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Abstract

This thesis studies the null controllability of a system of coupled parabolic PDEs.
Moreover, our work specializes to an important subclass of these control problems,
where systems are underactuated and are coupled by first and zero-order couplings.
We pose our control problem in a fairly new framework which divides the problem
into interconnected parts: we refer to the first part as the analytic control problem,
where we use slightly non-classical techniques to prove null controllability by means
of internal controls appearing on every equation; we refer to the second part as the
algebraic control problem, where we use an algebraic method to invert a linear partial
differential operator that describes our system, which allows us to recover null con-
trollability by means of internal controls which appear on only a few of the equations.
By solving these control problems concurrently, we resolve the original problem (after

some technical verifications on the regularity of the controls in the analytic system).
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Chapter 1

Introduction

1.1 Motivation and literature review

In recent years, problems concerning the controllability of coupled parabolic PDEs
have received much interest from the mathematical control community (see [4] and
references therein). One classification of these numerous control problems is into prob-
lems with zero-order couplings between equations (i.e., the reaction term in a usual
parabolic PDE is now replaced with terms which couple the evolution of the solution
with the solutions to other PDEs in the system) and problems with first-order cou-
plings between equations (i.e., the advection term is now replaced with terms which
couple the evolution of the solution with the gradient of the solutions to other PDEs
in the system). The applications of such control problems are ubiquitous: zero-order
couplings arise in engineering problems modelled by reaction-diffusion equations, such
as [8, 15, 29]; whereas first-order couplings arise in engineering problems modelled by
reaction-advection-diffusion equations, such as [12, 26, 27, 30].

For systems of several coupled parabolic equations, an important problem is to

establish their controllability with reduced the number of controls; we refer to such
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systems with reduced controls as underactuated systems of coupled parabolic PDEs.
For the case of zero-order couplings and with internal controls, this control problem
has been studied extensively in [2, 3]. In [3], a necessary and sufficient condition
for exact controllability (similar to the Kalman rank condition for finite-dimensional
systems) is proved for a system of m equations with constant coupling coefficients.
In [2], some results similar to the Silverman-Meadows condition are obtained for
time-varying coefficients.

General conditions for controllability of systems with first and zero-order couplings
and internal controls have proven to be more elusive. In [21], a system of n+1 coupled
heat equations with constant couplings and with one underactuation is studied, and
a sufficient condition for null controllability is given under some restrictions on the
controls. In [6], a system of three parabolic equations coupled by (time and space)
varying coefficients is studied for two underactuations. The authors were able to
recover a null controllability condition under some technical restrictions on the control
domain and the coupling terms. In [14], a necessary and sufficient condition for null
controllability is given for a system of m equations with one underactuation and
constant coupling coefficients; furthermore, the authors study the case of (time and
space) varying coupling coefficients and prove a sufficient controllability condition for

a system of two equations with one underactuation, under some technical conditions.

1.2 Statement of contributions

This work has three main contributions. The first contribution is Theorem 3.1.5,
which partially generalizes [14, Theorem 1]. In particular, our result gives a sufficient

condition for the null and approximate controllability of an underactuated system
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of coupled parabolic PDEs, with constant first and zero-order couplings, when more
than half of the equations are actuated. This controllability condition, which is the
non-singularity of a matrix containing the coupling coefficients (and possibly zeros)
as entries, is generic in most cases. The technique used to prove this result is adapted
from [12], where it was first introduced.

Secondly, in the cases where this controllability condition may not be generic, we
characterize precisely why these non-generic conditions arise in our treatment. At the
end of Section 4.4, we demonstrate the technical nature of these non-generic cases
and show how they are artifacts of our treatment.

Our final contribution is Proposition 5.2.1, which is an extension of [14, Proposi-
tion 2.2]. Specifically, our Carleman estimate contains higher differential order terms
on the lefthand side of (5.14), which allows us to construct very regular controls
in Proposition 6.2.1. Importantly, these highly regular controls may be necessary
when applying Theorem 3.1.5 to engineering problems with many underactuations,

as discussed Remark 4.4.5.

1.3 Organization

This work is organized as follows: in Chapter 2, foundational mathematical prelimi-
naries, such as Sobolov space theory, existence and uniqueness of solutions for coupled
parabolic PDEs, parabolic regularity and sparse matrix theory are presented; one fa-
miliar with PDE theory can easily skip this chapter and refer to it as necessary.

In Chapter 3, a general coupled parabolic PDE is posed as a control system with
internal controls, and the usual notions of controllability are presented. Furthermore,

this work’s main result, Theorem 3.1.5, is stated here.
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Chapter 4 introduces two coupled parabolic control problems related to the origi-
nal one, which we call the analytic and algebraic control problems. This chapter gives
details on the treatment we employ to prove this work’s main controllability result.
Furthermore, this chapter specializes to studying the algebraic control problem, and
we pose this problem under a fairly new framework which has the goal of algebraically
inwverting a linear partial differential operator describing our algebraic problem. This
algebraic inversion allows us to construct a solution to the algebraic control problem.
One assumption made here is that the controls for the analytic problem be highly
regular.

In Chapter 5, a Carleman estimate is established for solutions to the adjoint of the
analytic control problem, and this estimate is used to prove a weighted observability
inequality for this control problem in Proposition 5.0.9. Importantly, this Carleman
estimate contains many higher-order derivative terms on the lefthand side of the
inequality, which will allow us to construct highly regular controls for the analytic
problem.

Chapter 6 employs the weighted observability inequality established in Chapter 5
and a well-known optimal control result to construct a solution to the analytic control
problem satisfying ¢(7,-) = 0. Moreover, the Carleman estimate proved in Chapter
5 is utilized to verify the necessary regularity on the controls in the analytic problem.
We conclude this chapter by proving Theorem 3.1.5.

Chapter 7 presents closing remarks for this work and possible future works, and
Chapter 8 contains some proofs of technical results stated in Chapter 5 that were

omitted from the main body of this work.



Chapter 2

Mathematical Preliminaries

2.1 Notation and motivation

In this chapter, we introduce some notational conventions and present some mathe-
matical background that we utilize throughout this thesis.

Throughout this work, we define N* := N\ {0}, and similarly, R* := R\ {0}. For
n, k € N*, we denote the set of n x k matrices with real-valued entries by M,,»x(R),
and we denote the set of n x n matrices with real-valued entries by M, (R). We
denote the set of linear maps from a space U to a space V by Z(U; V).

In most fields of engineering, equations which describe the conservation of physical
quantities are paramount. Among these conservation equations, the heat equation can
be used to model (among many other diffusive quantities) the evolution in time of
the distribution of heat in a given region. Let {2 C R™ open and bounded, ¢ > 0 and

x € ). The homogeneous heat equation is given as

Oy — Ay =0, (2.1)
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whereas the nonhomogeneous heat equation is given as
Oy — Ay =, (2.2)

where 7 : [0,00) x © — R is given in (2.2), y : [0,00) x @ — R is the unknown, and
each equation is subject to initial and boundary conditions. Important behaviours of
the solutions to these types of diffusion equations are captured by their classification
as parabolic PDEs. For demonstration purposes, we discuss one of these behaviours
when n = 1; its counterpart for a generalized parabolic system when n > 1 is stated

and utilized below. To this end, we first define a parabolic PDE for n = 1.

Definition 2.1.1. Let x € R, t € [0,00) and consider the second-order nonhomoge-

neous PDE given by
d0yzy + €0uy + fOuy + g0zy + oy + ay =r (2.3)

where d, e, f,g,h,a and r are functions of t and x. The general linear PDE (2.3) is
said to be parabolic at (t,x) if M\i(t,x) = 0 and \y(t, ) € R*, where \; denotes the

i-th eigenvalue of

Remark 2.1.2. For n = 1, an equivalent condition for a PDE to be parabolic at
(t, ) is that its discriminant, €* — 4df, equal zero at (t,x). Indeed, the characteristic
polynomial of D is

4

N (d rt <4df—62) |
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and hence one must have €2 —4df = 0 for 0 to be an eigenvalue of D. It is immediate,
then, that (2.1) and (2.2) are parabolic PDEs in [0,00) x . Our study will focus on
the case where e = f =0 and d > 0 in [0,00) X Q (i.e., typical forward diffusion

equations). o

Remark 2.1.3. (Parabolic smoothing on a 1-D bar): An important behaviour
of parabolic diffusion equations which will be consequential in the work to follow is the
parabolic smoothing effect. With the help of formal calculations, the smoothing effect
is demonstrated for a 1-D parabolic equation with g =a =0 and h =d =1, i.e., the
nonhomogeneous heat equation (2.2).

ForT >0, let Q= (0,1) and T := (0,T)x99; consider the solution to (2.2), where
we additionally require y(t,x) = 0 on T and y(0,z) = y°(z) in Q. We multiply (2.2)

by y and integrate by parts over € to obtain

! ! !
%%/O yQ(t,x)d:nJr/o(é’xy(t,x))QdiU:/O y(t, 2)r(t, z)de.

Integrating now over [0,T) and applying Cauchy-Schwarz and Young’s inequalities

with € > 0 yuelds

1 /! 1 T
5/0 y2(tu$)d$—§/o dI+/ / O.y(t, x))*dxdt (2.4)
T

/ /y r(t, x)dzdt

0

([ [

// txdmlt—i——/ / (t,x)dxdt
0

/yz(t,x)dxdt—i——/ /TQ(t,ZB)dZL‘dt

de Jo Jo

[e=]

< Te sup
te[0,7] J 0o

y2(t, :U)d:vdt) 1/2 (2% / ' / l r2(t, x)dxdt)

1/2



2.1. NOTATION AND MOTIVATION 8

Choosing € = 7= and taking the supremum of (2.4) over t € [0,T)] gives

1 l T pl
< sup / yz(t,x)dx+/ /(axy(t,a:))zdxdt
4te[o,T} 0 0 0
T pl 1 /!
ST/ /T2(t,x)dacdt+—/(yo(x))de,
o Jo 2 Jo

This last inequality demonstrates the parabolic smoothing effect: the L?-norm of the
spacial derivative of the solution y is bounded by the L*-norm of its initial condition
and the forcing function. Hence, for reqular enough initial condition and forcing
function, one can ascertain higher spacial reqularity of the solution to (2.2). These
formal calculations can be adapted for any parabolic diffusion equation given by (2.3)

fore=f=01in (0,T) x Q and, importantly, d # 0 for all (t,z) € (0,T) x Q. °

We return to the case of arbitrary n > 1 and study a generalized heat equation.
Let Q7 := (0,T7) xQ and X7 := (0,7 x 02 for some T" > 0; consider the second-order
PDE

)
Oy+Ly=r in Qr

y=20 on Xr (2-5)

y(0,) =y"(:) inQ

\

where 7 : Qp — R and y° : Q — R are given, y : Q7 — R is the unknown, and for

each t € (0,7, £ denotes the second-order linear differential operator given by

Ly=— 0 (d7(t,2)0ny) + > _ g'(t,2)0uy + alt, z)y (2.6)

ij=1 i=1

for given coefficients d”, ¢',a, for i,57 € {1,...,n}. Equation (2.5) can be used to

describe the evolution in time of the distribution of some quantity y, where the
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second-order term models diffusion, the first-order term models advection, the zero-
order term models linear generation or depletion, and the forcing function accounts
for external heat sources or sinks. As we will see, the qualitative properties of (2.5)
(e.g., smoothing) are very similar to those of (2.2). Let us first give some definitions

that help us classify (2.5).

Definition 2.1.4. Let o = (ay, ..., ) be a multi-index and denote Oy, -+ Oa,y by
Ony. Fork, 1 € N and (d,)a coefficients depending on o, where d, : Qr — R, a

linear time-variant differential operator of order | = 2k on Q given by

Ly = Z do(t, )00y
<t
satisfies the uniform ellipticity condition if and only if there exists C' > 0 such that,
D da(t,2)e* = ClE™ YV EERY V(L x) € Qr, (2.7)
|ar|=l

where £* = & - €0,

Remark 2.1.5. Suppose n = 1. If L satisfies the uniform ellipticity condition,
then (2.5) is parabolic in Qr. Indeed, if (2.7) is satisfied (where | = 2), then we have
that 3 C' > 0 such that

d(t,z)e* > C€? VEER,Y (t,2) € Qr,

and hence we have that d(t,x) > 0V (t,x) € Qr. Sincee = f =0 1in Qr, M (x,t) =0
and Xy(x,t) = d(x,t) > 0. Forn > 1 and r = 2, the uniform ellipticity condition is

equivalent to the eigenvalues of (da; as)1<ar.00<n beiNG bounded below by zero uniformly
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i x and t. This motivates the following definition. °

Definition 2.1.6. A partial differential operator 0, + L is (uniformly) parabolic if L

satisfies the uniform ellipticity condition.

Of greater interest in many areas of engineering is the study a system of second-
order parabolic PDEs (e.g., [23], [31]). We express systems consisting of m equations

in vector form as )

8ty + Ey =T in QT
y =0 on Yr (2.8)

y(0,) =y"() inQ,

(
where 3° := (y1,...,ym) and 7 := (ry,...,7,,) are given, y := (y1,...,ymn) are the

unknowns, and the differential operator £ is now defined as

'Cy = Z <_ Z 8ocj (d;gj(ta x)axzyk) + Zglzc(ta x)axzyk + ak(ta Qf)yk) €k
=1

k=1 ij=1

where ey is the k-th canonical basis vector in R™. Yet another very practical exten-
sion of this system of second-order PDEs is when the equations within the system of
parabolic PDEs are coupled (e.g., [4, 22, 29]): denoting the p-th entry of Ly as L,y

for p € {1,...,m}, we now have

Ly=) <— > On, (dy(t, 2)0e,yk) + Y g (8, 2) 0, s + api(t, x)%) . (29)

k=1 ij=1 i=1

When p # k, we call d;]}g the second-order coupling coefficients, g;k the first-order
coupling coefficients, and a,, the zero-order coupling coefficients. This work studies

a particular case of first and zero order constant coupling coefficients, where for ¢;;
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denoting the kronecker delta function, d;f}c(t,x) = dJo € R, gi(t,x) = —g/p € R
and ay(t,z) = —ap, € R, fori,j € {1,...,n} and p € {1,...,m}. Additionally, we
study the case where d/ = dJ/, for 4,5 € {1,...,n} and p € {1,...,m}. Hence, we

can write Ly as

Ey = Z (—div(deyp) - Z Gk Vyk — Z apkyk> €p (2‘10)
p=1 k=1 k=1
where g, == (gh, - - 9.) € R”, d,, € My, (R) is symmetric and ey, is the p*™ canonical

basis vector in R™, for p € {1, ..., m}. With these choices of coefficients, system (2.8)

becomes
Oy = div(DVy) + G -Vy+ Ay +r in Qr

Yy = 0 on ET (211)
y(0,-) =4°(") in

where D := diag(dy,....dn), G = (gpk)1<pr<m € Mm(R") and A = (apk)1<pr<m €

M, (R). Prior to studying such a system parabolic PDEs, we recall some notions

from Sobolev space theory.

2.2 Sobolev space theory

We denote the space of infinitely differentiable and compactly supported test functions
on Q by C*(Q), and we denote the space of locally integrable functions on Q by
Li (). To study systems such as (2.11), we need to weaken our notion of partial

derivatives.

Definition 2.2.1. Suppose u,v € L}, (Q) and o a multi-index of length n. We call v

loc
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the a-th weak partial derivative of u provided that

/Quﬁagﬁda:: (—1)""/Qv¢dx,

for all p € C(Q). We write v = J,u.
The notion of weak derivatives allows us to define Sobolev spaces.

Definition 2.2.2. The Sobolev space W*P(Q) consists of all locally integrable func-
tions u : @ — R such that for each multi-index o of length n with || < k, Oyu ezists

in the weak sense and belongs to LP(S2).

In this work, we mainly use the Sobolev space W*?2(£2), and we denote this space
by H*(€)). The next definition concerns the closure of the space of test functions in

Sobolev spaces.
Definition 2.2.3. We denote by HY(QY) the closure of C=(Q) in H*(Q).

For the multi-index « of length n, we interpret HZ(2) as the space of u € H*(Q)
such that d,u = 0 on 99 for all |a| < k — 1. We now define the dual space to HY(£2),

which will be instrumental in our construction of a solution to system (2.11).

Definition 2.2.4. We denote by H™'(Q) the dual space to HY(Q). That is, [ €
H=YQ) if and only if f is a bounded linear functional on H}(SY). Denoting the

duality pairing as (-,-), the norm on H~1(Q) is taken to be the dual norm:

£ 1|10 = sup {(f.y) : y € Hy () and ||y||g1y < 1} .

Next, we present a very practical theorem that characterizes functions in H—1().
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Theorem 2.2.5. [16, Theorem 1, Subsection 5.9.1] Assume that f € H~'(Q). Then

there exists functions f°,..., f™ € L*(Q) such that for v € H}(Q),

(f,o) = /Q (fov + Z f"&civ> da. (2.12)

Furthermore,

" 1/2
| f|lg-1() = inf </QZ |fi\2d:c> . f satisfies (2.12) for f°,..., f" € L*(Q)
=0

(2.13)
The so-called Gagliardo-Nirenberg interpolation inequality is stated next.

Theorem 2.2.6. [25] For q,r € R such that 1 < ¢,r < oo and for m € N, let

u: Q= R such that uw € L1(Q) N W™ (Q). For 0 < j <m, we have

lllwiniy < Cllullfym@l1ull i) (2.14)

where p satisfies

1 1 m\ l-a
—=Z4a(-—-—]+

p n roomn q
<

for all o in the interval ﬂ% a <1, where C := C(n,m, j,q,r,«a), with the following

exceptional assumptions:
(i) if j =0, rm < n, ¢ = 0o, then we require uw — 0 at infinity, and;

n

(i) if 1 <r < oo and m—j— "= a nonnegative integer, then (2.14) only holds for a

satisfying % <a<l.

Next, we present the Poincaré inequality.
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Theorem 2.2.7. [16, Theorem 1, Subsection 5.8.1] Let Q C R™ be open, bounded,

connected and of class C*. There exists a constant C := C(Q) such that

[Yll22() < ClIVYllL2(),

for each y € H}(Q).

Let X be a Banach space; for reasons that will become apparent, it is convenient

to denote Banach-space valued functions w : [0,7] — X by u := [u(t)].

Definition 2.2.8. The Sobolev space LP((0,T); X) consists of all functionsu : [0,T] - X

with
T 1/p
1oy = (Jy Ila@)Pde) ™ < oo, for 1 < p < oo, and;
2. |||z (0m:x) = esssupgcper [[u(t)]] < oo,
where || - || is the norm associated to X .

The above definition gives the framework to study evolution equation. Next, we

state a regularity theorem concerning an important Sobolev space involving time.

Theorem 2.2.9. [16, Theorem 3, Subection 5.9.2] Suppose u € L*((0,T); H3(Q)) N
HY((0,7); HY(Q)), where u := [u(t)](x). Then

(i) uwe C([0,T]; L*(Q)) (after possibly being redefined on a set of measure zero);

(i1) the mapping

t = [[u()]|Z2q)
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is absolutely continuous, with

for almost every 0 <t < T, and;

(11i) we have the estimate

OlgiXTHu( )HL2 < C'||11HL2( (0,T);HE (Q))NH((0,T); H-1(2))

2.3 Well-posedness results for parabolic systems

We state existence and uniqueness of solution results for system (2.11). To adapt
existing well-posedness results to a system of coupled parabolic PDEs such as in
system (2.11), one can follow the treatment, for example, in [16, Section 7] but write
all intermediary results for a system of solutions (rather than for a single solution).
For completeness, we sketch the steps of this treatment. From now on, we assume
that £ satisfies (2.7). Suppose r € L*(Qr)™, y° € L*(2)™. For u,v € H}(Q)™, we

define a bilinear form

Blu, ] /Z

p,k=1

i (
( d (O, up) (O, vp) g gp,c (O, ur)vp apkukvp) epdx.
2,7=1

As before, we associate with y the mapping

y [0, T) = HL(Q)™
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for (t,x) € Qr, and similarly for r, we associate the mapping

r:[0,7] — Hi(Q)™

[r(t)](z) :=r(t, ).

for (t,z) € Qr. Fixing v € H}(Q)™, we multiply system (2.11) by v and integrate

the divergence term by parts to get

T
/(iy) vdx + Bly, v] :/rTvdx, Vite(0,7T) (2.15)
o \dt Q

and hence, defining ¢° = P (rp = > (o0, 9o Oz, Yk — apkYr)) €p and ¢ =
> e (3or, d9(04,yp)) €p for j € {1,...,n}, we have

Oy =q"+> 0ud inQr.
j=1

Hence, by (2.12) and (2.13) in Theorem 2.2.5, we have that 9,y € H'(Q)™. Further-

more, using (2.13), we have

n 1/2
1ol < (Z \|q2|@2<mm> < € (lollgiam + lIrllzzar )
=0

for C := C(D,G,A) > 0, where D,G and A are given in (2.11). This allows us to

d
<—y,’0> + Bly,v] = / rlvdz,
dt Q

and motivates the following definition.

express (2.15) as

Definition 2.3.1. Supposer € L*(Qr)™, y° € L*(Q)™. A functiony € L*((0,T); H}(Q))™N
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HY((0,T); H ()™ is said to be a weak solution of system (2.11) provided that for

every v € Hy ()™ and almost every t € [0,T]
(i) (Ly,v) + Bly,v] = [,r"vdz, and
(i) y(0) =",
where the second equality makes sense thanks to Theorem 2.2.9.

We follow the so-called Galerkin method to state existence of a weak solution. We

begin by constructing a sequence of weak solutions.

Theorem 2.3.2. [16, Theorem 1, Section 7.1.2] For k € N, assume the functions
wy, := wy(z) are smooth, {wy}32, is an orthogonal basis for H} ()™ and furthermore
assume {wy}32, is an orthonormal basis for L*(Q)™. Then, for each i € N, there

exists a unique y; : [0, T] — H () of the form

yit) ==Y df(t)wy

fort €[0,T] and k € {1,...,i}, where

&) = [ () wnda

and

d T
/(—Yi) wydr + Bly;, wy] —/rkadx, (2.16)
o \dt Q

fort€[0,T] and k € {1,...,i}.

Similarly to the energy estimate derived formally in (2.4), we have the following

result concerning the above sequence of weak solutions.
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Theorem 2.3.3. [16, Theorem 2, Section 7.1.2] There ezists C := C(Q, T, D, G, A) > 0

such that

nax [[yi(O)llz2@m + [1¥ill 20,13 @)mom 011 @))m

< C (Il 2 myz2ym + 16°]|2@ym)

for m € N.

Thanks to Theorems 2.3.2 and 2.3.3, one can explicitly construct a weak solution

to system (2.11).

Theorem 2.3.4. [16, Theorem 3, Section 7.1.2] There exists a weak solution to

system (2.11).

Owing to Theorem 2.2.9 and Gronwall’s integral inequality, the following is en-

sured.

Theorem 2.3.5. [16, Theorem 4, Section 7.1.2] A weak solution of system (2.11) is

UNIQUE.

2.4 Higher parabolic regularity

Next, we state regularity results for the weak solution of system (2.11) which will be

essential in the work to follow (cf. Chapter 5).

Theorem 2.4.1. [16, Theorem 5, Subsection 7.1.3] Assume y° € H ()™ and r €
L*(Qr)™; suppose that'y € L*((0,T); H3 ()™ N HY((0,T); H1(Q))™ is the weak

solution of system (2.11). Then in fact

y € L*((0,T); H*())™ N L*((0,7); Hy ()™ N H'((0,T); L*(2)™
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and we have the estimate

|’3’|’L2((0,T);H2(Q))mmLoo((O,T);Hg(Q))mmHl((o,T);LZ(Q))m <C (HI'HLQ((O,T);LZ’(Q))m + H?JOHH(%(Q)M> )

where C .= C(Q, T, D,G, A). If, in addition, y° € H*(Q)™ andr € H'((0,T); L*(Q2))™,
then

y € L=((0,T); H*(Q))™ N H*((0,T); H™H(Q)™

and

%y € L=((0,T); LA(Q))™ N L2((0,T): HA(Q))™,

with the estimate

0<t<T

) + ||Y||H1((O,T);H(%(Q))WQH?((O,T);H*l(Q))m
LQ(Q)m

d
ess s m —
p (||y||H2<m ey
< C (I[rllzz oz + 18" lr2@)m) -
Under certain conditions, one can expect an even higher regularity for the weak
solutions of system (2.11). We have the following regularity result.

Theorem 2.4.2. [16, Theorem 6, Subsection 7.1.3] Ford € N, assume y° € H?*1(Q)™,
r € L2((0,7); H*(Q2))™NH((0,T); L*(Q))™, and assume thaty € L*((0,T); H}(2))™N
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HY((0,T); H ()™ is the weak solution of system (2.11). Suppose also that the fol-

lowing compatibility conditions hold:

9° =y’ € Ho(Q)™

g' = 1(0) - Lg° € HY(Q)"

gl i= 22(0) — Lg" € HY(Q)".

dtd—1

Then'y € L*((0,T); H?*2(Q))™ N H((0,T); L*(2))™ and we have the estimate

¥ 1] 220,72 +2 @))ymme+ (0,1) 2 )m < C (||r| | L2((0,7): 24 (Q)ym A HA((0.7); L2 ()™

160 2 ym) - (2.17)

2.5 Some sparse matrix theory

When studying the invertibility of certain linear operators of interest, we are faced
with studying the invertibility of matrices associated to coupled parabolic PDEs of
interest (cf. Section 4.4). By nature of their construction, these matrices are sparse.
In this section, we describe an algorithm that can be used to decompose a sparse
matrix into block triangular form. Importantly, this algorithm can be applied to
matrices with symbolic entries as it only makes use of the placement of zero entries
in the matrix.

Given a matrix P € M,,(R), consider the bipartite graph associated to P given
by the triple G(P) := (R,C, E), where R := {ry,...,r,} is the set of row vertices

associated to P, C' := {¢,...,¢.} is the set of column vertices associated to P, and
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E denotes the set the edges (1, ¢;j) associated to every nonzero entry p;; of P, for

ie{l,...,q} and j € {1,...,7}. We have the following definitions, as in [7].

Definition 2.5.1. A matching M C E in G(P) is such that the edges in M have
no common vertices. We define the cardinality of M as the number of edges in M.
A maximum matching is a matching with maximum cardinality. Furthermore, M
1s said to be column-perfect if every column vertex in C is matched; it is said to be
row-perfect if every row vertex in R is matched; and it is said to be perfect if it is both
column-perfect and row-perfect. A vertex v; is said to be matched with respect to M

if there exists (v;,v;) € M for appropriate indices i, j.

Definition 2.5.2. The structural rank of a matriz P € Mgy, (R) is the cardinality

of a mazimum matching M C E in G(P).

Definition 2.5.3. For an appropriate index i, let either v; = r; or v; = ¢;. For

k € N*, a walk is a sequence of (possibly repeated) vertices (v;)¥_, such that (vi,vii1)

is an edge fori € {1,...,k—1}. An alternating walk is a walk with every second edge

belonging to M. An alternating path is an alternating walk with no repeated vertices.

Definition 2.5.4. Let M be a maximum matching in G(P) with row set R and

column set C'. We define the following sets of vertices with respect to M :
(i) VR := {row vertices reachable by alternating paths from some unmatched row};
(i) HR := {row vertices reachable by alternating paths from some unmatched column};
(iii) VC := {column vertices reachable by alternating paths from some unmatched row};

(i) HC := {column vertices reachable by alternating paths from some unmatched column};
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(v) SR:= R\ (VRUHR), and;
(vi) SC:=C\ (VCUHC).

It was proven in [13] that V R, HR and SR are pairwise disjoint, and also that V' C,

HC and SC' are pairwise disjoint. We demonstrate these definitions on an example.

Example 2.5.5. Consider the matriv P € Myy3(R) and its bipartite graph G(P)

given by

ann a0
0 0 923
0 as2 0

asnn 0 ags

Let My = {(r1,c1), (re,c3), (r3,co)} and My := {(r1,c1), (3, c2), (14, c3) } be two match-

ings in G(P). Note that these are mazimal matchings.

R R
C c
Maximum matching M; Maximum matching M,

Hence, My and My are column-perfect, and the structural rank of A is 3. Note that

the structural rank is independent of the weights of the edges. For matching My, an
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alternating path is given by the sequence 14, c1,71,Co,73. Furthermore, for matching

My, we have VR := {ry,r9, 73,74} and VC :={c1, 2, c3}. o

In the above example, the structural rank of P is equal to the rank of P. It is
easily deduced that the structural rank of a matrix in M, (R) is an upper bound on
the rank of that matrix, and is never greater than min{q,r}. We arrive at the fol-
lowing important result, which is identified in literature as the Dulmage-Mendelsohn

decomposition, which can be deduced from [13, 28].

Theorem 2.5.6. Let P € M. (R), and let M be a mazimum matching in G(P).
Then, one can permute the rows and columns of P to obtain the following block-

triangular form (which we refer to as coarse decomposition):

Py P Pz Pu
0 0 P Py

where

(1) (P11, Pi2) is the underdetermined part of the matriz (i.e., more rows than columns),

is generated by (r;,¢;) € HR x HC', and has row-perfect matching;

Psy
(i1) ( ) is the overdetermined part of the matriz (i.e., more columns than
Py

rows), is generated by (r;,c;) € VR x VC, and has column-perfect matching;

(i1i) Pay is generated by (r;,¢;) € SR x SC, and;
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(iv) Pia, Pag, P34 are square matrices with nonzero diagonal, and hence have perfect

matchings (i.e., they are of mazximal structural rank).

Moreover, Pis, Pys, P34 can be further decomposed into block-triangular form with
nonzero diagonal (which we refer to as fine decomposition). The structural rank of P

1s given by the sum of the structural ranks of Pio, Psg, P3y.

Remark 2.5.7. If P is overdetermined, then (P, Pi2) will be present only if P
does not have a column-perfect matching. Similarly, if P is underdetermined, then
(Ps4, P1y) will appear only if P does not have a row-perfect matching. In both of these
cases, the presence of Po3 depends on the nonzero structure of P. If P is square,
non-symmetric and has a perfect maximum matching, then its coarse decomposition

will consist only of Psg. °

Remark 2.5.8. [t was proven in [13] that the Dulmage-Mendelsohn decomposition

is independent of the choice of maximum matching in G(P). °

We are now ready to study system (2.11) under the framework of control systems,
in the sense that we “select” the forcing term r to drive the system to a desired final

state in some time 7.
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Chapter 3

Problem Statement

For Q7 := (0,7) x Q and X7 := (0,7) x 09, we revisit the system consisting of m
second-order parabolic PDEs given by system (2.11). In Theorem 2.3.4, it was stated
that for any initial condition y° € L*(Q)™ and r € L*(Qr)™, system (2.11) admits a

weak solution in L2((0,T); H(Q))™ N HY((0,T); H=1(Q2))™.

3.1 The control problem

We now recast system (2.11) as a control system, where r = Bu with u € L*(Qr)°

being control inputs to be chosen, and B € M,,«.(R), with 0 < ¢ < m, yielding

Oy = div(DVy) + G - Vy + Ay + Bu in Qr
Y= 0 on ZT (31)

y(0,) =4°(") in Q.

We associate to the control system (3.1) the operator

L(y) :=—(div(DV)+ G-V + A) (y), (3.2)
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Let us now introduce our objectives that we aim to achieve by selecting appropriate

control inputs. We have the following notions of controllability for system (3.1).

Definition 3.1.1. We say that system (3.1) is null controllable in time T if for
every initial condition y° € L*(Q)™, there exists a control u € L*(Qr)¢ such that the

solution y € L*((0,T); Hy ()™ N HY((0,T); H-Y(Q))™ to (3.1) satisfies
y(I)=0 1in Q.

Definition 3.1.2. We say that system (3.1) is approzimately controllable in time T
if for every € > 0, for every initial condition y° € L*(2)™ and for every yr € L*(2)™,
there exists a control u € L*(Qr)¢ such that the solution y € L*((0,T); H}(Q))™ N
HY(0,T); H ()™ to (3.1) satisfies

In the theory of control of PDEs, one encounters two prominent types of control:
internal (or distributed) control; and boundary control. As the names suggest, dis-
tributed control refers to the case where supp(u) C €2 which is nonempty, whereas
boundary control refers to the case where supp(u) C 012, and hence the controls are
defined via the boundary conditions of the PDE. Our work specializes to the for-
mer case: for w C 2 nonempty and open, we study the case where r = 1,Bu, and
henceforth, we denote by gr the set (0,7) X w.

An interesting control problem that arises in many engineering applications
is underactuation, that is, when ¢ < m. Our work will further specialize to this case,

where there are currently very few results for zeroth and first order couplings, for
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arbitrary m and ¢ < m — 1 (even for the case of constant coefficients).
Since we treat the particular case of a system of linear parabolic PDEs with
constant coefficients (constant in space and time), we are easily able to ascertain

approximate controllability of system (3.1) from its null controllability.

Theorem 3.1.3. [10, Theorem 2.45] Assume that for every T > 0, the control sys-
tem (3.1) is null controllable in time T. Then, for every T > 0, system (3.1) is

approximately controllable in time T'.

Proof. For t > 0, we associate to (3.1) the one-parameter family S(¢) of continuous

linear operators from L?*(Q2)™ into L*(Q2)™ which verify

S(0) = Id;
S<t1+t2>:S(t1)OS(t2>, th,tge [0,00),

lim S(t)z ==z, Yz € L*(Q)™, and;

t—0t
t

y(t,) = S () + / S(t = 7)Bu(r, )dr, ¥y € LA(Q)"
0

When (3.3) is verified, we call S(t) a strongly continuous semigroup of continuous
linear operators on L*(Q)™ associated to L. The existence of such an S associated to £
is shown, for example, in [16, Theorem 5, Subection 7.4.3]. Let T' > 0, y°, y' € L*(Q)™

and € > 0. By the third property of S(t) in (3.3), there exists n € (0,7 such that

1Sy" =y |l2@m < e (3.4)

We assume (3.1) is null controllable in time n; then, for g satisfying (3.1) with initial
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condition ¢(0,-) = S(T — n)y°(-), there exists u € L*((0,n); L*(2))¢ such that
g(n.-) = Smy' ().

Indeed, by assuming (3.1) is null controllable in time 7, we have that for initial
condition y(0,-) = S(T — n)y°(-) — y'(-), there exists a control u € L*([0, T|; L*(Q))°

such that

S(n) o S(T — () — Smy'() + / "S(n—7)Bu(r, )dr =0.  (35)

If we set

0 fort € [0,T — nl;
u(tv ) =
w(t—T+mn,) forte (T —n,T),

then we have from (3.5) that

y(n,-)=S(n) o S(T —n)y /S — t)Bu(t,-)dt

= S() o S(T —my"(-) + S(y'(-) = S(T)y’()

= Smy' ().

With this choice of control u, let y be the solution to (3.1) with initial condition
y° € L?(2)™. Then
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and as claimed, we have that the solution to (3.1) satisfies

y(T,) =y ()l 2y < €

for any y' € L*(Q)™. O

Remark 3.1.4. For the case where D, G and A are not constant in time, a strongly
continuous semigroup associated to L does not exist. However, one can use a back-
ward uniqueness result for linear parabolic PDEs stated in [19] to arrive at the same

conclusion.
The main controllability theorem of this work is stated next.

Theorem 3.1.5. Suppose Q2 C R™ nonempty, open and bounded. Furthermore, sup-

pose ) is of class C" and connected. If
(i) ¢ > max {| %] +1,h}, where h:= (m —c)(n+ 1), and;

(i1) the matriz C € My(R) given by

1 1 n n
Am—c)r -+ Wmar Yim-car -+ Imar -+ om-cgen -+ Iman
1 1 n n
C - a(m_c)a2 e CLmOQ g(m—c)al . e gma1 P g(m—C)Oél P gmal
1 1 n n
A(m—c)ap, -+ Amay, g(mfc)ah o Ymay, - g(mfc)a;L o Imay,
is nonsingular for any {ay,...,ap} C{1,..., ¢} with a; # -+ # «ay, where gfj

is the k-th component of g;5, for k € {1,...,n} and fori,j € {1,...,m},

then the system (3.1) is null (and hence approzimately) controllable in time T
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Remark 3.1.6. The invertibility of C is not a necessary condition for null controlla-
bility of (3.1), as will become apparent in Lemma 4.4.2. However, the non-singularity
condition above is generic. Furthermore, we have derived a similar null controllability
condition for when ¢ < h: in this case, the condition becomes to verify the invertibil-
ity of a sparse matriz C which contains a block along its diagonal that is identical to
the entries of C, but with size ¢ x c¢. For example, form =5, c =3 and n = 1, the

sufficient condition for null controllability is that the following matriz be non-singular:

a1 as1 ga gs1 0O
g2 as2 Ga2 gs2 0 0

as3 as3 gaz gss3 0 0

@
i

0 0 ann asi1 gn gs1

0 0 as as2 ga2 952

0 0 a4z ass Ggaz Gs3

This condition becomes more complicated for larger systems in higher spacial dimen-
sions and, given its sparsity, it is more difficult to conclude that it is generic. We

will discuss this in greater detail in Chapter /.

The rest of this thesis is devoted to proving the above result.
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Chapter 4

Fictitious control method

This chapter presents a technique that can be used to prove the null controllabil-
ity of the coupled system (3.1) with possibly multiple underactuations (i.e., when
¢ < m—1). We first introduce the so-called fictitious control method, developed
in [12], which allows one to bifurcate the null controllability problem into intercon-
nected problems: an analytic control problem, where fictitious controls act on every
equation in the coupled system (3.1); and an algebraic control problem, where there
are possibly many underactuations. For the analytic problem, one can prove a so-
called weighted observability inequality which will help deduce null controllability of
the analytic system. For the algebraic problem, one can pose this underactuated
control problem as an underdetermined system involving differential operators, and,
under some conditions, “invert” one of these operator algebraically. This chapter
focuses on the latter treatment (cf. Chapter 5 for the presentation of a method to

solve the analytic problem).

4.1 Definitions

We begin with some definitions.



4.1. DEFINITIONS 32

Definition 4.1.1. Forn € N*, let o be a multi-index of length n + 1. For k,l € N*,
a linear map B : C®(qp)* — C(qr)! is called a linear partial differential operator
in qr if for every m € N and for every a wverifying |a| < m, there exists A, €

C>(qr; £ (R¥RY)) such that for all p € C=(qr)* and (t,z) € qr,

(Bo)(t,x) = Y Aolt, 2)0ao(t, ). (4.1)

|| <m

If (4.1) is only verified for a fized m, then we way say that B is of order m. If n =10

and the above is satisfied, then B is called a linear ordinary differential operator.

Let ¢, m, k € N and consider the linear partial differential operators

L:C>®(qr)™t — C>(qr)™,

N = C>(gr)* — C>(gr)™.
Suppose that for (§ @)T € C®(qr)™™ and @ € C*(gr)*, the linear equation
LG ©7) =N @ 12)

are the unknowns. We characterize the

is of interest, where @ is given and (§ )7

solvability of (4.2).

Definition 4.1.2. We say that the linear equation (4.2) is algebraically solvable in
qr if there exists a linear partial differential operator B : C*°(qr)* — C™(qr)™ ¢ such

that

LoB=N, (4.3)
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that is, B(u) is a solution to (4.2) for every i € C*®(qr)*. If k = m and N =
Idcos (gpym , then we call B the right inverse of L. For L and N linear ordinary differen-
tial operators, if there exists a linear ordinary differential operator B satisfying (4.3),

then we say that (4.2) is algebraically solvable.

In other words, we wish to find B such that the following diagram is commutative:

Coo<qT)m+c ; Coo(qT)m )

A
:B%

C*>(gr)*
4.2 Motivation: the linear-time-varying example

An illuminating example of an algebraically solvable equation is the general linear
time-variant ordinary control system under the so-called Silverman-Meadows (con-

trollability) condition.

Example 4.2.1. For times 0 < Ty < 11, consider the linear time-varying control
system given by

&= A(t)r + B(tyu, te [Ty, T (4.4)

where A 1 (Ty,T1) — Mpu(R) denotes an element of L*((Ty,T1); Mn(R)), B :
(To, T1) — Mpxe(R) denotes an element of L>((To,T1); Mumxc(R)), and the state
and control at a time t € [Ty, T1] are xz(t) € R™ and u(t) € RC, respectively. We

define by induction on i a sequence of maps B; € C*([Ty, T1]; Mumxc(R)) by

(4.5)
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Regarding the algebraic solvability of (4.4), we have the following theorem, which is

a reformulation of [10, Theorem 1.18].

Theorem 4.2.2. Assume that, for some t € [Ty, T,

Span{B;(t)u : v € R°;i € N} = R"™, (4.6)

which is called the Silverman-Meadows condition for (4.4). Then, there exists € > 0

and [to, t1] := [To, T1] N [t — €, + €] such that the linear ordinary differential operator

L : C®([tg, t1]; R™) — C([to, t1]; R™)

(x,u) — & — A(t)x — B(t)u (4.7)

has a right inverse in [tg, t1], which we denote by B. That is, for any q € C*([to, t1]; R™),

(LoB)g=q.

Proof. Let p € N be such that

Span{B;(t)u: u € R% i € {0,...,p}} =R™.

By lower-semicontinuity of rank, there exists ¢ > 0 such that for [to, 1] = [Tp, T1] N

[t —€,t+ €,

Span{B;(t)u:u € R i€ {0,...,p}} =R™ Ve [ty t1].

It follows that Y 7 B;(t)B](t) is invertible for every ¢ € [to,¢;]. Hence, for j €



4.2. MOTIVATION: THE LINEAR-TIME-VARYING EXAMPLE 35

{0,...,p}, one can define Q; € C*([to, t1]; Mexm(R)) by

Q;(t) = Bj (1) (Z Bi(t)Bf (t)) :

=0

One has

p

> Bi(t)Qi(t) =Idzm, VtE [to,t]. (4.8)

=0

Let 2° 2' € R™, and let 7°, vt € C°°([Ty, T1]; R™) be the solution of

and

VO(Tl) = xlv

respectively. Let d € C*(T}, T1]) be such that

d = 1 on a neighbourhood of [Ty, o] € [To, T1],

d = 0 on a neighbourhood of [t;, T1] € [To, T1].

Let I' € C*([To, T1]; R™) be defined by
L(t) :==d(t)y°(t) + (1 —d(@)Y' (), Vte [Ty, Ti].
By construction of I', one has

[(Ty) =2, T[(Ty)=xa" (4.9)
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Next, define ¢ € C*([Tp, T1]; R™) by

g(t) = —T(t) + AOT(E), Yte [Ty, Ti] (4.10)

= —d(t)y"(t) +d(t)' (2). (4.11)

It follows that ¢ = 0 on a neighbourhood of [Ty, to] U [t1, T3] € [T, T1]. We now define

.....

up—1 = Qp(t)q(t) YVt e [to, t],

Ui = —ul(t) + Qz(t)q(t),Vz < {1, o, p— 1}, Vte [TO,Tl].

(4.12)

We define
p—1
2(t) ==Y Bi(t)u,(t)
1=0
and

for all t € [to,t1]. For these constructions, the right inverse of £ in [to, ;] is given by

B(q) := (x,u). (4.13)

Indeed, for ¢ € [to,t;] we have
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L(x,u) =& — Az — Bu
1

(Bluz + Biu; — ABi“i) — B (g — Qoq)

bS]
|

-
Il

0
1

3

1

)

By (4.5), we have
p—1

p—1
i=1

i=1

Hence, by (4.12) and since By := B, we have

3
L

L(z,u) = (Bij1u; + Biu;) + Boug — ABgug + ByQoq

s ] ﬂ
|
—_

|
(]

(Bit1u; — Biui—1 + B;Qiq) + Boug — ABy(t)ug + BoQog

|
—_

B;Qiq + Byu,—1 — Byug + Bouo — AByuy + BoQog.
1

Once again employing (4.5), we have
p—1
L(z,u) =Y BiQiq+ Byup_1 + BoQog,

=1

and it follows from (4.8) that

p—1
> BiQiq = ¢ — B,Qpq — BoQoa.
=1
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Hence, using (4.12), we arrive at
L(z,u) =q.

]

Remark 4.2.3. An important consequence of the algebraic solvability of (4.7) for
N = Idceo(ito,ta)ym 18 the controllability of (4.4): that is, for every 2° 2! € R™, there
exists u € L>®((Ty, T1); R®) such that the solution to (4.4) with x(Ty) = x° satisfies
z(Ty) = z'. To show this, we extend the solution of (4.7) by zero to [Ty, Ty]: that is,

we define

w:=0on [Ty, to] Ulty,T1] and wu(t) :=1e(t) — Qo(t)q(t) ¥Vt € (to, 1)
ot (4.14)
> Bi(tyui(t) V t € (to, 11).

=0

r:=0 on [Ty, to) U[t1,T1] and r(t):

Defining the solution of (4.4) as

xz(t) :=T()+rt) Vte Ty,

one has by (4.9) and (4.14) that x(Ty) = 2° and x(Ty) = z*. Furthermore, by (4.10), (4.14)
and the fact that ¢ = 0 on a neighbourhood of [Ty, to] U [t1, Ty € [To, T3], it follows
that

Next, we verify that (4.15) is satisfied on (ty,t1). Since (4.7) is algebraically solvable
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for N' = Idcoo ity 17)m, then we have that for B defined in (4.13),

(LoB)q=g;

hence fort € (to,t1) andr,u defined in (4.14), we have that L ((r,u) q) = q. It follows

from (4.10) that fort € (ty,t1),

L(z,u)=L(T+ru)q)
=T — AT +g¢q

=0.

Hence, we arrive at the following controllability result for linear time-variant systems.

Corollary 4.2.4. Consider the linear time-variant control system (4.4). Suppose
that there exists an interval [to,t1] C [Ty, T1] nonempty such that the linear partial
differential operator L given in (4.7) has a right inverse in [to,t1]. Then (4.4) is

controllable.

Remark 4.2.5. The algebraic solvability of the control system (4.4) is related to the
fact that generic underdetermined linear (ordinary and partial) differential operators

have right inverses [20, (B), pg. 150; Theorem, pg. 156]. o

4.3 The fictitious control method

Our goal is to prove null controllability in time 7" for the control system (3.1), where

there are m coupled parabolic equations and less than m controls. To accomplish this
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for an arbitrary number of controls ¢ < m — 1, our strategy is to divide this control
problem into two separate parts as was done in [12, 14].
4.3.1 Analytic control problem

We consider following control problem: for any ¢° € L*(Q2)™, prove the existence of

(g, @) a solution of

0wy = div(DVy) + G- Vi + Ay + N (1,4) in Qr

y=0 on L (4.16)

5(0,) =5°() in

such that g(7,-) = 0, where N is a differential operator that is to be determined (cf.
Section 4.4), 4 acts on all equations in (4.16), and we denote by 1, a smooth version
of the indicator function. Note that (g, %) has to be in a suitable space: in particular,
depending on our choice of differential operator N, @ has to be regular enough and in
the range of A/. While these restrictions make solving control system (4.16) slightly
nonclassical, there is hope to finding such a solution since controls appear on every

equation in (4.16). We elaborate on our technique for solving this control problem in

Chapter 5.
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4.3.2 Algebraic control problem

We next consider a different control problem: prove the existence of a solution (7, %)

of
0y = div(DVy) + G -Vi+ Ay + Bu+ N (1,a) in Qr

on ZT (417)

I
o

y

Q(O, )

9(T,-) =0 in

\

where G acts only on the first ¢ equations and B € M,,..(R) (this should be the

identity matrix, but is not square). The notions of algebraic solvability, as described

in Section 4.1, will be used to resolve this control problem in the next section.
Solving both the analytic and algebraic problems will prove the null controllability

of system (3.1). Indeed, defining

~ ~

(ya U’) = (g - Y, —U),

one notices that (y,u) is the solution to (3.1) in a suitable space with y(7’,-) = 0. We

will elaborate on this construction of (y, ) in Chapter 6.

4.4 Algebraic solvability

In this section, we study the algebraic solvability of differential operators correspond-
ing system (4.17) which contains m equations and ¢ controls, for ¢ € {1,...,m — 1}.

To this end, we consider the linear partial differential operator defined by

L((g,a)") := 09 — div(DVy) — G - V§ — Aj — B, (4.18)
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which is an underdetermined operator, and we consider N (1,%) as a source term,

where A is to be chosen later. One can write system (4.17) as

L((g,a)") =N (La); (4.19)

we study the algebraic solvability of (4.19) in gr. Recall from Definition 4.1.2 that
this is equivalent to proving the existence of a linear partial differential operator
B : C>®(qp)* — C*(qr)™ such that (4,4) = B(1,a) for any 1,4 € C*°(qr)™, and
hence by reason of B being a local operator, (y,u) will have support in gr. With a
slight abuse of notation, from now on we denote the extension by zero of (7, 4) to Qr

also by (9,4), so that g = 0 on X7 and §(0,-) = y(7,-) = 0in Q.

Remark 4.4.1. For simplicity, we formulated the notions of algebraic solvability for
controls in the analytic problem 1,u € C*(qr), which dictates the reqularity of (§,);
however, we will need to expand the space of controls that we may access to recover
null controllability results for system (4.16). For controls with weaker regularity, we
must additionally show that these controls vanish at timest = 0 and t = T. This

will be explained in detail in Chapter 6. For the time being, assume (y,u) are reqular

enough such that £ ((§,2)7) is well-defined. o

As we will see, for our choice of k it is easier to solve the adjoint equation of (4.19).

To this end, we study the adjoint system associated to system (4.17):

—0pth = div(DVY) — G* - Vb + A in Qr

~

. Y =0 on Y (4.20)

(T, ) = 4°() in €,

\
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for 40 € L2(Q)™.

4.4.1 One underactuation

This section follows the treatment in [14, Subsection 2.1] and is presented here to
contrast the existing technique to treat the null controllability of system (4.17) with
one underactuation and the proposed technique in Subsection 4.4.2, which treats
the case of multiple underactuations. The method presented here succeeds in alge-
braically solving (4.19) by utilizing the first and zeroth order couplings to isolate for
the unknown, and is henceforth referred to as the isolation technique.

Choose k = m; we wish to find a linear partial differential operator B such that

LoB=N, (4.21)

where £ is given in (4.18) and N is to be chosen. Note that this is equivalent to
solving the adjoint problem: that is, finding a linear partial differential operator B*
such that

B*oL* = N™. (4.22)
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We calculate the adjoint of differential operator L: for ;E € L*(Qr)™, we have

(ﬁ ((@ ﬂ)T) ) L2 Q)™ (//Q Z <8ty¢k - le(deyk)i/Jk Z(gkz -V, + aki@k)&k)

T k=1 i=1

+ Z un,bldxdt)
/ /Q S L+ Z L)

T k=1

= (@), L)

L2(Qr)mte

where ¢ = m — 1, and hence

— (O + div(di V) 1 + T (g1 - V — aj1) 1)y
— (O + div(daV)) s + 3T (gja - V — a2) 1)y
L= - (815 + div(di)) 1[}m + Z;nzl (gjm "V — ajm) @ZA)J’ ’ (4'23)
i

wm—l

We state the following lemma, which is a reformulation of [14, Theorem 1].

Lemma 4.4.2. The linear partial differential equation (4.22) is algebraically solvable

if there exists an index ig € {1,...,m — 1} such that

Gmio 7 0 0T iy # 0. (4.24)



4.4. ALGEBRAIC SOLVABILITY 45

Proof. One need only look at the igp-th entry of L£* to verify this assertion:

L = = (0 + div(dig V) iy + > (950 - V = ajig) 1
=1
m—1

= — (0 + div(dig V) Ly + D (Giio - V = 5ig) Ly 0
Jj=1

~

+ (gmio : v - amio) wma

which one can use to isolate for the unknown @/;m and its spacial derivative:

~

m—1

(Gmio =V = Qi) U = Lo + (9 + div(diy V) Liioh = > (gjio - V = @jig) Ly 00
j=1

(4.25)

Hence, a careful choice of N* yields the desired result: choosing

W

s

N = : :
Y1

(Gmio * V = i) U

one can define for ¢ € C*(Qr)*™!

Pmt1

Prmt2

B¢ =
Pam-1

Giy + (O + div(di, V) dmip — Z;:l (Gjio * V = Qjiy) Grnyj
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so that

(B o L) = N")
is verified for every i € C®(Qr)™. O

4.4.2 Multiple underactuations

We specialize to the case where system (4.17) has more than one underactuations

(i.e., when ¢ < m —1).

Isolation technique

We begin by employing the technique presented in Subsection 4.4.1 to reveal the
obstructions that limit our ability to deduce algebraic solvability of (4.17). For the

moment, we focus on the simplest case, when ¢ = m — 2. We have

— (0 + div(di V) r + 0 (g1 - V — an) 1)y
— (O + div(daV)) o + T (gjo - V — aj2) 1)y
L= =0+ div(dnV)) G + 7y (Gjm - V = ajm) O
Uy

77Z}m—2

We define a natural necessary condition for algebraic solvability of (4.17) as in

Lemma (4.4.2): without loss of generality, suppose there exists indices ig € {1,..., m—
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2} and 4; € {1,...,m — 1} such that

9(m—1)ig #0 O A(m—1)ig # 0,

Imiy 7 0 or  apm;, # 0.

One immediately encounters the issue that none of the entries of £L* can be used
to isolate for the individual unknowns 1/3m_1 and @m (and their spacial derivatives).

Instead, we recover the system of equations

p

(g(m—l)io -V — a(m—l)io) &mfl + (gmio -V — &mio) &m

= L0+ (9, + div(dyy V) Ly i ¥

3
N

~

(gﬂo -V - aﬁo) Ljn+y¢

1

<.
Il

(4.26)
(g(m—l)i1 -V — a(m—l)il) wm—l + (gmu -V — afmfh) wm

L2+ (9 + div(dy, V) £ 0.0

3
| @ *
)

(gﬂl -V — ajil) ‘C:n—&-]??;

1

,
<.
Il

While one can define an appropriate N* using (4.26) such that (4.17) is algebraically
solvable, in general this N* will have entries involving both @m_l and Q@m (and their
spacial derivatives). Such an N* introduces an unresolvable issue in Chapter 5 (see,
for example, the proof of Proposition 5.0.9, where ¢ would be replaced by N*i
n (5.42); hence, one would need to use a Poincaré-type inequality similar to the one
in Theorem 2.2.7 involving the differential operator N*, but with the righthand side
replaced by C||N*y||rr), for p = 2). Alas, we are not aware of a procedure through

which one can hope to recover a generic sufficient condition for algebraic solvability
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of (4.17) using this technique.

Prolongation technique

Inspired by [12, Section 3], we present a new method to prove the algebraic solvability
of (4.22) by means of prolongation: that is, since ﬁ*i@ = N*@@ is an overdetermined
system (i.e., there are m + ¢ equations and only m unknowns), we can expect to
differentiate each equation a sufficient amount of times with respect to all of the
spacial variables in order to gain more equations than “algebraic unknowns”, which
we make more precise in what follows. An inversion technique, which is motivated
by [20, Section 2.3.8], is then used to recover the unknowns from the overdetermined
system.

We consider system (4.17) for an arbitrary ¢ € {1,...,m—2} and define the linear

partial differential operator

G

NC = C.Q ,

Cm
for ¢ € C*°(Qr)™. With this choice of N, it suffices to consider differential operators

L:0®(Qr)™ — C®°(Qr)™ ¢ and N : C®°(Qr)™ ¢ — C=(Qr)™ ¢ defined by

(0 — div(de41 V) G — 2oty (G(ernyi - V + agesnyi) G
F (0 = div(des2V)) Cerz = ity (9ter2)i - V + @eray) Gi

(0 — div(dimV)) Gn = D iy (Gmi - V + ami) G
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and
Cc+ 1

NC =
Cm
to prove algebraic solvability of (4.21). Indeed, with our choice of N we can write

system (4.17) as
L(y,u) = 1,a, (4.27)

where @ acts on the first ¢ equations; also, finding a partial linear differential operator

B satisfying (4.21) is equivalent to finding B such that

Z)l = Bl(ﬂwa)a

gm = Bm(]lw/&>7
(4.28)
ﬁl = Bm

+1(]1wa)7

ﬁc — Bm+c(]lwﬂ) .

Hence, from (4.18), (4.27) and (4.28), we have for [ € {1,...,c} that the last ¢ entries

of B must satisfy

Bi(1,a) = (0 — div(d,V)) g1 — Z (g1 -V —ay) 9 — 1,7y

i=1

= (0, — div(d)V)) Bl(Lwit) = > (gui - V — aii) Bi(Lyit) — L,
=1

(negatives are off) if (4.21) is to be verified. Thus, one need only to find a B :



4.4. ALGEBRAIC SOLVABILITY 50

C®(Qr)¢ — C®(Qr)™ to satisfy the first m lines of (4.28), as the last ¢ lines of (4.28)
are completely determined by the first m lines and the respective entry of u; conse-
quentially, for our choice of N, the algebraic solvability of (4.21) is equivalent to the

algebraic solvability of

LoB=N. (4.29)
We study the adjoint equation of (4.29),

Brol*=N*, (4.30)

and we call B* the left inverse of £*. Similar to (4.23), we have for @@ € C>®(Qr)" ¢

that
S (g1 -V = an) ¥
E*z/} _ ZTA:chl (gjc -V - ajC) %’ )
(=0 — div(de1V)) e + Z;n:c—i—l (gj(c+1) V- aj(c+1)) Vj
(=0 — div(d,,V)) @Em + ZT:C_H (gjm -V — ajm) @ij
and
,ch-l—l
Nep=|
U

Hence, the algebraic solvability of (4.29) is equivalent to proving the existence of a

differential operator B* : C°°(Qr)™ — C>(Qr) such that for every ¢ € C*°(Qr)™,
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if 9 € C*>®(Qr)™ ¢ is a solution of

( M A
Z (gi1-V —aj)v; =d
j=c+1
Z (gje - V — aje) sz = ¢c
j=c+1 - (4.31)
(—0y — div(de11V)) zﬁcﬂ + Z (gj(c+1) -V — aj(c+1>) "‘ﬁj = Pe+1
j=c+1
(=0, — div(dV)) P + Y (Gjm* V = @) bj = b
K j=c+1
then
77ZJC—|-1
U

An examination of (4.31) reveals that, in general, there are m distinct equations
and only m — ¢ unknowns, them being 1@0+1, . ,Q/Ajm. Let us call 1L6+1, e ,@@m the
analytic unknowns. If we view (4.31) as a linear algebraic system by treating every
(time and spacial) derivative of @2[ as an independent algebraic unknown, for [ €
{c+1,...,m}, then there are many more algebraic unknowns than distinct equations.
Under this algebraic viewpoint, one can hope to prolong (or differentiate with respect
to every spacial variable) each equation of (4.31) to introduce many new equations
and a few new algebraic unknowns (owing to the symmetry property of mixed partial

derivatives). Repeating this process a sufficient amount of times, one can hope that
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the linear algebraic system eventually becomes overdetermined, that is, the number of
distinct equations eventually exceeds the number of algebraic unknowns. Proceeding
this way, we begin by counting the number of derivatives up to the highest order
contained in a prolonged version of system (4.31), which is an adaptation of the

method used in [12, Subection 3.2.2].

Lemma 4.4.3. Let p € N denote the number of prolongations of (4.31), and let F(p)
denote the distinct number of derivatives of order less than or equal to p for smooth

enough functions having n variables. Then

Flp) = (p * ”) (4.33)

n

Furthermore, denoting by U(p) and by E(p) the number of algebraic unknowns and

the number of equation contained in the prolonged system (4.31), respectively, we have
Ulp) = (m—c)(F(p+2)+ F(p)), (4.34)

and

E(p) = mF(p). (4.35)

Proof. Let o be a multi-index of length n such that |a| < p: thatis, « = (aq,...,a,) €

N", where )" | a; < p. Note that

(a1, ... 0p) — {al—|—1,041—|—a2—|—2,a1—l—a2+a3+37...,2ai+n}
i=1

defines a bijection between the set of tuples (o, ..., a,) € N such that || < p and

the set of subsets of {1,2,...,p+n} having n elements. Furthermore, attributing the
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multi-index « to the partial derivative operator 0, = 0O,, - - - 0,, takes into account
the symmetry of mixed partial derivatives, and thus only counts the distinct number
of derivatives of order less than or equal to p. Since the cardinality of the set of
subsets of {1,2,...,p + n} having n elements is (*I"), we have (4.33).

Since each analytic unknown contained in system (4.31) has corresponding alge-
braic unknowns of order up to two in space and one time derivative unknown, and
there are m — ¢ analytic unknowns, (4.34) follows.

Since there are m equations, each of which is prolonged p times, and F'(p) can be
used to represent the number of distinct equations differentiated with respect to the

multi-index «, (4.35) follows. O
Concerning our system (4.31), we have the following lemma.

Lemma 4.4.4. For allm € N5y, n € N* and c € {1,...,m — 2} such that ¢ > ',
there exists p € N* such that
E(p) > U(p).

Proof. We claim that 3 p € N* such that

C(p;l;n) ><m_c)<p+z+2)

Indeed, we have

p+n+2\ (p+n+2)(p+n+1)(p+n)
(m_c>( n >_(m_c) P+2)p+1)  pl

and

C(p+n> :C(p+n)!‘

n p'n!
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First, we show that for fixed m and n, 9 p and ¢ such that

(p+n+2)p+ntl) ¢
(p+2)(p+1) (m—c)’

(4.36)

Indeed, since m € N.i, we can choose ¢ > W)(+1)1 to verify (4.36). Note

Tt D) (prn D
that % — 1 from below as p — oo, and thus ¢ > 7 is necessary for
E(p) > U(p). Since m € N* and c € {1,...,m — 2}, ¢ > % is also sufficient since one

can always choose p € N large enough to verify (4.36) when ¢ = L%J + 1. O

Remark 4.4.5. Lemma 4.4.4 shows that for a sufficiently reqular solution @2 to sys-
tem (4.20), if ¢ > L%J + 1, then there exists p € N such that we can prolong sys-
tem (4.31) p times and study the resulting overdetermined linear algebraic system.
One can argue the appropriate reqularity of zZAJ as follows: without loss of generality,
we can take 1&0 € HPTH(Q)™ by a classical density argument; then, ones applies The-
orem 2.4.2. As we will see, under certain conditions, one may hope to extract the
analytic unknowns @/AJC“, e ,Q@m from the overdetermined algebraic system. Hence,
one can expect the left inverse of the differential operator associated to the prolonged
algebraic version of (4.31) to be of maximum differential order p+2 in space and 1 in
time. Thus, by (4.28) we require the analytic system’s controls, 1,a, to accommodate
p + 2 spacial differentiations. These highly regular 1,4 are constructed in Chapter 6
(cf. Proposition 6.2.1). o

We finish this chapter by proving the following important result.
Proposition 4.4.6. Given m,n and c in N* with ¢ < m, if

(i) ¢ > max {|%Z]| +1,h}, where h:= (m —c)(n+ 1), and;
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(i1) the matriz C € My(R) given by

Am—c)ar -+ Gmay g(ln%c)()(1 .. g}nal o g?mfc)al coo Gmen
1 1 n n
o Am-c)az -+ Omas Jm-cjar -+ Imar -+ om-cjen -+ Iman
1 1 n n
a(m_c)ah e (lmah g(m—C)Oéh . e gmah P g(m—c)ah PN gmah
is nonsingular for any {on, ... o} C{1,...,c} with ay # -+ # ou, where gF,

is the k-th component of g5, for k € {1,...,n} and fori,j € {1,...,m},
then (4.21) is algebraically solvable in qr.

Proof. Without loss of generality, for a given m, n and ¢, we fix a p large enough
such that E(p) > U(p). Consider the overdetermined matrix L* € M p)xup) (R)
with entries equal to the coefficients multiplying the algebraic unknowns generated
by prolonging system (4.31) p times. We denote the vector containing the p-times
prolonged unknowns by 2 € My x1(L*(Qr)), where the necessary regularity of U is
discussed in Remark 4.4.5. Similarly, we denote the p-times prolonged version of ¢ by
P € Mpp)x1(C*(Qr)). Hence, we can write the algebraic version of the prolonged
system (4.31) as

L2 =0, (4.37)

The counterpart of solving (4.31) and (4.32) simultaneously for (4.37) is to find a

P € M(m—¢)xE(p) such that

PL*: = S (4.38)
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with P being the algebraic version of B*. We apply Theorem 2.5.6 to L* so that for S
and S, the left and right permutation matrices generated by the Dulmage-Mendelsohn

decomposition, respectively, we have

Ly Ly, Li; Li
_ 0 0 Li L3
S5L*S, = S (4.39)
0 0 0 L

0o 0 o0 L

where L}, is square and perfectly matched (i.e., it is of maximal structural rank). We
must also permute 2 by St

Our next steps are as follows. First, we study the structure of L* to argue that
under Sz and S,, every row of C' (which appear in L*) is permuted to block L%,
(possibly with some zero entries to the right), for every {aq,...,a} C {1,...,c}
with aq # - -+ # ap. Then, we argue that the unknowns @cﬂ, . ,@m contained in 2
are being multiplied by the block L%, (and in particular, the rows of C'). Immediately
following the end of this proof, we supplement our explanations with Example 4.40.
Furthermore, in Remark 3.1.6 we give some insight into the (possibly non-generic)
null controllability condition for the case where ¢ < h.

By construction of L*, we have that the columns of L* corresponding to any
algebraic unknown involving a time derivative are very sparse. Indeed, each of these
columns has only one nonzero entry (which is —1). This occurs since we do not prolong
system (4.31) with respect to time, and hence each time derivative term appears in one
(and only one) equation within the prolonged version of system (4.31). Furthermore,

the row associated to any one of these nonzero column entries must correspond to
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the j-th equation (or its prolonged version) in system (4.31), for j € {¢+1,...,m}.
Hence, the coefficients corresponding to the j-th equation (or its prolonged version)
in system (4.31) lie in this row, for j € {¢+1,...,m}.

We claim that there exists a maximum matching M in G(L*) that contains all
of the edges (r;,c;) corresponding to these —1 entries. Indeed, for any matrix P, a
matching in G(P) is a subset of nonzero entries of P such that no two of which belong
to the same row or column. Hence, since the columns of L* corresponding to any
algebraic unknown involving a time derivative contain only one nonzero entry, it is
easy to deduce that there exists a maximum matching M in G(L*) that be chosen
to include these nonzero entries. Importantly, this choice will omit any other edges
associated to coefficients corresponding to the j-th equation (or its prolonged version)
in system (4.31), for j € {c+1,...,m}, from the matching, and the rows containing
these coefficients will be matched (see Example 4.4.7). Furthermore, we can choose at
random enough edges which make M maximal; due to the structure of L*, all of these
edges will correspond to coupling coefficients of the j-th equation (or its prolonged
version) in system (4.31), for j € {1,...,c}. Without loss of generality, we associate
Ss and S, to this choice of maximum matching.

With our choice of M, we now study vertex sets VR and VC. Recall from Sec-

tion 2.5 that

VR := {row vertices reachable by alternating paths from some unmatched row},

VO := {column vertices reachable by alternating paths from some unmatched row},

where an alternating path is a sequence of (row or column) vertices (v;)%_, such that

(v2;, V2i41) € E and, additionally, (vait1,v23+1)) € M and no vertices are repeated, for
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k € N*. By our choice of M and since L* is overdetermined, there exists unmatched
rows, and any unmatched row must correspond to the j-th equation (or its prolonged
version) in system (4.31), for j € {1,...,c}. One deduces from the structure of L* that
these unmatched rows have nonzero entries which lie in matched columns, and hence
VR and VC' are not empty. Furthermore, these matched columns cannot be those
corresponding to algebraic unknowns involving a time derivative. By the structure of
L*, all row vertices corresponding to the j-th equation in system (4.31) are reachable
by an alternating path, for all j € {1,...,¢}. This is a consequence of equations in
system (4.31) having first and zero-order coupling coefficients and since L* is gener-
ated by prolongations with respect to spacial variables. Hence, rows corresponding
to the j-th equation (or its prolonged version) in system (4.31) have corresponding
row vertices contained in VR, for j € {1,...,c}. Tt follows that columns containing
coupling coefficients have corresponding column vertices contained in V'C' (the same
search yields the column vertices in V' ('). Hence, the coefficients that appear in the
J-th equation (or its prolonged version) in system (4.31) are permuted to the blocks
L, and L, for j € {1,...,¢c}.

By examining system (4.31), one easily deduces that the unknowns @@C“, e ,’(/A)m
are being multiplied by either L3, or L},. By permuting the rows contained in C (the
ones from the original — and not a prolonged — system (4.31), and hence have the same
number of zero entries appearing only to their right) to the top of L3,, we have that
z/AJC“, e ,@m are multiplied by L3,. We denote this row permutation on S;L*S, by

Szo. Finally, with a slight abuse of notation, we denote by [ various identity matrices
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with appropriate dimensions; with the permutations

00170

000 [
Sz1 1=

I 000

07 00

and

071 00

0010
S, =

000 [

I 000

which permute S;0S5LS, into upper-block triangular form with L3, being the top

leftmost block, we define

P = C_lf(m_c)xE(p) S51550S55,

which verifies (4.38). O

Example 4.4.7. In this example, we consider the algebraic control system given
by (4.17), where we choose m =5, ¢ = 3, and for simplicity, n = 1. In solving the

algebraic version of (4.30), which is given by (4.38), we study the linear algebraic
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operator obtained by prolonging system (4.31) 3 times given by

7(15100;,4195100000000000000
7(14200,042;,5200000000000000

—a;s —asz 0 0 @ g3 0O 0O 0O 0O O 0 0 0O 0 0 0 0 0 0
“an  —ay O @ gu g+ d O O 0 0 0O 0 O 0 0 0 0 00
—ap  —ass @ 0 g5 g5 O d 0 0O 0O 0O 0 0O 0 0 0 0 00

0 0 0 0  —an g gs1 0 0 0 0 0 0 0 0 0 0 0 0
0 000751427(152!}52000000000000

00007(1,137(153913UOOOOUUUUUUU

0 0 0 0 —au —asi gu g O @ 4 0 0 0 0 0 0 0 00
LF = 0 0 0 0 —as —ass g5 g5 @ O 0 d 0 0 0 0 0 0 0 0
0 o 0 0 0 0 —anw —as 0 0 @ g1 0 0 0 0 0 0 00
0 0 0 0 0 0 —ap —am O 0 g 0O 0 0 0 0 0 0 0
0 0 0 0 0 0 —ag —as O 0 gn gm O 0 0 0 0 0 0

0

0 0 0 0 0 0 —agq —asg 0 0 Jua Gsa 0
0 0 0 0 0 0 —ag5 —az; 0 0 Ji5 s @ 0 0 dy 0 0 0 0

0

0 0 0 0 0 0 0 0 0 0 —an —amn

0 0 0 0 0 0 0 0 0 0 —am —az 0 0 gp

0 0 0 0

0 0 0 0 0 0 0 0 0 0 —ass —as3 O 0 g3 g3 0 0 0 0

0 0 0 0 0 0 0 0 0 0 —Q44 —Qs4 0 0 J14 G54 0 @ dy 0

0 0 0 0 0 0 0 0 0 0 —asps —azm O 0 g5 Gs5 @ 0 0 do
(4.40)

In (4.40), we’ve circled a subset of nonzero entries of L* whose corresponding edges
make up a mazimum matching M in G(L*). We've chosen M such that it contains
every edge corresponding to a —1 entry of L*.

We now populate the set of edges VR and VC. Note that ri3 and rig are the
only unmatched row wvertices; hence, we search for row vertices that are reachable
from ri3 and rg via an alternating path. A crucial observation is that there exists
no alternating paths from these row vertices to the row vertices corresponding to rows
containing —1 entries: indeed, for a walk starting from row 13, since (ri3,¢;) € M,
fori € {7,8,11,12}, the next row vertex ry in the walk must be such that (c;,ry) € M,

for k e {1,...,12,14,...,20}, hence ry # r; for j € {4,5,9,10,14,15,19,20}; the
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exact same arqgument holds for a walk starting from row 18. One can easily deduce by
the same reasoning that r; will never be reachable by a (longer) alternating path, for
Jj€1{4,5,9,10,14,15,19,20}. Furthermore, every other row vertex is reachable by an

alternating path from either ri3 or r1g! Hence,

VR = {7‘1,7“2,7”3,7“6,7“7,7“8,7“11,7“12,7“1377’1677“17,7“18},

and it follows that

VO = {Clﬁ Cg, Cs, Cg, C7, Cg, C11, C12, C15, 016}'

Hence, we arrive at (possibly after a row permutation)

—aq —G51  gu G5 0 0 0 0 0 O

—Q42 —as2  Ga2 G52 0 0 0 0 0 0

—Qa43 —Aas53 043 953 0 0 0 0 0 0

0 0 —am —as1 gu  gs 0 0 0 0

0 0  —aw —as g2 gs 0 o 0 0

( Psy ) B 0 0 —au3 —as3 Ga3  Gs3 0 o 0 0

Py 0 0 0 0 —an —amn gu g 0 0 |

0 0 0 0 —aw —ax g2 g2 0 0

0 0 0 0 —ass —as3 g3 gz 0 0

0 0 0 0 0 0 —au —as gu gm

0 0 0 0 0 0 —agp —as2 ga2 G2

0 0 0 0 0 0  —a43 —as3 a3 gs3
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from which we deduce the null controllability condition stated in Remark 3.1.6. .

Remark 4.4.8. For the case where ¢ < h, one does not have enough equations in
system (4.31) to permute the rows of L3, and L}, and construct a square block in
the diagonal of L%, with zeros only to the right. In this case, we have to expand C
to the next smallest candidate, which will contain zeros (see Example 4.4.7). One
would hope for any m, n and ¢ > 5 that this expanded C, denoted by C, be nonsin-
gular generically. However, due to the fact that L3, can only be further decomposed
into a block diagonal matriz with nonzero diagonal (see fine decomposition in Theo-
rem 2.5.6), we were not able to prove that this is true in general. Nevertheless, for
small systems with not too severe underactuation in low dimensions (e.g., form < 20,
(m —c¢) <4 andn < 3), we have observed that C' be nonsingular generically. Note
that for ¢ > h, we have shown that B will be of differential order 1 in space and
0 in time, so higher regularity of 1,4 than was proved in [14] is no longer needed.
Although the null controllability condition that C' be nonsingular for ¢ < h may not be
generic in some cases, it may still be useful in many engineering applications. Hence,
we continue our treatment for an operator B that is of differential order 0 in time

and at most p + 2 in space. °
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Chapter 5

A Carleman estimate for the analytic problem

In this chapter, we study the analytic system:

;

0y = div(DVy) + G- Vy+ Ay + 1,4 in Qr
y=0 on Yy (5.1)

9(0,-) = 3°() in Q.

\

The goal of this chapter is to prove that the solution (g,%) to the analytic control
system (5.1) satisfies the following so-called weighted observability inequality, which
will help us deduce its null controllability. To this end, we consider the adjoint system

to system (5.1) given by

(00 = (DY) — G- Vi + A in Qr

\ =0 on Xp (5.2)

O(T,) =4°() in Q,

\

where ¢ € L?(Q)™. We state the weighted observability inequality we aim to estab-
lish.
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Proposition 5.0.9. For every ¢° € L*(Q)™, the solution U of system (5.2) satisfies

/ Hfﬂ(o,x)Hde < Cons / / A x)HQdazdt, (5.3)
& ! (0,7) xwo 1

where Cpg = CTOeCUTSTAHYT) (0 gnd || - ||; denotes the Euclidean norm. We
call (5.3) a weighted observability inequality, with weight p = e=21%¢*P*7 for o and
¢ defined below in (5.5) and (5.6), respectively, where sy := o(T® + T') for o > 0

depending on ) and wy.

We utilize the Carleman estimate technique to develop an estimate which will
help us establish the observability inequality stated above. This chapter builds upon
the technique developed in [14, Section 2.2]; in particular, it incorporates higher-
order terms on the lefthand side of (5.14) which allow us to construct highly regular
controls for system (5.1) (see Remarks 4.4.1 and 4.4.5 for more details). Constructing
a solution (7, @) to system (5.1) with highly regular controls and satisfying g(7’,-) = 0
is treated in Chapter 6.

Carleman estimates are weighted energy estimates for solutions to PDEs with
exponential weights. These types of estimates for parabolic operators are derived,
for example, in [1, Section 4.7]. Carleman estimates were initially introduced in [9]
to obtain uniqueness and stability results for a particular first-order initial-boundary
value problem; they have since been used to derive results in many applications,
including exact, approximate and null controllability results for partial differential

equations with internal or boundary control.
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5.1 Some notation and technical results

We begin with introducing some notation. For the multi-index S of length [ consisting

of | multi-indices, consider the {"-order tensor given by C' := (Cjs)s, where 3; has
length n;, for n; € N*, for i € {1,...,1}. We associate to C' the element-wise norm
given by

-----

-----

An equivalent interpretation of | - ||; is the following: given a [""-order tensor C', one
vectorizes C' into a vector of length 2221 n; and then applies the Euclidean norm to

recover || - [|;. Fix a sequence (w;)?’¢ of nonempty open subsets of w such that

W Cw;—q for 1€{l,....,p+2},

wo C w.

We have the following lemma, which is an adaptation of [18, Lemma 1.1] (see also [10,

Lemma 2.68]). Its proof is included in the Appendix.

Lemma 5.1.1. Assume that € is of class C" and connected. Then, for r > 2, there

exists n° € C™(Q) such that

;

||V770H1 > K in Q\ wpio

>0 in Q (5.4)

n° =0 on OS2,

for some k > 0.
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For r = p + 2, fix such an ,° € CP*%(Q). For (t,x) € Qr we define
2210 A0[In° oot (@)
at,z) = BT =1y (5.5)
and
A 10[[17°[|oo+n° ()
t = .
Additionally, for ¢ € (0,7) we define
a*(t) == maxa(t, ) (5.7)
e
and
£4() = ming(t, 2). (5.5)
e
For s, A > 0 and w € L*((0,T); H(2)) N H'((0,T); H~*(2)), let us define
T(s, M u) = s\ // e~ 23y dxdt + s\? // e~ | Vul| dadt. (5.9)
T Qr

In the work to follow, for w € L*((0,T); H}(2))™ N H'((0,T); HY(Q))™, we use a

slight abuse of notation and define Z(s, \; u) as above but with | - | replaced by || - |1,

and with || - ||y replaced by || - ||. We now state a Carleman estimate result for the

heat equation; the proof is quite technical and is omitted here.

Lemma 5.1.2. [17, Theorem 1] Assume that d > 0, v’ € L*(Q), fi € L*(Qr) and

f2 € L*(X7). Then there exists a constant C':= C(Q, wyy2) > 0 such that the solution
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to
(
—Owu = div(dVu) + fi in Qr
ou
n = fo on X
() =) in ),
satisfies

(s, \u) < C | s*\ // e~ 283 |l dwdt + // e~ 2| f1 |Pdadt
(O,T)prJrg T
+sA // e_Qsa*§*|f2|2dadt)
Er

for all X\ > C and s > C(T° + T'").

We can adapt the Carleman estimate in Lemma 5.1.2 to system (5.2) with Neu-

mann boundary condition.

Lemma 5.1.3. Assume that ¥° € L*(Q)™ and u € L*(X7)™. Then there exists a

constant C' := C(Q,wpy2) > 0 such that the solution to

—0yp = div(DVY) — G* - Vip + A in Qr
9 % _ u on X (5.10)
on
| (T, ) = 4°() in €,

satisfies

- ~112 .
(s, M) < C 33)\4// e—2sag3j’¢“ dxdt+s/\// e~ ¢* |lu? dodt
(O’T)pr+2 1 X

(5.11)



5.1. SOME NOTATION AND TECHNICAL RESULTS 68

for all X > C and s > C(T° + T19).

Proof. We denote by C various positive constants depending on 2 and w;, 2. Lemma 5.1.2
can be extended to a system of parabolic PDEs resembling (5.10) by replacing | - |
with || - ||1; furthermore, if this system has first and zero-order coupling as in (5.2),
then (5.11) is still verified since D is diagonal, and hence f; absorbs all coupling

terms. Indeed, for k € {1,...,m} we let

m

ff= Z (—gs - V + ai) U3

j=1

redefining f; now as f1 := (f{,..., f") yields

~ ~ 112
(s, M) < C 33A4// e—QSag?’Hsz dxdt+// e || f1|1? dadt
(O,T)pr+2 1 T

+5A / / e 28 g Huufczodt) :
X7

(5.12)

By (5.6), we have that

T 910 A(10][7°||oo+1°())
) ) — 4 _ )
té{l&%g( ,x) =& (2 ,x) 710 (5.13)
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and hence using (5.9),

3 3
~ 1
T(s. ) > C7 [ mi {A<10\|n°||oo+n°(x>>} 14+ — —2sa
(s,\;¢) > C (rxnelg e +T5 QTe
1 ~
+ C®min {emo“”‘)”wﬂ“(x))} 1+ — // e 2| V|| 3dadt
e T5 Qr

~112 ~
20(// e~25a ¢H dxdt+// 6_23a|]V1/1||§dxdt)
T 1 T

since A > C and s > C(T° + T'). One can employ the triangle inequality to obtain

~112
wH drdt
1

I(s,\d) > C / / =250 || £,2 dudt,

and hence one can absorb the term C' [ fQT e~ f1]|? dzdt into the lefthand side

of (5.12) to obtain the desired Carleman estimate. O

We will also use the following estimate in the ensuing treatment. Its proof is

included in the Appendix.

Lemma 5.1.4. [11, Lemma 3] Let r € R. There exists a C' := C(, wpi2,7) > 0
such that for every T > 0 and every u € L*((0,T); H'(Q)),

Sr+2)\r+3 // 6_2SQ§T+2|U|2dIdt < O(STAT-Fl // 6—250457" ||Vu||?dmdt
T T

+Sr+2)\r+3 // e—25a§7°+2 |U|2d$dt>
(O,T) XWp4-2

for every A > C and s > C(T° + T").
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5.2 Carleman estimate

The goal of this section is to establish the following inequality.

Proposition 5.2.1. There exists a constant C' := C(Q,wq) > 0 such that for every
Y0 e LA(Q)™, the solution 1 to system (5.2) satisfies

p+4

// 250 Z SR\ g2k vaH*kq/]HiJr&kdxdt
T k=1

~112
S CSQp+7)\2p+8 // 672sa£2p+7 HwH drdt (514>
(0,T) xwo 1

for every A > C and s > C(T° + T").

Remark 5.2.2. [t should be surprising that (5.14) contains spacial derivatives past
order one, since U° is assumed to be in L2(Q)™, and hence by Theorem 2.5.4, Y e
L2((0,T); HY(2))™NH((0,T); L*(Q))™. However, due to inequalities (5.28) and (5.29)
and by the fact that the weight e=2** absorbs the singularity of € att = 0, one can

deduce that these integrals exist. °

Proof. We denote by C' various positive constants which depend on 2 and wy. We
define the operator

L= (=div(DV)+G*-V — A"). (5.15)

By density of H*(Q)™N H(Q)™ in L?(Q)™ for k € N (this follows from the inclusion

Cx(Q)™ c HHYQ)™ N HF(Q)™ C L*(Q)™ and since C(2)™ dense in L*(Q)™), we
- L\ P2

assume without loss of generality that ¢° € H?*™5(Q)™ and ((E*)’%/JO): C H ().
0

Hence by Theorem 2.4.2, the solution ¢ to system (5.2) is an element of

L2((0, T); HPPO(Q))™ 1 HPH((0,T); L(Q)™ (5.16)
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We apply the differential operator VP2 to system (5.2) and, for § a multi-index with

18] = p+ 2, we denote 910 by ¢3 so that ¢z satisfies

;

— b5 = div(DVs) — G* - Vs + A*és in Qr
aa(ff Vos-n on Xp (5.17)
| 0(7.) = 0,0°() in 6.

Indeed, since D, G* and A* are constant, VP*? commutes with all the terms in
system (5.2). We define the (p + 3)-th order tensor ¢ := (¢3)1<g,.....8,..<n; applying

Lemma 5.1.3 to system (5.17), we have a Carleman inequality for ¢:

(s, \i6) < c( g / 2ol 1 5h [[ v n||p+3dodt>
0,T) Xwpt2 Er

(5.18)

for every A > C and s > C(T® + T'°). The rest of this proof follows three steps:

(i) We will estimate the boundary term on the righthand side of (5.18) with a global

interior term involving 1, which will be absorbed into the lefthand side later;
(ii) we will relate Z(s, A; ¢) with the lefthand side of (5.14);

(iii) we will estimate the local term on the righthand side of (5.18) with a local term
of zero differential order (as appearing in (5.14)) and some other local terms

which will be absorbed into the lefthand side.

Step (i): Consider a function § € C*(Q) such that VO -n = 0 = 1 in Q, where n is
the outward pointing normal of 9€2. With this construction, V8 = n. Indeed, for any

q € 022 and for any parametrized curve v : R — 2 passing through point ¢ at time 0,
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we have

d

Lo, = vol, 2

t=0
since # = 1 in Q. Hence, since V@ is orthogonal to the tangent of any curve passing
through any arbitrary point ¢ € 02 at t = 0, it must be equal to n. Let 3 be a

multi-index of length n; we integrate the boundary term by parts to obtain

S/\// eV - 0|2 gdodt = s Z // “250TE (Ognp - V) (0t - n) dodt
Sr 2

|8l=p

= s\ / / e (AP) (Vo - VO) dadt
Qr

+ s\ / / T2 (Ve - V) - Vdrdt.

(the last equality should have a sum and appropriate index lengths) Next, we employ

Cauchy-Schwarz and Young’s inequalities to obtain

A [ e Vol doat
3

1/2
<) / (( [ s€ 80050 ) ( L6490 9ol )
1/2
(/ 1€V (V6 - VO)|2,ada ) (/ (€Y V6|2 ud ) )dt

<0 [ e (1€ Bl (56 Elrsan)
0
T
<O\ (/ 6_230‘*(35*)2’“|W||12qp+4(9)mdt+/
0 0

T

6—23a* (Sg*)2_2k| |,¢~]‘ |2Hp+3(9)mdt) s

(5.19)

~

for k € (0,1) to be chosen later. We define ¢ := pi), with p € C*([0,T]) defined
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by p = (s&*)%**" for some a € R to be chosen later. Note that ¢ (T,-) = 0 in €,
since p decays exponentially to zero as t — T'. Similarly, C}‘l—;p(O) =0, for all 7 € N.

Furthermore, 1 is the solution to

(

_Ouh = div(DV) — G - Vi + A" — %ML in Or
QZ =0 on X (5.20)
| (1) =0 in Q.

Hence, by (5.16), one can utilize Theorem 2.4.2 to get the estimate

2 d -~
10| L2((0,1); 12042 (02)ym A+ (0,112 (2)ym < C Hamﬂ
L2((0,T); H24(Q))™NH((0,T); L2(2))™
(5.21)
for d € {0,...,p+ 2}. Owing to (5.5) and (5.6), we have the bound
Ep‘ < CT(s€%)a+0/5msa", (5.22)

_ . (0] (0] ~ 0 0 0
Indeed, for @ := min, g {eA 1Ml t1" @)} and & := max, g {21l —A10In oot ()Y,

*\a— —sa*d* *a—sa*d*
as(s€*)* e Eﬁ — s(s&")% pr

_10:

d
dt

*

a102t=T) o~
s(s€") (T = 1y (ac — (s€7)C)

e 1)

— e—SOé

_ (SS*)ae—sa*

o *x\a+6/5 —sa* .
- (Sf ) € c6/5 56/5 sl/5 ’

(10t — 5T') (at5(T—t)5 ¢ )
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and since s > C(T° + T'%), one can obtain (5.22). Similarly, we have

‘dtr C«Tr Sf )a+67"/5 —sa* (523)

for r € N. We apply (5.21) to zZ fora=1—Fkandd= L’%lj to obtain

d 2

dt

d" d —sa* *\1— 7
T (E (e7(s€)'7) 1/1)

(e (56 0

0 w275 (Q)m

T
/ e (e Py dE<C
0 HQLTJ(Q)’"
o1
+
r=1

2

dt
L2(Q)m

0

(5.24)

We now apply (5.21) to 1) = 4 ptb (which satisfies a system very similar to (5.20) and
1

verifies the compatibility conditions in Theorem 2.4.2) fora = 1—k and d = |2+ | -1

to obtain
p+1l
Tl d . 17 ) d (d . AP
— (=3 (Sf*>1_k ¢ dt—f- el (_ e s (Sg*)l_k ¢) dt
/0 dt ( ) HQL%J (@m —~ Jo dtm \ dt ( ) L@y
T 72 - 2
<C’/ — (e (M) dt
<c| dt2( €|
L% o dr d2 - 2
— (= e—sa* (Sf*)l_k w) dt.
= o lldi (dt2< ) L2 (@)

(5.25)
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Repeating this way L’%lj — 1 more times and utilizing (5.23) yields the inequality

T
/ 6—25a (86*)2—2kHw”2 2Lp+3
0 H

dt
T g2+ 1
<o LS ey
0 dtL%JH
LQ(Q)m
T
< CT2V]¥J+2/O e—23a*(8£*>2—2k+%(L%J+1)||wl|%2(g)mdt' (526)

We can get very similar estimates (5.24) and (5.25) for a = 3k — 1, d = [2£2], and

by using (5.23), we obtain

T
| e e I ey e
0
dt

T 4[]+
<C / “

dpl 5]+t
T
p+2 _92sa* #\6hk—o4 12 ([pt2 ~
< ol / e (se) 2 R (I |12, g dt. (5.27)

0

(e—sa* (SS*)gk_l) QL

Suppose for the moment that p is odd. By applying Theorem 2.2.6 to the appropriate
spacial derivative of 1 with j =1, m=q¢=p=r =2and o = 1/2, and then

employing the Cauchy-Schwarz inequality, we obtain

T
/ o250 (35*)2k||¢|ﬁ1p+4(9)mdt
0

T
SC/ e (s&*) 1| 2[24] e (s€*) F || ege| ot
0 Hl 2 m HLZ J(om

T ~ 1/2 T ~ 1/2
so( / e (5652 G2 e dt) ( / e (e G2 dt) |
0 a2 % ] (qym 0 w2 Loy

)
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(\_Z’HJ — [p+2D verifies

=1 - |75

12 f{p+1 12 ({p+2
2—-2 — | |— 1)=6k—2+—||— 1

and hence by utilizing (5.26) and (5.27), we obtain

T
/0 e E S [T A"
T
SCTW’QM%JH/ e—zsa*(sg*)%%t‘%lﬁ%(%W|yq;\@2(mmdt.
0

(5.28)

Identical steps can be followed for the case when p is even to obtain

T
/ e (s )22 W] Fpen qym
0
T
< o[22+ / e () F AR [T )2, 0
0
(5.29)

It follows from (5.19), (5.26) and (5.28) that

3 [ e Vol ot
S

T
<O\ <T2LPTHJ+2 +T[”;21+L’7§1J+2>/ 6728&*(36*)%4_% |2t |42 2] HQZJH%Q(Q)mdt,
0
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for p odd, and it follows from (5.19), (5.27) and (5.29)

3 [ e Vol dods
X

T 3| p+1 p+2 ~
S C)\ <T2|_%-|+2 _|_ TI_%-|+L%J+2> / 6—23@* (85*)1?74’% LTJ+%|_%-| ||¢||%2(Q)mdt7
0

for p even. In what follows, we choose p even without loss of generality (the exact

same technique can be used for p odd), and since
(T2(¥1+2 n T(Lﬂﬂ%“w) < sl
for s > C(T° + T'), we use (5.7) and (5.8) to obtain

[ em o nl o
S

T
< 082p+34/5>\/ e—zsa*<€*)%+§L%1J+% (#”wui%mmdt

0
< O35 ) / 6725045%7+§VTHJ+%(#1 Hzﬂ dedt.
1
T

; 1
Denoting by I(p) the exponent 137 +§ V%J +

[S[Y

(p+2

E22], we arrive at the end of Step (i)
to conclude that

I(s,A;¢) < C | A / / e 2|7, gddt + 57N / / e 2!
(0,7) xwpy2 Qr

~112
dJHlda:dt)

(5.30)
for A\ > C and s > C(T° + T19).

Step (ii): In this step, we relate Z(s, A; ¢) to the lefthand side of (5.14). We apply
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Lemma 5.1.4 to ¢ for r = 2p + 5 to obtain

82p+7)\2p+8 // e—280¢£2p+7 H&H2 dadt < C <82p+5)\2p+6 // 6—250452}7-&-5
T 1 Qr

| 2P \2p+8 // 20 g2+ H&H2 dedt
(0,1) XWp4-2 1

(5.31)

~112
vﬂtma

for every A\ > C and s > C(T° + T'). Similarly, for k& € {0,...,p}, we apply

Lemma 5.1.4 to VP15 for r = 2k + 3 to obtain

2k+5)\2k+6 //Q —25a£2k+5||vp+1 k,¢”p+2 kdl‘dt
T

< C( 2k-+3  2k-+4 // ¢~250 ¢ 2k+3 va+2 kw dedt
T p+3—k
+82k+5)\2k+6 // 723045216«%5 va+l kw” 2 o kdl’dt (532)
(0,T) Xwp2

for every A > C and s > C(T® + T*°). One can upper bound the first term in the
righthand side of (5.31) by (5.32) for £ = p and continue this way by backwards
iteration on k. The global terms on the righthand side of (5.32) can be absorbed in

the exact same way. Hence, a combination of (5.30), (5.31) and (5.32) gives

p+4

// —250428%3 1)\2]662]{? 1va+4 kw“ Z kdl’dt

p+4
<O<// —25(12 2k— 1)\2]{?62’6 lep-i-4 k¢”p+5 kd$dt
OT pr+2

+ 83)\4 // —25(153 ]Vp+21/JHp+3dxdt + S2p+34/5)\ // 6—23a§l(17) w
T T




5.2. CARLEMAN ESTIMATE 79

for every A > C' and s > C(T° +T'). By utilizing (5.30) once more, we arrive at the

inequality

p+4

// —2s0 Z 2EL\2h g2k ||vp+4—’f1§\|z+57kdxdt
T k=1

p+4
<C // e—QScx Z 82k—1)\2k§2k—1 \|Vp+4_kzﬂ||§+5_kdxdt
(O,T)pr+2

k=2
+ S2p+34/5)\ // 6725a§l(p)
Qr

which is verified for every A > C and s > C(T° + T19).

‘ij dwdt) , (5.33)

Step (iii): In this final step, we absorb the higher-order local terms in the righthand

side of (5.33). Consider the function 6,,; € C*(Q) satisfying

.
SUPP(QP—H) C wpt1

0}74-1 =1 n Wp42 (534)

0§0P+1§1 in €2.
\

Let 8 be a multi-index of length n. Since W,12 C wpt1, where w,yq is an open

subset of €}, we integrate the rightmost term in (5.33) by parts and employ the the
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Cauchy-Schwarz inequality to obtain

KX // 25 vamq/;
(O,T)pr+2

. ~112
S 83/\4 //( ) ep+16—230z£3 va—l—2w
O,T XWp+41

p+3

2

dxdt

p+3

dxdt

n

St / / S (ai(epﬂe%aé)aiaﬁlz + epﬂe*?mgf*‘afaﬁzz) (aﬁ@ drdt
(0,T)xwpt1

i=1
|Bl=p+1
< SN // (Hv (0[)-1-16728“53)”1 varQJ) vaﬂzz
(07T) XWp41 P+3 p+2
0,673 ‘ s HVPH;E )d:z:dt.
p+4 p+2

(the derivatives should be 0, here) By (5.5) and (5.6), we have that
|V (prae2€%) ||, < Cshe ¢, (5.35)
Indeed,

|V (prae ) ||, = ||le°%€® (VOpsa + 257,16V’ + 300,11 V") ||

VOpi1 0 3910-4-1V770
S>\€ _'_ p+1 vn + 8€

— 8/\6—280454

1

and since s > C(T° + T'9), (5.35) is verified. Hence, by (5.34), (5.35) and using
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Young’s inequality with € > 0, we have

3)\4 // —250463 va-i-Qw dxdt
OT ><w D42 p+3
< 083)\4 // ( 72504 4 vaJrlf(;
OT ><w p+1 p+3 p+2
temteg o) ey ) dadt
p+4 p+2
< C// 6—2504 (683)\453 va—l—Q@L +€S)\2 ‘Vp+37l)
(0,T) Xwpt1 p+3 pt4
9 2
280000 ‘ ) dzdt. (5.36)
€ p+2

Observe that the first two terms in the righthand side of (5.36) can be bounded above
by employing (5.33) and (5.36) recursively: indeed, by positivity of the integrand in
Q7 and by (5.33), we obtain

e / / o250 (53)\4§3 HVH% ) ddt
(0,T)Xwpt1 p+d
p+4
< Ce // —28042 2k— 1)\2k€2k 1va+4 kw” 2 s kdl‘dt
(OﬂT)Xw:DJrQ

+ S2p+34/5/\// 6—2sa§l(p) n dl’dt)
1
T

pt4

(// 725012 2k— 1)\2k52k 1HVp+4 ’w” b5 pdxdt
(0,T) Xwp+2

k=3
+ 34 // €—2sa§3 HVZH_QIZJ 2 dxdt + S2p+34/5/\ // 6—2$a§l(p)
(0,T)xwp+2 p+3 Qr

+ s\%¢
p+3

‘ VP+3¢

112
dxdt |,
1

(5.37)
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for A > C and s > C(T° + T'°). Combining (5.37) and (5.36) yields

-2 2
’ / / o250 (33)\453 va+2¢ +3A25va+3¢ )dmdt
(0,T)Xwp1 p+3 pt+d
+4
—25ap 2k—1y 2k - 2k—1 || x7p+4—k T ||2
<(C|e e Zs AFERTH IV V|l s_gdrdt
(0,T)Xwp2 k—3
~12 ~12 ~112
+ // 672sa <62S3)\4£3 va+2w 4 628)\25 ‘vp+3w 4 285)\655 vaJrlw
(0,T)Xwp+1 p+3 p+4
P
eI / / e2sagho) qu dxdt), (5.38)
1
T

for A\ > C and s > C(T° + T'). Using the same treatment, one can bound from

above the terms being multiplied by €2 in (5.38); after k of these recursions, we obtain

2

‘prz/;

4 osN% va“u?

2
> dxdt

p+3 pta

6// 672504 <S5)\4£d
(0,T)Xwp1
p+4

k
<C Z e // o250 Z S2k—1/\2k52k—1 HV"M_’“@H;%_kd:pdt
j=1 (0,T) xwp+2

k=3

1 // o250 (€k+183/\4£3 va+2l[)
(0,7)xwp1 ptd

2 . . ~ 112
> dxdt + & 52p+54/5)\ // 872sa§l(p) l/}H (]’I’(]YL) 7
p+2 Qr 1

terms are wrong - needs to be 2k+1 or something) for A > C

2 2

+ Mg\ HV“‘?@Z

p+3

1255\0 va+lq/;

(exponential on the ef+1

p+2

> dxdt
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and s > C(T° + T'). Taking e sufficiently small, we obtain from (5.36) that

) // e vaﬂw
0,T)Xwp42

p+4
< C(// —2806 g2k— 1)\2k£2k 1||Vp+4 k¢|| b5 kdmdt
(0,7)Xwp+2

k3

+ S2p+34/5)\ // 6725a§l(p)
T

for A > C and s > C(T® + T'%) Note: importantly, by (5.36), if

dzdt

p+3

~112
¢w‘ldxdt>, (5.39)

’Vp“u‘;

=0,
p+2

then so do HV”“@

. Hence from (5.39), we obtain

and HV”SU)
p+4

p+3

pt4
// 6725(12 21 \ 2 g2k || PR ) 2 2 o5 pdxdt
(0,T)Xwp+2

k=2

p+4
< O// 6725(12 2k— 1)\2k 2k— 1‘|vp+4 ka 2 kdl‘dt (540)
(0,7) xwp 1

k=3

for A\ > C and s > C(T° +T'). For r € {1,...,p + 1}, consider the functions

0, € C?() satisfying

;

Supp(Opr1-r) € Wpt1—r

Opt1—r =1 in wpyo_p

0<0pp1p <1 in Q.
\
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Using the exact same approach as was used for » = 0, one obtains the estimate

82r+3)\27“+4 // —2304627"-1-3 va-‘r? r¢ drdt
(0,T)Xwpt2— p+3—r
p+4
< C<// _2506 Z 2k— 1)\214:52,% 1||vp+4 k,¢|| s kdl’dt
(0,T) xwp+2 k=3+r

~112
+82p+34/5/\// 6—25a§l(p) ¢‘) dl’dt),
1
T

for A > C and s > C(T° + T'°). Hence, it follows that

p+4

// —QSaZ 2k— 1/\2k€2k 1||Vp+4 k¢|| 2 s kdl’dt

< C 82p+7>\2p+8 // 6725a€2p+7 H,&H dxdt + 52p+34/5)\// 672sa£l(p)
(0,T)xwo 1 Qr

12
dxdt |,
1

(5.41)

for A > C and s > C(T° + T'°). Finally, by (5.6) we have the estimate

82p+34/5/\// 6—2sa£l(p)
T

for A\ > C and s > C(T® + T'%) large enough; from now on, we denote this choice of

t < O'g2PH7)\2p+8 // e—23a£2p+7 HQ/;HQd(L’dt,
Qr 1

s by so. Hence, one can absorb the global term in the righthand side of (5.41) into
its lefthand side, and thus (5.14) is verified. O

5.3 Observability inequality

In this section, we prove Proposition 5.0.9.

Proof of Proposition 5.0.9. We denote by C' various positive constant depending on
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2 and wy. From (5.14), we deduce

~112 ~1|2
// e—?sa€2p+7 Hw” drdt S C// 6—28a€2p+7 HwH d.ﬁlﬁdt, (542)
- 1 (0,T) xwo 1

for A > C and s > sy. Note that for ¢ € [%, %], we have

min {6*25052p+7} — (€f2sa£2p+7) (z ) _ (6—23a£2p+7) (g )

te[Z,37] 4’ 4’
2547 (‘”‘m”"()”w el e 1) ) 410 6 (2p+DAA0||7° oo 7 ()
—\€ 357710 :
(5.43)
We can choose s sufficiently large such that
410 s
We—q?lo S e—?sozg?p"-'?7 (544)

for all t € [%, %] Indeed, choosing

35(2p 4 7)A 10[]7°[| 0 + 1°(2)
— 10 (2 \=7 " ") 00
§ 2 81 1= max {50’ r ( 921 X 22 e — A0 loe 70 (@)

(there should be a C' here too, shouldn’t there?) in (5.43) will ensure that (5.44) is

verified. Note that we can write s; as s; = o (T° + T'°), where ¢ > 0 depends only

on 2 and wy. Fixing s = sy from now on, we deduce from (5.42) and (5.44) that

Jaseyal?

4

2
dxdt
1

2 ~
dedt < CT'0e (/) / / e21ogT )
1 (0,T) xwo
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for A > C and s > s;. We claim that

2dx < gecT/2 // H&
1 T T (£,30)x

[lseo

from which we can deduce (5.3). Indeed, we can multiply system (5.2) by 1, integrate

2
X dxdt (5.45)

A

and

2 ~
v < eCT/4/Q H@Z)(-,T/él)Hld:v, (5.46)

the resulting equation by parts over () and use the Cauchy-Schwarz and Young’s

inequalities to obtain

_%%/QHT;dex+D/Q|yvq/3|y§dx:—/Q(at@ z;da:+/ﬂdiv(pvq/?)¢d:c

_ /Q (6 Vi) dda + /Q (4°0)
g%/QHG*.vzﬁ jda:—l— <1+ HA;H"")/Q

Hence, since (2.10) satisfies the uniform ellipticity condition (see (2.7)), we obtain

") I?

from which we deduce

d Ct
il

2

dx.

1

¢

2 - ~112
dx+/||v¢||§dxgc/ H¢H dz,
1 QO QO 1

jdm) = e (C’/QHJ) idx—i—%/g”vﬁ

> / IV|2de
0

2
dx)
1

> 0, (5.47)
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for all ¢ > 0. We integrate (5.47) over [%,t] to obtain

[l e [ fomno
> ¢~O1/2 /Q |6 /s a (5.48)

for every t € [L, 3L] We integrate (5.48) once more over [L, 3L] to obtain
y 14 g 14

2 ~
dr < eC’T/Q // Hd}
' (5.5F)x@

which verifies (5.45). To show that (5.46) is verified, we integrate (5.47) over ¢ € [0, £]

2
dx,
1

5 | [o

and conclude at once that

J

$(0,-) jdx geCT“/ﬂH@Z(T/zL,-)dex.
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Chapter 6

Null controllability of the analytic problem and

proof of main theorem

Recall from Chapter 3 that our principal goal was to prove null controllability of sys-
tem (3.1) with multiple underactuations. To this end, we studied an algebraic system
and an analytic system both related to system (3.1). In Chapter 4, we developed
an algebraic method which allowed us to solve the algebraic control problem posed
in (4.17) under the assumption that the forcing function 1,% be regular enough so
that our algebraic solution B(1,u%) be well-defined, where B is a differential opera-
tor of differential order zero in time and at most p + 2 in space. In Chapter 5, we
established the weighted observability inequality (5.3) for the analytic system (5.1).
The goal of this chapter is solve the analytic control problem (4.16) with reqular
enough controls 1,4 so that the algebraic control problem (4.17) also be solved. The
treatment presented in this chapter is an extension of that used in [14, Section 2.3].
In particular, since the right inverse B of £ derived implicitly in Chapter 4 is of order
at most p+2 in space, we require much more regular controls for the analytic problem

than in [14].
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6.1 An optimal control result

We do not use the weighted observability inequality to directly deduce null control-
lability of system (5.1). Instead, we use a method developed in [18] to construct
controls with high regularity which will help us deduce controllability results; to do

this, we rely on the following unconstrained optimal control result.

Theorem 6.1.1. [2/, Chapter 3, Theorem 2.2] Let y° € L*(Q0)™, v € L*(Qr)™,
B e Z(L*(Qr)™; L*(Q7)™), and suppose L given in (2.10) satisfies the uniform el-
lipticity condition (2.7). Let N € Z(L*(Qr)™; L*(Qr)™) such that (Nu,u) 2q,ym >
VHUH%Q(QT)’" forv >0 and for allu € L*(Qr)™, and let D € Z(H}(Q))™; HJ(Q2))™).

Consider the optimal control problem associated to system (2.11) with cost functional

J(u) : L*(Qr)™ — RT given by
J(u) :== (Nu, U)L2(QT)m + (Dyu(T, ) — Zd)iQ(Q)m ; (6.1)

for some zq € HY(QQ)™. This problem has a unique solution, and the optimal control

18 characterized by the following relations:

(

Oy = div(DVy,) + G - Vy, + Ay, + Bu inQr
] Yy =0 on X

Yu(0,) =4°(") in 2,

—0pby, = div(DVY,) — G* - Vb, + A%, in Qr

S =0 on X

1/}u(T7) =D (Dyu<T7) _Zd) mn Qa

\
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and

By + Nu =0,

i.e., u = —N"1B*). Hence, for this unconstrained optimal control problem, the

second term in (6.1) has no dependence on u (and nor do the primal/adjoint systems).

6.2 Null controllability of the analytic problem

In this section, we establish the following proposition.

Proposition 6.2.1. Consider § € CP*2(Q) such that

(

Supp(f) € w

=1 in wo (6.2)

0<f<1 i 2.

\

Then there exists v € L*(Qr)™ such that
(§,60v) € L*((0,T); Hy ()™ N H'((0,T); HH ()™ x L*(Qr)™

is a solution to the analytic control problem (4.16) satisfying y(T,-) = 0 in Q. More-
over, for every K € (0,1), we have ef*1* v € L2((0,T); HP*2(Q) N H(Q))™ N
HY((0,7); L*(Q))™ and

|efsre” U||L2((07T);Hp+2(Q)QH§(Q))’"ﬂHl (0,0);L2(@))m = Clig” lz2@ym- (6.3)

Proof. Let §° € L2(Q)™, p := e 219%?T7 and C = C(Q,wo, T) > 0. Let k € N*

and denote by L*(Qr, p~'/?)™ the space of functions which, when multiplied by p~'/2,
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are L2-integrable (i.e., for u € L?(Qr, p~*/?)™, we require foT p~tul| dadt < oo).
Consider the following optimal control problem

minimize Ji(v) := %foT p~ ! |vl|? dadt + E o (T, |13 d, 6.4)

subject to v € L*(Qp, p~/?)™,

where § € L((0,T); H3 ()™ N HY((0,T); H*(2))™. The functional J; is differ-
entiable, coercive and strictly convex on L2(Qr,p~'/?)™. By Theorem 6.1.1 (for
D=k, N = p~tand z4 = 0 in Qr), there exists a unique solution to this optimal
control problem, and the optimal control is characterized by the solution g, to the

analytic system

(

6tg]k = le(Dvgjk) + G- V@jk + Agjk + fv;, In QT

gk =0 on ET (65)

7(0,) = 7°() in €,

the solution ¢y, to its adjoint system

4

—0y, = div(DVy,) — G* - Vb, + A%y in Qr

Up =0 on Y (6.6)

(T, ) = ky(T,-) in €2,

\

and the relation
v = —ptYy  in Qr

= L2(QT,p_1/2)m.
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From (6.5) and (6.6), we calculate

T

T
N ~ - d -
/ ((yk, Or) L2(ym + (@yk,?ﬂkhz(mm) dt = 7 (k> Vi) 2 ()mdt
0 0

= (Gk(T, ), k(T ) 2@y — (5, ¥ (0, ) 2y,
(6.9)

and

(Tk, ) r2(ym + (Dulin, Yi) z2(ym = (Gk, —div(DVay) + G* - Vb — A™hy) p2ym
+ (div(DVgr) + G - Vi, + Agy + Ovy, &k)LQ(Q)m

= (evka QZk)H(Q)m- (6-9)

It follows from (6.7), (6.8) and (6.9) that

1T 1, -
Jk(vk) = —5/ (02/%, Uk)Lz(Q)mdi + i(yk(T, '), djk(T, '))L2(Q)m
0
17 - 1 /7 . .
=—= [ (r, Ovr)p2ymdt + - Uk Ostr) L2(ym + (Oelii, Yie) 2y ) dt
2 /o 2 /o
1 4 -
+ §(y 7¢k)(07 '))LQ(Q)W
1 ~
= Q(yo,wk(o, )2 @)m- (6.10)

Moreover, employing the weighted observability inequality (5.3) along with (6.2), (6.7),
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(6.4), (6.10) and the Cauchy-Schwarz inequality successively, we have

~ ~ |12
H¢k(0, ')H%Q(Q)m S Cobs // p92 HwkH dxdt
(0 T)Xwo
< C1obs // 092
= Cops // vk l)? dadt
T

< 2C s i (Vi)

zpkH ddt

< 2C0s[[ 040, ) | 2@y 190 | 220
from which we deduce
1050, )| z2(ym < 2Cos][4°|| L2 ()m- (6.11)
Furthermore, by (6.10), (6.11) and the Cauchy-Schwarz inequality, we obtain
Ji(vg) < CobSHyOH%Q(Q)m- (6.12)

One can deduce from Theorem 2.3.3, (6.2) and (6.12) that

156l 220713 @m0y @ym < C (100l 2@y + 15° ]l 22
< C (lokllzz@rym + 191l z2()m)

<O+ QCobS)HgOHL?(Q)m: (6.13)

since for our choice of s; (which depends on p) and by (5.5) and (5.6), p < 1 in

Q7. Owing to the well-known result that in Hilbert spaces, bounded sequences have
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weakly convergent subsequences, along with (6.4) (6.12), and (6.13), one can extract

subsequences of (vg), and (gx)r (which we still denote by v, and g;) such that

vy = v in L2(Qp, p~V/H™

ge =g in L2((0,T); Hy(Q)™ N H'((0,T); H~H())"

Ge(T,-) =0 in L*(Q)™.

\

Hence, (7,6v) is the solution to the analytic control problem (4.16) with v €
L*(Qr, p~'/?). Furthermore, we deduce from (6.4) by taking k — oo that §(T,-) =0
(in the sense of Definition 2.3.1). In addition, by (6.12) and since p < 1 in Q7 for our

choice of s1, it follows that

[ol12200) < V2Cobslly’ 1 22(0ym

as claimed. It is left to show that (6.3) is verified. Note that for every K € (0, 1),

there exists a Cx := Ck(Q2) such that
62K51a* S OK€_2P_76281Q, (614)

for all (t,z) € Qr. Hence, utilizing (6.14), (6.4) and then (6.12), we obtain

655 gy < Coc [ 7 unl dnat
T

< Ol 122 gy (6.15)
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Similar to (5.22), for a > 0, one has

|0, (%7 21)| < OTEx6/5¢ 2012, (6.16)
Furthermore, for » € N one has

Hvr(gaeflela) Hr < Cgotremma, (6.17)
Indeed,

V(faeflela) — aéafl)\vn()fef%ja o 281£a67231a (_)\Vn(]é-)

— )\vn() (g 4 281) §a+1€_251a,

and since C' := C(Q,wy, T), (6.17) is verified for r = 1. The same reasoning can be

used for the r-th derivative, where we have fixed n° € C"(Q2) (the existence of such
an 7" is verified in Section 8.1) for r = p + 2. Hence, by (6.7), the triangle inequality

and then (6.17) for a = 2p + 7, we obtain

e Tonlapn = [[ 2o
Qr
- / / 21|V (=T e 2100y ) | S
T

~ 112 ~ 112
< C// 2Ks10° (Hv(gzpwe—zsla)”f HwkH + H52p+76—251“V¢kH ) dxdt
Qr 1 2

S C// €2Ksla*74s1o¢ (£4p+16
T

Vg ||5dzdt

~ |2 ~
[+ €7 TlR ) dac

(6.18)
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and similarly, for r € {1,...,p + 2}, we obtain

HeKsla*vrka%2(QT)m < C// 62K81a*,4s1a (Z £4p+14+21‘|vrl1;kug_l+1> dadt.
T =0
(6.19)

By (6.16) and since 1), satisfies system (6.6), we obtain

Hat(eKsla*Uk)H%%QT)m (6.20)

<c / / Pri0 —dsia (5(2°p+82)/ [l + g H&%HQ) dadt
B Qr ! '

< C// 62K51a*7451a (5(20p+82)/5
T

~ 12 N _ 02

B+ et (190dlg + 19+ ] ) doae
(6.21)

Note that for every a,b > 0 and K € (0, 1), there exists Cop,xc = Cap i (€2) > 0 such

that

|£a€2Ksla*—4s1a| S Ca,b,Kgbe281a- (622)
From (6.15), (6.18), (6.19), (6.20) and utilizing (6.22) for appropriate a and b, we

obtain

HeKsla*Uk HLQ((O,T);HP‘FQ(Q)QH(} (Q))mNH1((0,T);L2(Q))™
p+4

S Cma:c,K // 6_281a Z§2k_1||Vp+4_k'(;k||z2)+5—kdxdta
T k=2

where Caz i = max{max, ,{Cup x }, Cx }. Owing to (6.2), Proposition 5.2.1 and (6.7),
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we deduce

Ksia*

H e Uk H L2((0,1); HPT2(Q)NHE (Q))™NH((0,T);L2(Q))™

—2s1a0¢-2p+7
S Cmax,KCobs // € ! 5 P
T

= maz,KCobSHUk‘H%Q(QT)m'

~ 2
0 H drdt
1

Lastly, for Cx := Ck(Q,wo, T), (6.12) yields the inequality

Ksi«

e *UkHL2((o,T);Hp+2(Q)mHg(Q))mmHl((o,T);m(Q))m < Ckll7° | n2(@ym

from which (6.3) is verified by extracting a convergent subsequence and letting k —

00. O

With algebraic solvability of the algebraic control problem (4.17) and null con-
trollability of the analytic control problem (4.16) both established for highly regular
controls, we can now prove null controllability of the system (3.1) with internal con-
trols @ € L?(gr)¢, where ¢ < m — 1.

In Proposition 6.2.1, we showed the existence of (g,0v) € L*((0,T); H3(Q))™ N
HY(0,T); H Q)™ x L*(Qr)™ satisfying

0, = div(DVg) + G - Vi + Aj +0v in Qr
y=0 on Yp (6.23)

7(0,) =4°() in Q)

such that g(7,-) = 0in . Furthermore, we established the following higher regularity
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for v:

ey € L2((0,T); HPY(Q) N Hy ()™ N H'((0,T); LA(Q)™, (6.24)

for all k € (0,1). Notice that (6.24) implies that v is exponentially decaying as t — 0
and ¢t — T'. For the linear partial differential operator B (of order zero in time and

at most p 4+ 2 in space) constructed implicitly in Proposition 4.4.6, let us define

<>

=B (6v),

>

which is well-defined by (6.24). By virtue of B being a linear partial differential

operator of the stated orders with constant coefficients, we conclude that

(9,4) € L*(qr) x L*(qr)S; (6.25)

we then extend (y,u) by zero to Qr. Since v decays exponentially as t — 0 and
t — T, 9(0,) = y(T,-) =0 in Q. Furthermore, it follows from the discussions in

Chapter 4 that (g, a) is the solution to

0y = div(DVy) + G -Vy+ Ag+ Bu+60v in Qr

y=0 on Xp (6.26)

g<0a ) = ZQ(T, ) =0 n Q)

where, by (6.25) and by the parabolic regularity discussed in Section 2.3, (y,u) satis-

fies Definition 2.3.1. Defining (y,u) := (g — ¢, —), it is immediate that (y,u) is the
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solution to (3.1) with y(7',-) = 0 in Q. This finishes the proof of Theorem 3.1.5.
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Chapter 7

Conclusions and future work

7.1 Summary

In this work, we derived a sufficient condition for the null controllability of a system
of coupled parabolic PDEs, where the couplings were constant in space and time
and of first and zero-order, when more than half of the equations in the system were
actuated. This controllability condition is generic for the case of ¢ > h, where ¢
denotes the number of controls and for A defined in Theorem 3.1.5. Furthermore, we
demonstrated that for ¢ < h, the possibly non-generic nature of this controllability
condition is purely technical and is an artifact of our treatment in Section 4.4. In
the process of deriving our main result, we used a powerful technique, the so-called
fictitious control method, which allowed us to pose our controllability problem as two

interconnected problems.

7.2 Future work

Here are two directions of research which build upon the work in this thesis:

(i) in light of the shortcomings of Theorem 3.1.5 for ¢ < h, one may wish to explore
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other decomposition methods than the one we relied on in Theorem 2.5.6 to
construct a right inverse to the differential operator £ defined in (4.18). Fur-
thermore, since the controllability condition stated in Theorem 3.1.5 are only
sufficient, a different sparse matrix decomposition and a different choice of dif-
ferential operator A/ may yield a milder controllability condition that closes the
gap between sufficiency and necessity (as in Lemma 4.4.2 for one underactua-

tion), and;

to our knowledge, the fictitious control method has yet to be applied to prob-
lems of stabilizability of control systems at the time of this writing. One could
possibly extend this treatment to stabilizability of control systems by means of

internal controls.
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Chapter 8

Appendix

8.1 Omitted proofs

Proof of Lemma 5.1.1. Consider a function § € C"(R") such that Q = {z € R™ :
f(x) > 0} and ||[VO(z)||, > 0 for all x € 9. In can be deduced from [5, Theorem

5.31] that there exists a sequence of Morse functions (6),.y. such that
Op — 0 inC"(Q)ask — oco. (8.1)

We define the set of critical points of § by C := {z € R" : VO(x) = 0}. Since

V]|, > 0 on 09, there exists an open set © C R™ such that
ONC =10, where 00 CO, (8.2)

that is, the critical points of 6 are not limit points in ©. Let e € C°°(R") such that

supp(e) = O and e = 1 on J€2. We define a function gi(x) := 0, + e(6 — ;). By the
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construction of 6 and e, it follows that
gr =0 on 0. (8.3)

Indeed, by construction of 6, # = 0 on 0€2. Furthermore, by construction on e,

Vwk n S)\(L
Vg = (8.4)
VO + (VO — V) + Ve(@ —6,) in QNO.

By (8.4) and then (8.1), for all € > 0, there exists an integer ko := ko(€) such that

IVarlly = VO, = I=e(VO = Vi) — Ve(d — b;) |
2 VO], = e(VO = VO, = [IVe(d — k)]l

> V0|, — sup{e} [[VO — VO ||, — sup{Ve} [0 — O
reO €O

> [IVOlly, = llellorey (IVO = Vil + 16 = Ok])

> [IVO]l, —

for k > ko and for z € QN O. It follows from (8.1), (8.2) and the above inequality

that there exists € > 0 and a k sufficiently large such that

IVgill, >0 in Qne.

Hence, defining ¢ := g;, we have shown the existence of a Morse function g € C"(12)
such that ¢ > 0in Q, g = 0 on 99, ||[Vg|l, > 0 in 9Q. Furthermore, since Q is

compact, the set of critical points of g is finite (indeed, non-degenerate critical points
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are isolated points, so must be finite in a compact set; see [5, Corollary 5.25] for the
details).
For k € N, let a; denote the i*® critical point of g, for i € {1,...,k}. Let

vi € C*([0,1]; Q) be such that

~; is one to one for every i € {1,...,k}
34(10,17) (950, 1]) = 0 (5, ) € {1, .., k}* such that i # j
’}/Z<O):a“ Vi€ {1,,]{}

(1) € we, Yie{l,... k} (8.5)

The existence f such 7;’s follows from the connectedness of §2: for n > 2, one uses a
transversality argument (two intersecting embedded curves can be perturbed so that
they no longer intersect); for n = 2, one proceeds by induction on k and by noticing
that for I" a set of k of disjoint embedded paths in 2, Q \ T" is still connected.

Consider the C* vector field X € C*°(R",R"™) such that

{reR": X(z)#0} CQ (8.6)
X ((t)) = dz;f), Vie{l,... kb (8.7)

Let ® be the flow associated to X, i.e., & : R x R” — R" satisfies

dd

= = X(®), @0,z)==z, VzeR" (8.8)
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From (8.7) and (8.8), we have

O(t,a;) = (t), Vit €[0,1],

which follows from uniqueness of solutions to equations of type (8.8). Hence, by (8.5),
it follows that

d(1,a;) € ws. (8.9)

Note that for every 7 € R, ®(7,-) is a diffeomorphism (with the inverse ®(7, )~ =
®(—7,-)). Hence, by (8.6), for every 7 € R, ®(7,Q) = Q. Indeed, since d7! is
continuous, we have ®(7,Q) = w for some w C 2 open. Suppose w # €; then,
®(—7,w) = 2, which yields a contradiction since ® is a diffeomorphism. Furthermore,

by (8.6) and (8.8), ® is the identity map in a neighbourhood of 9. We define

n°(x) == g(®(~1,1)), Vo eQ,

which satisfies the desired properties. Indeed, n° € C™(Q) and n° inherits from g the
properties that n° > 0 in Q, n° = 0 on 9Q and ||V°||; > 0 on 99. Lastly, the critical
points of 7% in © are located where ®(—1,2) = a; = for i € {1,...,k}, and hence

by (8.9), they occur for

thus |Vn°(z)|], > 0 for x € 2\ wo. O



8.1. OMITTED PROOFS 111

Proof of Lemma 5.1.4. We denote by C' various positive constants depending on €2, wyo

and r. From now on, let n denote the outward-pointing normal associated to 0f2.

Since C™(£2) is dense in W™P(Q) (see, for example, [16, Theorem 3, Subection 5.3.3]),

we can take u € C°([0,T]; C1(£2). Consider the integral

/Qe_zso‘f“rl (Vn° - Vu) udzdt. (8.10)
Using (5.5), we calculate
V_(e—Qsoagr-l-lvnOu) _ 28)\6—25a§r+2 HVUOHiU+€_28av'(fr+lvﬁ0) u+e—2$a§r+lvu‘vn0.
Hence, integrating (8.10) by parts over 2 yields

/ e 2 (V) - V) udadt = / e 2 (Vn® - n) |ul*dodt
Q o9
— 25>\/ i S ||V7)OHT |u|®dxdt
Q
— / e >V - (V) Jul*dxdt
Q

— / e 2 (V- V) udadt.
Q

Multiplying by s\ and integrating over ¢ € (0,7), one gets

SA // e ¢ (Vn° - V) udzdt = % // e ¢ (V) - m) |uldodt
T Zr
_ 52)\2 // 6—250457’—&—2 anOH? |U|2dl’dt
Qr

- % // e >V - (&) Jul dadt.
T
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By (5.4), we have that (Vn°-n) < 0 which gives

52)\2 // e 2sagrt2 ||V77°Hf ]u\zd:cdt < —s\ // e 2sagrtl (VUO . Vu) udzxdt
Qr Qr

- %// e >V - (£€'Vn°) |ul*dadt.

One can make an even coarser estimate:

$2)\2 // 6—23a§r+2 ||V770Hi |u|2dsvdt < sA // e—2sa€r+1 ”VnoHl IVull, Juldzdt
Qr Qr

+ % // e >V - (€7VR°) [|ul*dadt.
T

Note that for A > C,
’V . <£r+1vn0) ’ < C}\ET+1.

Indeed, from (5.6) we compute V& = \(r + 1)£"Vn°; hence

r+1v7,,0 r+1 0|2 An’
V- (V) [ =€+ 1) |||V ||1+A(T+1>
A 0
<N+ 1) ‘IIWOHf + —c(ri 1)‘

S C/\€T+1.

It follows that that

s2\? // e 2sagrt2 ||V770Hi lu|?dzdt < sA // e sagrtl ||V770H1 |Vull, |u|dzdt
Qr Qr

sA? —2saer41], |2
+T Ce™ %" u|*dxdt. (8.11)
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We use Cauchy-Schwarz and Young’s inequalities with € > 0 on the first term in the

righthand of (8.11) along with the fact that n° is chosen and C' depends on :

SA // e sagrtt HVnoHl | Vul|, |u|dzdt
Qr

_ // (671/2€7sa€r/2 ||VUH1 ’n0|) (61/28)\673a£(r+2)/2|u|) drdt
T

1 1/2 1/2
</ (/ 723a§ HVUH ‘7] |2dl‘) <652)\2/62sa§r+2|u|2dx) dt
Q¢ Q
2)\2
<—// gt |Vl
T

For s > w, the second term in the righthand side of (8.11) can be upper

6_28a£T+2|U|2d$dt.

T

bounded: by (5.6), (5.13) and since 1017’ lot7°(®) > 1 for all z € Q,

8)‘2 // —23a§T+1|u|2d dt< 2)‘2 // _28a§T+1|u|2dZEdt
. . T5_|_T10)

2)\2
gESQ / / =207 +2 |y 2 (8.12)
Qr

Hence, a coarser bound for (8.11) is

A2 / / e~ 22 ||V |7 ful2dwdt < © / / e 2o ||V} dadt
Qr € Qr

+ €52\ // e~ 22|y P dadt. (8.13)

We multiply (8.13) by s"A\"*! and take ¢ small enough such that the rightmost term
becomes dominated by C's?A\? [ pr+2 e 2502 y)?dxdt (recall that C depends on

and wy,9). This proves the desired inequality for A > C and s > C(T° + 7). O



