 Hv“%p” dedt
(0,T) Xwp1 p+2
~112
(A26)  +es?PT34/5) / / ) Hledxdt>,
T

for A > C and s > C(T® + T'?). Using the same treatment by adapting (A.24]), one
can bound the terms with €2 in (A.26)); after r of these recursions,

~12 12
¢ / / 250 <53A4g3 HW*%H +aNZ va+3¢H ) dzdt
(0,T)Xwpt1 p+3 p+4

T pt+4
< CZ (ej // o250 Z 82k—1/\2k£2k—1va—o—4—kw”12)+5_kdxdt
=1 (0,T) Xwp42 k=3

2

L+ ||y

2
P+

1 20r) // o250 (33)\453 vaw&
(0,T) Xwp1

~112 . 112
12555 \0€° vaﬂqu >dxdt+eJ32p+34/5A / / =250 gl) HwH dzdt),
p+2 Qr 1

p+4
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for A > C and s > C(T® + T1°). Taking ¢ sufficiently small and using (A.24]),

. 12
4 // em250g3 vaJerJH dedt
(0,T)Xwp42 p+3

p+4
S C < // e—230z Z S2k_1)\2k§2k_1||Vp+4_k?2||12)+5_kdxdt
(0,T)Xwpt2 k=3

(A27) + s2p+34/5>\// e—2sa£l(p)
T

2
‘¢H1dxdt ’
for A > C and s > C(T° + T*?), since by , if

HV”HJJH R Hence from (A.27)), we obtain
P+

‘V’H‘QQZJH = 0, then so does
p+3

p+4

// e—QSa Z S2k—1)\2k52k—1 ||Vp+4_kz/~)H12)+57kdxdt
(0,T) Xwp2 L—2
p+4 _
(A28) S C //(0 . 672501 Z 82k71>\2k£2k71 ||vp+47k¢||z+5_kd£ﬂdt,
) Xwpt1 k=3

for A\ > C and s > C(T° +T'). For r € {1,...,p + 1}, consider the functions
0, € C%(Q) satisfying
Supp(0pr1-+) € Wpy1—r,
0p+1—7' =1, in Wp+2—r,
0 S 9p+17k S ]., in Q.
Using the exact same approach as was used for » = 0, one obtains the estimate
2

G2r+3)2r+4 // 202+ vaJr2fr1Z)H dudt
(0,T)Xwpt2—r p+3—r

p+4

S C // 6—28(1 Z SQk_l)\ngQk_l||vp+4_k’(/;||12]+57kdl‘dt
(0,T)Xwp42

k=3+r

_|_S2p+34/5/\// 672sa£l(p) Hidemdt>7

for A > C and s > C(T° + T19). Hence, it follows that

p+4

[ e S gk st

T k=1

< O 2PHT )\ +8 // e 2sag2p T Hzf)szmdt
(O,T)XL;)O 1
~112
w [ oo i ),
T
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for A > C and s > C(T® + T1°). Finally, by (3.6) we have the estimate

52p+34/5)\// 672sa€l(p)
T

for A > C and s > C(T° + T'9) large enough; from now on, we denote this choice of
s by sg. Hence, one can absorb the global term in the righthand side of into
its lefthand side, and thus is verified. O

Proof. (Proof of Propositi: We denote by C' various positive constant

~112 112
WH dodt < Cs2P+7\2p+8 / / 6*28%%*7”1/)” dedt,
1 Qr 1

depending on 2 and wg. From (3.12), we deduce

(A.30) // e—QS%Q””H&deasdtsc // ) e‘QS%Q””H&dexdt,
T (0,T) xwo

for A > C and s > sg. Note that for t € [% TT] we have

min 672sa§2p+7}
te[%.27]

. T s 37
— (6 2sa€2p+7) (47 ) _ (6 2(046217-"-7) (4’ )
Py} <emunouoo,ex(igunouww%))) 4102 +T)A(10]17° | oo +1° (z))
(A31) = (e s 3 :

35710
We can choose s sufficiently large such that

410

(A.32) 770

— ¢ T% S e—2so¢£2p+7

for all ¢ € [% TT] Indeed, choosing

3(2p+ 1)\ 10[|7°[loe +7°(x)
(A33) § > §1 := max {SO, ( 410 I;léié{ 612/\H770”oc — e)\(lo”nouoo_;'_nou))

in (A.31) will ensure that (A.32) is verified. Note that we can write s; as s; =
o (T°+T"), where o>0 depends only on Q and wy. Fixing s = s; from now on,

we deduce from (A.30) and (A.32) that

~112
// Hz/)H dadt < CT'0C(1H1/T) // *25“*57\\@&” dadt
(£.28)x (0,T) xwo 1

for every A > C' and s > s;. We claim that

(A.34) /§2H1/~J(T/4,~)Hidx < %GCT/Q //(I,Sf)xﬂ Hi”idmt
and
(A.35) /QHqﬁ(&)”jdmﬁeCT/‘l/QHz/NJ(T/zl,-)Hldx
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from which we can deduce (3.3). Indeed, we can multiply system (3.2)) by ¢, integrate
the resulting equation by parts over ) and use the Cauchy-Schwarz and Young’s
inequalities to obtain

b 6 [t 05) o [

:—/Q (G*-Vz;) z[)dx+/9 (A*qﬁ) Pdz
<3 [forvillaes (1 2550=) [ 9] e

Hence, since ([1.2]) satisfies the uniform ellipticity condition (see (1.3])), we obtain

_%/QHJJdex—i—/QHV&H%dxSC/QHded%

from which we deduce

(A.36)
L ) = (e f ol [ ) = [ it

for all ¢ > 0. We integrate (|A.36]) over [%, t] to obtain

(A.37) /QH@H?dmZeC(T/AL—t)/QHqﬁ(T/47-)H?da;2e—CT/2/QH1Z(T/4,-)H1dx,

for every t € [%7 %] Integrating (A.37]) once more over [%7 %} now yields (A.34).
Finally, to show (A.35)), we integrate (A.36)) over ¢ € [0, %] |
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