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Abstract

We consider a distributed detection system transmitting a binary source over a Gaus-
sian multiple access channel (MAC). We model the network via binary sensors whose
outputs are generated by binary symmetric channels of different noise levels. We
aim to find the optimal constellation design for each sensor under individual power
constraints. We begin by analyzing a version of the problem where there are two
sensors sending a uniform source over the channel. In an introductory investigation,
we assume each sensor uses all available power, but can change the relative angle be-
tween the constellations. Although explicit analysis of error probability in this setup
is infeasible, an upper bound on the error probability is optimized, and is numerically
shown to coincide very well with the true optimal rotation angle. Interestingly, this
upper bound ignores all information in the imaginary axis, and could be equivalently
achieved by using less power if both sensors were sharing a one-dimensional MAC.
This led to the problem formulation of optimal power allocation for one-dimensional
constellation designs.

We next consider two binary sensors sending a non-uniform source over a one
dimensional Gaussian MAC. We prove an optimal constellation design under individ-
ual sensor power constraints which minimizes the error probability of detecting the

source. Three distinct cases arise for this optimization based on the parameters in the



problem setup. In the most notable case (Case IIT), the optimal signaling design is
to not necessarily use all of the power allocated to the more noisy sensor (i.e., whose
output has less correlation to the source). We compare the error performance of the
optimal one dimensional constellation to orthogonal signaling. The results show that
the optimal one dimensional constellation achieves lower error probability than using
orthogonal channels.

Finally, we extend the problem to N sensors (N > 2) by making a simplify-
ing assumption that the detection (fusion) center will not use maximum-a-posteriori
(MAP) detection, but instead will use a simplified rule where the real line can only
be split into left and right decision regions by a single decision boundary. Under this
assumption, we characterize the optimization of any individual sensor’s power allo-
cation when the rest are fixed. This optimization is also divided into three distinct
cases which directly mirror those from the two sensor problem. In the equivalent
situation to Case III, the sensor should not necessarily use all of its power. How-
ever, unlike the two sensor case, the optimal power allocation does not generally
have a closed form expression, and instead must be found numerically. We use the
individual sensor optimization results to form an iterative algorithm for the joint op-
timization of all N sensors. We use numerical examples to compare the algorithm
to other signaling designs, observing that the algorithm achieves consistently lower
error probability than any design that also uses the simplified detection. Further,
the algorithm is only slightly outperformed in some situations, particularly at high
signal-to-noise ratio (SNR), by signaling techniques such as orthogonal signaling or
using MAP detection, which typically require more power, bandwidth and overall

implementation complexity.
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Chapter 1

Introduction

Wireless sensor networks are widely used for monitoring the state of real world phe-
nomena. This includes both the estimation of a real valued parameter (such as
temperature or rain fall measurements) and the detection of an event occurring (such
as the occurrence of forest fires or a security breach). In this thesis, we focus on the
hypothesis testing problem described by distributed detection of an event occurring.

When working with generalized distributed detection problems, the error proba-
bility of the system cannot in general be expressed analytically. As a result, previous
work on distributed detection typically uses related or proxy metrics for system error
analysis. For example, [1] uses error exponents to evaluate the performance of various
detection schemes, [2] uses the J-divergence (i.e., the Jeffreys-divergence [3]), while [4]
and [5] use the deflection coefficient as the metric for optimization.

Previous work in this area employs a variety of signaling structures for the sen-
sors. For example, [2] uses orthogonal channels for each sensor, while [5] uses a single
MAC for the entire network. Works such as [5-8] fix a signaling design and analyze
detection schemes at the fusion center. Other works optimize the sensors’ signaling

techniques under certain constraints. For example, [2] optimizes power allocation for



a network that uses orthogonal signaling and on-off keying for each sensor, under total
and average power constraints. Alternatively, [4] assumes fixed power at each sensor,
and analyzes the optimal rotation angle to send the signals. In [9], the problem of
distributed mean-squared error estimation of a Gaussian source sent over a symmetric
Gaussian sensor network is analyzed; it is shown that uncoded transmission (scalar
coding) is optimal in the sense that it achieves Shannon’s optimal performance theo-
retically achievable among all source-channel block codes of sufficiently large lengths.
The distributed detection setup in this thesis can be seen as a discretization of the
distributed estimation system in [9] if we use a uniformly distributed source and
symmetric sensor channels. The source and sensor readings can be represented as
one bit quantizations of their continuous counterparts in [9]. Further, [10] extends
the distributed estimation problem of [9] to include fading and asymmetric sensors,
providing a sufficient condition under which uncoded transmission is optimal.
Throughout the above mentioned works, there is not much emphasis put on gen-
eralized constellation design for distributed detection problems. We aim to solve the
source-channel signaling problem of finding an optimized constellation design to min-
imize error probability under a given source and channel model. This is similar in
principle to works such as [11-19], where general constellation design is optimized
for a chosen criterion. In [11], the optimal joint binary constellation design for two
correlated sources was derived. In [12] and [13], the authors used a minimum inter-
constellation distance criterion for optimizing constellations for multiple sources. In

contrast, [16-19] optimized M-ary constellations for a single source.
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1.1 Contributions

We investigate constellation design and provide various optimality results for dis-
tributed detection problems involving a binary source sent over a Gaussian MAC.
We model hypothesis testing for an event of interest occurring as a non-uniformly
distributed binary source, and the sensor noises are modelled as passing the source
through independent memoryless binary symmetric channels, introducing sensor er-
TOTS.

In Chapter 2, we investigate the effect of rotation angle between binary constel-
lations in a two sensor network transmitting a uniform binary source. We derive an
explicit angle, 67, . which minimizes an upper bound on the error probability, and is
numerically shown to perform identically to the true error probability. We also remark
that the upper bound ignores all information in the imaginary axis; this motivates
the study of optimal power allocation for one-dimensional constellation designs. More
detailed derivations and analysis of this initial investigation can be found in [20].

Next, in Chapter 3, we analyze a two sensor communication network sharing
a single MAC. With this setup, we analytically derive an optimal one dimensional
constellation design to minimize the system error probability under individual power
constraints for each sensor. In addition, we show using numerical and simulation
results that the derived optimal one dimensional constellation achieves lower error
probability than using orthogonal channels. Our most notable result is that in certain
cases (which is dominant when the source is nearly uniformly distributed), the noisier
sensor should use some but not all of its allocated power. The results of this chapter
have been published in [21] and [22].

Finally, in Chapter 4, we extend the two sensor problem described in Chapter 3
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to an arbitrary number of sensors. Under a simplifying assumption on the detection
scheme, the optimization of any individual sensor’s constellation is characterized.
This individual optimization is iteratively applied to jointly optimize the constella-
tions of all sensors. The performance of this algorithm is compared to other designs,
where it is typically shown to be the best performing design, and is only slightly
outperformed in some situations (typically high SNR) by schemes which use more
power and bandwidth, such as orthogonal channels.

The MATLAB code used to generate all numerical results in this thesis can be

found at https://github.com/Isardellitti/SensorNetworkMatlabTests.



Chapter 2

Preliminaries and Motivation

To begin formulation of the problem, we first define a generalized mathematical model
of the situation, to give a unified notation for all specific versions of the problem which

are addressed in this work.

2.1 General Problem Description and Notation

Let X be a binary event that is to be observed by a sensor network. Without loss
of generality, we assume its distribution is such that p; £ Pr(X = 1) < 0.5. We
also define py = Pr(X = 0) = 1 — p;. For some integer N > 2, there are N sensors,
X1, ..., Xy observing the source X. We will use the notation XV = (X1, ..., Xy)
to represent the random vector of the sensor readings. The sensors are modelled as
passing X through memoryless binary symmetric channels. This is expressed as X; =
X Z;,i=1,.., N, where & denotes addition modulo-2, with Z; being independent
Bernoulli noise processes with means (or channel crossover probabilities) €; for each
i=1,..., N, respectively. It is also assumed that X is independent from (7, ..., Zy).
For additional notation, we also define the vectors or tuples ZV £ (Z,,..., Zy) and

eV £ (e, ..., en). Without loss of generality, we assume that the sensors are ordered in
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increasing noise levels, which is equivalent to decreasing correlation to the source, X,
expressed as: 0 < € < ... < ey < 0.5. The sensors, unable to communicate with each
other, encode their data independently using binary constellations. The constellations
for the sensors are represented as follows: C; = {co;,c1,:}, ¢ = 1,..., N, where for
s € {0,1}, ¢5; € S denotes the constellation point for Sensor ¢ assigned to X; = s
in the real or complex signal space S € {R,C}. For each i = 1,..., N, let S; € C;
be the random variable associated to each sensor’s chosen constellation point. Also
let PM™@ be the power constraint for Sensor i, i.e., E[||S;||?] < P™*>, i =1,...,N,
where || - || is the fo-norm in the signal space S. In this setup, each sensor has its
own power allotment, as opposed to having a common power constraint on the entire
network. To simplify notation, the vector of power allocations is defined as P™&* =
(Prax, ..., PR®). The communication channel used to send the sensors’ signals to
the detection (fusion) center is modelled as a multiple access additive noise channel,

where the received signal, R at the detection center is given by
N
R=> 8 +2, (2.1)
i=1

where Z is a random variable in the signal space S modelling the channel noise. The
event X is reconstructed at the fusion center using some deterministic detection rule
i :8 — {0,1}, so the detected bit is represented by the random variable X £ &(R).
Since the detection rule is deterministic, we partition the signal space into the subsets
Dy and D; = D, called “decision regions”, where D, = {r € S | &(r) = s}, s =0, 1.

We additionally introduce the following notation to simplify the algebraic expres-
sions which will be used in the forthcoming analysis. First, we define the following

notation for describing all possible combinations of sensor readings: B = {0, 1},
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where any element in this set b = (by,...,by) € B is such that b; € {0,1},i € 1,.., N
denotes the bit in position i, i.e., the reading from Sensor i. For ease of notation, we
also use the string notation b = by...by. We use this to define the following notation
for the sensors’ conditional probabilities py; = Pr(X"Y = b | X = i). We also define
the combined constellation C = {3V, ¢;|¢; € Ci, i = 1,..., N} as all possible additive
combinations of the binary constellations for each sensor. The combined constellation
points are indexed by b € B using the notation a, € C, representing the constellation

point associated to the combined sensor readings X = b.

2.2 Preliminary Investigation - Two Sensor Uniform Source NOMA

To begin analysis into the problem of optimal constellation design, we start with a
simplified problem to gain insight on the nature of the optimization. The first problem
to investigate is a two sensor, uniform source, Gaussian channel distributed detection
problem. Both sensors are assumed to share a 2-dimensional channel, and are able
to use it in a non-orthogonal-multiple-access (NOMA) scheme by varying the angle
between the constellations, similar to inter constellation rotation as described by [12].
These specifications are described by the following realizations of the parameters
described in the Section 2.1: p; = 0.5, N = 2, § = C. The constellations for
the sensors are parameterized as follows: C; = {cp1,c11} = {—VPi, VPi} and
Co = {co2, 12} = {—V/P2e?®, \/Pse?®}, where j is the imaginary unit and 6 € [0, Z] is
the rotation between the two constellations. The signals are sent through a Gaussian
MAC as described in (2.1), where the channel noise, Z, is a complex (bivariate)
Gaussian noise variable with independent zero mean components of equal variance

given by 02 = % It is also assumed that Z is independent of the sensor signals Sy
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and Sy. To recover the original data source, maximum-likelihood (ML) detection is

used (which is optimal as the source is uniform), described by

z(r) = argmax fr(r | X = s),
s€{0,1}

where fr(-| X = s), s = 0,1 are the conditional probability density functions (pdfs)
of the received signal R given the source event X = s. The decision regions, Dy and
D;, formed from ML detection are generally complex and have a curved boundary

between them, as shown in Figure 2.1.

2571
ol
0.5_ Y
ol
-05r
At
15t =;,.==”, i =;.=, i

-2_ e e e e R e e e e e b R R R R e R

_2.5 1 1 1 1 1 1 1 1 1 ]
25 -2 15 -1 -05 0 0.5 1 1.5 2 2.5

Figure 2.1: Decision regions for § = 7 (yellow region is D;). The red points represent

the superimposed constellation points a;,, € C (€1 = 0.15, ¢ = 0.17, P, = 1, P, = 1.5,
No=1).
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The complexity of the decision regions makes it infeasible to analyze the error
probability of ML detection directly. An upper bound was formed based on simpli-
fying the decision regions to being half planes, or so called “planar” decision regions.
Instead of ML detection, the decision regions are Dy = Dy planar = {7 | Re(r) < 0}.
This yields the following expression for the upper bound on the error probability for

any 0 € [0, 7]

P™(@) = e+ (1—€ —e3) (e2—€1)

o

0 (\/Fﬁ UPQ cos(9)> 0 (\/Fl— P, cos(e)) |

where () is the Gaussian tail distribution function, defined as

1 a2
Qx) = \/_2_7r/ e 2 du.

This upper bound was optimized over ¢ € [0, 7], yielding the following minimizer:

0 = cos™! (min{pcf, 1}),

where

A Ny l—e—¢
pcf:4\/mln( €2 — €1 )’
is called the power-correlation-factor. The error probability achieved by this opti-
mized upper bound is indistinguishable from a numerical optimization over rotation
angle using the ML detection scheme, seen in [20, Section IV]. Further, we note that
the decision regions calculated for the optimal ML detection were indeed planar as
well. The details of the derivation and optimization of this upper bound can be found

in [20]. Figure 2.2 shows the combined constellation and ML decision regions at 6%,.
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| a”
[ ]
%10
[ ]

-3 -2 -1 0 1 2 3

Figure 2.2: Combined constellation and decision regions at 6%, (yellow region is D).
The red points represent the superimposed constellation points a;,, € C (¢ = 0.1,
=015 P =1, P =1, Ny=1).

We observe that the numerically optimized rotation angle and corresponding ML
detection regions are identical to those derived from optimizing the upper bound. This
implies that the optimal signaling design ignores all information in the imaginary axis.
Hence, the same error performance could be recreated using less power by sending the
points co-linearly. This initial investigation led to the main direction of this research
to investigate optimal power allocation in a single multiple access channel instead of
constellation rotation. The largest question that was raised from this investigation is
whether this result extends to more complex situations such as non-uniform sources

or more than two sensors. These questions are answered in the following chapters.
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Chapter 3

Two User Gaussian MAC Sensor Networks

Informed by the initial investigation of Chapter 2, we approach a general version of

the two sensor problem where the sensors share a single Gaussian MAC.

3.1 System Model

This chapter uses the problem set up as described in Section 2.1, with the specifica-
tions being N = 2 and § = R. A block diagram depicting the overall system model

is shown in Figure 3.1.

Sensor Sensor Multiple Access
Noise Modulation Channel
Xl Sl
BSC(e,) Sensor 1
/ e A
Event of £< Detection l()
Interest Center
\ BSC % 5
(g,) Sensor 2

Figure 3.1: Block diagram showing the two sensor MAC system.
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3.1.1 Channel Model

The sensors’ signals are sent through a Gaussian MAC, where the received signal, R,
is expressed as in (2.1), with the noise Z modelled as a real valued Gaussian noise
variable with zero mean and variance o2 = % It is assumed that Z is independent

of the sensor signals S; and Sj.

3.1.2 Maximum-a-Posteriori Detection

The event X is reconstructed at the fusion center using (optimal) MAP detection.

For a received signal r € R, the detected bit is determined as follows:

z(r) =argmax Pr(X =i | R=r)
1€{0,1}

= argmax Pr(X =) fr(r | X =1)
1€{0,1}

=argmax p; > Pnfifr(r|S1+ S2 = aim)

€0 (m)efo,1)2
= argmax p; Z Pimlifz(r — Qim), (3.1)
1€{0,1}

(1,m)e{0,1}2

where fr and f are the probability density functions (pdfs) of the received signal R
and channel noise variable Z, respectively, py,; = Pr(X; = [, Xo = m|X = i), and
aim € C denotes the superimposed constellation symbol associated with X; = [ and
Xy = m. In the case of a tie, we arbitrarily choose to detect a 0, since the probability
of a tie is zero because the noise is a continuous random variable. The conditional

probabilities, pn,|;, can be expressed as follows:

P11j0 = Pooj1 = €1€2, Poojo = P11 = (1 —€1)(1 — €2),
(3.2)

Po1jo = Proj1 = (1 — €1)ea, projo = poip = €1(1 — €2).



3.2. SUMMARY OF MAIN RESULTS 13

3.2 Summary of Main Results

For fixed parameters pq, €1, €2, No, P/"** and Py***, we show that the optimal con-

stellation design for C; and Cy which achieve the minimum error probability, P, are

(2

expressed as C; = {cp4,¢1,} = {— P g—(l’Pi*} for i € {1,2}, where the optimal
power! allocations P} are separated into three cases. The conditions for each case

are given in Table 3.1 and the optimization results are summarized in Table 3.2.

Table 3.1: Case Characterization Conditions

H Case H Condltlon ‘ DO H
€1€
: Osm<=ithae R
€1€ 1 —ere
0| 22— <p <992 | (—o0, 1]
i e <P <05 [

For Cases II and III in Table 3.1, the decision boundary, z*, is the unique root of

(3.6) corresponding to P} and Pj.

Table 3.2: Optimal Power Allocation Results

| Case | P; | Py | P [ limygo P

I 0 0 D1 D1
IT |/ Prex |/ Pinax see (3.21) | see (3.35)
I | /PP | min(\/Py™*, P,) | see (3.34) €1

'Even though in this chapter, each P;, i € {1,2}, corresponds to the square root of the power
E[||Si]|?] with upper bound constraint P™#* as specified in Chapter 2, we will still refer to it as
“power” for the sake of simplicity.
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In Table 3.2, we used the quantities

7 Nop1po (1 — € — 62)2 —A
P2 In : 3.3
2 2 leax (62 _ 61)2 — A ( )

>

with
A2 (100——]91)2(1 —€1)(1 — €e)€q69.
PoP1
Note that the expression for P, is always real valued when the conditions of Case III
are met. Also note that because of the assumption 0 < €; < €3 < 0.5, the conditions

for the three cases are numerically consistent, i.e., we have that

€1€2 €1 — €1€2
0<

< 0.5,

<
1-— €1 — €2 + 26162 €1+ €2 — 26162

where the last inequality holds with equality if and only if €; = €5. The most inter-
esting result is that in Case III, the optimal power allocation is not to necessarily use
all of the available power for Sensor 2. The remainder of this chapter is dedicated to

proving these results and illustrating them via numerical examples and simulations.

3.3 Proof of Main Results

First, we use Theorem 3.1 to show that the constellation design optimization prob-
lem can be restricted to a set of asymmetric constellations, parameterized by each
sensor’s power allocation. Then we analyze the boundary points between the decision
regions Dy and D; (decision boundaries) using this optimal asymmetric design. The
characterization of these decision boundaries splits the problem into the three cases

given in Table 3.1. For Case I, Proposition 3.2 shows the trivial nature of the decision
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boundaries, and thus also the optimization in this case. For Case II, Propositions 3.6
and 3.7 derive bounds on the decision boundaries which are used in Theorem 3.8 to
show that using all allocated power for both sensors is optimal. Finally, in Case III,
Propositions 3.10 and 3.11 establish properties of the decision boundaries which are
used in Theorem 3.14 to give the globally optimal power allocation for Sensor 2. Com-
bining this result with Theorems 3.15 and 3.16, which show that the error probability
decreases in both sensor powers until reaching the global minimum, yields the overall

optimal power allocation under the given power constraints.

Theorem 3.1. For any combination of binary constellations C = C,+Cs, there exists
a constellation pattern C* = C; + C; which has equal error probability, equal or better
power consumption, with the composition C; = {— Z—;Pi, \ /Z—?R'}, for some P; € R,

ie{1,2}.

Proof. In a Gaussian MAC using MAP detection, the error probability is the same
for constellations that are translations of each other. Hence, constellations with the
same distances between constellation points will have the same error performance.
The distances between the points in the joint constellation C are determined by the
distances between the points in the individual constellations C; = {co;,c1,:}, 1 € {1, 2}.

Let the constellation distance, d; be defined as follows:
d; =S C1: — Coy, 1€ {1, 2} (34)

We will minimize the average power consumption for each sensor while maintaining

constellation distance d;. This is computed by using the constraint from (3.4):

P? = E[S?] = pocai +P10%,i = cii — 2pod;cy i + pod:.
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This is a simple quadratic function of ¢;,;, which is minimized at c¢;; = pod;, co; =

—p1d;. Substituting this back into the expression of P?, we see that the minimum

power has the form P = p;pod?. Finally, rearranging for d; = \/;Tmpi* shows that

the minimum power constellation has the form:

&Pi €1 = ,/@Pi ie{1,2}.
Po b1

Coi = —

[]

Using Theorem 3.1, we can restrict the optimization search to constellations which
take the following asymmetric form. C; = {cp;,c1,:} = { — i—;Pi, 1/i';—(l)Pi}, where
P, € [0,/ P™=] for i € {1,2}. To simplify notation, we define the following two

symbols which represent these optimal asymmetric parameters:

as \/@, B = \/E. (3.5)
b1 Po

The relationship a4+ = \/ploTn will be used often in the remaining analysis. The prob-

lem has now been reduced to finding the optimal power allocations, P; € [0, \/P™]

for i € {1,2}.

3.3.1 Decision Boundaries

To analyze the error probabilities, we first must understand the behaviour of the
decision regions Dy and D;. To characterize these regions, we take the difference

between the two terms in (3.1) and manipulate the expressions to give the following
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explicit expression in terms of the problem parameters:

Pr(X=1|R=r)—Pr(X=0|R=r)

= Z (P1Dtmpt — PoPimio) [z (1 — aim)
(l,m)€{0,1}?

1 —(r—ay)?
== Z (P1Pmp — Popimp)e - Mo
ov2m (I,m)e{0,1}2

We are interested in the sign of this expression, so we simplify using the following

forms of the restricted constellation points:

ann = a(P + P), apr = —BP + abPs,

ayg = Py — BP;, ag = —B(P + ),

which gives the following function of x, which can be called a “detection discrim-

inator” since it has the same sign as the original expression for any fixed P, and

PQZ
2(a+B)(P1+Py)x 2(a+B)Prx 2(a+B)Pyx
w(x) = ae No +be M +ce N +d, (3.6)
where 2 sy bt
N i s - D A+ laP1=BP)"
a = ae No o | b= be No |
_ _(BP—amp)? A o _B2(P P2
c=ce No | d = de No
and
N hLa
a = P1P11j1 — PoP11|o, = P1P1oj1 — PoP1o|o, (3 7)
= A J A
€ = P1Po1|1 — PoPo1|o, = P1Pooj1 — PoPoo|o-

Using (3.6), we characterize the decision regions as Dy = {x € R | w(z) < 0} = D5.

Note that by the assumptions on py, €; and €,, we have that d < 0, which implies that
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w(z) is negative as * — —oo for any P, and P, (hence the MAP rule detects a 0).
Thus, we can completely determine these regions by the boundary points between Dy
and D;. These boundary points are the same as where w(x) crosses from negative to
positive, or vice-versa. Thus, it is relevant to analyze the set X = {z € R | w(x) = 0}.
Note that applying the results of [23, Corollary 3.2], we know that the size of this set
is restricted to |X| € {0,1,2,3}. Unfortunately, there is not a general way to solve
for the values x € X analytically. However, the problem can be split into three cases
which can be analyzed without knowing these values explicitly. The decision regions
can be expressed as unions of intervals using these boundary points. For example, if
X = {z}, then Dy = (—o0, ], whereas if X = {x1, 29,23}, with 21 < x5 < x3 then
Dy = (—00, 21| U [x2, z3].

3.3.2 Casel:0<p; < €1€2

1l—e€1—e2+2€1€2

The following proposition characterizes the decision boundaries in this case, which is

an essential step of analyzing the error probability.

Proposition 3.2. In Case I, there are no real solutions to the equation w(zx) = 0,

where w(z) is given in (3.6).

Proof. Each of the following inequalities hold due to the condition of Case I, and

p1 <0.5,0<€ <€ <0.5:

a = pipup — Popiijo = p1(1 —€)(1 — €2) — (1 — pr)eren

€1€2
e B <0

= a <0,
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b= p1p1ojt — Popiojp = p1(1 — €1)e2 — (1 — pr)er(l — €2)

€1 — €1€9
(61 + €9 6162) (pl €1 + €9 — 2€1€2>

— b <0,

¢ = p1poij1 — PoPoijp = Pie1(l —€2) — (1 —p1)(1 — e1)e

€o) — €1€
—<€1+€2—2€1€2)(p1— 2 172 ) <0

€1 + €9 — 26162

= ¢ <0,

d = p1pooj1 — PoPoojo = P1€1€2 — (1 —=p)(1—e)(l—e)

1— ¢ —
€1 — €3 T €169 <0
1-— €1 — €2 + 26162

= (1 — €1 — €9 + 26162) (pl —

— d<0.

Thus w(z) < 0 Vo € R and w(x) has no real roots. O

Since there are no roots of (3.6), there are also no decision boundaries in Case I.

Thus, no matter what the received signal is, the optimal detection will always be

A

X =0 (i.e., Dy = R). Hence, the error probability is only dependent on the source
probability p;. In this case, the senors are not able to send any useful data, so they
should not send anything at all. We conclude that the optimal power allocation and

corresponding error performance are expressed as follows:

*Case I __ *Case I __ *Case I __
P =0, P, =0, P = p1.

Y Y
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3.3.3 CaselIl: —&<2____ < p, < -z

1l—e€1—€e2+2€1€2 — €1+€ex—2€1€2

Using a similar approach as in the proof of Proposition 3.2, we can show the following

properties about the coefficients of (3.6) in this case:

We use these observations to characterize the decision regions in this case through

the following proposition.

Proposition 3.3. In Case 11, there is exactly one real root to w(z) in (3.6) for any

Py, P, > 0. Further, this root is also a decision boundary between Dy and D;.

Proof. Let Py, P, > 0. First we show that there exists at least one real solution to
w(z) = 0. We use the fact that w(x) is continuous and that its asymptotic behaviours
are:

lim w(z)=d, lim w(zr)= co.
T——00 T—00

Since d < 0 and w(x) is continuous, it must have at least one root. Next we show
that w(z) can have at most one root by showing that once it becomes non-negative,
the derivative is always strictly positive, so it can never have another zero. Assume

w(z) > 0, we then have:

dw  2(a+pB)
dx N NO
Q(Q + B) 2(a+B) Py 2(a+B8) Py

= T ((Pl -+ Pg)ﬂ)(l’) — Pybe Mo — Pice ™M — (Pl —+ P2)d) > 0.
0

2(a+B)(P1+Py)x 2(a+B)Prx 2(a+B)Pyx
(P + Py)ae No + Pibe N+ Pyce Mo

This shows that w(x) has exactly one real root, and this root is a boundary point

between Dy and D; as desired. O
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Since there is a unique decision boundary, the decision regions will have the form
Dy = (—o0,x], where z is the root of (3.6) corresponding to P; and P». We can

express the error probability at any P, P, > 0 using the following expression:

Ay, — T
P6<P17 P2) = Z(plplmu —poplm|0)Q( o ) =+ PoPimlo; (3-8)
(I,m)e{0,1}2

where () is the Gaussian tail distribution function, a;, are the constellation points
and x is the root of (3.6) corresponding to P; and P5. We also give the following

upper bound on the error probability.

Proposition 3.4. If P;, P, > 0 and x is the corresponding unique decision boundary,

then for any & € R, the following is an upper bound on the error probability

A — T
PE(P1, Py) 2 E (P1P1mp —p0P1m|o)Q( l - ) + PoPim|o- (3.9)
(I,m)e{0,1}2

Proof. This expression corresponds to the error probability associated to using a
decision boundary Z. Since the true decision boundary, x, from the MAP detection

rule is optimal, this must be an upper bound. O

We now define the following functions, where @, b and ¢ are as defined in (3.7).

A NO a 05—6
A NO a Oé—ﬂ

Note that these are well defined if ¢ # 0 and b # 0, respectively. These functions are

used often in the optimization proof, such as the in following proposition.
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Proposition 3.5. For any P, P, > 0 the following two statements are true if b # 0

and ¢ # 0, respectively:

2(a+pB)Pox
x § aP, — L(P) = ae M 410 § 0, (3.12)
< 2(a+B)P1z <
v aP—K(P) = ac M +c¢20, (3.13)

where the symbol § means that the statements hold for any of the relations <, > or

=, consistently in the each line.

Proof. We prove (3.12) using the definition of L from (3.11). Assume P, P, > 0,

b # 0, then if x satisfies

xS aP — L(P,)

2(atpB) Py 2(a+B8) Py (aPy —L(P2))

<

— ae Mo +bZae No +0,
where
2(a+B)Py(aPy—L(Py)) 2a(a+B) Py Py—2(a+B) Py L(Py)
ae No +b=ae No + b

2a(a+B) Py Py+(a?—p2) P} A

= ae No )

_ —(aP1—BPy)? q 2(P1+Py)?
— be Ng —e Ng +b
~~ a
=b
=1

=—-b+b0=0.

The proof of (3.13) follows the same steps, using the definition of K from (3.10). O

This result is used to determine the properties of the decision boundaries by its
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influence on the expression in (3.6), as seen in the following proposition.
Proposition 3.6. In Case II, for Py, Py > 0, if x is the corresponding root of (3.6),

b0 and ¢ # 0, then the following two inequalities hold:

Tz >abP — L(Pg), (314)
Proof. Using Proposition 3.5, we have

2(a+8) Py

r<aP —L(P) = ae M +b<0 = w(x) <0,

2(a+p)Pz

r<aP,— K(P)= ae M +c¢<0 = w(z)<0.

Hence, x could not be a zero of (3.6) in either of these cases, showing the desired

result. O

As seen in the above proof, a direct consequence of applying Proposition 3.5 gives
a lower bound on the values of the decision boundary. We also require the following

additional result about these lower bounds.

Proposition 3.7. In Case II, let Pi, P|, P, and Py be arbitrary real numbers such
that 0 < Py < P|, 0 < Py < Pj. Then the root of (3.6), z, satisfies the following two

inequalities as a function of Py and Py, respectively:

inf 2 —aP +L(P) >0, forb#0,P,>0, (3.16)
P e[P,P]]
inf z—aP,+ K(P)>0, forc#0,P >0. (3.17)

P>€[P2,Pj)
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Proof. To prove (3.16), let P, and P/ be arbitrary real numbers such that 0 < P, < P,
For any P, € [Py, P{] and P, > 0, the root of (3.6), z, satisfies x — aP; + L(P,) > 0

from (3.14) of Proposition 3.6; therefore

inf z—aP +L(2)>0. (3.18)
Pie[Py,P]]
Next, we define the function
A 2(a+B)(P1+Py)x 2(a+B) Pz
wr(z, Py) = ae No +be M,

which is uniformly continuous in both P, over [P, P{] and z over [« P, — L(P,), aP] —
L(P,)]. By (3.12), wy(x, P1) = 0 at all points (x, P;) on the line x = aP, — L(P).
Thus, for any d’ > 0, there exists § > 0 such that for any P, € [P, P} and z that
satisfies

aPl—L(P2)<l’<OéP1—L(P2)—|—5, (319)

we have

ZUL(I‘, Pl) <d.

If (3.18) holds with equality, then there exists P, € [Py, P{] with corresponding
_ AP +m)?

root of (3.6), x, that satisfies (3.19). In particular, for d' = —de No~ , which is

a positive constant with respect to P; and x, we obtain

2(a+B)(PL+Po)x 2(a+B) Py _ _ BA(P[+Py)?
ae No +be Mo < —de No < —d
2(a+B)(P1+Py)x 2(a+B)P1x
= qe No +be M  +d<0

= w(z) <0,
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where the last inequality holds because ¢ < 0 in the expression of w(z) in (3.6) for
Case II. This contradicts x being the root of (3.6), completing the proof. The proof

of (3.17) is omitted as it follows the same steps as above. O

This result shows that the decision boundary is bounded away from the lower
bound over any finite interval of power allocation. This is a small, but essential result
for the main proof as it guarantees that the sequence of powers we use will grow large
enough to reach the necessary value. The results of Propositions 3.5, 3.6 and 3.7 are

used to prove the following main theorem characterizing the optimization in this case.
Theorem 3.8. In Case II, P.(Py, P,) is decreasing in Py and Py for Py, P, > 0.
Proof. We will show the following two statements:

1. If 0 < P, < P{, 0 < Py, then P.(Py, P;) > P.(P|, P,).

2. If0< P, 0< Py, < Py, then P.(Py, P,) > P.(Py, P}).

To show Statement 1, fix 0 < P, < P/, 0 < P,. Let z and 2’ be the roots of (3.6)
corresponding to the pairs (P, P») and (P], P,), respectively. We define the following

sequence {P; ;}2, recursively.

S

P, ~0

é(IZ—FL(PQ)), 1_7#0

where 7, is the root to (3.6) corresponding to P ;, b is from (3.7) and L is as defined
in (3.11). Note that if b # 0 and P,; < Pj, applying (3.16) gives

1
Py —P;= E(Iz + L(Pz)) - Py
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1 . _ (3.16)
>— inf T—aP+L(F) > 0,
Q P e[Py,P]

where 7 denotes the root of (3.6) for (P, P,). This shows that the sequence {P; ;}%,
increases by at least this constant if P, ; < P]. Therefore there exists i’ large enough

such that P, > P|. Hence, it is sufficient to show that for all i
P.(P1;, P2) — Po(Pris1, P2) > 0.
Using the upper bound in Proposition 3.4, it is sufficient to show

Pe(Pri, Py) — PJ7 (Priy1, P») >0

= P (P, P2) — P77 (P, P2) >0,

since P(Pyi, ) = P.5 (Pri, P») by its definition.
It is now sufficient to show P7 is decreasing in P over (Pi4, P1iy1). The deriva-

tive of this expression is:

2

—x3

dPeUg —e Mo 20(P+Py)z; 2(aP—BPy)z; 2(—BP +aPy)z; —2B(P1+Py)x;
= = alae N+ be No —[| ce No + de No )

AP o\ 21
(3.20)

If b = 0, this derivative is negative for any P; (since this is equivalent to b = 0). If

b # 0, then we apply (3.12) from Proposition 3.5 and conclude that

1
P <P = (371 + L<P2)>

«

= 1; > aP, — L(P)
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2(a+p) Pz,
= ae Mo +b>0

2a(Py+Pp)x; 2(aP) —BPy)x;
— ae Mo +be Mo >0
dP"?
= — <.
dP;

The proof of Statement 2 is omitted as it follows the exact same steps as above,
replacing the roles of L(P,) with K(P;), b with ¢, and applying (3.13) and (3.17)
instead of (3.12) and (3.16). O

Thus the optimal power allocation and corresponding error performance can be
expressed as follows, where py,|; are as given in (3.2), #* is the root to (3.6) and aj,,

are the constellation points corresponding to P and Pj.

*Case I __ /pmax x*Case Il __  /pmax
Pl - Pl ) PZ - P2 )

*xCase a’*m — "
PO =" (p1pimps — DoPimi0)Q (lT) + PoPimlo- (3.21)
(I,m)e{0,1}2

The corresponding optimal decision region is Dy = (—o0, z*].

3.3.4 Case IIl: —2=<2_ < p, < 0.5

€1+€2—2€1€2
First note that the condition of this case implies ¢; # €. Also using the same
reasoning as in the proof of Proposition 3.2, we make the following observations

about the coefficients of w(zx) in (3.6):

a>0, b>0, c¢<0, d<0O.
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We define the following functions of P;, where a, b, ¢ and d are as defined in (3.7):

. N ad

PQ(PI) - 2(0{ + ﬁ)2pl ln%> (3.22)
A NO a a — 5

Ko(P) = T Py, (3.23)
A N() —d_ o — B

The condition for Case III combined with the other assumptions on the problem’s
parameters ensure that these functions are real valued for all P; > 0. Also note that
expanding (3.22) at P, = /P> gives the expression in (3.3). We begin with the

following result which is used numerous times over the analysis of this case.
Proposition 3.9. For any P, P, > 0 the following two statements are true:

2(a+pB)Piz

x § aPy — K,(P)) = ae ™M +c¢ ; 0, (3.25)
2(a+B)Pix
S B+ Kg(P) = be M +dZ0. (3.26)

Proof. These statements follow directly from rearranging these equations and using
the definitions of K, and Kz in (3.23) and (3.24), respectively. The steps are the

same as in the proof of Proposition 3.5. O

This result is used for many of the remaining proofs in this section. For example,

(3.25) and (3.26) directly apply to give the following bounds on the roots of (3.6).

Proposition 3.10. In Case III, for any Py, P, > 0, if © is a corresponding root
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of (3.6), then it must satisfy

;

T € (O{PQ—Ka(Pl),—6P2+K5(P1)), P2<P2(P1)

r=aPy— K,(P)) = —fP,+ Ks(P,), P,=Py(P) (3.27)

x € (= BP+ Kg(P),aPy — Ko(P1)), P> Py(Py)

\

Proof. First we note that these intervals are valid and have non-zero length since

—5P2 + Kﬁ(Pl) - (OéPQ - Ka(P1>) = Ka<P1) + Kg(Pl) - (Oé +B)P2

= (a+ B)(P(P) — P),

Py S Py(P)) = aPy — Ko (P) S —BP, + Kz(Py).

If x is outside these intervals, then we apply (3.25) and (3.26) from Proposition 3.9

to see that w(z) # 0, so & could not be a root of (3.6). O

For a fixed P; > 0, the bounds described in Proposition 3.10 form two lines with
respect to P, intersecting at ]52(]31). These bounds are illustrated in Figure 3.2.
Another important property about these bounds is given in the following propo-

sition, which is similar to the results of Proposition 3.7.

Proposition 3.11. In Case III, for any P, > 0, let Py and Py be arbitrary real
numbers such that 0 < Py < P} < Py(Py), where Py(Py) is as defined in (3.22). Then

the root of (3.6), x, satisfies the following two inequalities:

inf = —aP,+ K.(P) >0, (3.28)
Pye[Py,PY]
inf  Ks(P) — P — x> 0. (3.29)

PQE[PQ,PQ/]



3.3. PROOF OF MAIN RESULTS 30

T
Ty
T3
2rl----aP — K, (P)
- =3Py 4+ K5(P)
8 Lp~~__
T I
0 7 el
-1 . - . , , ]
0 0.5 B(P) 1 15 2 2.5

P

Figure 3.2: The roots of (3.6), 21, x2 and 3, as a function of P, in Case 11T (p; = 0.4,
e; = 0.01, e = 0.05, Ny = 1, P, = 1). The decision regions can be read as: for

P, < Py™ A 1.6, Dy = (—o0, x3]. Otherwise, Dy = (—o0, z1] U [z, x3].
Proof. The details of this proof follow the same steps as Proposition 3.7. O

The above results are referred to multiple times in the remaining proofs in this
section. For example, Propositions 3.9 and 3.10 are used to prove the following result

about the number of decision boundaries.

Proposition 3.12. In Case III, for any Py, P, > 0, there will be one or three boundary
points between Dy and Dy. Further, if Py € [0, Py(Py)] there is exactly one boundary

point between Dy and D, .

Proof. Let Py, P, > 0. We have the following asymptotic behaviours of w(z) in (3.6):

lim w(zx) =d, lim w(z)= 0.
Tr—r—00 T—00
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Since d < 0, and w is continuous, we conclude that there must be an odd number of
crossing points. Combing this fact with [23, Corollary 3.2] yields that there are one
or three crossing points. Now let Py € [0, Py(P;)]. We assume w(z) = 0, and perform

the following derivative analysis:

d 2 2(a+B) (P +Py)w 2atB) Py 2(atB) Pyo
_w — M <P1 + PQ)CLG Nol 2 + Plbe No ! _|_ PQC@ Ng 2
dx N()
2 2(atf) Py 2(atf) Pox
:—<a]\—fi_5)<(P1+P2)w($)—P2b6 No ' —Plce N02 —(p1+P2)d>
0
-2 2(a+pB)Px 2(a+pB)Pyx
= W(Pg(be Mo +d)+ Pi(ce M : +d)> > 0.
0

This last inequality is true since Propositions 3.9 and 3.10 imply

2(at+p)Prx

be N +d<0.

Therefore w(z) is strictly increasing at any zero, and hence must only have one root,

and this root must be a boundary point between Dy and D; as desired. O]

Using Proposition 3.12, we conclude that the error probability in Case III can
have two possible expressions based on the number of decision boundaries. If there is
a single decision boundary, x, then the error expression will have the same form as in
(3.8). If there are three decision boundaries, x; < x5 < x3, then the error expression

has the following form:

P.(P, P,) = Z (P1Pim1 — PoPim|o) <Q (M)

g
(I,m)e{0,1}2

- Q (@) +Q (@)) + PoDim|o- (3.30)
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Now we define the following two functions of x, for any fixed P, and Ps:

g(ﬂf)é(plpnu—popnm)Q( - 2 )—l—(plpon—popmlo)Q( Ah o 2 )>
h(x)é(plplﬁll_poplol(J)Q( : 5 - >+(p1P001—p0p00|0)Q( i 05 2 )

These functions are significant because they decompose the error expression. For
example, if P; and P, are fixed with a unique corresponding root of (3.6), z, the error

probability can be written as

Pe(P1, ) = g(x) + h(z) + Z PoPim|o-
(I,m)e{0,1}2

Further, they have the following unique minimizers with analytic expressions corre-

sponding to the bounds given in Proposition 3.10.

Proposition 3.13. In Case 11, for any Py, P, > 0, g(x) is minimized at © = aPp —
K.(Py) and h(z) is minimized at © = —Py + Kg(Py).

Proof. Let P, P, > 0. The following are expressions for the derivatives:

dg 1 —z2 20(P1+Po)x 2(—BP{+aPy)x
—-— = eNo {ae Mo + ce Mo

dh 1 a2 2(aP|—BPy)w —28(P1+Py)z
— = eNo [ be Mo + de No )

Next, we apply the results of Proposition 3.9 to show

2(at+B)Pya

aPy — K,(P)) = 0=Zae ™M +c¢

S
2a(P1+Pg)x 2(—BPi+aPy)x
Zae N +ce No

X

= 0
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dg
—— 0 > —_—,
= dzx
and
2(a+B)Prx
< —BPy+ Ks(P) = 0=be ™ +d
2(aP—BPy)x —2B8(P1+Po)z
— 0=be M +de M
dh
— 0= —
S dx’

]

The properties of the functions g and A make them useful in proving the following

theorem about global optimality with respect to Ps.
Theorem 3.14. In Case III, P.(P1, Py(Py)) < P.(Py, P2), VP, > 0, Py # Py(P)).

Proof. Fix P, > 0. Let a, be the constellation points and Z be the root of (3.6)
corresponding to P; and PQ(Pl). Let Py # pg(Pl). Let a;,, be the constellation points
and X denote the set of roots of (3.6) corresponding to P; and P,. First we analyze
the case where |X| = 1. Let X = {z}. In this case, the error expression, P.(P;, P),
will have the same form as given in (3.8). Also, since there is a unique root, z, at

152(P1), P. (Pl, pg(Pl)) takes the form of (3.8) as well. Therefore, we must show

dlm_fi Ay — T
m|l — m < m|l — m
> (p1pump — ponn 0)@( . ) (l > (P1pump — pop |o)Q( - )

(I,m)e{0,1}2 ,m)e{0,1}2

= g(aP, — Ko(P)) + h( — BP+ Ks(P1)) < g(z) + h(x).

This result follows immediately from Proposition 3.13, since © # aPy — K, (P)
and x # — P, + Kg(Py) for Py # ﬁg(Pl) from Proposition 3.10.
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For the case that |X| = 3, we represent this as X = {xy,x9, 23} such that z; <
9 < x3. Further we note that the decision regions are represented in terms of these
boundaries as D; = (z1,x3) U (x3,00). This gives rise to the following expression for

the error probability, also noting that it can be expressed in terms of g and h:

P.(P, P) = Z (P1Pim1 — PoPim|o) <Q(w)

(Lm)e{0,1)2 g

—Q< )+@( "””3)> + PoPimpo

= g(x1) — g(x2) + g(w3) + h(w1) — h(22) + h(x3) Z PoPim|o-

(l m)e{0,1}2
Hence we must show
g(aPy — Ko(P)) + h( — BP + Ks(Py)) <
g(w1) — g(w2) + g(w3) + h(w1) — h(x2) + h(w3). (3.31)
First note that by applying Proposition 3.13, we have
g(aP — Ko(P1)) + h(— B8P+ Kg(P1)) < g(x3) 4+ h(z1). (3.32)
Now we will show
g(@1) — g(x2) + h(xs) — h(zz) = 0. (3.33)

Since |X| = 3 it is implied that P, > PQ(P1> by taking the contra-positive of
Proposition 3.12. Then we can apply Proposition 3.10 which gives the bounds

x9 € ( — P+ Kg(Py), Py — Ka(Pl)). Finally, applying the same derivative analysis
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as in Proposition 3.13 shows that g(x) is decreasing on [z, 23] and h(z) is increasing

on [z2, x3]. This implies (3.33). Combining (3.32) with (3.33) implies (3.31). O

This gives an analytic expression for the global minimizer of the error probability
with respect to P,. The main intuition behind this result relies on splitting the error
function into two simpler parts, which are shown to be minimized along the same
linear bounds in Figure 3.2. Since the two lines intersect at Py(P;), this value (along
with its corresponding decision boundary) minimizes both parts of the error function,
hence the entire error function is also minimized.

Although we have found a global minimum with respect to P, it is still necessary
to determine the optimal constellation when there is not enough power to use the
global minimum, i.e., if \/P™* < Py(P;). The following theorem provides a sufficient

result for this situation.

Theorem 3.15. In Case III, if 0 < P;, 0 < P, < P} < Py(Py), then P.(P, Py) >
P.(P,,P}).

Proof. Fix0< P, 0< P, < Pj < P,. Let x and 2’ be the roots of (3.6) corresponding

to Py and Pj, respectively. We define the following sequence { P ;}$°, recursively.

Py =P,

Priir = min (é(z L KL(Py), %(Kg(Pl) _ a:))

where z; is the root of (3.6) corresponding to P»,;. Note that (3.27) implies P; < P,

for any i > 0, so there is always a unique z;. If P»; < Pj, applying (3.28) and (3.29)
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means one of the following two statements must be true:

1
Priy1— Py = a(% + Ka(Pl)) — Py
1 . _ (3.28)
>— inf z—aP+ K.(P) > 0,
Q Pre[P>,Pj)
é\};/l
or
1
Pyi1— Py = B(KB(H) - xl) — Py
L e k) -ph-z 20
— _1n - - > U,
= B P.c[P2,Py] ot ?
sr,
SO

P27i+1 — Pgﬂ' > min(K(;, Ké) > 0.

where Z denotes the root of (3.6) for (P, P,). This means that the sequence { Py},
increases by at least this fixed constant if P; < Pj. Therefore, there exists ¢’ large

enough such that P, > Pj. Hence, it is sufficient to show that for all

P.(P1, Py;) — Pe(P1, Pyi1) > 0.

Using the upper bound in Proposition 3.4 (which is valid for exactly the same reasons

as before), it is sufficient to show

Pe(Pr, Poy) — P (Py, Paiy1) >0

1

= P (P, Pyy) — P (P, Paigr) >0,

since P.(P1, Po;) = PY3 (P1, Py;) by definition in (3.9). It is now sufficient to show
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PP% is decreasing in Py over (Ps;, P2 ;11). We have

e,r;

2

UB A X _ . _ . _ .
dPe g —e No 2a(P1+Py)z; 2(=BP1t+aPy)z; 2(aPy—BPy)z; 2B(P1+Po)w;
— = alae N Hce No —Blbe N 4de Mo ;

dPs o\ 21

where applying Proposition 3.9 gives

1
Py < Py < a(% + K.(P))

- JIZ'>OéP2—Ka(P1)

2(a+pB)Pyz;

— (O<ae ™M +c

2a(P1+Py)x, 2(=BP1+aPy)x,

— O0<ae M + ce No ,

and
1
Py < Py < B(Kﬁ(Pl) — ;)
— I; < —5P2 + Kﬁ(Pl)
2(a+B) Pz,
— 0>be M +d
2(aPy—BPy)x; —2B(P1+Po)z;
= 0> be No + de No ,
SO
dPUB
= —= <.
dPy

[]

Combining Theorems 3.14 and 3.15 we can conclude that in Case III, the optimal
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power allocation for P, given P; > 0 is

P;(Py) = min (/P> By(Py))

Now that we have the optimal P, allocation for a fixed P, we characterize the opti-

mization with respect to P; using the following theorem.
Theorem 3.16. In Case III, P, (Pl,PQ*(Pl)) is decreasing in Py, for all P, > 0.

Proof. Let P; > 0. We can express the optimal power allocation for P, as the following

function of P;:

/P2max Pl < Plthresh

P2<P1) P1 Z Pfhresh

Py (Py) =

where
thresh A NO ad

2 In =
' 2ot B2 /PP b

We analyze this in two cases. First, assume P, < P{esh Since Py (P)) =

\/ Pirax < ]52(P1), Proposition 3.12 implies that there is a unique root, z, to (3.6)
corresponding to P, and P,. Hence, by the same reasoning as in Theorem 3.8 it is
sufficient to show P7 is decreasing in P;. Unlike the previous proof, we can see
immediately from the expression given in (3.20) that this derivative is negative for
all P, because b > 0 in Case III. Next, for P, > Pf}”“h we have
N, ad
Py(P)=——-—1In—.
2( 1) 2(Oé+/8)2plnb5
Let 2* be the root to (3.6) for P, and Py (Py). (3.27) implies 2* = aPy(P)—K,(P) =

—BP5(P1)+ Kp(Py). Substituting these relationships into the expression for the error
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probability given in (3.8) yields

P.(P, P5(P)) = Q(
Q

+ Z PoPim|o;

(I,m)€{0,1}2
where we define
NO a NO —Ci
P, 2 In , P2 In ,
2a+ B8P —¢ "7 20+ B) b

noting that
ar, b, ap, — h
dP1 N P17 dPl Pl

Then derivative analysis on the error probability yields

dr, 1 at+tB B ae#fzﬁpﬂﬂ_’_ _a+p B o
dP oV 2w 2 P 2 Py

—(= 24P Py 4Py’

No

N a+p . by 567*#1\21*’317)2 N o« + ﬁ Pb Q+BP1+P”
2 P
—(442py)?
_ e % 67;23 ((a +5 P )ae <a+£())P1Pa+< at+p P )Ce(aHjV):lPa)
o\ 2T 2 P 2 P,

oo+ B Pb)— erlhh ( a+ 3 Pb) —(@+p)P1 Py
~ be d N
+e Mo (( 5 + 2 + 5 +P1 e 0
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—(&ffpy)? ) 5 P ﬁ P

e N —Pg o+ u — o+ a —
- __ N, _ = _ _ _ _ = _

o (R (- Ry (- B

+e7€”(<o‘+ﬂ+Pb>\/71 ( Q+B+P">m)>

2 P1 2 Pl

_p2

—§fpr)? /1 _p2 —
:_a—l—2ﬁ Nl( No /=G + e Mo \/—bd)
V2m

< 0.

[]

The implication of this result is that the less noisy sensor should use all available
power. Further, we note P,(P;) is decreasing in P;. This results in the generally
intuitive behaviour to allocate more power to the more reliable sensor, and less to the
WOrse Sensor.

Combining the results of Theorems 3.14, 3.15 and 3.16 implies that the optimal
power allocation and corresponding error performance can be expressed as follows,

where x* is the root of (3.6), and a,, are the corresponding constellation points to

Pl and Ps:
Pl*Case 111 — leax’
P*Case mor _ — min (\/W P2 \/Pm—ax )
+Case Ay — z*
Pec - :Z(Plplmu - poplm|0)Q(lT> + PoPimlo- (3-34)
(I,m)e{0,1}2

The corresponding decision region is Dy = (—o0,z*]. If P = Py(y/P™) = P, as
n (3.3), then the decision boundary has the explicit form z* = aPy — K, (\/P"™).
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3.3.5 High SNR Behaviour

For this analysis it is defined that high SNR means Ny — 0. This is a reasonable
assumption since each sensor’s SNR should be growing at similar rates, and one sensor
should not have infinitely more power than the other. In Case I, there is nothing to
consider, since the error probability is constant. In Cases II and III, the high SNR
behaviour can be analyzed by considering a system that knows which point in the
constellation C was sent. Note this is equivalent to knowing X; and X, perfectly,
except if two constellation points are identical, i.e., a;, = ay,, for some | # ' or
m # m’. Also note that the high SNR behaviour of only sending Sensor i is always
€;, 1 € {1,2}. In the case that both sensor values are used, the following is the MAP

detection rule for knowing X; = z; and Xy = x3:

Z(x1,x9) = argmax Pr(X =i | X7 = 21, Xy = x9)
1€{0,1}

= argmax PiPzqxoli-

1€{0,1}

The decision rules can be expressed in terms of the constants defined in (3.6) as

a>0 <<= z(1,1) =1, b>0 < z(1,0) =1,

c>0 < 2(0,1) =1, d>0 < 2(0,0) = 1.

Case 11

Based on the values of a, b, ¢, d in this case, we have the following detection rule:

#(1,1) =1, #(1,0) =0,
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#(0,1) =0, #(0,0) = 0.

Since z(1,0) = z(0, 1), it does not matter if these two constellation points are identical
(and these are the only two constellation points which can possibly be identical).

Finally, the high SNR behaviour is calculated to be

lim P (P, Py) = p1(pooj1 + Po1j1 + Prop) + PoPiijo
No—0

— €1€9 +p1 (61 + €9 — 26162). (335)

Case I1I

In this case, there are two interesting cases to consider. First, for the optimal allo-
cation P, = Pj, we have that P; — 0 for high SNR; so the error performance in
this case approaches the performance of only sending Sensor 1, which is €;. In the

alternative case that both sensors use all their power, the detection rule is as follows:

#(1,1) =1, #(1,0) =1,

z(0,1) =0, 2(0,0) = 0.
If no constellation points are identical, X=X 1, which implies

Jlim PP PR = e, PP PP

However, if P" = P® = P™* for some P™* > 0, then apy = a1p. Let P,

s € {0,1} be the error probability if we decide to detect s for 10/01. Since p; < pg
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and

P = ejes + pier + €2 — 2€162)
P! = e1ea + poler + €2 — 2€162)

= P’ < P,
we conclude to decide 0, and the final expression for the high SNR behaviour is

lim Pe(\/ Pmax’ V Pmax) = €1€9 +p1(61 + €9 — 26162).

No—0

These results are demonstrated in Figure 3.10, where the curve for using both sensors
at their max power has a larger end behaviour than the derived optimal constellation

design. Note that in Case II, P? < €1, but in Case I1I, ¢; < P? < e,.

3.4 Numerical and Simulation Results

In this section, we illustrate the results of this chapter numerically for specific pa-
rameter sets of the problem setup. We show that the theoretical results proven in the
previous section are also supported by simulated experiments. In what follows, the

SNR is defined as the geometric average of the available power allocations, reported

in dB (i.e., SNR (dB) = 10log,,(SNR)):

PmaXPmax
SNRrax & V-1 "2 (3.36)

No

Even though Sensor 2 does not necessarily use all of its allocated power, defining the

SNR this way is sensible because the sensors have independent power constraints. If
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the sensors had a joint power constraint, it would be more appropriate to use the true

SNR.

3.4.1 Simulated Validation of Main Results

The experimental data is produced by sending 500,000 independent source bits via
two simulated sensors and MAC, then using the MAP detection rule given in (3.1),
the error probability is calculated. We will show in two ways that the simulations
overlap with the theoretical results. First we show that the minimization problem is
solved at the correct value of P, in Case III. Then we show that the error probability
when using the derived optimal constellation design overlaps with the simulation
results at any SNR in Case II. We always use the optimal asymmetric constellation
designs for these simulations, C; = {cp;,c1,} = {—F0, aP;} for i € {1,2}. To
calculate the theoretical error probability, the decision boundaries are calculated by
numerically solving for the roots of (3.6). Then, these values are used to calculate
the appropriate error expression, (3.8) or (3.30), based on the number of roots.

The error probability as a function of P, and SNR are shown in Figures 3.3 and 3.4,
respectively. These plots show that the simulated and theoretical error performance
overlap very well, while also noting that the simulated minimum power allocation for

P, coincides with the theoretical results.

3.4.2 Simulated Comparison to Orthogonal Signaling

In this section, we compare the error probability of the MAC signaling system derived
in this paper to an alternative signaling method of using independent (orthogonal)

channels for the sensors. To set up the orthogonal signaling, it is assumed that the
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0.08

Simulation
— = —Theoretical
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Figure 3.3: Theoretical and simulated error probability in Case III (p; = 0.45,¢; =
0.01,e2 =0.05, P, =1, Ny = 1).

sensor network would have access to two independent zero-mean Gaussian commu-
nication channels with variance % Note that we define the SNR in the orthogonal
case to be the same as in (3.36). Even though there is more total noise when con-
sidering both orthogonal channels, this is a realistic comparison. If a system has
access to two orthogonal channels with the same noise power, it can choose to only
use one of the channels, which is exactly the equivalent MAC we are comparing to.
We use two variations of orthogonal constellations as baseline comparisons. First, we

use a simple symmetric binary phase-shift keying (BPSK) constellation design (i.e.,

Ci = {cog, 1} = {—/ P, \/P™>=} for i € {1,2}). We also use the results of [11]

which give an optimal orthogonal constellation design to be asymmetric BPSK with

Ci = {cos 14} = {6/ P™>, ay/Pr>} for i € {1,2}, with a and 3 as defined
in (3.5). To detect the source, the receiver uses the MAP detection rule which is

the two dimensional extension of (3.1). Since we have not analyzed the orthogonal
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channels case theoretically, we rely on simulation results to draw conclusions. In
Figures 3.4 and 3.5, the error probabilities are compared under two parameter sets,
to show Cases II and III, respectively. Each data point is generated from 500,000
independent simulated source bits being sent through the channel. Figure 3.5, also
includes the error probabilities associated with using the maximum power symmetric

constellation design over the MAC.

0.18 _ - = = = Multiple Access Optimal Signalling (Theoretical)
’ “ Multiple Access Optimal Signalling (Simulation)
Orthogonal Asymmetric Signalling (Baseline)
0.16 1 N Orthogonal Symmetric Signalling (Baseline)
% 0.14 L
AN
8 ~
= N
o 0.12 N .
o) .
= N
L . N
0.1 \\\
~ h
‘:\'*\
S )
H'\ -k
e
-4 -2 0 2 4 6
SNR (dB)

Figure 3.4: Error probability as a function of SNR in Case II (p; = 0.3,¢; = 0.1,¢5 =
0.15, PP = 1, P = 1),

From these graphs we can see that in both Cases II and III, the derived optimal
MAC constellation has better error performance than orthogonal signaling. However,
in Case I1II (Figure 3.5), orthogonal signaling can perform better than the sub-optimal
multiple access symmetric constellation design. These results demonstrate that using
a MAC optimally can have increased performance, while using less power and band-

width. In Figure 3.4, the maximum SNR gain of the derived optimal constellation



3.4. NUMERICAL AND SIMULATION RESULTS 47

0.1¢
“\\ Multi Access Optimal Signalling
) 5 ——— — Multi Access Symmetric Signalling (Baseline)
\ Orthogonal Symmetric Signalling (Baseline)
\\\ Orthogonal Asymmetric Signalling (Baseline)
. \\\\\
>0.05 \\
© N,
o ~N\
& 0.03} N
— N
g \\"\‘ﬁrb
W 0.02 Ny
S
N
\\\
0.01 L 1 1 1 L
-2 0 2 4 6
SNR (dB)

Figure 3.5: Error probability as a function of SNR in Case III (p; = 0.4,¢; = 0.01, 5 =
0.05, P"a* = 1, P"ax = 2),
compared to the next best option is about 2.4 dB. In Figure 3.5, the maximum SNR

gain is approximately 0.97 dB, occurring around 0.036 error probability.

3.4.3 Analysis of Cases Based on Parameters p;,€; and €5

We analyze the behaviour of Cases I-III as a function of the parameters €, €5 and
p1. By fixing p;, we illustrate the case type regions as a colour map of €; and e,.
Examples of these graphs are shown in Figure 3.6.

We make the following observations from these diagrams. Case I occurs at large €;
and ey values, while Case III is characterized by small €; and large €. The boundaries
between these regions are given exactly by the threshold equations given in Table 3.1.
As py increases, the Case I region becomes smaller, while Case III becomes larger.

Finally, at p; = 0.5, Case I disappears entirely, and Case II is equivalent to ¢; = e5.
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Figure 3.6: Case type regions for different values of p;.

This can intuitively be explained by noting that for any p; < 0.5, as €;,ea — 0.5,
X and X5 become uniformly distributed and independent from the source X. This
effectively removes the source information, making it useless to send over the channel
(Case I). However, if p; = 0.5, X; and X3 are uniformly distributed for any €; and
€9, SO there is no statistical redundancy in the source (as it is unbiased) that can be
lost when observed by the sensors. Hence it is always beneficial to send the signals,

which explains why Case I disappears at p; = 0.5.
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3.4.4 Error Performance vs. (P, P2) and (€;,€2)

For the following examples, the constellations are parameterized by the optimal asym-
metric design, C; = {cos, 1.} = {—BP;, aP;}, i € {1,2}. Figures 3.7 and 3.8 show

the error probability as a function of P; and P, in Cases II and III, respectively.

P.(Py, P,)

2x 107!
107t

P1

3

2.5

N

—_—

0.5

Figure 3.7: Error probability as a function of P, and P, in Case II (p; = 0.3,¢ =
0.1, =0.15, Ny = 1).

In Figure 3.7, increasing P, and P, always decreases the error probability, which
reinforces the dervied optimal power allocation to use all available power. Figure 3.8
illustrates the following properties of Case III. First, we can see that for any fixed
Py (vertical slice of the graph), the minimum occurs at P, = Py(P;), the red curve.
Further, moving upward from P, = 0 to P, = 152(P1), we also see that the error
probability decreases in P». Finally, we can see that moving rightward along the op-

timal power allocation curve, ]52(P1), the optimal error probability decreases with P,
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Figure 3.8: Error probability as a function of P; and P in Case III (p; = 0.4,¢; =
0.01,e5 = 0.05, Ny = 1).

which reinforces exactly the same optimal power allocation as proven. For example,
it P = P =1, then reading Figure 3.8 shows the optimal power allocations are
Py =1 and Py = Py(1) ~ 0.76.

Next, we show how the optimal error probability changes with respect to the
sensor noise parameters, €; and e;. We fix the other parameters, p;, Ny, P/ and
P# then for each pair (e, €;), choose the constellation power allocations P; and
Py. Figure 3.9 shows the error probability as function of €; and es.

When analyzing Figure 3.9, note that referencing Figure 3.6b, we can identify the
regions of the three cases separated by the same line boundaries. We observe that
in the Case I region (upper right corner) the error probability takes a constant value
of 0.2, which is also the largest error probability across all regions. In the remaining

regions (Cases IT and III), it is intuitive that the error probability decreases for smaller
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Figure 3.9: Error probability as a function of €; and €3 (p; = 0.2, P/™* =1, P"™ =1,
Ny = 1). The region and boundary curves for each case are the same as in Figure 3.6b.

values of €; and ;. A more insightful observation is that the error probability is more
sensitive to €; than e;. Especially in the Case III region, we see that varying €; has a
much larger impact on the error probability than ¢;. Thus, having one very reliable
sensor and one very poor sensor can perform better than two moderately accurate

SEensors.

3.4.5 Error Probability vs. Signal to Noise Ratio

To demonstrate this system’s SNR response, we vary Ny to produce various SNR
values as defined in (3.36). We also compare the derived optimal constellation design
to other common power allocations. For the following example, the constellations are
parameterized by the optimal asymmetric design, C; = {cp;,c1,} = {—B8PF, aPi},

i € {1,2}. Figure 3.10 shows the error probability of various constellation designs in
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Case III as a function of Ny, expressed in terms of the SNR.

Error Probability

Figure 3.10: Error probability as a function of SNR in Case III (p; = 04, ¢
0.01,e5 = 0.05, P =1, " = 1).
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We make the following observations from this plot. First, at low SNR, the optimal

and both max curves are identical. This is because for large enough values of Ny,

VP < Py as defined in (3.3), so Py (\/PP™) = /Py, Next, at high SNR, the

optimal and P, max curves become asymptotically equal. This is because as Ny — 0,

Py(y/PPra) — 0. At intermediate SNR (around 0-7 dB in this case), the optimal

power allocation performs better than any of the alternatives. The largest SNR gain

of using the derived optimal constellation is about 2.7 dB, occurring around 0.026

error probability.
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Chapter 4

Multi User Gaussian MAC Sensor Networks

In this chapter, we investigate a generalized version of the problem setup in Chapter 3,
where the number of sensors is an arbitrary N > 2. We first note that for N > 2, there
is no guarantee that analytical solutions to the problem will exist. The focus of this
chapter is on describing the existence of an optimization solution to an individual
sensor optimization and how to numerically calculate it. Further, this individual
minimization can be applied iteratively to form an algorithm for minimizing all N

SEensors.

4.1 Problem Setup

This chapter uses the most generalized setup described in Section 2.1 with signal space
S = R. A block diagram showing the system model is given in Figure 4.1. We are
interested in finding the optimal constellation design for each sensor, C;, i € {1,..., N}
which minimizes the error probability. Theorem 3.1 trivially generalizes to the N

sensor case, hence we can again restrict the optimization search to constellations of

the form C; = {—fBP;,,aP;}, i € {1, ..., N}, with o and (3 as defined in (3.5). Thus, the
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Sensor Noise Sensor Modulation; : Multiple Access
X1 S1 Channel
Sensor 1—
X, — S
2 Sensor 2 2 Z
N
Event of 0 R Detection | X
—_— —_—
Interest Center
] o
] s}
X S
BSC(e,) ——Nslsensor N

Figure 4.1: Block diagram showing the N > 2 sensor MAC system.

problem has also become a power allocation optimization for each P; < \/W.l In
conjunction with the sensor readings, B, as defined in Section 2.1, for i € {1,..., N},
s € {0,1} we define B! = {b € B | b; = s}, i.e., all possible combinations where
Sensor ¢ reads the value s.

We make the following simplifying assumption about the detection rule in the N
sensor case. Instead of using MAP detection at the fusion center, we assume that
there will be at most one decision boundary between D, and D, i.e., each these
regions must be a single interval on the real line. This assumption ensures that the
final solution is feasible to implement, as the number of possible decision boundaries
grows with the number of sensors. Additionally, it will be shown numerically that
the constellations optimized using this assumption will still perform comparably to

using MAP detection, while generally using less power.

'Even though in this chapter, each P;, i € {1,..., N}, corresponds to the square root of the power
E[||S;|?] with upper bound constraint PM2% as specified in Chapter 2, we will still refer to it as
“power” for the sake of simplicity.
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With these assumptions, the error probability for any power allocation P, ..., Py

will have the following expression:

Pe(Pla"wPN):Zka(ab_x) _’_popbm’ (41)

o
beB

where € R is a function of Pj,..., Py such that this function is minimized (not
necessarily uniquely), for each b € B, k, = P1Pbj1 — PoPyjo, Where pys, s = 0,1 are
the conditional probabilities and a;, € C represents the constellation points associated
to sensor readings b and as defined in Section 2.1. Although there does not neces-
sarily exist x € R which minimizes (4.1), we give the following proposition to fully
characterize this minimization.
Proposition 4.1. For Py, ..., Py > 0 there exists © € R which minimizes (4.1) if and
only if p1 > IREEE
YUPLZ N e, (e

I, e

Proof. Assume p; > —x——=5—

imy eI, (1-e)
Also note that ko_o = p1 [[X, €& — po [IX, (1 — &) < 0. The derivative of (4.1) with

. First, note that this is equivalent to k1 > 0.

respect to x is analyzed to be

(ap—2)2

d 1
—P.(P,...,Py) = kye Mo
dz (71 v) o 2%; v

We arrive at the following expressions for the end behaviours of this derivative.

m 2 o koo —(og-n?
lim PP Py) = i e A
i —d 1 ki1 _Mﬂ

Jim PPy ) = B e

By the above analysis of the signs of kq_¢ and kq._ 1, we conclude d%Pe(Pl, yPN) 10
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as r — —oo and %Pe(Pl,...,PN) 0 as z — oo. Since P. is a smooth function

of x, this immediately implies there must be some minimizer x € R. Conversely, if

N o
P < va_le,-l}rilf[l?v: cEnt then k1 < 0. Further, for any b = b,...by € B,

ky =p1 H € H (1 —¢€)—po H € H (1—¢)

ilbi=0  ilbi=1 ilbi=1  i|b;=0
N N

§P1H(1 —€) —pOHGi =Fki.1<0.
i—1 i=1

Combining this result with kg o < 0 gives %Pe(Pl, .., Py) < 0 for any x € R, and
thus P, could not admit a minimizer. Note that this corresponds to the optimal

decision rule being always detecting a 0. [

Note that if there does not exist a minimizer of (4.1), this means that the optimal
detection rule will be to trivially always detect a 0. This is analogous to Case I in
Chapter 3, where the error probability is p; regardless of what any sensor sends, so

they should not send anything at all.

4.2 Isolated Optimization of a Single Sensor

In this section, we assume every sensor except one has already fixed their power

allocation, and analyze the optimization of the remaining sensor. First, we assume

Hil €i
T, e+I1Y, (1—<)

will always have the form as given in (4.1). For any fixed Py, ..., Py, and i € {1,..., N}

p1 > , so that the optimization is not trivial and the error expression

we define the following functions of x:

g (@) = 3 kQ(), (4:2)

beBj
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gy @) = Y hQ(—). (4.3)

Note that these functions change based on the power allocations Py, ..., Py since the
constellation points depend on the powers. These functions decompose the error
probability given in (4.1) and have many useful properties which make them feasible
to analyze. For example, if  is a corresponding minimizer of (4.1) for Py, ..., Py, then

for each 7 we have
P.(Py, ..., Py) = goi ™ () + g1 5™ (x) + ) popyo (4.4)

which follows directly from their definitions. The derivatives of these functions with

respect to x are

d Py Py 1 7('12_1)2
— " xr) = E kye — No | 4.5
dngz ( ) O'\/ﬂ : b ( )
beB;
and
d P,....PN 1 7(agfw)2
R A €T) = k@ No . 4.6
dIgl’l ( ) O'\/% E b ( )

The most used property about these functions is given in the following proposition.

Proposition 4.2. For Py,...,Py > 0, for any i = 1,..., N, go; and ¢g1; have the

following scaled translation invariance properties:

goi ™™ (¢ = (P = F))) = goi " (@), Vo €R, P/ >0,

r), VxeR, P/ >0.

Proof. Let Py,...,Pxy > 0,1 € {1,..., N}. These properties follow directly from the
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fact that for every b € B, the contribution of P; to ay is —3P;, and for every b € Bi,
the contribution of P; to a, is aP;. Combining this with the definitions given in (4.2)

and (4.3) immediately implies the desired result. O

These properties are a fundamental part of the analysis when proving the pro-
ceeding results. For example, it is used to show the following optimization result,

which is analogous to Case II from Chapter 3.

Theorem 4.3. For Py, ..., P;_1, Py1, ..., Py > 0 fized, if

€ < Po Hs;ﬁz €s

< <1 —¢, 4.7
Do Hs;éz‘ €&+ D1 Hs;ﬁz‘(l — €) 47)

then the error function given in (4.1) is decreasing in P;.

Proof. First note that the second inequality in (4.7) is equivalent to the inequal-
ity condition in Proposition 4.1, to guarantee that the detection rule is not-trivial.
Next, we will show (4.7) implies that gé? 12PN i decreasing in « for any P;. For any

b1...0...b)y € Ba

toain = e T] e IT =) =it e [ 11 ()

slbs=0  s|bs=1

< p1€; H (1—¢€)—po(l —e) Hfs

s#i sF#£i
- Ei(pOHES +p1H(1 _Es)> _pOHES S 07
s#i s#i sF#£i

where the last inequality is equivalent to a simple rearrangement of (4.7). Combining

this result with ko o < 0 and the expression given in (4.5) shows & @"”’PN () <0

for any P, and z. Now let 0 < P, < P/, with x and 2’ being the respective minimizers



4.2. ISOLATED OPTIMIZATION OF A SINGLE SENSOR 59

for the error expression as given in (4.1). Using Proposition 4.2, we have

g (@ (B = B)) = gyt ().

Since géf i""’PN is decreasing in x, we also have
g(]]:’%;’m’Pi,"”PN (x + 05(132/ N PZ)) _ g(];’;,...,Pi,...,PN (x + (Oé + ﬁ) (PZ, o Pz))
- g&,..,,Pi,‘..,PN ().

Since ' must minimize the error function as expressed in (4.4), we conclude that

Pi,..,Pl,. Py (') + gfll,...,Pi’,..,,PN ()
K

S g(.)F;,...,P{,...,PN (1‘ + O((_PZ/ N B)) + gi§,,,,7Pi’7,,.,PN (,’L‘ + Q(R/ . H))

Pl,...,Pi,...,PN(x) _i_gﬁ,...,Pi,...,PN(x)

— PPy, ..., P!,...Py) < P.(P\, ..., P, ..., Py).
O

Now we characterize the optimization in the remaining case using Proposition 4.4,
followed by the main results of Theorems 4.5 and 4.6. Note that this case is analogous

to Case III from Chapter 3.

Proposition 4.4. For Py, ..., P;_1, Pi1q,...., Py > 0, if

Po sti €s
€ > L , (4.8)
Po Hs;ﬁz €s + D1 Hs;ﬁz(l - 65)
. * * . * * . T Py,... PN Py, PN
then there exist values xy and xi with xy > x] which minimize gq ; and g ;
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for P, = 0, respectively. Further, for P; > 0, g&""’PN 15 minimized at v = xj; — BP;

PloPyn o oo
and g, ;"N s minimized at v = x] + oF;.

Proof. Let Py, ..., P;_1,Pii1,..., Py > 0, and P; = 0. We analyze the end behaviours
of the derivative expressions of (4.5) and (4.6). There are four limits of interest,

corresponding to the left and right end behaviours of the two derivatives. We have

d p..p
lim —qg, V" V(z) = lim
o0 dmgo,l ( )

(ag...0—2)% —(ap—=)?

(ag...0—ap)(agp.. .0+ap—2z)

. 1 (ag...0—)?
= lim e Mo E kye No ,

This implies that if kg o < 0, then d%g%"“’PN 10 as © — —o0. Using the exact same

ago..1..00 < ap for all b € Bi, b # 00...1...00 and a;._; > a, for all b€ Bi, b # 1...1, we

arrive at the following conclusions about the end behaviours:

— g™ 0 as x> —oo if koo <0,
-,

X
d
%gfg’ S T 0 as = — —oo if ]{500._.1“.00 < 0,
d
%gf’li"“’PN 0 as z—o0 if ki1 >0.
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Since these are both smooth functions, if the left end behaviour has a negative deriva-
tive, and the right behaviour has a positive derivative, then they each must admit
a respective minimizer. These inequality conditions can be expressed as follows in

terms of the parameters pg, p1 and €5, s € 1, ..., N:

N N
koo <0 < p[Je—p [J(1-e) <0
s=1 s=1
— (1- 61’)(—]?11_[63 —POH(l - Es)) < —plnﬁs
sF#£i s#£i sF#£i
€
= 1l—¢ > Pills 2 K,
b Hs;ﬁz’ €s + Do Hs;ﬁz(]‘ - ES)
By the same reasoning, we obtain
b Hs;éz €s
Koo..1..00 <0 = ¢ >
P1 Hs;éz €s 1+ Do Hs;ﬁz(l - 68)
(4.8) Do | 1sz; €s
kii.0.11 >0 <= ¢ > o1l z £ Ko
Do Hs;éi €+ D1 Hs;éi(l — €s)
Po Hs;éz €s

ki 1>0 < 1—¢ >
Po Hs;ﬁz €s T D1 Hs;éz(l - 65)

By the assumption 0 < ¢; < 0.5, we have 1 — ¢; > ¢;. Additionally, the assumption

P,....,Pn

and ki1 > 0, implying that 9o Pi,....Py

and g3 ; admit minimizers x( and z7, respec-

tively. To show xf > x7, we first show that for P, = 0, %gfj""’PN () > %g@""’PN(x)
for all z € R. First we note that any b € B}, has the form b = b;...0...by and bijectively

maps into B! as b;...1...by. Further for P, = 0, it is clear that ay, 0..by = @by..1..by-
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Thus, it is sufficient to show &y, 1.6y > kb,..0.6y for any by, ...,by € {0,1}. We have

k‘bl...l...bN - kbl...o...bN = P1Pb;...1..o5]1 — P0oPby...1..b5[0 — (plpbl...o...bNH - popbl...o...bmo)
= (1 = €)D1Pby.bs_1bss1.bn|1 — EiPOPby..bs_1bsr1...bx|0
— €iP1Dby. by 1bip1bn |l F (1= €)D0Pby by 1bisr.by]0

= (1 = 2€6;)(P1Pby..bs b1 bx 1+ PODb1. by 1bi11.bxl0) > 0.

Now let x7 be a minimizer for gPl’ PN For any z < x] we must have gPl’ ’PN(x) >
g&’ PN (%), otherwise
g (@) < gl (a) and gl (@) 2 gl ()
Pi,..P, Pi,..,P, PP Pi,..P,
= 91V (@]) — g0 V(@) S 91 (@) = go Y (),
but this contradicts gf Lo PN () > - géj 1PN (7). Thus any minimizer of gPl’ PN

must satisfy z§ > x7. Now, let P; > 0. The desired result follows immediately from

applying Proposition 4.2 (with P/ = 0) since
gor ™ (@ = BP) = goy "N (1) Wr € R,

and

gipi’ ’PN(a: +aPf;) = gﬁ’ »Fi-1,0,Pip1,.. ’PN(az), Vz € R.
Il

Although the condition in (4.8) may be restrictive for small N, we observe the
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following behaviour as N becomes large.

. Do Hs;éi €s . 1
lim = lim o T
N—=o0 Po Hs;ﬁi € + D1 Hs;ﬁi(l —€) Noocold Po Hs;éz’ o
1
< i =
- zélanéo 1+ Z_(l)(lz;N)N—l 0,

where the last equality holds, so long as the value of ey does not approach 0.5.
Thus, as the number of sensors grows, the condition of (4.8) becomes less restrictive.
Another limitation when trying to practically apply the results of Proposition 4.4 is
that the optimal values zj; and z7 generally do not have an analytical form. However,
since the functions are smooth, we know that the minimizers must be at critical points

of the respective functions. We denote the critical points of each function as

)2

d 1 _(m
%92 ..... PN (z) = > ke N :0}, s=0,1.  (4.9)

A beB:

st{xeR

Applying [23, Corollary 3.2], we get |X,| < 2V~ s = 0,1. We also know that if (4.8)
holds, then there must be at least one point in each of these sets. Thus, to find 7,
we can numerically calculate the values x € X, and exhaustively find the minimizer
of the respective function, i.e. zj = argmin,cy, gi""’PN . Although Proposition 4.4

only gives optimality with respect to x, it can easily be used to determine optimality

with respect to P;, as demonstrated in the following theorem.

Theorem 4.5. For Py, ..., Py, Piyq,..., Py > 0 fized, if (4.8) holds, the error func-

. . . . o S . ai—a} . .
tion given in (4.1) as a function of P; is minimized at P} = et with optimal
.. *x ax(’;+,3$’1‘ * * .. . Pl,...,O.‘.,PN
decision boundary x* = —2z=, where xj and x] are minimizers of gy ; and

Pi,...,0,...,P : , , o ,
gy, respectively. Further, if xj and x7 are unique minimaizers, then P is also
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a unIque Mminimizer.

Proof. Assume P, ...,P;_1,Piq,...,Py > 0, and (4.8) holds. The pair (P, z*) as

()

given in the statement of this theorem is the intersection of the two lines of optimality

for go; "N and gy ;" as given in Proposition 4.4. l.e., * minimizes both functions:
P, Pl PNk Py, P, PN P, Pl PNk Py, Pl PN
9oi (z%) < Joi (z), 9i; " (z7) < 9i; (), VxeR.

Further, Proposition 4.2 implies that the minimum values of the functions gé? %""’PN

and gf;“”PN remain the same for any P;. Thus for any P; > 0 and associated decision
boundary, € R, minimizing (4.1), we obtain

Pi,...,P*,...,P, Pi,..., Pi,...,P, Pr,...,P*,...,P, P1,...,P;,...,P,
90,2 ' N@*) < goi vt (r)  and 91,; ' N(x*) < gy ().

)

Noting that if x and =7 are unique minimizers and P, # P}, at least one of these must
be strict inequalities. Since the expression for the error probability is decomposed as
a sum of these functions as given in (4.4), we conclude

P.(P,.., P .. Py) < P(P,.., P,.. Py),

(2

where the inequality is strict if z; and x] are unique minimizers. O

Although this result gives a minimizing power allocation, we must account for
the problem’s constraints, and give a characterization of optimality when there is not
enough power to use the results of Theorem 4.5, i.e., if P’ > |/P™*. Unfortunately,

there is not a general characterization that can be found for this situation, since the

Py,...,PyN
A

: Pi,..P
functions g, ; v

and g; ;""" can be very complex and have numerous critical points.
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However, using a simplifying assumption, we can deduce the following result which

mirrors the fallback power allocation of Case III in Chapter 3.

Theorem 4.6. Let Py,...,P;_1, P11, ..., Py > 0 fized and (4.8) holds. [fgéjj """ 0., Py
and gﬁ""’o’“"PN have unique critical points xj and x3, respectively, then the error
function given in (4.1) is decreasing as function of P; until reaching its (unique)

mainimum value attained at P, as given in Theorem 4.5.

Proof. Let Py,...,P,_1, Pii1,..., Py > 0. Assume (4.8) holds, and géat""’o """ Py and
gfj 2""’0""’PN have unique critical points (thus also unique minimizers) xj and 7, re-

spectively. The analysis of the end behaviours of the derivatives (4.5) and (4.6) in

the proof of Proposition 4.4 combined with Proposition 4.2, gives that for any P, > 0

* d P,...,P
xéxo—BPi = —goy ’N(x)g(),

d
St +aP = —g™(2) S 0.

Note that from the definition of P}, for any P, < P, 7 + aP; < xj — BP,. Further,
since P.(Py,...,Py) = g[];j- """ N (z) + gf;""’PN(a:) + > pen PoPyjo, for any P < Pf, the
corresponding minimizer of (4.1), z, must satisfy « € (2} + aP;, x§ — BF;), otherwise
the derivative would be non zero. Now, let P, < P/ < P}, with « and 2’ the minimizers
of (4.1) for P; and P/, respectively. We must break the following into two case. First

we assume = + (a + 3)(P/ — P;) < xf — BP;. We apply Proposition 4.2 to obtain

Py,..P,..P
9 V(x4 a(P = B)) = gl vt (2),
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and

go. N (wH alP = ) = goy v (e (e B)(P = )

7

P;,...,Pn (

< o ),

where the last inequality holds since g(li . is decreasing over (—oo, z§ — BF;) com-

bined with the above assumption. Next, since ' must minimize (4.1) for P/, which

17

has the form as given in (4.4), we conclude

Sg(];; ,,,,, ey PN(OC‘F@(P{—B))-FQE ,,,,, HN PN(JJ—FOZ(P»/—PZ-))
< go;

— P(Py,...,P!,...Py) < P.(P\, .., P, ..., Py).

Alternatively, if we instead assume z + (a + 5)(P/ — P;) > x§ — S P;, which notably,

is equivalent to xj — fP] < x + a(P] — P;), we have

and
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where the equalities are direct applications of Proposition 4.2 and the inequalities

: PPl Py . . : : : :

follow since g; ;" """ is increasing on (z} + aPj,00) combined with the relation
PPy : o

ry +aP] < x5 — P/, and gy is decreasing over (—oo, 25 — BF;). Using similar

reasoning the the previous case, we conclude

g&,...,P;,...,PN(x,) n 5§,.4.,PZ/,...,PN($/)

Pi,..,P!....,P Pi,..,P!....P
<o, T N @y — BP)) A+ gy N (g — BP)

< gl P () gl ()

)

= P.(Py,...,P,..,Py) < P.(Py,...., P, ..., Py).

..y i

]

Although this does not fully characterize all situations where there is not enough
power to use the optimal allocation as given in Theorem 4.5, the assumption of
both functions of interest having a single critical point is realized in many parameter
combinations of the problem setup. As a result, a simple and practical way to handle
not having enough power is to use all available power. There is no clear way to
analyze the fallback allocation when there is not enough power and these functions
have multiple critical points. The best approach is an exhaustive search of all critical
point pairs, (zg,x1) € Xy x Xy, where these sets are as defined in (4.9). For each
pair, it must be verified whether the corresponding power allocation (P, = *—%t

a+8

with decision boundary = = %ﬁ“) is valid (less than /P™). Then the error

probability would be calculated for each valid pair, and the minimum over these

values and 4/ P™** would be chosen.
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4.3 Extension of N =2

Although the results in this section were derived under the simplifying assumption
of a single decision boundary as opposed to MAP detection, we herein demonstrate
how they can be applied to the N = 2 sensor case, and produce the same results

as in Chapter 3 where MAP detection was used. First we note that the condition

N
< Hi:l €
Pr= v ciny, (e

simplifies to p; < %, which is exactly the condition

po Hs?ﬁl €s
po Hs;él €s+P1 Hs;ﬂ(l_%)

for Case I. Next, we note that the condition ¢; < simplifies to

Ppo€2 Po€2
e < but
L = poeatpi(l—e2)’ poe2+p1(1—e2)

> €, so this condition is always true (since €; < €;),

concluding that Sensor 1 should always use all of its power. Finally, the condition

Po€1
poe1+p1(1—e1)

< Po Hs;ﬁ? €s

which can be rewritten as
— Pbo Hs;sz €s+p1 Hs;£2(1_63)

€9 simplifies to €5 <
€1—€1€9
€1+€ea—2€1€2

we note that gé? 12’P2 = h and gf 12’P2 = g. Thus the respective minimizers at P, = 0, x§

m < , which is exactly the boundary between Cases II and III. In Case III,
and z7 are Kz(P;) and K, (P,), respectively. Applying Theorem 4.5 gives the optimal
power allocation for P, is F’Q(Pl). Finally, since the minimizers, x{ and x] are unique,
Theorem 4.6 shows that the error probability decreases until Py, giving the same final

optimization as in Chapter 3.

4.4 Algorithmic Optimization of All Sensors

The joint optimization problem of optimizing each sensor’s power is infeasible to an-
alyze and deduce results about global optimally. Instead, we apply the results of Sec-

tion 4.2 to form an iterative algorithm to optimize individual sensor powers and con-

Hf\le €i
N N .
i=1 €i+Hi:1 (1-€)

Proposition 4.1 implies that the optimization would be trivial in this case, as the

verge to at least a locally optimal solution. First, we check if p; <

detection rule is always 0, so each sensor should not send anything. Similarly to
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Case I of the two sensor optimization, the optimal error probability would be p;.

H?Ll €
Hf\;1 6i+H1N=1 (1-e;)

can apply the optimization described by Theorems 4.3 or 4.5. This is equivalent to

Otherwise, if p; > , for each sensor, we must determine whether we

determining whether (4.7) or (4.8) holds for each i = 1,..., N. To characterize which

sensors satisfy which condition, we first show that

Po Hs;éi/ €s < Po Hs;ﬁz €s
DPo HS#i’ €g +p1 Hs#z’<]‘ - 65) - Do HS#Z €g —|—p1 Hs#z(l . 65)7

for ¢/ > 1.

Let ¢/ > 4. Since 0 < ¢; < ¢ < 0.5, we have

1_€i> 1—61'/

€; €t
1-— 1-—
Po s#i! €s Po S#1 €s
1 1
1 + b1 1—es S 1 + p1 H 1—es
Po sF£V e po sFEL €
Po Hs;éi’ €s Po Hs;éz' €s

— S

Do Hs;«éi/ € T D1 Hs;ﬁi’(l —¢€) " Po Hs;ﬁi €&+t Hs;éi(l —€)

Combining this with ¢; < €5 < ... < €y shows that once (4.8) holds for some Sensor n,
each Sensor ¢ > n will also satisfy (4.8). The first sensors (if any) which satisfy
(4.7) must use all available power. For the remaining sensors (Sensors n to N),
we apply an initial condition, then beginning at Sensor n, each power allocation is
individually optimized using Theorem 4.5. This process is repeated until either the
error probability difference reaches a convergence threshold, or a maximum number
of iterations have been completed. These steps are explained in detail in Algorithm 1.
The parameters which can be changed when running this algorithm are the initial

power allocations, P, maximum number of iterations, m™®  objective function,
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Algorithm 1 Numerical Optimization of All Sensors

if < Y, e th
HPUS N Y (e R
P+~0,Vi=1,..,.N
-return
end if
PN « BY
fori<—1toNdoH
. 0 [ 1oz €5
if € > Po Hs;eilzs'f'Pl#Hs;éi(l—ﬁs) then
break
end if
P, + /Pimax
end for
gmin e g
PPrev 1
for m <+ 1 to m™** do
for i «— ™" to N do

* s Pi,..,Pyn

. PP

Ty < argming ;Y
o T
B a+p

if P, > /P then
P /PP
end if
end for
if obj (Ptf“’V — P.(Py, ..., PN)) < cthresh then
break
end if
PP« P,(Py, ..., Py)
end for

obj(-) and the convergence threshold, c¢'"**", For the numerical results demonstrated
in the proceeding sections, we used the parameters m™** = 500, obj(x) = e* — 1 and
cthresh — 10=9 Different initial power allocations, P¥ £ (Py1, Poa, ..., Pon), were
investigated to determine an optimal starting point, the results of which can be seen
in the following sections.

Since the corresponding error probability at each step in this algorithm cannot be
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increasing (since each point is the solution of a respective minimization problem), and
the error is bounded below by 0, this sequence of error probabilities must converge
as m — o0o. Thus, this algorithm will always approach at least a local minimum of
the overall optimization problem. However, we note that the convergence of the error
probability does not mean that the corresponding optimal power allocations neces-
sarily converge to a finite value. For example, it is possible that the power allocation
for some sensors (especially those with smaller ¢; values) will have constantly increas-
ing values of P; as the algorithm iterates until reaching its corresponding maximum
power. Additionally, the convergence of this algorithm changes based on the starting
power allocations for the sensors that have non-trivial optimizations. One way to
deal with this variation is to try multiple starting points and use the one with the

best convergence error probability.

4.4.1 Algorithm Visualization

We now give a visualization of how the algorithm performs the optimization, and how
the power allocations evolve through the iterations. There are different ways that the
algorithm can converge based the initial power allocations, as will be shown in the
following section. We will be focusing on starting with low initial power, and show how
the optimization proceeds in this case. Specifically, we set N = 5 and use an initial
value of P& = (1,0.1,0.1,0.1,0.1). In the following figures, an “iteration” refers to a
loop through individually optimizing each sensors power once, while a “step” refers
to a single individual sensor’s power optimization. Figure 4.2 shows how the power
allocations for each sensor changes across each iteration, while Figure 4.3 shows how

the error probability improves at each step.
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Figure 4.2: Power allocation as the algorithm is iterated (N = 5, p; = 0.45 ¥ =
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Figure 4.3: Error probability as the algorithm is iterated (N = 5, p; = 0.45 €V =
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We observe the following general trends in these figures. First, we note that the
algorithm converges within the first few iterations, and after the fourth iteration, the
error fluctuations are negligible. Another interesting result about the power alloca-
tions is that the sensors with the same noise parameters converge to the same power
allocation. This is intuitive since the symmetry of the situation should mean that
one sensor is not preferred over the other. Finally, we see that the power allocations
for each sensor are increasing as they converge to their optimal values. This is not
the case for every starting position, but in general this is seen when using the small
starting power allocations. This further explains why this is a good starting point
for the optimization, since the interim results do not tend to overshoot where the

algorithm will converge to.

4.5 High SNR Analysis

For this section we define high SNR as Vy — 0. First, we analyze the case where MAP
detection is used, and we assume that the power allocations to each sensor are such
that no constellation points are identical. Note that in this section, “constellation
points” will always refer to the combined constellation, C, from superimposing each
sensor’s binary constellation. With these assumptions, we can see that the situation
can be viewed as the fusion center having full knowledge of each of the sensors’
readings. In other words, we treat the problem as if there were no noise in the
channel over which the sensors are sending their data. For any b € B, the MAP

detected bit will be

#(b) = argmax Pr(X =i | XV =b)
i€{0,1}
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= argmax Pr(X =i, XV =)
1€{0,1}

— argmax Pr(X = i)Pr(XY =b | X =)

1€{0,1}

= arg max p;Pyi, (4.10)
ic{0,1} -

where X is the binary source. Therefore, the high SNR error probability is calculated

using the law of total probability to be

Jim P = Pr(X # 2(b), X" =)
beB
=Y Pr(X #2(0)Pr(XY =b| X #2(b))
beBB

where the last equality comes from the MAP detection rule given in (4.10) and the
fact that the source is binary, so there is only one other option for detection. Note
that this expression can have different explicit forms (in terms of the parameters ¢;)
depending on how each sensor reading combination is detected as given in (4.10).
Although some rules about this can be established, such as the all zero reading,
b = 0...0 with always be detected as a 0, there are many different cases that would
need to be accounted for to write (4.11) as an explicit function of the parameters.
Next, we are interested in the high SNR behaviour of the simplified detection used
in the algorithmic optimization. We first observe that since MAP detection is optimal,
we already have a lower bound on this value, given in (4.11). The true expression for
this error probability is much more complicated, and depends heavily on the relative

positions of the constellation points for the sensor readings. Since there is only one
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decision boundary, the high SNR behaviour is to split the constellation points into
left and right groups to minimize a similar expression as in (4.11). To formalize this,
let by, ...,byn be an ordering of B such that ap, < ... < ap,,. Note that again for
simplicity we are assuming that no constellation points are identical. We know that
in all cases b; = 0...0, and as mentioned earlier, we always know the MAP detection
rule will detect this as a 0. If the first M constellation points are detected as a 0 for
some integer M > 0, then the high SNR error probability under this detection rule

parameterized by M, limy, 0 P.jar, is given by the following expression:

M 2N
: _ _ N _ 7 _ N _p
]3(1)130 Py = ;Pr(X =1, XY =0b) + i%:ﬂ Pr(X =0, XY =b)
M oN
=p1 > Pr(XN =b | X=1)+py > Pr(X¥=0b|X=0)
=1 i=M-+1
M N
=n Zpbm + Do Z Do, o-
i=1 i=M+1

Note that for a given M, this detection scheme could be practically implemented
under simplified detection by placing the decision boundary anywhere in the interval
(ap,,» ab,,.,)- Thus, the best high SNR error probability achievable by the simplified

detection scheme would be the solution to the following finite element minimization

problem:
M 21\1
lim P, = min s ol 412
No—0 Me{1,...2N} (pl ;pbzll Do i:%l pbzl(]) ( )

Since this expression depends on the order of the constellation points, the high
SNR error probability can vary based on how the algorithm converges to its optimal

value. It is conceivable that the expressions given in (4.11) and (4.12) can be equal
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for some power allocations, if the constellation points which are detected as 0’s and
1’s in the MAP detection rule can be arranged in a way that can be separated by
a single boundary. However, it is also not obvious whether there always exists a
power allocation which allows these expressions to be equal. To illustrate this, take
a two sensor example, and suppose that the sensor readings “00” and “11” are MAP
detected as a 0, and “01” and “10” are detected as 1. In this case, it is impossible
for simplified detection to yield the same as optimal MAP detection, since agg is
always the left most constellation point, and aq; is always the right most constellation
point. Note that this illustration is only to demonstrate the types of issues that can
occur, and this exact setup could never happen with the parameter restrictions of
the problem. This example illustrates the types of issues could arise with a larger
number of sensors, but the exact specification and characterization of these situations
becomes extremely complex.

To provide a better understanding of the behaviour of these two expressions, we
compare how (4.11) and (4.12) perform as a function of the source distribution, p;.
To evaluate (4.12), we first perform the algorithmic optimization at a small noise
power (Ng = 0.01), then use the resulting optimized constellation to calculate this
expression. Although this is not guaranteed to be the best constellation to use when
evaluating (4.12), it is infeasible to try all admissible constellation patters, which
grows like 2V!. Additionally, it is practical to see how the algorithm performs when
used in a high SNR environment. Figure 4.4 shows the comparison of these two
high SNR behaviours, where the right sub-figure is merely a restriction of the left
sub-figure to less biased distribution to better display the discrepancies.

We see that for biased source distributions, these expressions become equal, while
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Figure 4.4: High SNR behaviour (Ny = 0.01) of MAP and simplified detection
schemes vs. p; for N = 10 and ¢V = (0.1,0.2,0.2,0.2,0.25,0.25,0.25,0.3,0.3, 0.3).

as the source becomes uniform, the simplified detection performs slightly worse than
MAP detection. We note that these trends only arise at larger N values; when there
are less sensors both expressions are identical at every source distribution. As N
increases, the number of constellation points grows exponentially as 2. When there
are more constellation points, it is less likely that they can be arranged in an ordering

for simplified detection to achieve the same error probability as MAP detection.

4.6 Numerical and Simulated Comparisons

In this section, we compare the performance of the optimization algorithm (Algo-
rithm 1) numerically to alternate signaling schemes. Additionally, since the algorithm
does not specify its starting point, we compare how the algorithm performs from dif-
ferent starting points, and make general observations about what a good starting
point should be. Finally, since we have been working under an assumption of simpli-
fying the detection rules to a single decision boundary, we compare the performance

of our algorithmic optimization to detection schemes which use the optimal MAP
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detection rule.

In the following figures, we use the following signaling/detection schemes as a
comparison to the algorithmic optimization. In the following, each sensor always uses
the optimal asymmetric constellation designs, C; = {co;,c1,} = {—pP, aPb;}, for
all i = 1,..., N. First, we compare to using a Gaussian MAC, but each sensor using
all of its available power. We consider both the single decision boundary detection
described in this chapter, and the optimal MAP detection rule. Next, a naive pairwise
implementation of the results from Chapter 3 are used. For a single Gaussian MAC,
we look at each pair (e1,¢;), ¢ = 2,..., N, and assign to Sensor i the optimal power
result from Table 3.2. Finally, we compare to each sensor sending all of its power
through orthogonal Gaussian channels and using MAP detection at the fusion center.
These schemes are summarized in Table 4.1, with labels corresponding to how they

are referred to in the figures of this chapter.

Table 4.1: Signaling Scheme Specifications

H Scheme Name \ Power Allocation, PV \ Other Specifications H

Orthogonal Signaling (VPP ..., V/ Pa) Orthogonal Channels
MAC Full Power (VPP ..., /Pu) Simplified Detection
MAC Full Power MAP (P, .., \/Po) MAP Detection
Pairwise MAC (Pf, Py(Py), ..., PY(P))) P from Table 3.2
MAC Algorithm (Pf, ..., PY) (Alg. 1) Py = (/PP 0.1,...,0.1)
MAC Algorithm Full Start | (P;, ..., Py) (Alg. 1) | PY = (\/PP™, ..., \/Py™)

For orthogonal signaling, the detection rule is too complex to analyze numerically,
so simulations are used. For each data point, the error probability is estimated
by sending 1,000,000 source bits through simulated sensors and channels, then the

detected bit is compared to the source, and the total number of errors is counted to
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arrive at an error probability. To compare these designs, we fix the maximum powers

Praxs L PN, vary Ny and report the SNR as the geometric average:

s P
SNR = . (4.13)
No

Note that since each sensor has its own power allocation, using the maximum for
SNR is a fair comparison, because even if a sensor does not use all of its power, it
still has the same amount available to it. Additionally, for the orthogonal channels
setup, this definition of SNR is still fair since even though there is more total noise
power across all NV channels, if the system chose to use only one of the channels, it

would be exactly the same as the MAC’s that are being compared to.

4.6.1 General Trends

We use the following example to illustrate the general trends in the comparisons
between the various signaling/detection methods. Figure 4.5 compares the error
probabilities of these schemes with respect to SNR.

We notice the following trends from Figure 4.5. First at low SNR, all of the MAC
implementations perform the same, while the orthogonal channel approach performs
significantly worse. The equal performance across all MAC implementations can
be attributed to the fact that each MAC method at low SNR decides to use all
power, i.e., the limit is every method using the same constellation. The orthogonal
channels perform significantly worse at low SNR because the channels are too noisy
to take advantage of the orthogonality, so it is more advantageous for the signals to

constructively interfere with each other in the MAC channel, effectively increasing
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Figure 4.5: Error probability of different signaling schemes as a function of SNR for
N =5 (p1 =0.35, (€, ..., €5) = (0.05,0.1,0.15,0.2,0.2), P> = 1,0 = 1, ..., ).

power. As the SNR increases, we see that the pairwise approximation becomes worse
and never recovers. This is because as SNR increases, the pairwise optimization
always decreases the power to the noisier sensor, so all that remains is Sensor 1,
which cannot perform as well as multiple sensors working together. Also, there comes
a point where the orthogonal channels approach (around 2.5 dB) becomes the best
performing solution, but not by very much. This can mainly be attributed to the fact
that the orthogonal channel approach is using MAP detection, which allows it to take
advantage of more information. Finally, at high SNR, many of the methods converge
to the same error probability. Even though the algorithm is not necessarily always
the best (only sometimes outperformed by orthogonal MAP detection), it always uses

less power than the alternatives, and significantly less bandwidth than the orthogonal
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approach.

4.6.2 Comparison of Starting Powers

In this example, we demonstrate how the performance of the optimization algorithm
changes for different initial power allocations, and give an explanation of what starting
powers are observed to give better overall performance of the converged results of the
algorithm. In Figure 4.6, the performance various designs are shown in a case where

different starting points for the algorithm give significantly different results.
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Figure 4.6: Error probability of different signaling schemes as a function of SNR for
N =8 (p; =04, ¥ =(0.1,0.1,0.2,0.2,0.2,0.2,0.3,0.3), P™*>* = (1,1,5,5,5,5,5,5)).

We see many of the same observations when comparing the different solutions as
mentioned in the previous section. The most notable observation from this figure

is that at moderate to high SNR (3 dB or greater), the algorithm when started at
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maximum starting powers converges to significantly worse performance than when
started at low initial powers. The main condition that causes this discrepancy is
when the maximum power allocations for the noisy sensors is too large. This causes
the algorithm when started too large to fall into a false minimum at very large powers,
and remain there because it is shaped like a trough. Figure 4.7 gives a 2 dimensional

interpretation of this phenomenon.
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Figure 4.7: Error probability with respect to two powers.
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We observe that even though there is a local minimum at small powers, at large
powers there are low troughs that the algorithm can get trapped in. Although this
does not necessarily mean that the false minimum will perform noticeably worse than
the true local minimum. However, we still note that these false minimums will be
using significantly more power than the true local minimum. This can be seen in

Figure 4.8, where we see the comparison of the amount of available power used by
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the two starting points of the algorithm, noting that in particular at high SNR, the
maximum power starting point used much more that the smaller starting point. The
power usage ratio is calculated as the total power used by the sensors divided by the

sum of the maximum power allocations:

N 2
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> P

-

e
w
7T
)
1

MAC Algorithm I
MAC Algorithm Full Start

o
co
T
]

Power Usage Ratio
©S o o © o o
%] [9%] EES o (e2] ~l
T T T T T T
-
L 1 L 1 L 1

e
T
/
L

o

10 5 0 5 10 15 20
SNR (dB)

Figure 4.8: Power allocation of different starting points of the optimization al-
gorithm for N = 8 (p; = 0.4, ¢ = (0.1,0.1,0.2,0.2,0.2,0.2,0.3,0.3), Pmax =
(1,1,5,5,5,5,5,5)).

For these reasons, we conclude that using a small starting point is an ideal starting
point for running the algorithm, as it performs better and uses less overall power than
the alternatives. This can also be seen as artificially decreasing the maximum powers

for the purpose of the algorithm (which is always a viable thing to do) can make the
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algorithm perform better or equivalently.

4.6.3 Improvement Using MAP Detection

In this section, we show that using MAP detection instead of the simplified single
boundary detection assumed in the theoretical analysis can lead to improved perfor-
mance under some circumstances. Figure 4.9 shows the performance of the various

signaling schemes with respect to SNR.
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Figure 4.9: Error probability of different signaling schemes as a function of SNR for
N =5 (p; = 0.35, ¥ = (0.05,0.1,0.15,0.2,0.2), Pma = (1,3,3,5,5)).

We see that the full power MAC approach can become asymptotically equal at
high SNR to the better performing methods when using MAP detection, as opposed
to staying much above it when using the simplifies detection rule. However, we note

the complexity of MAP detection grows with the number of sensors, where in general,
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to perform better than simplified detection, MAP detection must be using at least 3,

and at most 2V — 1 decision boundaries, which can become infeasible to implement.

4.6.4 Large Number of Sensors (IN = 20)

This illustration demonstrates that the general trends shown in the above examples

continue to be prevalent even as the number of sensors grows larger. We take a basic

version of the problem where N = 20, p; = 0.5 and half the sensors with crossover

probability €; = 0.1 and the remaining have crossover probability ¢; = 0.2. Figure 4.10

shows the performance of the basic signaling/detection designs as SNR varies.
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Figure 4.10: Error probability of different signaling schemes as a function of SNR for
N=20(p1=05,¢=01i=1,..,10,¢ = 0.2, i = 11, ..., 20, P™>* =1, Vi).

We observe all of the same trends as noted in the previous examples. Specifi-

cally, the orthogonal signaling performs worse than all MAC approaches at low SNR,



4.6. NUMERICAL AND SIMULATED COMPARISONS 86

while at high SNR, orthogonal channels and algorithmic optimization are the better
performers, while the simpler MAC schemes perform worse. We note that the per-
formance difference between MAC and orthogonal channels at low SNR is amplified
when there is a larger number of sensors. This can be explained by the low SNR
region heavily favouring the MAC approaches which can work together and over-
come the noise, whereas the orthogonal channels cannot adequately use the increased
bandwidth it has access to because the noise power is too large. Further, another
interesting feature which is amplified in this example with a large number of sensors
is that the pairwise optimization strategy becomes very well performing, essentially

identical to the algorithmic optimization at moderate SNR (around -2 dB).

4.6.5 Reducing Number of Sensors

In this section, we demonstrate how the optimization algorithm can be used to reduce
the number of sensors required to implement a system with a maximum allowable
error probability. In the following examples, we assume each sensor has the same
maximum power allocation, so the SNR does not vary when changing the number of
sensors. We then choose an example SNR and vary the number of sensors. In the
first example, we consider N identical sensors. The results for SNR values of -10, 0
and 10 dB are shown in Figure 4.11.

First, we note that in this case all MAC approaches are the same. This is because
when all sensors are identical, the optimal allocation is max power to all sensors.
Further, in accordance with the previous findings, orthogonal channels perform worse
than MAC at low SNR and slightly better at high SNR. At SNR of -10 dB, we can

see a b sensor gain at 0.15 error probability. At SNR 0 dB we see a two sensor gain
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The next case that will be considered is where one sensor is better and the rest

are worse. This case will allow the algorithmic optimization to benefit over the sub-

optimal max power MAC constellations. Figure 4.12 shows how the error probability

changes with number of sensors, if Sensor 1 has ¢; = 0.05 and all other sensors have

€ =03, fori>1

First we note that we are not showing a low SNR plot because the behaviour is

identical to the previous example, where all MAC implementations perform the same,

and consistently better than orthogonal channels. At SNR 0 dB, we remark that the
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Figure 4.12: Error comparison at SNR values (p; = 0.5, ¢ = 0.05 ¢, = 0.3 Vi > 1,
pPrax =1 Vi),
algorithmic and pairwise optimization techniques perform the best, matching very
well at small numbers of sensors (< 6). The sensor gain can be seen as 3 at error
probability 0.08. Another interesting observation is that for the maximum power
MAC approach, addition a sensor can possibly make error performance worse, as
seen in the jump from 3 to 4 sensors at SNR 0 dB. This is because adding too much
power from a noisy sensor can reduce the effectiveness of the information sent. This
also explains the jagged appearance of the curves the max MAC approaches. Finally,
at high SNR, we see that the orthogonal channels approach can again perform better
than the algorithm, but the algorithm still outperforms the MAC full power approach.
Also, we see that the pairwise approach does not change with number of sensors,
further demonstrating the flaw in this simple approach as high SNR, as it does not
use the additional sensors at high SNR since P’ = 0, for ¢ > 1.

Finally, Figure 4.13 demonstrates a situation where the system has an array of
sensors available to use, and for each N, the system makes use of the N least noisy

sensors of this array.
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Figure 4.13: Error comparison at SNR values (p; = 0.45, ¢; = €3 = 0.05, €3 = €4 =
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pPrax =1 Vi).

We observe the same trends as the previous two examples in these graphs. We
observe that the sensor gain increases as the number of sensors increases, or the
desired error probability decreases.

We conclude from this section that the optimization algorithm can achieve the
same error performance as other common signaling designs while using less sensors.
We also note that in general, the algorithm is only outperformed by other methods

which are more complex, use more bandwidth, and especially use MAP detection.

4.6.6 Comparison to General Optimization Algorithms

We compare how our algorithm based on theoretical individual power optimization
performs against generalized algorithms derived from gradient descent techniques.
Specifically, we compare to a builtin MATLAB optimization function called “fmin-

unc”, with the “quasi-newton” option, which is based on the Nelder-Mead simplex

algorithm as described in [24]. An important detail is that in general, gradient descent
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type optimizations are for unconstrained problems, and do not account for boundary
conditions. To handle this, we use the generally observed result from our derived
algorithm that the first sensor always converges to using all of its power, so we fix the
gradient descent method to use all of the power allocated to Sensor 1, then perform an
unconstrained optimization on the remaining sensors, while ensuring that the uncon-
strained optimization converges within the constraints that the algorithm is bound
within. Note that this is easily achieved by increasing the limits of the algorithms
optimizations to anything larger than the converged gradient descent results. The
gradient descent method is also sensitive to initial conditions, so we use the same
values we found to work well for our algorithm, which is starting all sensors at small
power allocations. Figures 4.14 and 4.15 show the comparison of error probability and
power usage versus noise power, respectively. Note that since the gradient descent
problem is unconstrained, it does not make sense to use SNR, so instead we use the

inverse noise power: N, ! The power usage ratio is calculated as defined in (4.14).
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Figure 4.14: Error probability comparison to gradient descent (N = 5, p; = 0.4
eV =1(0.1,0.1,0.2,0.2,0.3), P™> = (1,4,2,2,1)).
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Figure 4.15: Power usage comparison to gradient descent (N = 5, p; = 0.4 ¥ =
(0.1,0.1,0.2,0.2,0.3), P™> = (1,4,2,2,1)).

We observe that both methods perform very similarly in error and power alloca-
tions. This strengthens the argument that our algorithm is indeed converging to an
optimal value in the problem of MAC signaling. However, we note that the gradient
descent method has the following issues with practical implementations. First, uncon-
strained optimization may not be feasible to implement if the power constraints are
smaller than what the unconstrained optimization converges to. Furthermore, apply-
ing this unconstrained optimization required using knowledge from the algorithm to
force Sensor 1 to use all of its power, otherwise the gradient descent method will not
converge and keep increasing power usage. Finally, this optimization method is more
complex than standard gradient descent, thus it may not be feasible to implement in

a practical situation.
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Chapter 5

Conclusion

In this work, various optimization results about constellation design for distributed
detection of a binary source over a Gaussian MAC have been explored. A preliminary
investigation into the effect of inter constellation rotation in a two sensor uniform
source formulation of the problem yielded an optimized upper bound on the error
probability which suggested that viewing the problem as a power allocation problem
could give interesting and practical results. Following the lead of this result, the
optimal one dimensional constellation design for a two sensor binary network was
established. After reducing the problem to a power allocation optimization problem
(with the appropriate asymmetric constellation designs from Theorem 3.1), it was
proved that there are distinct cases that arise based on the fixed parameters of the
problem, which are p;, €; and €. In some cases (Cases I and II), the results are
intuitive and not unexpected, as the optimal power allocations are to use none or
all of the available power. However, in Case III, the most interesting and counter-
intuitive result is that the optimal power allocation can be for Sensor 2 (with less
correlation to the true data source) to use a portion, but not all of its available

power. This is a significant result since Case III is prevalent for many parameter sets
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of the problem setup. As shown in Figure 3.6, Case III becomes the dominant case
as the binary source approaches a uniform distribution.

We used the insights gained from the two sensor problem to formulate results about
distributed detection with N > 2 sensors. Under the assumption of simplifying the
detection to a single decision boundary, the optimization of a single sensor’s power
allocation when the rest are fixed was characterized. For any sensor, the same three
cases analogous to the two sensor problem formed. In the most significant case,
a non-trivial optimal power allocation was shown to exist, and although an explicit
expression cannot be given, it can be obtained by solving the equations given in (4.9).
This individual sensor optimization was developed into an iterative algorithm for the
joint optimization of all sensors. This algorithm, with appropriate starting power
allocation, was shown to perform well in comparison to other common constellation
designs, while consistently using less resources such as power and bandwidth. In
practice, applying these optimization results can improve error performance while
prolonging the battery life of a sensor network.

To expand further upon our results, the following future directions can be con-
sidered. First, if there were a sum power constraint instead of individual power
constraints (e.g.., P™* = P, + P,), which applies to systems where sensors are co-
located (such as connected motion sensors or powered exoskeleton suits), then we
readily obtain that the optimal constellation will be of the form given in Chapter 3,
with power allocations P, < P™ and P, = Py(P;). There is no analytic solution
to this optimization, so a numerical computation can be carried to determine the
optimal values. Also, even without perfect information about the system parameters,

such as p1, €, 1 =1, ..., N and Ny, our results can still be applied with some form of
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estimates. The error probability can have different sensitivities to the e-parameters.
The robustness of our optimal signaling scheme can be analyzed when the parame-
ters have estimation errors. Sensor network clustering problems such as those found
in [25-28] could be considered. The performance of a cluster could be approximated
using the expressions derived in this paper. The balance between error probability

and energy efficiency could be investigated as a function of cluster organization.
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