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Abstract

This thesis deals with the Shannon-theoretic fundamental limits of channel coding for
single-user channels with memory and feedback and for multi-user channels with side
information. We first consider the feedback capacity of a class of symmetric channels
with memory modelled as finite-state Markov channels. The symmetry yields the
existence of a hidden Markov noise process that facilitates the channel description
as a function of input and noise, where the function satisfies a desirable invertibility
property. We show that feedback does not increase capacity for such class of finite-
state channels and that both their non-feedback and feedback capacities are achieved
by an independent and uniformly distributed input. As a result, the capacity is given
as a difference of output and noise entropy rates, where the output is also a hidden
Markov process; hence, capacity can be approximated via well known algorithms.
We then consider the memoryless state-dependent multiple-access channel (MAC)
where the encoders and the decoder are provided with various degrees of asymmet-
ric noisy channel state information (CSI). For the case where the encoders observe
causal, asymmetric noisy CSI and the decoder observes complete CSI, inner and
outer bounds to the capacity region, which are tight for the sum-rate capacity, are
provided. Next, single-letter characterizations for the channel capacity regions un-

der each of the following settings are established: (a) the CSI at the encoders are
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non-causal and asymmetric deterministic functions of the CSI at the decoder (b) the
encoders observe asymmetric noisy CSI with asymmetric delays and the decoder ob-
serves complete CSI; (¢) a degraded message set scenario with asymmetric noisy CSI
at the encoders and complete and/or noisy CSI at the decoder.

Finally, we consider the above state-dependent MAC model and identify what is
required to be provided to the receiver in order to get a tight converse for the sum-rate
capacity. Inspired by the coding schemes of the lossless CEO problem as well as of a
recently proposed achievable region, we provide an inner bound which demonstrates

the rate required to transmit this information to the receiver.
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Chapter 1

Introduction

Availability of past channel outputs, called feedback, at the encoder and availability
of channel state information (CSI) in various degrees at the encoder and/or at the
decoder have several benefits in a communication system. In particular, both feedback
and state information can increase capacity, decrease the complexity of the encoder
and decoder, and reduce latency.

The current state-of-the art of feedback and side information in information theory
differs considerably in single vs. multi-user setups. As an example, there exists a
general formula for the capacity of channels with feedback [CA95], [TMO09] for the
single-user case, whereas the same problem for a two-user multiple access channel
(MAC) is still open. Similarly, the characterization of the capacity with various
degrees of CSI at the transmitter (CSIT) and at the receiver (CSIR) is well understood
for single-user channels. However, for multi-user channels, availability of CSI at the
encoders and/or at the decoder reveals many difficult problems, especially if the
information available at the encoders are asymmetric.

In both feedback and side information problems, mainly due to the nature of the
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CHAPTER 1. INTRODUCTION 2

information structures available to the decision makers (encoders and decoders), tools
from stochastic and decentralized control theory have been popular in recent years.
Furthermore, as there is an increased tendency towards cooperative communications
and networked systems, it is believed that both of these fields will play an important
role to understand information theoretic questions in these areas. We herein inves-
tigate coding schemes that use stochastic and decentralized control theory to some

extent. We first present the most relevant contributions in the literature.

1.1 Literature Review

1.1.1 Feedback

When a single-user channel has no memory, i.e., the noise process corrupting the
channel input has no statistical dependence over time, it is known that feedback does
not help to increase the capacity [Shab6]. Although, in general, feedback increases
the capacity of channels when there is memory, in [Ala95], it is shown that feedback
does not increase the capacity of discrete channels with modulo additive noise where
the noise process has arbitrary memory (not necessarily stationary or ergodic). It
is also shown that for any channel with memory satisfying the symmetry conditions
defined in [AF94], feedback does not increase its capacity. Recently, it has been shown
that feedback does not increase the capacity of the compound Gilbert-Elliot channel
[SP09], which is a family of finite-state Markov (FSM) channels.

In a more recent work, it has been shown that it is possible to formulate the
computation of feedback capacity as a dynamic programming problem and therefore

it can be solved by using the value iteration algorithm under information stability
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conditions [TM09],[Tat00]. In [PWGO09], finite-state channels with feedback, where
feedback is a time-invariant deterministic function of the output samples, is consid-
ered. It is shown that if the state of the channel is known both at the encoder and
the decoder then feedback does not increase capacity. In [YKT05] and [CB05], di-
rected information is used to calculate the feedback capacity of some classes of FSM
channels. In particular, the channel state is assumed in [YKTO05] to be a determin-
istic function of the previous state and input; whereas in [CB05] the channel state is
assumed to be a deterministic function of the output. In addition to these results, it
has also been shown that feedback does not increase the capacity for a binary erasure
channel with Markovian state [DGO6].

Although feedback does not help increase the capacity of discrete memoryless
channels (DMCs), it does increase the capacity of memoryless MACs [GWT75], [CL81]
due to the user cooperation through channel outputs. However, there exists no single
letter characterization, i.e., an expression that does not depend on the block length
of the coding scheme (see also [CK81, pg.259-261] for a detailed discussion), of the
capacity region of MAC with feedback even for the simplest setup; two-user, mem-
oryless and perfect feedback. This problem has attracted much attention in recent
years and many achievability results, i.e., inner bounds to the capacity region, as well
as an interpretation of an existing inner bound from a stochastic control point of view

[AS12] have been established.

1.1.2 State Side Information

Modeling communication channels with a state process, which governs the channel

behaviour, fits well for many physical scenarios and in addition to channel output
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feedback, communication with state feedback has been widely motivated in both
single and multi-user communications. For single-user channels, the characterization
of the capacity with various degrees of channel state information at the transmitter
(CSIT) and at the receiver (CSIR) is well understood. Among them, Shannon [Sha5§]
provides the capacity formula for a discrete memoryless channel with causal noiseless
CSIT, where the state process is independent and identically distributed (i.i.d.), in
terms of Shannon strategies (random functions from the state space to the channel
input space). In [GP80], Gel'fand and Pinsker consider the same problem with non-
causal side information and establish a single-letter capacity formula. In [Sal92], noisy
state observation available at both the transmitter and the receiver is considered and
the capacity under such a setting is derived. Later, in [CS99], this result is shown to
be a special case of Shannon’s model and the authors also prove that when CSIT is
a deterministic function of CSIR, optimal codes can be constructed directly on the
input alphabet. In [EZ00|, the authors examine the discrete modulo-additive noise
channel with causal CSIT which governs the noise distribution, and they determine
the optimal strategies that achieve channel capacity. In [GV97], fading channels with
perfect channel state information at the transmitter are considered and it is shown
that with instantaneous and perfect CSI, the transmitter can adjust the data rates
for each channel state to maximize the average transmission rate. In [Y'T07], a single
letter characterization of the capacity region for single-user finite-state Markovian
channels with quantized state information available at the transmitter and full state

information at the decoder is provided.
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The literature on state dependent multiple access channels with different assump-
tions of CSIR and CSIT (such as causal vs non-causal, perfect vs imperfect) is exten-
sive and the main contributions of the current thesis have several interactions with
the available results in the literature, which we present in Section 1.2. Hence, we
believe that in order to suitably highlight the contributions of this thesis, it is worth
to discuss the relevant literature for the multi-user setting in more detail. To start,
[DNO02] provides a multi-letter characterization of the capacity region of time-varying
MACs with general channel statistics (with/without memory) under a general state
process (not necessarily stationary or ergodic) and with various degrees of CSIT and
CSIR. In [DNO2], it is also shown that when the channel is memoryless, if the en-
coders use only the past k asymmetric partial (but not noisy) CSI and the decoder
has complete CSI, then it is possible to simplify the multi-letter characterization to a
single letter one [DN02, Theorem 4]. In [Jaf06], a general framework for the capacity
region of MACs with causal and non-causal CSI is presented. More explicitly, an
achievable rate region is presented for the memoryless state-dependent MAC with
correlated CSI and the sum-rate capacity is established under the condition that the
state information available to each encoder are independent. In [CS05], MACs with
complete CSIR and noncausal, partial, rate limited CSITs are considered. In particu-
lar, for the degraded case, i.e., the case where the CSI available at one of the encoders
is a subset of the CSI available at the other encoder, a single letter formula for the
capacity region is provided and when the CSITs are not degraded, inner and outer
bounds are derived, see [CS05, Theorems 1, 2]. In [CY11] state-dependent MAC in
which transmitters observe asymmetric partial quantized CSI causally, and the re-

ceiver has full CSI is considered and a single letter characterization of the capacity
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region is obtained. In [LS13b], memoryless state-dependent MACs with two indepen-
dent states (see also [L.S13a] for the common state), each known causally and strictly
causally to one encoder, is considered and an achievable rate region, which is shown
to contain an achievable region where each user applies Shannon strategies, is pro-
posed. In [LSY13], another achievable rate region for the same problem is proposed
and in [LS] it is shown that this region can be strictly larger than the one proposed
in [LS13b]. In [LS13b], it is also shown that strictly causal CSI does not increase the
sum-rate capacity. In [BSP12], the finite-state Markovian MAC with asymmetric de-
layed CSITs is studied and its capacity region is determined. In [SK05], the capacity
region of some multiple-user channels with causal CSI is established and inner and
outer capacity bounds are provided for the MAC. Another active research direction
on the state-dependent MAC regards the so-called cooperative state-dependent MAC
where there exists a degraded condition on the message sets. In particular, [SBSVOS§]
and [KLO07] characterize the capacity region of the cooperative state-dependent MAC
with states non-causally and causally available at the transmitters. More recent re-
sults on the cooperative state-dependent MAC problem include [ZPS11], [ZPSS] and

[PSSB11].

1.2 Contributions and Connections with the Lit-

erature

1.2.1 Feedback

Considering the structure in typical communication channels and the results in the

literature that we presented above, it is worth to look for the most general notion of
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symmetry for channels with memory under which feedback does not increase capacity.
With this motivation, we first study the feedback capacity of a class of symmetric FSM
channels, which we call “quasi-symmetric” FSM channels, and prove that feedback
does not help increase their capacity. This result is shown by demonstrating that for
an FSM channel satisfying the symmetry conditions defined in the thesis, its feedback
capacity is achieved by an independent and uniformly distributed (i.u.d.) input which
implies that its non feedback capacity is also achieved by uniform input distribution.
The symmetry conditions for this result is then relaxed by allowing the receiver to
observe full CSI. These results are demonstrated in Chapter 3.

A by-product contribution of this result is that the channel capacity is given as
a difference of the output and noise entropy rates, where the output is driven by the
i.u.d. input and is also hidden Markovian. Thus, the capacity can be easily evaluated
using existing algorithms for the computation of entropy and information rates in

hidden Markov channels (e.g., see [ALVT06]).

1.2.2 State Side Information

The succeeding chapters, Chapters 4 and 5, focus on multi-user models with asym-
metric CSI. In particular, Chapter 4 considers several scenarios where the encoders
and the decoder observe various degrees of noisy CSI. The essential requirement we
impose is that the noisy CSI available to the decision makers is realized via the cor-
ruption of CSI by different noise processes, which gives a realistic physical structure of
the communication setup. We herein note that the asymmetric noisy CSI assumption
is acceptable as typically the feedback links are imperfect and sufficiently far from

each other so that the information carried through them is corrupted by different
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(independent) noise processes. It should also be noted that asymmetric side infor-
mation has many applications in different multi-user models. Finally, what makes

(asymmetric) noisy setups particularly interesting are the facts that
(7) No transmitter CSI contains the CSI available to the other one;

(73) CSI available to the decoder does not contain any of the CSI available to the

two encoders.

When existing results, which provide a single letter capacity formulation, are exam-
ined, it can be observed that most of them do not satisfy (i) or (ii) or both (e.g.,
[CY11], [DNO02], [Jaf06], [CS05], [BSP12]). Nonetheless, among these, [DN02] dis-
cusses the situation with noisy CSI and makes the observation that the situation
where the CSITs and CSIR are noisy versions of the state S; can be accommodated
by their models. However, they also note that if the noises corrupting transmitters
and receiver CSI are different, then the encoder CSI will, in general, not be con-
tained in the decoder CSI. Hence, motivated by similar observations in the literature
(e.g., [Jaf06]), we partially treat the scenarios below and provide inner and outer
bounds, which are tight for the sum-rate capacity, for scenario (1) below and provide

a single-letter characterization for the capacity region of the latter scenarios:

(1) The state-dependent MAC in which each of the transmitters has an asymmetric
causal noisy CSI and the receiver has complete CSI (Theorems 4.2.1, 4.2.2 and

Corollary 4.2.1).

(2) The state-dependent MAC in which each of the transmitters has an asymmetric
non-causal noisy CSIT which is a deterministic function of the CSIR at the

receiver (Theorem 4.2.3).
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(3) The state-dependent MAC in which each of the transmitters has an asymmet-
rically delayed and asymmetric noisy CSI and the receiver has complete CSI

(Theorem 4.2.4).

(4) The state-dependent MAC with degraded message set where both transmitters
transmit a common message and one transmitter (informed transmitter) trans-
mits a private message. The informed transmitter has causal noisy CSI, the

other encoder has a delayed noisy CSI and the receiver has various degrees of

CSI (Theorems 4.2.5 and 4.2.6).

Let us now briefly position these contributions with respect to the available results
in the literature. The sum-rate capacity determined in (1) can be thought as an
extension of [Jaf06, Theorem 4] to the case where the encoders have correlated CSI.
The causal setup of (2) is solved in [CY11l]. The solution that we provide to the
non-causal case partially solves [CS05] and extends [Jaf06, Theorem 5] to the case
where the encoders have correlated CSI. Furthermore, since the causal and non-causal
capacities are identical for scenario (2), the causal solution can be considered as an
extension of [CS99, Proposition 1] to a noisy multi-user case. Finally, (4) is an
extension of [SBSV08, Theorem 4] to a noisy setup.

As it is mentioned above, for the multi-user state-dependent channels, the capacity
region is not known in general but, what is known is that in the causal CSIT case
Shannon strategies are in general suboptimal (e.g., see [LS13a]). On the other hand,
for only few scenarios, it is known that Shannon strategies are optimal for the sum-
rate capacity. When these scenarios are examined, it can be seen that the optimality
is realized under the situations of either CSITs are independent (e.g., see [Jaf06],

[LS13b]) or whenever CSITs are correlated, full CSI is available at the receiver (e.g.,
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see Chapter 4). Hence, a natural question to ask is what is the most general condition
under which Shannon strategies are optimal in terms of sum-rate capacity. Chapter 5
explores this condition and shows that when the state processes are asymmetric,
Shannon strategies are optimal if the decoder is provided with some information
which makes the CSITs conditionally independent.

With this result at hand, the next step is to investigate what is the minimum rate
required to transmit such information to the receiver when there is no CSIR. This
chapter also characterizes the rate required to transmit this information by using the
lossless CEO approach [GP79] and by adopting the recent proof technique of [L.S13b,

Theorem 1].

1.3 Organization of Thesis

We proceed by introducing a short background chapter. We discuss the feedback
capacity of a class of symmetric channels with memory in Chapter 3. Chapter 4
presents the results on the state dependent multiple access channel where the en-
coders and the decoder have several degrees of asymmetric noisy state information.
In Chapter 5 we present the loss of optimality of using memoryless strategies for the
sum-rate capacity in a state dependent multiple access channel scenario when there

is no CSI at the receiver. Chapter 6 concludes and outlines future work.



Chapter 2

Background and Fundamental

Results

This chapter contains basic material on channel coding and capacity. In Section 2.1,
we first give an overview for the notation and conventions which will be used through-
out the thesis. In Section 2.2, we introduce standard typicality definitions that will be
used in the proofs throughout the thesis and in Section 2.4, we discuss fundamental

results on channel coding under feedback and side information.

2.1 Notations and Conventions

Throughout the thesis, we will use the following notations. A random variable will
be denoted by an upper case letter X and its particular realization by a lower case
letter . For a vector v, and a positive integer ¢, v; will denote the i-th entry of
v, while vy = (vy,---,v;) will denote the vector of the first i entries and vj;; =

(viy -+ ,vj), @ < j will denote the vector of entries between 7, of v. For a finite

11
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set A and n € IN the n-fold Cartesian product A’s will be denoted by A" and
P(A) will denote the simplex of probability distributions over A. For a positive
integer n, we shall denote by A™ := |, —s<n A° the set of A-strings of length smaller
than n. Probability distributions are denoted by P(-) and subscripted by the name
of the random variables and conditioning, e.g., Pyrv,s(u,t|v,s) is the conditional
probability of (U = u,T = t) given (V = v, S = s). For any set A, A° will denote
its complement and its size will be denoted by |.A|. We denote the indicator function
of an event E by 1;g. The probability of some events, say Pr(E), taken under the
distribution Py, (-) on X" shall be interpreted as Pr(E) = waexn Px, (@) 1imy-

All sets considered hereafter are finite.

2.2 Relevant Definitions

In a broad sense, a communication system consists of three parts: The source(s),
the destination(s) and the channel(s) which consist of noisy (in general) transmission
mediums to transfer the signal from the source(s) to the destination(s) and char-
acterised by the triplet (X,pc(y|z),)) where X and Y are the input and output
alphabets, respectively. The goal is to reconstruct the source(s) at some or all desti-
nation(s) with arbitrary low error probability. Let us make these notions precise in
a single source, single destination and single channel scenario. Let M be the source

which is uniformly distributed in the finite set M.

Definition 2.2.1. An (n,2"?) code with blocklength n and rate pair R for a channel,

(X,pc(ylx),Y), consists of

(1) A sequence of mappings for the encoder
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o M—= X, t=1,2,...,n;
2) An associated decoding function
Yt — M.

The system’s probability of error, Pe("), is given by

gnR
P = QniR > Pr(¢(Yjy) # m|M =m) .
m=1

A rate R is achievable if for any € > 0, there exists, for all n sufficiently large an
(n,2"") code such that Llog|M| > R > 0 and at the same time P < e. The
capacity, C, is defined to be the supremum of all achievable rates (for extending
this definition to more than one sources and destinations see, for example, Defini-
tion 4.2.1).

For discrete memoryless channels (DMCs), Shannon’s noisy channel coding theo-

rem [Sha48] shows that

C=maxI(X;Y) (2.1)

Px(-)

where 1(X;Y) is the mutual information between the random variables X € & and
Y € Y where the distribution of the random variable Y, Py (-), is induced by Px(-)
and pe(ylz).

It should be observed that this characterization is complete in the sense that it
shows that for R < maxp, () I(X;Y), there exists a code achieving an arbitrarily low
error probability for sufficiently large n and for R > maxp, .y I(X;Y) there does not

)

exist a code satisfying %log IM| > R > 0 and at the same time pr <eforn—
and € — 0.

One of the standard tools in obtaining inner bounds, i.e., a set of achievable rates,
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is to look at the behaviour of the sequences generated under some distribution in
the large blocklength regime and to classify these sequences under this behaviour.
Particular sets of interest in this domain are referred to as”typical sets”. Let us recall

two notions of typical sets.

Definition 2.2.2. [CT06, Section 15.2] Let k > 1 be finite and (X', --- | X*) denote a
collection of random variables with some fized joint distribution P ... ,Xk<l’1, ceexb).
Let U denote an ordered subset of { X!, -+, X*} with respect to the indices. Consider
n independent copies of U and denote these by U. Thus, Pr(U = w) = [[,_, P(U; =
u;), w € U™ As an example, if U = (X7, X') then

_ _ l
PriU=u) = P(Xu 1) = Tl o)

:ll JXZ l,z

Then, the set AT of e-typical n-sequences {(:z:[n}, e ,xfn])} with respect to the distri-
bution Pxi .. xr(zt, -+, a*) is defined by
AT (X0, XP) i AT
— {(I[ln],... >$fn]) CAl X - AP
| 2 log (Polu) — H(U)] <70 € (X, x4}

where H(-) denotes the entropy.

To give an example for this definition, let A”(U) denotes the restriction of A” to

the coordinates of U and when U = (X!, X?), we have

n 1
A6<X17X2):{<x[n], ) ’——lOgPX1 X2 (.T[n], %})—H(X1,X2)’<€,

1
| — —10gPX[1]($[ln}) —HXY)|<e |- —10gPX[2]($[2n}) - H(X?)| < 5}-
n n n n

Definition 2.2.2 can be further weakened and replaced with a classification according
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to the empirical behaviour of the sequences.

Definition 2.2.3. [CK81] Let N (a|ky,)) denote the number of occurrences of the letter
a in the vector k). Then, for a given Py defined over KC, the 0-typical set is defined
as
T = {kw€K": |n'N(alkp) — Px(a)| < 4, Ya€K,
N(alky) =0, if Px(a)=0}.
Similarly, for a given joint distribution Pk 1, the conditional 0-typical set is
T = {km € K"+ [ 07 N (a, bk, lpy) =7 N (bl Prejz(ald) | <6,

V(a, b) e XL, N(a, b|/€[n},l[n]) =0, if PK|L(CLV)) = O} .
We have the following lemma.

Lemma 2.2.1. [CK81, Lemma 2.10] If ly,; € TP and ki) € TI‘S{]L then (I, k) €

7'1?16/ and consequently ki, € 7}?" where §" = (6 +0')|£].

Both of the typical sets, i.e., Definition 2.2.2 and Definition 2.2.3, will be used in

the thesis and following [CK81], ¢ in the Definition 2.2.3 will depend on n such that
8, = 0, /né, — oo, and n — oo. (2.2)

Furthermore, the following convention will be used throughout the thesis.
Delta-Convention [CK81, Convention 2.11]: To every set X and respectively
ordered pair of sets (X, )), there is a given sequence {4, }°° ; satisfying (2.2). Typical
sequences are understood with these d,,’s. The sequences {4, } are considered as fixed
and dependence on them will be omitted. Accordingly, the § will be omitted from
the notation. In the situations where typical sequences should generate typical ones,

we assume that the corresponding §,,’s are chosen according to Lemma 2.2.1.
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When a rate pair, (R,, Rp), is shown to be achievable under typicality decoding,
one needs to investigate the behaviour of the probability of the error events of the
encoding and decoding processes under the joint typicality coding and decoding. A
considerably rich set of results is available in the literature and for the purpose of this

thesis, we only present the most relevant ones.

2.3 Two Typicality Lemmas

Arguably, one of the main intuitions under the joint typicality results can be summa-
rized by the fact that when the rate of codebook construction satisfy some criterion,
the asymptotic behaviour of the sequences, which are independently and identically

distributed generated, are identical. The following result has such an interpretation.

Lemma 2.3.1. Covering Lemma, [EGK11, Lemma 3.3] Let (U, X,X) distributed
according to Py x x(u,z,2) and § < . Let (Up)» X)), distributed according to
PU[an[n] (Up), Tpy), be a pair of arbitrarily distributed random variables such that
Pr (U, X)) € Tox) — 1 as n — oo and let Xpy(m), m € A, |A] > 2%, be
random sequences conditionally independent of each other and of X, given U, each
distributed according to [[;_, Px,u,(Zilui). Then, there exists n(6) = 0 asd — 0 such
that

Pr ((U[n],X[n X[n]( )) ¢ UXX’ VYm € A) —0
asn — 0, if R > I(X; X|U) +n(é).
This lemma shows that if we consider the random sequences X[n](m), m € A,

|A| > 2% as the reproduction of the source sequences Xp, and if R > I(X; X|U)

then there is at least one reproduction sequence which is jointly typical with the source
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sequence. The proof follows from the properties of joint typical sets; see [EGK11],
which we omit.

One can alternatively characterize the probability of the event that independent
(or conditionally independent) sequences being jointly typical. By using the proper-

ties of mutual information and joint entropy, the following result can be obtained.

Lemma 2.3.2. [Gas04, Lemma 8] If <X[nb 57[”], Z[n]) ~ Px,, (a:[n])Py[n](y[n])PZ[n](z[n]),
i.c., they have the same marginals as Px, vz, (T[], Yin)> 21n)) but they are indepen-

dent, then
Pr ((X[n], }7[”]’ Z[n]) c An> < 9 Pl ZXY)HIZY X)=1(X;Y |2) 4]
for some  — 0 as e = 0 and n — oo.
It is worth to present a short proof of the above lemma, which can be shown, for

example, following similar steps as in [CT06, Theorem 15.2.3], for a better interpre-

tation of the result. Note that

Pr ((X[n]’ Y/[n]’ Z[n]) < A?) Z PX[n] <x[”])PY[n] (y[n})PZ[n] (z[n])

(T[], Y[n] 2 [n) ) EAD

—~
.
~

on(H (XY, Z)+€)g=n(H (X)) g—n(H(Y)~e)g—n(H(Z)~¢)

IN

o=n(H(X)+H(Y)+H(Z)~H(X,Y,Z)~4e)

where (i) follows from [CT06, Theorem 15.2.1]. The proof is complete by observing
that the exponent in the last step can be written as the exponent in the lemma.
The above two lemmas will be invoked in Chapter 5.
While the above typicality definition and related lemmas are required for the
achievability proof, the following theorem, which relates the error probability to the

entropy, is used in the converse proofs, i.e., the proofs that show one cannot do better,
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of many coding theorems as well as in the results of this thesis.

Theorem 2.3.1 (Fano’s Inequlaity). [EGK11, Section 2.1] Let (X,Y) be distributed
according to Pxy(x,y) and P, :=Pr(X #Y). Then

H(X|Y) < H(P.) + P.log|X| < 1 + P, log |X|.

2.4 Channel Coding Results

2.4.1 Channel Coding with Feedback

The extension of the Definition 2.2.1 to the other scenarios is done by letting the
decision makers, i.e., the encoder(s) and the decoder(s), use the information provided
to them to generate their output. In this manner, feedback information theory con-
siders the situation that the encoder(s) are provided with past channel outputs. Since
the encoder can learn and estimate the channel by observing the channel outputs, it
is expected that feedback may increase capacity. However, Shannon [Sha56] showed
that for DMCs, the feedback and non-feedback capacities are identical and hence,
feedback does not increase the capacity. This result can be shown as follows. Con-
sider a DMC defined by (X, pe(y|z),)Y) and let Crp denote its feedback capacity.
The feedback capacity is defined to be the supremum of all achievable rates under the
feedback coding policy; X; = 1; (W, Y};_y)) where {¢; : {1,2, ..., 2"} x Y= — X},
are the encoding functions, W is the message (governed by a uniform distribution),
Y}i—1) are the past channel outputs and X; is the channel input at time 4. It is obvious
that Crp > C'. On the other hand, from Fano’s inequality and following the standard

steps of the converse to the channel coding theorem, we have for any achievable R

nR=HW)=HW|Yjy) + I(W; V) <14 P."R + I(W; Y).
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Observe now that

IW:Y) = Y H(Yi|Yj 1) — HYi|Y_1, W)
=1
= Y HYi|Yjy) — HYi|Y—, W, X))
i=1
2 ST HYY ) - HYIX)
=1

< > H(Y;) - H(Yi|X;)
=1
< nC

where (i) is due to X; = 9, (W, Y[Z-,l]), (1) is due to channel being memoryless, (i)
is due to the fact that conditioning does not increase the entropy and (iv) follows
from (2.1). Hence, nR < 1+ P."“nR 4+ nC and dividing both sides by n and taking
the n — oo yields R < C' and Cpg = C. Note that the critical step in the above
derivation is that the term Y[;_;) could be ignored without loss of optimality. When
the channel has memory, this action can not be performed. For a derivation of a
converse for channels with memory see Chapter 3.

Notice that the situation for the memoryless multi-user channels with output
feedback is completely different. Feedback can increase the capacity in the multi-user
scenarios; e.g., see [GW75] and [CL81]. This is because in the multi-user setup the
encoders can cooperate via the channel output feedback to remove the uncertainty
of the decoder about the messages. Although this cooperation based coding schemes
yields nice inner bounds, for many of the multi-user channels with feedback, complete
characterizations for the capacity regions are not available.

In some situations, such as the case where the feedback channel is restrictive,

the decoder might wish actively to send his local information on the channel to the
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encoder who may not have access to the same information. These types of problems
have been widely studied and in the next section we provide a brief discussion for a

set of these results.

2.4.2 Channel Coding with Side Information

Consider a channel whose conditional output probability distribution is controlled
by a process, called state. These type of channels can help model many problems,
depending on some assumptions regarding the channel state and on the availability
and quality (complete or partial) of the side information (CSI) at the transmitter
(CSIT) and/or the receiver (CSIR) [KSMO7]. From the transmitter’s perspective,
a fundamental difference appears if the side information is available in a causal or
non-causal manner. In the causal case, at each time instant, the encoder can only
use the past and the current CSI (which can be complete or partial), whereas in
the non-causal case, the transmitter knows in advance the realization of the entire
state sequence from the beginning to the end of the block. The causal model is first
introduced by Shannon [Sha58] and he derived an expression for the capacity. We
now discuss this result in more detail. We consider the channel depicted in Figure
2.1. The channel input, output and state process belong to the finite sets, X', ) and
S, respectively. The setup considered in [Shab8] assumes the state is memoryless,

independent of W and hence, we have

Py xS Ui T sp) =[] Prarxes, (il 1) (2.3)

t=1

Py, (sm) = HPSt(St)' (2.4)
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W' Encoder Xt‘ Channel Y%‘ Decoder | W
T (W, Sp) Py x.s(Yi| X1, S) Y(Y)

Sty

Figure 2.1: Single-user channel with causal side information

For this communication a code is defined similar to the Definition 2.2.1 except the

encoding function is changed to
¢tIWX8t—>X, t= 1,2,...77,.

The capacity of this channel is given by

C=max[(T;Y 2.5
max I(T3Y) 2:5)

where the random variable T' € T represents a random mapping from the channel
state process to the channel input process and T denotes the set of all possible
mappings; |T| = |X|Il, Pp(-) is a distribution on 7 and the joint distribution of
(Y, S, X, T) satisfies

Pysxr(y,s x,t) = Pyix,s(y[t(s), 8)Lia=t(s); Ps(s) Pr(t). (2.6)

Once we have the capacity result for an ordinary DMC, this result follows from the
following observation. Note that X; = T;(S;) and assuming that 7" is independent of

S, we have

Py 1 W) ZPY[n]\s[n]Tn] )l Stnls tn)) Py (Spnp)
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= S T Prtvie s 1 We 911+ 8100 ta) P (1)
t=1

S[n) =

- Z H Pyis, x, (el se ti(se)) Ps, (sp) (2.7)

S[n) =

= I Pumwlto. (2.8)

t=1
Therefore, we can define an equivalent (memoryless) channel between 7' € T and Y €

Y and described explicitly by Py, 1, (yilt:) = D, cs Priisex, (Velse, ti(s¢)) Ps,(s). In
order to complete the proof, which follows from (2.1), we need to identify the random
variable T'. This follows from the fact that since for all t > 1, X, = ¢, (W, S[t}) =
0N (W, Sie—1] St), we can define T; € T satisfying (2.6) by putting, for every s € S,

Ti(s) = ¢ (W> Sfe—1], 3) : (2.9)
Based on this, the above result demonstrates that the capacity of this channel is
equal to the capacity of an ordinary DMC, with the same output alphabet but with
an extended input alphabet. A particular realization of T', say ¢t : S — X, is termed
as Shannon strategy.

In [Sal92], Shannon’s result is extended to the case where the transmitter and
the receiver has access to noisy causal CSI and the capacity is derived. However,
as shown in [CS99], one can define an equivalent channel that is governed by the
process available at the transmitter, and therefore, the result in [Sal92] can be shown
to reduce to the Shannon’s result. More explicitly, assuming that (2.3) and (2.4) still
hold, X; = ¢ <W, S[t]>, W = P (Y[n],g[n]), i.e, the receiver has also access to the

noisy CSI, and

n

Ps[n],S[n],S[n] (g[n]y g[n]a S[n]) = H Pgmgt,st(ét’ ét, St), (210)
=1



CHAPTER 2. BACKGROUND 23

where S, € 8,5, € S. In [Sal92] the capacity for this setup is shown to be
C =max I(T;Y|S) (2.11)
Pr (1)

where T € 7', |7’] =X |“§ |, represents a random mapping between S and X , and the
joint distribution of (Y, S, S 8. X, T ) satisfies

PKS,S,S‘,X,T(% $,8,8,x,t) = PY\X,S(y|x7 3)1{$=t(§)}PS,S,S(5? 8,8)Pr(1). (2.12)
In order to demonstrate that the above setup is no more general than Shannon’s

setup in which perfect CSI is available at the transmitter, define Y := (Y, S ) as the

modified output and consider the following channel conditional distribution

PY,S‘\S‘,X(y7 '§|'§a ZL') = Z PY,5'|5‘,X,S(y’ ‘§|'§7 xz, S)PS|§7X(S|'§a ZIZ')
seS

= ZPY|X,S(Z/|$7S)PS,S\S‘(S;5‘3)' (2.13)

seS
Observing that I(T;S) = 0, it is now clear to see that the channel described by (2.13)

is the same type as that is studied by Shannon [Sha58§].

In addition to assuming that the transmitter has causal side information, there
might be some scenarios where the transmitter has non-causal side information. This
problem is first motivated by the modelling of defective cells, where the positions of
the defective cells are considered to be the CSI, in computer memory [KT74] and
later the capacity for this model is determined in [GP80].

For the problem definition, we keep the setup of causal CSI, (2.3) and (2.4) also
hold, but now we have X; = ¢; (I/V, S[n}). Then, the capacity for this channel is given
by

C = max [[(U;Y) — I(U; S)] (2.14)

Py x|s
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where U is an auxiliary random variable with cardinality & < |X||S|+1 and the joint
distribution of (Y, U, S, X) satisfies the Markov condition U — (X, S) — Y. We now
briefly describe the achievability and the converse proof of this result.

The novel approach in the converse of (2.14) is to introduce an auxiliary random
variable. More explicitly, from Fano’s inequality and following standard steps one
can obtain R < L 3" T(W;Y;|Y};_1]) + €, where €, — 0 as n — 0. Then

Z I(W; YY) < ZI(W, Yi-1:Yi)

=1
n

= Z [I(W7 Y[z‘—1]7 S[i+1,n]; Yi) - I(S[i—i-l,n]a Y;|W7 Y[i—uﬂ
i=1

= Z [I(Wv Y[z‘—l], S[i+1,n]; Yz') - I(Sz'; Y[z‘—1]|W, S[i—i—l,n])]
i=1

= Z [I(W }/[z 1]75[7,+1 n]; z) - (S“Y 1],W S[2+1 n])]

i=1
where the third step follows from the Csiszar sum identity [EGK11] and the last step

is valid since .5; is independent of (W, Sj;11,,). Now, let U; := (W, S}i11,,)) and hence,
R< = Z (U3 Y;) — 1(U;; S;)] + € (2.15)
where as desired U; — (X, SZ-) —Y; Vi=1,---,n. This implies

R < max [I(U;Y) — I(U; S)] + €. (2.16)

Py x|s

The proof is completed by invoking the support lemma [CK81] to make the cardinality
of U finite.

For the achievability of (2.14), the idea of random binning is used. This scheme
was applied to many problems in information theory and the main motivation of
the binning idea is to distribute a set of codewords into subsets (called bins) and

these bins themselves are also randomly constructed according to a specified rate
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which are indexed by a different message. To make this argument more precise, let
us show that a rate R,. < maxp, ,[[(U;Y) — I(U;S)] is achievable via random
binning for the above problem. We first construct the codewords; for each message
w e {1,--- 28} generate 2" independent and identically distributed codewords
u, according to Py(u). These codewords form the bins. Index these codewords by
{upy[w, 1], - -+, upy[w, 2"7]}. These codewords are distributed to the encoder and
the decoder. Given the state sequence sp,, in order to send the message w, the
encoder looks for a codeword in bin w that is jointly typical with sp,, say wp[w,1].
In the case when there is no codeword that is jointly typical, the encoder declares
an error. In the case there are more than one codewords, the encoder picks the
codeword with the smallest bin index. The encoder then generates the channel input
according to the x; = ¢ (u;[w,1],s;), ¢ = 1,--+- ,n. The decoding is done by joint
typical decoding. In particular, after observing yp,, the decoder looks for the pair
of indices (W,1) such that Ufy) [w,1] is jointly typical with Yn)-  If there are more
than one pair (W,i) or there are no indices that are jointly typical then the decoder
declares an error. Observe now that there are two error events; the encoder and
the decoder error event: By the covering lemma, Lemma 2.3.1, the encoder’s error
event goes to zero if R, > I(U;S) and by the joint typicality lemmas the error event
at the decoder goes to zero if R,. + Ry < I(U;Y). These two together imply that
Ry <maxp, . [I(U;Y) — I(U; S)] is achievable.

Finally, it is worth to comment on the extension of the results for the single-user
channels that we presented above to the case of multi-user channels. Foremost, in
multi-user channels, the associated problems are mostly open. However, it is known

that the optimal structures of the solutions, such as Shannon strategis, do not hold
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in general when there are more than one user. Secondly, depending on the relation
between the CSI at the encoders as well as at the CSI at decoder, there might be
an initiative for the encoders to cooperate and hence increase the rates. Chapters 4

and 5 of the thesis discuss such scenarios and results in more detail.



Chapter 3

Single User Channels with
Feedback

In this chapter, we discuss feedback capacity of a class of finite-state Markov (FSM)
channels [Gal68] which encompass symmetry in their channel transition matrices.
Along this way, we first define symmetry for channels with memory, referred to as
quasi-symmetric FSM channels, and then show the existence of a hidden Markov
noise process, due to the symmetry characteristics of the channel, which is condi-
tionally independent of the input given the sate. As a result, the FSM channel can
be succinctly described as a function of input and noise, where the function is an
invertible map between the noise and output alphabets for a fixed input. With this
fact, the feedback capacity problem reduces to the maximization of entropy of the
output process. In the second step, we show that this entropy is maximized by a
uniform input distribution. It should be noted that for quasi-symmetric FSM chan-
nels, uniform inputs do not necessarily yield uniform outputs; this is a key symmetry

property used in previous works for showing that feedback does not increase capacity

27
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for symmetric channels with memory (e.g., [Ala95],[AF94]). Throughout this chapter,
we will represent a finite-state Markov source by a pair [S, P], where S is the state
set and P is the state transition probability matrix. We will also be assuming that
the Markov processes in the paper are stationary, aperiodic and irreducible (hence

ergodic).

3.1 Feedback Capacity of Symmetric FSM Chan-
nels

When the communication channel is modeled via a state process, such as FSM chan-
nels, it might be assumed that some degree of CSI is available at the encoder and/or
decoder. In the rest of this section, it is assumed that CSI is not available at the
encoder and decoder. We treat the scenario where CSI is fully known at the decoder

in the next secrtion.

3.1.1 Quasi-Symmetric FSM Channel

A finite-state Markov (FSM) channel is defined by a pentad [X, ), S, Ps,C], where
X is the input alphabet, ) is the output alphabet, and the Markov process {5, }5°,
S, € S is represented by the pair [S, Ps| where S is the state set and Ps is the
state transition probability matrix. We assume that the sets A, J and S are all
finite. The set C is a collection of transition probability distributions, p¢(y|z, s), on

Y for each v € X, s € §. We consider the problem of communicating message

W e {1,2,---,2"} over the FSM channel (without or with the use of feedback)
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via a code of rate R and blocklength n,' where W is uniformly distributed over
{1,2,---,2"%} and independent of Sy,;. We assume that the FSM channel satisfies

the following properties under both the absence and presence of feedback:
(I) Markov Property: For any integer i > 1.
PSi\S[z‘A]7Y[i71]7X[171]:W(8i|S[i*1}’ Yli—1]» I[iflbw) = PSi|Si—1 (Si|8i—1)' (31)
(II) For any integer i > 1,

P}’,-|,Si7X,-75[i,1],X[i,1],Y[i,l],W(yi|5iaxia S[i—1]» T[i—1]» y[i—l]vw) = pc(yz‘|8i, Iz) (3-2)

where pe(.|.,.) is defined by C. When the channel is without feedback, we also assume

that the FSM channel satisfies:
(IT.b) For any integer i > 1,

Py, x5 Wi-1 |26 s@) = P gixp1,Su_y W1 [T i-13, Sii-1))- (3.3)

Note that due to Properties II and ILb, Py, x5, Y] spp) = ey pe(yilsi, @)

when the channel is without feedback. Furthermore, the non-feedback codewords X,

at the channel input are only a function of W (which is independent of Sp,)); hence,
in the non-feedback scenario, the channel input {X;} is also independent of Sp,).

We are interested in a subclass of FSM channels where the channel transition

=|

matrices, Q° =[pc(y|s, )]sy, s € S, carry some notion of symmetry which is similar

to the symmetry defined for DMCs as in the following.

Definition 3.1.1. A DMC with input alphabet X, output alphabet Y and channel
transition matric Q@ = [pe(y|z)lsy is symmetric if the rows of Q) are permutations of

each other and the columns are permutations of each other [CT06].

!Both feedback and non-feedback codes of rate R and blocklength n, which yield up to 2"
codewords X[, € A" for transmission over the channel, are explicitly defined in Section 3.1.2 in
terms of a pair of encoding and decoding functions.
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Definition 3.1.2. A DMC with input alphabet X, output alphabet ) and channel
transition matriz Q = [pc(y|z)sy is weakly-symmetric if the rows of @ are permu-
tations of each other and all the column sums ) pc(y|z) are identically equal to a

constant [CTO06].

Definition 3.1.3. A DMC with input alphabet X, output alphabet ) and channel
transition matriz QQ = [pe(y|z)]ey i quasi-symmetric if Q) can be partitioned along
its columns into weakly-symmetric sub-arrays, Ql, Qs, ..., Qm, with each Q; having
size |X| x |Vi|, where Yy U---UY,, = Y and YiNY;, = 0, Vi # j [Ala99]. A
weakly-symmetric sub-array is a matrix whose rows are permutations of each other

and whose column sums are all identically equal to a constant.

Note that for a quasi-symmetric DMC, the rows of its entire transition matrix,
@, are also permutations of each other. It is also worth pointing out that the
above quasi-symmetry? notion for DMCs encompasses Gallager’s symmetry defini-
tion [Gal68, p.94]. A simple example of a quasi-symmetric DMC can be given by the
following (stochastic, i.e., with row sums equal to 1) transition matrix, @, for which
a1 + as = 2a3 and a4 + a5 = 2ag, and it can be partitioned along its columns into two

weakly-symmetric sub-arrays

a; az a3 a4 Qa5 Qag a; ag das a4y a5 Qg

as Qaz a1 g Qa5 Qg ~ as as aq ~ g QA5 Q4
Q = ) Ql - ) and QQ -

az ap a3 as a4 Gg az ap as as Q4 Gg

as ap Gz as a4 0as as ap Qag ag a4 As

2The capacity of a quasi-symmetric DMC is achieved by a uniform input distribution and it can

. . A
be expressed via a simple closed-form formula [Ala99]: C' = 7" | @;C; where ;=3 .y, P(ylz) =
sum of any row in Q;, i = 1,---,m, and C; = log, |Vi| — H (any row in the matrixa%()i) , 1=

1, ,m.
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We can now define similar notions of symmetry for FSM channels.

Definition 3.1.4. (e.g., [Rez06, GV96]) An FSM channel is symmetric if for each
state s € S, the rows of Q° are permutations of each other such that the row permu-
tation pattern is identical for all states, and similarly, if for each s € § the columns
of Q° are permutations of each other with an identical column permutation pattern

across all states.

By considering the identical permutation pattern across the states, the above

definition can be extended to the other types of symmetries as follows.

Definition 3.1.5. An FSM channel is weakly-symmetric if for each state s € S, QQ°

s weakly-symmetric and the row permutation pattern is identical for all states.

Definition 3.1.6. An FSM channel is quasi-symmetric if for each state s € S, Q°

s quasi-symmetric and the row permutation pattern is identical for all states.

To illustrate these definitions, let us consider the following conditional probability
matrices of a two-state quasi-symmetric FSM channel with X = {1,2,3,4}, Y =
{1,2,3,4,5,6} and S = {1,2}:

/ / I l / /
Q — , Q = 5 (3 . 4)
as a1 as az ag Ag ay a) ah ay ay ag
/ / / / / /
a3 ap Q2 ag QA4 Gy as a; Qo9 Gg Gy dA4g

where Q' and Q? are stochastic matrices. As it can be seen, Q' and Q? have the
same row permutation pattern and are both quasi-symmetric.

It directly follows by definition that symmetric and weakly symmetric FSM chan-
nels are special cases of quasi-symmetric FSM channels. Therefore, we focus on

quasi-symmetric FSM channels for the sake of generality.
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Let us define Z (which will serve as a noise alphabet) such that |Y| = |Z|. Then
for each state s, since the rows of (° are permutations of each other, we can find
functions fs(.) : Z — [0,1] and ®,(.,.) : X x Y — Z that are onto given z (i.e., for

each z € X, &4(x,.) : Y — Z is onto), such that

[s(@s(2,y)) = pelylz, s). (3.5)
Note that since each function ®4(z,.) : Y — Z is onto given x and since |Y| = |Z],
then it is also one-to-one given z; i.e., ®4(z,y) = Ps(x,y’) = y = ¢'. Thus D4(z,.) :
Y — Z is invertible for each x € X.

For the sake of completeness, we herein provide an explicit construction for the
functions f,(.) and ®4(.,.). The construction is basically as follows: for each (x,y)
pair having identical channel conditional probability pc(y|z, s) under state s, ®4(x, )
returns the same value z with fs(z) set to equal pe(y|x,s). More explicitly, let
X = {2, 2@, 2w Y = ey, vt 2 = 12w 2@,z L=
{1,2,--- ,k} and J = {1,2,---,|V|}. For s € S, let qf,jépc(y(mx(i),s), i € I and
j € J, be the entries of Q°. Since ()° is quasi-symmetric, then for each 1 =1,2,--- | k,
there exists a permutation 7} : J — J on the column indices of the entries of the
1th row of (° such that the first row of ()° is a permutation of every other row.
The row permutations are as follows. The first permutation 7 is set as the identity
function: 7§(j) = j for all j € J. The remaining permutations for ¢ = 2,---  k, are
given by 77(1) = k where k is the smallest integer in J for which ¢;, = ¢;,, and
for j =2,---,|Y|, 7f(j) = k' where k' is the smallest available (not yet assigned for
values 1,2,...,j — 1) integer in J for which qi = q; ;- This assignment rule is valid
whether or not the rows of ()° contain identical entries. Specifically, if the ith row of

Q* (i > 2) has d identical entries ¢, = q;;, = --- = ¢i;, with j; < jo < -+ < jg
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in J, then (by the channel’s row symmetry) there exist integers I < Iy < -+ < Iy
in J with ¢/, =¢};, = =4q,, =4, =4, = = q,, Inthis case we set:
7 (j) = I, for t = 1,2,...,d, and 7(j) = k where k is the unique integer in J for
which ¢ = ¢;; for j € J\ {ji,j2, -+ ,Ja}. Then, fs(.) and ®,(.,.) are given as

follows: q)s(x(i),y(j)) = Z(r3(5)) and fS(Z(j)) = qij, rel,jed.

Lemma 3.1.1. The function ®g(.,.), as defined above together with f(.) to satisfy

(3.5), is invariant with s.?

Proof. 1t directly follows from the construction that ®,(z @y, y(;)) = 2(x2(f)) = Z(ri(5) =
Ps(z3), ¥)), V8,5 € S and Vry) € X,y € Y since by Definition 3.1.6, 7(j) is

identical for all states. O

Therefore, for a quasi-symmetric FSM channel, there exists a function ®(.,.) : X' x
Y — Z that is invertible given z (i.e., for each x € X, ®(z,.) : Y — Z is invertible)

such that the random variable Z = ®(X,Y") has the conditional distribution

Py xs(z,2,5) B Py zxs(y,z x,s)
Pxs(z,s) Px s(z, s)
PZ\X,Y,S(Z|I> Y, S)pc(y]x, S)PX,S(Ia S)
Px s(x,s)

YD pelyle,s) = f(z). (3.6)

Prix.s(z|z, s)

—

where y = v(z, z) and v(.,.) : X x Z — Y is the inverse of ® in the sense that v(z,-) =
®(z,-)~* for each z € X, and (a) is due to the fact that Py xys(z|z,y,s) = 1. This
important observation first given in [Rez06], reduces the set of conditional probability

distributions which identifies the quasi-symmetric FSM channel to an |S| x | Z] matrix

3In the rest of thesis we use ®(-,-) instead of ®(-,-).
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T defined by

Tls,2] = f(2). (3.7)
Therefore, for quasi-symmetric FSM channels, we have that for any n,

Pz,1x..5, (Zn|Tn, sn) = Pz.1s., (znlsn) = T [sn, 2n] - (3.8)

To make this statement explicit, let us consider the FSM channel given in (3.4). For
this channel, we can derive the functions z = ®(z,y) and fs(2), as explicitly shown
above; for e.g., we have ®(1,1) = ®(2,3) = ¢(3,2) = ®(4,2) =1 and f1(1) = a; and
f2(1) = a}. Therefore, the channel conditional probabilities for each state can now

be defined by ® and the matrix 7', where

a; az az a4 as dag
T =

ay ahy ah ay ab ag

Hence, the fundamental property for quasi-symmetric FSM channels is the exis-
tence of a noise process {Z,} given by Z, = ®(X,,,Y,,) such that Z, is independent
of X, given S,,. The class of FSM channels having this property, when there is no
feedback, are termed variable noise channels [GV96].

The features that we have developed so far are valid for any quasi-symmetric FSM

channel. However, while discussing the feedback capacity of these channels we assume

that the channels also satisfy the following assumption.

Assumption 3.1.1. We assume that for a fizxedy € Y, the column sum ) f(®(x,y))

18 invariant with s € S:

> F(@(z,y) = fo(@(x,y)) Vs, s €S, (3.9)

where fs(q><x7 y)) = pC(y‘x> S)'
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In other words, the assumption requires that for each output value y, the |S|
column sums corresponding to output y in the channel transition matrices are all

identical; i.e.,

> pelylr,si) =Y pe(yle,so) == pe(ylr,sis), Vye.

reX zeX TEX

However, for a fixed s € S, > pe(y|z, s) is not necessarily invariant with y € ), and
as such, a uniform input does not yield a uniform output in general. This requirement
will be needed in our dynamic programming approach which we use to determine the

optimal feedback control action (as will be seen in the next section).?

3.1.2 Feedback Capacity of Quasi-Symmetric FSM Channels

In this section, we will show that feedback does not increase the capacity of quasi-
symmetric FSM channels defined in the previous section. By feedback, we mean that
there exists a channel from the receiver to the transmitter which is noiseless and
delayless. Thus at any given time, all previously received outputs are unambiguously
known by the transmitter and can be used for encoding the message into the next
code symbol.

A feedback code with blocklength n and rate R consists of a sequence of mappings
¥ {1,2,..., 2" x Yyt - X
for i = 1,2,...n and an associated decoding function
T:y"—{1,2,..,2"%}.

Thus, when the transmitter wants to send message W € W = {1,2,...,2"%}

where W is uniformly distributed over W and is independent of S}, it sends the

4Note for our main results to hold, we require the FSM channel as defined via properties (I)
and (II) to be quasi-symmetric, in addition to satisfying Assumption 3.1.1.
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codeword X, where X; = (W) and X; = ¢;(W,Y};_y)), for i = 2,--- ,n. In
the case when there is no feedback, the codeword Xp,, where X; = 41 (W) and
X; = (W), for i = 2,--- n is transmitted; and thus a non-feedback code is a
special case of a feedback code. For a received Y[, at the channel output, the receiver
uses the decoding function to estimate the transmitted message as W = T(Yy) A

decoding error is made when W # W. The probability of error is given by

gnR
PO = e ST P (YY) £ WIW = )

It should also be observed tl:;tl when communicating with feedback, Property
(3.1.1.b) does not hold, since X; is a function of Yj;_y; (in addition to W); also X,
and Sp,) are no longer independent as X; causally depends on Zj;_;; and hence Sj;_y),
fori=1,2,--- ,n.

The capacity with feedback, Crpg, is the supremum of all admissible rates; i.e.,
rates for which there exists sequences of feedback codes with asymptotically vanishing
probability of error. The (classical) non-feedback capacity, Cyrg, is defined similarly
(by replacing feedback codes with non-feedback codes). Since a non-feedback code is
a special case of a feedback code, we always have Crg > Cypp.

The main result of this section is as follows.

Theorem 3.1.1. For a quasi-symmetric FSM channel [X,Y, S, Ps, Z, T, ®] satisfying
Assumption 3.1.1, its feedback capacity is given by
Crp =HY) - H(Z)

where ’H(Y/) is the entropy rate of the output process {171} driven by an i.u.d. input and

H(Z) is the entropy rate of the channel’s noise (hidden Markovian) process {Z;}2,.

We devote the remainder of the section to prove this theorem and deduce that
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feedback does not help increasing the capacity of quasi-symmetric FSM channels
satisfying Assumption 3.1.1.
From Fano’s inequality, we have
H(W|Y,) < hy(P.™) + P.W1og, (27" — 1) < 1+ P."nR
where the first inequality holds since hb(Pe(n)) < 1, where hy(-) is the binary entropy
function. Since W is uniformly distributed,
nR=H(W)=HW|Yy)+I(W;Y) <1+ P."nR+ I(W;Y},)

where R is any admissible rate. Dividing both sides by n and taking the lim inf yields

1
Cpp < liminf sup —I(W;Y}y). (3.10)

oo Ly, M

For every coding policy with feedback {i;,1 < i < n}, there are induced maps

{ni,1 <i < n} such that

ni X7 x YT P(X), (3.11)

with
ni(zi-1p yie1y) = (Bi(z), Bi(z@), -, Bilzw)) (3.12)

and
Bilai) = > Pwixpy iy (@i Yim1) Lag, = wg)} (3.13)

wew
for j = 1,2,--- k, where X = {zq),2@2), -, 2w} with k& = |X|, 13 denotes the

indicator function and P(X) denotes the space of probability distributions on X.

Every n; can also be identified by the collection of control actions at time :

A i— i—
Di = {Pxixq_ Yo (@il Yi-1y) = 2y € X7y € V'L (3.14)
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In view of this discussion, following [TM09], we have

1
liminf sup —I(W;Y})

n—oo {7/"1 ;1:1 n
L IR
= liminf sup — > [H(Yi|Yj_1) — HY;|W,Y]_y))]
1 n
= liminf sup — H(Y|Yi—y)) — H(Y:W, Yi1), Xpip)
n—o00 {T/Ji}?:1 n ; [ }

n

o 1

= liminf sup — > [H(Y;|Yj_1) — H(Vi|Yi—1, Xp)] (3.15)
oo gy, T
L 1 ¢

< hrrimf{s%p n Z [H(Yimz;l}) - H(Y;'|Y[zel],X[¢])] (3.16)
n—00 D; ?:1 i1

where (3.15) is shown below and (3.16) holds since for every collection of feedback

encoding functions, {¢;};_,, there exists a collection of control actions {D;}”_, which

is demonstrated in (3.11)-(3.14). Note that the right-hand side of (3.16) is the directed
information whose supremum has been shown to be the feedback capacity under

information stability conditions [TMO09].

Proof of Equation (3.15). We need to show that

PY,-|W,X[,L-],Y[1-,1] (y2’w7 x[z]7 y[z—l}) = PYZ'|X[1-],Y[1-,1] (yllx[z]7 y[i—l])7 for i = 17 27 N

Note that

Pyw.xpy iy Wilw, 21y, yji-1))

(@) Pxx Vi @il @1y, Y-1) Ps,wix, vy (80, 0, T-1), Yji-1))
= ZPC(?M%’, Si) P P
8 Xil X(i—1), i1 (@il i1, Yi-1) W, X (1), Yji—1] (w, Tji1y, Y1)

= > pe(yilzi, 1) Psgw,xy vy (Silw, 21, yi—1y)

Si

—
=
=

> pe(Wilai, 5) P, x,y v (i1, yi—1))

Sq

PYi|X[i]»Y[i—1] (yl‘x[l] s y[ifl])
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where (a) follows from Property (II), and (b) is valid since

P5i|W7X[i71]7Y[i71] (Si|wa Lli-1]; y[i—l])

(@)

= Z PS¢|S¢,1(Si|51‘—1)PSi,1|W,X[i,1],Y[i,1](Si—1|wa Tli—1]s y[z;l})
Si—1

(#)

= Z PS¢|S¢71 (Si|si—1)PSi71|X[i71]7Y[i71] (Si—llx[iflb y[ifl])
Si—1

= Psi|x[i,1]7§/[,~,1] (Si|x[i—1}a y[i—l])

where (i) is due to (I) and (i7) can be shown recursively as follows:

Psw,x,y(s1,w,71,y1)
>, Pswxy(s1,w,z1,91)

PY|X,S(y1|371, Sl)PX,S,W($1, S1, w)
Zsl PY|X,S(?J1\3?1, Sl)PX,S,W(l“b S1, w)
@i)  Pyixs(yilz, $1)Ps(s1) Pxw (21, w)
B > Prix,s(yilen, s1) Ps(s1) Pxw (71, w)

PY|X,S(y1|a71a Sl)PS\X(31|$1)
Zsl PY|X,S(?J1|$1, 81)P5|X(81|$1)

= Psxy(si|zi,y1) (3.17)

Powxy(si|lw, z1,51) =

where (7i7) is valid since s; is independent of w and z; (as x; is only a function of

w). Similarly,

Py w, Xz, Yig) (S2] w0, %12], Y121)
Ps WX Yioy (82, W, Tp2), Y1)
s i W X i (82, W, (2], Yp2))
Pyix 5(Y2| 2, 82) Pxpy vi,50,w (T2, Y1, 52, W)
> sy Pyixs(Y2] T2, 52) Px i 50w (T(2), Y15 S2, W)
(iv) PY|X,S(Z/2’-732, 32)PX2\X1,Y1,W<x2’$1> Y1, w)PSQ,Xl,Yl,W(32> Z1,Y1, w)
252 PY|X,S(y2|$2, SQ)PX2|X1,Y1,W($2|$1, Y1, w)PSg,Xl,Yl,W(SQ; T1,Y1, w)
Py x,5(Y2|w2, 52) P, x, v, w (S2|T1, y1, w) Px y,w (21, y1, w)
232 PY|X,S(?/2|$2, 82)P52|X1,Y1,W(82|$1, Y1, w)PX,Y,W(iUh Y1, w)
Pyix.5(Y2lT2, 82) D24, Psylsy (52]51) Psyjx,,va (51121, 1)
> s, Prix,s(y2lm2, 52) -, Psyis, (s2]s1) Psyxyv: (81]71, 91)

—
<
=
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= Poalxgy v (52721, yi2)
where (iv) is valid since x5 is a function of z1,y; and w and (v) is due to (3.17). Using

these steps recursively for i = 1,2,--- ,n yields (i¢) and completes the proof. O

Now, let us consider the following equation

1 n
{DSI}ILIQ - Z [H(Yi|Yiien) — HY;|Yion, Xp)] - (3.18)
ifi=1 ' =1
In the following, we first show that H(Y;|Yj_1, X)) = H(Z;|Z;-1)) and next we

show that » " , H(Y;|Y};_y)) is maximized when {PXZ.|X[Z,_1]7Y[2,_1] (|21, y[i,l})}izl is

uniformly distributed.

Lemma 3.1.2. The quasi-symmetric FSM channel satisfies

H(Y;|Yic, Xp) = H(Zi| Zji—yy), Yi=1,--- ,n.

Proof. Observe first that

Pyixy v Wil yi-y) = Prixyyey Filzws vi-n)
= Prixg iz Gl T, i), 2i-1)
= Pzi|X[i],Z[i,1](2i|$m,Z[i—u)
where (i) and (i) is valid since z;) = ® (2, yj;)) and (4i7) is valid since y; = v(2;, 2;)
where v(z,-) = & '(z,-). We next show that Z;, — Z;_y) — X} form a Markov
chain. Note that

Prix.2,y (zilT 1, 21i-11)

Pz X102, (20> T, 21i-1))

PX[i] 3 Zli—1] (m[z] ) z[i—l})

@) Pxilxp .z 0 (@il Ta-1, 26-10) Pxy 20,25 0 (T-1), 205 26-1))

Py, 2 (TilT 1)y 26-1) Px 2 (-1 2-17)

PZi‘X[i—l]»Z[i—l] (Zi|x[i*1]> Z[Fl})
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where (iv) is valid since the feedback input depends (causally) only on (zj_1], yji—1]),

or equivalently on (:c[i_l], z[i_l]) . Similarly, we get

PZi‘X[i—l]vz[i—l] ('Zi’x[i—l]’ Z[i—l])
PXi,1|X[i,2],Z[i,2] (901‘—1 |$[1'72], z[i72]>PX[i,2],Zi,Z[i,1] (x[zez], Zi Z[zel])

Pxi,l\x[i,z],z[i,z] (%’—1 |$[i—2]7 Z[i—2})Px[i_2],Z[i_1] (I[i—Z]a Z[i—l])

- PZi‘X[i72]7Z[i—1] (Zi’x[i—Q]’ Z[i—l])'

Using these steps recursively, we get

PZi\X[i_z],Z[i_l] (Zi!l"[zﬁ], z[ifl])
P2 Xy 2y (2, -2, 2i-1))

PX[i72]7Z[i71] (x[i—Q]’ Z[i—l})

(v) Pxi,2|x[i_3],z[i_3] (56172\35[2'73], 2[173]>PZi,X[i,3],Z[¢,¢] (Zi, T[i—3], 2[171])

PXi72‘X[i—3]’Z[z‘73] ($i—2|$[i*3]’ Z[i*:ﬂ)PX[if:ﬂvZ[i—i] (x[i*3]7 Z[ifl])

wiy Pxolxi,z0(T2]T1, 21) P, 0,2,y (26 21, 2-1))
Py x,,20(%2]@1, 21) Py 7, (21, 21i-1))
wiiy Px(x1)Pz, (2, 2-1))

P(x1>PZ[i_1] (Z[i—l])

= Pzyz, ,(zil25-1))

where (v), (vi) and (vii) are valid due to the same reasoning above. O

We next show that all of the terms H (Y;|Y};—17) in (3.18) are maximized by uniform
feedback control actions. We solve this problem using dynamic programming [Ber01].

The optimization problem can be written as:
o (HValYoon) + H(YalVo) -+ H(Y)} (3.19)
1,7 &n

Let

Vi (P i) Dr o+ Doy ) = max [H(YilYiy) + Vier ( Py, () P+, D1 ) |

7
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where V,, 11 <Py[n] (Ym)), D1, - - ,Dn> = 0 and the Vj (Py[ifl](y[l-,l]), Dy, -- ,Di_1> terms

are explicitly given for ¢+ = 1,--- ,n as follows:

Voo (Priuy W) D+ Dot ) = max H (Vo Vi)

n—1

Vn—l (Py[n72] (y[an])7 Dh . ,Dn—2> = glax {H(Yn—ll}/[nZ]) + H%aX {H<Yn|}/[n1})}}

Voo (Py[n,g} (Ypn—3)), D1, -+ - 7Dn—3> = max {H(Yn—2|Y[n3]) + max {H(Yo[Yi2)
n—2 n—1

+%%X{H(Ynmnu>}}}

V1 = max {H(Yl) + -+ 4+ max {H(Yn,l\Y[n,z})
'Dl ’anl

+max { H(Yo[Vor)} - }} :
(3.20)

Here, Vi1 (PY[,-] (Y1), Dy, -+ ,D,;) denotes the reward-to-go at time i, which is the
future reward generated by the control action at time 7.

Thus (3.19) is given by V; in (3.20), which indicates that the optimization problem
is nested and dynamic. It is nested since the actions and the action outcomes, that
are the realizations of the channel inputs and outputs, are available in future time
stages. It is dynamic, since the control actions applied at time k affect the future
reward value realizations at time stages ¢ > k. Thus an optimal selection of the
actions, should maximize both the current reward H(Y;|Y};—1)) and the reward-to-go
Viiy (Pym(ym), D, ,Di) (see (3.20)).

Therefore, the optimization problem turns out to be finding the best induced
policies {n;, 1 < ¢ < n}; that is the best collection of functions used to generate the

set of control actions {D;,1 < i < n} which achieve V. We next show that the
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optimal set of control actions achieving V; is composed of uniform input distributions
for v =1,--- ,n. Toward this goal, we find a condition such that the control actions
taken at times (i — 1),--- ,1 do not affect the reward value attained at time 7, when
the control action at time ¢ is uniform. Specifically, we find that a sufficient condition
to manage this problem is requiring > fs(®(z,y)) to be invariant with s € S, i.e.,
Assumption 3.1.1 . This will be explicitly shown in Lemma 3.1.4. We first have the

following.

Lemma 3.1.3. For the quasi-symmetric FSM channel, each conditional output en-
tropy H(Y;|Y—1)), @ = 1,---,n in (8.18), given the past sets of control actions

D1,Dy, -+ ,D;_1, is mazimized by uniform feedback control actions:

Dr = argmax H(Y;|Y};—y)
D;
1 i i
= {PXi|X[i1]7Y[i1]<xi|x[i—1]7y[i—1]):m7v<x[i—1]’y[i—1])GX 'xy 1}

forall z; € X and for alli=1,--- ,n
Proof. Note first that
Y|Y[z 1] Z PY y[’L 1] (Yi|Y[ze1] = y[z;l}) (3-21)
where
H(Yi|Yji-1 = yi-u) ZPY\Y (ilyi-u)log Py, (wily—n).  (3.22)

To show that H (Y;|Y;_q)) in (3.21) is maximized by a uniform input distribution, it is
enough to show that such a uniform distribution maximizes each of the H(Y;|Y;—1) =

yji—1)) terms. We now expand Py, (Yilyi—1)) as follows

Py, v,y (Wilypi—1))
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= Z Z Z Z P)@,Xm,sm|Y[i_1](yi,331'733[1'71], S 5[#1]’3/[@'71])

Ti Tp—1] Si S[i—1]

= Z Z me[i],s[i],yﬁ,l](?Ji|$z',I[z’—u,Si,S[i—l},y[i—u)

TiyT[i—1] Si,S[i—1]

PX[i]vS[i”Y[i—l] (i, ZL[i—1], Siy S[i—1] ’y[i—l])

= Z Z pc yllxhsl PX[L] S[L]lyh 1](.277/7:17[7} 1] 8278[1 1]|yl 1)

L)X [—1] SisS[i—1]

= Z pe(Wilis $i) Pxy sy Vi (Tis Tli—1)s Sfi—1)|Yji-17)

TiyZ[;—1] Si5S[i—1]

(#9)
= > pe(Wili, 5:) Px 01y (Cli=11, Sti—11lY-1) Psigsy,_y (83l si-11)

Zi Tli—1] SirS[i—1]

Px; [ X - 11,51 Y[i—1) ($i|$[i—1]a Sli—1], y[i—l])

Z Z pC(yi’xiaSi)PXi|X[i,1],Y[i,1](xi|x[i—1],y[i—l])PSi|S[i,1](Sils[i—l])

TirT[;—1] SisS[i—1]

PX[i—1]aS[i—1]|Y[i_1] (x[i—1]7 Sli—1] |y[z—1]> (323)

where (i) follows by (3.2), (¢7) is valid due to the Property (I) and finally (éi7) is due
to the fact that the feedback input depends only on (2}_1}, yp—1))-

The key observation in equation (3.23) is the existence of an equivalent chan-
nel. More specifically, >~ pe(yi|zi, i) Ps,s;,_,, (sil si—1)) represents a quasi-symmetric
channel transition matrix such that its entries are determined by the entries of the
channel transition matrices of each state and the transition distribution of state prob-

abilities. To continue, by (3.5),

Py Wilyi—) = D D fu(@(@i,y:) Poys,y (sil si-1)

L)X —1] Si5S[i—1]

PXi‘X[i—lhy[i—l] (xi‘x[i—lb y[i—l])PX[i—l],S[i—l]\Y[z'—u (w[i—l}’ S[i—1] ’y[i—l})'
By definition of quasi-symmetry, there exists m weakly symmetric sub-arrays in the

channel transition matrix at each state s;. Among these sub-arrays, let us pick Qj of
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size |X| x |V;]. (We assume that the partition of Y is identical across all states.) Let

yj,, for t =1,...,|Y;|, denote the output values in sub-array j. Therefore, we obtain

Py Wily-y) = > fa( @@ i) Py (silsioy)

T§,T[—1]>565S[i—1]

Pxi1x Vi (@il 211, Y1) Px 8 (Ti—1s Sti—1 [y-1)- (3:24)
For X = {56(1), 7x(k)}7 k = ’X‘v let KJ(Z - 1) = PSz‘|5[i_1](8i|8[i—1])7 X(Z - 1) =

Px Syl (Fli-11 Si—ulyi-11) and Pxgpx vy (2ol 21, yi-1) = @ilze) for

l=1,...,k Then, fort =1,...,|Y;|, we can write

Pryv o Wilyi-y) = Y x(i—l)z k(i = 1) (pilw) fo (P(zay, 43)+

L[i—1]»5[i—1]

..—|-g01( k))fsz( (*T(k: yjl)))’

PYZ'\Y[,',H (yj2|y[ifl]> = Z X(i - 1) Z (Z - 1) ( ( )fsl( ( y]z))"’

S[i—1]»T[i—1] Si

4 i k:))fsl( (‘T(k yj2>>)’

PY@'|Y[i71] (yj|yj\ |y[i—1}> = Z X(i - 1) Z (Z - 1) { ( )f&( (x(1)7yj\yj|>>+

8[i— 1] [i—1] si
-+ pilaw) fo (@@, Uiy, ) | -
It should be noted that, each fs, (®(xq),y;,)) above corresponds to an entry in the
channel transition matrix Q% at state s;. Note also that the rows of the sub-array Qj’
are permutations of each other. In other words, each f, (®(x),y;,)) value appears
exactly k times (once in each row) in the sub-array @Qj'. Thus, the feedback control
action g;(x(;) is multiplied by a different f;,(®(2«),y;,)) value for each t =1,...,|)}]

in the Py;y;,_, (v;,|yi-1)) given above. Hence, zt:jl Pyivi,_ (Y5 lyii-1) is equal to
151

Z PYi|Y[¢_1] (yjt |y[1*1])
t=1
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1]

= Y i)Y k-1 el Zfsl Ty, Yi.)

S[i—1]»L[i—1]

1]

= Z X(i — 1) Z /ﬁ(i — 1) Z 4,0i ch yjt|‘r OF 52 (325>

S[i—1]»L[i—1]

V51

- Z Z - 1 ZH L= 1 ch Z/]z‘x(l Sz (326)

S[i—1]»L[i—1]

where (3.25) is due to (3.5) and (3.26) is valid since st' is weakly symmetric and
as such Z?]l Pe(Yj.| Ty, 5:) is identical for each x(;, and noting that S vi(za)) =

1 verifies (3.26). The critical observation is that the value attained by (3.26) is
independent of the feedback control actions. Similarly, for all the other m — 1 sub-

arrays, their conditional output sums will be independent of the feedback control

actions. Let us denote these sums by 4,...,€,. More specifically for sub-array j,
let Q; = D}]‘ \ Pvipvi,_y (i, [yi-17)- Then the maximization of (3.22) now becomes,
m |y]
argmax — Z Z Q¢ 1log ;4 (3.27)
7j=1 t=1

m Y .
where Zj:l 1|5=J1| Qjﬂf = land Qj,t = PYZ'|Y[Z‘71]<yjt|y[i_1])7 t= 17"'7|yj|7 J=1....m
For each sub-array j, we need to find the €2;, values that maximize Zg’l‘ Q¢ log §2;;.

By the log-sum inequality, we have that
V51 |1 hZ]

—Zﬁjtloggﬂ < - ZQJtlog WQ (3.28)

with equality if and only if
Qir = Qo Vs,we {1,...,|V]} (3.29)
In other words, for the sub-array j, the conditional entropy is maximized if and only

if the conditional output probabilities in this sub-array are identical. Since this fact is

valid for the other sub-arrays, to maximize the conditional entropy we need to (3.29)



CHAPTER 3. SINGLE USER CHANNELS WITH FEEDBACK 47

to be valid for all sub-arrays.
At this point, we have shown that the conditional output entropy is maximized if
the conditional output probabilities are identical for each sub-array. In order to com-

plete this step, we have to show that this is achieved by uniform input distributions.

Now, let us consider two conditional output probabilities, Py;y;,_,, (5, |y-1)) and
Pyivi,_y (W5 |y-1), in sub-array j. Then Py,y:,_, (45, |yi-11) = Pyipvi_y (Y5 [Yi-1)) im-

plies that

Z% D (@(20),5.) Z‘Pz D (@(2a), ))- (3.30)

However, for a fixed output Zl 1 fsi(@(z@),y5,)) is equal to the sum of the col-
umn corresponding to output y;, (similarly for y;,) and since sub-array j is weakly
symmetric, the column sums are identical. Therefore, (3.30) can be achieved if
ei(zw) = @i(x@m)) = ¢ ¥V I,m = 1,...,k, by which we get Py Wi lyi-1) =
Py Wi lyi-1) = ‘X‘ S fo (@ (x@),y;,)). Thus for other sub-arrays since they
are also weakly-symmetric, the uniform feedback control action will also satisfy the

equivalence of conditional output probabilities. O

With this lemma, we have shown that for each i, H(Y;|Y};_y)) is maximized by
the uniform input distribution. However, this is not sufficient to conclude that the
optimal set of control actions attaining Vj, i.e., the optimal set of control actions
maximizing Y., H(Y;|Y;_1j), consists of a sequence of uniform input distributions
fori=1,---,n. This is because Lemma 3.1.3 only maximizes the current conditional
entropy via a uniform input (that is it is optimal in a myopic sense); however, it is
still possible that a non-uniform input might result in a higher value function through

the rewards-to-go. Let us now look at Py;y;,_, (yi|y;—1)) when we apply a uniform
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distribution at time ¢ (current time). We obtain using (3.23) that

PYiIY[H] (yi|y[i—1])
= > > peWilwi, 5:)Pxyxg iy (@il vioy)

TiyTli—1] Si,S[i—1]

Ps,15, . (8il $1i-11) Py Voo (Tli—11 Si—11|Yji-17)

g Z Z bc y2|xl782 PS [Spi— (8i|8[2‘_1]>

1'2 Tl—1] Si»S[i—1]

PX[i 1]551i—1)1Y}i—1 (l’[z‘—l} 8[1—1]|Z/z‘—1)

= |X| ZZ Z Pc yllwlasl PS [Spi— 1](82’51 1])

Ti  Si S[i—

Z Py, 1,8 ulVi o (Zi-11 Sli-1|Yji-1))

= |X’ ZZ Z Pc yz"xusz PS |S[l 1](51’81 1])PS |Y (3[1 l]yyz 1)

T Si S[i—

= |X’ ZZPC yz|x17 PS [Y};— (Sl|y2 1)

where (7) is valid since Pk, Xpo1, Yo, (wi|2[—1), yi—1)) is uniform. Note that the depen-
dency on past input control actions comes through Ps,y;,_, (si|y-1)) which includes

transition probabilities between states, on which we have no control.

Lemma 3.1.4. Assume that the feedback control action Px,x,_, v,_, (wilwp-1), yi-1]),
at (current) time i, is uniform. Then the value of H(Y;|Y}i_1)) is independent of past
feedback control actions at times (i — 1),---,1 if > f(®(x,y)) is invariant with

s €S (i.e., if Assumption 3.1.1 holds).

Proof. We have the following:

1
PY2‘|Y[2'—1] (yl,y[lfl}) = m Z ch(yi‘xh Si)PSz‘|Y[i—1] (Si‘y[ifl])
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1
- m Z PSi|Y[i71] (Slly[z—l]) ch(yl|1}“ Si)

1
= T 2 P (slyi) 2 So(@er )

~

Since the underbraced term is invariant with s, the proof is complete as the final sum

will be ﬁ Yoo fs(P(xis yi)). O

We have so far shown that H (Y;| Xy, Yji—1)) = H(Z;|Z;—1)) and that uniform input
distributions maximize Y | H(Y;|Y;;_1;). With these results in hand, we have thus

shown the following upperbound for the feedback capacity

1
Crp < liminf —[H (Y},) — H(Zjy)] (3.31)

n—oo M

where H(Y},)) is the output entropy when the input is uniform.

Let us now define a Hidden Markov Process (HMP) [EMO02] which we will use
while discussing the ergodicity of the noise and output processes. An HMP is de-
noted by a quadruple [S, P, Z,T] in which [S, P] is a Markov process and T is the
observation matrix defined by (3.7). The non-Markov process {Z;}°, with alphabet
Z is called HMP and it is the noisy version of the state process observed through a

DMC determined by T

Lemma 3.1.5. For the quasi-symmetric FSM channel with feedback, the noise process

is an HMP with parameters [S, P, Z,T].

Proof. To show this result, it suffices to show that Pris.2, (254, 2i-1)) = Pzs(2i]:).
Since {S;}72; is Markovian, it directly implies that Ps,s, , z,_, (silsi-1,24-1)) =

Ps,1s,_,(54]5i-1). Note that

PZi|Si’Z[z‘—1] (ZZ |Sia Z[’i*l])
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= Z Z Pm,xm\si,z[i_l] (yi, Ly Tfi—1) ISi, 2[171])

1) {(@i,y:):2i=P(x,y:) }

(%)
- Z Pc (yzyx“ Si)PXi|X[i—l]:SiaZ[i—1] ('xi’x[ifl]; Si, Z[z’—l])
{(@i,yi):2i=2(zi,9:)}
Z Pxy_y18i.2- (@i-1]si, 2i-1))
Ti—1]
(49)
- Z fst(q)($“ yi))PXHX[i—l]yz[iﬂ] (Ii|x[i71}a Z[ifl])
{(@iyi)zi=P(xs,y:)}
Z Pxy_y18i.Z-1 (@fi-1lsi, 2-1))
T[i—1]
- Z PX[i—l]‘Si»Z[i—l] (x[i—l} ‘Sh Z[i_l])fsi (Zz>
Ti—-1]
Z PXi|X[i—1]7Z[z’71] (mi|x[i71]7 Z[ifl])
{(@i,yi)zi=P(i,y:) }
(iid) (iv)
= [o(2zi) = Pzs(zilsi) (3.32)

where (i) follows from (3.2) of Property (II) and the fact that y;_1) = v(@p_1), 24-1])
is one-to-one with zj;_1) given xj;_1, (74) is valid by (3.5) and by the fact that feedback
input depends on (1), 2—1)), (447) is valid since each z; is satisfied by |X'| number of

(x;,v;) pairs where each x; is different and (iv) follows from (3.5), (3.6) and (3.8). [

It should also be noted that, the output process, {¥;}22,, for an i.u.d. input {X;}22,

is also an HMP since

Pyis v (Gilsis Jii1y) = Z Py, x15:. 1, (Ui @il 825 Ji-1y)
(a) - -
= ZPC(yi|xi7 Si)PXi|S¢,Y[i_1] (-Ti’Sh Z/[iq])
(b) - N
= > peliilei, i) Pxis(xilsi) = Pris(fils:)  (3.33)

where (a) is due to (3.2) and (b) is due to the fact that X; is uniformly distributed.

The channel associated with the HMP is memoryless and as such it is stationary.
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Therefore, since the state process is stationary and ergodic both the output and noise

processes are stationary and ergodic; this is stated in the following lemma:

Lemma 3.1.6. For the quasi-symmetric FSM channel [X, Y, S, Ps, Z, T, ®], the noise
process is stationary ergodic. Also the output process is stationary ergodic under an

. u.d. input.

We can now complete the proof of Theorem 3.1.1 and conclude that feedback
does not increase capacity for the class of quasi-symmetric FSM channels satisfying
Assumption 3.1.1.

Proof of Theorem 3.1.1: With (3.31) we already have a converse for the feedback
capacity. We need to show that this bound is achievable. We first note that by

Lemma 3.1.6 the noise and output processes are stationary which imply that

. 1 <
Crp < llggolf sup i, Z H(Y;|Yiy) — H(Yi| Y1y, Xpg)
{PX|X“71],Y[,L‘71] (M\x[i71]7y[i71])}i:1 i=1
.1 ~
= lminf ~[H(Yp) - H(Z)]
| - -
= lim —[H(Yj) - H(Zm)] = H(Y) - H(Z). (3.34)

It is sufficient to show that the bound in (3.34) is achievable. We now remark that
there exists a coding policy which achieves this bound. Note that since the noise

process is stationary and ergodic, it can be shown that H(Y) — H(Z) is an admissible

rate (e.g. see [TM09, Theorem 5.3] and [VH94, Theorem 2]). Thus,

Crp > nlggo E[H(Y[n]) - H(Z[n})] = H(Y) - H(Z)
and this completes the proof. O]

Corollary 3.1.1. Feedback does not increase capacity of quasi-symmetric FSM chan-

nels satisfying Assumption 3.1.1 (i.e., for which ) f(®(x,y)) is invariant with
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seS).

Proof. The result follows by noting that a non-feedback code is a special case of a
feedback code and that the non-feedback capacity is also achieved by uniform input

distributions. This can be shown more explicitly as follows

S .1
Crs = i 7 H0) = i 2 H )
i 1 1
9 im = H(Y) — lim —H(Zy)

1
< lim = sup I(Xp; Vi) =Cnrs

n—oo 1 PX[n] (x[n])
where Cyrp is the non-feedback capacity and (i) is valid since the input process is

iu.d. Finally, since OFB 2 CNFB7 we obtain that CFB = ONFB- ]

3.1.3 Examples of Quasi-Symmetric FSM Channels

In this section, we present examples of quasi-symmetric FSM channels which satisfy
Assumption 3.1.1 and hence have identical feedback and non-feedback capacities.
We also provide their feedback capacity expression which, when not given in single-
letter form, can be simulated using existing algorithms (e.g., see [ALV106]) for the

computation of entropy rates of HMPs.

A. Gilbert-Elliot Channel (e.g., [MD89]): One of the widely used FSM
channels is the Gilbert-Elliot channel denoted by [X,V,S,P,C], where X = Y =
S ={0,1}. The two states are called “bad” state and “good” state, respectively, and

the state transition matrix is given by:
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where 0 < g < 1,0 < b < 1 and in either of these two states, the channel is a binary
symmetric channel (BSC) with the following transition matrices for states s = 0 and

s = 1, respectively:

l—pec  pa ol — l—ps  pB
e 1—pc pg 1—pp

Q"=

From the above channel transition matrices, it can be observed that the Gilbert-
Elliot channel is a symmetric FSM channel by Definition 3.1.4. Then, there exists a
random variable Z = ®(X,Y') with alphabet Z = {0,1} and a function f;(z) such
that, fo(0) =1—pg and fo(1) = pg, f1(0) = 1—pp and fy(1) = pp. Therefore, one

can define the T'[s, z] matrix for this channel as

1—-pe pc
T = ,

l—pp pB
and we obtain that ®(X,Y) = X @Y, where @ represents modulo-2 addition, and

Ts, z] defined above. By Corollary 3.1.1, feedback does not increase the capacity of
the Gilbert-Elliot channel and it should be noted that this result is a special case of
[Ala95] and [SP09]. Since |X| = 2, the feedback capacity of the Gilbert-Elliot channel

can be found as

Crp = Cnrp =1-H(Z),
where H(Z) is the entropy rate of the HMP {Z;}3°, and can be computed as shown
in [MD89] or [ALVT06].

B. Discrete Modulo Additive Channel with Markovian Noise: Consider
the discrete channel with a common alphabet A = {0,1,...,¢ — 1} for the input,
output and noise processes. The channel is described by the equation Y, = X,, & Z,,,

forn=1,2,3,..., and Y,,, X,, and Z,, denotes the output, input and noise processes
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respectively. The noise process, {Z,}"=7°, is Markovian and it is independent of the
input process. It is straightforward to see that the channel transition matrix for this
channel is symmetric for each state, where the state is given by the previous noise
variable: S; = Z; 1. For simplicity, let us assume that ¢ = 3. Then, the channel
transition matrix at state s;, Q% , will be as follows:
P(Z;=0|Z;-1=s;) P(Zi=1|Z;i-1=s;) P(Z;i=2|Zi_1 =s;)
Q"= | P(Z;=2|Zi.1=8) P(Zi=0Zi.1=35;) P(Zi=1|Zi_1 =5;)
P(Z;=1Z;.1=s;) P(Z;=2|Zi-1=s;) P(Z;=0|Z;i_1=s;)
For each state, the channel transition matrix will still be symmetric with the same row
permutation order. Furthermore, it also satisfies Assumption 3.1.1 since column sums
are always one. Therefore, the discrete modulo additive channel is a symmetric FSM
channel with A = {0, 1,2} and ®(X,Y) = X®Y. Hence, by Corollary 3.1.1, feedback
does not increase the capacity of the discrete modulo additive channel with Markovian
noise. Note that for this channel uniform input gives uniform output and therefore,
feedback capacity of this channel is Crp = Cypp = log3 — H(Z) = H(Zy|Z;) where
H(Z) = H(Z3|Zy) is the entropy rate of Markov noise {Z;}2,. This example can be
readily extended for the case of Mth order Markovian noise; in that case the state S; is
given by S; = (Z;_1,+++ , Z;_n) and the noise entropy rate is H(Z) = H(Zyr41|ZM).
This result is a special case of [Ala95]. It has been recently extended to finite-state

multiple access channels in [PWC09].

C. A Symmetric Discrete Channel with Markovian Noise: Consider
a discrete, not necessarily additive, channel with Markovian noise [AF94]. More
precisely, consider the channel given by Y; = f(X;, Z;) for i = 1,2,--- where X;, Z;

and Y; are the input, noise and output of the channel, respectively, and f : X xZ — Y
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is a given function. Assume also that {X;} and {Z;} are independent from each other

and the channel satisfies the following properties.’®
LX] =Y =[2]=q¢
2. Given the input x, f(z,.) is one-to-one; i.e., Vo € X f(x,2) = f(z,2) = z = Z.

3. f71 exists such that z = f~!(z,y) and given y, f~(.,y) is one-to-one; i.e.,

Vyel fHxy) = fHTy) =>2=1

We note that a channel satisfying these conditions has a symmetric channel transition
matrix for each state, where the state is given by the previous noise variable: S; =
Z;_1. Therefore, this channel is a symmetric FSM channel with the same permutation
order determined by the function f. It also satisfies Assumption 3.1.1 as the column
sums are one for each state. Therefore, by Corollary 3.1.1, feedback does not increase
the capacity of these channels. This result is first shown in [AF94|, where the noise
process may be non-Markovian and non-ergodic in general. Similar to the previous
example, uniform input yields uniform output for this channel and therefore, feedback
capacity of this channel is Crp = Cnpp = logq—H(Z) = logq— H(Zs|Z1). As in the
previous example, this example can be extended for the case of Mth order Markov

noise.

We next present two different channels which illustrate the result of this chapter

when the column sums for each state are different than one.

°In [AF94], it is stated that |X| = |Z] = q. However, following the proof, it can be evidently seen
that |Y| = ¢ is also assumed.
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D. Binary Channel with Erasures, Errors and Markovian State: Con-
sider the two-state channel given by X = {0,1}, & = {s1, s2}, where {S;} is Marko-

vian, Y = {0, E, 1} with the following channel transition matrices

_ _ o~ et ! /
0" — l—e—-¢ ¢ € 0% — 1—¢e =& ¢ €
€ E€ 1—e—¢ e g 1--¢
where 0 < ¢,&,¢',& < 1 are fixed. We first note that this channel is a two-state

quasi-symmetric FSM channel, since we can partition °' and @*? in two symmetric

sub-arrays given by

. 1l—e—¢ € - &
Q§711: ’Q§712:
€ 1l—e—¢ &
and
~ 1—8,—5, ! ~ fl
Q§721: ’Q§722:
! 1_5/_54 5/

respectively, where J; = {0,1} and ), = {E} with identical permutation order
between states. For this channel, if we set £ = £, then we automatically satisfy
Assumption 3.1.1 since the column sums in both @°' and @** will be 1 — £, 2§ and
1 —¢& respectively. In other words, although the error probabilities are different across
the states (e # € in general), we still have identical column sums. Therefore, by
Corollary 3.1.1, feedback does not increase the capacity of this channel. Furthermore,
since both the output and noise process are HMPs the value of feedback capacity can

be computed using [ALV*06].

E. Non-Binary Noise Discrete Channel with Markovian Noise: We

now present a binary-input 2%-ary output communication channel with memory which
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was recently introduced in [PA09], [PAM12] (in the absence of feedback). This chan-
nel, which we refer to as the non-binary noise channel (NBNDC), is explicitly de-

scribed by the following equation
Y= (29— 1) Xy + (1) 2, (3.35)

fork=1,2,---, where Xy € X = {0,1}is theinput, Y3, Z, € Z2 =Y ={0,1,--- ,29—
1} is the output and the noise processes, respectively. The noise and input processes
are independent from each other and we assume that the noise process is Markovian
(an Mth order Markov process can also be considered as examined in [PAQ9] for
modeling the underlying fading channel). For the sake of simplicity, we consider
the NBNDC channel with ¢ = 2. Let A = [\, )it 4j—1... 4, Where A, 2P(Z; =
jlZi—1 = s;), denotes the transition probability matrix of the noise process. Then,

with the state S; = Z;_1, the channel transition matrix at state s;, %, is given by

o | 0 e Az A
Asiz Asi2 Asi1 Asio
Note that NBNDC is a quasi-symmetric FSM channel but it does not necessar-
ily satisfy Assumption 3.1.1 . However, it can be easily shown that for any A
satisfying that both >, ;5 A;; and >-._,, Ai; do not change with different ¢ val-
ues, Assumption 3.1.1 is satisfied; therefore, by Corollary 3.1.1, feedback does not
increase capacity of such NBNDC channels. Furthermore, the non-feedback ca-
pacity of NBNDC is given in [PA09] as Cnpp = 1 + H(W) — H(Z3|Z1), where
H(W) is the entropy rate of the process {W}} which is defined on the alphabet
W ={0,1,---,297" — 1} with Wy = min{Z;,2? — 1 — Z;}. Therefore, if A satisfies
the condition that both » . o4 Ai;j and » ., , Aij do not change with different 7 val-

ues, we then have Crp = Cypp = 1+ H(W) — H(Z3|Z;). Note that {W}} is an HMP
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and as such H(W) can be computed as shown in [ALVT06].

There is one more quasi-symmetric FSM channel that needs further attention.
We now investigate how its channel properties directly satisfy the condition that the
previous feedback control actions do not affect the current value of the conditional
output entropy. In other words, the example below satisfies Lemma 3.1.4 without
having the condition that the column sums are identical among different states, (i.e.,

it does not satisfy Assumption 3.1.1).

F. Simplified Binary Erasure Channel with Markovian State: Consider
the following binary erasure channel [DGO06|, which is a simplified (special) case of
the erasure channel of Example D and has been used to model packet losses in a
packet communication network, such as the Internet. The channel has binary input
and ternary output; X = {0,1},) = {0, E, 1}. Let S; denote the state of the erasure
channel when the packet ¢ arrives such that when S; = 1, the packet is erased, and
when S; = 0, the packet gets through. For a given input, the channel output is
identical to the input if there is no erasure, and it is equal to the erasure symbol (F)
if an erasure occurs. Therefore, the channel transition matrices at states 0,1 will be

as follows

0 1 00 . 010
Q" = and Q=
001 010

This channel can be considered as a special case of deletion channel in which the
erased packet is assumed to be known by the decoder. Therefore, in an erasure
channel, the receiver has also the side information about the state. In [DGO6], it is
shown that feedback does not increase the capacity of this channel. We herein note

that the approach presented in this thesis gives the same result.
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Proposition 3.1.1. Feedback does not increase capacity of simplified binary erasure

channel with Markovian state and the feedback capacity is achieved by an i.u.d. input.

Proof. We first note that since the channel is quasi-symmetric for each state, the con-
ditional output entropy is maximized by uniform input distributions. What we further
need to show is the independence of the value attained by H(Y;|Y;—1 = yi—1)) from
previous input control actions. In particular, we need to show that Ps,y;,_(si|yji-1))
is independent of past input control actions (see Lemma 3.1.4). It should be noted

that

Po,pviy (siltiz1) = Y Psys, ., (silsic1) Ps, vy (Sic1[yi—n))-

Si—1

Thus, given yj;_1}, s;—1 is deterministic and independent of z;_;. Integrating this fact

in our approach proves the desired result. O

It has been shown that [DG06, Proposition 3.1] the capacity of this channel, with
and without feedback, is given by Crp = Cnprp = (1 — p.) where p,. is the erasure
probability.

This particular example has the benefit of learning the state deterministically by
only observing the output. We should remark that availability of both the state
information and output feedback, where we discuss in more detail in the next section,
has also been considered within different setups in some other works and the situations
for which feedback does not help increasing capacity are determined (see [PWGO09,
Theorem 19] and [Vis99]).
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3.2 Feedback Capacity of Symmetric FSM Chan-

nels with CSIR

In the previous section, we show that if a quasi-symmetric finite-state Markov channel
satisfies Assumption 3.1.1 then feedback cannot increase the capacity. We now show
that if complete CSI is available at the decoder of a quasi-symmetric FSM channel
then feedback can not increase the capacity even in the absence of this condition.
Note that by solely modifying the decoding function, a feedback code now consists

of a sequence of encoding functions
¥ {1,2,.., 2" x Yt - X
for i = 1,2,...n and an associated decoding function
Ty xS —{1,2,.., 2"}
The main result of this section is as follows.

Theorem 3.2.1. For a quasi-symmetric FSM channel [X,Y, S, Ps, Z, T, ®] with com-
plete CSI available at the decoder its feedback capacity is given by
Crp = H(Y) = H(Z]5)

where H(Y) is the entropy rate of the output process {Y;} driven by an i.u.d. input

and H(Z|S) is the conditional entropy rate of the process {Z;}5°,.

We devote the remainder of the section to prove this theorem. To start, with
Fano’s inequality, we can show that C%; < liminf, SUP{y,}n | %I (W5 Y, Sy)-

Furthermore,

1
liminf sup —I(W; Y}, Spy)
n— o0 {wi}?zln
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o 1
= hHi}le sup n Z [H(Yi, Si‘Y[z‘—u, S[i—l]) — H(Y;, S;|W, Yii—y), S[z'—uﬂ
SR (7 S Lt
o 1
= hrr_1>1nf sup Z [H (Y;]S;, Y1), Spie1) — HYG|W, S;, Yiizay, Si—1y)] (3.36)
e i, Vi

o 1
=liminf sup — Y [H(Yi|S;, Vi1, Si-1) — HYGW, Si, Yy, Sy, X)) (3.37)

neo Ly M

i=1

. 1 ¢
< lml)mf{s%p n Z [H(Yz‘|5i, Y[i—1]7 S[i—l]) - H(Yz‘|5i7 Y[i—l]7 X[i])} (3-38)

n—o0 D; ?:1 i1

n—oo {,DZ}:,ZI n — ? )

1 n
= liminf sup — H(Y;|S;:, Yi_n) — H(Z;|S; 3.40
Mmmmn;[<l{u) (Zi1S))] (3.40)

where (3.36) is due to (3.1), (3.38) is due to (3.2) and (3.39) is due to Lemmas 3.1.2
and 3.1.5. Recall also that
A i— i—
D; = {PXi\X[i,l],Y[i,l](xi|x[i71]ay[ifl]) P T—1) € X 1,y[i71] SN 1}'

Finally, (3.40) follows since

PE|51':Y[1'—1]75[1—1] (yz ’51'7 Yli—17, S[z’—l])

= Z Z pe(yilwi, Si)PXi\X[i_H,YH_I] (SU¢|37[¢—1], y[i—l])PX[i_1]|S[i],Y[i_1] ($[¢—1]|5[z‘}, y[i—1]>

i T[i1)
Z; 1

i x[i,

pe(yilwi, Si)PXi\X[i_l],Y[i_l] (:E,-|x[i,1], y[i,l])
]
1—1
H PXJ'IX[JFI]vY[j—l] (xj|95[j—1}; y[j—l]) (3.41)
j=1
- PYz‘|Si,Y[i71] (yi|8i7 y[z—l])

where (3.41) follows due to the fact that the feedback input at time j depends only

on (1], Yjj-1))-
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Now, let us consider the following equation

1 n
S > [HY:S:, Yimy) — H(Zi|S)] - (3.42)
=1 =1

Since H(Z;|S;) is independent of {D;}! |, it is sufficient to show that the term
> iy H(Yi|Si, Yj;—1)) is maximized by uniform {Px;ix;, v,y (@il -1 1)) Hes -

Observe first that

H(Y;]S:, Y1) = Z Ps, i,y (8 yi—1) H(Yi|Yjic1) = yji-1), Si = si) (3.43)
SiyY[i—1]

where

H(Yz‘mz‘—l} = Yli-1]» S; = Si) = - Z PYiIY[i,l],Si (yi’y[i—l]a Sz’) log PYZ-\Y[Z-,H,Si(in[i—l}a 51‘)-
Yi
Therefore, the analysis in Lemma 3.1.3 still holds and hence,

pr 2 argmax H (Y;|S;, Sii—1, Yii-1))
'D.

(2
)

1 i i—
= {PXZ-|X[1-_1],Y[Z-_1] (lﬁifﬂi[i—l],y[z‘—l]) = mavx[i—l] eXx lavy[i—l] SN 1}
for all x; € X and for all ¢ = 1,--- ,n. However, in order to claim the optimality

of uniform input distributions we still need to eliminate the effects of past control
actions as satisfied via Assumption 3.1.1 in the previous section.
Hence, consider Pys, v, (yi|si,i-1)) when Px1x i (25|Tfi—17, Yji—1]) is uni-

form. We have

PYilsi,Y[,-_l](yi’Sia[z’—l]) = Z pC<yi|37iaSi)PXi|X[,-_1],Y[,-_1](xi’x[i—l]ay[i—l})
TirT[j—1]
Px 18-y (E-118i, Y1)
1
= m Z pC(yiyxiaSi)PX[i_l]\Si,Y[i_l](l‘[ifl]ysiay[ifl])

TiyT[i—1]

1
= m Z PX[i_uISi,Y[i_l] (33[@71]|81,y[@;1]) ch(yi‘xi,5i>
Tli—1] o
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= % Z fsi(@(@i, yi)

Note that the term ITI\ > e, [5;(®(xi,9:)) is independent of past control actions and
therefore, we can conclude that Y " | H(Y;|S;, Y;;—1]) is maximized by uniform feed-
back control actions.

So far we have H(Y;|S;, Xpij, Yi—1) = H(Z;|S;) and that > " | H(Y;|S;, Y}i—1) is
maximized by uniform input distributions. Note that as shown in (3.33) under uni-
form distribution H(Y;|S;, Y;i—1)) = H(Y;|S;). The proof of Theorem 3.2.1 can now
be completed directly by following the proof of Theorem 3.1.1 and hence, we can
conclude that feedback does not increase capacity of quasi-symmetric FSM channels

when CSI is available at the receiver.

3.3 Conclusion and Remarks

In this chapter, we presented a class of symmetric channels which encapsulates a
variety of discrete channels with memory. Motivated by several results in the litera-
ture, we established a class of symmetric FSM channels for which feedback does not
increase their capacity. We showed this result by first reformulating the optimization
problem in terms of dynamic programming and then proving that, under feedback,
the capacity achieving distribution is uniform. An important observation should be
highlighted again; when feedback exists, one can learn the channel via the past control
actions and as such may apply a nonuniform distribution which will result in a higher
output entropy and capacity. We present a sufficient condition, Assumption 3.1.1,
under which it is still possible to learn the channel via these past control actions;

however, this learning does not affect the optimal distribution. We then observe that
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Assumption 3.1.1 is not required when channel state information is available at the
receiver. It is also worth observing that even though we have emphasized finite-state
channels with Markovian state (i.e., FSM channels) due to their wide use in the litera-
ture, our result also holds when the state process is not Markovian but still stationary
ergodic.® Finally, although this result covers a large class of discrete channels with
memory, we believe that by adopting the approach of this thesis, it is possible to show
a similar result for a further general class of both symmetric and asymmetric channels
whose feedback capacity is achieved by an i.i.d. input, both in the single-user and

multiple-user settings.

6In this case, Property (I) is modified by replacing Ps,1s,_, (si|si—1) with Ps, 15, (silsfi—1)) and
the noise process is no longer an HMP but remains stationary ergodic.



Chapter 4

Multiple Access Channel with

Receiver Side Information

In this chapter, we study the problem of reliable communication over multiple-access
channels where the channel is driven by an independent and identically distributed
state process and the encoders and the decoder are provided with various degrees
of asymmetric noisy channel state information (CSI). The essential requirement we
impose is that the noisy CSI available to the encoders is realized via the corruption
of CSI by different noise processes, which gives a realistic physical structure of the
communication setup. We also allow the receiver to observe full CSI in the majority of
the results (the treatment for the case when there is no CSI at the receiver is discussed
in the next chapter). We consider several scenarios. For the case where the encoders
observe causal, asymmetric noisy CSI and the decoder observes complete CSI, inner
and outer bounds to the capacity region, which are tight for the sum-rate capacity, are
provided. Next, single-letter characterizations for the channel capacity regions under

each of the following system settings are established: (a) the CSI at the encoders
65
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are asymmetric deterministic functions of the CSI at the decoder and the encoders
have non-causal noisy CSI (its causal version is recently solved in [CY11]); (b) the
encoders observe asymmetric noisy CSI with asymmetric delays and the decoder
observes complete CSI; (c) a degraded message set scenario with asymmetric noisy CSI
at the encoders and complete and/or noisy CSI at the decoder. The main component
in these results is a generalization of a converse coding approach, recently introduced
in [CY11] for the MAC with asymmetric quantized CSI at the encoders and herein

considerably extended and adapted for the noisy CSI setup.

4.1 The Converse Coding Approach

The most relevant paper to this work is [CY11] which provides a converse coding
approach for the state-dependent MAC where asymmetric partial state information
is available at the encoders. In this work, we adopt and expand on the converse
technique of this paper and use it in a noisy setup. The converse coding approach
of [CY11] is based on team decision theoretic methods [Wit98] (see also [Yiik13],
[IMT09] and [NT11] for recent team decision and control theoretic approaches as well
as [YB13] for team decision theory as well as review of information structures) where
the authors use memoryless stationary team policies which play a key role in showing
that the past information is irrelevant. As the authors mention in [CY11, Remark
2], for the validity of their arguments, it would suffice that the state information
available at the decoder contains the ones available at the two transmitters. In this
way, the decoder does not need to estimate the coding policies used in decentralized
time-sharing.

For the noisy setup, we need to modify this approach to account for the fact that
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the decoder does not have access to the state information at the encoders, and that
the past state information does not lead to a tractable recursion. This difficulty is
overcome by showing that a product form on the team policies exists in the noisy
setup as well.

The rest of the chapter is organized as follows. In Section 4.2, we formally state
scenarios (1)-(4), and present the main results and several observations. In Section
4.3, we provide two examples in one of which (the modulo-additive state-dependent
MAC) we apply the result of [EZ00] and get the full capacity region by only con-
sidering the tightness of the sum-rate capacity. Finally, in Section 4.4, we present

concluding remarks.

4.2 Main Results

We consider a two-user memoryless state-dependent MAC, with two encoders, a, b,
and two independent message sources W, and W), which are uniformly distributed
in the finite sets W, and W,, respectively. The channel inputs from the encoders
are X% € X, and X € A, respectively, and the channel output is Y € ). The
channel state process is modeled as a sequence {S;}°; of i.i.d. random variables in
some finite space S. Let (S2,S?) denote a pair of random variables available at two
encoders, a,b, respectively, at time t. Throughout the paper, by asymmetric side
information we will refer to the case where {S? # S}, Vt. Furthermore, by noisy
side information will refer to the case where (S%, S?, S;) are correlated according to a

given joint distribution Psa gv g(s%, s%, s).
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4.2.1 Asymmetric Causal Noisy CSIT

Let the two encoders have access to a causal noisy version of the state information
S; at each time ¢ > 1, modeled by S? € S,, S? € S, respectively, where the joint

distribution of (S, S¢, S?) factorizes as
Psg,sg,st(sfa Sty 5t) = PS,?\St(3?|5t)Psg\st(5f|5t)PSt(3t)~ (4.1)
The system is depicted in Fig. 4.1. Let W := (W,,W,) and S; be fully available at the

receiver and assume that {(Sy, S¢, S?)}52, is a sequence of i.i.d. triples, independent

from (W,, W,). Therefore, we have that for any n > 1,

PS["],S&],S&], (S[n} S[n S[n H |W | |W |PS |St(8t |St>PSb|St (St|8t)PSt(St) (42>

The channel inputs at time ¢, i.e., X2 and X?, are functions of the locally available

information (W, Sg) and (Wb,SM), respectively. Let X; := (X2, XP). Then, the

laws governing n-sequences of state, input and output letters are given by
Py[n]wv,x[n],s[n],sa St (Y)W X[, [ S(n] Sl[)n]) = Hpmxg,xf,st(yt"???, 8,51), (4.3)

(n]
t=1

where the channel’s transition probability distribution, Py, xa xs g, (ye|xd, 22, s¢), is

given a priori.

Definition 4.2.1. An (n,2"%e 2"%) code with block length n and rate pair (Rq, Rp)

for a state-dependent MAC with causal noisy state information consists of

(1) A sequence of mappings for each encoder
A SEXW, = Xy, t=1,2,..n;
O SEX Wy Ay, t=1,2,..m.

2) An associated decoding function
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St

Y

Wa Encoder X7

o1 (Wa, SB)

Channel Decoder
P(Yy|Xp, X0, Sp) | St V(Y Spy) | Wh

Wi Encoder J

o (Wi, Sh) | xb

St

Figure 4.1: The multiple-access channel with asymmetric causal noisy state informa-
tion.

WS X Y W, x W

)

The system’s probability of error, pr , is given by

QnRa 2an

1
PO = oy 2o 2 Pr (0¥, Sn) # (we, ws)|[W = w) .

we=1wp=1

A rate pair (R,, Rp) is achievable if for any € > 0, there exists, for all n sufficiently
large an (n, 2" 2"ft) code such that = log|W,| > R, > 0, 2 log|W,| > R, > 0 and
P < e. The capacity region of the state-dependent MAC, Crg, is the closure of
the set of all achievable rate pairs (R,, Rp) and the sum-rate capacity is defined as
Cr == max(n, r,)ccrs (Ra + R).

Before proceeding with the main result, we introduce memoryless stationary team
policies [CY11] and their associated rate regions. Let the set of all possible functions
from S, to X, and S, to A}, be denoted by 7, := X% and Ty = Xb|$b|, respectively.

We shall refer to 7,-valued and 7,-valued random vectors as Shannon strategies.
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Definition 4.2.2. [CY11] A memoryless stationary (in time) team policy is a family
I ={r = (77.(-), () € P(Ta) x P(Ty)} (4.4)

of probability distribution pairs on (T, Tp).
For every memoryless stationary team policy 7, let Rpg(m) denote the region of

all rate pairs R = (Rq, Ry) satisfying

R, < I(T%Y|T" S) (4.5)
R, < I(T%Y|T*5S) (4.6)
R,+ Ry, < I(T*,T"Y|S) (4.7)

where S, T*, T and Y are random wvariables taking values in S, T,, T, and Y,

respectively, and whose joint probability distribution factorizes as
PS,T“,Tb,Y(Sa ta7 tba y) = PS(S)PY|T‘1,Tb,S(y|ta7 tb7 S)ﬂ—T“ (ta)ﬂ-Tb (tb) (48)

Let Cin := E(U7r Rps(ﬂ')) denote the closure of the convex hull of the rate
regions Rps(m) given by (4.5)-(4.7) associated to all possible memoryless stationary

team polices as defined in (4.4).
Theorem 4.2.1 (Inner Bound to Crg). Ciy C Cpg.

Proof of Theorem 4.2.1. Fix (Ry, Ry) € Rps().

Codebook Generation Fix mra(t*) and mp(t°). For each w, € {1,--- 278}

a

randomly generate its corresponding n-tuple bl e

cach according to [[;_; mre(t{,,,).

Similarly, for each wy, € {1,---,2"®} randomly generate its corresponding n-tuple

tb

. The set of these codeword pairs form the

each according to []i, (10, ).

codebook, which is revealed to the decoder while codewords té,wz are revealed to

encoder [, [ = {a, b}.
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Encoding Define the encoding functions as follows: zf(wa.) = ¢f(wa, sf)) =

t¢,.(s¢) and z?(w,) = ¢f(wb,sl[’i]) = 0, (s?) where ¢, ~and ¢!, denote the ith

7 1, Wp

component of A and t° respectively, and s¢ and s’ denote the last compo-

[n]vwb7
nents of 5%] and sl[’i], respectively, ¢ = 1,--- ,n. Therefore, to send the messages w,

a

and wy, we simply transmit the corresponding e

and tfn]’wb, respectively.
Decoding After receiving (Y[, i), the decoder looks for the only (wq,ws) pair
such that ( ‘[ln}’wa,tl[’nmb,y[n}, S[y) are jointly e—typical and declares this pair as its
estimate (g, Wp).
Error Analysis Without loss of generality, we can assume that (w,, wy) = (1,1)
was sent. An error occurs, if the correct codewords are not typical with the received
sequence or there is a pair of incorrect codewords that are typical with the received

sequence. Define the events Ea,ﬁé{(T[Z],avT[Z],ﬂvy[n]v Spw) € A}, € {1, 27fa}

and B € {1,---,2"®%} Then, by the union bound we get

P! = PE, |J  Eap)

(. B)#(L1)
< P(ES))+ Y. P(Bap)t+ Y. P(Eap)+ Y. P(Eap) (4.9)
a=1,6#1 a#l,6=1 a#1,6#1

where Ef; denotes the complement set of Ey;. Since {Y;,S;, T, TP}, is an i.id.

sequence and by [CT06, Theorem 15.2.1], P(Ef;) — 0 as n — oo. Next, let us

consider the second term
Y P(Bamigz) = > P((Tf1,Thys Yie) Smy) € A7)
a=1,8#1 a=1,8#1
b a
Z Z Pr 0 (t[n})P Ty Yin)Sin) <75[n]> Yinl» Sin))

a=1,8#1 (t[an] 7tl[7n] 'Y[n]»S[n] )EA?

—~
.
=

< Z |A?|2—n[H(Tb)—e]2—n[H(T“,Y,S)—s] (410)
a=1,6#1
< gnky an[H(Tb)+H(Ta,Y,S)fH(Ta,T”,Y,S)fC’)e}
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@) on[Ry—I(T"Y|S,T*)-34 (4.11)

where (i) holds since for 5 # 1, T[I;L]ﬂ is independent of (17, |, Y}n, Spnj) and (ui)
follows since T° and (T%,S) are independent and I(T%;Y,T¢ S) = I(T%T%S) +
(T Y|T%,S) = I(T%Y|T?,S), where I(T%T* S) = 0. Following the same steps
for (a #1,=1) and (a« # 1,8 # 1) we get

Z P(Ea,ﬁ) < Qn[Ra—I(Ta;Y|Tb,S)—3e}
a#1,8=1
Z P(E,z) < 2n[Ra+R;,—I(T“,Tb;Y|S)—35]7 (4.12)
a£1,8#1
and the rate conditions of the Rpg(m) imply that each term tends in (4.9) tends

to zero as n — oo. This shows the achievability of a rate pair (R,, Ry) € Rps(m).
Achievability of any rate pair in C;y follows from a standard time-sharing argument.

[]

Let COUT = {(Ra, Rb) € R+ X R+ . Ra + Rb S Supﬂ'TG(ta)ﬂ'Tb(tb) I(Ta,Tb; Y|S)}

where R* is the set of positive reals.
Theorem 4.2.2 (Outer Bound to Crgs). Crs € Cour-

Proof of Theorem 4.2.2. We need to show that all achievable rates satisfy

R,+ Ry, < sup [(T“,Tb;Y]S),

mopa () (0)
i.e., a converse for the sum-rate capacity. Following [CY11], for 1 <t <mn, let

1 € HE
im0 and ) = g+ 2100

1—e¢ 1—¢€

(4.13)

Observe that lim._,on(e) = 0 and

Soa=2 Y Y B =1, (4.14)

ueSm) 1<t<n  pest-1
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where S™ is the set of all S-strings of length less than n. Let

Z au](Tt 7Tt,Y;5|St7S[t 1] —,u Z Z au 7—%&77—%7Yt|st7 [t—1] = )

pesm 1<t<n pesit

First recall that, for all t > 1, X} = ¢§“) (Wa,S“) = (b(a) <Wa,5[‘§ 1],5“) and

= ¢§”) (Wb, [t]> gbtb) (Wb, S[Z 1 Sb> Then, we can define the Shannon strate-
gies T¢ € T, and TP € T, by putting, for every s, € S, and s, € S,

T(s) = " (Wa, S 1y, 5a) 5 T} (s1) = ¢)” (W, Sf_1) 80) - (4.15)

We now show that the sum of any achievable rate pair can be written as the convex

combinations of mutual information terms which are indexed by the realization of

past complete CSI.

Lemma 4.2.1. Let T* € T, and T} € T, be the Shannon strategies induced by ¢§“)
and ¢§b), respectively, as shown in (4.15). Assume that a rate pair R = (R, Ry), with

block length n > 1 and a constant € € (0,1/2), is achievable. Then,

Ro+ Ry < > o, I(T7, T} Yi|Su, Sp—yy = ) + ne). (4.16)

HeS(”)

Proof. Let Ty := (T2, T}?). By Fano’s inequality, we get
H(WIYy, Si) < H(e) + elog(Wal W) (4.17)
Observing that
(WY, Spy) = H(W) = H(W[Yp), Spy)
= log([Wal[Wel) — H(W Y], Sp))- (4.18)
Combining (4.17) and (4.18) gives

(1= ) log(IWal Whl) < I(W; Yy, Sp) + H(e)
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and
1 1 1
Ro+ Ry < —log([WalWs|) < — (I(W; Y, Spp) + He)) . (4.19)
Furthermore,
(WY, Sp) = > [H(Y;, S Sy, Yie1) — H(Y:, S W, Sy, Yoy
t=1
ST [H YIS, Yien) — HYIW, S, Vi)
t=1

n

(@)
< E [H(YHS[t])_H(K‘W>S[t]ay[t—1]>Ttﬂ
=1

3" [H(YilSy) — H(Y.|Sp, To)]

t=1

= Y I(Ty;Y|Sy) (4.20)

t=1

where (i) is implied by (4.2), in (ii) T; := (T%,TP) are Shannon strategies whose
realizations are mappings t; : S; — X/ for ¢ = {a,b} and thus (i7) holds since

conditioning does not increase entropy. Finally, (iii) follows since

a 4b
PYtlw)St7S[t—l]7}/[t—1]7Tta7Ttb <yt|W7 St’ S[t_1}7 y[t_”’ tt ? tt)

o a b ja b a b
= E PYt\St,Sg,SE,Tt“,Ttb(yt|8t7StvStvtt’tt)PS;‘,SﬂSt(St?St|8t)

a b
5S¢

P)Q|St,Tt“,Tt” (Yelse: tf, t?) (4.21)
where the first equality is verified by (4.3) and (4.2), where z} = ti(s}) for i = {a, b}.
At this point, it is worth to note that by (4.21), one can remove Sp_y) from (4.20) in
the conditioning. However, we will soon observe why it is crucial to keep it when we

prove the product form. Now, let y(¢) := nﬁ(i) and combining (4.19)-(4.20) gives

1
R,+ R, < - log(|Wa||[Wh!)
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1 1¢
= (1 - eﬁZI(Tt“vﬂb;KISm)> +x(6) + (n—1)x(e)
t=1
@ 1 1N e € 1~
< 0 - I(TmTt;YHS[t])+n(e)—1_€E;[(Tt,Tt;Yt\S[t])
1 n
= D I(T TV YS) +n(e) (4.22)
t=1

where (a) is valid since I(T{, T}; Y;|Sy) < log |Y|. Furthermore,

I(TE T YS) =m0 Y o (T T8 YilSy, Sy = o), (4.23)
pest—1
and substituting the above into (4.22) yields (4.16). O

Note that, for any ¢ > 1, I(T, T7; Y;|Si, Sy—1) = p) is a function of the joint
conditional distribution of channel state S;, inputs T2, TP and output Y; given the
past realization (Sy_1; = p). Hence, to complete the proof of the outer bound, we
need to show that Pra 7» v, s,s, ), (7, 1%, y, s|p) factorizes as in (4.8). This is done in
the lemma below. In particular, it is crucial to observe that the knowledge of the

past state at the decoder, Si_yj, is enough to provide a product form on 7 and T®.

Let
1o () = {we: 6 (wa, sy = pa) = 1°}
b
T (1) = w6 (wh,sf_yy = ) = £} (4.24)
“ 1
e (t?) = Z A
wa €YY, (1) a
1
T (t') = Z Wl
wpEYY (b b
be /,A,b( )
7T-éL“‘l(ta) = Zﬂ-éii(ta>PSflt71]|S[t71](:ua|:u>7
Ha

T (') = Zﬁglﬁ?(tb)PSf’H]\S[t,u (k| 1), (4.25)
[ib
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where 1, and pp denote particular realizations of Sﬁ_u and S[’;_l], respectively.
Lemma 4.2.2. For every 1 <t <n and u € 81, the following holds

PTt“,Tt”,Y},St|S[t_1] (1,8, y,sln) = Ps(8)Pyisam(yls, %, )7 ()77 (t")-(4.26)
Proof. Let S := (S;,52,5?) and s := (s, 5%, s?). Observe that

PTtathvai’St‘S[t—I] (%, tb’ Y, s|u)
- Z Z Psthathbvnw[t—l] (s’ta7tb’y|'u')

s{€S8 sbesh

= Z Z PY|s,Tta,Ttb(y|Sataatb)Ps,Tg,TﬂS[t,l](Sata,tb|ﬂ) (4.27)

578 sbesh
where (4.27) is shown in (4.21). Let us now consider the term Ps 1o 15,y (s,t, %\ )

above. We have the following

PS,Tta,Tt”|S[t,1 (Sv ¢, tb|:u)

- Z Z ZZPWSt Ik b ST Ty \S[tfll(w’Ma’ub’s’ta7tblu)

Wa€EWa wp €Wy Ha  Hb

(@) a
Yo Y Y zzwww

Waq EWq Wy EWb MHa Hb

(44)
= Ix(s) Z Z Zzl{tl:¢§”(wl,m), l:a,b}PW,Sf‘t,l],Sf’t,l]\S[H](W’“a7“b|u)

Wa€EWo wp€WY  Ha b

w Z Z Zle ) (wim), 1=a,b}

WaE€EWq wpEWY Ha b

1 1
Wl W] St

(iv)
= Ps(s) Z Psa 150y (Halr) Z Psp 150y (H]12)
Ha Hb

|S[t71] (:ua? ILLb‘lLL)

1
Z |Wa|1{ta:¢ta way/"a)} Z ’Wb {tb ¢t (wb,ub)}

Waq EWi, wpEW,,

1
= Ps(S)Zps[f;fl]\s[tfu(ﬂam Z WZPSE71]|S[t,1](Nb|M) Z |—

Wi
Ha wa €TE, (%) ol wbeTZb (tb) |

—
<
=
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(v1)
= Ps(s Z 56 41Sp-1) (Ha ) (t Z St 1181 (k)i (¢ ’)

Ha

W Py (), ()7, (£) (4.28)

where (i) is due to (4.2) and (4.15), (i7) is valid by (4.15), (¢i7) is due to (4.2), (iv)
is valid by (4.1) and (4.15), (v) is valid due to (4.24) and (vi) — (vii) is valid due to

(4.25). Substituting (4.28) into (4.27) proves the lemma. O

We can now complete the proof of Theorem 4.2.2. We have

Ro+ Ry < > a (T, T Yi|Sh, Sy = 1) +n(e)

nesm)

= Y (T T VS, oy, )+ 1(€)
pnesS)

< sup I(Eathb;}/t’St) +77(€)>
(e ()7 (£0)€1T)

where [ (Tta’Ttb;Yt‘st)ﬁa(ta)ﬂgb(tb) denotes the mutual information induced by the
product distribution w4, (t*)m%, (t*) and this step is valid since I(T{, T?; Y| Sy, Sy—1) =
p) is a function of the joint conditional distribution of channel state S;, inputs T}, T
and output Y; given the past realization (Sy_1; = p). Hence, since lim._,on(e) = 0,

any achievable pair satisfies Ry + Ry < Supr,, oy, (1) £ (T, T Y]S). O

As a consequence of Theorems 4.2.1 and 4.2.2, we have the following corollary
which can be thought of as an extension of [Jaf06, Theorem 4] to the case where the

encoders have correlated CSI.

Corollary 4.2.1.

CE¥ = sup (T, T"Y]9). (4.29)

mra (t*)mp (°)

Proof of Corollary 4.2.1. We need to show that 3 (R,, Ry) € C;n achieving (4.29).
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We follows steps akin to [CT06, p.535] where discrete memoryless MACs are consid-

ered. Let us fix m7a (t*) 7 (t°) and consider the rate constraints given in Cjy
I(T*Y|TS) = H(TYT" S)— H(TYT"Y,S) = H(T*) — H(T*|T"Y,S) (4.30)
e vy|r,s) = H(T"|T* S)— H(T"|T*,Y,S) = H(T") — H(T"|T*,Y,S) (4.31)
(T, 7Y|S) = H(T*,T") — H(T*,T"|Y,S)
= H(T%)+ H(T®) — H(T*|T",Y,S) — H(T"|Y, S), (4.32)
where (4.30), (4.31) and (4.32) are valid since 7% and T are independent of each other
and independent of S. Observe now that for any mpe(t*) 7w (t°), I(T%Y|T?,S) +
I(T*Y|T*, S) > I(T*,T%Y|S) since H(T®Y,S) > H(T®|T*,Y,S). Therefore, the
sum-rate constraint in C;y is always active and hence, there exists (R,, Ry) € Cin

achieving (4.29). O
We conclude this section with a number of remarks.

Remark 4.2.1. One essential step in the proof of Theorem 4.2.2 is that, once we have
the complete CSI, conditioning on which allows a product form on T® and T®, there
is no loss of optimality (for the sum-rate capacity) in using associated memoryless

team policies instead of using all the past information at the receiver.

Remark 4.2.2. For the validity of Corollary 4.2.1, it is crucial to have the product

form on (T*,T®). If this is not the case, we would get that
(T YT, S) + I(T" YT, S)
= H(T|T®) + H(T®|T*) — H(T*|T",Y,S) — H(T"|T*,Y, S)
(T, 7°Y|S) = H(TYT")+ H(T") — H(T*|T",Y,S) — H(T"|Y,S).

Therefore, it is possible to get an obsolete sum-rate constraint in C;y and hence,
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achievability of C%:S 18 not guaranteed. It should be noted that the channel inputs are
not independent since X = T(S*) and X® = T?(S°).

4.2.2 Partial Asymmetric CSITs: Non-Causal Case

In this section, we consider the situation where the transmitters have access to partial
state information available at the decoder. In particular, let S; = f%(S}), where

7S, — S, i={a,b} and S” € S, such that

11

a b r . a b _r

Poyy.50,.80,.80, W (Sinls 8{als S[s Ta)s W) = H1 A si.5e.50.57 (St 575 80, 57)-(4.33)
t—

Let S := (S;,5%,5%,8) and s := (s,s%,s%,s7). The channel is driven by the state

process {S5;}72, and hence,

PY[n] |W7X[n]7s[n] (y[n] ’W7 X[n}’ S[n}) = H Pyzth?,Xf,St (yt|xg7 x?’ St)' (434>
t=1

Note that one can define an equivalent channel with conditional output probability

P;(‘IXaVXb7Sr(y|Iav xb7 Sr) = Z PY\X“,Xb,S(yL'L‘a) lj)? S)PS|ST (S|ST)' (435)

SES

Hence, the causal setup of this problem is no more general than the setup in [CY11]
and the main contribution of this subsection is to show that the result of [CY11] also
holds for non-causal coding.
We keep the channel codes definition identical for the causal and non-causal cases,
except for the non-causal case we have; gbi’) :SPXW;, = X i ={a, b}, t=1,--- ,n.
Let C™ denote the capacity region. We need to modify Definition 4.2.2 in order

to take the current CSI into account.

Definition 4.2.3. A memoryless stationary (in time) team policy is a family

1= {7 = (mxegse (1) mansn (L)) € P(A) x P(A)} . (4:36)
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For every 7 defined in (4.56), R"(%) denotes the region of all rate pairs R =

(Rq, Ry) satisfying

R, < I(X%Y|X" S (4.37)
Ry, < I(X"%Y|Xx*“ 8" (4.38)
R,+ Ry, < I(X* X"Y|S") (4.39)

where ST, X%, X® and Y are random variables taking values in S,, X,, X and Y,

respectively, and whose joint probability distribution factorizes as

r _.a ..b
PST,X‘HX”,Y(S oy T 7y>

= PST(ST)PY\XG,Xb,ST(y|xa7xb7ST)WXHS‘I(xa|fa(3T))7TXb\S”(Ib|fb(3T))' (4.40)

Let @(UTr R”c(w)> denote the closure of the convex hull of the rate regions
R™(7) given by (4.37)-(4.39) associated to all possible memoryless stationary team

polices as defined in (4.36).
Theorem 4.2.3. C"° = @( U- R”C(ﬁ)> .

For the achievability proof, see [CY11, Section III] and observe that any rate which
is achievable with causal CSI is also achievable with non-causal CSI. The proof for
the non-causal case is realized by observing that there is no loss of optimality if not
only the past, as shown in [CY11], but also the future CSI is ignored given that the
receiver is provided with complete CSI. A similar observation for independent CSIT

is also made see [Jaf06, Theorem 5.

Converse Proof of Theorem 4.2.5. Let

1
Uipe = Py 57, (Hps He)- (4.41)
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Observe that (up : pg) € S, where (v : w) denotes the concatenation of two vectors

v and w, and

Z Z Z Sltl H_ln(/LP?/Lf) 1.
[

(mp:pg) 1<t<n Hppg

Lemma 4.2.3. Assume that a rate pair R = (R,, Ry), with block length n > 1 and a

constant € € (0,1/2), is achievable. Then,

R, < Z ] (X7 K/|Xfa St E;: 1] = Hp; Sﬁ-}-l,n] = pr) +n(e) (4.42)

(1p:pg)

Ry < Yy, J(XEYAIXE, ST, S 1) = oy Sy = fie) + 71(€) (4.43)
(p:pg)

Ry + Ry < Z Qpp Xta’va V4|57, E;: 1] = Hp; Sﬁ-}-l,n] = pie) +n(e) (4.44)
(1p:pg)

Proof. Let us first consider the sum-rate. With standard steps, we get

11
—€n

Note that since ST, is independent of W, we have I(W; Y}, SE;Z]) = I(W; Y[n]|5[’;l])

R,+ Ry, <

— (I(W; Y, Sty) + H(e)) - (4.45)

and
I(W:YilSh) = S [HYiIS, Yiy) — HYGIW, S, Vi)
t=1
(O ——
< > [HYiIS) = HYIW, Sty Vi)

t=1
n

(i) \ \
= Z [H(Y|S}y) — HY W, Sl Vi), X))

t=1

(i) — .

=) [HYiISE) — H(Y;|S]) X,)]
t=1

= > I(X4YilShy) (4.46)
t=1

where (i) follows since conditioning does not increase entropy, (i) holds since X} =

(Wi, £1(S)), i = {a,b}, and (iii) is due to (4.3). Combining (4.45) and (4.46)
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similar to (4.22), gives

1 n
R+ Ry, < EZI(X?,XE;MS%)an(e) and (4.47)
t=1
a b _ a b r o Qr _ T _
I(XthvYHS[n]) = n Z aupf Xt’XtaY;f|Sta [t—1] _”p’S[t—i—l,n] _//Jf) (4'48)
Hp,Hg

and substituting the above into (4.47) yields (4.44).
Let us now consider encoder a. Using Fano’s inequality and standard steps we

first get,

1 1

R, <
1—en

(I(Wa; Yi, Shyy) + H{(e)) - (4.49)

Furthermore,

—~
.
=

I(Wa; Yn}; S[?;l])

IN

I<Wa; }/[n] ‘S[?;z]a Wb)

> [H(Yi|S]y, Yier, Wa) — H(Yi|Spy, Yiee1), W)
t=1

(i0) n

< Y [HYIS,, W) — HYi|Shy, Yier, W)

t=1

(i) .
= > [HMSh), Wa, Xpy) — H(Yi|Shy, Vi, W, X))

t=1

(i)

< Y [HMYST, XP) — H(Yi[Shy, Vi1, W, X )]
t=1

n

O ST HYIS, XE) — H(YiIS), XL, X))

t=1

= ) I(X{YilXY, Sy (4.50)

t=1

where (7) is due to (4.2) and conditioning does not increase entropy, (ii) holds since
conditioning does not increase entropy, (i) holds since X! = ¢ (W}, fi(Sf;l])), i =
{a,b}, () is valid since conditioning does not increase entropy and finally, (v) is

valid due to (4.3) and S!, i = {a,b}, being a function of S7.
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Now combining (4.49)-(4.50) and following steps akin to (4.47) and (4.48), we can
verify (4.42). To verify (4.43) for encoder b it is enough to switch the roles of encoder
a and (b). O

Observe now that for any t > 1, ](Xta,th;YHS[,S[’;fl] = ,up,Sf;H’n] = ug) is a

function of Pya x»y, srisr (z¢, 2%y, 8| pp, 1g). Hence, we need to show that

(t—1)5ft+1,n)

this distribution factorizes as in (4.40). Let

1o (@ 1) = {wa s 6 (wa, £, o), £(57)) = 27}

YL@ 7)) = {wn @ (wy, £ (py pie), f2(57)) = 2} (4.51)

CL a T 1
Wg('Z’\lga( |f (8 )) = Z | |7
wa €Y (e fa(sT)
1
l”’ sHF b b e
e (21f°(s7) = > il (4.52)

wpETY (@b, fo(s7))

Lemma 4.2.4. For every 1 <t <n and (up : ug) € SP 1, the following holds

PX X Y;,Sr|sr ST (ﬂfa»wb,yaST’Mpaﬂf)

[t—1]"°[t+1,n]

= Ps:(s") Pyjsr xo xo (yls", 2%, 2" ) g (2| f (7)) fan (271 £ (57)) (4.53)
Proof. First observe that due to (4.3) we have

a b r
PX XPY,,ST ISt 1155, [t+1,n](x »y LY, S |Mpaﬂf)

= Pm|s;,xg,xg(y|5Ta z, xb>PXf,Xf,ST|S (2, z’, " |pp, pe). (4.54)
[t—1]° [t+1,n]

Let us now consider the second term in (4.54). We have

a b .7
ng,xf,swst " [Hlyn](l" ;278" pip, pig)

= j 20, s
E E WX XPSTIST s [mn]( 2,27, 8" pip, pig)

Waq EWq wpEW,

B Z Z 1{xl:¢<l)(whfl(sraﬂp:/if))v l=a,b}PWa»W675ﬂS[’;71]vSf}H,n](w‘“wb’Sr|ﬁ‘paﬂf)

Waq EWq wpEWS,
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(47) 1 1 )
= Z Z 1{112‘15”)(whfl(ST,up,uf)), lza’b}mmPg;(S )

Waq EWq wpEWS,

) | 1
— PS:(S ) Z ‘Wa‘ 1{xa:¢(a)(wa,fa(sr,up#f))} Z |Wb’ 1{xb:¢(b) (wmfb(sr,up,lif))}

Waq EWq wpEWS

@) 1 1
|Wa| a Za a(er |Wb‘ b Zb b(cr
wa €T 0 (@, f%(s7)) wp €YY, e (20, f0(s7))

= Pop(s")mhifsa (@[ f2(s7))mhiie (2 f(s7)) (4.55)
where (i) follows since X} = ¢/ (W;, f'(St,)), i = {a, b}, (i) is valid since W, and W,
are independent of S, and state process being i.i.d. and (i) follows due to (4.51)

and (iv) follows due to (4.52). Substituting (4.55) in (4.54) completes the proof. [J

We can now complete the proof of Theorem 4.2.3. With Lemma 4.2.3, it is shown
that any achievable rate pair can be approximated by the convex combinations of rate
conditions given in (4.37)-(4.39) which are indexed by (yp, ) and satisfy (4.40) for
joint state-input-output distributions. Hence, since lim.,on(€) = 0, any achievable

rate pair belongs to @( U- R”C(W)). O

Consider now the setup in Section 4.2 in order to observe that for the non-causal

case the optimality of Shannon strategies is not guaranteed. Recall that, we have

n

I(W; Vi), Sp) < Y [HYSp), Yie-1y) — H(Y[W, S, Yoy, T4)] (4.56)

t=1

where T; := (T2, T}). Consider now the right hand side of (4.56) and observe that

a 4+b
PYt‘W7S[n]7Yv[t71]7Tta7Ttb (ytlw’ S[n}’ y[til]’ tt ’ tt)

o a b ja b a b
= E Pmst,sg,sg,:rg,Ttb(?Jt\snSt,Statt>tt)Psg,sf|Y[t,1],st(3t>$t|y[t—1]>St)7

a b
St 7St

and therefore, the past channel outputs cannot be eliminated.
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4.2.3 Asymmetric Noisy CSIT with Delays

Consider the problem defined in Section 4.2.1 where the two encoders have accesses
to asymmetrically delayed, where delays are d, > 1 and d;, > 1, respectively, and
noisy versions of the state information S; at each time ¢ > 1, modeled by S, € S,,
SY_4, € Sp, respectively. The rest of the channel model is identical and hence, (4.1),
(4.2) and (4.3) are valid throughout this section. We also assume that S; is fully

available at the receiver. A code can be defined as in Definition 4.2.1, except now

tha) : 82

e x W, = X, t=1,2,..n;
¢§b) : Slf_db X W, — Xb, t=1, 2, .t

Let C% denotes the capacity region of the delayed setup.
In the main result of this section the team policies are composed of probability

distributions on the channel inputs rather than Shannon strategies.

Definition 4.2.4. A memoryless stationary (in time) team policy is a family

= {# = (mxa(-), mxe(-) € P(X") x P(X)} . (4.57)

For every memoryless stationary team policy 7, R (%) denotes the region of all

rate pairs R = (R,, Ry) satisfying

R, < I(X%Y|X"25S) (4.58)
Ry, < I(X%Y|X“5S) (4.59)
R,+ Ry, < I(X* X"Y|S) (4.60)

where S, X%, X® and Y are random variables taking values in S, X%, X and ),

LObviously, when d; > ¢, 1 = a,b then X? = ¢\ (W,) and X? = ¢ (W}).
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respectively and whose joint probability distribution factorizes as
Ps xa xvy (5,27, z?, y) = Ps(s)Py|xa xb s(ylz?, z°, S)Txa (xa)WXb(mb). (4.61)

Let @(Uﬁ R“d(ﬁ)) denotes the closure of the convex hull of the rate regions
R(7) given by (4.58)-(4.60) associated to all possible memoryless stationary team
polices as defined in (4.57).

Theorem 4.2.4. C* = @( U- R“d(fr)) .
Achievability can be shown via random coding arguments.

Converse Proof of Theorem 4.2.4. In the proof, we will use the fact that the delayed
setup can be modeled by taking the last d,, d, entries of causal setup as empty. Recall

that o, is defined in (4.41).

Lemma 4.2.5. Assume that a rate pair R = (R,, Ry), with block length n > 1 and a

constant € € (0,1/2), is achievable. Then,

R, < > o, J(X{iYiX], Si, Sy = p) +1(e) (4.62)
neSm)

Ry < Y o d(X)YiX{, S, Suoyy = )+ n(e) (4.63)
pneS )

Ro+ Ry < Y e (X7 X[5Yi|S, Syoyy = 1) + nle). (4.64)
HES(”)

Proof. For the sum-rate, observe that the derivation in (4.20) can be performed to
verify (4.64), as for d; > 1, T} = X{ by taking S}, , .., ,, =0, 7= {a,b}.

Let us now consider encoder a. We have

1 1 1
Ra S ElOg(’WaD S :ﬁ (I(Wa,yn}, S[n}) + H(E)) . (465)

Furthermore,

(%)

I(Wa§y[n]a5[n}) < I(Wa;y[n}’s[”ﬂwb’sﬁﬂ)
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= Z [H(K,St|5[t_1},}/[t—l]7wb7 Sf)n])_
t=1

H(Y:, S| Sp—1, Yi—1, W, S[I;z})}

2 [HOS i Yoy, Wo, Sby) = H(¥iIS, Y, W, S3)]
t=1

> [HYSw, Yien, W, Sty X)) =

t=1
H(Yi| Sy, Yie-1: W, Sy X))
) &
< Y [HMISy, XP) — HY:|Su, Vi1, W, Sty Xbg, X))
t=1

= Z[H(YHSM,X?)_H(}/”S[t}aXf’Xg)}

t=1

= > (X[ YilX, Sy) (4.66)
t=1

where (i) is due to (4.2) and conditioning reduces entropy, (ii) is valid since

by b
Pst|5§>(5t|3t) = Pstmt,u,s[t,u,wa,wb,sfn](St|y[t—1]7S[t—l}awmwb,s[n])

Pst\y[t,u,s[t,l],wb,sf’n] (stlyge—11s Sie—1, wo, Sl[’n]) (4.67)

where the second equality is due to (4.2), (ii4) is valid since X} = qbgb) <Wb, Sf’tf db]>’

(iv) is valid since conditioning reduces entropy and finally, (v) is valid by (4.3).

Now, recall that x(¢€) = 2L and, combining (4.65) and (4.66) gives

n(i—0)
Re <+ ST VIXE Sy) + nle). (4.68)
Furthermore, o
I(XHYIXD,Sp) =n Y anl (X Vil X, S, Sy = ), (4.69)
peSt—1

and substituting the above into (4.68) yields (4.62).
Finally, for encoder b, (4.63) can be verified by following the similar steps of

encoder a. O
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Now since, for any ¢ > 1, conditional mutual information terms given in (4.62)-
(4.64) are functions of Pxa xby, 5,1, (2 2y, s|u), in order to complete the proof

of the converse, we need to show that this term factorizes as in (4.61).
Lemma 4.2.6. For every 1 <t <n and u € S, the following holds
PXg,Xg,n,st\S[t_l] (2%, 2"y, s|p) = Ps(s)Pys xa x0(yls, 2%, xb)ﬁgfa(xa)ﬂg(b(xb)' (4.70)

Note that one of the crucial step in verifying the product form for the causal setup,
see (4.18) and (4.19), is the independence of Shannon strategies of the current state.

This also holds in the delayed setup. Therefore, let

Tii (z") == {w; : gzﬁl(tl)(w,-,sftfdi] =) =12}, i=a,b (4.71)
and
Wél(l’(x ) = Z W" ﬂ—f;(i ([L’ ) = Zﬂgﬁ(x )PS[it_diﬂS[t_l] (:ul|,u)7 1= a, b.
wieTfLi(zi) ' i
Hence, (4.70) can be shown following the same steps in Lemma 4.2.2. ]

We can now complete the converse proof of Theorem 4.2.4. With Lemma 4.2.5 it is
shown that any achievable rate pair can be approximated by the convex combinations
of rate conditions which are indexed by p € S™ and satisfy (4.61) for joint state-

input-output distributions. Hence, any achievable pair (R, Ry) € co(J; R*(7)).

Remark 4.2.3 (Strictly Causal CSIT). When d, = d, = 1, Theorem 4.2.4 is the
capacity region of the setup with strictly causal CSITs. This case was considered in
the literature, e.g., see [LS13b], [LSY13], [LS13a] and [ZPS11], where it is shown
that strictly causal side information is helpful. Theorem 4.2.4 verifies that since the

full CSI is available at the receiver and since the decoder does not need to access the
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current CSI at the encoders, there exists no loss of optimality if the past information

at the encoders are ignored.

Remark 4.2.4 (CSI at Only One Encoder). One other conclusion of Theorem 4.2./
1s that in a situation where one of the encoders, say a, does not have an access to the
state information (i.e., d, is large) then, there exists no loss of optimality if the the

past information at the other encoder is ignored.

4.2.4 Degraded Message Set with Noisy CSIT

Assume a common message is provided to both encoders and one of the encoders has
its own private message. Assume further that the encoder with the private message
has causal noisy CSI, whereas the encoder with the common message only observes
noisy state information with delay d, > 1. Let the common and the private messages
be W, and W}, respectively, and S[‘Lda], d, > 1, and Sf’t] denote the CSI at encoder a, b,
respectively, where (S;, S¢, S?) satisfies (4.1) and (4.2). Hence, X2 = ¢§“)(Wa, Sti—da))
and X} = ¢,§b)(Wa, W, Sﬁ]); see Fig. 4.2. Let C%™ denote the capacity region for this

channel. Recall that 7, = lesb‘.

Definition 4.2.5. A memoryless stationary (in time) team policy is a family
= {#=(rxam(--) € P(X* x T*)} (4.72)
of probability distributions on (X,,Tp).
Let for every 71, R%™(7) denote the region of all rate pairs R = (R,, R) satisfying

R, < I(T"Y|X*S) (4.73)

R,+ Ry, < I(X*,T"Y|S) (4.74)
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a
St—da
Y

Wa Encoder X7
& (W, ST—d,]

Channel Decoder
P(Yy|Xp, X0, Sp) | St V(Y Spy) | Wh

Wbr Encoder J

t (b
¢1E )(Wa7 Wba Sf)t]) Xf

St

Figure 4.2: The multiple-access channel with degraded message set and with causal
noisy state information.

where S, X¢, T° and Y are random variables taking values in S, &X,, 7, and ),
respectively and whose joint probability distribution factorizes as

Pg xa 16y (s, 2, 10, y) = Ps(s)Pyxa v s(y|z*, £, $)Txa v (27, tb). (4.75)
Let co ( U, Rm (7?)) denotes the closure of the convex hull of the rate regions R (#)

given by (4.73) and (4.74) associated to all possible memoryless stationary team

polices as defined in (4.72).
Theorem 4.2.5. C™ = E( U= Rdm(ﬁ)) .

Achievability. Fix (Rq, Ry) € RY™(7).

Codebook Generation Fix mxa(x*) and mpsxa (t*|2*). For each w, € {1,--- 2"},
randomly generate zf,, , each according to J[;_, mxe(2f,, ). Reveal this codebook
to encoder b and, for each w, € {1,--- 2"} and w, € {1,--- ,2"%} encoder b ran-

domly generates tl[’n] each according to [T, mps xe(t),, 7%y, ). These codeword

Wh,Wa’

pairs form the codebook, which is revealed to the decoder.

Encoding Define the encoding functions as follows: zf(w.) = ¢{ (wa, sf;_,)) and
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2} (wy) = ¢} (wy, Wa, 87y) = 17 4, w, (s7) where g, and t?,, ., denote the ith component
of T e and tl[)n],wb,wa’ respectively. Therefore, to send the messages w, and wy,

transmit the corresponding L) v and ¢’

2]t w0 respectively.

Decoding After receiving (Y[, i), the decoder looks for the only (wq,ws) pair
such that (a:fn},wa,tl[’nmb, Y, Sjn)) are jointly e—typical and declares this pair as its
estimate (W, wp).

; L a b

Error Analysis Let Ea,ﬁ—{(X[n],a’T[n],ﬂ,av

and B € {1,---,2"%} and assume that (w,, w,) = (1,1) was sent. Then

y[n],s[n]) c A?}, a € {1,... ,2nRa}

P! = P(E, |J Eep)

(e,B)#(1,1)
< P(ES)+ Y. P(Bap)+ > P(Eag)+ Y. P(Ea.p). (4.76)
a=1,6#1 a#l,6=1 a#1,0#1

791

Since {Y;, S;, X, T7}2, is an ii.d. sequence hence, P(Ef,) — 0 for n — co. Next,

let us consider the second term

Y P(Bazipn)

a=1,6#1
a b n
= Z P((X[n},laT[n},ﬁ7Yv[n]>S[n]) € Ae)
a=1,6#1
b a a
= Z Z PT[I:I]|X[%] (t[n] ’f[n})Pan],Y[n],S[n] (l‘[n}a Yinl Sin))
a=1,8#1 (:p‘[ln],t[bn] Yln]»S[n]) EAD
Z ’A?’27n[H(Tb|Xa)fe}27n[H(Xa,Y,S)fe]

a=1,8#1
< 2an2—n[H(Tb|X“)+H(X“,Y,S)—H(X“,T”,Y,S)—3e]

—~
.
~

IN

(i) onlRy—I(T*Y|S,X*)—3¢ (4.77)

where (i) due to T[I;L] 5 is independent of (Y},}, Sin)) given X, and (i) is due to
H(T"|X*)+ H(X*Y,S)— H(X*T"Y,S)

= H(T’|X*)+ H(X*Y,S) - H(Y|X* T’ S) — H(X*,T"S)
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= H(X“Y,S)—H(Y|X* T S)— H(X"S)
= I(T"%Y]S, X%
where the second equality follows since T and S are independent given X®. Finally,

Z P(Eaz1821) = Z P((X[sz]wT[Z]ﬁ,Y[n],S[n}) € Al)
a#1,8#1 a#l,B#1

(idi) b .a
- Z Z PT[Z],X&] (t[n]a x[n]>PY[n],S[n] (y[n}a S[n})
a#1,B#1 (a:‘[zn] ,t?n],y[n],s[n])EAg

Z ‘A?‘2fn[H(Tb,X“)fe]an[H(Y,S)fe}

a#1,8#1
< 2n(Ra+Rb)Q—n[H(Tb,Xa)+H(Y,S)—H(Xu,Tb,Y,S)—:se}

IA

(2) 2n[Ra+Rb—I(Xa»Tb%Y|S)_3d (478)
where (7ii) holds since for a, f # 1, (ﬂ%}ﬁ»XﬁL],Q) is independent of (Y, Sp,j) and

(1v) follows since
H(T", X*)+ H(Y,S) — H(X*,T"Y,S)
= H(T°, X))+ H(Y,S)— H(Y|X* S,T" — H(X S,T"
= H(T°, X))+ H(Y,S)— H(Y|X* S,T" — H(X*,T% — H(S)
= I(X*,T"Y|S),
and the rate conditions of the R (7) imply that each term tends in (4.76) tends to zero
as n — oo. Finally, observe that the analysis for the error event ) £1,6=1 P(E,p) is

identical to the case of ) 5, P(Eq,5) which induces the same sum-rate constraint.

]

To prove the converse, first note that the main motivation in indexing mutual
information terms by the past CSI, is to get a product form on the team policies. In

the cooperative setup, we do not require a product form and therefore, the convex
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combination argument is not essential. However, we herein keep this indexing (see

(4.75)) to avoid the use of a time sharing auxiliary random variable.

Converse Proof. First observe that, since X} = ¢§b) (Wa, W, Sf’t_l], Sf), we have
7—'tb = gb) (Wau Wb7 Sﬁtfl]) € Xb‘Sbl- (479)

Lemma 4.2.7. Let T} € T, be the Shannon strategy induced by gbgb) as shown in
(4.79). Assume that a rate pair R = (R,, Ry), with block length n > 1 and a constant

e € (0,1/2), is achievable. Then,

Ry < > a (T Yi|X7, Sy, Syoqy = ) + 1(e) (4.80)
MES(”)

Ro+ Ry < > o d(X{,T)5Y|S, Sy = ) + nle) (4.81)
puesS™)

where a,, and n(€) are defined in (4.13).

Proof. Let us first consider the sum-rate condition. Since,

(WY, Sp) <) [HYSw) — HYW, Sy, Yy, X{. T7)]

t=1
n

(i) .
= > [HMiISy) — HMY:|Sy, X7, )]
t=1
= ZI(nga,I;SbaYAS[t])’ (482)
t=1

where (i) can be shown in a similar way as (4.21), we have,
1 n
Ro+ Ry = — > I(XP T Yi|Sm) + ne)
t=1

IX[TYiS,) = n Y ol (X T3YiS, Sy = ). (483)
,LLESt_l
Substituting the above into (4.83) yields (4.81). Let us now consider encoder b. With
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Fano’s inequality and standard steps, we get

1 11
Ry < —log(Whl) < 37—~ (1(W5; Yiu), Siap) + H (€)) (4.84)

Following similar reasonings as in (4.66) we get,

IT(Woi Yiup, Spp) - < LW Yigg, Sty [Was Sty

= D [HYilSw, Y-, Wa, St
t=1
—H(Yi|Sa, Yie-1, Wa, Wa, S|
= > [HYSw: Yi-u, Wa, i, Xi)
t=1
—H (Y| Sy, Yiewr), Wa, Wa, S, X1y
< > [HMISw, X7)
t=1
—H(Yi| Sy, Yii—), Wa, W, Spy, Xy, T))]
© i [H (Y|, X{) — H(Yi| Sy, X2, T7))
t=1
=S I VX, ) (4.85)
t=1

where (i) is valid since

a a b
Pmsm,y[t_u,w,sa Xe Ttb(yt‘s[t}ay[t—1]7W75[n]7x[n}att>

(n) X [n]?
= Yi|St,50, X0, 10 \Yt|Sts Sy Ty s Uy
stSb

b a a b
Psg|s[t],y[t,1],w,sgl],x[ﬁ;d (871510, Yie—1)s W, 80, 2 1)

(ii4)
= Z Py, 5, x0.m0 (Uel s, 82, 27, 17) Poyys, (st 1)

8?681,

= Pmst,xg,Ttb (ye|se, of, t?) (4.86)
where (i7) is due to (4.3) and (iii) is due to (4.1) and (4.2). Following (4.21), we
verify (4.80). O
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Wa Encoder X7
0" (Wa)

Channel Decoder
P(YIXE,XP, S0 | 5T | (V. S | W
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t (b
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Figure 4.3: The multiple-access channel with degraded message set and with noisy
state information at the receiver.

We now need to show that the distribution PX?I}’%,&IS[FH (22, %, y, s|u) factorizes

as in (4.75). Let first 7, .,

(2%,1%) := Pya s, (2%, t°|p) and observe that
PXﬁ,Ttb,n,SqS[t,l] (z*, tb7 Y, s|p)

= D Prixpxs Wle® (), ) Psys, (s8150) P, () Pxg s,y (2 £]12)

shesh
= w;a’Tb(xa,tb)PSt(S)megyTtbyst(yma,tb,5) (4.87)
where the equalities are verified by (4.3), by (4.1) and by the fact that (X2, T?) is
independent of S;.

We can now complete the converse proof of Theorem 4.2.5. With Lemma 4.2.7 it is
shown that any achievable rate pair can be approximated by the convex combinations
of rate conditions which are indexed by p € S™ and satisfy (4.75) for joint state-
input-output distributions. Hence, any achievable pair (R,, Ry) € ¢o( |, R (#)).

O

Remark 4.2.5. Theorem 4.2.5 shows that when the common message encoder does
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not have access to the current noisy CSI (since the delay d, > 1), by enlarging the
optimization space of the other encoder, via Shannon strategies, the past CSI can be

tgnored without loss of optimality if the decoder is provided with complete CSI.

Note that in the degraded message set scenario a product form on the pair (X, T°)
is not required (see (4.75)). In connection with this observation, let us consider the
following noisy CSIR setup.

Let the encoder with the private message causally observe noisy state information,
whereas the encoder with the common message has no CSI, i.e., X/ = gbg“)(Wa) and
Xt = ¢§b)(Wa,Wb,Sf’t]) and the decoder also has access to noisy CSI at time ¢,

S} € S,; see Fig. 4.3, where,

Sb

P -
S5 ]’

ST (s[n}, s[n H |W | ]W | Pg,. s Sb(st,st,sf) (4.88)

and let C%" denote the capacity region for this setup.
Let for every memoryless stationary team policy & defined in (4.72), R¥™(#)

denote the region of all rate pairs R = (R,, R}) satisfying,
Ry, < I(T*Y|X*S") (4.89)
R,+ Ry, < I(X*,T°Y|S") (4.90)
where S”, X, T® and Y are random variables taking values in S,, X,, T, and ),
respectively and whose joint probability distribution factorizes as
PST,X‘Z,T",Y(Sra z, tba y) = Psr (ST)PY|XCL,T”,ST (y|=®, tba ST)WXa,Tb(xaa tb)' (4.91)
Let E( U= ﬁdm(ﬁ)) denotes the closure of the convex hull of the rate regions R (#)
given by (4.89) and (4.90) associated to all possible 7 as defined in (4.72).

Theorem 4.2.6. C™ = @<U7Ar Rdm(fr)).



CHAPTER 4. MAC WITH CSIR 97

Proof. The achievability proof is identical to that of Theorem 4.2.5. The converse
proof is also similar and therefore, we only provide a sketch. In particular, observe

the following lines of equations for the converse proof of the condition on R;:

[(Wb,}/[n],Sf;l]) < [(Wb7Yv[n}aS[7;L}‘Wa)

n

- Z[ (YmST’|St 1] Y- 1]’W)
t=1
—H (Y4, S]1Sf_1ps Yie1, Wa, Wa)]
CERN , r
= > [HXISy, Yi-a, Wa) = HYi|Sfy, Y1y, Wa, Wh)]
t=1
= > [HYIS}, Yoo, Wa, X7)
t=1
—H(Y,|S}, Yie1), Wa, Wi, X))
(@)
< O [HVISH, XP) = HYil Sy, Yoy, Was Wo, X7, T0)]
t=1
(4id) = , a r a
= Z [H(Yi| Sy, X)) — H(Yi| Sy, X, T7))]
t=1
= > IThvixg S) (4.92)
t=1

where (i) follows since state is i.i.d., where T} is the Shannon strategy induced by
encoder b at time ¢ as shown in (4.79), and (é¢) is valid since conditioning does not

increase entropy, and (i) is valid since

b
PYt|S Ye—1),Wa,Wp, X7, Tb(ytlst] Ye— 1]7wa7wb7xt7t)

(iv) b a 4b
= E Pys,s0 xa e (el st 8¢5 7, 1)

StES,SlgESb
b r a 4b
PSQ,St|S{t],Y[t_H,Wa,Wb,Xg,Ttb(Sta St’é‘[t], Y[t—1], Wa, Wh, Ty , tt)

(v)
= > Pusostxem Welse st a8 Poy g, (0, 1]s7)

St ES,S’t’ESb

Py,isr xo ro (Velst, o t7) (4.93)
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where (iv) is due to (4.3) and (v) holds due to (4.88). Hence,

Ry < D7 o I(THYiXE S S)y = i) +1(c) (4.94)
/—Lresﬁn)
Ry + Ry, < Z I(Xfa Ttb> YHS:’ [tt 1] :ur) + 77(6) (4'95)
Lor ES(")
where ,, := Pg . (ur) and n(e) is given in (4.13). We now need to show that the
joint distribution PXtayTtb7Y%75:|Sf;71] (z%, 1%, y, s"|pe) satisfies (4.91). Let mhy, P (29, %) =
Pxgiisy, (22, %], ) and observe that
PX“ Tb Yq, S’“|S[t 1 (:L,a7 tba Y, Sr|u1‘)
= Z Z Py, xa x0.5, (Y2, t°(s)), S)Psf,st,sr(sfa st, 8" ) Pxa TESE (2%, ")
sbeSh st€S
= W;aﬂﬂb (Iaa tb)PStr(ST)PﬁﬂXg,Ttb,Str (y|xa7 tba ST) (496>

where the first equality is verified by (4.3) and by the fact that (X2, T}?) is independent

of (S, 5P, S1). O

Remark 4.2.6. [t should be observed that unlike Theorem 4.2.5 and results in the
previous sections, for the validity of Theorem 4.2.6, it is not required to have a Markov
condition on Pg, g Sr(st, sb, sT). Furthermore, the result also holds with no CSIR, i.e.,

S, = 0 is allowed, and in this case Theorem 4.2.6 is as an extension of [SBSV0S,

Theorem /] to a noisy setup.

Remark 4.2.7. For the validity of converse proof of Theorem 4.2.6 it is crucial that
X only depends on W,. To be more explicit, let us assume S, = 0 and consider the

following steps of the converse

I(WyiYy) < Y HY[Yjory, X)) — HYa|Yjemr), Wa, Wi, Xy, T7)

t=1

= Y HYi|Yjn, X)) — HY Yoy, X2, 7). (4.97)

t=1
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Since S; is not available to the decoder, the above equality is valid if X[‘jﬂ does not
provide any information about S;. Hence, in other words, whether CSITs are noisy
or not, if there is no CSI or noisy CSI at the decoder, the arguments above would
fail if the uninformed encoder observes some degree of CSI, i.e., d, < oo so that X[‘jl]

carry some information about (S, S?, ST).

It should be noted that for the setup given in [SBSV08, Theorem 4], Theorem
4.2.6 provides an equivalent characterization. Recall that in [SBSV08, Theorem 4]
the informed encoder has full CSI, i.e., X? = gbgb)(Wa, W4, Sp), both the uniformed
encoder and the decoder have no CSI and the capacity region, Cug, is given as the

closure of all rate pairs (R,, R) satisfying
Ry, < I(U;Y|X% (4.98)
Ry + R, < I(UX%Y) (4.99)
for some joint measure on S x X, x A x ) x U having the form
Py|Xa,Xbﬁs(y|:c“,xb, S)PXblU’Xa7s<'Tb|U, z, 5)Ps(s)Pxa y(x®, u), (4.100)
where |U| < |S||X,||X,| + 1. On the other hand, for this setup, Theorem 4.2.6 gives
the capacity region, C*™, as E( U= R’C(ﬁ)) where R (%) denotes the region of all
rate pairs R = (R,, R,) satisfying
R, < I(T;Y|X?) (4.101)
R+ Ry, < I(T,X%Y) (4.102)
where Py 7 xa xo.5(y,t, 2% 2", s) factorizes as
Py xa xb s(y|z?, 2°, S)PXb‘SVT(xb|s,t)Pg(s)era,T(x“,t), (4.103)

and T :S — A,
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Although the relation between an auxiliary variable and Shannon strategies is well
understood for the single-user case (e.g., see [KSMO07, Section 3.2]), it requires more
attention in the multi-user case; in particular, note the difference between || and

|7|. Hence, we provide a proof for C* = Cus.
Theorem 4.2.7. C™™ = Cys.
Lemma 4.2.8. C%™ C Cus.

Proof. Recall that T € |T| = |X,|I°! and U] < |X,||X||S| + 1. Hence, we have either
|U| > |T] or else. In the case where [U| < |T|, we note that || is limited to a finite
set without loss of generality. Hence, we can always take |U| at least | 7| such that
it satisfies (4.98), (4.99) and (4.100). Then we can directly conclude that C*™ C Cug
since be|S’T(xb|8,t) = PXHS,T(xb]s,t,xa) = lyu—ys)) and this is a special case of

PXb\U,Xa,S($b|U> z?,s). [
In order to prove the other direction, i.e., Cag C C%™, let Ch be the closure of all
rate pairs (R,, Rp) satisfying

R, < I(U;Y|X?) (4.104)
Ry+ R, < I(U,X%Y) (4.105)

for some joint measure on & x X, x A x ) x U having the form
Py xa xv s(y|2", z?, )1 fabmm(s 20 u)} Ps () Pxa,u (2, ), (4.106)
for some m : U x X, x § — A&, where |U| < |S||A,||A,| + 1, and we first show that

Cas = CEg, and following this, we show that Cfg C cim.

Lemma 4.2.9. Cy5 = CES.
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Proof. Tt is obvious that Cfg C Cas and hence, we need to show that Cas C C4g. Let
Py xaps(2®, 2%, u, s) be a joint distribution in the form of (4.100), i.e.,

Pxo xays(a’, 2%, u, 8) = Pxs|xays(2°|2%,u, $) Ps(s) Pye y (2, u). (4.107)
Let A denote a |, |[U||S|-by-|X,| matrix where A = Pxojxeys(ilj k1), 1 <i <
], 1 <j<|X), 1 <k<|Uland1 <1 <|S|. Hence, A is a |X,|[U||S|-by-|Xs|
row stochastic matrix, i.e., Ai,jkl >0, Vi,j,k,l and Z'Zﬁ' ‘/_\i,jk‘l =1, Vj,k, 1. Let A
denote a |, ||U||S|-by-|X,| binary stochastic matrix, that is a matrix with each row
has exactly one non-zero element, which is 1. Observe now that any row stochastic

matrix can be written as a convex combination of binary stochastic matrices (e.g.,

see [Hog77, Lemma 5] and [NFTO07, Proposition IV.1]). Therefore, we have

A= zk: MNAD, zk: =1, (4.108)
i=1 i=1
where A® is a binary stochastic matrix and by [Hog77, Lemma 5], k < (|, ||U||S])?.
Let, for the joint distribution Pxs xa rrs(2, 2%, u, s),
Ry, < I(U;Y|X%3, (4.109)
R+ Ry < I(UX%Y)4. (4.110)
Therefore, (R,, Ry) € Cas. Now, observe that for a fixed distribution Pxa (2%, u),
both I(U, X% Y') and I(U; Y|X*) are convex in Py |xey(y|z® u) and hence, convex in

Py xap,s(-|2%, u, s). This and (4.108) imply that

k

IU;Y[XD < ) MU Y]X) 60, (4.111)
=1
k

I(UX%Y)5 < D MU XY ) g0, (4.112)
=1

where [(U;Y|X%)aw and (U, X% Y)xw denote the mutual information terms in-

duced by A®.
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Now, let (R’, R}), 1 <14 < k, be such that
Ry < I(U; Y| X") a0,
Ry+ R, < I(U XY )0,
and hence, (R., R}) € C§s, 1 < i < k. Let (R, R]) = S5 Mi(RL, R}). Since a
convex combination of achievable rates is also achievable, so (R, R{j ) € Chg. This

observation and inequalities (4.109)-(4.112) complete the claim that (R,, R) € Chs.
0

Up to now, we have shown that Qdm C Cyg and CES = Cys. In order to prove
that C%™ = C,g, it remains to show that C¥s C C™™. Note that C%g still depends
on Pxa (2% u) in which || can be larger than |7]. Hence, in the next lemma we
basically show that for every Pya (2% u), there exists a 7 (¢, u) which induces

the same rate constraints as induced by Pxa y(x%, u).
Lemma 4.2.10. C§y C ¢%™.

Proof. Let us fix a joint distribution P . b ;¢

(y, 2% 2% u, s) satisfying (4.106), i.e.,
Py xa xo.0,5(Y, 27, 2’ u,s) = P;|Xa,xb,s(y|$aa 2, )L {zb=m(s,za.u)) Ps(8) Pxa (2%, w).
Observe that for every m satisfying #° = m(u, 2%, s), one can define

2’ = m(u, 2% s) = m(z%, u)(s), m(z®u) €T, (4.113)
where 7 is the set of all mappings from S to &},. Now, let

(I(U; Y|X%)

Y’XayU(yv-ravu) )

(U, X y)P;,Xa’U(ywa,u)) , (4.114)
denote the mutual information pair induced by P¥ ya (y, 2% u). We have

[(U7 Xa’ Y)P;j_’xa’U(y,m“,u)
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PYUXa(y>u )
= ZZZPYXaUy,x u)logP*()P* (a7
U,Xa\™

ueU yeY xreX,

« a P;,U,X“(y7uaxa>
= 222, 2 Bueulyat w)log 5 S

teT ueld yey xzeeX,

@) * PYUXaT(yaU )
= P a t 1
E E E E v,xour (Y, 2, u,t) log Py (y) P xo p(u, 2, 1)

teT uel yeY xeeX,

y P o o (2, ) Pl xa (u, t, 2%)
(i) N a v|xe,r\Y U,T,X
= g g E 5 Py . y,x% u,t)log - -

Y, X 7U,T( ) Py(y)PUTXa(U,t,x )

teT ueld yeY z2€Xx,

Py xor(y, 2%, 1)
= 200 D Rueurly et ut)log g vpe =iy

teT ueld yeY ze€X,
P{;Xa T(y7 xaat)
— Py xa p(y, 2%, t) log ————
2.2 > Bxer B () P ()

teT ye) xoeiX,
= I(T Xa Y) YX“ T(y xe t) (4115)

where (i) is valid since m(z®,u) € T, i.e., for each (z%, u) there exists only one t € T
such that Ppjxa y(t|z*,v) = 1, (ii) is valid since

(i) * a

= ZPY\X“,T,U,S(mx ,tu, s)Ps(s)

seS

P;|XQ,T,U(y|"L‘a> 2 u)

() ZPY‘Xa7T7S(y|x“,t,s)PS(s)

seS

= D Prgxan(y,sla® ) = PYixar(yla®,t), (4.116)

s€S
where (i7i) is valid since S and (X*, T,U) are independent and (iv) is valid due to

(4.3). Similarly, we have

(U Y X) py

YXa U(y ¢ u)

LYY S Rl ulog )

ueEU yeY x*€X, Y|X“(y’$ ) U|Xa(u‘x )

- ZZ Z PYXG' y?'x u) log P* PYUXa(y’u & )

uEU yeY 1I€X, Y|Xa(3/|37 ) UXa(Uy xa)




CHAPTER 4. MAC WITH CSIR 104

P;UXG T(% u, x* t)

(v)
= Py v yr(y, 2%, u,t) log —; -
2222 P 011 e 0720
- P o (01E229) Pl g1 £,29)
XYY Bl o —
= Y, xe,UuT\Y, L ,u,t) log ”
teT uel yeY zv€X, PY|Xa(3/‘$ ) UTXa(“ t,x®)
) PYT\Xa(yvﬂx )
- ZZZ Z PYX“ UT(yax u t) lOg P* ( |I ) (t|x“)
teT ueld yey z9eX, Y|Xa Y T|Xa
P;T|Xa (y, t[z*)
= Py yar(y, 2%, t) log —- -
; yey ZX j:)Y|Xa<y|3C ) T|Xa(t|33 )
= I(TY[X") Py o pam)s (4.117)

where (v) and (vi) follows from the same reasonings of (i) and (i), respectively. Now,

let R, < I[(U;Y|X%)ps o and Ry + R, < I(U, X%Y)p: Hence,

yxa U(yma yxa U(yza u)-

(R, R,) € C¥s. Observe now that for a distribution in the form of Py yap(y, 2,t),
one can define e (2% t) = Pgap(2,t). Therefore, since C™™ = E(U7r R’C(fr)>,

and due to (4.115) and (4.117), (R, R;) € C%, which completes the claim. O

Proof of Theorem 4.2.7. Follows from Lemmas 4.2.8 - 4.2.10. O

4.3 Examples

We present two examples. In the first example, we discuss the state dependent
modulo-additive MAC with noisy CSIT and complete CSIR (as in Section 4.2.1)
and show that the proposed inner and outer bounds are tight and yield the capacity
region. In the second example we consider the problem defined in Section 4.2.2 where

the channel is a binary multiplier MAC whose state is an interference sequence.
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4.3.1 Modulo-additive MAC with Noisy CSIT

Recall that the results of Section 4.2.1 are given in terms of Shannon-strategies.
Hence, their computation requires an optimization over an extended space of the input
alphabet to a space of strategies and is often hard; in fact, very few explicit solutions
exist even in the single-user case. In [EZ00], modulo-additive single-user channel with
complete CSIT is considered and a closed-form solution for the capacity is derived.
Based on this result, we now consider the modulo-additive state-dependent MAC with
asymmetric noisy CSIT and show that for the sum-rate capacity, the optimal set of
strategies has uniform distribution. This enable us to determine the entire capacity
region by observing that under the uniform distribution both inner and outer bounds
are tight.

To be more explicit, we consider a two-user state-dependent MAC in which the
channel noise, defined by a process {Z;}{°,, is correlated with the state process. The
channel is given by Y = X @ X°® Z where X, = X, =Y = Z ={0,--- ,q — 1}
and Z, is conditionally independent of (X%, X°) given the state S and in the sequel
addition (and subtraction) is understood to be performed mod-q. Assume further
that we have the setup of Section 4.2.1. The following theorem is the main result
of this example and can be though as an extension of [EZ00, Theorem 1] to a noisy

multi-user setting.
Theorem 4.3.1. The capacity region of the modulo-additive state-dependent MAC
defined above is given by the closure of the rate pairs (R4, Ry) satisfying

R, <logq — Hpin

Rb < logq - Hmin
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R, + Ry <logq— Hyin (4.118)

where Hypiy = ming » H(Z + t%(S*) + t°(5%)|S).

Proof. First, recall the rate condition given in Theorem 4.2.2;
R,+ R, < H(Y|S)—H(Y|T*T"S). (4.119)

We first determine the optimal distributions of ¢¢,¢, the distributions achieving the
sum-rate capacity, and then show that these distributions yield the same inner bound.
Let us first consider H(Y|T*,T°,S). Clearly, Pyxa xo s(ylz*, 2", s) = Pys(y — z* —
2®|s) and H(Y|T*,T% S) > ming o H(Y|T* = t*,T" = t*, S). Observe that

PY‘Ta7Tb’S(y‘ta,tb7S) = ZPY|Ta’Tb’Sa’Sb7S<y’ta’tb,Sa,Sb7S)PSa7Sb‘S(Sa,8b|S)
sa,sb
= Y Pys(Z=y—t"(s") = °(s)]s) Poa,sris(s", 5"ls)
s9,sb
== Pz+ta(5a)+tb(sb)|s(y|8). (4120)

where the second step is valid since Z is conditionally independent of (S%, S®) given
S. Therefore, H(Y|T® = t*, T = t*,S) = H(Z + t*(S?) + t°(S%)|S). Let (t%*,t**) be
two mappings from S, to &, and S, to &}, respectively, for which H (Y |T® = ¢, T® =

t¥*S) = Hpin. Now recall that, by Corollary 4.2.1, we have

e = sup  [H(Y|S)— H(Y|T*T" )]
mpa (t9)m s (1°)
< sup H(Y|S) — Huin, (4.121)
Tra (ta)ﬂTb (tb)

and we now determine the policies {mza(t?), t* € T,} and {7 (t?), t* € T;} achiev-
ing the supremum above. Let us first define the following class of strategies
Tr = {t¢}, where t2(s*) =t"(s*)+71, T=1,--+ ,q (4.122)

T = {t’}, where t’(s") =t"(s") =7, 7=1,--- ,q. (4.123)
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It should be noted that H(Y|T?® = t** T® = t* 8) = H(Y|T* = t2,T° = t*,S)
since H(Y|T* = t2, T = t*.8) = H(Z + t*(8%) + t*(S)|S). Note that H(Y|S) <
log | Y| = log q, but if we choose T® and T® uniformly distributed within 7.* and 7%,

respectively (with zero mass on strategies not in 7. and 7,*), we would get

(@) a 1
Pyis(yls) = Z Z Z Py v b ga sv 5 (Y|t ,tb,s“,Sb,s)?PSavsb‘S(s“,sﬂs)

50,50 €T theTyr

_ Zpsa,sbw(sa,sﬂs)q—i ST Pusly — 19(s7) — ("))

sa,sb teeTx tb€7;*

(47) “ 1

= ZPSG’Sb|S(S ,Sb|8)—2 Z 1
sa,sb q teeTx

(i) 1

w2 (4.124)
q

where (i) valid since T® and T? are uniformly distributed, (ii) is due to (4.123) (i.e.,
follows from the fact that ¢ € 7;* traces all possible values of Z) and finally, (i) is

valid since |T.*| = ¢q. Therefore, we get that CFZS = log ¢ — Hyyn which is achieved by
1 1

Tra(t?) = =, Vt* € T, m(t) = =, Vt° € T (4.125)
q q

Let us now consider the inner bound. In particular, we need to show that the sets of
policies in (4.125) give H(Y|T?,S) = H(Y|T?,S) = logq. Consider H(Y|T?,S) and
observe that
a (i) a a 1 a
Pyiras(yltt,s) = Z Z Py(go o 50,50, 5(y[t" 1%, s 7Sb78)§PSa,Sb|S(S ,8%)s)

5,50 theT*

_ Zpsa,sbsw,sﬂs)% S Pusly — t9(s%) — £2(s")]s)

sa,sb theT)
) a 1
= Zpsaysb‘S(S ,8b|8)5
sa,sb
1
- 2 (4.126)
q

where (iv) is valid since T is uniformly distributed and (v) is due to (4.123) (i.e.,
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follows from the fact that t* € 7, traces all possible values of Z). Thus, H(Y|T¢,S) =

log q. It can be shown similarly that under (4.125) H(Y|T?, S) = logq. ]

Finally, it is easy to see that when there is no side information at the encoders
and at the decoder the capacity region of modulo-additive state-dependent MAC is
given by the closure of rate pairs (R,, R;) where

R, <logq— H(Z)
Ry, <logq— H(Z)
R,+ Ry, <logq— H(Z). (4.127)
Observe that we have
H(Z 4 t*(S) +t°(S")|S) <  H(Z|S)+ H(t*(S*) +t°(S%)|S)
Hpyin = ItIallthl H(Z 4 t*(S*) +t°(S")]S) < min [H(Z|S) + H(t*(S*) + tb(Sb)|S)]

ta tb

Y H(z|S)

(vit)
< H(Z)

where (vi) can be achieved with any deterministic mapping and (vii) is valid since
Z and S (and hence S) are correlated. Therefore, availability of state information

strictly increases, by an amount of at least I(.S; Z), the capacity region of the modulo-

additive state-dependent MAC.

4.3.2 Binary MAC with Interference

Consider the binary multiplier MAC with state process interfering the output, namely
Y = X°X°® S where X, = X, =Y = S = {0,1}. Assume further that the

communication setup is given as in Section 4.2.2 with S™ = S & Z" where Z" ~
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Ber(p,) is Bernoulli with P(Z" = 1) = p, . We now show that the capacity region,
with both causal and non-causal coding, of this channel is given by the closure of
(R4, Rp) where R, < 1 — H(S|S"), Ry <1— H(S|S") and R, + R, < 1 — H(S|S").
First recall the capacity region given in Theorem 4.2.3 and observe that
H(Y|S", X X" = HX*X"® S|S", X, X*) = H(S|S", X, X*) = H(S|S").
Hence, input distributions do not effect H(Y|S", X%, X?). Clearly, H(Y|S") < 1
H(Y|S",X%) < 1 and H(Y|S", X?) < 1 and we now show that equalities can be

achieved. More explicitly, we have the following optimizing distributions which can

be obtained using standard inequalities

argmax H(Y|S") = {7Txa|sa(0|fa(0)) = Txa|ga (0] (1)) = 0.5,
le‘sl(xllf(sr))v l=ab

x50 (01f°(0)) = xos (0] f°(1)) = 0.5} (4.128)

argmax HY|S", X*) = {7Txa|sa(0|fa(0)) = Txai50 (0] f*(1)) = 0,
le‘sl(wl|f<sr))v l=ab

Txo150 (01 £°(0)) = mxo0(0] f°(1)) = 0.5} (4.129)

argmax  H(Y|S", X") = {mxus(0]f°(0)) = mxuss (0]f°(1)) =0,
7rxl|sl(wl‘f(sr))7 l=ab

mxajse (01£2(0)) = mxopss (01 £(1)) = 0.5} (4.130)
and in the rest, let us show that these yield the equalities in the conditional entropies.

Let us start with R,, i.e., H(Y]S", X®). Note that

H(Y|S", X Z Z P+ (8" )mxoysn (2| fP (") H(Y|S" = 8", X® = %) (4.131)

Substituting (4.130) in (4.131) gives
H(Y|S", X =

Ps:(0)H(X*® S|X*=1,8"=0) + Po-(1)H(X"® S|X*=1,5" = 1).
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We next show that under (4.130) H(X® & S|X® = 1,57 = 0) = 1, for which it is
enough to show that Pyaggixt,s-(0[1,0) = 0.5. We have
Pxagsxv,s+(0[1,0)
= Z Z PXa@S‘S7Xa7Xb’ST (0|S,$a, 1, O)PS|S’I‘ (S|0)7TXa|Sa(QEa|fa(0)) (4132)

s€{0,1} z2€{0,1}
Pg15+(0[1)[0.5Pyags;s,xa xv,5-(0]0,0,1,0) 4 0.5 Pxags)s xa, x5+ (0]0,1,1,0)]

+PS|ST(1|1) [0'5PX“EBS|S,X“,XI’,ST(O‘17 O, 1, 0) + O'5PX‘1€BS|S,X“,XZ’,S’"(O|17 1, 1, O)]

= 0.5

where (4.132) is due to the Markov condition S — S™ — (X9, X?) and (4.36). We
can similarly show that Pyaggxb s-(0[1,1) = 0.5 and hence, H(X* & S| X =1,5" =
1) = 1. Therefore, H(Y|S", X?) = 1. Since the above derivation is symmetric, under
(4.129) H(Y|X®,S") = 1.

It now remains to show that with (4.128), H(Y|S") is equal to one. It should be
observed that

Pxaxvagsr(|s")

(Z) a a a T T T
= Z Pxaxegsixa xo (|2 73?b>$)7TXa|sa(»’U /(s ))be\sb(ﬂfb\fb(s ) Psysr(s]s”)

zo,zb s
(@) r a
=025 ) Pyse(sls”) Y Pxoxsasxexes(a®, 2", s)
s€{0,1} ze,zb{0,1}
= 05

where (i) is due to is due to the Markov condition S — S™ — (X% X°) and (4.36),
(i7) is due to (4.128) and the last step is valid since for given s, there are only two
pairs of (27, ) for which Pyaxvqsxa xb s(-|2%, 2", s) = 1 (and zero for the other two).
Hence, H(Y|S") = 1.

Finally, it can be easily shown that the capacity region of Y = X%X®@ S without
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CSIT and CSIR is given by the closure of (R,, Ry) where R, < 1—H(S), R, < 1—H(S5)
and R, + R, <1 — H(S). Therefore, availability of noisy CSI at the encoders (both

causal and non-causal) and at the decoder increases the capacity region by an amount

of 1(S;S7).

4.4 Conclusion and Remarks

We have considered several scenarios for the memoryless state-dependent MAC with
an i.i.d. state process, asymmetric noisy CSI at the encoders and complete and noisy
CSI at the receiver. When the encoders have access to causal noisy CSI, single-letter
inner and outer bounds, which are tight for the sum-rate capacity, are obtained. In
order to reduce the space of optimization, from Shannon strategies to channel inputs,
we consider the case where CSITs are asymmetric deterministic functions of noisy
CSIR. The causal setup of this problem is considered in [CY11] and a single-letter
characterization for capacity region is provided. Hence, we considered the non-causal
setup and showed that the causal and non-causal capacity regions are identical.
When the decoder does not need to access the current CSI at the encoder, which
matches with the delayed scenario, we observe that a single-letter characterization
of the capacity region can be obtained. We further discuss a degraded message set
scenario and show that when the common message encoder does not have an access to
the current noisy CSI, due to delay, it is possible to obtain a single-letter expression
for the capacity region. Since a product form is not required in this case, we observed
that as long as the common message encoder does not have access to CSI, then in
any noisy setup (the cases where no CSIR or noisy CSIR) it is possible to obtain the

capacity region.



Chapter 5

Multiple Access Channel without

Receiver Side Information

In this chapter, we generalize the sum-rate capacity result presented in the previous
section. In particular, it is shown that when the state processes are asymmetric,
Shannon strategies are optimal if the decoder is provided with some information which
makes the CSITs conditionally independent. With this result at hand, the next step
is to investigate what the minimum rate required to transmit such information to
the receiver is when there is no CSIR. By using the lossless CEO approach [GP79]
and adopting the recent proof technique of [LS13b, Theorem 1], we characterize the
rate required to transmit this information to the receiver. Therefore, we demonstrate
how far the Shannon strategies are away from the optimality when there is no CSIR.
Recall once again that when there is no CSIR, Shannon strategies are suboptimal;
see [LS13b] for a particular example.

The rest of the chapter is organized as follows. In Section 5.1 we formally state

the problem, in Section 5.2 we present the main result on the sum-rate capacity and

112
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give the converse proof sketch. In Section 5.3 we consider the case where there is
no CSIR and provide an inner bound to the capacity region and in Section 5.4 we

present concluding remarks.

5.1 Problem Setup

Consider a two-user memoryless state dependent MAC, with two encoders, a, b, and
two independent message sources W, and W, which are uniformly distributed in
the finite sets W, and W,, respectively. The channel inputs from the encoders are
X® € X, and X° € A, respectively, and the channel output is Y € ). The channel
state process is modeled as a sequence {S;}72, of i.i.d. random variables in some
finite space §. The two encoders have access to causal possibly correlated versions
of the state information S; at each time ¢t > 1, modeled by S* € S,, S? € S,
respectively. We also assume that {(S;, S¢, S?)}22, is a sequence of i.i.d. triples and
independent from (W,, W,). Therefore, we have that for any n > 1 (4.2) is satisfied.
The channel inputs at time ¢, i.e., X2 and X?, are functions of (W,, Sﬁ]) and (W, S[Ia),
respectively. Let W := (W,, W,) and X; := (X2, X?), respectively. Then, the laws

governing n-sequences of state, input and output letters are given by

[n]’

lyn W, X 11,801,521, 5? (?J[n]|W7X[n]aS[n]ast[zn}asl[)n]) = 1mxg,xg,st(yt|$?a$?>5t)a (5.1)
[n] [n]>S[n] [n]
t=1

where the channel’s transition probability distribution, Py xa x» g, (ye|xd, 22, s¢), is

given a priori.
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W Encoder
o We, ) Y, W,
Channel ¢ a

Decoder

L PoaxE xSy Ve | (Y, Vi) | W
Wi Encoder J
¢t (Wb7 ]) Xf

St

Figure 5.1: The multiple-access channel with asymmetric causal noisy state feedback.
5.2 Common Information at the Receiver

We first determine the sum-rate capacity when some information is available at the
receiver. Let {(V;)}:2,, Vi € V, be an external sequence of random variables that the

decoder observes (see Fig. 5.1) and satisfies the following

1 1 £
Py W w, (U], Wa, wp) - = WWHP%(UZ‘) (5.2)
a i=1

Ps[t] S[t] Sf’] ( [t]> 3[75]7 S[t} U[t}) = P(S?t]|U[t])P(Sl[7t]|U[t])P(S[t}, U[t]), 1 S t S n. (53)

Remark 5.2.1. Note that when {S2}2, and {SP}2, are independent the process
{Vi}2, can be taken as a deterministic (or null) sequence. A more general ezample
is as follows: Let {Z;}2°,, {Z8}2°, and {Z}2, be three nmoise processes which are
i.i.d. and independent of each other and where {Z;}5°, is independent of {S;}2, and
{Za}y2, and {ZP}22, are independent of {V:}°,. Let V; = Sy + Z;, S¢ =V, + Z¢,
St =V, + Zb. In this case, equation (5.3) holds and V; is only a noisy version of
Si. These two examples demonstrate that the availability of the process {V;}:°, at the

receiver is in general a less restrictive scenario than the availability of complete CSI
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at the receiver.

Definition 5.2.1. An (n,2"Fe 2" code with block length n and rate pair (Rq, Rp)

for the state dependent MAC with causal noisy state information consists of

(1) A sequence of mappings for each encoder
O SEXW, = Xy, t=1,2,..n;
60 S X Wy = X, =12,
2) An associated decoding function
YV XY= W, X W

The system’s probability of error, Pe(”), an achievable rate pair, the capacity region
and the sum-rate capacity is defined in a similar manner of Chapter 4. Let C and C2=
denote the capacity region and the sum-rate capacity, respectively. Let, as before, the
set of all possible functions from S, to X, and S, to &}, be denoted by 7, := X,%! and
Ty = Xblsb‘, respectively. Recall also that 7,-valued and 7Tp-valued random vectors

are called as Shannon strategies.

Definition 5.2.2. A memoryless stationary (in time) team policy is a family
= A{m = (mra(-), 71 (-)) € P(Ta) X P(Ty)} (5.4)

of probability distribution pairs on (T, Tp).
For every memoryless stationary team policy 7, let R(mw) denote the region of all

rate pairs R = (R,, Ry) satisfying

R, < I(T*%Y|T" V) (5.5)
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R, < I(T%Y|T*,V) (5.6)
R,+ Ry, < I(T*,T"Y|V) (5.7)

where V, T, T® and Y are random variables taking values in V, T,, T, and Y,

respectively, and whose joint probability distribution factorizes as
Py ooy (v, 17, thy) = Py (v) Pyra o v (]t t*, V)7 (t) 7y (). (5.8)

Let C™ := @( U, R(ﬂ')) denote the closure of the convex hull of the rate regions
R(m) given by (5.5)-(5.7) associated to all possible memoryless stationary team polices

as defined in (5.4).
Theorem 5.2.1 (Inner Bound to C). C" C C.

Note that {Y;, V;, T¢, T?}°, is an independent sequence and hence, the proof is

7

identical to Theorem 4.2.1. Let

Co = {(Ra,Rb) ER"XxRT: R, + Ry < sup I(T“,Tb;Y]V)},

mra (t*)mp (°)

where R is the set of positive reals.
Theorem 5.2.2 (Outer Bound to C). C C C°.

Proof of Theorem 5.2.2. As the proof is similar to the proof of Theorem 4.2.2, we

herein provide the sketch. We need to show that all achievable rates satisfy

Ra +Rb < sup ](Tava;Ylv)a

mpa (t4) 7 (1)

i.e., a converse for the sum-rate capacity. Let a, := +Py, (1) and n(e) := < log [V|+

() =0and > .y a, =1 where V(™ is the sets of all V-
strings of length less than n. Recall further that, for all ¢ > 1, X = l(ga) (Wa, S&) =
e (W SE_ . sa) and X? = (Wb, ) — (W,,, Sh_: Sb). Then, we can
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define the Shannon strategies T € T, and TP € T, by putting, for every s, € S, and

Sp € Sb7
To(s0) = 6 (W, 5%y, 54)
T(s) = ¢ (W, Sﬁfl}wsb)- (5.9)

Lemma 5.2.1. Let T* € T, and T} € T, be the Shannon strategies induced by ¢,§“)
and ¢§”), respectively, as shown in (5.9). Assume that a rate pair R = (R, Ry), with
block length n > 1 and a constant € € (0,1/2), is achievable. Then,

Ro+ Ry < > o (T8, T8 Y| Vi, Vi = 1) + n(e). (5.10)

uev(n>

The main idea in the converse proof that we provide in this section is to show that
there is no loss of optimality if we ignore the past CSI at the encoders given that the
decoder is provided with the process {V;}. The following steps show that memoryless
stationary team policies are as good as any policy that the encoders can apply. To
show this, observe that, for any ¢ > 1, I(T7, TP;Y;|V;, Vy—1) = w) is a function of
the joint conditional distribution of V;, inputs 7%, T} and output Y; given the past
realization (V1) = ). Hence, to complete the proof of the outer bound, we need
to show that Pre 1oy, vijvi,_,, (%, % y,v|u) factorizes as in (5.8). This is done in the
lemma below. In particular, it is crucial to observe that having V};_;) at the decoder

is enough to provide a product form on 7% and T°. Let

T (%) = {w,: O (wa, sY_y = pa) = )
b
T () = w6 (wy, sy = ) = 1) (5.11)
u 1
mha(tt) = Z Wi
wa €T, (t7) a

1
b(sby E
W;b(t ) = W

b|
’wbe’rzb (tb)
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Th(17) = YAt Py vy (nalk)
Ha

() = YW Py v (li), (5.12)
Hb

where p, and py, denote particular realizations of Sﬁ_u and S[’;_l], respectively.
Lemma 5.2.2. For every 1 <t <n and u € V'™, the following holds
PTta,Tf,n,Vt\V[t,l] (ta> tb, Y, ’U‘M) = PV(U)PY|V,TG,T”(y|Ua t, tb)ﬂz‘;a (t“)ﬂ% (tb)- (5-13)

Proof follows from (4.2), (5.3), (5.9), (5.11) and (5.12).

We now complete the proof of Theorem 5.2.2. With Lemma 5.2.1 it is shown that
the sum of any achievable rate pair can be approximated by the convex combinations
of rate conditions given in (5.7) which are indexed by x € V™ and satisfy (5.8). More

explicitly, we have

R+ Ry < > aud(T8, T Yi|Vi, Vieey) = ) + n(e)

pney(n)

g Z Oéll/‘[(iz—‘ta, CZ—'tb7 Yt|‘/t)ﬂ'§ia(ta)ﬂ-;b(tb) + T](E)
ueyn)

< sup (T, T Y Vi) 4 m(e).

(e (t%)m 0 (£0)€IT)

Hence, since lim,_,o7n(e) = 0, any achievable pair satisfies

R, +Ry< sup I(T*,T%Y|V).

mra () (°)

As a consequence of Theorems 5.2.1 and 5.2.2, we have the following theorem.

Theorem 5.2.3.

CX = sup I(T%,T:Y|V). (5.14)

mra (t%)mpp ()



CHAPTER 5. MAC WITHOUT CSIR 119

Proof of Theorem 5.2.3. We need to show that 3 (R,, R;) € C™ achieving (5.14). Let

us fix mra (t*)mpe (t°) and consider the rate constraints given in C*"
(T YT V) = H(T*)— H(T“T"Y,V) (5.15)
(T Y|T* V) = H(T") — H(T"|T*,Y,V) (5.16)
and
(T, T"Y|V)=H(T*) + H(T®) — H(T*|T®,Y,V) — H(T*|Y, V), (5.17)

where (5.15), (5.16) and (5.17) are valid since T® and T* are independent of each other
and independent of V. Observe now that for any mre(t*)mp (t°), I(T%Y|T% V) +
I(T%Y|T*, V) > I(T*,T%Y|S) since H(T°|Y,V) > H(T®|T,Y,V). Therefore, the
sum-rate constraint in C is always active and hence, there exists (R,, B;) € C™

achieving (5.14). O

Remark 5.2.2. Let S, = (S8, S.) and Sy = (S}, S.), where S§ an S}, are independent.
This scenario is considered in common information problems, e.g. [Wyn75]), and
for the optimality of Shannon strategies for this setup, it is sufficient to take V =
Se. We also remark that the common information between the given set of random
variables is a well studied subject in information theory and there are several notions
of common information which are characterized by defining different measures on
common randomness. The interested reader is referred to [EGK11, Section 14.2.2]
for a more detailed discussion.

Remark 5.2.3. Let

O = inf sup  1(T*,T%Y|V)

{V:PsaYsbyvys(savsbavvs):PS’a\V(Sa‘U)Psb‘v(sb‘v)PV,S(vaS)} Tra (ta)ﬂ'Tb (tb)

C™ = {(Re,Ry) e R" xR": R, + R, < O}. (5.18)
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Due to Theorem 5.2.3, we have

C ccot, (5.19)

5.3 An Achievable Region without CSIR

So far, we have shown that for the sum-rate capacity, when CSITs are correlated, the
Shannon strategies are optimal provided that the decoder is provided with a random
variable under which the CSITs are conditionally independent. It is now natural to
consider the situation when there is no CSIR and try to convey this random variable to
the receiver in order to examine how far Shannon strategies are away from optimality.
More explicitly, consider the process {(S2,S?,S;)} and let us assume there exists a
process {V;} such that
Pgg sp.s,vi (5 8¢5 56, 00) = Pgvi (s |v8) Py (7 10) Py vi (51, v0).- (5.20)
The question of interest is if S¢ and S? are provided to the encoders such as in the
previous section and the decoder has no CSI, what is the rate required to convey V;
to the receiver.
It should first be recalled that a similar problem appears in the source coding
setting, which is known as the lossless CEO problem, and the tight characterization
of the achievable rates is known under the Markov condition (5.20) [GP79, Theorem

1,2]; it can be summarized as follows. Let {(S&, S?, V;)}", denote i.i.d. copies of a

triplet of random variables such that
Pga 0., (5 5”,v) = Psgyi (s°[v) Py (8" [v) P (v).

Let there be two encoders-a,b which observe S¢S, respectively and the decoder is

interested in a lossless reconstruction of V. Let R be the region of all achievable
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rate pairs. Let (ga, gb), taking values in finite sets, be a pair of random variables
with
Psa’sb’v,ga,gb(8a7 Sb,’U7 ga’ gb) = PS(L'S(L<§a|5a)P§b|Sb(§b|5b)PSa’Sb’V(Sa, Sb, U). (521)

Let P(\) be the set of all random variables A = (5%, 5%V, S%, 5%) satisfying (5.21)
and H(V|S5, S*) < X. For A € P(\), let R%(A) be the region of rate pairs (R,, R;)

where
R, > I(5%8%S" (5.22)
R, > I(S%5%S%) (5.23)
R.+ R, > I(S% 5% 5 5Y). (5.24)

Theorem 5.3.1. [GP79, Theorem 1,2] R = C_O<U_Ae7>(0) ’Rgp(A)) where P(0)
consists of A satisfying (5.21) with H(V|S®, S?) = 0.

Note that R° is non-empty if and only if H (V]S'“, S'b) = 0 is satisfied.

In [LS13b] state-dependent MAC with two independent states each known to one
encoder causally and strictly causally is considered. The authors propose a novel
coding scheme which combines distributed Wyner-Ziv source coding with side in-
formation and channel coding via a block Markov scheme with backward decoding.
This inner bound is attained by using two compression indexes one for each of the
state information at one encoder and sending both of them to the receiver. In order
to convey V' to the receiver, we use the technique in this inner bound and the rate
region of the lossless CEO approach and obtain an inner bound.

Before we present this bound, note that only the decoding function in Definition
5.2.1 is changed to ¥ : Y"* — W, X W, while the other definitions such as error

probability, achievable rate pair and capacity region are unchanged. Let C™® denote
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the capacity region for this scenario.
Let V := (V, V¢ V) S = (5,5% 5%, X := (X% X’ and v, s, x denote their
particular realizations, respectively. Let P () be the collection of all random vari-

ables
(V, Ve, VP, 1% T Y,S,5% 5% X X, where VeV, T'eT, VeV, i=a,b
whose joint distribution can be written as
Py 1o v g x(V, 1, 0, y,8,x) = Pyx,5(y|x, 8)Lfzo—ta(sayy Lgbp(spyy Pra (t*) Pro (%)
Pyajsa(v?]5*) Pyjg (0°[5”) Poapy (5°|0) Pooyy (s°[0) Pys (v, 5) - (5.25)

and satisfy H(V|V* V?) < X. Let R be the convex hull of the collection of all

(R4, Rp) satisfying

R, < I(T%Y|T",V* VP V)~ I(V*% SVt Y) (5.26)
R, < I(TY|T*, Ve, VP V) —I(V SV Y) (5.27)
R,+ Ry < I(T*, T Y|V, VP V)—-I(V V5% SY) (5.28)

for some (V, Ve, Vb T Tt Y S S S° X Xb) € PT(0).
Theorem 5.3.2. R € C™s.

Remark 5.3.1. To the best of our knowledge, Theorem 5.2.3 covers the results in the
literature for the sum-rate capacity of state dependent MACs. Note that when S, and
Sy are independent, we can simply take (V,,V,) deterministic and hence, the minus
terms in (5.28) are zero. Now, the supremum of the sum-rate constraint gives the

sum-rate capacity.

The proof of Theorem 5.3.2 is an extension of the idea presented in [LS13b] and

it introduces the random variable V', following the lossless CEO approach, which is
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a function of the auxiliary random variables (V' V?). To summarize the idea, note
that the minus terms in (5.26)- (5.28) correspond to the rates required to transmit
(Va, V) in a distributed Wyner-Ziv network [Gas04]. In [LS13b], S and S° are
independent and therefore so are V* and V. However, it should be noted that the
rate region of the distributed Wyner-Ziv network is obtained when the pair (5¢, S°)
is correlated. Therefore, since the Markov condition (5.25) implies that
I(Ve, Vb 8% SbY) =
IV 87 + I(VS°) + I(VEVIY) = I(VEVEY) = I(VE VYY)
we can write (5.26)-(5.28) as

R,

IN

I(TY|T°, V*, V®) — Ry

Ry

IA

I(TY|T*, Ve, V) — Ry

R, + R,

IA

(T, T Y|V, V®) — Ry — Ry

R

v

I(V* 8% — I(V%, VP Y)

&
W

I(VP: 8% — (Vo Ve Y)

Ra’ —|— Rb’

v

[(V%5%) + (V% 8%) + I(VE VY
— (V% Ve Y)—I(VY, VP Y) (5.29)

where the last three equations correspond to the rate pairs given in [Gas04, Theorem
2] for distributed coding of correlated sources.

Throughout the proof, we keep the notation of [LS13b] and typical sequences and
typical sets are used as defined in [CK81] (see Definition 2.2.3).

Before we prove Theorem 5.3.2, following [LS13b, Lemma 1], we need to get two

intermediate results. First note that, for some distribution of the form (5.25) and
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(R, Rp) satisfying (5.26)-(5.28) imply that
R,+ Ry, < I(T, T Y|V, VP V)—I(V, VP59 SY)
= (T, T"Y, Ve, VP V) —I(V*, V" S SbY)

= (T, T"Y)+ (T, TV, VP, V|Y) - I(V*, V" V; 5% S°Y)

IN

I(T*, T%Y) (5.30)

where the last line follows since (V4 V?) « (59,8%) <« (Y,7%T"). Note that if
I(T*, T%Y) = 0, then (5.30) imply that both R, and R, must be zero and hence
achievable. Therefore, we can consider the case where I(T%,T%Y) > 0. Note that this
implies I(T*Y|T?) > 0 or I(T%Y|T*) > 0 since by (5.25), I(T%Y|T*) > I(T%Y)
and therefore, I(T* T%Y) < I(T®Y|T%) + I(T%Y|T?). In the rest of the proof,
without loss of generality (WLOG), we assume

(T Y|T?) > 0. (5.31)

Furthermore, we have the following lemma.

Lemma 5.3.1. If under a distribution of the form (5.25), (R4, Ry) satisfy (5.26)-
(5.28) and I1(T";Y, S T?) = 0, then Ry, must be zero and R, can not exceed I1(T%Y).
In this case (R4, Ry) is achievable by using the MAC as a single user channel from

X*toY.

Proof of Lemma 5.3.1. Under the conditions of the lemma we have
R, < I(TY|T* V. VP V)—I(V%S'VY)
= I(T%Y|T* Ve, V) = I(V% S Ve Y)
< I(T%Y,SYT*,V* V?) — I(V* S|V, Y, S5 (5.32)

= I(T"Y,SYT* V) — I(V’ S°|Y, S%). (5.33)
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Note that (5.32) is valid since I(T% Y |7,V VP V) < I(T%Y, ST Ve, Vb V) and
I(Vh st vey) = H(VYVeY)— H(VPS Ve Y)

> H(Vb“/av}/a Sa) - H<Vb|Sba VaaY)

—~~
.
~

= H(V*|V*Y,S8% — H(V’S" VY, S5

= I(V*S*|ve)Y, S
where (i) follows since V® — S* — (Y, S%) which is implied by (5.25). We now verify
(5.33) in two steps. First note that

I(Vh shve y, 8% = H(VYVeY,S%) — H(V|Ve,Y, s S
— H(VY, %) — H(VY[S")
where the second equlaity is valid due to (5.25) which also implies V* — (Y, S%) — V.
Furthermore, note that
I(T%Y, ST, Ve,V = H(T'|T*,V*V*) — H(T'|Y, 5% TV, V")

W H (T, VY — H(TY|Y, S°, T, Ve, V)

W (|, VY — H(TY|Y, S, T, V) (5.34)
where under (5.25), (i) holds since T* is independent of (V¢,V?) and (4ii) holds since

T < (Y, 59,7, V) ++ V* which can be observed as

Proy,sa 1a ya yo (tb|ya st v, Ub)
Zses Zsbesb Ps 1o yra vays (s, 0yt 0", Ub)

DowveTs Doses Dusves, Lsavymave (s, st st 1y, 10, v, 0P)

(iv) D ses 2osves, Prisrer (yls, 1%,t%) Pyajse (v*]5*) Ps o e o (s, £, 14, 0°)
DowveTs Duses 2usves, Lyis e (Y[s, 1%, t7) Pyajsa (v2]s*) Py 1o g o (8, 10, 19, 0°)

Pyajga (v]s?) ZSES Zsbes,, PY\S,Ta,Tb(y|Sa t, tb)Ps,Tb,Ta,vb (s, th, e, Ub)

Pyajsa(v]87) Y Doses 2osves, Pyise e (yY]s, 19, 1°) Ps o g yo (s, t, 19, vb)

= P(t'y, s, 10"
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where (iv) is valid due to (4.3) and (5.25). We now show that R, must be zero.

Starting from (5.33), we have

Ry

IN

(T Y, S*|T*, VP — I(V*; S|y, %)

= I(T%Y,S* VT — 1(V" Sb|Y, S%)

= I(T%Y,ST*) + I(T% V°|T,Y, 5% — I(V’ S°|Y, 5%

= HWV*|T*Y,S8%) — H(V*|T*Y,S* T — H(V*Y,S*) + H(V®S" Y, S%)

= H(Vb|Ta7Y’ Sa) - H(Vb|Ta7Y7 Sava> - H(Vb|y7 Sa) + H(Vb|‘9b)

IN

H(V?|S% — H(V®|T*, Y, S, T

< 0 (5.35)
where the second equality holds since under (5.25) T° is independent of (7% V?),
(v) is due to the assumption that I(7°Y,S%T?) = 0 and the others are due to

(5.25) and the chain rule; in particular, the last step is due to the Markov condition
Vb — St — (T%Y, S T?). Note now that R, < I(T%Y), since R, = 0 and
R, = R,+ Ry
(Ugi) I(T*,T%Y)
< I(T%Y)+ (T Y, SY|T*)
= I(T%Y).
where (vi) is due to (5.30). O

Therefore, in the proof of the main theorem, WLOG we assume (5.31) holds and

(T Y, S*|T") > 0. (5.36)

Proof of Theorem 5.3.2. Let (R,, Rp) satisfy (5.26)-(5.28). The communication is

performed in B + 3 blocks where the first B blocks have blocklengths n and the last
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three blocks have blocklengths ny,ny and ng, respectively. The sole purpose of the

last three blocks is to convey to the receiver the description of the states in block B.

Let us now specify these lengths:

n = M (5.37)
M1
ny = (5.38)
K2
o (H(Sa) + (5) _ nRy (H(Sa) + 5)

(5.39)

nyg =
H1 Hife2

where I(T%Y|T%) > pu; > 0 for some u; > 0; it is crucial to have positive p; which

is satisfied by 5.31, and where I(T? Y, S%T®) > uy > 0 for some us, see (5.36).

Codebook Generation Pick Rga, Rgv, Ry, Ry such that Ry < Rga, Ry < Rgp.

1)

Generate 2% sequences viylda)s Ja € {1, -, 2nfisel ji.d. according to Pya(-).
Randomly partition the indices {j, : 1 < j, < 2™} into 2"« bins. Denote by
ka(ja) the bin j, belongs to and by «a,(k,) the content of the bin with number
kq.

Generate 2"t Ear) vectors tf 1 [wa, ko], wa € {1, -+ J2nftay ke {1, 2nRa}

i.i.d. according to Pra(-).

Generate 2"t sequences vf’n} [3), Jb € {1,--+ ,2"Bst} ii.d. according to Pys(-).
Randomly partition the indices {j, : 1 < j, < 2™t} into 2"% bins. Denote by
ky(jp») the bin j, belongs to and by a4 (k) the content of the bin with number
ky.

Generate 2" +Ey) yectors t’[’n] [wy, ky), wy € {1,--+, 2%} ky € {1, 278}

i.i.d. according to Prs(+).
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Repeat the above steps independently B times with the same distribution and rates.

The codebook for the last three blocks are generated as follows:
Block B+1

1) Generate one length-n; codeword tl[)m}, B4 14.d. according to Prs(-).
2) Generate 2% length-n; codewords t([lnl],BH[];aL ko € {1,--- 2"} iid.
according to Pra(-).

Block B+2

1) Generate one length-ny codeword ¢, 5, i.i.d. according to Pra(-).
2) Generate 2" length-ny codewords tl[’nQ]’BH[l;;b], by € {1,--,2" ) iid.
according to Prs(+).
Block B+3
1) Generate 2"2(H(S)H9) Jength-ny codewords sl B 43 [k,] ii.d. according to
PT“(’)? ]z;a S {17 T 72n2(H(S“)+5)}'
2) Generate one length-ns codeword t%n:ﬂ,BJr3 i.i.d. according to Prs(-).
The codebook is revealed to the encoders and the decoder. The encoding operation
depends on the block number. Let 7 € [1 : B] denote the block number.

Encoding Let w,, € [1 : 2] and w,, € [1 : 2"F] denote the messages to be

sent in block 7.

Block 1. Encoder a,b sends #f, | ;[wa,1,1] and t?nm[wm, 1], respectively.
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q € {a,b}, and looks for the

,T—17

Block 7, T € [2 : B]. Encoder ¢ knows s{,

sequences v} (where v

1 in).+_11"] denote the sequences generated in block 7—1)

to find the first index j, € {1,--- ,2"fs7} ¢ € {a,b}, such that

(vgﬂﬂ[jq], s[qn“fl) € Tyasa. (5.40)
Denote these indices by j,r—1 and j -—1, respectively. If a vector vfn] —1ldgr—1]
satisfying (5.40) does not exist, then the encoder picks a default index, say

Jgr—1 = 1. Denote by k, . the bin number to which j,,_; belongs. Then

Encoder a sends: t{, [war, ko]

Encoder b sends: tl[)n]ﬁ[wbm kp.r)- (5.41)

Block B+1. User a knows Shl.B and inspects the sequences V. 1€ Ul
sequences generated in block B, and selects the first index j, € [1 : 2"%s*] such

that

(VB $ta,B) € Tve,se. (5.42)
Denote this index by j, 5. If an index can not be found, then let j,p = 1.

Denote by k, p+1 the bin number to which j, g belongs. Then

Encoder a sends: t[, ) g 1[ka,511]

Encoder b sends: tf’m]’BH. (5.43)
Block B+2. User b knows Sl[)nL 5 and inspects the sequences Ufjn], » and selects the

first index j;, € [1 : 2"f%s¢] such that

(UFn],B[jb]? Sl[)n],B) S (5.44)

Denote this index by j, p. If an index can not be found, then let j, 5 = 1.
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Denote by kj g1 the bin number to which j, g belongs. Then

Encoder a sends: ¢, po

Encoder b sends: tl[)ng},BJrz[kb,BH]' (5.45)

Block B+3. User a transmits an almost lossless description of STnal, B2 for ex-
ample, using [CT06, Section 7.13] for transmitting a source over a noisy channel.

Hence, if k, 43 is the index of SThal. B2 in the set of all 5—typical sequences, then

Encoder a sends: t[,) 5 3[ka,B13]

Encoder b sends: tf’ns]’BH. (5.46)

Decoding Let yp,) denote the channel output in block 7. Decoding starts at
block B + 3.

Block B+3. Decoder looks for an index /%a, B+3 such that

; b
(t?n31,3+3[ka,3+3]= Llns],B+3> y[ng},B+3> € Trevy- (5.47)
If l%a73+3 does not exist or is not unique an error is declared. Otherwise, it
sets §‘[1n2] B4o 10 be the sequence whose index is l%a, B13 in the set of all S—typical

sequernces.

Block B+2. Decoder has y,) p+2 and also §‘[ln2]7 B4o- Decoder looks for an index

l%b7 B12 such that

<t([ln2],3+27 t?’ng],B—‘rQ [kb,B+2]a §l[ln2],B+27 y[nz],B+2> S TTa,Tb,Sa,Y~ (5-48)

If an index satisfying (5.48) does not exist or is not unique an error is declared.

Block B+1. Decoder looks for an index /%a, B+1 such that

(t?nﬂ,B—l-l [kll,B-H]ﬂ tfnﬂ,B—l—l’ y[nl],B+1> € 7}“7Tb7Y‘ (549)



CHAPTER 5. MAC WITHOUT CSIR 131

If an index satisfying (5.49) does not exist or is not unique an error is declared.

Block 7, 7 € [2 : B]. Decoder has l%a,m, lAchH and yp,, and it looks for

~

Uy [7a] € aa(ica,fﬂ), and vf’n] [jb] € ab(/%bJH) such that

~

(Uﬁm] [jaL Uf)n} 7], y[nh) € Tvavoy- (5.50)

If such a pair does not exist, or is not unique, an error is declared. Note that

(v [7al, vf’n] [Js]) consists of the compressed state sequences in Block 7. Using

this, decoder tries to estimate the messages (W, ws ) as well as (kg r, kb.r),
which are the bin numbers of states in block 7 — 1. Specifically, the decoder

looks for

~

< [an]ﬂ-[w(l,ﬂ'? ka,r]; tl[)n]yr[wb,ﬂ kb,’r]a Uﬁz] [ja]a vf)n} [.]b]? y[n]ﬂ') S E“,Tb,V“,Vb,Y’ (551>

If such indices do not exist or not unique an error is declared.
Block 1. Works as in the blocks 2, -+ | B except l%ai = ]%b,l = 1.

Let (Wqr, W), T € {1,---, B} denote the decoder outputs.
Error Analysis Let us first verify that by decoding the last three blocks we

obtain (k4 p+1, ks p+1) with high probability.

Block B+3. Let 57 = {(t‘fng] [k’],tl[’ng],y[n3]) € TTa’Tb,y}. Hence, the proba-

bility of error in block B + 3, Pg_ 5, satisfies

Ph, < Pr|gitie ) eps

ka,B+3 ka,B+3
ka,B437#Ka,B+3

B+3.c B+3
< Pr (gk“’BH) + Z Pr <5i€a,3+3> ’

ka,B+3%ka,B+3

Note that Pr (5,?;;3;) — 0 as ng — oo, which is satisfied when n — oo (see
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5.39). For the other term, following standard arguments, we have

E Pr (&BJF:% )
« ka,B+3
ko, By3#ka,B 13

= Z P ((t([lng] []%a,B—Hi]’ tl[)ns}’ y[”iﬂ) € %avay)

ko, p+37ka, B13
) b
= > ) P (t[ns}[’%ﬂw])P (thas1> Yins))
ka,B4+37ka,B+3 (t‘[ln3] [’%avB+3]7t’[]n3]’y["3])€TT0,Tb,Y
< 2n2<H(S“)+5)ang(I(Ta;Y|Tb))

_ nRy, (H(5%)+6)
K1K2

(1(Te;y|TY)) (5.52)

where (5.52) is due to (5.38) and (5.39). Therefore, >-, ;. P (&BH > —

ka,B+3

0 as n — oo since (T Y|T?) > p; > 0 (recall that u; > 0 is satisfied by 5.31)

which guarantees that k4 p13 is decoded correctly.

Block B+2. The decoder has both y,,) p+2 and §‘[1n2}7 B42 and tries to estimate

kb,B+1- Let g§/+2 = {<tfn2][kfu},t?n2]ay[n2]a ‘§?n2],B+2> € ’TT‘Z,Tb,Y,Sa}' The proba—
bility of error in block B + 2, Pg_,, satisfies
e B+2,c B+2
Pho < Pr(el)+ > pe(efr ).

kb, Br17kp, B41

Note that Pr (5,521?) — 0 as ny — 00, which is satisfied when n — oo (see

5.38). For the other term, we have

> (e

kv, B+17kp, B1+1

= Z P ((tl[)ng] [l%b,B-i-l]? t([ln2]7 Ylnals ‘§?n2],B+2> S 7‘T‘I,T”,Y,S“>

kv, B+17kb, B+1

= > P (tlfm] [/%b,B+1])

kb,B+1 #kb,5+1 (tl[)ng] [kb,Bﬁ»l]vtl[lﬂQ] 7y[7l2] ,§([1n2]’3+2> GTTO',Tb,Y,S"'

X P (tf) Yinals na), 5+2)
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< 2an/ 2—TL2(I(Tb;Y,Sa|Ta))

R a a
_ gnRy g~y (1(TY.50(1%) (5.53)

where (5.53) is due to (5.38). Therefore, 37, ;P <83+2 ) — 0 as

ka,B+2

n — oo since I(T%Y, ST > uy > 0 (recall that uy > 0 is satisfied by 5.36)

which guarantees that k;, g1 is decoded correctly.

Block B+1. Similar to the decoding processes in blocks B+3, B+2, the decoder

estimates k, p+1 with arbitrarily low error probability, as n — oo, by setting

n _ nR,
1= M1

. Analysis is similar and hence, we skip the details.

For the error analysis in blocks 7 € [1 : B], we use the fact that k, p41 and ky p11 is
decoded with low error probability and WLOG assume that (wq ., wp,) = (1,1), V7

and specific sequence of pairs (ka,p; B+3]s Ko, [2: B+3]) is chosen.

Let s‘[IB} = (‘9‘[171},17 e ’S?n},B>’ q € {a,b}, and define the following events:
A (8o 80a.r) = {(Wfglials sfyr) € Tase, (v)ylinl, say.r) € Tos s,
for some j, € {1,--- ,2msa) g e {a,b}}
Az (sh s Sfupn) = { (gL 1ty a1 15 800 8(ap.1) € Tra o g0 }
Asr (8o Sfar) = { (e (L Fae], (1 K], 80y 7o 800y.7) € Tro sz 50,00 }
Byr(Ja, jb) = {(Uﬁz},f[jaLUf)n],f[jb]ay[n]ﬁ) € Tvayoy}

B3,T(wa7 kav Wp, kb7 jll’jb) =
{ ( [n], T[wa7 k ]7 t?n],‘r[wba kb]? U[an},f [ja], Uf)n},f[jb]’ y[”]ﬂ') < %G’Tb’va’vb’y}

and
B+1

B
A = "4271(8([171],17 Sl[)n],l) ﬂ "417T(S([1n},’r7 Sl[)n]ﬂ') ﬂ "4377(8([171],7'7 Slfn]ﬂ')

=1 T=2
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57' = B§7T(ja,7ajb,T) U BQ,T(jaajb) (554)

Ja€aa(ka,r+1), jo€ap(kp,ri1)
(javjb)?é(ja,ﬂjb,ﬂ')

Yr = Bgﬂ-(l;ka,ﬂ1;kb,77ja,77jb,7)

U 83,7 (U)a, kau Wy, kbu ja,r, jb,q—)- (555)

(wa7ka7wb:kb)7£(1vka,ﬂlakb,r)

The error event is £ := UTB:1 {(Wqr,Wpr) # (Wa,r, ws-)} and hence, it is sufficient to

show that

lim P(‘c:’sz}aSl[)B}) =0, V(S?B}as?B]) € %B;,Sb (5.56)

n—00

where T, o, is the B product of Tga go. Note that

B-1
SQ-ACUﬁBU’YBU{U(@'U’YT)}

=1
and hence,

P(5|Sl[lB] 5 SI[)B])

B—1
< P<ACUBBUVBU{U(&U%)}

S{B)» SIfB])

T=1
B-1
< P (A|sp8g) + P (53 Uyp U { Js-u %)} ‘A, S5 sz]> (5.57)
T=1

where (5.57) is valid since for any events Fy, Ey
P(E1UEy|0) = P(E1|0) 4+ P(EyN EY|0)
< P(Ey|0) + P(Es|EY,0)P(E{|0) < P(E1|0) + P(Es|EY,0).
For 7 € [1: B, let (5 == {7541, 7B} and Bf ., 5 = {871, . B3} Re
peating the above steps recursively, we get

P(8|SFB]7S?B]) <P (AC|S?B]?SI[JB]) +P (BB|A7 SFB}JS?BO + P (73|A7 S?B}JS?BPBE)

B-1
+P ( U (/BT U ’77') |A7 SFB]v sl[)B]’ ﬁ%u 7?3)

=1
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=P («4 |S[B]7S[B]) + P (5B|-A S }) + P (’YB‘-A S[B]7S[B] BB)
"‘Z[ (5T|~A7 S?B]vsl[)B]?’Yﬂc-Jrl) "’P(%LA; SFB}JS?B]77$+17B7C')]

(g) ( |S[B]7S[B]) + P (6B|A S }) + P (’}/B‘A S[B]7S[B] BB)
+(B—-1) [ (5T’A S[B]>S[B] ”YT+1) +P (%!A S(p S[B} ’YT+1>5C)] (5.58)

for some fixed 7 and (¢) holds since f; «+ (A, s{p), sIfB], Vi) © (Vigo,m) By p) and

< (A, slp:S(p) V741, 7)€ (Voya.m) Bir1,p) and (i) holds because of the inde-
pendent codebook construction across the blocks. It should be noted that conditioned
on 75, , the decoder has at hand the correct bin indices of the previous block, i.e.,

(kars1s kori1) = (Kari1s kori1). Let us now consider each term in (5.58).

By the covering lemma 2.3.1,

lim P (A° |s[B],s[B]) =0 whenever Rga > (V% S%) and Rg > I(V?S"). (5.59)

n—oo

For the term P (6 BlA, S?B], Sl[’B]>, note that the decoder knows the correct bin indices

ka1 and Ky pi1. Since P(BS 5(ja,B,jb,5)) — 0, we have,

P( U BZB<ja:jb,B)‘A7 S([prslfB]) +P( U BQ,B(ja,Bajb)‘fL S([IB]7SI[)B])

Jja€aa(ka,B+1) Jo€ap(ky, By1)
JaFJja,B JoFiv, B
+P( U B2,B(ja7jb)|A7 S?B}a SI[]B})' (560)

ja€aa(ka,B+1), jo€as(ke,p11)
Ja#ja,B> Jo7#Jbo,B
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By standard typicality arguments,

. . a n «— , —n a.1/b _
P( U Bs.5(ja, jo.8)| A, S[B}vsl[)B]) < 2nfse=Ra)g=nl(VEVEY)=l (5 61)

jaeaa (ka,B+1)
Ja#]a,B

for some 0 > 0, lim,,_,, 0 = 0. Similarly,

P( U B2,B(ja,Bajb)‘Av S?B]7SI[)B]) < 2By —Ry)o—nlI(ViV,Y)=0] (5.62)

Jv€a(ky, B+1)
Jv#Jv,B
For the last term in (5.60), we invoke [Gas04, Lemma 8] (see Appendix 2.3.2 for the
statement of the lemma) and obtain

p( U Bs,5(Jas jb,B) }Av S(g); SI[)B]) <

Ja€aa(ka,B+1), Jo€p(kp,B41)
JaFja,Bs JbFJjb,B

on(Rsa +Rsb—Ra/—Rb/)2—n[I(V“;Y,Vb)—i-I(V”;Y,V“)—I(Va,Vb|Y)—6] . (5.63)

Hence, limy_,o, P <BB|.A, S{p); SI[)B]> =0 if
Rsa — Ry < I(V%; VYY)
Re — Ry < I(VhVY)
Rsa+ Rgp — Ry — Ry < I(VH5Y, V) + (VR Y, V) — I(V,VPY). (5.64)
Consider now the term P (fyB].A, S?B],S?B],Bj%) where (% guarantees that the de-
coder has at hand the compressed version of the state information at block B,

(U%],B[ja»B]’Uf)n},B[jbaBD‘ Note that this pair is independent of Shannon strategies

generated in block B. Recall now that

VB = B3 (1, ka5, 1, kb B Ja, 85 Jo,B) U B3, 5(Wa, kas Wo, kb, Ja, B, Jb,5)
(waska,wy,kp)#(1,ka, B,1,kb, B)

where lim,,_, P (B§7B(1, ko, 1, kb8, ja.B, jb7B)) = 0. We can decompose the union as

U Bs (W, kas Wy, kb, ja. B, Jo.B) = U Bs g(Wa, kas 1, k. By Ja.Bs Jb.B)

(’wa7kavujbzkb)5’é (wﬂdka)?é(lvka,B)
(Lka,B,1,kb,B)
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U Bs 5(1, ka,5, Wy, kb, Ja,5: Jv,5) U Bs,5(wa, ka, Wy, ko, ja, B, Jb,B)-

(wykp)# (L kb, B) (wp,kp)#(L,kp, B)
(wavka)7é(17ka,3)

(5.65)

For the first union in the right hand side of (5.65), we have

P( U B3,B(wa7ka71ka,B7ja,B7jb,B)|A7 S?B}asz}aﬁé) -
(wdvka)i(lvka,B)

P( U ( Fn},B[wav ka]a tl[)n],B[L kb,B]? U[C;L},B[ja,B]v Uf)n],B[jb,B]a y[nLB)
(wa,ka)7£(1’ka,B)

S 7}a,Tb,Va,Vb,Y|A7 s, SI[’B], 5%)

DS 2.

(wa,ka)#(1,ka,B) (t‘[ln]’B[wa,ka],tl[’n]’B [17]%73]7”{171],3[ja»B]7Ufn],B[jb’B}’y["],B)
ETT“,Tb,Va,Vb,Y

|:P<t([1n],B [wav k(l] ‘Av S?B]7 S?B]? ﬁ%)
P(tl[)n},B[lﬂ kb,B]? U[C:L],B[ja,B]a UE}n],B [jb,B]a Yn),B |-A7 S[[lB}v SfB]? 6%)

< 2n(Ra+Ra/)27n[7H(T“,Tb,Y,V‘l,Vb)+H(T“)+H(Tb,Y,V“,Vb)fJ]

— 9n(RatRy)g—n[-I(T*Y [V V" T")~] (5.66)
for some 0 > 0, lim,,,00 = 0. For each 7 € [1 : B], we can obtain similar results for
the terms in the right hand side of (5.65) and hence conclude that,

lim P <’YB|A7 S([IB]a Sl[)B}a 6%) =0
n—0o0
if
R,+ Ry < I(T%Y|V* VP TP
Ry + Ry < I(TY|Ve, VP T%

R, +Ry+ Ry +Ry < I(T*T"Y|V*V?). (5.67)
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We can similarly show that the other terms in (5.58), i.e., P <BT |A, S{B11)- szH] , fy$+1>
and P (%|A, S([IB-H}’ SI[)B+1}7'V$+17 6ﬁ>, tends to zero with large blocklengths.

Recall that V is a function of (V,V?), V¢ —S%—(Y,V®) and V*—S°— (Y, V%) and
therefore, combining (5.59), (5.64) and (5.67) shows that (5.56) is satisfied whenever

R, + Ry < I(T%Y|VY, VP, TP V) —I(V%SYVhY)
Ry+ Ry < I(T"Y|VY VP, T — (VS |VY)
R,+ Ry+ Ry + Ry < I(T,T; Y|V V) — [(V V8% S°lY). (5.68)

In order to complete the proof, we finally need to show that the rate of the above
scheme approaches (R,, Ry) for large B. This follows from [LS13b, Equations (52),(53)];
we here give the details for the sake of completeness.

Recall that the total transmission time is B + 3 blocks where the first B blocks
have length n and the rest have ny,ny and ns, respectively, where these lengths are

given in (5.37)-(5.39). Therefore, the scheme has the effective rates, (Rq, Rp)

nB B

= (Ry, R
nB +ni; +n9 + ng ( b)B+ﬁ+ﬁ+Rb’(H(SQ)+5)
H1 H2 12

(Rm Rb)

which approaches (R,, Ry) for large B. O]

Remark 5.3.2. One conclusion of Theorem 5.3.2 and 5.2.3 is that the Shannon
strategies are far from optimality by at most 1(V* V? 8% S°|Y) when there is no

CSIR; note that the mazimum sum-rate in the inner bound above is given as

max (T, T Y|V, VP V) — I(Ve, VS SbY)

(V,Va, Vb Ta Th)eper(0)
which can be shown via a similar proof as the one for Theorem 5.2.3, by showing that

the sum-rate constraint is always active.
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5.4 Conclusion and Remarks

In this chapter, we have investigated the memoryless state dependent MACs where
each encoder is provided with asymmetric correlated CSI in a causal way. We first
show that for the optimality of Shannon strategies for the sum-rate capacity, it is suffi-
cient to have the decoder provided with a side information under which the correlated
CSITs become conditionally independent. This observation generalizes the known re-
sults which either assume independent CSITs or full CSI at the receiver. We next
consider the situation where there is no CSIR. We provide an inner bound, which is
inspired from the lossless CEO approach and uses the technique provided in [LS13b],
to demonstrate the rate required to convey the aforementioned side information to

the receiver.



Chapter 6

Summary and Conclusion

6.1 Summary

The main purpose of this thesis is to investigate the influence, from the channel
capacity perspective, of the channel output feedback and the channel side information
(CSI) in the single and multiterminal communication systems. By the definition
of channel capacity, one needs to work on large blocklengths and arguably, one of
the most important objectives in channel coding problems is to obtain single letter
expressions for the set of all achievable rates. Obtaining such expressions for the
capacity regions in multiterminal setups is, in general, hard, and in the situations
where the channel output feedback and the side information are also involved in the
problem setup, it is arguably more challenging. Indeed, for many such problems single
letter expressions are still unknown. The two of the essential ingredients of a channel
coding problem when there is feedback or side information can be succinctly given
by the facts that the problem has a stochastic dynamic and the information patterns
at the decision makers, i.e., the encoder(s) and the decode(s), might have degraded

140
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characteristics. These two facts lead to alternative formulations of the problem in
a stochastic control framework and many contributions have already been available
for such channel coding problems. In a broad sense, the main contributions of this
thesis are obtaining some complete solutions by using tools and ideas from stochastic
control theory. Let us now recall these contributions.

The first part of this thesis has dealt with the channel output feedback problem
for channels with memory. Motivated by the known fact that even for channels with
memory, feedback might not increase capacity, we have obtained in Chapter 3 a larger
class of channels with memory whose feedback and non-feedback capacities are identi-
cal. The main tool used to derive this result is the dynamic programming formulation
of the optimization problem that the converse of feedback capacity problem reduces
to.

The second part of this thesis has considered the state-dependent multiple access
channels (MAC) where asymmetric noisy side information is provided to the encoders.
In Chapter 4, by first assuming that there exists full CSI at the receiver, we have
obtained single-letter expressions for the capacity regions under several scenarios.
Achievability of these regions follows from standard arguments of joint typicality
coding and hence, the original ingredient of these results is the team decision based
converse coding approach. More explicitly, to obtain a single-letter expression for the
capacity region, the presented converse coding approach shows that the past (and
future in the non-causal setup) is irrelevant. This is obtained by showing that under
any policy that one can achieve using an arbitrary decentralized coding policy, the
same performance can be achieved by using memoryless stationary team policies.

Depending on what information available to which decision makers as well as the
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statistical dependence between these information, we have further shown that in some
situations it might not be required to have full CSI at the receiver. It is worth to stress
that although the same results could be obtained via using the standard tools from
information theory, such as introducing axillary random variables for time-sharing,
we believe such a converse approach is insightful and can be used to obtain further
results in multiuser information theory.

The state-dependent MAC has been an active research area and there exist many
contributions based on the information classification (see the literature review in
Chapter 1). Among these one can observe that in the situation when there is no CSI
at the receiver, complete characterizations are available mainly under the assumption
of private messages’ degradation, i.e., one encoder knows the other’s private message.
Indeed, one of the most classical problems in this setup, a two-user MAC with causal
(or non-causal) CSI available at the encoders and no CSI at the receiver, is still open.
The associated single user problem has been solved by Shannon and the capacity is
given in terms of the Shannon strategies which are shown to be suboptimal for the
MAC problem. This fact motivated us to find the information required to be made
available to the receiver so that a tight converse in terms of Shannon strategies is
possible. Characterization of this information, which is shown in Chapter 5, is then
used to determine the rate required to transmit this information to the receiver when
the receiver has no CSI. This rate is determined by using the technique of a recently
proposed inner bound as well as the result of the lossless CEO source coding problem.
The obtained inner bound also demonstrates how far, at most, the Shannon strategies

are away from optimality.



CHAPTER 6. SUMMARY AND CONCLUSION 143

6.2 Suggestions for Future Research

In recent years a considerable amount of research has been devoted to understand
the fundamental limits on information flow in networks and to design optimal cod-
ing techniques and protocols that achieve these limits [EGK11]. The theory in this
direction has been referred to as Network Information Theory (NIT) and the results
presented in this thesis contribute to this broad area. NIT aims to extend Shannon’s
point-to-point information theory results to networks such as broadcast, interference
and relay networks. Hence, a potential future direction of research can be extending
the results on the state-dependent MAC presented in this thesis to other types of
multiterminal models.

Although for many NIT problems a complete solution is yet to be developed,
there are many achievable regions with some of them having a tight converse. When
the available results are examined, it is observed that in order to get a single-letter
expression, the usual approach, which is also the critical step, is to correctly represent
the time dependent variable via some auxiliary random variables. The single letter
characterization then follows by applying some results from convex analysis such
as the support lemma [CK81]. In classical Shannon theoretic results, such as DMC
channel capacity, the expression is given in terms of physically represented parameters,
such as the channel input and output, and hence, one critique that can be made
against using auxiliary random variables is the lack of such a physical representation
among the systems parameters. The team based approach presented in the second
part of this thesis, on the other hand, follows a different approach by showing that
the past or future is irrelevant. Therefore, it is worth to explore this approach for

other multiterminal systems.
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One should recall that the expression for the feedback capacity of channels with
arbitrary memory is given in terms of the inf-information rates. We can define it

more explicitly as follows.

Definition 6.2.1. [VH93] The liminf in probability of a sequence of random variables

{X.} is defined as the largest extended real number o such that Ve > 0

lim P(X; <a—¢)=0.

t—o00

Denote this number o by liminf,, .0 X .

Let
T

AN
Pvim @mlym) 2 TT Praxe s @elog i)
=1

A
?X[T]‘Y[T] PY[T] (X[T]7 Y[T}) = ?X[THY[T] (x[T] |y[T]>PY[T] (y[T])'

In [TMO09] and [Tat00], it is shown that the feedback capacity of arbitrary channels

is equal to

CFB = sup l(X—)Y)
{DriT,

Dr = {{PXtIX[t,l],Y[t,l]($t|$[t—1}ay[t—l})}thl}

where X and Y are channel input and output, respectively, and I[(X — Y) =

A T T 7y

T
Xy Yy Py (@), yiry)

It should be observed that the optimization problem given in Cgp is very difficult to
solve. The usual way to deal with this is to assume some sort of ergodicity in the
channel model [Tat00], more specifically, one makes suitable assumptions so that the
channel is information stable. To that end the authors in [Tat00] examined the class

of Markov channels and they show that the problem of feedback coding for Markov
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channels can be cast as a partially observed stochastic control problem. Hence, they
can use the tools of dynamic programming to solve the mutual information optimiza-
tion problem underlying the capacity problem [Tat00, Chapter 4].

Another possible future work can be extending the results presented in Chapter 3
to the case of arbitrary channels with memory. The first step required in this direction
is to formulate C'rp as a stochastic control problem for arbitrary channels and use

dynamic programming to solve the optimization problem.
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