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Sliding Finite Window Codes: Near-Optimality and
Q-Learning for Zero-Delay Coding
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Abstract—We study the problem of zero-delay coding for the
transmission of a Markov source over a noisy channel with
feedback and present a reinforcement learning solution which is
guaranteed to approach optimality. To this end, we formulate the
problem as a Markov decision process (MDP) where the state is
a probability-measure valued predictor/belief and the actions are
quantizer maps. This MDP formulation has been used to show the
optimality of certain classes of encoder policies in prior work, but
their computation is prohibitively complex due to the uncountable
nature of the constructed state space. Based on recent results for
partially observed MDPs, we present an approximation of the
belief MDP using a sliding finite window of channel outputs and
quantizers. Under an appropriate notion of predictor stability,
we show that the lowest distortion achievable by such a sliding
finite window policy approaches the true lowest distortion as
the window length increases. We give sufficient conditions for
predictor stability to hold. Finally, we propose a Q-learning
algorithm which provably converges to the optimal policy and
provide a detailed comparison of the sliding finite window scheme
with another approximation scheme which quantizes the belief
MDP in a nearest neighbor fashion, as well as other coding
schemes from the literature.

Index Terms—Zero-delay coding, reinforcement learning,
Q-learning, stochastic control, Markov decision processes, quan-
tization, source-channel coding, noisy channels with feedback.

I. INTRODUCTION

THE zero-delay coding problem involves compressing
and transmitting an information source at a fixed rate

over a noisy channel with feedback and without delay, while
minimizing the expected distortion at the receiver. This zero-
delay restriction is of practical relevance in many applications,
including live-streaming [1], [2], [3], [4], real-time tracking
and estimating processes over erasure links [5] and real-
time sensor networks [6], [7]. However, this restriction means
that classical Shannon-theoretic methods [8], which require
collecting large sequences of source symbols and compressing
them at once, are not viable as they induce a large delay.
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From an information-theoretic perspective, several strategies
have been used to approach this problem, including mutual
information constraints, entropy coding, and Shannon lower
bounding techniques. Studies to this end include [9], [10],
[11]. Within the context of linear systems, [12], [13], [14],
[16] use sequential rate-distortion theory. Some of these works
give applicable codes for zero-delay coding for Gaussian
sources over additive-noise Gaussian channels, and some give
upper and/or lower performance bounds; see [17] and [18]
for further studies, and see [19], [20], [21] for studies in
the context of channels with delay and other communication
constraints.

Furthermore, learning theoretic methods have attracted sig-
nificant interest in source-channel coding theory both in the
classical literature and the recent literature, see for example
[22], [23], [24] for the noiseless channel (quantization) case
among several classical results, although usually restricted to
independent and identically distributed (i.i.d.) sources. We note
that our results are directly applicable for i.i.d. sources as
well, since an optimal zero-delay code for an i.i.d. source
is a memoryless code [25], [26], [27] (see also, for related
discussions in a different causal coding context [28], [29], [30],
[31]). More recently, deep learning is employed to construct
powerful joint source-channel codes (see [32], [33], [34]), and
reinforcement learning is used as a tool to estimate feedback
capacity in [35] and [36]. Although effective in practice, these
machine learning methods are generally experimental and do
not provide a formal proof of convergence or optimality. Con-
versely, our reinforcement learning approach will be rigorously
shown to converge to near-optimality, in the sense that, for any
ε > 0, there exists some window size N such that the resulting
policy achieves distortion no further than ε from the optimal
distortion (a formal definition is given in Definition 1).

There have been several studies about the zero-delay coding
problem using stochastic control techniques. In particular,
[25], [26], [37] consider Markov sources with finite alphabets
and finite time horizons and show optimality of structured
classes of policies. Similar optimality and existence results
are presented for infinite time horizons in [27] (with feedback)
and [38] (without feedback). The continuous-alphabet infinite-
horizon case is examined in [39], although only over a
noiseless channel. These results often rely on formulating the
problem as a Markov decision process (MDP) in order to
utilize existing results from stochastic control theory, such as
dynamic programming and value iteration methods (see [40],
[41] for detailed information on such methods). However, in
the formulation of the MDP, these results utilize a state space
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that is probability measure-valued (this state is often called
the “predictor” in the literature) and an action space involv-
ing quantizers. These spaces are computationally difficult to
work with, both in terms of complexity and implementation.
Thus, while numerous existence and structural results have
been established for this problem, the explicit development
of effective coding schemes for a given zero-delay coding
problem is still an open problem.

In this paper, we present an approximation method to
simplify the resulting MDP, and we use this approximation to
obtain near-optimal coding schemes for the zero-delay coding
problem via a reinforcement learning approach. We emphasize
that we provide guaranteed approximation and convergence
results. In particular, we build on methods developed recently
in [42], which were originally used to study partially observed
Markov decision processes (POMDPs). The analysis requires
significant adaptation for our setup as the measurement chan-
nels are selected by an encoding policy and are not constant
(depending on the realization of the predictor measures). Based
on these methods, we introduce a practical sliding finite win-
dow method and present several mathematical and algorithmic
results on its near-optimal performance. We also compare
this method with the approach used in [43], which uses
a nearest neighbor quantization of the probability measure-
valued state space. Although [43] only studied the noiseless
channel (quantization) version of the problem, extensions to
the noisy channel case follow with little additional effort as
we discuss in the paper.

We emphasize that our new sliding finite window method
has several advantages over the belief quantization scheme.
In particular, it is easier to implement, computationally less
complex, and valid for any initialization. This comes at a cost
of some additional Dobrushin coefficient conditions on the
source and channel, but we note that the conditions provided
here are sufficient, not necessary. These differences can be
seen by comparing Theorems 4 and 6, and are further detailed
in Section V.

The sliding finite window code that we propose can be
viewed as a finite state code [44], [45] where the states are the
realizations of a finite window of encoder maps and outputs.
We are not aware of such a construction in the literature with
rigorous performance guarantees in the context of optimal
real-time coding and in particular on an associated learning
theoretic study. We also note the similarities to trellis or
convolutional codes [46], [47], [48]; our method can be in
some sense be seen as a zero-delay analog of these codes, but
our analysis is based on stochastic control and thus entirely
different than that of trellis codes.

A. Main Contributions

• To our knowledge, there is no prior study on near-
optimality of sliding window coding schemes for the
zero-delay coding problem with an explicit rate of con-
vergence (involving all window lengths). To this end,
in Theorem 2, we provide an approximation result for
the zero-delay coding problem which bounds the sub-
optimality gap of sliding finite window policies by a
predictor stability term.

• Under Dobrushin coefficient conditions, we then show
that these sliding finite window policies become near-
optimal for the zero-delay coding problem in Corollary 2,
with an explicit performance bound. We note that these
conditions hold when the channel is “noisy enough” or
when the source has some mixing conditions. To our
knowledge, this gives the first rigorous proof of optimality
of sliding finite window policies for the zero-delay coding
problem.

• We provide a (reinforcement) Q-learning algorithm which
allows for the computation of these sliding finite win-
dow policies and rigorously show its convergence in
Theorem 4.

• Finally, we provide both theoretical and experimental
comparisons of our sliding finite window method with
a nearest neighbor approximation scheme presented in
[43] (and adapted and generalized to the noisy channel
setting). We also compare our algorithm to several other
zero-delay schemes in the literature.

Notation. In general, we will denote random variables by
capital letters and their realizations by lowercase letters. There
are a few exceptions to this; in particular we will always use
lowercase π and uppercase Q in order to avoid a conflict of
notation with existing results in the literature. It will be clear
from the context for these variables whether we are referring
to a random variable or its realization. To denote the set
of probability measures over a measurable space (X ,B(X )),
we use P(X ), and to denote a contiguous tuple of random
variables (X0, X1, . . . , Xn) we will use the notation X[0,n] (and
its realization by x[0,n]). Probabilities and expectations will
be denoted by P and E, respectively. When the relevant
distributions depend on some parameters, we include these
in the superscript and/or subscript. Also note that, even for a
finite set Y , we sometimes write for consistency of notationP

Y f (y)P(y|x) =
R
Y f (y)P(dy|x), where we use the counting

measure over Y .

II. PRELIMINARIES: OPTIMAL CODING PROBLEM
AND ITS MDP FORMULATION

A. Optimal Zero-Delay Coding and Existence of an Optimal
Policy

Let our information source be a Markov process (Xt)t≥0
taking values in X , which we assume is finite. Let T (x′|x) :=
P(Xt+1 = x′|Xt = x), x, x′ ∈ X , be its transition kernel. We
assume that T is irreducible; that is, for every x, x′ ∈ X , there
exists t ∈ Z+ such that T t(x′|x) > 0, where

T t(x′|x) := P(Xt = x′|X0 = x) =
X
y∈X

T (y|x)T t−1(x′|y).

We say that a probability measure ζ is invariant for T if

µ(x′) =
X
x∈X

T (x′|x)ζ(x) ∀x′ ∈ X .

One classical result in Markov chain theory is that an
irreducible Markov chain on a finite space has a unique
invariant measure [49], and thus our source (Xt)t≥0 has a
unique invariant measure ζ. Let X0 ∼ π0 (we also call π0
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Fig. 1. Source-channel coding with feedback.

the prior). Let M and M′ be the input and output alphabets
of the memoryless channel, which we assume are finite, and
let (Mt)t≥0 and (M′t )t≥0 be the respective processes. We denote
the channel kernel by O(m′|m) := P(M′t = m′|Mt = m) for
m′ ∈ M′ and m ∈ M. Finally, let X̂ be some finite set of
reconstruction values, and let (X̂t)t≥0 ⊂ X̂ be the corresponding
sequence of reproductions.

Consider sequences of functions (γe
t )t≥0, which we call the

encoder policy, and (γd
t )t≥0, which we call the decoder policy.

In addition to the current source symbol, the encoder has
access to all past source symbols and channel inputs, and all
past channel outputs in the form of feedback. In addition to the
current channel output, the decoder has access to all previous
channel outputs. That is, (γe

t )t≥0 and (γd
t )t≥0 are such that

γe
t : X t+1 ×Mt ×

�
M′

�t
→M γd

t :
�
M′

�t+1
→ X̂ (II.1)

(X[0,t],M[0,t−1],M′[0,t−1]) 7→ Mt M′[0,t] 7→ X̂t. (II.2)

Our setup can be seen in Figure 1. Note that the initial distri-
bution π0 and the policies (γe

t , γ
d
t )t≥0 induce a joint distribution

on (Xt,Mt,M′t , X̂t)t≥0; this follows from the Ionescu-Tulcea
Theorem, see e.g., [40, Proposition C.10].

We consider two performance criteria for the zero-delay
coding problem. We wish to find encoder and decoder policies
such that one of the following distortion quantities is mini-
mized: the discounted distortion,

Jβ(π0, γ
e, γd) := Eγe,γd

π0

"
∞X

t=0

βtd(Xt, X̂t)

#
, (II.3)

or the average distortion,

J(π0, γ
e, γd) := lim sup

T→∞
Eγe,γd

π0

"
1
T

T−1X
t=0

d(Xt, X̂t)

#
, (II.4)

where d : X × X̂ → R+ is a given distortion function and
β ∈ (0, 1) is a given discount factor.

We refer to the minimization of (II.3) as the discounted
distortion problem and of (II.4) as the average distortion
problem. For a fixed encoder policy γe, it is straightforward
to show that the optimal decoder policy for both problems is
given by:

X̂t = γd∗
t (M′[0,t]) := argmin x̂ ∈ X̂Eγe

π0

�
d(Xt, x̂)|M′[0,t]

�
. (II.5)

Accordingly, we assume that we use an optimal decoder
policy for a given encoder policy. We then denote by γ the
resulting encoder-decoder policy (γe, γd∗), and the set of all
such policies as Γ. Then (II.3) and (II.4) become Jβ(π0, γ) and
J(π0, γ), respectively. We denote the minimal distortions by

J∗β(π0) := inf
γ

Jβ(π0, γ) (II.6)

J∗(π0) := inf
γ

J(π0, γ). (II.7)

We will also consider policies which obtain the above infima
within some arbitrary threshold ε > 0, which we call near-
optimal, as follows:

Definition 1: We say that a set of policies {γ} depending
on some parameter set is near-optimal for the discounted
distortion problem (respectively, average distortion problem) if
for any ε > 0, there is some choice of parameters such that the
resulting policy γ satisfies Jβ(π0, γ) ≤ J∗β(π0)+ ε (respectively,
J(π0, γ) ≤ J∗(π0) + ε).

Note that in the zero-delay coding problem, we are usually
concerned with the average distortion problem. However, it
can be shown that as β → 1, policies which are near-optimal
for the discounted distortion problem is also near-optimal
for the average distortion problem (see [41, Theorem 7.3.6]).
Furthermore, the discounted distortion problem is generally
easier to study from a reinforcement learning standpoint. Thus,
we will target the discounted distortion problem throughout
the majority of the paper and then make connections with the
average distortion problem by taking β→ 1.

For fixed (x[0,t−1],m[0,t−1],m′[0,t−1]), consider the function
γ(·, x[0,t−1],m[0,t−1],m′[0,t−1]) : X → M. Such a function (that
is, a mapping from X toM) is called a quantizer. We denote
the set of all quantizers by Q. Thus we can view a policy
γ as selecting a quantizer Qt ∈ Q based on the information
(X[0,t−1],M[0,t−1],M′[0,t−1]), then generating the channel input Mt

as Qt(Xt), as in [50].
Recall that we used O(m′|m) to denote our channel transition

kernel. Let OQ(m′|x) denote the kernel induced by a quantizer
Q ∈ Q; that is, OQ(m′|x) = O(m′|Q(x)). Also, let πt, πt ∈ P(X )
be defined as

πt(·) = Pγ
π0

(Xt ∈ ·|M′[0,t−1]) (II.8)
∗πt(·) = Pγ

π0
(Xt ∈ ·|M′[0,t]), (II.9)

recalling that X0 ∼ π0. We have dropped the γ for notational
simplicity, but it should be noted that πt and πt are policy-
dependent. In the literature, πt is called the predictor, as it is
the predictive probability of the next symbol Xt. πt is called
the filter due to its role in estimation and non-linear filtering
of partially observable systems [51]. With a slight abuse of
notation, we also let the source transition kernel T act as an
operator on probability measures as follows:

T : P(X )→ P(X ) (II.10)

π(x) 7→
X
x∈X

T (x′|x)π(x). (II.11)

Then given π0, the above measures can be computed in a
recursive manner as follows (see [52, Proposition 3.2.5]).

πt(x) =
OQt (M′t |x)πt(x)P
x′ OQt (M′t |x′)πt(x′)

,

πt+1 = T (πt). (II.12)

Using the above update equations, one can compute πt given
(M′[0,t−1],Q[0,t−1]), so that policies of the form Qt = γt(πt) are
valid. These policies form a special class.

Definition 2 [27]: We say a policy γ = {γt}t≥0 is of the
Walrand-Varaiya type if, at time t, γ selects a quantizer Qt =

γt(πt) and Mt is generated as Mt = Qt(Xt). Such a policy is
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called stationary if it does not depend on t (that is, γt = γ
for some γ and all t ≥ 0). The set of all stationary Walrand-
Varaiya policies is denoted by ΓWS.

The following are key results, originally from Walrand and
Varaiya [25] for a finite time horizon and extended to the
infinite-horizon case in [27].

Proposition 1 [27, Proposition 2]: For any β ∈ (0, 1), there
exists γ∗ ∈ ΓWS that solves the discounted distortion problem
(that is, it minimizes (II.3)) for all priors π0 ∈ P(X ).

Proposition 2 [27, Theorem 3]: There exists γ∗ ∈ ΓWS
that solves the average distortion problem (that is, it mini-
mizes (II.4)) for all priors π0 ∈ P(X ).

B. Regularity Properties of the Markov Decision Process

Utilized in the above results is the fact that, under any
γ ∈ ΓWS, the zero-delay coding problem can be viewed as
a Markov decision process (MDP), which we now formally
define.

Definition 3: We define a Markov decision process (MDP)
as a 4-tuple (Z ,U , P, c), where:

1) Z is the state space, which we assume is Polish (a Borel
subset of a complete, separable metric space).

2) U is the action space, also Polish.
3) P : Z × U → P(Z) is the transition kernel, such that

(z, u) 7→ P(dz′|z, u).
4) c : Z × U → [0,∞) is the cost function.
The objective is to minimize Jβ(z0, γ) :=

Eγ
z0

�P∞

t=0 β
tc(Zt,Ut)

�
(the discounted cost problem) or

J(z0, γ) := lim supT→∞ Eγ
z0

h
1
T

PT−1
t=0 c(Zt,Ut)

i
(the average

cost problem), over all γ, where γ = (γt)t≥0 and
Ut = γt(Z[0,t],U[0,t−1]).

Proposition 3: Restricted to γ ∈ ΓWS, the zero-delay coding
problem is an MDP, where:

1) Z = P(X ).
2) U = Q.
3) P = P(dπ′|π,Q) induced by the update equations

in (II.12).
4) c(π,Q) =

P
M′ minx̂∈X̂

P
x d(x, x̂)OQ(m′|x)π(x).

This follows directly from the update equations in (II.12)
and the fact that, under any γ ∈ ΓWS, πt completely determines
Qt. The restriction to ΓWS is without loss of optimality due to
Propositions 1 and 2. The choice of c is due to the following
result.

Lemma 1: If an optimal decoder is used, the expected
distortion at the encoder (that is, before sending Mt) is given
by

c(πt,Qt) =
X
m′

min
x̂∈X̂

X
x

d(x, x̂)OQt (m
′|x)πt(x). (II.13)

Proof: Under any γ ∈ ΓWS and given π0, the optimal decoder
can compute the filter πt, and thus the optimal decoder chooses
X̂t according to

argmin x̂E
h
d(Xt, x̂)|M′[0,t]

i
= argmin x̂

X
x

d(x, x̂)πt(x).

(II.14)

By the update equations in (II.12), we have

πt(x) =
OQt (M′t |x)πt(x)P
x′ OQt (M′t |x′)πt(x′)

, (II.15)

Thus at the decoder, the expected distortion is given by

min
x̂

X
x

d(x, x̂)
OQt (M′t |x)πt(x)P
x′ OQt (M′t |x′)πt(x′)

. (II.16)

However, at the encoder we must take the further expec-
tation over M′t (conditioned on M′[0,t−1]), since we do not yet
have access to M′t . Thus, at the encoder the expected distortion
is X

m′
min

x̂

X
x

d(x, x̂)
OQt (m

′|x)πt(x)P
x′ OQt (m′|x′)πt(x′)

(II.17)

· Pγ
π0

(M′t = m′|M′[0,t−1])

=
X
m′

min
x̂

X
x

d(x, x̂)
OQt (m

′|x)πt(x)P
x′ OQt (m′|x′)πt(x′)

(II.18)

·
X

x′
Pγ
π0

(Xt=x′|M′[0,t−1])P
γ
π0

(M′t =m′|Xt=x′,M′[0,t−1])

=
X
m′

min
x̂

X
x

d(x, x̂)
OQt (m

′|x)πt(x)P
x′ OQt (m′|x′)πt(x′)

(II.19)

·
X

x′
OQt (m

′|x′)πt(x′)

=
X
m′

min
x̂

X
x

d(x, x̂)OQt (m
′|x)πt(x), (II.20)

where second equality holds by the definition of πt and since
Pγ
π0 (M′t = m′|Xt = x′,M′[0,t−1]) = OQt (m

′|x′) by the memoryless
property of the channel and γ(πt) = Qt. �

By this lemma, we have that the expected distortion at the
encoder (assuming an optimal decoder), satisfies

Eγ
π0

"
T−1X
t=0

c(πt,Qt)

#
= Eγ

π0

"
T−1X
t=0

d(Xt, X̂t)

#
. (II.21)

Thus, this choice of c ensures that solving the MDP defined in
Proposition 3 over all γ ∈ ΓWS (that is, minimizing Jβ(π0, γ)
or J(π0, γ)) is equivalent to solving the zero-delay coding
problem. Accordingly, we hereafter consider the discounted
and average cost problems for this MDP (rather than the
original discounted and average distortion problems). This
allows us to use strategies from the literature of stochastic
control; however, several complexities have been introduced:
• While the source alphabet X is finite, the state space

of the MDP, P(X ), is uncountable. Furthermore, while
our source process (Xt)t≥0 is finite and irreducible (and
hence has a unique invariant measure), there is no a priori
reason for the MDP state process (πt)t≥0 to inherit these
properties; in particular, irreducibility is too demanding.

• While we assume knowledge of the source transition ker-
nel T , the calculation of the transition kernel P(dπ′|π,Q)
is computationally demanding.

Thus even if one can approximate the MDP state space
P(X ) by some finite one, implementation of traditional MDP
methods such as dynamic programming is difficult for this
problem. This motivates the use of learning methods which
learn the optimal policy empirically. We will cover this method
in detail in Section IV. Finally, although explicit computation
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of P(dπ′|π,Q) is difficult, the following key structural result
was obtained in [50].

Lemma 2 [50, Lemma 11]: The transition kernel P(dπ′|π,Q)
is weakly continuous. That is,Z

π′
f (π′)P(dπ′|π,Q) (II.22)

is continuous in (π,Q) for any continuous and bounded f :
P(X )→ R.

Here, we endow P(X ) with the weak convergence topology
and Q with the Young topology (see [50]). Alternatively, since
Q is finite here the discrete topology would also suffice. MDPs
with weakly continuous transition kernels as above are often
called weak Feller.

C. Filter and Predictor Stability

A key property that we use is filter/predictor stability (recall
from Definition II.8 that the predictor is given by πt and the
filter by πt).

Definition 4: The total variation distance between two
probability measures µ, ν defined over X is given by

||µ − ν||TV := sup
|| f ||∞≤1

ˇ̌̌̌Z
X

f (x)µ(dx) −
Z
X

f (x)ν(dx)
ˇ̌̌̌
, (II.23)

where the supremum is over all measurable real functions such
that || f ||∞ = supx∈X | f (x)| ≤ 1.

The total variation distance is equivalent to the L1 met-
ric when X is finite. Recall that πt, through the update
equations (II.12), is sensitive to the value of π0. Accordingly,
we use πµt to denote the predictor when π0 = µ.

Definition 5: The predictor process (πt)t≥0 is stable in total
variation almost surely under a policy γ ∈ ΓWS if, for all
µ, ν ∈ P(X ) such that µ � ν, we have

lim
t→∞
||π

µ
t − π

ν
t ||TV = 0 Pγ

µ-a.s. (II.24)

That is, the predictor process is insensitive to its initializa-
tion. In some cases, we are interested in a different form of
stability, which we define next.

Definition 6: The predictor process (πt)t≥0 is exponentially
stable in total variation in expectation under a policy γ ∈ ΓWS
if there exists a coefficient α ∈ (0, 1) such that for all µ, ν ∈
P(X ) (with µ � ν) and for all t ≥ 0, we have

Eγ
µ

�
||π

µ
t+1 − π

ν
t+1||TV

�
≤ αEγ

µ

�
||π

µ
t − π

ν
t ||TV

�
. (II.25)

We can make equivalent definitions for the filter process;
in fact, the problem of filter stability (in various senses) is a
classical problem in probability and statistics, where it is typ-
ically established in two ways: (i) The transition kernel of the
underlying state is in some sense sufficiently ergodic, so that
regardless of the observations, the filter process inherits this
ergodicity and forgets its prior over time. (ii) The observations
are in some sense sufficiently informative, so that, regardless
of the prior, the filter process tracks the true state process. For
a detailed review of these filter stability methods, see [53].
However, we will need slightly more general results in our
case, since it is usually assumed in the filter stability problem
that the observation kernel is time-invariant; here, OQt depends
on Qt and hence changes with time, and accordingly additional
analysis is needed.

III. SLIDING FINITE WINDOW APPROXIMATION
OF THE BELIEF MDP

Here we describe how to approximate πt using a sliding
finite window. The analysis in this section is inspired by
[42], which used a similar construction to study sliding finite
window policies for partially observed Markov decision pro-
cesses (POMDPs). We note that although the proof methods
are similar, our setup differs from [42] in two ways: 1) our
problem is not strictly a POMDP as studied in [42], because
the induced observation kernel changes with the choice of
quantizer Qt, 2) accordingly, our belief state is the predictor
rather than the filter, and thus the Dobrushin coefficient terms
we arrive at are different.

First, we must define a slightly different MDP than that
defined in Proposition 3. Fix some window size N ∈ Z+.
Recall the channel outputs (M′t )t≥0 and the quantizers (Qt)t≥0.
We define the following:

It := (M′[t−N,t−1],Q[t−N,t−1]) (III.1)
Wt := (πt−N , It). (III.2)

We can compute πt given Wt by applying the update
equations in (II.12) N times. Denote this mapping by

ϕ :W → P(X ) (III.3)
Wt 7→ πt (III.4)

where W = P(X )× (M′)N ×QN , endowed with the product
topology, and we use the weak convergence topology on P(X )
and standard coordinate topologies onM′ and Q. We omit the
dependence of ϕ on N for simplicity. We call Wt the sliding
finite window belief term, and call policies of the form Qt =

γt(Wt) sliding finite window belief policies (with window size
N). If it does not depend on t, we call it stationary. Denote
the set of all stationary sliding finite window belief policies
by ΓFS .

Remark: This approach assumes that we start at time
t ≥ N. Although for discounted MDPs the first N steps
may be significant, for the zero-delay coding problem we are
interested in taking β → 1, so these first N steps will not
be crucial. Accordingly, we assume that N steps have already
been completed with some arbitrary γ ∈ ΓWS. For notational
simplicity, we assume that these steps have occurred from
t = −N, . . . ,−1 and thus the process starts from W0 (and the
prior would now be π−N).

A. The Sliding Finite Window Belief MDP

This sliding finite window belief construction inherits the
MDP properties of the original setup.

Proposition 4: Under any γ ∈ ΓFS , the zero-delay coding
problem is an MDP, where:

1) Z =W .
2) U = Q.
3) P = P(dw′|w,Q).
4) c(w,Q) =

P
M′ minx̂

P
x d(x, x̂)OQ(m′|x)ϕ(w)(x).

Note that the cost function is exactly the cost function we
had in Proposition 3, by simply replacing π = ϕ(w). Then
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an analog to Lemma 1 holds, and we have that solving the
MDP from Proposition 4 is equivalent to solving the zero-
delay coding problem. That is, we can equivalently consider
J∗β(w0) = infγ∈ΓFS Jβ(w0, γ).

B. Sliding Finite Window Approximation

The above representation is not particularly useful, as it still
requires one to compute πt−N . Instead, fix the first coordinate
to ζ (the invariant distribution of the source) and let

Ŵt = (ζ, It) (III.5)

π̂t = ϕ(Ŵt). (III.6)

That is, we obtain π̂t by applying the update equations N times,
but starting from an incorrect (fixed) prior ζ. Equivalently,

πt(x) = Pγ
πt−N

(Xt = x|M′[t−N,t−1],Q[t−N,t−1]) (III.7)
π̂t(x) = Pγ

ζ (Xt = x|M′[t−N,t−1],Q[t−N,t−1]). (III.8)

The key idea, which will be discussed in detail later, is that
under predictor stability the correct predictor πt = ϕ(Wt) and
the incorrect predictor π̂t = ϕ(Ŵt) will be close for large
enough N, since the predictor will be insensitive to the prior.

The benefits of such an approximation are evident: rather
than deal with all of W , which is uncountable due to P(X ),
we only have to deal with the finite set WN := {ζ}× (M′)N ×
QN . Furthermore, we no longer need to compute πt−N , which
can save significant computation resources especially when the
relevant alphabets are large.

Consider the following transition kernel,

PN(ŵ1|ŵ,Q) := P(P(X ), i1|ŵ,Q), (III.9)

where P is the transition kernel of the sliding finite window
belief MDP and ŵ1 = (ζ, i1), and cost function

cN(ŵ,Q) :=
X
m′

min
x̂∈X̂

X
x

d(x, x̂)OQ(m′|x)π̂(x). (III.10)

Then, our approximate MDP becomes MDPN =

(WN ,Q, PN , cN). Denote the discounted cost for this
MDP under a given policy γ̂N (from WN to Q) by Ĵβ(ŵ0, γ̂N),
and the optimal discounted cost by Ĵ∗β(ŵ0), with minimizing
policy γ̂∗N . We are only looking at stationary policies, so the
subscript N on the policy should not be confused with a time
index. We can extend these function and policies from WN to
W by simply making them constant over P(X ). We denote
these extensions by eJ∗β and eγ∗N .

The following is a key loss term:

LN
t := sup

γ∈ΓWS

Eγ
πt−N

[||πt − π̂t ||TV] . (III.11)

We now present our main results for this approximation
scheme, which give a bound on the performance loss when
using the given window length N. Note that here we take an
expectation with respect to some policy acting on the previous
N steps (and hence it generates W0), and with respect to
some prior π−N . Also, define ||d||∞ := maxx,x̂ d(x, x̂), where
we recall that d is the distortion measure for the zero-delay
coding problem.

Theorem 1: For any γ ∈ ΓWS acting on N time steps to
generate W0 and any prior π−N ∈ P(X ), we have

Eγ
π−N

�ˇ̌eJ∗β(W0) − J∗β(W0)
ˇ̌�
≤
||d||∞
1 − β

∞X
t=0

βtLN
t . (III.12)

Theorem 2: For any γ ∈ ΓWS acting on N time steps to
generate w0 and any prior π−N ∈ P(X ), we have

Eγ
π−N

�ˇ̌
Jβ(W0,eγ∗N) − J∗β(W0)

ˇ̌�
≤

2||d||∞
1 − β

∞X
t=0

βtLN
t . (III.13)

That is, we can bound the sub-optimality of the optimal
policy for the approximate MDP eγ∗N if we can bound the
differences in the predictors. This naturally connects to the
question of predictor stability (recall Section II-C).

Theorems 1 and 2 build on the mathematical program
considered [42, Theorems 3.2, 3.3]; however, in our setting
the observation kernel is policy-dependent and we use the
predictor as the effective state variable, instead of the filter
in our formulation as well as the loss term. These entail
further mathematical analysis in both the construction of the
equivalent Markov model and the error analysis. The proofs
are given in the Appendix.

C. Bounds on the Loss Term

The loss term LN
t in the previous theorems is related to the

question of predictor stability (recall Section II-C). Indeed, the
term within the supremum is exactly

Eγ
µ

�
||π

µ
t − π

ν
t ||TV

�
(III.14)

when µ = πt−N and ν = ζ, and under some γ ∈ ΓWS. Thus
bounding this term over all γ will give us a bound on LN

t .
We note that any notion of predictor stability could be used
to give a bound on LN

t (and thus on the performance of eγ∗N).
In the following section, we give one such condition which
is sufficient (but by no means necessary) to apply the above
theorems.

Dobrushin Coefficient Conditions: The following results
are inspired by the analysis in [54], which uses joint con-
traction properties of the state and observation kernels to
bound (III.14). First we introduce some notation. For standard
Borel spaces A1,A2 and some kernel P : A1 → P(A2), we
define the Dobrushin coefficient as

δ(P) := inf
nX

i=1

min(K(Bi|x),K(Bi|y)), (III.15)

where the infimum is over x, y ∈ A1 and all partitions {Bi}
n
i=1 of

A2. In particular, for finite spaces, the Dobrushin coefficient is
equivalent to summing the minimum elements between every
pair of rows, then taking the minimum of these sums. For
example, take

P =

0BB@
1
2

1
2 0 0

1
3

1
3

1
3 0

1
3

1
3 0 1

3
1
4

1
4

1
4

1
4

1CCA . (III.16)

Between the first and second rows, the sum of the minimum
elements gives 2

3 , between the third and fourth gives 3
4 , etc.
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One can verify that the minimum of such sums is 1
2 , so

δ(P) = 1
2 (note that δ(P) ≤ 1 by definition).

The following is then a counterpart of [54, Theorem 3.6].
Note that in our case, the channel is not time-invariant,
unlike in [54], but the analysis follows similarly. The proof
is provided in the Appendix.

Theorem 3: For any γ ∈ ΓWS and for any µ � ν,

Eγ
µ

�
||π

µ
t+1 − π

ν
t+1||TV

�
≤(1 − δ(T ))(2 − δ̃(O))Eγ

µ

�
||π

µ
t − π

ν
t ||TV

�
,

where δ̃(O) = minQ∈Q(δ(OQ)).
We can get a simpler bound by using δ(O) directly rather

than δ̃(O). For a given quantizer Q, the kernel OQ(m′|x) =

O(m′|Q(x)) only contains rows from the kernel O, so δ(O) ≤
δ(OQ) for all Q. Thus we arrive at the following corollary.

Corollary 1: Assume α := (1 − δ(T ))(2 − δ(O)) < 1. Then
for any γ ∈ ΓWS and for any µ � ν, we have

Eγ
µ

�
||π

µ
t+1 − π

ν
t+1||TV

�
≤ αEγ

µ

�
||π

µ
t − π

ν
t ||TV

�
. (III.17)

That is, the predictor process is exponentially stable in total
variation in expectation. Furthermore, if δ(T ) > 1

2 , then the
above is true with α = 1 − δ(T ) regardless of the channel O.

Applying this to the LN
t term, we have

LN
t = sup

γ∈ΓWS

Eγ
πt−N

[||πt − π̂t ||TV]

≤ αN ||πt−N − π
′||TV ≤ 2αN . (III.18)

The requirement (1−δ(T ))(2−δ(O)) < 1 places conditions on
the source dynamics and the channel. A universal condition to
make the result applicable over all channels is obtained when
one considers the special case where the channel is noiseless:
in this case, we have δ(O) = 0 and δ(T ) > 1

2 is to hold.
Combining Theorem 2 and the bound in (III.18), we obtain
the following result.

Corollary 2: Assume α := (1 − δ(T ))(2 − δ(O)) < 1. Then
for any γ ∈ ΓWS which acts on N time steps to generate W0
and any prior π−N , we have

Eγ
π−N

�ˇ̌
Jβ(W0,eγ∗N) − J∗β(W0)

ˇ̌�
≤

4||d||∞
(1 − β)2α

N . (III.19)

IV. COMPUTATION OF OPTIMAL POLICY FOR THE
APPROXIMATE MDP

We now turn our attention to actually calculating an optimal
policy for the approximate MDP in Section III, which will be
near-optimal for the zero-delay coding problem for sufficiently
large parameter N. That is, the remaining problem is to find
for some large N the γ̂∗N which minimizes

Eγ̂∗N
π−N

"X
t≥0

βtcN(ŵt,Qt)

#
. (IV.1)

This can be done a number of ways using tools from stochas-
tic control. We present two methods here, 1) a model-free
Q-learning algorithm, and 2) a model learning stage followed
by a value iteration algorithm (see [40, Lemma 4.2.8]).

A. Q-Learning

The Q-learning algorithm was introduced in [55] for finite
sets and generalized (along with rigorous convergence and
near-optimality guarantees) in [56]. The following is the
Q-learning algorithm for our finite-window MDP in
Section III, given by MDPN = (WN ,Q, PN , cN). Let (Qt)t≥0
be generated according to a uniform policy, that is P(Qt =

Q) = 1
|Q| for all t ≥ 0. For an arbitrary π−N under this policy,

consider the resulting sequence of finite windows (Ŵ)t≥0. Then
we define the following update equations, where Vt and αt are
both functions from WN ×Q to R+:

Vt+1(ŵ,Q) = Vt(ŵ,Q) for all (ŵ,Q) , (Ŵt,Qt),

Vt+1(Ŵt,Qt) =
�
1 − αt(Ŵt,Qt)

�
Vt(Ŵt,Qt) (IV.2)

+αt(Ŵt,Qt)
�

cN(Ŵt,Qt) + βmin
Q∈Q

Vt(Ŵt+1,Q)
�
,

αt(ŵ,Q) =
1

1 +
Pt

k=0 1(Ŵk = ŵ,Qk = Q)
,

for some arbitrary V0, and where 1(Ŵk = ŵ,Qk = Q) is 1 when
(Ŵk = ŵ,Qk = Q) and 0 otherwise. We show in the Appendix
that the necessary assumptions of [56, Theorem 2.1] hold for
MDPN , which gives us the following result.

Theorem 4: [56, Theorem 2.1] The sequence (Vt)t≥0 con-
verges almost surely to a limit V∗, where

V∗(ŵ,Q) = cN(ŵ,Q) + β
X
ŵ1

min
Q1

V∗(ŵ1,Q1)PN(ŵ1|ŵ,Q)

(IV.3)
Equation (IV.3) is exactly the classic Bellman optimality

equation for MDPN , so γ̂∗N(ŵ) = argmin Q ∈ QV∗(ŵ,Q) is the
optimal policy for MDPN .

B. Model Learning and Value Iteration

While Q-learning learns the function V∗ empirically without
explicitly learning PN , this approach first learns PN empirically
and then performs value iteration on MDPN . Again under
a uniform policy and any prior π−N , the same assumptions
of [56, Theorem 2.1] hold and thus the kernel PN(ŵ1|ŵ,Q),
is the almost sure limit of the empirical average (see also
[57, Section 3.2]):

PN(ŵ1|ŵ,Q) = lim
T→∞

PT−1
t=0 1(Ŵk=ŵ,Qk=Q, Ŵk+1=ŵ1)PT−1

t=0 1(Ŵk=ŵ,Qk=Q)
.

(IV.4)
We can then perform value iteration [40, Lemma 4.2.8] as
follows with V0(ŵ) ≡ 0:

Vt(ŵ) = min
Q

(
cN(ŵ,Q) + β

X
ŵ1

Vt−1(ŵ1)PN(ŵ1|w,Q)

)
.

Then an analogous result to 4 holds:
Theorem 5: The sequence (Vt)t≥0 converges almost surely

to a limit V∗, where

V∗(ŵ) = min
Q

(
cN(ŵ,Q) + β

X
ŵ1

V∗(ŵ1)PN(ŵ1|ŵ,Q)

)
. (IV.5)

Again choosing γ̂∗N(ŵ) = Qt as the minimizer of the above
yields an optimal policy for MDPN . The benefit of the value
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iteration approach is that it can have better sample complexity
for certain settings [58], but the policies obtained from either
method will be the same.

V. AN ALTERNATIVE APPROXIMATION SCHEME
AND COMPARISON

A. Nearest Neighbor Approximation

Another approximation scheme for the zero-delay coding
problem was proposed in [43], along with a Q-learning
algorithm to compute the corresponding near-optimal policy.
Although this scheme was only formally analyzed in the case
of a noiseless channel, the results go through in the case of
a noisy channel with some modifications. Accordingly, we
present the noisy channel analogs of the results in [43] without
proof, but we do provide a detailed comparison of the two
schemes.

First, we approximate πt using a nearest neighbor quantiza-
tion scheme with a finite number of bins. This approximation
can be done efficiently using [59, Algorithm 1], which approx-
imates P(X ) by the following finite set,

PK(X ) =
n
π̂ ∈ P(X ) : π̂ =

�
k1

K
, . . . ,

k|X |
K

�
,

ki = 0, . . . ,K, i = 1, . . . , |X |
o
, (V.1)

where
PK

i=1 ki = K. Note that in the literature, such distribu-
tions are also called types or empirical distributions [60]. We
let π̂ be the nearest neighbor (in Euclidean distance) of π in
PK(X ), and we clearly have that maxπ d(π, π̂)→ 0 as K → ∞.

Similarly to Section III, one can then define a transition
kernel and cost function over PK(X ). We omit the details,
but they are essentially the averages of the true transition
kernel P(dπ′|π,Q) and cost function c(π,Q) over the nearest
neighbor bins defined by (V.1), with respect to an appropriate
reference measure. We denote the resulting approximate MDP
by MDPK = (PK ,Q, PK , cK).

Corollary 3: [43, Theorem 1] Let γ̂∗K ∈ ΓWS be optimal for
MDPK and let eγ∗K(π) = γ̂∗K(π̂). Then for all π0 ∈ P(X ) and
β ∈ (0, 1),

lim
K→∞

|Jβ(π0,eγ∗K) − J∗β(π0)| = 0. (V.2)

That is,eγ∗K is near-optimal for the zero-delay coding problem
for sufficiently large K.

An analogous Q-learning result follows, using a uniform
policy for quantizer selection to obtain (πt)t≥0 and applying
the nearest neighbor approximation scheme onto PK(X ) to
obtain (π̂t)t≥0 ⊂ PK(X ). Then the appropriate iterations are:

Vt+1(π̂,Q) = Vt(π̂,Q) for all (π̂,Q) , (π̂t,Qt),
Vt+1(π̂t,Qt) = (1 − αt(π̂t,Qt)) Vt(π̂t,Qt) (V.3)

+ αt(π̂t,Qt)
�

c(πt,Qt) + βmin
Q∈Q

Vt(π̂t+1,Q)
�
,

αt(π̂,Q) =
1

1 +
Pt

k=0 1(π̂k = π̂,Qk = Q)
,

for some arbitrary V0. In the following result, we require that
the prior π0 is the source invariant distribution ζ, while in
Theorem 4 it could be arbitrary. This is due to the recurrence

properties that are required on the predictor process, see details
in [43].

Theorem 6 [43, Theorem 1]: Assume that π0 in (V.3) is
the unique invariant distribution of the source, ζ. Then Vt

converges almost surely to a limit V∗. Furthermore, consider
the policy

γ̂∗K(π̂) = argmin Q ∈ QV∗(π̂,Q), (V.4)

and let eγ∗K be the extension of γ̂∗K to P(X ) by making it
constant over the belief quantization bins, as in Corollary 3.
Then as K → ∞,

Jβ(ζ,eγ∗K)→ J∗β(ζ). (V.5)

That is, eγ∗K is near-optimal for the discounted distortion zero-
delay coding problem, provided that the source starts from its
invariant distribution.

B. Comparison of the Two Schemes

In this section, we provide a detailed comparison noting
explicit benefits and drawbacks of each of the two learning
schemes to attain near-optimality. In particular, we emphasize
the easier implementation and lower computational complexity
of our proposed sliding window method, although there are
some cases where the belief quantization method of [43] may
be preferable.
• Assumptions for convergence of Q-learning: In

Theorem 6, one can see that the convergence of
Vt depends on the initial distribution used during
learning (in particular, π0 must be the source’s unique
invariant distribution ζ). Conversely, in Theorem 4,
the convergence of Vt happens regardless of the initial
distribution used during learning.

• Conditions on initialization during implementation:
For the belief quantization scheme, the policy from
Q-learning is near-optimal when π0 = ζ. We note that
in the special case of the noiseless channel, valid ini-
tializations also include π0 = δx, i.e., deterministically
starting from any x ∈ X . This can be shown using
[43, Corollary 2] and by noting that in this special case
the Dirac masses δx are recurrent. However, in the noisy
channel case, this argument fails and we require π0 = ζ;
conversely, for the sliding finite window scheme, the
policy obtained in Theorem 4 is near-optimal for almost
every initial window.

• Filter stability assumptions: Because the predictor sta-
bility required for the sliding finite window scheme is
rather strong, the near-optimality of approximations was
only established for those source-channel combinations
satisfying the Dobrushin coefficient conditions. However,
we note that the Dobrushin coefficent conditions are not
necessary; any filter stability result which gives a bound
on the loss term in Theorem 2 could be used. To this
end, Hilbert metric approaches may also be relevant, for
example those in [61] and [62].

• Computational complexity and need for Bayesian
updates: In the belief quantization scheme, one must
compute the true belief process (πt)t≥0 using the update
equations, then quantize this to the set PK(X ). This
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increases the computational complexity of this scheme
(and requires explicit knowledge of the system model),
both during the Q-learning algorithm and during imple-
mentation of the learned policy. Conversely, the sliding
finite window scheme uses the approximate predictor
from a fixed prior and a given history. Since there
are only finitely many such histories, one can compute
these offline before running the Q-learning and before
implementation of the learned policy. They can then be
accessed in a lookup table fashion.

• Model knowledge and a data-driven approach: In the
belief quantization scheme, both the encoder and the
decoder must track the true belief πt. The encoder needs
πt to compute the proper value of π̂t and apply the learned
policy, while the decoder needs it to compute the opti-
mal reproduction value X̂t. Thus, the belief quantization
approach requires knowledge, or at least a good estimate,
of the underlying model (in particular, the initial distribu-
tion and the kernels T and O). Conversely, in the sliding
finite window scheme the encoder policy is a constant
function in P(X ), so it can directly use the sliding finite
window to apply the learned policy. For the decoder, if
one has knowledge of the model, it can simply take the
form of (II.5), as we did in our implementation. However,
theoretically one could also apply learning at the decoder:
treat the decoder as a map γd : Wt,Qt,M′t → X̂ and add
this as another dimension in the Q-table, so that one now
learns a joint encoder-decoder policy. Under the same
Dobrushin coefficient conditions as for the encoder, this
will become near-optimal for large N. Of course, this
comes at a significant memory and runtime cost for the
Q-learning algorithm, so if one has model knowledge it
is still beneficial to incorporate this at the decoder.

• Rate of convergence to near-optimality: For the sliding
finite window result in Theorem 2, the convergence
is exponential (note that although we only bound the
expectation, since there are only finitely many initial
memories, the convergence is also exponential for each
initial finite window). Conversely, the belief quantization
result in Corollary 3 is only asymptotic.

• On quantization: For the belief quantization result in
Corollary 3, the quantization of P(X ) does not have to be
uniform. Theoretically, this allows a more efficient quan-
tization, although in our implementation we always use
[59, Algorithm 1] (which gives a uniform quantization).
The sliding finite window can be seen as a non-uniform
quantization of W (since it is constant over the belief
coordinate). However, it is uniform over the product space
(M′)N×QN , since the sliding finite window scheme uses
every possible finite window.

We summarize some of the key differences between the
schemes in Table I.

C. Implications for the Average Cost Problem

Under mild assumptions, it can be shown that as β →
1, a near-optimal policy for the discounted cost prob-
lem becomes near-optimal for the average cost problem

TABLE I
COMPARISON OF THE TWO APPROXIMATION SCHEMES

(see [41, Theorem 7.3.6]). It is straightforward to show
that these assumptions hold for the zero-delay coding MDP;
indeed, this same set of assumptions was shown to hold in
[27] and used to show the existence of optimal Walrand-
Varaiya codes for the average cost problem. Then through
[41, Theorem 7.3.6] and our previous results we obtain the
following corollaries. Note that the dependence on β is only
asymptotic; in practice we set β = 0.9999 and this seems
to give policies very close to the optimum. For a fixed β, the
dependence on ε is as given in Theorems 4 and 6 (exponential
for sliding finite window, asymptotic for belief quantization).

Corollary 4: Let ε > 0, let eγ∗N be the policy given in
Theorem 4, and assume the conditions of Theorem 4 are met.
Then there exists β ∈ (0, 1) and N(ε, β) sufficiently large such
that for any γ which acts on the first N time steps to generate
W0 and any π−N ,

Eγ
π−N

�
J(W0,eγ∗N) − J∗(W0)

�
< ε. (V.6)

Corollary 5: Let ε > 0, let eγ∗K be the policy given in
Theorem 6. Then there exists β ∈ (0, 1) and K(ε, β) sufficiently
large such that

J(ζ,eγ∗K) − J∗(ζ) < ε. (V.7)

VI. SIMULATIONS

We now give some examples of zero-delay coding problems
and simulate the performance of the policies resulting from
Theorems 6 and 4. In all of the following, we use a discount
factor β = 0.9999 and the distortion function d(x, x̂) = (x− x̂)2.
The average distortion is calculated over t = 0 to t = 105.
The initial distribution is ζ (that is, the invariant distribution
for the source), so that the belief quantization scheme can be
used. We observe that in each case with a known optimum,
our Q-learning algorithm indeed nearly reached this optimum,
validating our theoretical results. In the case with an unknown
optimum, we observe convergence rates which agree with
the bounds in the theorems, and we compare with existing
schemes where applicable.

Remark: For the implementation of the Q-learning algo-
rithms, the theoretical upper bound for the possible number of
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Fig. 2. Comparison with Lloyd-Max with i.i.d. source.

states in each scheme grows very quickly in their respective
parameters. In particular, for the belief quantization approach
we have |PK(X )| =

�K+|X |+1
|X |−1

�
[59], and for the sliding finite

window approach we have |WN | = |M′ ×Q|N . However, the
sets actually visited during Q-learning may be much smaller.
Thus, one may wish to add entries to Vt as they are visited by
the Q-learning algorithm in a dynamic fashion.

Furthermore, note that for certain problems it may be
possible to significantly shrink the set of quantizers Q with
no loss of optimality. For example, for a noiseless channel
one can omit those quantizers with empty bins, or for an i.i.d.
source those with non-convex bins.

For a stopping criteria in the algorithms, any measure of the
convergence of Vt would be suitable; in our results, we stop
when the relative pointwise difference is sufficiently small. For
example, maxπ̂,Q((Vt+1(π̂,Q)−Vt(π̂,Q))/Vt(π̂,Q) < ε for some
small ε > 0.

A. Comparison With Lloyd-Max Quantizer for i.i.d. Source
and Noiseless Channel

Let X = {0, . . . , 7} and consider an i.i.d. source (Xt)t≥0, such
that for all x,

T (·|x) =
� 1

4
1
8

1
8

1
16

1
16

1
16

1
4

1
16

�
. (VI.1)

Note that in the i.i.d. case, we trivially have δ(T ) = 1, so
Corollary 2 is applicable. Indeed, here we have that α = 0, so
that for all N ≥ 1,

Eγ
π−N

�ˇ̌
Jβ(W0,eγ∗) − J∗β(W0)

ˇ̌�
= 0. (VI.2)

That is, the optimal policy for the finite window representation
is optimal (not just near-optimal) for the original problem for
any N. This is not surprising given the i.i.d. nature of the
source; the approximation of πt−N to ζ is without any loss
since πt−N can be immediately recovered.

Similarly for the quantization approach, K = 1 is sufficient
since πt = ζ for all t ≥ 0, so increasing K does not change
the resulting policy. Accordingly, we let N = K = 1 and

Fig. 3. Comparison with memoryless encoding, low Dobrushin coefficient.

compare the performance of both approaches against a Lloyd-
Max quantizer when the channel is noiseless. We plot the
performance for several sizes of M. The rate is calculated
as R := log2 |M|. As expected by the above discussion, our
algorithm matches with this quantizer in each case, which can
be seen in Figure 2.

B. Comparison With Memoryless Encoding and Effect of
Dobrushin Coefficient

Consider now a Markov source with transition kernel given
by

T =

0BB@
1
2

1
6

1
6

1
6

1
3

1
3

1
3 0

1
3

1
3 0 1

3
1
4

1
4

1
4

1
4

1CCA (VI.3)

and where the channel is a 4-ary symmetric channel with error
probability 0.06:

O =

0BB@
0.94 0.02 0.02 0.02
0.02 0.94 0.02 0.02
0.02 0.02 0.94 0.02
0.02 0.02 0.02 0.94

1CCA . (VI.4)

We have that δ(T ) = 2
3 >

1
2 and δ(O) = 0.08, so we can apply

Corollary 2. In such a setup (where X =M and the channel is
symmetric), it was shown in [25] that “memoryless” encoding
(that is, where Mt = Xt) is optimal. We compare our algorithms
against such an encoding policy, shown in Figure 3. On the
x-axis, we plot the number of states used by each policy on a
log2 scale; that is, the number of states seen during learning.
As remarked at the beginning of the section, in practice
this is much smaller than the theoretical maximum number
of states. We label each data point with the corresponding
approximation parameter, which are N = {1, 2, 3, 4} for the
window length and K = {2, 4, 8, 16, 32, 64} for the belief
quantization.
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Fig. 4. Comparison with memoryless encoding, high Dobrushin coefficient.

We also examine the role of the Dobrushin coefficient in the
performance of these policies by adding more channel noise
while keeping T the same; we consider

O =

0BB@
0.7 0.1 0.1 0.1
0.1 0.7 0.1 0.1
0.1 0.1 0.7 0.1
0.1 0.1 0.1 0.7

1CCA . (VI.5)

We now have that δ(O) = 0.4 is larger. While the distortion
increases compared to Figure 3, as expected with the higher
channel noise, the rate at which the finite window method
approaches the optimum appears to increase, in line with
our exponential bounds in Section III. Meanwhile the belief
quantization does not appear to benefit as much from the
increased noise. This is seen in Figure 4.

C. Quantization of Discretized Gauss-Markov Source

Although our method is only directly applicable for finite
sources, we include an experiment with a Gauss-Markov
source so that we can compare to existing schemes in the
literature. We consider the following source:

Zt+1 = 0.9Zt + ηt, (VI.6)

where ηt ∼ N (0, 1) are i.i.d. and Z0 ∼ N (0, 1).
We approximate the Gauss-Markov source using a finite

state source. The values of this finite state source are given by
the reconstruction values of a Lloyd-Max quantizer designed
for the stationary distribution of the Gauss-Markov source.
For each reconstruction value, its row in the finite-state
transition matrix is given by the (cumulative) distribution
function of the Gauss-Markov source over the corresponding
bin. In our experiments, we use 8 bins for the discretization,
leading to the following finite-state source (rounded to two
decimal places for visual clarity, we use higher precision in
simulation):

X = {−2.19,−1.37,−0.77,−0.25, 0.25, 0.77, 1.37, 2.19},

Fig. 5. Discrete Gauss-Markov quantization.

T =

0BBBBBBBBBB@

0.11 0.19 0.21 0.19 0.15 0.09 0.04 0.01
0.07 0.15 0.19 0.20 0.17 0.13 0.07 0.02
0.05 0.13 0.18 0.20 0.19 0.14 0.08 0.03
0.04 0.11 0.17 0.20 0.19 0.16 0.10 0.03
0.03 0.10 0.16 0.19 0.20 0.17 0.11 0.04
0.03 0.08 0.14 0.19 0.20 0.18 0.13 0.05
0.02 0.07 0.13 0.17 0.20 0.19 0.15 0.07
0.01 0.04 0.09 0.15 0.19 0.21 0.19 0.11

1CCCCCCCCCCA
.

We wish to send this source over a noiseless channel withM =

M′ = {0, 1, 2, 3} (that is, a quantization problem with four
bins). Here we have δ(T ) ≈ 0.58, so the Dobrushin coefficient
conditions of Theorem 4 are met for this setup.

As a comparison, we use a greedy Lloyd-Max quantization
scheme in which a Lloyd-Max quantizer is designed for the
predictor πt at each time step. This scheme is studied in [63]
and corresponds to a greedy policy for zero-delay coding. It
is shown that in the high-rate limit, this scheme also becomes
globally optimal. We compare these schemes on two different
setups:

1) Take as our true source the finite-state source, with the
T matrix above and with X0 distributed according to
the invariant distribution of T . Here our reproduction
alphabet is equal to our source alphabet, X̂ = X . For the
greedy Lloyd-Max, since it can output any real number,
we take the closest value in X̂ as the reproduction.
We use the squared-error distortion (Xt − X̂t)2; this is
Figure 5.

2) Take as our true source the continuous Gauss-Markov
source Zt. At each time step, quantize it to the nearest
Xt ∈ X , and apply our finite-state schemes above. We
use X̂ = R. Note that although we had assumed X̂ was
finite in our scheme for simplicity, we can easily modify
the decoder (II.5) and the cost function (II.13) to take
any X̂ . The distortion is given by (Zt − X̂t)2; this is
Figure 6.

For the latter setup, the finite-state source (Xt)t≥0 is not
Markov as it it a quantization of the actual Gauss-Markov
source, but our scheme treats it as if it were Markov (with the
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Fig. 6. Continuous Gauss-Markov quantization.

T matrix given above). For this setup, we also plot the causal
rate distortion (CRDF) for the Gauss-Markov source, given in
e.g., [15], [64] as R(D) = max

n
0, 1

2 log2

�
a2 + σ2

D

�o
. Note that

in this low-rate regime the CRDF is not necessarily achievable
[65]. Here each data point corresponds to N = {1, 2, 3, 4} for
the window length and K = {2, 4, 8, 16, 32, 64} for the belief
quantization, and again we plot against the number of states
used in the policy.

We observe from Figures 5 and 6 that our method outper-
forms the greedy Lloyd-Max except for very small codebook
sizes (in particular, for K = 2 in the belief quantization
scheme). Furthermore, while our method takes much more
offline computation, it is faster online as the policy is simply
a lookup table, while the Lloyd-Max scheme must run the
Lloyd-Max scheme to convergence at each iteration. However,
our method is clearly sensitive to the discretization chosen
for the Gauss-Markov source; if it is too coarse, it introduces
additional error in the assumed dynamics, while if it is too
fine the set of quantizers grows rapidly and thus the policy
becomes more expensive to learn and implement.

Finally, although in this setting our state space grows very
fast with N and K and thus becomes intractable for high values
of these parameters, we note that we outperform the greedy
Lloyd-Max method even for small parameter values, where
the state space is still manageable. This is especially true in
the finite-window scheme when the Dobrushin coefficients are
high, as the exponential convergence gives us good perfor-
mance for relatively small window sizes.

VII. CONCLUSION

We have provided two complementary approximation
schemes for the zero-delay coding problem over a noisy
channel with feedback, one in which the underlying belief
space is quantized through a nearest-neighbor map, and the
other in which the belief is approximated with a finite window
of past observations. We then showed the convergence of a
Q-learning algorithm to policies which are optimal for these
approximations, yielding near-optimal policies for the zero-
delay coding problem. Finally, we illustrated the convergence

of our algorithm to the optimum through simulations, and
compared against other zero-delay schemes when the optimum
is unknown. For future research, we wish to generalize our
results to the case where our source-channel pair is continuous.
We note that such a generalization should be mostly straight-
forward; under some recurrence assumptions on the source,
one can still show the required regularity properties of the
underlying MDP [39], and then most of the approximation and
convergence results go through with minor technical changes.
We also wish to find less stringent filter stability conditions
for the finite window scheme than the Dobrushin coefficient
ones given here; this may be possible via observability-
type conditions, such as those in [66]. The controlled case,
where one communicates over a channel to a controller which
affects some dynamical system, is also a promising research
direction.

APPENDIX A
PROOF OF THEOREMS 1 AND 2

Lemma 3: Consider the finite window approximation used
in Section III, and recall It = (M′[t−N,t−1],Q[t−N,t−1]), Wt =

(πt−N , It), Ŵt = (ζ, It), and π̂t = Pγ
ζ (Xt |m′[t−N,t−1],Q[t−N.t−1]).

Then for any wt ∈W , ŵt ∈WN , and Qt ∈ Q we have

||P(M′t ∈ ·|wt,Qt) − P(M′t ∈ ·|ŵt,Qt)||TV ≤ ||πt − π̂t ||TV.

Proof: Let f : M′ → R be measurable with || f ||∞ ≤ 1.
Then, ˇ̌̌̌

ˇX
M′

f (m′t)P(m′t |wt,Qt) −
X
M′

f (m′t)P(m′t |ŵt,Qt)

ˇ̌̌̌
ˇ

=

ˇ̌̌̌X
X

X
M′

f (m′t)P(m′t |wt, xt,Qt)P(xt |wt,Qt)

−
X
X

X
M′

f (m′t)P(m′t |ŵt, xt,Qt)P(xt |ŵt,Qt)
ˇ̌̌̌

=

ˇ̌̌̌X
X

X
M′

f (m′t)OQt (m
′
t |xt)πt(xt)

−
X
X

X
M′

f (m′t)OQt (m
′
t |xt)π̂t(xt)

ˇ̌̌̌
≤||πt − π̂t ||TV,

where the third line follows from conditional independence of
M′t and Wt given (Xt,Qt), and since Qt is a function of Wt

under any γ ∈ ΓWS. The last line follows from the fact that
g(x) :=

P
M′ f (m′)OQ(m′|x) is upper bounded by 1. Taking

the supremum over all such f yields the result. �

A. Proof of Theorem 1

We provide a proof for the case when N = 1, but an
analogous proof follows for N > 1. It can be shown (see
[40, Theorem 4.2.3]) that the functions Jβ(wt, γ) and J∗β(wt)
satisfy the following fixed-point equations:

Jβ(wt, γ) = c(wt, γ(wt))

+ β

Z
W

Jβ(wt+1, γ)P(dwt+1|wt, γ(wt))
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J∗β(wt) = min
Qt∈Q

�
c(wt,Qt)

+ β

Z
W

J∗β(wt+1)P(dwt+1|wt,Qt)
�
,

for all wt ∈ W and γ ∈ ΓFS . Note that although the integral
is over W , which is uncountable, we can only reach finitely
many elements from a given wt since the observation space
M′ is finite. In particular, when N = 1, we can write
wt = (πt−1,m′t−1,Qt−1) and wt+1 = (πt,m′t ,Qt), so the above
becomes

Jβ(wt, γ) = c(wt, γ(wt))

+ β
X

m′t∈M′

Jβ((πt,m′t , γ(wt)), γ)P(m′t |wt, γ(wt)) (A.1)

J∗β(wt) = min
Qt∈Q

�
c(wt,Qt)

+ β
X

m′t∈M′

J∗β(πt,m′t ,Qt)P(m′t |wt,Qt)
�
. (A.2)

The functions Ĵβ(ŵt, γ̂) and Ĵ∗β(ŵt) satisfy
equivalent fixed-point equations to (A.2), so that for
N = 1,

Ĵβ(ŵt, γ̂) = c1(ŵt, γ̂(ŵt))

+ β
X

m′t∈M′

Ĵβ(ζ,m′t , γ̂(ŵt))P(m′t |ŵt, γ̂(ŵt))

Ĵ∗β(ŵt) = min
Qt∈Q

�
c1(ŵt,Qt)

+ β
X

m′t∈M′

Ĵ∗β(ζ,m′t ,Qt)P(m′t |ŵt,Qt)
�
. (A.3)

By definition of the extension eJ∗β we have Ĵ∗β(ŵ1) = eJ∗β(w1).
Thus,

β
X

m′0∈M′

Ĵ∗β(ζ,m′0,Q0)P(m′0|w0,Q0)

= β
X

m′0∈M′

eJ∗β(π0,m′0,Q0)P(m′0|w0,Q0).

We add and subtract the above term and use eJ∗β(w0) = Ĵ∗β(ŵ0)
to obtainˇ̌eJ∗β(w0) − J∗β(w0)

ˇ̌
=

ˇ̌̌
Ĵ∗β(ŵ0) − β

X
m′0∈M′

Ĵ∗β(ζ,m′0,Q0)P(m′0|w0,Q0)

+ β
X

m′0∈M′

eJ∗β(π0,m′0,Q0)P(m′0|w0,Q0) − J∗β(w0)
ˇ̌̌
.

Then applying the fixed-point equations (A.2) and (A.3) to the
last and first terms respectively,ˇ̌eJ∗β(w0) − J∗β(w0)

ˇ̌
≤max

Q0∈Q
|c1(ŵ0,Q0) − c(w0,Q0)|

+ β max
Q0∈Q

ˇ̌̌X
m′0

Ĵ∗β(ζ,m′0,Q0)P(m′0|ŵ0,Q0)

−
X
m′0

Ĵ∗β(ζ,m′0,Q0)P(m′0|w0,Q0)
ˇ̌̌

+ β max
Q0∈Q

ˇ̌̌X
m′0

eJ∗β(π0,m′0,Q0)P(m′0|w0,Q0)

−
X
m′0

J∗β(π0,m′0,Q0)P(m′0|w0,Q0)
ˇ̌̌
.

We now bound these three terms in expectation. The expecta-
tion is on W0 and Ŵ0, with respect to the prior π−1 and some
γ ∈ ΓWS, but we omit these in the expectation for notational
simplicity. For the first term, by definition of c and cN

we have

E
�ˇ̌

c1(Ŵ0,Q0) − c(W0,Q0)
ˇ̌�
≤ ||d||∞E [||π̂0 − π0||TV]

≤ ||d||∞L1
0, (A.4)

where ||d||∞ = maxx,x̂ d(x, x̂) and we recall the definition of
LN

t in (III.11); that is, L1
0 = supγ∈ΓWS

E [||πt − π̂t ||TV]. For the
second term, we have

E
�

max
Q0∈Q

ˇ̌̌X
m′0

Ĵ∗β(ζ,m′0,Q0)P(m′0|Ŵ0,Q0)

−
X
m′0

Ĵ∗β(ζ,m′0,Q0)P(m′0|W0,Q0)
ˇ̌̌�

≤||Ĵ∗β ||∞E
�

max
Q0∈Q

||P(m′0|Ŵ0,Q0) − P(m′0|W0,Q0)||TV

�
≤||Ĵ∗β ||∞L1

0,

where the first inequality follows from the definition of the
total variation (since Ĵ∗β/||Ĵ

∗
β ||∞ is bounded by 1) and the

second inequality is due to Lemma 3. Finally, since both
sums in the last term are over the same measure P(m′0|W0,Q0),
we have

E
�

max
Q0∈Q

ˇ̌̌X
m′0

eJ∗β(π0,m′0,Q0)P(m′0|W0,Q0)

−
X
m′0

J∗β(π0,m′0,Q0)P(m′0|W0,Q0)
ˇ̌̌�

≤ sup
γ′∈ΓWS

E
�ˇ̌eJ∗β(W1) − J∗β(W1)

ˇ̌�
,

where we have used (π0,M′0,Q0) = W1. Combining all three
bounds (and multiplying by β where appropriate) gives us

E
�ˇ̌eJ∗β(W0) − J∗β(W0)

ˇ̌�
≤(||d||∞ + β||Ĵ∗β ||∞)L1

0 + β sup
γ′∈ΓWS

E
�ˇ̌eJ∗β(W1) − J∗β(W1)

ˇ̌�
We apply the same process to the final term, then recursively

and by the fact that ||J∗β ||∞ ≤
||d||∞
1−β , we have

E
�ˇ̌eJ∗β(W0) − J∗β(W0)

ˇ̌�
≤
||d||∞
1 − β

∞X
t=0

βtL1
t .

�

B. Proof of Theorem 2

As before, we consider N = 1, but analogous arguments
follow for N > 1. We apply a similar strategy, by using
the fixed-point equations in the proof of Theorem 2. Also,
let Q∗0 := eγ∗1(w0); that is, the action given by making
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the optimal policy for MDP1 constant over P(X ). Then,
by (A.1),

Jβ(w0,eγ∗1) = c(w0,Q∗0)

+ β
X

m′0∈M′

Jβ((π0,m′0,Q
∗
0),eγ∗1)P(m′0|w0,Q∗0)

and using (A.3) and the fact that eJ∗β(w0) = Ĵ∗β(ŵ0),eJ∗β(w0) = c1(ŵ0,Q∗0)

+ β
X

m′0∈M′

eJ∗β(π0,m′0,Q
∗
0)P(m′0|ŵ0,Q∗0).

Using w1 = (π0,m′0,Q
∗
0), we add and subtractX

m′0∈M′

eJ∗β(w1)P(m′0|w0,Q∗0),

to obtainˇ̌
Jβ(w0,eγ∗1) − eJ∗β(w0)

ˇ̌
≤
ˇ̌
c(w0,Q∗0) − c(ŵ0,Q∗0)

ˇ̌
+ β

X
m′0∈M′

ˇ̌eJ∗β(w1)P(m′0|ŵ0,Q∗0)−eJ∗β(w1)P(m′0|w0,Q∗0)
ˇ̌

+ β
X

m′0∈M′

ˇ̌eJ∗β(w1) − Jβ(w1,eγ∗1)
ˇ̌

P(m′0|w0,Q∗0).

Thus, using (A.4) and Lemma 3,

E
�ˇ̌

Jβ(W0,eγ∗1) − eJ∗β(W0)
ˇ̌�

≤||d||∞L1
0

+ β||eJ∗β ||∞ sup
γ∈ΓWS

E
�
||P(m′0|Ŵ0,Q∗0)−P(m′0|W0,Q∗0)||TV

�
+ β sup

γ∈ΓWS

E
�ˇ̌eJ∗β(W1) − Jβ(W1,eγ∗1)

ˇ̌�
≤(||d||∞ + β||eJ∗β ||∞)L1

0

+ β sup
γ′

E
�ˇ̌

Jβ(W1,eγ∗1) − eJ∗β(W1)
ˇ̌�
.

Recursively, and using the fact that ||eJ∗β ||∞ ≤ ||d||∞1−β ,

E
�ˇ̌

J∗β(W0,eγ∗1) − J∗β(W0)
ˇ̌�
≤
||d||∞
1 − β

∞X
t=0

βtL1
t . (A.5)

Finally, we have

E
�ˇ̌

J∗β(W0,eγ∗1) − J∗β(W0)
ˇ̌�

≤E
�ˇ̌

J∗β(W0,eγ∗1) − eJ∗β(W0)
ˇ̌�
+ E

�ˇ̌eJ∗β(W0) − J∗β(W0)
ˇ̌�

≤
2||d||∞
1 − β

∞X
t=0

βtL1
t ,

where the final inequality follows from (A.5) and
Theorem 1. �

APPENDIX B
PROOF OF THEOREM 3

Lemma 4: The following holds:X
x

X
M′

||π
µ
t − π

ν
t ||TVOQt (m

′|x)πµt (x)

≤ (2 − δ̃(O))||πµt − π
ν
t ||TV,

where δ̃(O) = minQ∈Q(δ(OQ)).

Proof: The following argument is from [54, Lemma 3.5],
adapted to our setup. Let f : X → R be measurable with
|| f ||∞ ≤ 1. Recall the update equations for πt, πt given in
(II.12), and let Nµ(Mt,Qt) denote the normalizing term for
the (πµt )t≥0 process, Nµ(M′t ,Qt) :=

P
X OQt (M′t |x)πµt (x). Then

we have for any M′t = m′ and Qt = Q,ˇ̌̌̌
ˇX
X

f (x)πµt (x) −
X
X

f (x)πνt (x)

ˇ̌̌̌
ˇ

=

ˇ̌̌̌
ˇX
X

f (x)
OQ(m′|x)πµt (x)

Nµ(m′,Q)
−
X
X

f (x)
OQ(m′|x)πνt (x)

Nν(m′,Q)

ˇ̌̌̌
ˇ

≤

ˇ̌̌̌
ˇX
X

f (x)
OQ(m′|x)πµt (x)

Nµ(m′,Q)
−
X
X

f (x)
OQ(m′|x)πνt (x)

Nµ(m′,Q)

ˇ̌̌̌
ˇ

+

ˇ̌̌̌X
X

f (x)
OQ(m′|x)πνt (x)

Nµ(m′,Q)

−
X
X

f (x)
OQ(m′|x)πνt (x)

Nν(m′,Q)

ˇ̌̌̌
=

1
Nµ(m′,Q)

ˇ̌̌̌X
X

f (x)OQ(m′|x)πµt (x)

−
X
X

f (x)OQ(m′|x)πνt (x)
ˇ̌̌̌

+

ˇ̌̌̌
1

Nµ(m′,Q)
−

1
Nν(m′,Q)

ˇ̌̌̌
·

ˇ̌̌̌
ˇX
X

f (x)OQ(m′|x)πνt (x)

ˇ̌̌̌
ˇ

≤
1

Nµ(m′,Q)

X
X

OQ(m′|x)|πµt − π
ν
t |(x)

+

ˇ̌̌̌
1

Nµ(m′,Q)
−

1
Nν(m′,Q)

ˇ̌̌̌
Nν(m′,Q)

≤
1

Nµ(m′,Q)

�X
X

OQ(m′|x)|πµt − π
ν
t |(x)

+
ˇ̌
Nµ(m′,Q) − Nν(m′,Q)

ˇ̌�
,

where in the second last line we have used the notationP
X |π

µ
t − π

ν
t |(x) =

P
X (1S + − 1S − )(π

µ
t − π

ν
t )(x) with S + =˚

x|(πµt − πνt )(x) > 0
	

and S − =
˚

x|(πµt − πνt )(x) ≤ 0
	
. Note thatP

X |π
µ
t − π

ν
t |(x) = ||π

µ
t − π

ν
t ||TV. Taking the supremum over all

f gives

||π
µ
t − π

ν
t ||TV

≤
1

Nµ(m′,Q)

�X
X

OQ(m′|x)|πµt − π
ν
t |(x)

+
ˇ̌
Nµ(m′,Q) − Nν(m′,Q)

ˇ̌�
.

(B.1)

Thus, we haveX
X

X
M′

||π
µ
t − π

ν
t ||TVOQt (m

′|x)πµt (x)

=
X
M′

||π
µ
t − π

ν
t ||TVNµ(m′,Qt)
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≤
X
M′

�X
X

OQt (m
′|x)|πµt − π

ν
t |(x)

+
ˇ̌
Nµ(m′,Qt) − Nν(m′,Qt)

ˇ̌�
≤
X
X

 X
M′

OQt (m
′|x)

!
|π
µ
t − π

ν
t |(x)

+
X
M′

ˇ̌̌̌
ˇX
X

OQt (m
′|x)(πµt − π

ν
t )(x)

ˇ̌̌̌
ˇ

≤||π
µ
t − π

ν
t ||TV +

X
M′

ˇ̌
OQt (π

µ
t ) − OQt (π

ν
t )
ˇ̌
(m′)

= ||π
µ
t − π

ν
t ||TV + ||OQt (π

µ
t ) − OQt (π

ν
t )||TV,

where in the second last line we have used the kernel operator
notation OQ(π)(m′) =

P
X OQ(m′|x)π(x). It is shown in [67]

that the Dobrushin coefficient acts as a contraction coefficient
for kernel operators under total variation. In particular

||OQt (π
µ
t ) − OQt (π

ν
t )||TV ≤ (1 − δ(OQt ))||π

µ
t − π

ν
t ||TV. (B.2)

Thus, X
X

X
M′

||π
µ
t − π

ν
t ||TVOQt (m

′|x)πµt (x)

≤(2 − δ(OQt ))||π
µ
t − π

ν
t ||TV

≤(2 − δ̃(O))||πµt − π
ν
t ||TV,

where δ̃(O) = minQ∈Q(δ(OQ)). �

A. Proof of Theorem 3

Note that, in Eγ
µ expectations of πµt and πνt , it is enough to

take the expectation over only M′[0,t], since under any γ ∈ ΓWS,
Q[0,t] are deterministic given µ and M′[0,t−1]. Thus,

Eγ
µ

�
||π

µ
t − π

ν
t ||TV

�
=

X
(M′)t+1

||π
µ
t − π

ν
t ||TVPγ

µ(m′[0,t])

=
X

(M′)t

X
X

X
M′

||π
µ
t − π

ν
t ||TVPγ

µ(m′t |xt,m′[0,t−1])

· Pγ
µ(xt |m′[0,t−1])P

γ
µ(m′[0,t−1])

=
X

(M′)t

X
X

X
M′

||π
µ
t − π

ν
t ||TVOQt (m

′
t |xt)π

µ
t (x)Pγ

µ(m′[0,t−1])

≤(2 − δ̃(O))
X

(M′)t

||π
µ
t − π

ν
t ||TVPγ

µ(m′[0,t−1])

= (2 − δ̃(O))Eγ
µ

�
||π

µ
t − π

ν
t ||TV

�
,

where the third equality follows from the fact that Qt is
deterministic given µ and M′[0,t−1], and that given Xt and Qt,
M′t depends only on the kernel OQt . For the inequality we used
Lemma 4. Finally, using the Dobrushin contraction property
for kernels (as noted in the derivation of (B.2)), we have

Eγ
µ

�
||π

µ
t+1 − π

ν
t+1||TV

�
≤(1 − δ(T ))Eγ

µ

�
||π

µ
t − π

µ
t ||TV

�
≤(1 − δ(T ))(2 − δ̃(O))Eγ

µ

�
||π

µ
t − π

ν
t ||TV

�
.

�

APPENDIX C
PROOF OF THEOREM 4

We will show certain ergodic behavior (in particular,
[56, Assumption 2.1]) and then invoke [56, Theorem 2.1].
Indeed, we have trivially thatPt

k=0 cN(ŵk,Qk)1(ŵk = ŵ,Qk = Q)Pt
k=0 1(ŵk = ŵ,Qk = Q)

= cN(ŵ,Q),

so that [56, Assumption 2.2 (ii)] holds. Additionally, by
positive Harris recurrence of (Xt)t≥0, the marginals on P(Xt ∈ ·)
converge to ζ, so we have for any f thatPt

k=0 f (ŵk+1)1(ŵk=ŵ,Qk=Q)Pt
k=0 1(ŵk=ŵ,Qk=Q)

→

Z
f (ŵ1)PN(ŵ1|ŵ,Q)

almost surely as t → ∞, where PN is from (III.9). Thus
[56, Assumption 2.1 (iii)] holds.

Finally, note that not every ŵ ∈ WN has positive proba-
bility of being visited (certain sequences of channel outputs
and quantizers are impossible depending on the source and
channel), so we restrict ourselves to only those with positive
probability. Then [56, Assumption 2.1 (i)] holds for (almost
every) ŵ, so we apply [56, Theorem 2.1] to obtain that almost
surely, as N → ∞,

Vt(ŵ,Q)→ V∗(ŵ,Q),

where

V∗(ŵ,Q) = cN(ŵ,Q) + β
X

ŵ1∈WN

min
Q

V∗(ŵ1)PN(ŵ1|ŵ,Q),

where PN and cN are from (III.9) and (III.10). Taking the
minimum over Q gives us the classic Bellman optimality
equation, and hence Ĵβ(ŵ, γ̂∗N) = Ĵ∗β(ŵ) for almost every
ŵ ∈WN . The result follows by applying Corollary 2. �
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