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Abstract

Two Rényi-type generalizations of the Shannon cross-entropy, the Rényi cross-entropy
and the Natural Rényi cross-entropy, were recently used as loss functions for the im-
proved design of deep learning generative adversarial networks. In this work, we
analyse the properties of the Rényi and Natural Rényi differential cross-entropy
measures and derive their expressions in closed form for a wide class of common
continuous distributions belonging to the exponential family. We also establish the
Rényi-type cross-entropy rates between stationary Gaussian processes and between

finite-alphabet time-invariant Markov sources.
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Chapter 1

Introduction

In 1948, Claude Shannon published his seminal work [16] where he introduced a core
information measure for a distribution with probability mass function (pmf) p over

a support set S:

H(p) == plx)np(x), (1.1)

€S

as well as a variant for a continuous distribution with a probability density function

(pdf) p over a support S C R:

) = [ pla) npla)ds, (1.2)

S

The above measures are called the entropy and differential entropy, respectively,
of distribution p. Much like physical entropy,' it represents an unavoidable cost one
must pay when losslessly encoding information distributed in a given way.

Shannon’s paper laid the groundwork for the modern-day field of Information

Theory, and gave way to many information measures over one or more probability

LAs noted by Shannon, the equation for entropy is similar to that of Gibb’s entropy, derived
earlier for statistical mechanics.



distributions. These include the Kullback-Leibler divergence between two distribu-

tions p and ¢ with common discrete support S:

D(pllq) = pl) plz) (1.3)

l’
€S

as well as the Shannon cross-entropy between p and g,

=—> p(x)Ing(z). (1.4)

€S

The above two measures admit natural extensions for continuous distributions, given
by
p(z)
D(olo) = [ o) mEas, (1)
s

and

h(p;q) = —/Sp(l’) In q(z)dx, (1.6)

respectively. These measures, in broad terms, characterise the cost of assuming that
information with distribution p has distribution ¢q. This characterisation makes these
measures of interest to the field of machine learning (ML). This can be seen in the
use of the cross-entropy in generative adversarial networks [2], an ML system where a
deep neural network trained to generate data is set to compete against another deep
neural network trained to differentiate real data from generated data.
Introduced in 1961 by Alfréd Rényi, [13], the Rényi entropy of order a for pmf p,
given by
Ha(p) =

ia ) p(x)° (1.7)



and the Rényi differential entropy for pdf p, given by

ha(p) = ! ln/sp(x)ada: (1.8)

11—«

for a > 0, # 1, are generalisations of the Shannon entropy and differential entropy,
respectively, in the sense that

lim H,(p) = H(p)

a—1

and

lim ha(p) = h(p).

a—1
The same paper also introduces a similar generalisation of the Kullback-Leibler di-

vergence, the Rényi Divergence of order o between two distributions p and ¢ with

common support S:

1 o' -«
Da(pllg) = —— In > p(x)*q(z)" ", (1.9)
z€S
in the discrete case, and by
1 « l1—a
Da(pllg) = In [ p(x)*q(x)dz. (1.10)
a—1 S

in the continuous case.
The aforementioned use of the cross-entropy in ML systems lends justification
towards developing a Rényi-style generalisation of the cross-entropy; the additional

parameter o can allow one to fine-tune a model further than using the Shannon



cross-entropy. As such, this thesis examines two such Rényi cross-entropies and their
logical differential counterparts. These are described in Chapter 2, alongside certain
properties of them. In Chapter 3 we derive closed-form expressions for the Rényi
differential cross-entropy for continuous distributions belonging to an exponential
family, and in Chapter 4 we consider the Rényi cross-entropy rate for two sets of
sources with memory: Gaussian sources and Markov sources. Finally, we conclude

the thesis in Chapter 5. Parts of this work appeared in [18] and [19].



Chapter 2

Rényi Cross-Entropy: Definitions and Properties

2.1 Two definitions for Rényi Cross-Entropy

A quick calculation will show that H(p;q) = H(p) + D(pl||q), and the same is true
for the differential cross-entropy. Owing to this, [14] defines the Rényi differential

cross-entropy of order a between p and ¢ as

ha(p; @) = Da(pllq) + ha(p), (2.1)

with a trivial discrete analogue given by

H.(p; q) = Da(pllg) + Ha(p). (2.2)

We will refer to the measures in (2.1) and (2.2) as the Natural Rényi differential
cross-entropy and Natural Rényi cross-entropy, respectively.

For an information measure to be deemed a viable candidate for a Rényi cross-
entropy, it should satisfy lim, 1 H,(p;q) = H(p;q). In [2], it was proven that this

condition holds for a variation of the shifted Rényi differential entropy (introduced in
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[20]):

ha(p; q) =

1n/Sp(x)q(x)a_1dx. (2.3)

11—«

Indeed, the same can be shown for its discrete analogue:

1
11—«

Ha(p;q) = In ) p(a)g(a)* (24)

z€S
We will refer to the measures in (2.4) and (2.3) as the Rényi cross-entropy and
Rényi differential cross-entropy, respectively. As the thorough examinations of the
Rényi entropy and divergence by various authors, in particular [7] and [17], make
derivations of the Rényi Natural cross-entropy and its properties much simpler, the

majority of this thesis’s focus will be on the Rényi cross-entropy.

2.2 Basic Properties

Lemma 1. Given o > 0, and pdfs p and q, ho(p; q) and hy(p; q) can each be undefined

even if the other is well-defined.

Proof. This can be illustrated by an example: as shown in Table 3.2, the Rényi differ-
ential cross-entropy between two Exponential distributions with parameters A; and
Ao, respectively, is affine with respect to In Ay, where A, = A\; + (v — 1) \y. Meanwhile,
as shown in Table 3.3, the Natural Rényi differential cross-entropy between the same
two Exponential distributions is proportional to In A,, where A\, = aX; + (1 — a)Xs.

Suppose A\; = 1 and Ay = 2. If @ = 0.5, then A\, = 0 and A\, = 1.5. At the
same time, if « = 2, then A\, = 3 and A\, = 0. As In0 is undefined, the Rényi
differential cross-entropy in the first scenario is undefined, likewise for the Natural

Rényi differential cross-entropy in the second scenario. O]
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Lemma 2. The Rényi cross-entropy is non-increasing with respect to o

dHa(piq) _ —D@llp) _

dov (1-a)® —

where

and D(-||) is the Kullback-Leibler divergence.

Proof. We have the following sequence of identities:

LY pa)a(@)!
@ s
1 w1 1 Ysp()n(g(z))q(x)*!
= In T T
(1—a)’ zgjp( Ja(@) 1o Ssp () q(z)*
= ! -~ anp (2)q(2)* "+ (1 —a) Zﬁ(ﬂf) In CI)
(1—a) S S

s S s S

= L (S w Ze T S 1nq>
(1—a)> \ 45 q 5

1 <oy @) o

T (1-a) g p(z)l 5(z)g +§p( )1 Q>

= 1 p(z) In ?) p(x) In

T (1-a)y SP()I (w)q—I—%p()l Q>

= 1 p(z)In ﬂ - p(x)Ing+ Zﬁ(m) Ing
-2 (2 @) 2 S
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_ bl
(1—a)? ~
where the inequality follows from the non-negativity of the Kullback-Leibler diver-

gence. [

Remark. In [2], the Rényi differential cross-entropy he(p;q) is proven to be non-
increasing in o by similarly showing (via a different approach) that its derivative with

respect to « 1S non-positive.

Lemma 3. The limit of the Rényi cross-entropy as o — oo is given by — In qyr, where

qn = MmaXges q(T).

Proof. From [10, Section 5], we know that for finite or countably infinite supports,
the Rényi entropy satisfies

lim Hs(q) = —Ing.

B—00

In light of this result, for any positive constant ¢, we have

. 1 ~ a—1
lim . In Z éq (x)

a— 00 —
z€S
T T Y g ()"
B Sl S D LY
z€S
~ 0+ Tim ——1 —a-1
0+ﬁ1_)r£10_ an (B=a-1)

€S

= hm—

B—ro0 —ﬂ 1— anq
S B
_511_{10101_5111§Q<1’)

= lim Hz(q) = — Ingp. (2.5)

B—00
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Let S be finite, and denote the minimum and maximum values of p(z) over S by

Pm and pys, respectively. Then,

Y g (0" < S ple)g (o) (26)

and
1
11—«

a—1 1
Y pla)g ()" < —

z€S €S

for a > 1. Hence

lim H, (p;q) = —Ingu. (2.8)

a—0o0

If S is countably infinite the proof becomes harder, as p,, does not exist. Assume

without loss of generality that S = N and ¢(0) = ¢qps. For n > 1, we have

> p(a)g(@)* > pla)g(a)*,

zeN

and hence for a@ > 1,

1
11—«

Ho(p;q) < In > p(w)g(a)*".

Thus for all n > 1,

1
limsup H,(p; ¢) < lim

a—00 a—oo 1 — @

) plr)g(a)* " = —Ingu.
r=1

As py exists, we can use the inequality (2.6) and the argument in (2.5) to conclude

that lim, . Ha(p;q) = —Ingqy. ]
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The previous two lemmas directly imply that H,(p; ¢) > 0. In addition, the Natu-
ral Rényi cross-entropy, being the sum of two non-negative measures, is non-negative.
Similarly, the lack of non-negativity in the Rényi differential entropy demonstrates
that the Rényi and Natural Rényi differential cross-entropies can be negative. Finally,
using the expressions of lim, . H,(p) and lim, . Da(p||q) (e.g., see [5, 10, 21]), we

readily obtain the limit of the Natural Rényi cross-entropy as a — oo as follows.

Remark. The limit of the Natural Rényi cross-entropy ﬁa(p; q) as o — o0 is given

by

lim Ho(piq) = lim Ha(p) + lim Da(pllq)

a—r o0

:_mmm@@»—mm“(ﬁ_)

{zeS} {zeS}
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Chapter 3

Rényi Differential Cross-Entropy for Continuous

Memoryless Sources

In this chapter we derive the Rényi cross-entropy measures for continuous memoryless

sources belonging to an exponential family.

3.1 Exponential Family

An exponential family is a class of probability distributions over a support S C R”
defined by a parameter space © C R/ and functions b : S — R, ¢ : © — Ry,
T:S+— R™ and n: © — R™ such that the pdf of distributions in a family have the

form

f(x) = c(0)b(z)exp (n(0) - T(x)),  w€S (3.1)

where - denotes the standard inner product in R™. Alternatively, by using the pa-

rameter = 1(0)*, the pdf can also be written

f(@) = b(z)exp (n-T(x) + A(n)), (3.2)

1y is known as the natural parameter.
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where A(n) : n(0) — R with A(n) = Inc(h).?

Many common distributions belong to an exponential family. Many more have
subsets that belong to an exponential family. The set of Pareto distributions, for
example, is not an exponential family; however the set of Pareto distributions where
m = 1 is, as is the set of Pareto distributions where m = 2, and so on. Table 3.1 lists
the pdfs of certain distributions that form exponential families. Parameters that are
required to be constant for the family to count as an exponential family are marked

with the T symbol. Finally, by ¥ = 0, we mean that the matrix 3 is positive-definite.

Table 3.1: List of PDFs from Exponential Families

Name PDF
Parameters (O) Support
1
B t 3 a—1 1 — b—1
eta Bla b)az (1—2)
(a>0,b>0) S=(0,1)
X 21716/21.1971679:2/202
k
(scaled) o' (3)
(k>0,0>0) S=R*"
X 21—k/2xk—1€—m2/2
k
(non-scaled) I (3)
(k> 0) S=R*
1 v T
2 vy =z
X T L2 e ?
2:T (3)
(v >0) S =R*

2Most literature on exponential families defines A(n) as —Inc(6).

3B(a,b) = fol 22711 — 2) " lde = Fr(zliig)'




3.1. EXPONENTIAL FAMILY

13

Exponential e M
(A>0) S =R*
1 »
Gamma T (F) Fle~%
(k>0,60>0) S =R*
Gaussian 1 Y
675( o )
(univariate) V2mo?
(/1’7 o® > 0) S=R
Gaussian 1 o) ()
(multivariate) (2m)" X
(peR™ ¥ e RV = 0) S=R"
2 1(=x 2
Half-Normal —e 2 (%)
To
(0% > 0) S =R+
1 T — M T—p
Gumbel —exp — < +e B )
5 B
(ut, 8 >0) S=R
Pareto am®q—1+m)
(m' >0, a>0) S = (m, 00)
23’;2 1(z)\2
Maxwell Boltzmann e‘i(?)
Vot
(0>0) S =R*
1(=x 2
Rayleigh Ze3(2)
(0% >0) S=R*
1T o
Laplace Q_be ezl
(uf, b > 0) S=R
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1 1(lnx—p 2
Log-Normal e -3 (")
8 v 2mo?
(u>0,0%>0) S=R

3.2 Rényi Cross-Entropies for Distributions from the Same Exponential

Family

Lemma 4. Let f; and f5 be pdfs in the same exponential family with common support
S and with natural parameters n, and ny, respectively. Define fp, as being in the same
family but with natural parameter n, = m + (a—1)ne.* Then the Rényi cross-entropy

between fi; and fy is given by

A(m) — A(nn) +In By
1l -«

ha (f1; f2) = — A(n2), (3.3)

a # 1, where E, =Ey, [b = [b(z)* ! fi(x

Proof. For x € S, we have

fi(@) fo ()
=b(x)exp (- T (z) + A(m)) (b (z)exp (12 - T () + A (1) ))a_1
= b(z)" exp ((m + (= 1)) - T () exp (A (m) + (@ — 1) A (12))
=b(z)" exp (mn - T () + A (1)) exp (A (1) + (o = 1) A (n2) — A (mn))

= b(@)* " fi () exp (A () + (@ — 1) A (1) — A (m)

4We assume that 7, is in the natural parameter space.
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Thus,

/S fi (@) o () do

— exp (A () + (a — 1) A () — A () / b(2)* " fo (2) da

=exp (A (m) + (o — 1) A(n2) — A (1)) En,

and therefore,
_A(mn) —A@m) +InEy
l—a

ha (fl;fz)

A(na) -

Corollary. The Natural Rényi differential cross-entropy between f1 and fo is given

by
Ane) —Alam) +InE,
l -«

iLoe (flaf2) =

A(n2) (3.4)

a # 1, where n, = an + (1 — a)ny,” and

Ea =g, 00" = [ bo) (o) da
where fo, refers to a distribution in the exponential family of interest with natural

parameter an; .

Proof. When 1y = 1y, (3.3) reduces to

aA(m) = Ale) + 1n B
1 —« '

ha(fl) =

5We assume that 7, and an; are in the natural parameter space.
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By adding the result with the formula for the Rényi divergence found in [7],

_ A(n) — A (m)
11—«

Do(f1ll.f2)

— A ()

one obtains (3.4). O

Remark. The Natural Rényi differential cross-entropy can also be found by summing

the Rényi differential entropy found in [17] with the Rényi divergence found in [7].

3.3 Tables of Rényi and Natural Rényi Differential Cross-Entropies

Applying (3.3) to the distributions in Table 3.1 yields their Rényi Cross-Entropy, and
these are listed in Table 3.2. The derivations are detailed in Appendix A. In this

table, the subscript ¢ is used to denote that a parameter belongs to pdf f;, : =1, 2.

Table 3.2: Rényi Differential Cross-Entropies

Name ha(f1; f2)
1 B(ah,bh)
Bet In B b 1
eta n B(as, 2)—1—@_1 nB(al,bl)
ap = a; + (o — 1)(ay — 1), ap >0

bh = b1+(06—1)<b2—1), bh>0

1 k
X 3 (k2Inojo; —In207) +InT (32)
(scaled)
1 kp, ki ky
+— (mr (5> —InT (5> — Elnafa,%)
ohi=gtg,  0i>0

ky, = ]{?1—{—(@—1)(1{72—1), k’h>0
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1 k
X §(k2lna—ln204)+lnr(§2>

+ L Inl’ @ —InT ﬁ —ﬁlna
a—1 2 2 2
kh = kl + (Oé— 1)<k2 - 1), k’h >0

< (@ -ne(g) +nr ()

(non-scaled)

2—v Vg
In (o) +In2T <5>
vp =1+ (a—1)(1ry — 2), vy, >0
1
Exponential lnﬁ —In Xy
11—« )\h
>\h = )\1 + (a - 1))\2, )\h >0
1 I'(k
Gamma InT(ka) + ky In 0y + -—— (m FEkT; — kpyInb, — ki In 91)
. 01+(a—1)02
Hh = ﬁ, Gh >0
ky = ki + (Q{ — 1)]{32, ky >0
Gaussian 1 1 2 — )2
z <ln(27ra§) + In < ‘722 ) X (11 2#2) )
(univariate) 2 l-a (@)n (%)
(0?) =03 + (a — 1)o?, (62)n >0
Gaussian .
o (— A%+ (1~ a) In (2m)" [Z5] — d)
(Multivariate) e
A=Y+ (- 1551, A>0
di=piST p + (@ = 1) py 55 s
(U127 + (@ = 1) py B AT (S e + (0 = 1) 25 o)
Gumbel 1 2 —
1 (ln ( a)—ﬂ—ozlnnh)—i—&
(B1=B: = B) o g F P

Ny = e~H/B (o — 1)6—M2/ﬁ’ nn > 0
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1 o 1 o2
Half-N 1 — (In(=2 1 2
alf-Norma 2(n(2)+1_an((02)h)>
(0%), =03 + (a — 1)o?, (02), >0
Laplace b
In(2bz) + ~——1n (%)
(b1 = p2 = 0) - "
by, = bg—f—(l—Oé)bl, b, >0
Log-normal ! (1 (2mo3) + ! 1 %
- —( In(27o n
& 2 -« (02,
+(M1 — p2)* + o + (o — Dof(pz + 205))
(0*)n
(0%), =05 + (a — 1)o?, (6%)h >0
Maxwell 1 1 I'2 3
§(ln27r+3ln0§)+lna,%+1 (ln I‘( O‘)_§1n0f0;2l>
Boltzmann - ()
o2 =02+ (a—1)0;7, o2 >0
Pareto 1 A
—lnm—ln)\2—|—1 l][1>\—1
(m; = my = m) e Ak
)\h::)\1+(a—1)(/\2+1), Ap >0
Ino? —alno? +Inl(2
Rayleigh e rig_ha nl( )+ln203
ol =07+ (a—1)057?, o2 >0

Similarly, applying (3.4) to the aforementioned distributions yields their Natural

Rényi Cross-Entropy, summarised in Table 3.3.°

6The same notation regarding the subscripts of the parameters seen in Table 3.2 is used here.



3.3. TABLES OF RENYI AND NATURAL RENYI DIFFERENTIAL
CROSS-ENTROPIES 19

Table 3.3: Natural Rényi Differential Cross-Entropies

Name ila(fléf?)
1 B(aqa, ba)
Bet In B(asq, b 1
e nBla., 2)+a—1nB(a(a1—1)+1,a(b1—1)+1)
a, = aay + (1 — a)ay, aq >0
by = ab1+(1—a)b2, bo >0
1 202
X 5 (—mﬂ + ke 1na§a§> +Inl (%)
(scaled) @
1 [ ak In%t ko ally — 1) +1
& —Inl'(—)+Inl'| ———
+1—a< 2 (%) +1n < 2
o2 ::%—1—1;—%0‘, 02 >0
ko = aky + (1 — a)ks, ko >0
X

—nZa lgm +In F(k—;)

N 1 (—lnF(k—a) _akilna +1nF(a<k1 — 1)+1))

(non-scaled)

11—« 2 2 2
k’a = akl + (1 — Oé)]{?Q, ka >0
1 v, v v
: ~l () +alr (5))+ T ()
X 1o ( g et (g)) TG
Vo = avy + (1 — a)k, Vo >0
. 1 A
Exponential In —In Ay
1—a  al,
)‘a = O./)\l + (1 — Oé))\g, )\a >0
Gamma InT(ky) + ko In by
1 I'k
— <1n Féki; — koInb, — o®k; In 91>

o = b + (1 — )b, ko= ak; + (1 — a)ky, 0o > 0
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Gaussian 1 — )2 1 2
5 (ln(QWU%) + (p 2N2> + 1 ln( Oé;TZ ))
(Univariate) (@%)a -« (0%)a
(0%)a = aoj + (1 — a)di, (0%)a >0
Gaussian 1 1. (27)5, |2
53 (—ln\a|+1n\AHZl|+d)+§1n—( 7)2’ 1
(Multivariate) e |22
A=aX 4+ (1 —a)2 A0
d = (p1 — po)" S1ASy (p1 — p2)
Gumbel _
H2 —l-ﬁoz,lh n 1 1 (ln (2 Boz)na N %>
(B1=B2=P) @ @
N = ae M/P 4 (1 — a)e 2/ Na > 0
1 2 1 2
Half-Normal = (m(Z%2) ¢ In | 222
2 2 ' "1—a  \ (0%
(0%)o = ac?+ (1 —a)o?, (0%)a >0
Laplace 1 1
P nba1+ n aby t ln2b,
(1 = p2 = 0) @
a 11—«
ba = 5 ba >0
b by Z
1 [/1-« (1 — p2)’ 1 ao:
Log-Normal 5 ( - g% +ln(27ra§) + 1(02>a2 n — n (02)2a +
(0%)o = ac? + (1 — a)o?, (0%)o >0
—In2+ 3lno?
Maxwell Boltzmann 1 z 192 +1n %
01
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Pareto 1
<ln)\a —In(1—a(A — 1))) —In\ym
_ _ 11—«
(m1 = my =m)
Ao = a1 + (1 — a) g, Ao >0
Ino?(o?), +1 In[(=2
Rayleigh noi(o7) ﬁi0;4+ nl(5 )—i—anJf

(02)g = o] + %ln %, (0%)o >0

Remark. While Tables 3.2 and 3.3 focused exclusively on continuous distributions,

it should be noted that (3.3) and (3.4) also hold for discrete exponential family dis-

tributions. In this case, we note that

Ep, [0(X)*'] =D b(x)* " falx)

z€S

and

Ep,, [b(X)*7] =D b(@)* " fa(2):

€S
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Chapter 4

Rényi Cross-Entropy Rate for Sources with

Memory

4.1 Rényi Differential Cross-Entropy Rate for Stationary Gaussian Pro-

cesses

In this section, we consider the Rényi differential cross-entropy rate, lim,, o %Ha (p;q),
between two stationary zero-mean Gaussian processes, {X;}32, and {Y;}22,, respec-
tively. That is to say, given n € Z*, X" := (X1, Xo, ..., X,,) and Y" := (Y1, Y5, ..., Y},)
are multivariate Gaussian random vectors with mean 0 and invertible covariance ma-
trices X xn» and Xy, respectively. These covariance matrices are obtained via the
inverse Fourier transforms of the power spectral densities associated with {X;} and
{V;}, denoted by f(\) and §()\) respectively: the element in the 7 row and ™
column of ¥ x» is ([9])
1 [

o —i27(r—c) ) 4.1
5 | Fe (11)

One will note that this formula for the covariance matrix depends entirely on the

difference between indices r and ¢, due to the stationarity of the Gaussian processes.
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As a result of this, the covariance matrices of {X,} and {Y;} are Toeplitz. One can

also remark that B™ := Xy» + (o — 1)Xx» will likewise be Toeplitz.

Lemma 5. Let f()\), §(\) and h()\) be the power spectral densities of {X;}, {Y;}
and the zero-mean Gaussian process with covariance matrix B™, respectively. For the

range of a such that B™ is positive-definite, the Rényi differential cross-entropy rate

between {X;} and {Y;}, lim,_,o0 2ho(X™;Y™), is given by

n

.1 noomy In2m 1 2 y .
lim ~h (XY = = +4W(1_a)/0 [(Q—a)lng()\)—lnh()\)] d.

Remark. Note that h(\) = §(\) + (o — 1) f(N).

Proof. As shown in Table 3.2, the Rényi cross-entropy between two zero-mean mul-
tivariate Gaussian random variables is given by
In ‘EXH ‘ ‘A’ 1

+

n
S0 |Syn| + Zlnon, 4.2
Na—1) amElt g (4.2)

Noting that A = X35 B"Y,L, we rewrite (4.2) and normalise by n as:

1/In|Sxa||SnB"Syn| 1 n

- —In|Syn|+ = In2

n( 2(a — 1) TolnEyel+ g ln2w

m2r 1 (In|Sx||S5L B[22

= — + — In |Xyn
2 +2n< (@—1) iy

~ In2r n 1 (In|B"| —In|Xyn|

2 2n (a—1)

~ In2r7 1

=+ ani ey (- @M [Zy] —In|B).

+ ln |Eyn|)

It was proven in [8, Lemma 4.4] that for the sequence of n x n Hermitian Toeplitz

matrices {T,,} with spectral density ¢(A) such that In#()) is Riemann integrable, one
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has
. 1 1 27
lim —In|T,| = — Int(\) dA.
n—oo N 2 0
Therefore,
1 In 27 1 2 .
im —h,(X™"Y") = 2—a)lng(\) —1
lim —h (XY = = +4ﬂ(1_a)/0 [( a)Ing(\) nh(/\)] d,

where ﬁ()\) is the spectral density associated with the sequence of matrices generated

by B,. O]

The above Rényi differential cross-entropy rate, alongside with the Shannon and

Natural Rényi differential cross-entropy rates,! are summarised in Table 4.1. Here,

JA) = af(A) + (1 = a)g(A).

4.2 Rényi Cross-Entropy Rate for Markov Sources

Markov sources are sources that exhibit the Markov property; the value of the source
at the next time unit is dependent solely on its value at the present. In more formal

terms, for a Markov source {X,,}°, with alphabet S, we have

P(Xn = xn|Xn—1 = xn—len—Q = Tn-2, "le = xl) = P<Xn = xn|Xn—1 = xn—l)

!These latter two measures are calculated via manipulating the Shannon and Rényi Divergence
rates between two stationary zero-mean Gaussian processes as detailed in [7].
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Table 4.1: Differential Cross-Entropy Rates for Stationary Zero-Mean Gaussian

Sources
Information
Rate Constraint
Measure
Shannon .
1 1 [ A .
Differential B In 27 + E/o [111 g(\) + %} dA g(A) >0
Cross-Entropy
Natural Rényi
1 1 1 S0 j(N)
; : —In4nlas- - | dA —
Differential g ATt (1 _a>/0 ng()\)Oé ey >0

Cross-Entropy

Rényi
In 27 n 1
2 (1l — «

Differential ] /027r [(2 —a)lng(A) —In iL()\)] d\ g >0

Cross-Entropy

for all z1, z5...z, € S. The Markov source {X,,} may be time-invariant:

P(Xn = Z-|Xvnfl = ]) = P(Xn+k = Z-p(nﬂcfl = ])

for all 4,7 € S,k > 2 and n > 1. In this case, the Markov source may be charac-
terised by an [S| x |S| matrix P, where the element in the i row and j column
equals P(X,, = x;|X,,-1 = xj),z;,x; € S. In practice, many information sources are

modelled as Markov chains.

Consider two time-invariant Markov sources {X;}32, and {Y;}32; with common

finite alphabet S and with transition kernels P(-|-) and Q(|-), respectively. Then for
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any vector i" = (i, ...,i,) € S", its n-dimensional joint distributions are given by
p(n) (Zn) = P(Znyzn—l)P(Zn—l‘Zn—Q)P<22|Z1)p(21>
and

¢ (i) = Qinlin-1)Q(in—1lin—2)...Q(2]i1)q(ir),

respectively, with arbitrary initial distributions, p(i) and ¢(i1), i1 € S. For simplicity,
we assume that p(i), ¢(i), Q(jli) > 0 for all 4, j € S. Define the Rényi cross-entropy
rate between {X;} and {Y;} as

1 1 1
lim —Ho(X™Y") = lim — In (Z p(n) (in)q(n)(in)a—l) ‘

n—oo N n—woonl—aq
nesn

Note that by defining the matrix R using the formula
Ry = P(jl1)Q(jli)*"

and the row vector s as having components s; = p(i)q(7)*~!, the Rényi cross-entropy

rate can be written as

InsR"'1, (4.3)

lim —
n—oon 1 — o

where 1 is a column vector whose dimension is the cardinality of the alphabet S and
with all its entries equal to 1.
A result derived by [12] for the Rényi divergence between Markov sources can thus

be used to find the Rényi cross-entropy rate for Markov sources.
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Lemma 6. Define P, (), s and R as above. If R is irreducible, then

1 In A
lim —Ho (X" Y") = —2 (4.4)
n—oo N 11—«

where X is the largest positive eigenvalue of R.

Proof. Since the non-negative matrix R is irreducible, by the Frobenius theorem (e.g.,
cf. [15, 6]), it has a largest positive eigenvalue A with associated positive eigenvector
b. Let b, and by; be the minimum and maximum elements, respectively, of b. Then

due to the non-negativity of s,

Nls.b=sR"'b < sR" '1by,

where - denotes the Euclidean inner product. Similarly, A*“'s-b > sR""!1b,,. As a

result,
1. \ls-b 1 1. A ls-b
—ln—s < —InsR"'1 < —ln—s.
Note that for all n, % is a constant. Thus
\ls. b -1 1 -b
lim —In 22 = lim ——InA+ lim ~In>— =In\.
n—oo N bM n—oo n n—oo M bM

A~ ls.b
bm

Similarly, we have lim,, %ln = In \. Hence,

1 1, \"ls.b In A
lim —H,(X™Y") = lim —In > - 11
n—o0 1, n—oo n (1 — a)bm 1—a

(4.5)

[]

Another technique can be borrowed from [12] to generalize Lemma 6 to the case
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where R is reducible. First R is rewritten in the canonical form detailed in Propo-
sition 1 of [12]. Let A\ be the largest positive eigenvalue of each self-communicating
sub-matrix of R, and let \ be the maximum of these Ar’s. For each inessential class C;,
let \; be the largest positive eigenvalue of the sub-matrix of each class C; that is reach-
able from C;, and let AT be the maximum of these \;’s. Define A(R) = max{\, Af}.
Then (4.4) holds.

The Rényi cross-entropy rate, alongside the Shannon and Natural Rényi cross-
entropy rates, is summarised in Table 4.2. For simplicity, we assume that the initial
distribution vectors, p and ¢, of both Markov chains also have positive entries (p > 0
and ¢ > 0).2 Moreover, Wg denotes the stationary probability row vector associated
with the first Markov chain and 1 is an m-dimensional column vector where each
element equals one. Furthermore, ® denotes element-wise multiplication (i.e., the

Hadamard product operation) and In is the element-wise natural logarithm.

Table 4.2: Cross-Entropy Rates for Time-Invariant Markov Sources

Information Measure Rate

Shannon )
—7TZ (P ® an> 1
Cross-Entropy

Natural Rényi 1 AP Q')
a—1" A(P)

Cross-Entropy

Rényi 1

- In AP o QM)

Cross-Entropy

2This condition can be relaxed via the approach used to prove [12, Theorem 1].
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Chapter 5

Conclusion

In this thesis, a gap in the literature on information measures was filled by the deriva-
tion of properties of the Rényi and Natural Rényi cross-entropies. Having been given
the equations for the Rényi and Natural Rényi cross-entropies, we chose to explore
how these formulae would evaluate when applied to commonly used distributions. We
were able to derive general expressions for the Rényi and Natural Rényi differential
cross-entropies for an exponential family. We used these to derive closed-form formu-
lae for commonly used exponential families. In addition, we built upon the work of
[7] and [17] to derive cross-entropy rates for stochastic processes with memory: Gaus-
sian sources and Markov sources. Further work upon this topic includes investigating

cross-entropy measures based on the f-divergences [1, 3, 4, 11].
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Appendix A

Derivations of Rényi Differential and Natural

Rényi Differential Cross-Entropies

A.1 Univariate Gaussian

A.1.1 Rényi Differential Cross-Entropy

For x € R, we have

1 _(:L' B :ul)2 _("L‘ B :u2)2 (Oé _ 1))

a—1 __ ]' a—1
f1<l’>f2(l’) - 0_1\/%<02\/§) exp( 20_% + 20_%

2 2 2 2
a2 —x? + 2z — ;| —2?(1— )+ 2zps(a— 1) — pi(a—1
_ o it | a0 0) o~ 1) (o =),
(09V2m)%0y 207% 2072
1 -1 —1 2 -1 2
Deﬁnea:—z—i—a—z,bzﬂ_; (04—2),@7 _ /“‘21_(04 2):“2_
207 205 oy 03 207 202

Note that a will be positive as long as a > 1, since oy, 09 > 0.
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Therefore,

2 ;2
2moio;

T ) Ve = 2
| n@)tte) ey
u (a— l)u
<oi T3 !) ,Ul (a—D)y3
X exp Z -2

20'2

>~

o (o)) 1
(09v/2m)e-1\| 05 4+ of(a — 1)

<(M10§ + (a — 1)pg07)
o3 + (a —1)of

2

- sio o= Do) ).

Thus,

(1= a)ha(fi; f2) =Inoy — (a — 1) Inoav/2m — In (03 + o1 (@ — 1))

2
1 (#103 + (a0 — 1),“20%)2 2 2 2 2
— 2ot —(a—1
20202 o2+ (a—1)0? oy — (o — 1) 0]
1 -1
=Inoy + (1 —a)lnoyV2n n (o3 +021 (@a=1)
2p1105 (o — 1) ppo? — (a = 1) ot0d (5 + p)
20102 o2+ (a—1)0? '

Hence,

ho(f1; f2) = ﬁ (1H02 - o (03 - U% Gl 1))) +1HU2\/%

2
+ (1 —M2)2
202 +2(a—1)0?
_In(o3 +0f(a—1))  In oy 4 In gy (1 — p2)*

2 — 2« l—a 202+2(a—1)0?
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A.1.2 Natural Rényi Differential Cross-Entropy

We have
1 In27r I« In 27
ha(fl):l_a(ln01+ 5 —T—alnal—a 5 )
| . In 27 In o
=Ino —
D) 2 — 2a
and )
02 n % a(p — M2)2
D, =1In—= o
(hllf2) =t 2ot 55 + =50
where 02 = ao? + (1 — a)o3. Therefore,
- In 27 Ina lng—g a(py — p2)?
hoz ; =1 - =
(fifo) =ost == = 55+ 903 202

A.2 Multivariate Gaussian

A.2.1 Rényi Differential Cross-Entropy

The following depends heavily on material in [7], specifically the derivation of the

Rényi divergence. For x € R",

—1 11—«
2

fil@) fa(2) ™ = ((2m)" [S4]) = ((2m)" [Eel)

X exp (—.5 <(9c — ) ST (2 — ) + (= 1) (2 — )" 27 (2 — .U2)>>

By being careful to note where there is an « that appears due to the fact that f; is

raised to the power of o, we can rewrite the term in the exponent (ignoring the -0.5
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term for the moment, though taking care to remember to add it in later) as

2T (21—1 + (a—1) 22_1) r—al (Zl_lul + (a—1) E;luz)
— (ST (= D) ) o+ pf ST e+ (@ — 1)y 55 o

= 2T Az — 22Tb + ¢,
where

A=S7"+ (a—1) 8,

b= 1 + (a— 1) o,

and

=Ny (= 1)y X5 o,

Note that if A is symmetric and positive-definite we can define v and d in the same
way [7] does, i.e., v = A"lband d = ¢ — bl v.

This allows us to rewrite fi(x)f2(2)*"! as

(2n)" [%1)  (2m)" [%al) 7" e

1—

X ((2m)" [Z4]) ® ((27)" %)) 2 e exp (<05 (2 = 1) A(w - v))

11—« -1
2 2

= (AIIZ) T (@n)" [5)) 7 e (1417 2m)") F exp (<05 (2 — )" Az - v))

—d

— (JA[S1]) 2 (2m)" [Ss]) = e 7 [ (2)),

where f (x) is the pdf of a multivariate Gaussian with mean v and covariance

matrix A~!. As the integral of f(x) over R will be 1, and none of the other terms
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depend on x, we conclude that

—d
2

Rn fi(@) fa(@)* de = (lAHZlD%l ((2m)" ‘22‘)1%& e

Hence,

hoz (f17f2> =

1 —In|A||%] N (1-—a)ln@2m)" || d
-« 2 2 2

1 n
9 924 (= In[A[|Z] + (1 — ) In (27)" [Xs] — d) .

A.2.2 Natural Rényi Differential Cross-Entropy

Let fy = fi in the above equation, i.e., X1 = Yy = X, and g1 = po := p. Thus,
A=Y+ (a-1DZ ' =a2L 0=S""pu+ (a— 1) X \u=aX"y, and

c=pt'S iy + (a— 1)t = aptS .

Additionally,

d=oau™> - (aZ_l,u)T (ozE_l)_l aX tu=c—c=0.
Hence,

~ 1

he (f1) = (—InjeX7Y[S|+ (1 — a)In(27)" |Z] = 0)

2 -2«
1 n
- L (“lnfal+ (1 ) @n)" |5,

and thus
7 . _ 1 n |21|
he (f1; f2) = —Injo|+ (1 —a)ln(2m)" |51+ (1 —a)In = + In|A|[3| +d

2 — 2« |22’
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! 1 277”22
:2—mﬂ_mkﬂ+mVW&MHD+§mLJJ¢L.

A.3 Exponential distribution

A.3.1 Rényi Differential Cross-Entropy

For z € R™, we have

fl (x)fz(a:)lfoc — /\1)\8‘7167)\1167)\21(0{71) — /\1>\8471€7(/\1+)\2(a71))z.

Thus,
A AT
()\1 + )\Q(Oé — 1))

/ " B hle)ds =

and
In A —In(A; + Ao — 1))
-«

ho(fi; f2) = —In As.

A.3.2 Natural Rényi Differential Cross-Entropy

As shown in [17] , the Rényi differential entropy of an exponential distribution, fi,

is given by
a (a—1)(Ina+1Ink) —alna
— ] _ 1 —
ho(f1) n(ah) — 7——In(@) — 4
_(a=1)(na+In)) —aha
B -«
L LN
l—«

Similarily, as shown in [7],

A1 1 A1
D, =In— In —.
(fl”f?) n)\2 + 1—Oé n/\a
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Thus,
- —lna A 1 A
halfi; f2) = T W In 2L
e L Wl s
1
=—In)\ + In M

l—a  a),

A.4 Beta Distribution

Rényi Differential Cross-Entropy

For x € S,
a—1
a1 xal_l(l _ i[f)bl_l xag—l(l _ z,)bg—l
fl(x)fQ(x) - B(a]_,b]_) B a27b2)
_ B(ag, by) z™ (1 - x)bnl
B((Ll,bl) B(ag, bg)a ’
where
ap = ay + (ag — 1)(a—1)

and

B(as, by) Blap,by) z® (1 — )t

bp=b1+ (b = 1)(a —1) = B(ai,b1) Blaz, ba)*  B(an, by)

Therefore,

B(an, bn) /1 (1 — x)bh_ldx
B(ag,bg)a 0 B(ah,bh)
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Hence,

o 1 B(ap, by)
ha(fr; f2) = In Bla,by) + 3= In o

Natural Rényi Differential Cross-Entropy

By summing the expressions for h,(f1) and D,(f1]|f2) found in [17] and [7] respec-

tively, we obtain

1 B(a(ap —1)+1,a(by —1)+1)

ho (f15 f2) = 1—a In B (ay,b1)”

B ((Ig, bg) 1 1 B (al, bl)
n

B(ay,by) 1—a  B(aa,ba)

1 B(a(ag —1)+1,a(by —1)+1)

1—a B(@ayboz)

+ In

B (ag,bg) i 1 In B (al,bl)a
B(al,bl) 11—« B(al,bl)

1 B(a(a—1)+1La(b;—1)+1)

= 1
1—a B (aq, ba)

+ In

+ In B ((12, bg)

where a, = aa; + (1 — a) ay and b, = aby + (1 — «) bs.

A.5 Gamma

For a Gamma (k,0) distribution,

and
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A.5.1 Rényi Differential Cross-Entropy

We have

kiIn (07Y) —InT (ki) — kpIn (07") +InT (k
hoz (flaf?) = 1 n( 1 ) n ( 1i_ah n( ) n ( h) _k:an (02—1) +1n1—\(k2)
— — _ —1x
_ kl In (91) th(]ﬁi — ];h In (9 )—HnF(kh) n ]{,‘2 n (92) X lnF(k;Q)

where 07 = 07+ (a — 1) 0, and Ky, = ky + (o — 1) (kg — 1).

A.5.2 Natural Rényi Differential Cross-Entropy

We have
~ koln (051) —InT (ky) — ®ky In 07 +InT (ak
he, (fl;fQ) _ ( ) ( )1_a1 ( 1 ) ( 1) — kyln (951) +1n1—\(k2)
—koIn (1) —InT (k, 2k In (0 InT" (kK
_ “kaln(fa ) ~InT( 1>_+ao‘ @) +LR) | 1 (6) +1nT (k)

where 07! = ;' 4+ (1 — ) 6, and k, = ak; + (1 — @) ko.

A.5.3 Chi-Squared Distribution
The chi-squared distribution is a special form of the Gamma distribution, in that

X2 (v) ~T (v/2,2).

Rényi Differential Cross-Entropy

We have

—4n(2) —InD (%) 4 (& + @Dy (24) + InT (2
ha(f1§f2): 2 ( ) 2 2 (2)

11—«
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+ﬁ1n(2)+lnf‘ <ﬁ>

2 2
“In(o) —InT (4) +InT (2) v, —2 2 2
_ 2 2 2) _ In (2 —121r<—)
1—a ;) + 5 @)+l
= 2 Infa) —lnlf‘ (%1) —HHF(%) + 2_2V2 In (o) +In 2T (%)
—

where v, =11 + (a — 1) (1p — 2).

Natural Rényi Differential Cross-Entropy

We have

b (e ) = BV EORTLS), 4 yp (),

A.6 Pareto, Constant Minimum

A.6.1 Rényi Differential Cross-Entropy

For the Pareto distribution:

77:_)\_17

and

An)=In(-1-n)— (1 +n)lnm.

Hence,

B In(—1—m)—1+m)nm—In(=1—mn,)+ (1 +n,)Inm
N 11—«

ha (flva)

—In(=1—=mn)+ (L +mnm)lnm



A.7. LAPLACE, CONSTANT MEAN 40

1
:1—(ln)\1+)\11nm—ln(—1—)\2+)\1+a()\2+1))

+(1+)\2—)\1—a()\2+1))lnm> —InXy — A2 lnm

InA{ —In\
:w_lnmz,
11—«

where A\, = A\ + (v — 1) (A2 + 1).
A.6.2 Natural Rényi Differential Cross-Entropy
Define A\, = aA; + (1 — @) Ay. Then,

S In(—1-ny) — (A 4n)Inm—In(=1—amn)+ 1+ an)lnm
a 1l -«

Ba (fl?f2)

—In(=1—=m)+(L+mn)lnm
_ In(A) —(A)lnm—In(1—a(A—1))—(1—a(A—1))lnm

11—«
—1In ()\2) — )\2 Inm
1 —In(1-— -1
_ (Ao) ZIn (1 —a(h—1)) —1In (X)) — lnm.
l—«a
A.7 Laplace, Constant Mean
Here,
n= _67
and
A) = ="
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A.7.1 Rényi Differential Cross-Entropy

We have
In=E —In=2 —n
h . — 2 2y 2
« (f17 fQ) 1—a n 9
_ —In2b; —Inby, +1Inb; +1nby + n2h,
1 -«
_ —In2—Inb, +1nb, + In2h,
11—«
where by, = by + (1 — )by
A.7.2 Natural Rényi Differential Cross-Entropy
We have
- In =l — |p =2 —1)
ha . — 2 2 _1
(f15 f2) 1— o n 9
1 1
= —Ilba +Inab + 1n 2b,
11—«

l—«a

where b, = % + 5

A.8 Gumbel, Fixed Scale Parameter

Here, n = e=*/8 and A(n) = Inn. Moreover, b(z) = B~ e /5.

A.8.1 Rényi Cross-Entropy

Eh = ﬁ_lth(e_x/ﬁ).



A.8. GUMBEL, FIXED SCALE PARAMETER 42

One can therefore use the Moment-Generating Function of f; to derive Ej:

E,=p5"'T (1 — %) e~ Bmnn(a=1)/p

= 5702 — o),

Therefore, we have

Inn —Inng, +In 102 — a)y, @

ha(f1; f2) = I— o — Inny
_ _ -1 _
_ /B alnth;nﬁ F@2=2) | o,

where 7, = e "/ + (a — 1)e 12/5,

A.8.2 Natural Rényi Cross-Entropy

We have

a — 571Efa (eiz/ﬁ)

_ —11‘\(1 . B(a — 1))8(1”1(&_1)/5.

Therefore,

Inn, —Inan +1In B2 — a)exrla—1)/8
-«

ﬁa(f1;f2) = —Inn,

ln F(Qfa)noc + %

_ af _'_N2+Oé/il'

11—« 15}
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A.9 Rayleigh
Here, b(z) =z, n = (2_712), and A(n)In—2n. Thus, E), = Ej, (z*71).

A.9.1 Rényi Differential Cross-Entropy

Using the formula for the raw moments of the Rayleigh distribution, we obtain that

By = (=)' T (1 + %52). Therefore,

In =2 —In =27, + In(—ns)' °T(1 + *51)

b (i f2) = T B
—Inof —In( + %5F) + InT(452)
= ! s +1nos + Inn,
-«
Ino? —Inoj + InT(52
S (5 )+ln205+1n02
1 -«
1—a
_ Ino? — alria,% +InT'(52) 20
-«

where 07 = 0,2 + (a — 1)05 2.

A.9.2 Natural Rényi Differential Cross-Entropy

Here, B
2\ 2 1-—
mee(2) ()
o} 2
Hence,
~ In —2n, — In —2am; +Ino; (2 (e
ha (f15 f2) = 11_a ) * TS —In—2n,
_ Inojoa —Ina+mWl(52) 1 20i0;

= + —1In

11—« 2 «
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A.10 Half~-Normal

The Half-Normal distribution’s pdf is similar to that of the normal distribution, albeit
with a zero mean and b(z) multiplied by 2. This means we can use what we found

above, set p; = py = 0, and add 0.5 1n 27:

In(c2+0?(a—1 1
ha(fl;fz):—n(a2 71 (a ))—l—ln02\/27r— 192

2 -2« 1 -«
(0—0)°
0.5In2
+20§+2(a—1)0%+ nen
In (02 2(a—1 1

:_n(02+01(a ))—I—lnag— 1o + In27

2 -2« -«
:_ln(ag—l—af(a—l))—i—alna%_Hn27r‘

2 -2«

A.11 Chi Distribution

Here n = [%’ k— 1]’ and A(n) = (n[2]+1)ln—2n[21]—(77[2}—1)1n2 _ lnF("m;l).

A.11.1 Rényi Differential Cross-Entropy

We have

11—« 2
(7a]2] = 1)In2 — (np[2] + 1) In —2m,,[1] (nh[Q] + 1) )
+Inl' | ——

2
n (72[2] =1)In2 — (22[2] + 1) In —2np1] L InT (772[2]2+ 1)
1 —]{Jlan%—(lfl—Q)lHQ ]{31
- 1—a( 2 — il (3)
(k1 + (= 1Dky —a—1)In2 — (ky + (. — 1)(ky — 1)) In o}
* 2

r <k:1 +(a —21)(k2 - 1)) )

ha (fi; f2) = 1 ((771[2]4_1)111_2771[21]_(771[2]_1)1112_lnr 7]1[2]—0—1)

+
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_ 2
+(k52 2)1H2+k§21ﬂ0’2+1nr(k52>

2 2
_ 1 —kllncr%(f%_lnF k1 T ki+ (a—1)(kg — 1)
! 2 2 2
B In 20?2 + kyIn oo T )
2 2
where 0} = 25 4+ %5

A.11.2 Natural Rényi Differential Cross-Entropy

We have
ha (f1; f2) = 2 l-a
. _1n2+2k21n"2 +InT (%)

where 0, = % + 2 and k, = ak; + (1 — a)ks.

2
I35

A.11.3 Non-scaled case

In the non-scaled case, 02 = 03 = 1, and thus o7 = a. Therefore,

—kilne _nT (%) + 1n1—\(k1+(a—21)(k2—1))

ho (f15 f2) = 2 1— o
+—ln2+(k2—1)lna+lnr ko ‘
2 2
Furthermore,
B} —InT(k) — ekilna | paltizbily )9 k
ha (fis f2) = %) — ), 30‘+1nr(_2)_
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A.11.4 Maxwell-Boltzmann distribution

The Maxwell-Boltzmann distribution is a special case of the chi distribution where

k1 = ko = 3. Therefore,

a(fhf?) - 1—a
+—ln2—|—3ln020h lnah+1 r 3
2 2
731n0'fc7f2l 1
= —a(lny/m—m2)+ InT(a+ 3)
N -
—In2+3Inoic; —Ino
2
B % —a(lny/7 —In2) + In2'722/77(2a) — InT(a)
n 1 -«
—In2+3Ino3o} —Ino}
2
—31110%0%_{_1 (2 InT
=5 +Inl'(2a) —-InT(a)  In27+3lnojo; —Inoj
— + .
11—« 2
Furthermore,
1 3lno, — (2a+1)In s VT 1
Cfy) = —aln— +1InT =
ha (f15 f2) 1_@( 5 aln = +In (a+2>
n 3lno? —In2
5 .
A.12 Uniform
Let apy = max (aq, as), and b, = min (b, b2). Then,

m . 1-a
/ fl a 1d / (b2 a’2) dz
am by —ay

(b — anr) (b2 — az)lia'

by —ay
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Therefore, 1 by — a
ho(fii f2) = 7= pn U = 020

(0] bl—al

+ In (bg - CLQ) .

A.13 Log-Normal Distribution

The only difference between the pdf of a Normal distribution and a log-normal dis-
tribution is b(x) and T(x). Since T(x) is not a factor of the cross-entropy the only
difference between the cross-entropy of the normal distribution and the log-normal

distribution will be the E}, term.

A.13.1 Rényi Differential Cross-Entropy

The n'* moment of X ~ Log — normal(p,0?) is exp(np + $n*0?). Thus,

1 1
InE, = In — —i—th(Xl*a)

-« l—a  \for
2 -1 2+ (2a—2)0%02 1
:M102+(0‘ 201 + (2a — 2)oi0; 4 =In2r,
2(a?)y, 2

where 02 = 03 + (o — 1)o? As we know 222 = 11n 27 for the Gaussian distribution,

ha (f1; f2) = % (1n(27ra§) + 5 i ~In ((;%) n (1 — M2)2)

(0%)n
103 + (o — Dpsof + (2a — 2)oto3
+
2(02)11

A.13.2 Natural Rényi Differential Cross-Entropy

1 1—« 1
1_a1nEh:M1+ % U%+§1H27T
Thus
o 1 (p1 — H2)2 1 040% l-a
he (f1; f2) = = [ n(2703 I '
(f15 f2) 2<n( moy) + (02)a o™ (02)a Tt
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