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Abstract

In this thesis, we introduce random differential equations in an abstract framework
and study their well-posedness. We study average controllability properties of a
random heat equation when the diffusivity is a random variable. We show that the
solutions of such random heat equations are both null and approximately controllable
in average from an arbitrary open set of the domain and in an arbitrarily small time,
recovering the known result when the random diffusivity is uniformly or exponentially

distributed.
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Chapter 1

Introduction

A control system is a dynamical system, modelled by ordinary or partial differen-
tial equations (ODEs or PDEs), that one can act on using controls. The ability
to steer the system from any given state to any other state is a desirable property
of control systems. If this property holds, the system is called controllable. This
type of problem is known as the controllability problem. When studying such control
problems, it is useful to distinguish between finite-dimensional systems, modelled by
ODEs, and infinite-dimensional systems, modelled by PDEs. The importance behind
this distinction lies in the differences between the behaviour of finite and infinite-
dimensional systems. For example, by the well-known Kalman rank condition, if a
finite-dimensional system is controllable during some time, then it is controllable for
all time (see e.g. [2]). This, however, is not true for an infinite-dimensional system
modelled by the transport equation. In this case, the system is not controllable unless
enough time is provided to allow for the effect of the control to propagate throughout
the entire domain (see e.g. [2]). These drastic differences have lead to a separation in
the studies of ODEs and PDEs. The focus of this thesis will be on control systems

modelled by PDEs. This focus is motivated by the various physical phenomena that



PDEs are used to model. Examples include heat conduction, wave propagation, fluid
dynamics, electromagnetism, and quantum mechanics [5].

In particular, this thesis will focus on what are known as parameter dependent
control systems. A parameter dependent control system is a system whose dynam-
ics are governed by parameter dependent operators. Each unique parameter value
corresponds to a specific realization of the system. The usefulness of such systems
becomes clear when considering the problem of modelling physical processes. Due
to the uncertainties and complexities involved, it is difficult to perfectly model phys-
ical processes; thus it becomes natural to model them using parameter dependent
coefficients. In particular, equations whose parameters are random can be used to
model many uncertain physical processes [15]. An example of such a process is heat
diffusion through an inhomogeneous material. Generally speaking, in order to control
such systems one must use controls dependent on the parameter (see e.g. [12], [11], [6]
and references therein). However, in the cases where the value of the parameter is
unknown, it is not always possible to control every realization of the system using a
control independent of the parameter (c.f. Remark 2.3.4); one can instead make a ro-
bust compromise to controlling every realization of the system by controlling instead
the average of the state with respect to the unknown parameter. This problem was
first introduced in [16]. There, the problem was formulated and solved in the set-
ting of finite-dimensional systems. In [10] the problem of averaged controllability was
studied in the context of PDEs. There, the authors focused on heat and Schrodinger
equations with random parameters. Due to the recency of the averaged control prob-
lem, there are many open problems. The aim of this thesis is not to address all of

these problems, but to explore how we can apply existing results on control of PDEs
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to the averaged control problem. Our focus will be on averaged controllability of the
heat equation where the diffusivity coefficient is unknown, i.e., the diffusivity is a
random variable where only its probability density function is known. The treatment

of this problem will follow the treatment presented in [10].

1.1 Contribution of Thesis

The contribution of this thesis is twofold: first, we extend the result of [10] to show
both null and approximate controllability in average for a random heat equation when
the diffusivity is a random variable with a general probability distribution. Secondly,
we characterize the necessity of a non-zero diffusivity for achieving average control

properties.

1.2 Organization of Thesis

The rest of this thesis is organized as follows: in Chapter 2 we will introduce some
notation. We introduce abstract parameter dependent control systems and discuss
their well-posedness. We also define what it means for such systems to be exactly,
null, and approximately controllable/observable in average. In Chapter 3 we state
the main problem addressed in this thesis. In Chapter 4 we present a proof for the
main result. In Chapter 5 we summarize the main result, and indicate interesting
directions for future work. Finally, in the Appendix, Chapter 6, we include several

classical results that are used throughout the thesis.



Chapter 2

Mathematical Preliminaries

2.1 Basic Notation

Throughout this thesis, we denote the set of real numbers by R, non-negative real
numbers by R, positive real numbers by R+, non-negative integers by Z-, positive
integers by Z-g, and complex numbers by C. Given numbers a,b € R, we denote by
[a,b) an interval inclusive of a and non-inclusive of b. We denote the real part of
a number a € C by Re(a). We will denote a norm on a vector space V by | - ||v,
and an inner product on a vector space H by (-,-)y. We will denote the space of
linear operators from a vector space U to a vector space V by L(U,V) and from
V to itself by L£(V). We will denote by C(U; V) the space of continuous functions
from topological space U to topological space V and C*(U; V) the space of k-times
continuously differentiable functions from U to V. We denote by xg(-) the indicator
function on E. We will often denote the partial derivative of multi-variable function

y: (z,t) — y(z,t) with respect to its second variable by y;(x,t).
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2.2 Well-Posedness of Abstract Cauchy Problem

In this section we introduce an abstract Cauchy problem that can be used to model
PDEs. After studying the well-posedness of this equation, we will further generalize
to abstract parameter dependent control systems and discuss the averaged control
problem.

Let T > 0, let V and U be separable Hilbert spaces. Let A: D(A) C V — V,
where D(A) is the domain of A. Let B € L(U, V), and consider the following abstract
Cauchy problem:

y(t) = Ay(t) + Bu(t), te (0,77,
(2.1)

y(0) = vo,
where yo € V and u(t) € U. Our goal in this section is to provide conditions under
which a solution to (2.1) exists and is unique. Before defining what it means to be a
solution, we first present a formal example that will motivate the need for so-called

semigroup theory.

Example 2.2.1. Consider a one-dimensional bar of length 1 that is heated along its

length according to the following equation:

.

Yi(z,t) = Yoo (2, t) +u(z,t), (x,t) € (0,1) x (0,77,

y(x,0) = yo(x), z e (0,1), (2.2)

y(0,t) = y.(1,¢) =0, t€[0,7],

\

where y(x,t) is the temperature of the bar at position = and time ¢, y, is the initial
temperature profile, and u(z,t) is the addition of heat along the bar. We can repose

this problem in the sense of an abstract Cauchy problem. To do this, we choose state
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space V = L*(0,1) where the state at time ¢ is y(-,¢). Choose U = L?(0,1), B =1

and
)

Ah = h,, with

D(A) ={h € L*(0,1) : h, h, are absolutely continuous,

hew € L2(0,1), ho(0) = ha(1) = O}

\

It is well-known (see e.g. [3]) that for sufficiently smooth functions y, and u, the

solution to (2.2) is given by

y@ﬂZ[ﬁMﬂM@@+AAQ@ﬂW@M%ﬁM%

where g(t,z,y) = 1+ 3.2, 2¢7"" ™" cos(nmx) cos(nry). To formulate this solution in

an abstract sense, define for each ¢ € [0, 7] the operator S(t) € L(L?*(0,1)) by

5@M@=AMMWM@@-

Then, the solution becomes

y(t) = S(t)yo + /Ot S(t — 7)u(r)dr.

This is analogous to the variation of constants formula for finite-dimensional systems.

This example motivates the following definition:
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Definition 2.2.2. A strongly continuous semigroup (C°-semigroup) is an operator-

valued function, S: R>o — L(V), satistying

S(t+s)=S(t)S(s) for s,t>0,

||S(t)y0—y0||v—>0 as t—>0+, \V/y()EV

Note that ||S(t)||zqy is bounded on every finite subinterval of [0,00) (see e.g. [3,

Theorem 2.1.6]). One can associate with each C°-semigroup, a linear operator.

Definition 2.2.3. The infinitesimal generator A of a C°-semigroup on a Hilbert

space V is defined by

Ay = Tim ~(S(t) — )y,

t—0t ¢

whenever the limit exists. The domain of A, D(A), is the subset of V' for which the

limit exists.
Next we introduce the adjoint operator of A.

Definition 2.2.4. Let A be a linear operator on a Hilbert space V' that is densely
defined, i.e., D(A) is dense in V. The adjoint operator of A is the linear operator
A*: D(A*) C V — V, where D(A*) consists of all y € V' such that there exists y* € V
satisfying

(Az,y)y = (z,y" )y, Y a e D(A).

For each y € D(A*), we define A* as

A*y =vy".
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Definition 2.2.5. We say that a densely defined linear operator A is symmetric if
for all z,y € D(A)

(Az,y)u = (z, Ay)n.
A symmetric operator is self-adjoint if D(A*) = D(A).
We have the following semigroup result concerning the adjoint operator A* of A:
Theorem 2.2.6. ([3, Theorem 2.2.6]): If S(t) is a C°-semigroup with infinitesimal

generator A on a Hilbert space V, then S*(t) is a C°-semigroup with infinitesimal

generator A* on V.

Conversely, A is not always the generator of a C%-semigroup. We will give a

sufficient condition for when A is the infinitesimal generator of a C-semigroup.

Theorem 2.2.7. ([3, Corollary 2.2.3]): Let A be a densely defined closed operator,
i.e., D(A) is dense in V and the graph of A is a closed subset of V- x V. If there

exists 5 € R such that

Re ((Av,v)y) < Bllv|lv, Vv e D(A)

Re ((A*v,v)y) < Blv|lv, Vv e D(AY)

then A is the infinitesimal generator of a C°-semigroup on V with ||S(t)||can < €.

Throughout the rest of this section, we will assume that A: D(A) C V — V is
the infinitesimal generator of a CY-semigroup S(t). We are now in position to define

what it means to be a solution to (2.1).

Definition 2.2.8. The function y(t) is a classical solution to (2.1) on [0,T] if y €

CH[0,T]; V), y(t) € D(A), for all t € [0,T] and y(t) satisfies (2.1) for all t € [0,T].
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Lemma 2.2.9. ([3, Lemma 3.1.2]): Assume that Bu(-) € C([0,T];V) and that
y(t) is a classical solution of (2.1) on [0,T]. Then Ay(-) € C([0,T};V) and

y(t) = S(t)vo —I—/O S(t — 7)Bu(T)dr. (2.3)

It is important to note that (2.3) does not always give a classical solution to (2.1).

However, under certain conditions a classical solution can be obtained.

Theorem 2.2.10. ([3, Theorem 3.1.3]): If A is the infinitesimal generator of a C°-
semigroup S(t) on a Hilbert space V, Bu(-) € C*([0,T); V) and yo € D(A), then (2.3)

is continuously differentiable and it is the unique classical solution of (2.1).

The condition that Bu(-) € C'([0,T]; V) is generally too strong for control pur-
poses. Instead, we wish to choose u such that Bu(-) € L?([0,T]; V) for some p. This
relaxation allows us to choose controls from a larger class of functions, thereby in-
creasing the likelihood of finding a control that steers the system to the desired end

state. Thus, we must introduce a weaker notion of a solution to (2.1).

Definition 2.2.11. If Bu(-) € L*([0,T];V) for some p > 1 and y, € V then we

call (2.3) a mild solution of (2.1).

Note that in this context, the integral in (2.3) is well-defined since ||S(t)||zv) is
bounded on [0,¢] and if Bu(-) € LP([0,T]; V) then necessarily Bu(-) € L'([0,T]; V).
It turns out that the mild solution coincides with the notion of weak solution used in

the study of PDEs.

Definition 2.2.12. Let Bu(-) € LP([0,T];V) for some p > 1. We call y(t) a weak
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solution of (2.1) on [0,T] if y € C([0,T]; V) and for all g € C([0,T]; V)

/OT {y(1),9(t))y dt — /OT <Bu(t),/tT S*(r _t)g(T)dT>th

— <y0, /OT S*(T)g(T)dT>V = 0.

Theorem 2.2.13. ([3, Theorem 3.1.7]): Let yo € V and Bu(-) € LP([0,T];V)
for some p > 1. Then there exists a unique weak solution of (2.1) that is the mild

solution given by (2.3).

2.3 Parameter Dependent Control Systems

In this section we introduce a more general class of Cauchy problem with parameter

dependence and describe the notions of averaged controllability and observability.
Let T > 0, £ C [0,T] a Lebesgue measurable set with positive Lebesgue measure.

Let H and U be separable Hilbert Spaces. Let V' C H be a Hilbert space dense in

H. Let V' denote the dual space of V' with respect to the pivot space H, i.e.,
VcHCcCV.

Let (€2, F,P) be a probability space. Let {A(w)}oeq be a family of linear operators

under the following three assumptions:
(A1) A(w) € L(D(A(w)), H), for all w € Q;
(A2) A(w): D(A(w)) — H generates a C%-semigroup S(t,w) on H and V', a.e. w € Q;

(A3) S(t, )y e L (; V), for ally € V and t € [0,T].
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Let B € L*(Q; L(U,V)), and consider the following control system:

w(t) = A(w)y(t) + xp(t)B(w)u(t) in (0,77,
(2.4)

y(0) = yo,

where yo € V and v € L*(E;U) is the control. Note that the state of the system at
time ¢, denoted by y(t, w; yo), depends on w nonlinearly. According to Theorem 2.2.13,
for a.e. w € Q, there exists a weak solution y(-,w;yy) € C([0,T]; V). Moreover, the
averaged state [, y(-,w;yo)dP(w) is in C([0,7]; V). Indeed, this follows from the fact
that for a.e. w € Q, y(-,w;y) € C([0,T]; V) and

/Qy(t,w;yg)dIP(w) :/QS(t W) yodP(w // (t — 7,w) B(w)u(r)drdP(w).

Note that the integrals above make sense by assumption (A3).

2.3.1 Average Controllability and Observability

We now introduce the following three notions of average controllability:

Definition 2.3.1. System (2.4) is exactly controllable in average in E with cost C' if

for all yo,y; € V, there exists u € L*(E;U) such that

ull 22 ey < Cllyollv + llvallv)

and the average of the solution to (2.4) satisfies

/y(T,w;yo)dP(W) = 1.
Q
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Definition 2.3.2. System (2.4) is null controllable in average in E with cost C' if for

all yo € V, there exists u € L*(E;U) such that

ull 220y < Cllyollv

and the average of the solution to (2.4) satisfies

/ y(T, w; yo)dP(w) = 0.
0

Definition 2.3.3. System (2.4) is approzimately controllable in average in E if for
all yo,y1 € V, for all € > 0, there exists u. € L*(F;U) such that the average of the

solution to (2.4) satisfies

< €.
v

/Qy(T,W;yo)d]P’(W) —

Remark 2.3.4. A different notion of controllability is simultaneous controllability.
For an introduction to this notion see [7]. For simultaneous controllability, we are con-
cerned with choosing a controller, independent of the random parameter, that makes
every realization of the system controllable. Clearly this notion is much stronger
than controllability in average. However, as one can imagine, there are many systems
where simultaneous controllability is impossible to achieve but that are controllable

in average; a simple example is provided in [10] which we present here. Consider the
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following linear, finite-dimensional system:

yi(t) = Ay(t) + B(w)u(t) in (0,77,

y(0) = yo € R?,
where
01
A= : B(w) € {B,2B} for B=
0 1 1

By Theorem 1 in [16], we have that the above system is null controllable in average.
However, this system is not null simultaneous controllable. Otherwise, there would

exist u € L?(0,T) such that
T T
ey + / eA(T’t)Bu(t)dt = ey + 2/ eA(T’t)Bu(t)dt =0.
0 0

But this implies that yo = 0. °

Next, we introduce the adjoint system to (2.4):

—aft) = A()=(t) i [0,7),
2(T) = zo,
where z; € V'. We will denote the solution at time ¢ to (2.5) by z(t,w; 2o).

Similar to average controllability, we introduce three notions of average observ-

ability:

Definition 2.3.5. System (2.5) is ezactly observable in average in E if there exists
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C > 0 such that for all 2y € V’,

2

dt.
U

T
=l <€ [ XE@)\
0

/QB*(w)z(t,w; 20)dP(w)

Definition 2.3.6. System (2.5) is null observable in average in E if there exists C' > 0

such that for all zo € V’,

Definition 2.3.7. System (2.5) is said to satisfy the averaged unique continuation

2

dt.  (2.6)

2 sc/oTxE@)\

V/

/Q 20, w; z0)dP(w)

/ B*(w)z(t, w; z9)dP(w)
Q

property in E if
ult) /Q B*(w)2(-,w: 20)dP(w) = 0 € L2([0,T]: U)

implies 2y = 0.

Note that there is no natural evolution equation to describe the dynamics of
Jo y(-,w; yo)dP(w), the average of the solution to (2.4). Similarly, there is no natural
evolution equation to describe the behaviour of [, z(-,w; z)dP(w), the average of
the solution to (2.5). Because of this, we cannot directly employ existing results or
techniques to prove average controllability results. However, one can still prove the

classical duality between controllability and observability in the averaged sense.

Theorem 2.3.8. ([10, Theorem A.1]): System (2.4) is exactly controllable in

average in E if and only if system (2.5) is exactly observable in average in E.

Theorem 2.3.9. ([10, Theorem A.2]): System (2.4) is null controllable in average

in F if and only if system (2.5) is null observable in average in E.
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Theorem 2.3.10. ([10, Theorem A.3]): System (2.4) is approximately control-
lable in average in E if and only if system (2.5) satisfies the averaged unique contin-

uation property in E.

We prove Theorem 2.3.9 and Theorem 2.3.10. The proof for Theorem 2.3.8 is very

similar to that of Theorem 2.3.9.

Proof of Theorem 2.3.9. (<): Define a linear subspace X C L*(FE;U) as
X = {XE() / B*(w)z(-, w; z0)dP(w) : zo € V’},
Q
and a linear functional ' on X" as

F (o) [ B@stwiza®@)) = (. [ z<o,w;20>d1@<w>>w.

We have by (2.6),

F(xel) [ B@)stws b))
/Q 20, w: 20)dP(w)

< HyOHV

V/

< \/EH?JOHV

ve() / B (w)2(-, w; 20)dP(w)

L2(E;U)

Hence, F' is a bounded linear functional on X with norm,
1 [|eem < VCllyollv-

By Hahn—-Banach theorem, F' can be extended to a bounded linear functional on

L*(FE;U) with the same norm. With abuse of notation, we will denote this extension
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also by F. By Riesz representation theorem, there exists u € L?(E;U) such that for
allv e L*(E;U),

F(v) = (v, U>L2(E;U),

and

lull2zoy = 1Fl ceezy < VOllyollv-

By definition of F,

_<y0,/ﬂz(o,w;zo)d1@(w)>w = <U,XE(‘>/QB*(W)Z('ﬂ(");ZO)dP(w)>L2(E;U)

_ /E <u /Q B (w)2(-, w: zo)dIP’(w)>Udt.

Note that for a strongly measurable function f: {2 — U, we can write

<u7/Qf(w)d]P’(w)>U = <U,ijM(Aj)>
= <U,J§i_r>202fm(flj)>
= Jim <u, ij#(Aj)>

[e.e]

= (u, fi)y u(Ay)

Jj=1

_ / (u, f(©))vdP(w),
Q

U

U

where f; € U with support on A;, for all j € Z~(. Hence,

(e [ z<o,w;20>d1@<w>>w= [ [ m @ty en. @)
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Also,

5

S—— S— o S— S—

=
&

*(w)z (-, w; 20)) y dP(w)dt

=
&

(t) B(w)u, 2(+,w; 20)) vy dP(w)dt

<yt<t7 ws y0)7 Z('a w; ZO)>V,V/ d]P)(w)dt

<A(w)y(ta W y0)7 Z(-, w; ZO)>V,V’ dP(W)dt

(ye(t,ws o), 2(+ w5 20))yyr dP(w)dt

(y(t, wi o), A" (w)2(+, w; 20)) vy dP(w)d.

By Fubini—Tonelli theorem and integration by parts,

/E /Q (u, B*(w)z(t, w; 20) )y dP(w)dt

<<y(T7 W yO)? Z(T7 w; ZO)>V,V’ - <y(07 w; yO)? ’Z<07 w; ZO))V,V’

J

T
_/ (y(t,uJ;yg),zt(t,w;zo»vy, dt

0

T

J

(ot 05 90), A"() (1,55 20 dt) 0P()

I
S~

((?J(Taw§yo)720>v7v’ — (Y0, 2(0, w; ZO))V,V’) dP

= </ y(vaayO)d]P)7 Z0> - <y07/ Z(vaaZO)dP> .
Q v,v/ Q vV’
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Hence from the above and (2.7),

</ y(T,w;yo)dIP’, Zo> =0, Vze V/,
Q A%

which shows that [, y(T’,w; y)dP = 0.

(=): Let zp € V'. Choose yo € V such that

- <y07/9Z(07w;Z0)dP(w)>v,w - ‘

Since the system is null averaged controllable in E, there exists u € L?(E;U) such

(2.9)

/QZ(O,W; 20)dP(w)

V/

that

ull 2 gy < Cllyollv < C,

and

/Q y(T, w: o) dP(w) = 0.

From (2.7) and (2.9), we know that

/E <u(t), /Q B (w)2(t, w: zo)dIP’(w)>Udt:‘

By Cauchy-Schwarz,

/QZ(O, w; z0)dP(w)

V/

< lull L2z
V/

/Q 20, w; 20)dP(w)

/Q B (w)2(t, w: 20)dP(w)

L2(E;U)

<C

/QB*(w)z(t,w; 20)dP(w)

L2(E;U)
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Proof of Theorem 2.3.10. By linearity of (2.4), we can assume yo = 0. Indeed, if
Yo # 0 then redefine the state to be y =y — yo.
(«<): Assume that (2.5) satisfies the averaged unique continuation property in £. We

must prove that the set
Ar = {/ y(T,w; 0)dP(w) : y solves (2.4) with some control u}
Q

is dense in V. Assume by contradiction that A7 is not dense in V. Then, we can find

¢ € V' with ||¢||y» = 1 such that

(Y, By =0, Ve A

On the other hand, from (2.8), we have

/oT xe(t) <u(t)v /Q B*(w)z(t, w; ZO)dP<°">>U “= </n YT w: 0)dP(w), 20>v,v' '

Let zg = ¢ in the above. Then,

/OT xa(t) <u(t),/QB*(W)Z(t,w;¢)dIP’(W)>Udt =0 VueLAO.TR).

Hence,

() / B*(w)z(w: )dP(w) =0 € LA(0,T}; V),

which implies by the averaged unique continuation property that ¢ = 0. Thus we
have a contradiction.

(=): Assume that (2.4) is approximately controllable in average in E. Assume by
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contradiction that (2.5) does not satisfy the unique continuation property in E, i.e.,

that there is a zy € V'’ with ||zo||y» = 1 such that
xe(+) / B*(w)z(-,w; 20)dP(w) =0 € L*([0,T); U).
Q
With (2.8), this implies
</ y(T,w; 0)dP(w), zO> =0, YueL*E;U). (2.10)
Q 1A%
Now choose y; € V such that (yi, z0)y,y» = 1. On the other hand,

</Q y(T,w;o)dP<w),zo>W = </Qy(T,w;0)dIP’(w) _yl,ZO>W + (g, Z0) v

By approximate controllability, there exists u € L?(E;U) such that

2<1
2.

AMﬂM@WW%wl

v

By Cauchy-Schwarz,

< Yol = 1
— || & ;= —.
g I0IVE =5

‘</ y(T, w; 0)dP(w) — yl,zo>
Q v,v!
Thus,
1
</y@wmmmmﬁQ 2L
Q vy 2

which contradicts (2.10). O
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Chapter 3

Problem Statement

In this section, we will introduce the controllability problem that will be the focus
for the rest of the thesis.

Let (2, F,IP) be a probability space. Let T > 0, G C R" (n € Z-o) be an
open bounded and connected domain with C? boundary, dG. Consider the following

random heat equation:

.

yi(z,t) — a(w)Ay(z,t) = xgoxe (T, t)u(x,t) in G x (0,T),

y(z,t) =0 on dG x (0,T), (3.1)

\y(I,O) :yﬂ(x) in Ga

where yo € L*(G), Gy C G is a non-empty open subset, E C [0,7] is a Lebesgue
measurable set with positive measure, and u € L?(F; L*(Gy)) is the control. The
diffusivity a: 2 — R is assumed to be a random variable depending on an unknown
parameter w € (). The goal is to steer the average of the solution to the system from
its initial state, yo, to any other state y; € L*(G) using a control that is independent

of the unknown parameter w € 2.



3.1. WELL-POSEDNESS 22

3.1 Well-Posedness

System (3.1) can be viewed as an abstract parameter dependent control system with

V =H = L*G), U = L*Gy), B(w) =1, for all w €  and

D(A(w)) = H*(G) N Hy(G),

for all w € Q. We now wish to verify the assumptions from Section 2.3. It is easy
to see that Assumption (A1) is satisfied. To show that assumption (A2) is satisfied,
we first note that D(A(w)) is dense in L?(G) for all w € . This follows from the
fact that C2°(@G) is dense in L?*(G) and the inclusion C°(G) C (H*(G)NH}(G)). By

integration by parts twice, for all y, g € D(A(w))

(A@)y. §) 2c) = /G a(w)jAyde = /G (@) AGdr =y, A@)7) 120

Note also that D(A*(w)) = D(A(w)) for all w € Q. Hence, A(w) is a self-adjoint
operator for all w € . Thus, A(w) is closed for all w € 2 since the adjoint of an

operator is always closed. Additionally, for all y € D(A(w))

()i = [ ayduds = —a@) [ [Vylds <o
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Hence from Theorem 2.2.7, A(w) generates a C%-semigroup on L*(G) satisfying
1S(t, w2y < 1, for all w € Q. This verifies assumption (A2). Finally, as-

sumption (A3) follows from the fact that for all y € L*(G)

Alls(t7w)y|!L2<G>dP(w) <PO)yll2e) < 1yllz2@) < o0

Thus, from Theorem 2.2.13, we know that (3.1) admits a unique weak solution
y(-,w;yo) in C([0,T7; L*(G)) for a.e. w € Qand [, y(-,w;yo)dP(w) € C([0,T]; L*(G)).
In fact, the solution to the heat equation enjoys higher regularity. Given a suffi-
ciently smooth initial condition, control function and control domain Gy, we obtain
y € C*((0,T] x G) (see [5, Chapter 7, Theorem 7]). Due to this smoothing effect
of the heat equation, it is not always possible to steer the average of the solution
to any state y; € L*(G). Thus, we focus on the problems of null and approximate
controllability, as defined in Definitions 2.3.2 and 2.3.3. For later use, let us state

these problems.

Problem 3.1.1. (Null Controllability in Average): Given T > 0, y, € L*(GQ),

and any distribution of a:  — R.g, does there exist u € L?(E; L*(Gy)) such that
| 2(e;22(G0)) < Cllyollrze)
and the average of the solution to system (3.1) satisfies
/Qy(T,w; Yo)dP(w) =07

Problem 3.1.2. (Approximate Controllability in Average): Given 7' > 0,
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e > 0, yo,y1 € L*(G), and any distribution of a: Q2 — Ry, does there exist u €

L*(E; L*(Gy)) such that the average of the solution to system (3.1) satisfies

<e?

/ y(T, w; yo)dP(w) — y1
0 L2(G)
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Chapter 4

Averaged Control

In this chapter, we present our main results regarding average controllability of the
heat equation. Section 4.1 contains a novel result which provides a technical inequal-
ity, c.f. Theorem 4.1.2, that will be used to build the desired average observability
inequality for our random heat equation. Section 4.2 contains the proofs of the main

results on average null and approximate controllability of the heat equation.

4.1 Technical Inequality

Consider system (3.1). Let N € (ZsoU{+00}). Let {a;} 11 € Rogand {b;}¥, C R
be chosen such that a1 < as < -+, b; # 0 for at least one ¢ € {1,..., N}, and the

function py: R — R defined as

pn(a) = Z bixa,(c) (4.1)

is in L'(R), where A; € {(a;, ais1), [ai, ai1], [ai, aiy1), (a;, aip1]}. It is important to

note that the above sum could be infinite.

Remark 4.1.1. If we require further that Y"1 | b;(a;41—a;) = 1 then J on(a)do = 1.
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Hence, py may serve as a valid probability density function for some random variable.
In this case, py is just a perturbation of the probability density function corresponding

to a uniform distribution. °

The adjoint equation to (3.1) is

zi(z,t) + a(w)Az(z,t) =0 inG x (0,7),

q 2(z,t) =0 on dG x (0,T), (4.2)

2(x, T) = zo(x) in G,

\

where 2y € L*(G). We will write the solution to (4.2) as a Fourier series in terms of
the basis of eigenfunctions of the Dirichlet Laplacian. To this end, consider the linear

operator Ax given by

D(An) = H*(G) N Hy(G),

AAf = —Af, \V/f S D(AA)

We denote by {);}32, the eigenvalues of Ax and {e;}32, the corresponding sequence
of orthonormal eigenfunctions in L?(G). Note that 0 < Ay < Xy < A3 < --- (the
existence of such eigenvalues and eigenfunctions satisfying this is classical and can be
found in, e.g., [5, Chapter 6.5, Theorem 1]). Assume that the final data to (4.2) is
written as zp = Z;’il 20,55, where 2o = (20, €;)12(¢). Proceeding with separation of

variables, we assume that the solution to (4.2) is written as

z2(x,t,w; z0) = Zf]twe]
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for some sequence {f;}32,. Substituting this into (4.2) gives

=)
I
SSIQJ

f(twej ijtUJAGJ

<
Il
-

[
SBIQ»

fi(t,w)e;(x Za A fi(t w)ej(x).
7=1

<
Il
-

Hence,

Y S hltw)es() = 3 alift w)eie).

Since {e;}32, forms an orthonormal basis for L*(G),

0

(9tf (t w) (W)Ajfj@?w)? \V/] € Z>0-

Thus,
fi(t) = et

Using the final data for (4.2), we conclude that C; = 2y je~*@*%T and hence,
fi(t,w) = zp e @N T,
Thus, the solution to (4.2) is

z(x,t,w; %) Zzoj —a@A TV (1),

We can now state the technical inequality needed to show both null and approximate

controllability in average for the heat equation.
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Theorem 4.1.2. There exists C > 0 such that

SC/
E

L2(G)

(o)
—a\;T
/PN(@)E 20 5¢” Y ejda
R o

/ pn (@) Z zo e N T e da
R -
J=1

Note that if py is the probability density function associated to the random vari-
able «, the integrals above are expectations of the solution to (4.2).
In order to prove Theorem 4.1.2, we will need the following technical results

from [13] and [9]:

Lemma 4.1.3. ([13, Proposition 2.1]): Let E C [0,T] be a Lebesgue measurable set

w(EN(l—e,l+e€)) —1.

of positive measure, p(E). Let £ be a density point of E, i.e., lim,_, ((—clr0)

Then for each d > 1, there exists ¢, € (¢,T') such that the sequence {(;}%2, given by

(=71
dk

satisfies

b, — 1
pE N (Chr, Ce) > =5 (4.5)

Lemma 4.1.4. ([9, Theorem 1.2]): There exists a constant Cy > 0 such that for

all 7 > 0 and {c;}r,<r CC,

Z |Cj|2 S C’lec“ﬁ Z cjej . (46)

A;<r A;<r 12(Go)

[N

We are now ready to prove Theorem 4.1.2, which is an adaptation of the result

of [10] to our setting.
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Proof of Theorem 4.1.2. Let Z(x,t) = [; pn(a) D232, 2956 N'e;(z)da. We have

Z(-,t) = AJL%pN(@)ZZOyjeaAjtejda.
j=1

In order to bring the limit outside of the integral, we will use dominated conver-
gence theorem for Banach space-valued functions. Since L?(G) is separable, by
Lemma 6.2.5, strong measurability is equivalent to weak measurability. Thus it is

—aAjt

sufficient to check weak measurability of py (o) > 7, 20 e, as a function of a,

j=1

for all ¢ € [0, T]. Indeed, let f € L*(G) and write f = >, fje;. Then,
<PN(04) > z0ge My fj€j> = pn(a) ) zo5fieNle,
J=1 Jj=1 L2(G) 7=1
which is clearly measurable. Also,

2

E Z()J Jej

= p(@)? Y 255672 e; < pv(@)?||20][7 2

which is integrable. Hence, by dominated convergence theorem for Banach space-

valued functions (Theorem 6.2.8 in the Appendix),

e it
a)zg je ejda

\

1 N
s Dbl e

=1
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It is easy to verify that Z(-,¢) € L*(G) for all t € [0, T]. Indeed,

00 2 - ,
ZZO,]‘ (/ pN(Oé)e_a)\jtdO(> €; = Zzaj (/ pN(Oé)e a tda)
j=1 R OO R
e 2
<Dz, (/ PN(Oé)dOé)
=1 R
2
= [l20ll72(c) (/R PN(Oé)da>
< 00,

since py € L'(R).

We wish to prove (4.3), which is equivalent to proving

15, T) 22y < © / 10 D)l 2y (4.7)
where
E={t:T—-tecE} (4.8)

Note that F is also a Lebesgue measurable set with positive measure. For all £ €

L*(G), let
0o 1 N
-3 S
=1 i=1
Note that

o0 N 2
1 — i\ — Qi1
15010~ 55 (6 oo )
j=1 \"7" =1

We claim that the following inequality holds:

1S 2y < 15(5, )12y, for 0<s<t<T. (4.9)
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Indeed, let 0 < s < t < T. It can be easily checked that %(e“”]‘t — e ") is a

monotonically decreasing function in ¢, for all a,b € R with 0 < a < b. Hence,

0 N 2
1 1
2 — g2 —aiXjt _ —ajp1At
152, f)”L?(G) = E )\géj ( E bi;(e ettt ))

j=1 i=1
> 1 Moo ’

<D w6 (Z bi (e e““*”ﬂ)
j=1 "9 i=1

=155, )l Z2(c»

giving (4.9).

Let X, = span{e;}x,<, for r > 0. Then, we claim that
HS(taS)HLZ(G) < eirc(tis)HS(S,f)HLz(G), Vf € Xﬂ' and 0 <s<t< T, (410)
where 0 < ¢ < ay. Indeed, let k € Z~( be such that A\, < r and A\ ;1 > r. Set

(e—al)\jt _ e—az)\jt
for all aq,aq,s,t €R.

S
gj(ala az, S, t) - z (e—al)\jS _ €_a2)‘js>,

We have

1S (t, €)1 22

>~ q N 1 ’
_ Z pf? (Z big(e—m)\js . e—ai+1)\j8)gj (@i7 Ait+1, S, t))

j=k+1 "7 i=1

0 N 2
1 1
= E ESJZ (e—cAj(t—s) E bi_(e—aiAjS . e—ai+1/\j5)gj(ai — ¢ a1 — € 8,t)> .
: S

j=k+1"J i=1
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Since A\py1 < Agao < Aprs < ... we obtain

1S(t, )72

00 N 2
1 1
S ANDY ﬁgf (Z big(e‘““fs — e N g (a; — ¢ ai — ¢, 5, t)) '
1

j=k+1 J i=

Since 0 < ¢ < ay, we have g;(a; — ¢, a;11 —¢,s,t) <1, foralli € {1,..., N}, for all
J € Z~g, and for all 0 < s <t < T. Hence, (4.10) holds.

Let ¢ be a density point for E, where F is as in (4.8). By Lemma 4.1.3, for a given
d > 1, there exists a sequence {{;}?2, satisfying (4.4) and (4.5). Define a sequence

of subsets { £}, of (0,T) as follows:

i O — ¢ N le— 1
By, = {t—%:teEﬂ(ﬁkHJr%,&g)}, for k € Zsg.

Note that Ej C (Cry1, Ui + %(fk — lyy1)). From (4.5) we have that

. - O — ¥
w(Ey) = p (E N (€k+1 + %7 fk))

~ b, — 1
= (E N [(gk—&-l)ék) \ <€k+17£k+1 + %)})

Uy — L
6

> &“_—6&”1 (4.11)

> w(E N by, b)) —

For all k € Z+g set r,, = m?* where m € R will be chosen later. From (4.9) we



4.1. TECHNICAL INEQUALITY 33

have for all £ € X,,,

fk+1+%(fk—ék+1) 5
/ Xz, (1) HS (€k+1 + = (gk — lyt1), 5) dt
L1 L2(G)
Ch1+ 3 (Ce—Lig1)
</ Y (OIS )2t
Lt
Hence, using (4.11), for all £ € X,
O, — 5
% S <5k+1 + E(Ek - 5k+1),§)
L3(@)
~ 5
< u(Ey) ‘5 (€k+1 + g(gk — lt1), f)
L3(G)
U1+ 2 (be—Lrq1)
</ Yo, (OIS )12t
Lry1
Using the above and (4.6), for all £ € X,
O, — 5
% S (€k+1 + = (gk — lg1), f)
12(G)
2\ 2
< / > ( 3 Zb - A)) dt
Ej Aj<ry
< ele/ 5] Zb At em it Aitye, dt
)\ <rk LZ(GO)
. Cos1+2 (L —Lq1)
= CreVT X, (OISt 26y dt

Ly

Now write zy = 2} + 2§, where z} € X,, and z§ € X;.. Similarly, since for all t By,
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we have t + % <l then,

b, — 1
e OS] P20

Crg1+3 (U —lrgr) (. — ¢
</ s (- )|
tos 6 12(G)
lrg1 43 (U —Lrgr) V. — ¢
< CretVE X, (1) HS (t * M’Z(Q “
Leg1 6 L2(Go)
= CeC1ve " N i 1S (t, 20) || 2oy dt
- €k+l+—£k_7ik+1 XEy 6 207 ILEA(Go) ™
By definition of Ej, we have that
b —/ b, —/
X £, (t—%) =xg(t), Vte (£k+1+%,fk) .
Hence,
O — Lrgr 1 W i 1
EERIS G Al < e [ OIS Dt
k1t ——g

Note that by linearity in its second argument, S(t,23) = S(t, 20) — S(t, 22). Using

this fact and triangle inequality, we obtain

U — lrpa

(60, 28) )
L

< Gy et Xe) 1S, 20) 2oy + 1S(t 20) | 22y ) dt-
k+11 6
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By (4.9) and (4.10),

Ly
e [ U )l + 1S D)l
ek+1+%
L
< Clecl\/ﬁ o XE(t)”S<t7 ZO)HLQ(Go)dt
Cl\/T'Tc gk - gk-‘rl 2
+ Che (k= Lrga) ||S | oy + T A
L3(@)
Ly
< eV [ OIS (E 20) | L2y dt
Lrt1

p—Llrt1
6

+ Cleclﬁ(gk — €k+1)6_ rkCHS (£k+1, Zg) ||L2(G)~

Combining the above two inequalities yields

b, — /¢
%HS(&“ 20) |2

L
gq&ﬂ/ XaBIS(E 20) 22t
lrt1

L=kt

+ O el — by o S (G 20) Nl r2a-

Hence, by triangle inequality

O — ¥
%HS(% 20) |l r2(c)
Ly
< 01601\/5 XE(t)“S(t’ ZU)||L2(G0)dt
Li1
B a E S|

+CL el — b o NS (G 20) 2o

by — U,
+ (0, D) 2o
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From (4.10),

e
%HS(&:, 20) |2
Ly

< Cre“VTe XIS, 20) || L2 (o) dt
Lry1
L — L

1
+ O eV Pl — legr)e” 0 - S (€k+172§) HLQ(G)
= bt o
6 e
Ly
< 01601\/7’76 XE(t)“S(t’ ZU)||L2(G0)dt

Li1

€ —Ley1) IS (Crt1, 2(2)>HL2(G)

L =L

14
(0 — bpr)e™ OOV L D)1 (b, 22) [l 12

We claim that |[S(t, 20)[|I72(q) = [1S(t 20) 172y + 1St 25) 72 (¢)- Indeed,

0 2

1 Sr e
Z )\ t<Z0 + ZO, 6] L2(G) Zb —aiAjt _ o z+1/\1t)6j

j=1 i=1

1S (t, z0)lIZ2(c:

L2(G)
=I5, Zé)lﬁz(a) + 1S 20) 1726
2
—|—2Z )\2t2 z07€]>L2(G) 20,6] L2(G (Zb —a;M\jt ai+1)\jt)> )
7j=1
However, (z,¢;)r2(¢){(%5, €j) 12y = 0, for all j € Z, proving the claim. Thus, we
clearly have ||S(¢, 23) |2 < IS(¢, 20) || 2. Hence,

bo—t '
bt 50, ) ey < Coe [ xS0 ) ot

Ly
=Ly

+ (b — lrpr)e™ 5 (O + 1)[[S (G, 20) 2.
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Rearranging the above yields

by, — €k+1 C’lecl\/ﬁ +1 b k+1r .
syl St 20) i) = —Garm— (e = br)e™ 0 Sl o)l 2o
L
< [ xS 20) ot
L1

Summing the above from k& = 2 to k = oo gives

f T
6Cre le||5(52720 JIFEYE +ka||5 k1, 20) || 2(e _/ Xe@)[[S (¢, 20) || 2o dt,
0

where
€k+1 — €k+2 Cleclm +1 = k+1T .
Je= G0 o ~ g (e e T VR {23
Note that
b —0)(d—1
fk—gkﬂz(l ;15 )

Since rj, = m?*,

(0, —0(d—1)  Cef™" +1(ly —0)(d—1) _w-n@n, o
fk = - e 6dk

601dk+1601mk+1 C’leclmk dk

By picking m large enough, we obtain

szov
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for all k € {2,3,...}. Indeed,

Je >0
(L —-0@d=1) _ C1e™ +1 (0, = 0)(d = 1) _@1=06=1 2
601dk+1eclmk+1 - Cleclmk dk € o
1 Che®m 1 (020D ok
= G6deCim T = SO e 6d

_ (O =0(d=1) ok

& e CimtH > 6d <01 + e_clmk> e 6k

_ (1 -H(d-1) em2k 4 Cymktl

o 1> 6d (01 n e—Clmk) o~ B

1=0(d=1) mk (1 =0)(d=1) mk
= 1 Z 6d (Clemk( 1 : cd—kfclm> + e—mk< 1 s cdkC1M+C'1>) ' (412)
Since ¢ > 0, we can pick m large enough to ensure that the above holds. Hence,

60, eCrm®
1S (L2, 20)[| L2(c) < g;_—&/élls(t 20)|| L2 (o) dt- (4.13)

Recall that we wish to prove (4.7) which is equivalent to showing that there exists

C' > 0 such that
IS(T, 202y < C /E 1St 20122 .

Since by (4.9) we have ||S(T’, 20)||z2(c) < ||S(l2; 20)||L2(c), the statement of the theo-

rem follows. O

Remark 4.1.5. Note that in (4.13), the constant depends on ay, which is the left
most endpoint of supp(py). This can be seen because the m we choose to satisfy (4.12)
increases as ¢ decreases. Recall that 0 < ¢ < a;. Hence, as a; — 0%, m — oo and
thus, the constant on the right side of (4.13) goes unbounded. Hence, it is crucial to

the proof technique that the left most endpoint of supp(py) be bounded away from 0.
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This can be thought of as assigning no probability to the diffusivity being 0. This is
important in showing controllability since in the case that system (3.1) has diffusivity

equal to 0, the control has no effect on G \ Gy. °

4.2 Average Null and Approximate Controllability for General Density

Function

We now wish to prove average controllability results for system (3.1) when the ran-
dom diffusivity, a: £ — R< has any probability density function. This recovers the
null and approximate controllability results proved in [10] when « is uniformly or ex-
ponentially distributed. Our technique will be to use simple functions to approximate

the density function and invoke the result of Theorem 4.1.2.

Theorem 4.2.1. Let system (3.1) be such that « is a random variable with Riemann
integrable probability density function p. Assume supp(p) C Rsg. Then (3.1) is null

controllable in average in E with cost C.

Proof. Since p is a measurable function, there exists a sequence of functions {pn }¥_,

such that
p(Oé) = lim pN(a)a
N—o0

where

NN

prla) =Y 27Ny (a),

i=1

and

{127V < p(a) < (i +1)27V} fori# N2V,

{p(a) > N} for i = N2V,
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Note that the AN are possibly countably infinite unions of disjoint intervals, for all
i € {1,...,N2¥}. By definition of py, we clearly have py € L'(R). Since p is

Riemann integrable, py can be written in the same form as (4.1) in Section 4.1. Let

Zn(-,t) = / pn () Zzo,je’o"\jtejda.
R =
From Theorem 4.1.2, we have that

1an (Dl < C [E 128G )l 2y,

where C' depends on AY for some i (see Remark 4.1.5). Since we assume that
supp(p) C R, then there exists € > 0 such that supp(py) C (€, 00), for all N € Z~,.

Hence, C' = C(e) is independent of N. Taking the limit to both sides yields
I dim 2 Tl < € [ 1 Jim vl (414

We claim that limy_, Zn (-, t) = [, 2(T — t,w; 20)dP(w) € L*(G), for all t € (0,77,
where z(t,w; zp) is the state at time ¢ of (4.2). To prove this claim, we use dominated
convergence theorem for Banach space-valued functions. Since L?(G) is separable, we
check that py(a) Y 72, 2o ;6 “N'e; is weakly measurable in «. Indeed, let f € L?(G)
and write f = >, fje;. Then,

<pN(Oé) > z0ge Ny, f>
j=1

o0
= pn (@) Z 20,5 fe” M,
j=1

L(@)

which is clearly measurable. Thus, by Lemma 6.2.5, py () 3 72, 205 *N'e; is a
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strongly measurable function of a. Now let ¢ € [0,7]. Then

o0 2 oo
pN(OC) Z Zo,je—a)\jtej _ pN(Oé)2 Z 237]6_260‘ t
j=1 LQ(G) 7j=1
o
< p(a)? Zg,j'
j=1

Since zy € L?(G) we have,

l20llZ2(c) = ZZSJ < oo

Hence,
o

pn(@) Y 206N e

J=1

< p(@) |20l L2
L2(G)

which is clearly integrable since fooo p(a)da = 1. Thus by Theorem 6.2.8 in the

appendix,

lim Zy(-,t) :/p(a) z05€ “Mle;da
N—oo R ; J J

:/z(T—t,w;zo)dP(w) e L*(G),

where z(t,w; z9) is the state at time ¢ of (4.2) when a:  — Ry is a random vari-

able with probability density function p. Hence from the above, Holder’s inequality
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and (4.14),
‘ / 2(0, w; zg)dP(w) < C’/ / 2(t, w; z0)dP(w) dt
& L%(G) EllJQ L*(Go)
2 3
=/ / (t,w; zp)dP(w) dt |
Q2 L2(Go)

which is the desired observability inequality. O

Theorem 4.2.2. Let system (3.1) be such that v is a random variable with Riemann
integrable probability density function p. Assume supp(p) C Rso. Then (3.1) is

approximately controllable in average in E.

Proof. From Theorem 2.3.10, all we need to prove is the averaged unique continuation

property in E. Assume that

XE(-)/Z(-,w;zo)dP(w) =0 in L*([0,T]; L*(Gy)).
Q
From Theorem 4.1.2 and Hélder’s inequality, we obtain

z(t,w; z0)dP(w) dt,

L2(Go)

2(t, w; 29)dP(w)

/Q (0, w; 20)dP(w

L2(E;L*(Go)) |

Hence,

/Qz(O,w;zO)d]P’(w) =0 in L*(G).
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On the other hand,

/Z(O,w;zo)d]P’(w) :/p(a)ZZQJe_a)‘jTejda.
0 R ey

Note that p(a) 7, zo 6 %Te; is weakly measurable as a function of a, for all
n € Zsy. Since L*(G) is separable then p(a) 377, 2 je~*7¢; is strongly measurable.

Also,

n

p(e) Y 205677 e

=1

< p(a@)] 20| 2()-
L2(@)

Thus, by dominated convergence theorem for Banach space-valued functions

o0

/Q 20,05 20)dP(w) = 3 ( /R p(a)e—%'Tda) c06

J=1

Since {e;}52, forms an orthonormal basis for L*(G) then it follows that
20,5 = 0, VJ S Z>0.

Hence, z; = 0. L]
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Chapter 5

Conclusions and future work

5.1 Summary

In this thesis, we have studied the average controllability properties of random heat
equations whose positive diffusivity is a random variable. We have shown that such
systems are both null and approximately controllable in average from arbitrary open
sets of the domain and in an arbitrarily small time. The proof technique relies on
the spectral decomposition of the average of the solutions. The desired averaged
null observability inequality was built iteratively by decomposing the time set where
the control acts into an infinite union of subsets. On these sets, we constructed an
inequality observing an increasing number of Fourier components of the average of the
solution. As a consequence of the averaged null observability equality, approximate

controllability in average is shown.

5.2 Future Research Directions

The problem of averaged controllability has only been recently introduced in [16].

Consequently, there are many interesting open problems in this field; especially when
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the systems of interest are modelled by PDEs. Listed below are some open problems

of interest:

e Connection between average controllability and simultaneous control-
lability.
We have shown that under certain conditions, random evolution equations can
be controlled in an averaged sense to a desired state. However, this does not
indicate that any realization of the system will be steered to the desired state
using this controller. The connection between average and simultaneous con-
trollability for finite-dimensional systems is studied in [8]. This connection for

general infinite-dimensional systems is still open.

e Average controllability of random heat equations with general oper-
ators.
We have studied a small subclass of random heat equations whose randomness
is introduced in a multiplicative manner to the Laplacian operator. In this case
we were able to obtain eigenfunctions of the operator that were independent of
the random parameter. This was crucial in constructing the desired observabil-
ity inequality. It would be interesting to study a more general class of random

operators.

e Averaged controllability for nonlinear random evolution equations.
We have restricted ourselves to the study of a specific class of linear heat equa-
tions. One could pose the same average controllability problems for nonlinear

equations.
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Chapter 6

Appendix

6.1 Sobolev Spaces

Let n € Zso. Let U C R™ open. Denote x = (x1,...,2,) € U. We denote the
space of infinitely differentiable functions ¢: U — R, with compact support in U
by C2(U). Let k € Zxo. Let B = (B1,...,B.) € Z%; be a multi-index such that

Bl = B1 + -+ + Bn = k. We now define a weak derivative.

Definition 6.1.1. Suppose f,g € L{ _(U). We say that g is the weak 3-th partial

loc

derivative of f, written
861 aﬁn

PR

provided that

[ (a—ﬁl Lo o) ite = (1) [ glaotarin, voecxw)

Ox{*  Oxp"
Next we present a result on the uniqueness of weak derivatives.

Lemma 6.1.2. ([5, Chapter 5.2, Lemma 1]): A weak 5-th partial derivative of f

1s uniquely defined up to a set of measure zero, if it exists.
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We are now ready to define a special class of functions whose members belong to

L*(U) and have weak derivatives.

Definition 6.1.3. The Sobolev space H*(U) consists of all f € LL _(U) such that for

each multi-index 8 with || < k,

aﬁ 1 aﬁn

ox{"  Oxp"
exists in the weak sense and belongs in L?(U).

Definition 6.1.4. Let f € H*(U). We define its norm to be

651 Bn
(ax; " oar! ) (@)

We denote the closure of C°(U) in H*(U) by HF(U). Roughly speaking, a func-

N[

2

11y da

181<k

tion f € HF(U) “vanishes on OU”. Since, U has Lebesgue measure zero in U, we
cannot assign meaning to the statement “f restricted to OU”. Hence, we make this

more precise using the following theorems:

Theorem 6.1.5. ([5, Chapter 5.5, Theorem 1]): Assume U is bounded and OU

is C'. Then there exists a bounded linear operator T: H(U) — L*(OU) such that

(i) Tf = flov i f € H(U)NC(U),
and
(ii) IT 200y < Cllf @y for each f € HY(U).

Theorem 6.1.6. ([5, Chapter 5.5, Theorem 2]): Assume U is bounded and OU
is C1. Suppose f € H'(U). Then f € Hy(U) if and only if Tf =0 on dU.
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6.2 Classical Analysis Results

We have the following classical theorems from analysis:

Theorem 6.2.1. ([14, Theorem 5.16]): If M is a subspace of a normed linear
space X and if [ is a bounded linear functional on M, then f can be extended to a

bounded linear functional F' on X so that | F||zxr)y = || fllcr)-

Theorem 6.2.2. ([5, Chapter D.3, Theorem 2|): Let H be a Hilbert space with

dual space H'. For every F € H', 3 a unique uw € H, such that

F(v) = (v,u)g, VYwveH.

Definition 6.2.3. Let (X, .o, ) be a measure space, let E be a real or complex
Banach space. A function f: X — FE is called simple if there exists fi,...,f, € E
and Ay, ..., A, € o such that f =377, fjxa,

Definition 6.2.4. A function f: X — FE is called strongly measurable if there exists

a sequence of simple functions, {f;}32, such that

lim f;(z) = f(z), ae xzeX.

j—00

Lemma 6.2.5. ([3, Lemma A.5.2]): A function f: X — V where V is a separable
Hilbert space is strongly measurable if and only if (f,v)y is measurable Y v € V (i.e.,

[ is weakly measurable).

Definition 6.2.6. A strongly measurable function f: X — FE is Bochner integrable
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if there exists a sequence of integrable simple functions {f;}32, such that
i [ 11, flledi=0.
Jj—oo Jx

In this case, [, fdu is defined by

[ fau=tim [ fian.
X J7o Jx

Theorem 6.2.7. ([4, Chapter 2.2, Theorem 2]): A strongly measurable function

f: X — E is Bochner integrable if and only if

/wmw<m
X

Theorem 6.2.8. ([1, Theorem E.6]): Let (X, o7, 1) be a measure space, let E be a
real or complex Banach space, and let g: X — Rxq be an integrable function. Suppose

that { f,}5°, is a sequence of strongly measurable E-valued functions on X such that
f(z) = lim f,(z), a.e z€X,
where f is a strongly measurable E-valued function on X. Assume also that
(@)l <g(z), Vn€Zs, ae xeX.

Then f is Bochner integrable, and

/ fdu = lim fndps.
X n—oo X
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