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Abstract

We investigate the joint source-channel coding (JSCC) excess distortion exponent F; (the exponent
of the probability of exceeding a prescribed distortion level) for memoryless communication systems
with continuous alphabets. We first establish upper and lower bounds for E; for systems consisting
of a memoryless Gaussian source under the squared-error distortion fidelity criterion and a memoryless
additive Gaussian noise channel with a quadratic power constraint at the channel input. A necessary
and sufficient condition for which the two bounds coincide is provided, thus exactly determining the
exponent. This condition is observed to hold for a wide range of source-channel parameters. The
problem of transmitting memoryless Laplacian sources over the Gaussian channel under the magnitude-
error distortion is also carried out. We also establish a lower bound for E; for a certain class of
continuous source-channel pairs when the distortion measure is a metric. The advantage in terms of the
excess distortion exponent of JSCC over traditional tandem coding for Gaussian systems is next studied.
A formula for the tandem exponent is derived in terms of the Gaussian source and Gaussian channel
exponents. By numerically comparing the lower bound of the joint exponent and the upper bound of the
tandem exponent, it is observed that, as for the discrete systems, JSCC often substantially outperforms

tandem coding.
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1 Introduction

In [9], Csiszar studies the joint source-channel coding (JSCC) excess distortion exponent under a fidelity
criterion for discrete memoryless systems — i.e., the largest rate of asymptotic decay of the probability that
the distortion resulting from transmitting the source over the channel via a joint source-channel (JSC)
code exceeds a certain tolerated threshold. Specifically, given a discrete memoryless source (DMS) @ and a
discrete memoryless channel (DMC) W (both with finite alphabets), a transmission rate ¢ and a distortion
measure, Csiszar shows that the lower (respectively upper) bound of the JSCC excess distortion exponent
E;(Q,W,A,t) under a distortion threshold A is given by the minimum of the sum of tF(R/t,Q,A) and
E,(R,W) (respectively Eg,(R,W)) over R, where F(R,Q,A) is the source excess distortion exponent with
distortion threshold A [18], and E, (R, W) and Es,(R, W) are respectively the random-coding and sphere-
packing channel error exponents [13]. If the minimum of the lower (or upper) bound is attained for an R
larger than the critical rate of the channel, then the two bounds coincide and E; is determined exactly.
The analytical computation of these bounds has been partially addressed in [26], where the authors use
Fenchel duality [17] to provide equivalent bounds for a binary DMS and an arbitrary DMC under the
Hamming distortion measure.

We note that, since many real-world communication systems deal with the compression and transmis-
sion of analog signals instead of digital data, it is important to study the JSCC excess distortion exponent
for the transmission of a continuous alphabet source over a channel with continuous input/output alpha-
bets. For instance, it is of interest to determine the best performance (in terms of the excess distortion
probability) that a source-channel code can achieve if a stationary memoryless Gaussian source (MGS)
is coded and transmitted through a stationary memoryless Gaussian channel (MGC), i.e., an additive
white Gaussian noise channel. To the best of our knowledge, the JSCC excess distortion exponent for
continuous-alphabet systems has not been addressed before. In the (continuous) source coding aspect, the
excess distortion exponents for Gaussian sources under the squared-error distortion, as well as Laplacian
sources under the magnitude-error distortion were respectively obtained (with a simple analytical expres-
sion) in [15] and [28]. In addition, it is proved that the Gaussian source excess distortion exponent (under
the squared-error distortion) and the Laplacian source excess distortion exponent (under the magnitude-
error distortion) can be expressed in an analogous form as the exponent for the DMS introduced by Marton
[18] (in terms of a minimized Kullback-Leibler divergence). In [16], the authors study the excess distortion
exponent for stationary memoryless sources with general alphabets given by metric spaces. It is shown that
Marton’s form also holds for the above sources under a metric distortion measure and a certain finiteness
condition. The channel coding error probability exponent, on the other hand, is not yet fully known even
for the Gaussian channel with an input (quadratic) power constraint. For a continuous channel with a
transition probability density and an input cost constraint, Gallager [13, Chapter 7] derived a lower bound
based on the random-coding argument. He shows that his lower bound, when specialized to the Gaussian
channel under an input constraint, is identical to Shannon’s classical sphere-packing upper bound [22] for

high rates. Some recent works significantly improve Shannon’s upper bound (for the Gaussian channel) at



low rates (e.g., [3, 4]), but the determination of the error exponent (for all rates below channel capacity)
still remains an open problem.

In this work, we study the JSCC excess distortion exponent for a communication system consisting
of a (stationary continuous) memoryless source (MS) Pg with a distortion measure and a (stationary
continuous) memoryless channel (MC) W with an input cost constraint. Specifically, we first focus on the
memoryless Gaussian system and then extend our results to other continuous source-channel pairs, which
include the Laplacian-source Gaussian-channel pair, and a certain class of source-channel pairs when the
distortion is a metric.

For a Gaussian communication system consisting of an MGS Pg with the squared-error distortion
and an MGC W with additive noise Pz and the power input constraint, we show that the JSCC excess
distortion exponent E;(Ps, W, A, £, t) with transmission rate ¢, under a distortion threshold A and power
constraint &, is upper bounded by the minimum of the sum of the Gaussian source excess distortion
exponent tF(R/t, Ps,A) and the sphere-packing upper bound of the Gaussian channel error exponent
E (R, W,E); see Theorem 2. The proof of the upper bound relies on a strong converse JSCC theorem
(Theorem 1) and the judicious construction of an auxiliary MGS and an auxiliary MGC to lower bound the
probability of excess distortion. We also establish a lower bound for E;(Ps, W, A, £, t); see Theorem 3. In
fact, we derive the lower bound for MGS’s and general continuous MC’s with an input cost constraint. To
prove the lower bound, we employ a concatenated “quantization — lossless JSCC” scheme as in [2], use the
type covering lemma [10] for the MGS [1], and then bound the probability of error for the lossless JSCC
part, which involves a memoryless source with a countably infinite alphabet and the memoryless continuous
channel, by using a modified version of Gallager’s random-coding bound for the JSCC error exponent for
DMS-DMC pairs [13, Problem 5.16] (the modification is made to allow for input cost constrained channels
with countably-infinite input alphabets and continuous output alphabets). This lower bound is expressed
by the maximum of the difference of Gallager’s constrained-input channel function Eo(W, €&, p) and the
source function tF(Ps, A, p). Note that when the channel is an MGC with an input power constraint, a
computable but somewhat looser lower bound is obtained by replacing Eo(W, &, p) by Gallager’s Gaussian-
input channel function Eo(W, &, p). Also note that the source function E(Ps, A, p) for the MGS is equal
to the guessing exponent [1] and admits an explicit analytic form.

As in our previous work for discrete systems [26, 27|, we derive equivalent expressions for the lower
and upper bounds by applying Fenchel’s Duality Theorem [17]. We show (in Theorem 4) that the upper
bound, though proved in the form of a minimum of the sum of source and channel exponents, can also be
represented as a (dual) maximum of the difference of Gallager’s channel function EO(I/V, &, p) and the source
function tE(Ps, A, p). Analogously, the lower bound, which is established in Gallager’s form, can also be
represented in Csiszar’s form, as the minimum of the sum of the source exponent and the lower bound of
the channel exponent. In this regard, our upper and lower bounds are natural extensions of Csiszar’s upper
and lower bounds from the case of (finite alphabet) discrete memoryless systems to the case of memoryless
Gaussian systems. We then compare the upper and lower bounds using their equivalent forms and derive

explicit analytical conditions for which the two bounds coincide. Denoting the signal-to-noise ratio of the



channel by SNR, and the source variance to distortion threshold ratio SDR, we remark that the lower and
upper bounds are only functions of these two ratios and the transmission rate ¢t. We prove (in Theorem
5) that, when the source can be reliably transmitted over the channel, i.e., tR(Ps,A) < C(W,E), the
lower and upper bounds coincide with each other, hence exactly determining the JSCC excess distortion
exponent Fj(Pg, W, A E,t), if and only if
2(2SDR)*
2(2SDR)" — W > SNR.

Numerical results illustrate that the condition is satisfied for a large class of SNR-SDR pairs. We next
observe that Theorems 2 and 3 can also be proved for memoryless Laplacian sources (MLS’s) under the
magnitude-error distortion measure. Using a similar approach, we establish upper and lower bounds for
the JSCC excess distortion exponent for the lossy transmission of MLS’s over MGC’s (see Theorem 6).

In addition, we considerably modify our approach in light of the result of [16] to prove a lower bound
for some continuous source-channel pairs when the distortion measure is a metric. We show that the lower
bound for MGS’s and continuous memoryless channels (given in Theorem 3), expressed by the maximum
of the difference of source and channel functions, still holds for a continuous source-channel pair if there
exists an element s, € R with Eexp|td(s, s,)] < oo for all ¢ € (—o0,+00), where the expectation is taken
over the source distribution defined on R (see Theorem 7). Although this condition does not hold for
both MGS’s with the squared-error distortion and MLS’s with the magnitude-error distortion, it holds for
generalized MGS’s with parameters («, o) under the distortion d(z,y) = |z — y|P, p < o, and p < 1.

Since we have explicit formulas for the lower and upper bounds for the JSCC exponent for Gaussian
systems, we next investigate the advantage of JSCC over traditional tandem coding in terms of excess
distortion exponent. For the same MGS-MGC system, the tandem excess exponent results from separately
performing and concatenating optimal (lossy) source and (lossless) channel coding. We derive a formula
for the tandem coding excess distortion exponent for the case when SDR > 4 (=~ 6dB) (i.e., when the
distortion threshold is less than 1/4 of the source variance). As for the discrete case, we show (in Theorem
8) that the tandem exponent is equal to the intersection of the source and channel exponents, although
the channel exponent for the MGC is not fully known. We next numerically compare the lower bound of
the JSC exponent with the upper bound of the tandem exponent and observe that the JSC exponent can
be strictly superior to the tandem exponent for many SNR-SDR pairs.

The rest of this work is organized as follows. In Section 2, we present preliminaries regarding previous
results on the source excess distortion exponent and the channel error exponent. We also define the JSCC
excess distortion exponent. In Section 3, we establish upper and lower bounds for E; for Gaussian systems.
A sufficient and necessary condition for which the upper and lower bounds coincide is provided. In Section
4, we extend our results for other source-channel pairs. Direct extensions without proof for the bounds for
coding MLS’s over MGC'’s are given in Section 4.1. In Section 4.2, we give a lower bound for E; for a class
of continuous source-channel pairs with a metric distortion measure and satisfying a finiteness condition.
In Section 5, we derive the tandem coding exponent and systematically compare the JSC exponent with

the tandem exponent for Gaussian systems. Finally, we draw conclusions in Section 6.



2 Notation and Definitions

All logarithms and exponentials throughout this work are in the natural base. In the sequel o(n) serves as
a generic notation for a vanishing quantity with respect to n such that lim,_,~, o(n)/n = 0. Likewise, ((e)
serves as a generic notation for a vanishing quantity with respect to e such that lim. o ((¢) = 0. E(X)

denotes the expectation of the random variable (RV) X.

2.1 Source Excess Distortion Exponent

Let Ps be a (stationary) memoryless source (MS) with alphabet S. If the source has a continuous alphabet,
Ps stands for the probability density function (pdf) of the source (we only consider continuous sources
for which a pdf exists). If an MS Pg is a DMS (with a countable alphabet S), then Pg denotes the
probability mass function (pmf) of the source. Consequently, the pdf (pmf) of a k-length source sequence
s £ (s1,52,...,5;) € S¥ is hence given by Pgx(s) = Hle Ps(s;).

Let d: S xS — [0,00) be a single-letter distortion function. The distortion measure on S* is defined

as

d(k (s,8") é

?rl>—‘

k
5 327 z

for any s £ (sq,...,s;) € S¥,8' £ (s],...,s}) € S*. Given a distortion threshold A > 0, the rate-distortion
function for the MS Pg is given by (e.g., [5])
R(Pg,A) = inf 1(S;9), 1
P, 8) = st gnza 55 @

where I(S;S") is the mutual information between the source input and its representation, and the infimum
is taken over all the conditional distributions Pg/(g(-|s) defined on S for any s € S subject to the constraint
Ed(S,S") < A.

A (k, My) block source code for an MS Ps is a pair of mappings: fo : S¥ — {1,2,..., M} and
sk : {1,2,..., M};} — S*. The code rate is defined by

Ry, é A In M}, nats/source symbol.

The probability of exceeding a given distortion threshold A > 0 for the code (fs, sk, A) is given by

PP (Pg,Ry) & Pgi.(s)ds. (2)

/S\:d(k)(sﬁask(fsk(s)))>A
Note that the integral should be replaced with a summation if Pg is a DMS. We call PXC) (Ps, Ry) the
probability of excess distortion for coding the MS Pg.

The lossy source coding theorem (e.g., [13]) for an MS Pg states that only R(Ps,A) + ¢ (¢ > 0) nats
per source symbol are needed to reproduce the source within a distortion threshold A with arbitrarily

small probability of exceeding the distortion threshold A, i.e., PXC)(PS, Ry) asymptotically vanishes with



the coding blocklength. The source coding excess distortion exponent describes the asymptotic behavior

of the smallest possible probability of excess distortion as a function of the coding rate.

Definition 1 For any R > 0 and A > 0, the excess distortion exponent F(R, Pg,A) of the MS Pg is
defined as the supremum of the set of all numbers e for which there exists a sequence of (k, Mj) block
codes (fg, pr, A) with

e < lilfr_ligf —% lnPXC)(Ps, Ry)

and
R > limsup Ry.

k—oo
It has been shown in [15, 16, 28] that the excess distortion exponent for some particular sources can
be expressed in Marton’s form [18]. In other words, we know that
F(R,Ps,A) = inf D Pg), 3
(R, Ps, A) st oo n Qs || Ps) (3)
where D(Qgs || Ps) is the Kullback-Leibler divergence between distributions Qg and Pg, and the infimum

is taken over all distributions Qg defined on S, holds for the following cases:
1. Finite-alphabet DMS’s with arbitrary distortion measures [18];
2. MGS’s with squared-error distortion measure [15];
3. MLS’s with magnitude-error distortion measure [28];

4. (Stationary) MS’s whose alphabets are complete metric spaces with a metric distortion measure
d(-,-) satisfying the condition that there exists an element s, € S with Eexp[td(s, s,)] < oo for all
t € (—o0,+00) [16].

Note that Cases 2 and 3 are not included in Case 4 (since the squared-error distortion is not a metric,
and the condition in Case 4 on the metric and the source distribution does not hold for both MGS’s
with squared-error distortion measure and MLS’s with magnitude-error distortion measure). When Ps is
an MGS (respectively MLS) with a squared-error (respectively magnitude-error) distortion measure, the

explicit analytical form of F(R, Pg,A) will be given in Section 2.4 (respectively Section 4.1).

2.2 Channel Error Exponent

Let W be a (stationary) MC with continuous input and output alphabets X = R and )) = R and transition
pdf W £ Py |x. The conditional pdf of receiving y 2 (y1,92, ..., Yn) € Y™ at the channel output given that
the codeword x £ (1,22, ...,,) € X™ is transmitted is given by Pynixn(y|x) = [Ti21 Pyx (ilzi).

Given an input cost function g : X — [0, 00) such that g(x) = 0 if and only if z = 0, and a constraint
& > 0, the channel capacity of the MC W is given by

CW, &)= sup  I(X3Y), (4)
PxiEg(X)<E
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where I(X;Y) is the mutual information between the channel input and channel output, the supremum is
taken over all channel input distributions Px subject to the constraint Eg(X) < &.

An (n, M,) block channel code for an MC W with an input cost constraint £ is a pair of mappings:
fen :{1,2,...; My} — X™ and @y, 2 Y — {1,2, ..., M, }, where f., is subject to an (arithmetic average)

cost constraint:

1 n
fen € FE 2L fon: - Zg(xj) <& forall x=fe,(i), i€{1,2,..,M,}
j=1

The code rate is defined as )
R, 2 —InM, nats/channel use.
n
The (average) probability and the maximum probability of decoding error for the (fen, @en,E) code are
respectively given by

Mp My

1 .
POWRO2 Y Y [ Peape(ylfnlidy. )
" i=1 j=1,j#i yipen(y)=J
and
My,
Pr(r?a)x,ec(m an 5) = max Z / PY”|X” (y|fcn(z))dy (6)
1<i<Mp ol Vipen(y)=j

By the channel coding theorem (e.g., [13]), block codes with arbitrarily small probability of block
decoding error exist at any code rate smaller than the channel capacity C'(W,£). Like the source exponent,
the channel error exponent is a quantity that describes the relation between the rate of convergence or

decay for the probability of error and the code rate (specifically for rates R < C(W,¢£)).

Definition 2 For any R > 0, the channel error exponent E(R, W, ) of the channel W is defined as the
supremum of the set of all numbers F for which there exists a sequence of (n, M,,) block codes (fen, Pen,E)
with

E < lim inf—% In P(W, R, €)

and
R <liminf R,

n—~o0

Remark 1 For channel coding, the probability of error Pe(c" )

and the maximal probability of error P,(,L@Lec
for channel coding yield the same channel error exponent [23, p. 416]. Thus, an equivalent definition for

the channel error exponent follows if Pe(? )(VV, R,, &) is replaced by PT(rL?LeC(W/, R,, &) in the above.

In contrast to the source excess distortion exponent, the channel error exponent is not known for general
MC’s (not even for the binary symmetric channels); it is partially determined for high rates for several
families of MC’s, such as DMC’s with no input constraints (£ = co) and MGC’s with an input quadratic
power constraint. For the continuous MC W with a transition pdf Py x, only a lower bound for F (R,W,E)

8



due to Gallager [12], [13, Section 7.3] is known, which we refer to as Gallager’s random-coding lower bound
for the channel error exponent E(R, W, E),

E(RW.E) > E(RW.€) £ max [pR + Ey(W.¢. p)]. Y

where

Eo(W,&,p) & sup max Fy(p,r, W, Px, &) (8)
PxEg(X)<&Eg(X)3<oo 720

is Gallager’s constrained channel function with

1+p
Balp.rW.Px,€) 2 <t [ | [ Pe(o)er@ - by loyrinad]
y X

and where the supremum in (8) is taken over all pdfs Px(x) defined on X subject to Eg(X) < & and
Eg(X)? < oo. The constraints are satisfied, for example, when g(z) = 2% and Py is a Gaussian distribution
with mean zero and variance £. The integrations should be replaced with summations if W has discrete
alphabets. Note that in general we do not have an explicit formula for this bound, because it is not known

whether the supremum in (8) is achievable or not, and under what distribution it is achievable.

2.3 JSCC Excess Distortion Exponent

Given a source distribution measure d(-,-) and a channel input function g(-), a joint source-channel (JSC)
code (fn,n, A, E,t) with blocklength n and transmission rate ¢ (source symbols/channel use) for the MS
Pg, and the MC W with input cost constraint £ is a pair of mappings:

fn: S — &
and

O yn _ Stn’
where f, € F¢, and

FE 2 {fn : %gg(wz) <& foral x= fn(s)}' ©)

Here s € 8 is the transmitted source message and x = f,,(s) € X" is the corresponding n-length codeword.
The conditional pdf of receiving y € Y™ at the channel output given that the message s is transmitted is

given by

PY"|Xn (ylfn(s) HW Yilzi).

The probability of failing to decode the JSC code (fy,, ¢n, A, E,t) within a prescribed distortion level A > 0
is called the probability of excess distortion and defined by

P (Ps, W, E,t) & / Pgin(s) / Pynjxn (¥ fn(s))dyds.
St At (s,on(y))>A



Definition 3 The JSCC excess distortion exponent E;(Ps, W, A, E,t) for the above MS Pg and MC W
is defined as the supremum of the set of all numbers E for which there exists a sequence of source-channel
codes (fn,on, A, E,t) with blocklength n such that

E< hmmf—— lnP(n)(Pg, W,E,t).

n—oo

When there is no possibility of confusion, throughout the sequel, the tandem coding excess distortion
exponent Ep(Ps, W, A, &, t) will be written as Ep. It can be easily shown by definition that E; > Er;
however, we are particularly interested in investigating the situation where a strict inequality holds. Indeed,
this inequality, when it holds, provides a theoretical underpinning and justification for JSCC design as
opposed to the widely used tandem approach, since the former method will yield a faster exponential rate
of decay for the excess distortion probability, which may translate into substantial reductions in complexity

and delay for real-world communication systems.

2.4 Gaussian Systems: MGS and MGC

Consider a communication system consisting of an MGS with alphabet & = R, mean zero, variance ag,
and pdf

1 s?
Ps(s) = expq —5—5 (> sES,
20y
denoted by Pg ~ N (0,0%), and an MGC W with common input, output, and additive noise alphabets
X =Y = Z =R and described by Y; = X; + Z;, where Y;, X; and Z; are the channel’s output, input and
noise symbols at time 7. We assume that X; and Z; are independent from each other. The noise admits a

Z€ero-mean 0%—Variance Gaussian pdf, denoted by Pz ~ N(0, O'%) and thus the transition pdf of the channel

52
exp{—g}, z=y—x € Z.

is given by

Wylz) = Pz(z) =

2
2mo7,

We assume the squared-error distortion measure for the source given by d(s,s’) = (s — s')? for any

s,s" € R and extended for k-tuples as

d(k ss

?rl>—‘

for any s,s’ € RF. Given a distortion threshold A > 0, the rate-distortion function for MGS Py is given
by (e.g., [13])

2
ln%s 0<A<o?,

10
aggA. (10)

Pg,A) = inf I1(S;9) =
R( 5 ) PS/‘SZEZIES’SI)SA (S’S) {

O ol

10



When 0 < A < 0%, the infimum of (10) is achieved by a conditional Gaussian pdf [25]

(S/ Jg_As)2
1 T o2
* oy . S
PS’|S(S |S) - A(02 _A) eXp 2A(0’%—A) 9 (11)
o AloE8) et
S

and hence the marginal pdf of s’ under P*,| 5(8]s) is given by

/2
P& (') = /PS(S)P§,|S(3/|S)ds = m exp {—m} . (12)

When ag < A, trivially, R(Ps,A) can be achieved by the identity mapping and the marginal output
distribution is the same as Ps(s).

The excess distortion exponent for the MGS under the squared-error distortion measure admits an ex-
plicit formula [16]: for the MGS Ps ~ N(0,0%) and any R > 0, the excess distortion exponent F(R, Ps, A)
is determined exactly by
93 s

F(R,Ps,A) =

%(%—ln%ﬁ—l) if R>R(P5,A), (13)
0

otherwise,
where 3 = 2. Since F(R, Pg,A) is not meaningful at R = 0, we let

A A :
%(%—111%—1) if R(Pg,A) =0,

F(0,Ps,A) = lim F(R, Ps,A) =
R|0 0 if R(Ps,A) >0,

Consequently, F(R, Pg,A) is convex strictly increasing in R > 0.
Given an input cost function g(x) = x? (power cost constraint) and a constraint & > 0, the channel
capacity of MGC W is given by
1
CW, )= sup I(X;Y)==In(1+SNR), (14)
Px:EX2<E 2
where SNR £ £ /0% is the signal-to-noise ratio. It is known that the supremum in (14) is achieved by the
Gaussian distribution [7, 13]

1 x?
Py (x) = exp ———= ¢, 15
W= Vare p{ 28} o
and the corresponding channel output has the pdf
1 y?
P{?(y)z—exp{—i}. (16)
21(€ +0%) 2(& +0%)

As mentioned before, the error exponent for the MGC E(R, W, ) is only partially known. In the last

fifty years, the error exponent for the MGC was actively studied and several lower and upper bounds were
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established (see, e.g., [3, 13, 22]). The most familiar upper bound is obtained by Shannon [22], called the
sphere-packing upper bound and given by

1 SNR(B —1) 48

where 8 = €2}, R < C(W,€). Tt can be shown (see Appendix A for a direct proof) that Ey(R,W,E) is
convex strictly decreasing in R < C(W, ) and vanishes for R > C(W, ). It can also be easily verified that
Egp(R,W,E) — o0 as R | 0. For the lower bound, we specialize Gallager’s random-coding lower bound
for the MGC W as follows: choosing the channel input distribution Py (z) as the Gaussian distribution

P (z) given in (15), and replacing g(z) by our square cost function z? yield the following lower bound for
EO (VI/) 87 ,0)

Eo(W.E.p) 2 Eo(W,€, p) £ max Eo(W, €, p,r, PX)

1 p &
_ 1 Zn(1 -2 Pult—ore+ —< |V 1
Ogg;ai};% {r( +p)€ + 5 n( ré) + 5 n ré + (1+p)0%}} (18)

We hereby call EO(I/V, &, p) Gallager’s Gaussian-input channel function. Note also that

Ep(RW,€) = max[—pR + Eo(W. €. p)],
p>

and the inner function is concave in p. Thus, the random-coding lower bound E,.(R, W, &) can be further
lower bounded by [13, pp. 339-340]

Ei(R,W,€) = max [~pR + Eo(W.£. p)]

<p<1
Esp(R,W,E), Rer(W) < R < C(W,E), (19)
Tt Rt (-8R iy - R, 0< R<RL(W),
where
al SNR SNR?
and
Al 1 SNR
cr = -1 5 1
R (W) 5 n 5 1 +

is the critical rate of the MGC (obtained by solving for the R where the straight-line of slope —1 is tangent
to Bt (R, W, E)). It is easy to show that Ei(R, W, &) is convex strictly decreasing in 0 < R < C(W, &) with
a straight-line section of slope —1 for R < R..(W). It has to be pointed out [13] that E;(R,W,€) is not
the real random-coding bound (as given in (7)) for R < R..(W), but it admits a computable parametric

12



form and it coincides with the upper bound Eg,(R, W, E) for R > R..(W). Thus, the channel coding error
exponent F(R,W,&) is determined for high rates (R > R..(W)).!

3 JSCC Excess Distortion Exponent for Gaussian Systems

We now focus on the communication system consisting of an MGS and an MGC with squared-error
distortion measure and input power constraint. We establish an upper and a lower bound for the JSCC
excess distortion exponent for the Gaussian system in Sections 3.1 and 3.2. As will be seen in Section 3.3,
the upper bound coincides with the lower bound for a large class of MGS-MGC pairs, and hence determines

the exponent exactly.

3.1 The Upper Bound for E;

We first derive a strong converse JSCC theorem under the probability of excess distortion criterion for the

Gaussian system. We use later this result to obtain an upper bound for the excess distortion exponent F;.

Theorem 1 (Strong Converse JSCC Theorem) For an MGS Pg and an MGC W, if tR(Pg, A) > C(W,€),
then lim,,_ PXL) (Pg, W, E,t) =1 for any sequence of JSC codes (fy, ¢n, A, E,1).

Proof: Assume that C(W,€) = tR(Ps,A) — ¢, where ¢ is a positive number. For some 0 (0 < 0 < ¢€)
define

~ Py xn (Y] fn(8)) Pgrin (00(¥))
A=q(s,y):In—; . > <n(CW,€) —tR(Ps,A) +6) ¢,
{ PY”(Y)Psltn|stn(((pn(Y))|S)
where P;,m‘ gtn and P;,m are the tn—dimensional product distributions corresponding to P*,| S and Pg,

given in (11) and (12) respectively, and Py, is the n—dimensional product distribution corresponding to
Py given in (16). Recalling that

P (P, W E,8) =1 = Pr (d®) (s, 00 (v) < A) . (20)

where the probability is with respect to the joint distribution Pgen(-)Pyn xn(:|-), it suffices to show
that the probability Pr (d(t”) (s,0n(y)) < A) approaches 0 asymptotically for any sequence of JSC codes
(fr, on, A, E,t). We first decompose Pr (d(t") (s,on(y)) < A) as follows

Pr (") (s, u(y)) < A)
= Pr({d™ (s,00(y) < A} A) +Pr ({d™ (s,0n(y)) < A} A7), (21)

Tn the recent work of [4], the lower bound F;(R, W, &) is improved and is shown to be tight in a interval slightly below
the critical rate, i.e., it is shown that the error exponent of the MGC is determined by E;(R, W, &) for rates R > Ry and Ry
can be less than R.-(W).
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where A° stands for the complement of A. For the first probability in (21), we can bound it by using the
property of set A

Pr({d" (s, 0n(y)) < A} 4)
/  Poon(8) Pynpxen (y1fu(8))dsdy

{(5.3):d®) (s,on(y)) <A} N A
Pia(¥) Py gun ((¥)l8)

LA P ) B

Pstn (S)Pértn‘stn (@n (Y) |S)dS dy

IN

/ | nCWEtR(Ps A)40) p, (
{(s,3):d") (s,0n(y)) <A} N A

e—n(a—é)/ L(y)/
n P;/tn((pn(y)) s:d(t”)(S#P(}’))SA

IN

SPLin (on ()

IA

e =) / Pya(y)dy

= D), (22)

It remains to bound the second probability in (21). Using the expressions of the pdf’s, we have

Pynixn n () P% . (0n T T

1. vix (y\{ (8)) PG (en(y)) cov.e) 4 Y - z 22

td"™ (pn(y),s)  s”s
2A 2no?’

— tR(Ps,A) +

Hence,

T T (tn) T
— (tn) < Yy _Z z td (('pn(Y)7 S) _ 88
Pr ({d (s,0n(y)) < A} N { e toD) ot oA 2o? > 5

< Pr yTy B z''z E B sT's 5
- 2n(€ +0%) 2no%y 2 2no%
r 26 T 26 T 26
< pr(yin_b_)m(g_u_)+pr(g_t<_>. (23)
n(€+o3) 3 noy, 3 nog 3
It suffices to show .
m Pr(—Y Y 152y, (24)
n—00 n(&€ +o%) 3
T 2
im Pr( 22 _1<-2)_p (25)
n—00 na% 3
and
T
im P (55 i< -2 g, (26)
n—00 na% 3

14



Clearly, (25) and (26) follow by the weak law of large numbers (WLLN), noting that s and z are memoryless
sequences. To derive (24), we write, as in the proof of [19, Lemma 4])

T T T T
y'y 20 x'x zz 2x'z 2 20 2
Pri—2  _1-22) = pe(2 2422 — =
r<mg+a% :>3> r( — =~ (E+0y) > S (E+0Y)

2Tz 2xTy 20
< Pr|— —0% > — 2
r(n + - UZ>3(5+UZ)>

T 5 oxT )
< Pr(%—a%> 5(5+ag)> +Pr< an >§(8+0%)>, (27)

where the first inequality follows from the power constraint (9), the first probability in (27) converges to
zero as n — oo by the WLLN and the second probability in (27) converges to zero as n — oo by the
WLLN, the fact the z’s have zero mean, and the independence of x and z. Thus, (24), (25) and (26) yield

T T T
. y'y z' 7z t s's
lim P — ————>0) =0. 28
oo | <2n(5 +0%2) 2nos T3 2no? ) (28)
On account of (22), (28) and (20), we complete the proof. |

Note that the above theorem also holds for a slightly wider class of MGCs with scaled inputs, described
by Y; = bX; + Z; (X; and Z; are independent from each other), and with transition pdf

1 _ (y—ba)?

20‘2
2
\/ 270y,

W(ylx) = Pz(y — br) = e *z
where b is a nonzero constant. We next apply this result to prove the upper bound of E;. It follows

from Theorem 1 that the JSCC excess distortion exponent is 0 if the source rate-distortion function is
larger than the channel capacity, i.e., tR(Ps,A) > C(W,E). We thus confine our attention to the case of
tR(Ps,A) < C(W,€) in the following theorem.

Theorem 2 For an MGS Pg and an MGC W such that tR(Ps, A) < C(W, ), the JSCC excess distortion

exponent satisfies

EJ(P57I/V7A757t) SEJ(P57WA757t)7 (29)
where R
Ej(Pg,W,A\Et) & i tF=,Pg,A | + E, W,
J( Sy Vv, 757 ) tR(Ps,A?%lfIflSC(W,E) |: <t7 S ) + p(R7 75):| ) (30)

where F'(R, Ps,A) is the excess distortion exponent for an MGS Pg given in (13) and E,(R, W, ) is the
sphere-packing bound of the channel error exponent for an MGC W given in (17).

Proof: For any sufficiently small € > 0, fix an R € [tR(Ps,A) 4+ ¢,C(W, E)]. Define an auxiliary MGS for
this R with alphabet S = R and distribution Py~ N (0, 5%), where 5% 2 Ae?f/t 50 that the rate-distortion

function of Pg is given by

~ =2
R(Ps,A) = %lnmax{%,l} = %
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Also, it can be easily verified that the Kullback-Leibler divergence between the auxiliary MGS Pg and the

original source Pg is
~ 1 [(o? 0% R
D(Ps || Ps) = 5 <—§ ~In—5 — > = F (—,PS,A> .
g 0g t

Next we define for R’ £ R — 5 > 0 an auxiliary MGC with scaled inputs W associated with the original
MGC W with the alphabets X =) = R and transition pdf

where the parameter a is uniquely determined by 5’ (5 = ezR’) and SNR as follows

“SNR(' — 1) — /SNR2(5' — 1)2 + 4SNRF/(5' — 1)

a= SNEF <0, (31)
and 26
oy = -1 (32)
It can be verified that the capacity of the MGC W is given by
C(W,E): sup I(X;Y):11n<1+cf—25>:R’,
Py :EX2<E 2 o,

where the supremum is achieved by the Gaussian distribution Py = P% given in (15).

For some ¢ > 0, define the set

Pgn (S)lgw\xn(ﬂfn(s))
Pgin () Pynxn(y|fn(s))

A\é{(s,y):ln §n<tF<§,PSaA>+ESP(R,7VV’5)+5>}'
Consequently, we can use A to lower bound the probability of excess distortion of any sequence of JSC
codes (fn,on, A, E, 1),

P{(Ps, W.E.1) >  Psun(8) Pyajxn (vl fa(s))dsdy
{(5,3):d) (s,0n(y))>A) }nA
o~ (tF (. Ps.0)+Eap(R ,W,E)+9)

/{( ):d(tm) (s,0n (¥)) A)}mgﬁsm(s)ﬁY"X”(y,fn(s))dsdy, (33)
8,y):d\"™) (s,on(y))>

v

and the last integration can be decomposed as

/{(S ¥):d(t) (s, (Y))>A)}OA\ ﬁgm (S)ﬁY"\X" (¥ fn(s))dsdy

Pgtn(8) Pyn|xn (Y| fn(s))dsdy — /gc Pgen (8) Pya|xn (y] fn(s))dsdy

Y

/(svy):d“") (s,on(¥))>A)
= PPy, W,E,t) — Pr (XC) , (34)
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where the probabilities are with respect to the joint distribution ﬁstn(’)ﬁyﬂ xn(:]-). Note that the first
term in the right-hand side of (34) is exactly the probability of excess distortion for the joint source-channel
system consisting of the auxiliary MGS Pg and the auxiliary MGC W with transmission t, and, according

to our setting, with
tR(Ps,A) =R >R = C(W,&).

Thus, this quantity converges to 1 as n goes to infinity according to the strong converse JSCC theorem.

It remains to show that the second term in the right-hand side of (34) vanishes asymptotically. Note that

~ 1 ﬁstn(s) R (5
pr(4°¢) < pr(—1 F(Z Pe,A) + =
r( ) = r<nt " Pan(s) <t’ 5 >+2t>

ﬁ n n
+Pr (1 p Drmxe ) Eo (R, W,E) + g) . (35)

n o Pynxn(yx)

It follows by the WLLN that as n — oo,

1 . Pgin(s) Ps(s) R _
—1 —E5 |1 =F|(—,Ps,A Prob.
nt Pgin(s) Ps | Ps(s) £ HE TR
which implies that
, 1 . Pgen(s) R b
lim Pr| —1 F(—,Ps,A — | =0.
it T (m " Pon(s) <t’ 5 >+ 275) 0 (36)

For the second term of (35), setting z =y + ax, we can write

S P LS A | A

n Pynxn(ylx) 2| 0% noy noy noy no

1 ﬁyn‘xn(ylx) 1 [1 o2 z'z  z'z 2+ 1)x'z n (a+ 1)2xTx]

On the other hand, recalling that a is given in (31) and 6% is given in (32), and noting that

5, SNR(F —1)+20' + \JSNR2 (9 — 1)2 + 4SNRG/(9 — 1)
oy 28”
- 45"
20 [SNR(F' — 1) + 26/ — \/SNR*(S — 1)2 + 4SNRG'(5' — 1)
_ 2
20 + SNR(#' — 1) [1 i+ s%]

where ' = e*™* | we see that

1[c2 72 (a+1)> @ SNR | , 45
3 g—nng =) 5—1} = B+1)—-(8 -1 1+m

+% In {ﬁ’ - LR(? — 1)

15
\/1+SNR(6’—1)_1]}’
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which is exactly the sphere-packing bound E,(R',W,€), and where the derivation of (a) is given in
Appendix B. Therefore, it suffices to show that

|
n Pynixn (ylx) = 2

ﬁ n n ~2 ~2
Pr<lln Yo xn (Y]X) 1[0“2 o

a+1)? 1)
—2—H_§+( 2)5—1:|+_)
oy oy oy 2

T T 2 /T
Pr[(%‘%) <u_5%>_2(a+12)x z+(a+21) <x X—€>>5]
o3, 0y n nos, o, n

converges to 0 as n goes to infinity. This is true (as before) since the above probability is less than

T T
() (o) 22
O'Z O'Z n

2

(37)
nos,
by the power constraint (9), and z’z/n — 6% and x'z/n — 0 in probability 1. This yields
1 ﬁ n n X 1 52 52 1 2 6
lim Pr —1nwg—[a—§—1na—§+(“+2)5—1]+— — 0. (38)
n—00 n Pynxn(ylx) = 2 [0} oy oy 2
On account of (33), (34), (36) and (38), we obtain

1 n
liminf—ﬁlnPé )(Ps, W, E,t) < LF (%,Pg,A) + B, (R— %,W,&) + 4.

Since the above inequality holds for any rate R in the region [tR(Pg, A) + ¢, C(W, )] and ¢ and € can be
arbitrarily small, we obtain that

. 1 (n) . R
liminf —= In P™) (P £ < tF (2 Pe,A) + E (R W,E)| .
it - Lu PP wen s i o (Fpaa) e o)

|
Since the MGS excess distortion exponent tF(R/t, Pg,A) is convex increasing for R > tR(Ps, A) and

the sphere-packing bound Ej,(R, W, ) is convex decreasing in R < C(W,E), their sum is also convex and

there exists a global minimum in the interval [tR(Pg, A), C(W, E)] for the upper bound given in (29). For
R € [tR(Ps,A),C(W,E)], setting

(OF (£, Ps,A)

n OEg,(R,W,E)
OR

=0
OR ’

Bt SNR 48
SDR_W<1+\/1+SNR([3—1)>’ (40)

where SDR £ 0% /A is called the source-to-distortion ratio (i.e., the source variance to distortion threshold

gives (cf. Appendix A)

ratio), and 3 = e?%. Thus, the minimum of the upper bound is achieved by the R which is the (unique)
root of (40).
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3.2 The Lower Bound for E;

Given p > 0, for the continuous MS Pg, define source function
E(Ps, A, p) = Sclglp[PR(Q&A) — D(Qs || Ps)), (41)
S

where the supremum is taken over all the probability distributions Qg defined on S such that R(Qg, A)
and D(Qg || Ps) are well-defined and finite. We remark that (41) is equal to the guessing exponent for

MGS’s [1] under the squared-error distortion measure and admits an explicit form

E(Ps, A, p) = max {o, % [pln "Ké + (14 p)In(1 + p) — p] } . (42)

Theorem 3 For an MGS Pg and a continuous MC W with a cost constraint £ at the channel input, the

JSCC excess distortion exponent satisfies

EJ(P57W7A7€7t) EERC(PS7I/V7A757t)7 (43)
where
Erc(Ps, W, A€ 1) & Olgaq[Eo(W’g’P) —tE(Ps, A, p)], (44)
SPS

where E,(W,E,p) is Gallager’s constrained channel function given by (8) and E(Ps, A, p) is the source
function for the MGS Ps given by (42). Furthermore, if W is an MGC, we have

EJ(PS7VV7A757t)EEJ(PS7I/V7A757t)7 (45)
where
E;(Ps, W, A,€,) & max [E,(W,€, p) = tE(Ps, A, p)], (46)
P>

where E,(W, &, p) is Gallager’s Gaussian-input channel function given by (18).

Before we start to prove the lower bound, let us introduce the Gaussian-type class and the type covering
lemma for MGS’s [1]. For a DMS with finite alphabet S and a given rational pmf Pg, the type-P class
of k-length sequences s 2 (sysy---s;) € S* is the set of sequences that have single-symbol empirical
distribution equal to P. Thus, the probability of a particular event (the probability of error, say) can be
obtained by summing the probabilities of intersections of various type classes which decay exponentially
as the length of sequence approaches infinity [10]. Unfortunately, most of the properties of type classes, as
well as the bounding technique of types, do not hold any more for sequences with continuous alphabets.
When § is continuous, we need to find a counterpart to the type classes which partition the whole source
space S*, while keeping an exponentially small probability in the length of sequence.

In [1, Sec. VI. A], a continuous-alphabet analog to the method of types was studied for the MGS by
introducing the notion of Gaussian-type classes. Given 0 > 0 and ¢ € (0,02), the Gaussian-type class,
denoted by T¢(c?), is the set of all k-length sequences s € R¥ such that

sTs — ko?| < ke, (47)
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where T is the transpose operation. Based on a sequence of positive parameters {022 2., the Euclidean
space R¥ can be partitioned using (47), and it can be shown that for the zero-mean MGS, the probability
of each type defined by (47) decays exponentially in k [1]. Specifically, the probability of the type 7¢(c%)
under the Gaussian distribution Pg decays exponentially in k at the rate of D(ﬁs || Ps) within a term that

tends to zero as € — 0, where ]33 “ N(O,&%), ie.,

Pge (T°53)) < exp {~k (D(Ps || Ps) +G(9) }. (48)
where R ) 1 8_% i &_% i
D(PS H PS) 2 O'% In O'% (49)

is the Kullback-Leibler divergence between the two MGS’s Ps and Ps, and (;(€) = —¢/o% —In(1 + €/5%).
The following type covering lemma is an important tool which we will later employ to derive the lower

bound for the JSCC excess distortion exponent.

Lemma 1 (Covering Lemma for Gaussian-Type Classes [1]) Given 0% > A and p > 0, for suffi-
ciently small € and for sufficiently large k, there exists a set C C R* of size |C| < exp{k[R(Ps, A)+a(€)]+u}
1
Ca(e) = =1In +2+2In

with
A
l1+ell4+4)———
2 (\/A—6)2—6A(1+41/%) < \/J?S’_A)

if 0% > A and (3(€) = 0 otherwise, such that every sequence s € Tﬁ(aé) is contained, for some ¢ € C, in
the ball of size A

A

k
a ) 1 2
B(c,A) = {s : E;(sz —¢) <A},
where R(Pg,A) is the rate-distortion function of MGS Pg ~ N(0,0%).

Now we are ready to prove Theorem 3.
Proof of Theorem 3: Fix ¢t > 0. In the sequel we let k¥ = tn and assume that £ (and hence n) is

sufficiently large. For a given e € (0, A) small enough, we construct a sequence of Gaussian-type classes
T, = T¢(0%(i)) by 0%(i) = A+ (2i — 1)e, i = 1,2,---. That is,

[I>

7 {s: ‘STS — k(A + (20 — 1)e)| < ke}

= {s:k(A+ (20 —2)e) <s's <k(A+2ie)}, i=1,2,-. (50)

Also, we define the set 7o 2 {s : s”s < kA} such that all these type classes (71,75, --) together with 7
partition the whole space R*. For this special set 7y, we shall use the trivial bound Pgi(7p) < 1 and by
definition 7 is covered by the ball B(0, A); thus, we say that 7 satisfies the type covering lemma in the
sense that there exists a set C £ {0} of size [C| = 1 < exp{k[R(Ps, A)]} such that every s € Ty is covered
by the the ball of size A, where we let Pg ~ N0, A) and hence R(Ps, A) = 0.
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Based on the above setup, we claim that, first, for all ¢ = 1,2,---, the probability of 7; under the k-
dimensional Gaussian pdf Pgx, denoted by Pgx(7;), decays exponentially at the rate of D(Pél) | Ps)+ i (e)
in k, where Pg) is a zero-mean Gaussian source with variance o2(i) = A + (2i — 1)e, and

Gi(e) = —é ~mn(1+ %) (51)

is a vanishing term independent of ¢ (cf. (48)). Second, the type covering lemma is applicable for all 7;,

i=1,2,---. Note that when 02(i) > A, (2(¢) in the type covering lemma can be bounded by

Cole) < Goe) 2 %m VA 32 —A" 2¢ + 2In[1 + € + 4V A¢| (52)

and is also independent of 7. In the sequel, we will denote, without loss of generality, that all these vanishing

terms (1 () and Ca(e) by C(e).
We next employ a concatenated “quantization — lossless JSCC” scheme [2] to show the existence of a

sequence of JSC codes for the source-channel pair (Pg, W) such that its probability of excess distortion is
upper bounded by
exp|—nErc(Ps, W, A E,t) + o(n)]

for n sufficiently large.

First Stage Coding: A-admissible Quantization.

It follows from the above setup and the type covering lemma (Lemma 1) that for each 7; (1 = 1,2,---),
there exists a code C; = {c¥} with codebook size |C;| < exp{k[R(Péi),A) + ¢(e)] + o(k)} that covers 7;.
Recall that we also have, trivially, that a code Cp = {0} with |Cy| = 1 which covers 7j. Therefore, we can

employ a A-admissible quantizer via the sets C;, i = 0,1, 2, ... as follows:

fag:RF — [j Ci
=0

such that for every s € R¥, the output of fa,r with respect to s has a distortion less than A. We denote
the DMS at the output of fa j by P with alphabet (J;2,C; and pmf

P(C(l)) — / Psk(S)dS, v C(Z) S Cia 1= 07 17 27
s€Ti:fa k(s)=c®

Second Stage Coding and Decoding: Lossless JSCC with Power Constraint £.
For the DMS P and the continuous MC W, a pair of (asymptotically) lossless JSC code

fn:GCi—>X" and @n:y"—>[jc,~
=0 i=0

is applied, where the encoder is subject to a cost constraint &, i.e., fn € fng . Note that the decoder @,

creates an approximation ¢ = @,(y) of ¢ based upon the sequence y received at the channel output.
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According to a modified version of Gallager’s JSCC random-coding bound (which is derived in Appendix

C), there exists a sequence of lossless JSC codes (fn, ©n, €) with bounded probability of error

PM(P,W,E) £ Pr(#c)

= 3 P <">/ Py xn
Z Z (<) YEay)Ee® I <y

=0 c(l) ecz

Fule®™)) dy

_ —_ g
< exp{ " max [EO(VV,E,/)) E, (p,P)]—i—o(n)},

where Eg(W, E, p) is Gallager’s constrained channel function given in (8) and g™ (p, P) is Gallager’s source

function (see Appendix C)) here given by

™) (p, P) — 1+P1 ZZ )T

ES
=0 c(l) EC

Probability of Excess Distortion.

According to the A-admissible quantization rule, if the distortion between the source message s and

the reproduced sequence € is larger than A, then we must have € # ¢(9. This implies that

P{(Ps,W,E,t) = Pr (d(k)(ﬁ,s)>A>

< Pr (6 + c(i)>
< o {-nguax [E.078.5) B0, P)] + 000} (53)

Next we bound E{™ (p, P) in terms of Pg for k (also n) sufficiently large and when € goes to zero (when N

goes to infinity). Rewrite

EM(p,P) — 1+,0ln ZZ[PS’“ (z))}?lp

n
i=0 ce(;

= 1 :; P In Z PSk 1+p Z P(Z 1+p

ceC;

IN

—In 1+ZPSk 1+PZP )T+

ceC;

where

is the normalized probability over 7; for each i = 0, 1,.... By Jensen’s inequality [7] and the type covering

lemma, the sum over each C; (¢ > 1) can be bounded by

Y PY@) e < o % < exp {1%[1@3@5), A) +¢()] + o(k:)}
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for k sufficiently large and e sufficiently small. Recalling that
Poi(T)) < exp{—k[D(PS" || Ps) +¢(e)]},

we have

n t(1+p) S k (i (i)
B (p,P) < =L {1 £Y e [m (pR(PY,8) = D(PY || Ps)+¢(e)) + o<k>] } (54)

)

for k sufficiently large and e sufficiently small, by noting that k = tn. Recall that Pg denotes the Gaussian
source with mean zero and variance 02(i) = A + (2i — 1)e. Consequently, using the fact [1] that if the
exponential rate of each term, as a function of ¢, is of the form U; = In(Ai + B) — C'4, where A, B, and
C are positive reals, then the term with the largest exponent dominates the exponential behavior of the

summation, i.e.,

1 - . . . .
kh_}n;O z In {1 + ; exp [k(In(Ai + B) — Ci) + o(k)]} = I?Zafi[ln(Az + B) — C1], (55)
we obtain,
Jim B (p, P) < tmaxlpR(PS), A) = D(PS) || Ps) +¢(¢)) (56)
Note also that the sequence { pR(Péi), A) — D(Péi) I Ps)}fl is non-increasing after some finite 7, which

means the maximum of (56) is achieved for some finite 02(i). Letting € go to zero, it follows by the
continuity of R(Péi), A) and D(Péi) | Ps) as functions of ¢2() that

lim sup pR(PS, A) = D(PY | Ps) +¢()] = max[pR(Ps,A) — D(Ps || Ps)]
where the maximum is taken over all the MGS 155 with mean zero and variance o> > A. Therefore, we

have
2
lim E(™(p, P) < {o, ! [pln %5 4 (14 p) (1 +p) - p] } — tE(Ps, A p). (57)

n—oo A

Finally, on account of (53) and (57), we may claim that, there exists a sequence of JSC codes (fy, ¢n, A, &, 1),
where f, = fn o fax and ¢, = @y, such that for n sufficiently large,

PY(Ps,W,6,1) < exp { —n g [E(W,€.9) — tB(Ps, 8, p)] + o) |
P>

by which we establish the lower bound E ;(Ps, W, A, &, t) given in (44). Furthermore, when W is an MGC,
the bound (45) holds trivially since E,(W, &, p) is a lower bound of E,(W, &, p). [
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3.3 Tightness of the Lower and Upper Bounds: When Does E; = E,?

In order to evaluate the upper and lower bounds given in Theorems 2 and 3, we need to briefly review
some concepts about Fenchel transforms. For any function f defined on F' C R, define its convex Fenchel
transform (conjugate function, Legendre transform) f* by

f*(y) £ sup[zy — f(z)]

zeF

and let F* be the set {y : f*(y) < oo}.? It is easy to see from its definition that f* is a convex function
on F*. Moreover, if f is convex and continuous, then (f*)* = f. More generally, f** < f and f** is the
convex hull of f, i.e. the largest convex function that is bounded above by f [21, Sec. 3], [11, Sec. 7.1].

Similarly, for any function g defined on G C R, define its concave Fenchel transform g, by

9+(y) = inf[zy — g(x)]

and let G, be the set {y : g«(y) > —oo}. It is easy to see from its definition that g, is a concave function
on G. Moreover, if g is concave and continuous, then (g.). = g. More generally, g.. > g and g, is the

concave hull of g, i.e. the smallest concave function that is bounded below by g.
Lemma 2 E(Ps,A,p) and F(R, Ps,A) are a pair of convex Fenchel transforms p > 0 and R > 0, i.e.,
E(Ps,A,p) = F(R, Ps, A)* forall p>0

and
F(R,Ps,A) = E(Ps,A,p)* for all R > 0.

Proof: The proof appears in Appendix D. |

Lemma 3 —FE,,(R,W,€) and EO(VV, E,p) are a pair of concave Fenchel transforms for p > 0 and R > 0,

ie.,
—Eo(R,W,€) = Eo(W,E,p)»  forall R >0
and
Eo(W,€,p) = (~Eq(R,W,E)),  for all p > 0.
Proof: The proof appears in Appendix E. |

Lemma 4 —F:(R,W,&) and EO(W,S,p) are a pair of concave Fenchel transforms for 0 < p < 1 and
R >0,ie.,
—Ei(R,W,&) = Eo(W,&,p).  forall R>0

and
Eo(W,&,p) = (—E;(R,W,€)),  forall 0 < p<1.

2With a slight abuse of notation, both f*(y) and f(y)* refer to the Fenchel transform except when indicated otherwise.
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Proof: The proof appears in Appendix E. |

Now assume that f and g are, respectively, convex and concave functions on the non-empty intervals
F and G in R and assume that F'N G has interior points. Suppose further that u = inf.cpng|f(z) — g(z)]
is finite. Then Fenchel’s Duality Theorem [17] asserts that

p=duf [f(2)-g@)] = max [9.(y) = f" W) (58)

Applying Fenchel’s Duality (58) to our source and channel functions E(Ps, A, p) and Eo(W, &, p) with

respect to their Fenchel transforms in Lemmas 2, 3 and 4, we obtain the following equivalent bounds.

Theorem 4 Let tR(Ps,A) < C(W,€). Then

min tF <§,PS,A> +Esp(R7VV75):|
tR(Ps,A)<R<C(WE) | ¢
= max [Eo(W,g,p) _tE(P37A7p)]7 (59)
0<p<oo

min tF <E,PS,A> +ET(R,VV,E)}
tR(Ps,A)<R<C(W,E) | t

= Ogggl[Eo(W &g,p) —tE(Ps, A, p)]. (60)

The proof of the theorem follows from the above argument regarding Fenchel transforms and Fenchel’s
Duality Theorem (58); for more details, readers may consult [26]. We next provide a necessary and sufficient
condition under which E; = E; for the MGS-MGC pair.

Theorem 5 Let tR(Ps,A) < C(W,E). The upper and lower bounds for E;(Ps, W, A & t) given in
Theorem 2 and (45) of Theorem 3 are equal if and only if

¢+ 2(2SDR)’ -
2(2SDR) —2(2SDR)t_1_SNR. (61)

Remark 2 For tR(Pg,A) > C(W,E), Ej(Ps,W,A,E,t) = 0.

Proof: By comparing (59) and (60) we observe that the two bounds are identical if and only if the

minimum of (59) (or (60)) is achieved at a rate no less than the channel critical rate, i.e.,

1 1 SNR 1 SNR?
Ry 2 Ree(W) = 5l | 5+ == + 5[ 1+ =

where R, is the solution of (40). Let
1
A D7 SNR 403
2 il 5 VI § I A
1(B) = 3BR ~ 25 < * ¢ T SNR( = 1)) :
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which is a strictly increasing function of R (refer to (73)), where 8 = €. In order to ensure that the root
of f(R), Ry, is no less than R..(W), we only need f(R..(W)) < 0. This reduces to the condition (61).
[ |

In Fig. 1, we partition the SDR-SNR plane into three parts for transmission rate ¢ = 0.5, 1, 1.5 and
2: in region A (including the boundary between A and B) tR(Ps,A) > C(W,€) and E; = 0; in region B
(including the boundary between B and C), E; = E; and hence E; is determined exactly; and in region
C, E; > 0 is bounded by E; and E;. Fig. 2 shows the two bounds E; and E; for different SDR-SNR
pairs and transmission rate ¢t = 1. We observe from the two figures that the two bounds coincide for a
large class of SDR-SNR pairs.

4 Extensions

In this section, we provide extensions of the upper and/or lower bounds for the JSCC excess distortion

exponent for other memoryless continuous source-channel pairs.

4.1 Laplacian Sources with the Magnitude-Error Distortion over MGC’s

In image coding applications, the Laplacian distribution is well known to provide a good model to ap-
proximate the statistics of transform coeflicients such as discrete cosine and wavelet transform coefficients
[20, 24]. Thus, it is of interest to study the theoretical performance for the lossy transmission of MLS’s,
say, over an MGC. Due to the striking similarity between the Laplacian source and the Gaussian source,
the results of the previous section (especially regarding the bounds for E;(Ps, W, A,E,t)) can be easily
extended to a system composed by an MLS under the magnitude-error distortion measure and an MGC.

Consider an MLS Pg with alphabet S = R, mean zero, variance 2a?, and pdf

denoted by Pg « L(0,«). Note that for Pg «~ L(0,«), E|s| = a. We assume that the distortion measure
|s

is the magnitude-error distortion given by d(s,s’) =

11" Y lsi
Pgi(s) = [%} exp{—M}, sc Sk

— §'| for any s,s" € R. The pdf for k-tuple source

symbols is hence given by

(07

and the distortion for any s,s’ € R¥ is hence given by
d®) (s, s") Z |s; — sbl.

For the MLS Pg ~ L(0,«) and distortion threshold A, the source excess distortion exponent is given by
[28]

&1 if R>R(Ps,A) =max{0,ln %},

. (62)
otherwise.

elfA
F(R, Ps,A) = { )
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The upper and lower bounds bound for £y can be derived in an analogous method to the one used for
the Gaussian systems. Particularly, to establish the lower bound, we need to extend the Gaussian type
classes and the type covering lemma to MLS’s. For given a@ > 0 and 0 < € < «, a Laplacian-type class
T¢(a) is defined as the set of all k-vectors s € R¥ such that ‘Zle ls;| — k‘oz‘ < ke, i.e.,

k
Z |si| — ka| < ke}.
i=1

It can also be shown that the probability of the type class 7¢(a), for & > 0, under the Laplacian

T(a) £ {s:

distribution Ps « L(0, «) is bounded by the exponential function

(07

where (3(€) = —€/a — In(1 + ¢/a). We next introduce the type covering lemma for Laplacian-type classes.

Lemma 5 (Covering Lemma for Laplacian-Type Classes [28]) Given o > A and p > 0, for suffi-
ciently small € and for sufficiently large k, there exists a set C C R¥ of size |C| < exp{k[R(Ps, A)+s(e)]+u}

with
2w

a—A+e>+(a—A+e)(A—e)

such that every sequence in 7(«) is contained, for some ¢ € C, in the ball (cube)

k
B(c,A) £ {s : %Z\s, —¢| < A}
i=1

of size A, where R(Pg,A) is the rate distortion function of Laplacian source Pg «~ L(0, «t).

C4(6) = 111

A
A_E—Hn(l—i-

Consequently, using Lemma 5, similarly versions of Theorems 2 and 3 can be deduced by replacing the
MGS by a MLS and we obtain the following results.

Theorem 6 For the MLS Pg and the MGC W with transmission rate ¢,
| R
E;(Ps,W,A&Et) < min tF ?,PS,A + Egp (R, W, E)

and

By(Ps, W, A £,1) > min [tF <§,PS,A> 1 Bi(R, W,S)] ,

where E,,(R,W,&) and E(R,W,E) are given by (17) and (19) respectively.
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4.2 Memoryless Systems with a Metric Source Distortion

In this section we consider the transmission of a class of continuous MS’s with alphabet & = R over
continuous MC’s when the source distortion function is a metric; i.e., for s,s’ € S (1) d(s,s’) > 0 with
equality if and only if s = §'; (2) d(s,s’) = d(s', 5); (3) the triangle inequality holds, i.e., for any s1, s9, s3 €
S, d(s1,52) + d(s2,53) > d(s1, s3). We still assume that for any s,s’ € S*,

k
Z d(s;, s}).
i=1

Theorem 7 For the continuous MS Ps with a distortion being a metric and the continuous MC W with

d®)(s,s") &

ol B

a cost constraint £ at the channel input, if there exists an element s, € R with E expltd(s, s,)] < oo for all
t € (—o00,400), the JSCC excess distortion exponent satisfies

E;(Ps, WA E,t) 2 max [Eo(W, €, p) — tE(Ps, A, p)], (63)
<p

where E,(W,E,p) is Gallager’s constrained channel function given by (8) and E(Ps, A, p) is the source
function for Pg given by (41). Furthermore, if W is an MGC, we have

Ej(Ps, W, A, €,t) > max [Eo(W,€,p) — tE(Ps, A, p)], (64)
<p

where EO(I/V, E,p) is Gallager’s Gaussian-input channel function given by (18).

Although Theorem 7 does not apply to MGS’s under the squared-error distortion (which is not a metric)
and MLS’s under the magnitude-error distortion (which does not satisfy the finiteness condition), it applies
to MGS’s under the magnitude-error distortion, and more generally, it applies to generalized MGS’s with
parameters (o, o) under the distortion function d(s,s’) £ |s — s'|P for any s,s’ € R, whenever 0 < p < 1

and p < «; see the following example.

Example: The Gaussian and Laplacian distributions belong to the class of generalized Gaussian distribu-
tions, which are widely used in image coding applications. It is well known that the distribution of image
subband coefficients is well approximated by the generalized Gaussian distribution [6, 24]. A generalized
MGS Ps with parameters (o, o) has alphabet S = R, mean zero, variance o2, and pdf

Ps() = S exp (- (nfa,)sl)*} . €S,

where I'(+) is the Gamma function and

o, 2 L (KB

Note that the pdf reduces to the Gaussian and Laplacian pdf’s for @« = 2 and 1, respectively. When
0 < p < 1, the distortion d(s,s’) £ |s — s'|P is a metric. If we choose s, = 0, then E expl[td(s,s,)] would
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have the form

+00 +o00
E exp[td(s, so)] :/ Ae—BlsP(s|*7P+Ct) g 2/ Ae—BlsIP(s177P+Ct) g
o 0

where A > 0, B > 0, and C are independent of s. Clearly, the above integral is finite for any Ct > 0. If
Ct < 0, and « > p is provided, the integral can be bounded by

—+o0 €T —+o00
/ A~ BIslP(sl= 400 g < / Ae=BOUST g / Ao~ Bl g
0 0 x

which is also finite, where x > 0 satisfies x*7? + C't = 0.

For general continuous MS’s, unfortunately, we do not have counterparts to the type class and the type
covering results of Lemmas 1 and 5 (for MGS’s and MLS'’s, respectively). Hence, to establish the lower
bound for the JSCC excess distortion exponent, we need to modify the proof of Theorem 3. We will use
a different approach based on the technique introduced in [16] and the type covering lemma [10] for finite
alphabet DMS’s.

Proof of Theorem 7: Since the lower bound (64) immediately follows from (63), we only show the
existence of a sequence of JSC codes for the source-channel pair (Pg, W) such that its probability of excess

distortion is upper bounded by

exp {—n max [Eg(W, &, p) —tE(Ps, A, p)] + o(n)}
0<p<1

for n sufficiently large. We shall employ a concatenated “scalar discretization - vector quantization - loss-
less JSCC” scheme as shown in Fig. 3. Throughout the proof, we let k = tn, where t > 0 is finite, and set
0<e<Aand0<d<A-—c

First Stage Coding: e-Neighborhood Scalar Quantization.

As in [16], we approximate the continuous MS Pg by a DMS lgg with countably infinite alphabet S via an
e-neighborhood scalar quantization scheme. In particular, for any given 0 < € < A, there exists a countable
set S = {si,1 = 1,2,...} C R with corresponding mutually disjoint subsets S; C {s € R : d(s;,s) < €},
i = 1,2,..., such that (J;2;S; = R. Specifically, the subsets {S;} partition R; for example, a specific
partition could be §; = {s € R : d(s1,s) < €} and

Si={seR:d(s;,s) <e and d(s;,s)>e foranyj<i}

for ¢ > 2. Consequently, we can employ a scalar quantizer f.:S — S to discretize the original MS Pkg,

such that fc(s) = s; if s € S;. Therefore, the first stage coding can be described as a mapping:

fE,k . Sk — gk
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where fci(s) = (fe(s1), fe(s2), ..., fe(sk)). We denote the source obtained at the output of f. 5 by ]55 with
alphabet S and pmf

Pz(si) = Ps(s)ds, s;€S.

SES;
Lemma 6 For any e >0 and p >0, E (ﬁg,A + e,p) < E(Ps,A,p).

Proof: The proof is deferred to Appendix F. |

Second Stage Coding: Truncating Source Alphabet.

We next truncate the alphabet S to obtain a finite-alphabet source. Without loss of generality, assuming
that S = {s1, s2,...} such that
Pz(s1) > Pg(s2) > Pg(s3) > -+,

then for M sufficiently large, we take S be the set of the first M elements, i.e., S = {s1,$2,...,8m}. For

s €8 ={s1,s,..} define function

fM(S):{ s ifses,

s1  otherwise.

Then the second stage coding is a mapping;:
forg: SF— S

where fark(s) = (fa(s1), far(s2), ..., far(si)). We denote the finite-alphabet DMS at the output of fas
by ﬁg with alphabet S and pmf

ﬁg(s) = Z ]35(32) seS.

si€S:far(si)=s
Lemma 7 For any § >0and p >0, F (ﬁg, A+ 9, p> < E(]Bg, A, p) for M large enough.

The proof of this lemma is similar to that of Lemma 6 and is omitted; readers may also refer to [16].

Lemma 8 [16, Lemma 1] For any d such that Ed [f(s), far(fe(s))] < d < sup{d[fe(s), fa(fe(s))] : s € R},
if there exists an element s, € R with Eexpltd(s, s,)] < oo for all ¢t € (—o0,4+00), then

Jim 0P {d® [foi(5), fars(fes())] > 5} = (M)

such that (M) — oo as M — oo, where the expectations are taken under Pg, and the probability is taken

under Pg.
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Remark 3 Note also that Ed [fe(s), far(fe(s))] — 0 as M — oo. Equivalently, Lemma 8 states that for
any 0 < 6 <sup{d|[fc(s), fa(fe(s))] : s € R} and r > 0,
im 1 (®)
Jim =1 Pr{d® [£o4(8), Farp(fer(s))] > 0 = v

for M sufficiently large.

Third Stage Coding: (A — e — §)-Admissible Quantization.
Consider transmitting the DMS ﬁg over the continuous MC W. Since ﬁg has a finite alphabet

{s1, 2, ..., Snm }, we now can employ a similar method as used in the proof of Theorem 3. In the sequel we

need to introduce the notation of types and the type covering lemma for DMS’s with finite alphabets [10].

Let the set of all probability distributions on S be P(g ). We say that the type of a k-length sequence
seShis Pz e P1.(S) C P(S) in the sense that the empirical distribution of s is equal to Pg, where Py (S)
is the collection of all types of sequences in S*. For any Pg € Pk(§ ), the set of all s € Sk with type Pg is
denoted by 7; P, called type class T P

Now we partition the k-dimensional source space Sk by a sequence of type classes {Tp§ : Pg € Py (§)}

Lemma 9 (Covering Lemma for Discrete Type Classes [10]) Given u > 0, for each sufficiently
large k depending only on d(-,-) and pu, for every type class Tp§ there exists a set Cp§ C Sk of size
ICp;| < exp{k[R(Pg,A") + p]} such that every sequence s € 7p, is contained, for some cp, € Cp, in the
ball of size A’

B(CP§,A/) = {s : d(k)(s,cP§) < A/},

where R(Pg, A') is the rate-distortion function of the DMS Pg.

Let § be a number satisfying 0 < 6 < sup{d[fe(s), fa(fe(s))] : s € R}. Setting A’ = A — e —§ in the
type covering lemma, we can employ a (A — e — §)-admissible quantizer via the sets C P as follows:

fA e sp:SF— U Cp,

PgePk (S)

such that for every s € §k, the output of fa_._sx with respect to s has a distortion less that A —e — 9
and each [Cp,| is bounded by exp{k[R(Pg, A — ¢ — d) + p]} for sufficiently large k. We denote the finite

DMS at the output of fa_._sx by P with alphabet UPAEP,C(§) Cp§ and pmf
S

P(cp,) = > Pg.(s),  cp, €Cp, PgePi(S).

SETP§1fA—e—6,k(S):CP§

Fourth Stage Coding and Decoding: Lossless JSCC with Cost Constraint £.
For the DMS P and the continuous MC W, a pair of (asymptotically) lossless JSC code

fni U Cp§ — X" and Op Y — U CP§

P5ePy(S) PgePi(S)
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is applied, where the encoder is subject to a cost constraint &, i.e., f, € fng . Note that the decoder ¢,
creates an approximation ¢ = ¢, (y) of Ccp, based on the sequence y. According to a modified version
of Gallager’s JSCC random-coding bound (which is derived in Appendix C), there exists a sequence of
lossless JSC codes (fn, ©n, €) with bounded probability of error

PM(P,W,E) £ Pr@#cp,)
_ —_ g
< exp { n max, [EO(VV, E,p)— EM™(p, P)] + o(n)} .

Analysis of the Probability of Excess Distortion.

For the sake of simplicity, let (see Fig. 3)

s = fer(s)
s = fux(s) € Tpg
cpy = fa—e—sk(8)
x = falcpy)
c = only)
Since
d®)(s,€) < dP(s,8) + d®(5,8) + dM(3,¢) < e+ dP(5,8) + d¥)(8,),
we have

Pr(d®)(s,¢) > A)

< Pr(d®(5,8) +dP(E,8) > A —e)
gI%@W@a+$@@a>A—QJW§®<®+HMW@®2®
< Pr(dPE,e) > A e ) + PrdPE,3) > 9),

where the probabilities are taken under the joint distribution Pgx () Pynxn(-|-). According to the (A—e—0)-

admissible quantization rule, d*)(8,¢) > A — e — § implies that c Py # ¢, therefore, we can further bound
Pr(d®(s,@) > A) < Pr(cp, #¢)+Pr(d"(5,3) > 4)
< o {on g [E9..0) - B 0P 4 o00)] |+ Pra¥ES) 2 0
for k sufficiently large. It follows from Lemma 8 (also see the remark after it) that

1 ~
lim ——InPr(d®(5,8) > §) —
k—oo k

as M — oo. When we take the sum of two exponential functions that both converge to 0, the one with a
smaller convergence rate would dominate the exponential behavior of the sum. Therefore, for sufficiently

large M which only depends on §, noting that k = tn, we have

lim inf ! InPr(d®(s,¢) > A) > liminf ma : [EO(I/V, E,p) —EM(p, P)|. (65)

n— 00 n n—oo 0<p<
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Consequently, it can be shown by using the method of types (in a similar manner as the proof of Theorem
3) that for M sufficiently large

lim E™ (p, P) < tE(ﬁg, A —e—0,p).

n—oo

Using Lemmas 7 and 6 successively, we can approximate E (ﬁ@, A —e—94,p) by

lim E{(p,P) < tE(Pg,A—e—26,p)
< tE(Ps, A — 2 — 26, p). (66)

Finally, substituting (66) back into (65), and letting € — 0 and § — 0, we complete the proof of Theorem 7.
|

5 JSCC vs Tandem Coding Exponents for Gaussian Systems

In this section we study the advantage of JSCC over tandem coding in terms of the excess distortion
exponent for Gaussian systems. A tandem code (f, ¢%, A, E,t) = (fen 0 Tm © fsn, Psn 0Tt 0 Qen, A, E, t, P)
with blocklength n and transmission rate t (source symbols/channel use) for the MGS and the MGC W
is composed (see Fig. 4) of two “separately” designed codes: a (tn, M,,) block source code (fsn, @sn, D)
with codebook C £ {c1, 2, ...,cpr, } € S™ and source code rate Ry, = In M, /tn source code nats/source

symbol, and an (n,M,) block channel code (fen,Ycn, ) with channel code rate R., = In M, /n source

code nats/channel use, where f.,, € F&, with g(z) = 22, assuming that the limit lim, ., 2= exists, i.e.,
. n iy, .. In Mn
lim sup = lim inf .
n—oo n n—oo n

Here “separately” means that the source code is designed without the knowledge of the channel statistics,
and the channel code is designed without the knowledge of the source statistics. However, as long as the
source encoder is directly concatenated by a channel encoder, the source statistics would be automatically
brought into the channel coding stage. Thus common randomization is also needed to decouple source and
channel coding (e.g., [14]). We assume that the source coding index i = fs,(s) is mapped to a channel index
through a permutation mapping 7, : {1,2,..., M,,} — {1,2,..., M,,}, commonly called an index assignment
(7, is assumed to be known at both the transmitter and the receiver). Furthermore, the choice of m,
is assumed random and equally likely from all the M,,! different possible index assignments, so that the
indices fed into the channel encoder have a uniform distribution. Hence common randomization achieves
statistical separation between the source and channel coding operations.

The (overall) excess distortion probability of the tandem source-channel code (f;, ¢}, A, E,t) is hence
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given by
P (Ps, W€, 1)

Pr <d(t”) (s, 0on {mm [oen(¥)]}) > A)
My,!

> Mlnl () (5. oo {mallpe]}) > A )

m=1

Mpy!
_ Paun(s) / Pyoixn (3 | fon {mlfn(s)]}) dyds.
M ' /Stn y:d(tn) (S,gpsn{ﬂ;bl [cpcn(y)]})>A |

Recall that the codebook of the source code (fsp, psn,A) is C = {c1,¢a,...,cps, }- To make the notations

[I>

simpler, we denote (see Fig. 4)

i = fen(s),
Jj = W;zl(tﬁcn()’))a
D, = {S eS": fsn(s) = i}v

for i,j € {1,2,..., M, }, where the (disjoint) sets D1, Da, ..., Dy, partition S™. Thus, we can write

(n) ; ; tn
PN (Ps, W, &, 1) Z M, ZZPW(ﬂm(j)\ﬂm(z))/Di Poin(8)0(d™) (s, ;) > A)ds, (67)
where ©(-) is the indicator function and
Puy (7)) 2 [ Py (31 fon (o (9)) .
ben (¥)=mm(j)

The excess distortion probability (2) for the source code can also be rewritten by

My,

P( (Ps, Rs.n) Z/ Pgin (s )(s,ci)>A)ds,

and the probability of error (5) for the channel code can be written by

Mn My

PO (W, Rep, €) = Z > Pw(ili).

My = 1 j=1,j#i

Meanwhile, the maximal probability of error (6) for the channel code is given by

M,
B oW, Re, €) = max  »~ P(jli).
=T =1,

In order to facilitate the evaluation of the tandem excess distortion probability P(Ti) (Ps,W,E, 1), we
simplify the problem by making some constraints and assumptions on the channel code and the source

code (which are statistically decoupled from each other via common randomization).

3Since in the tandem system k = tn and t is a constant, to simplify our notation, we denote the source rate by Rs.,, instead
of Rs 1 or R, in.
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1. Defining
5(W.£) 2 {(fm,som,a i sup PO(W, R, €) <4 for all 5 > o} ,

n—oo
we say that a sequence of channel codes (fen, @en, &) is a sequence of “good channel codes (in the
weak sense)” if (fen, en, &) € E(W,E). In the tandem system, we will restrict (fen, @en,E) to be

good channel codes.

2. Insource coding, the objective is to construct a code, or equivalently, find a codebook C = {cy, co, ...,car, }
and the corresponding partition {Dy, D, ..., Dy, } so that PXL)(PS, R ;) is as small as possible. For
the source codes (fsn, Ysn,A), we assume the following constraint. Letting

Q(Pg,A) 2 {(fsn, @sn, A) ¢ lim inf —% In P (Ps, Rypn) > F(R, Ps,A) > 0, where R = lim,_ o Rs,n} :

n—oo

we say that a sequence of source codes (fsn, Psn, A) is a sequence of “good source codes (in the strong
sense)” if (fsn, Ysn, A) € Q(Ps,A). In the tandem system, we will only consider such good source

codes.

Recall that the converse JSCC theorem (Theorem 1) states that the MGS cannot be reliably transmitted

over the MGC if tR(Ps, A) > C(W, ), and also note that if tR(Pg, A) > C(W,E) then either Z(W,E) = ¢
or Q(Ps,A) = ¢. Thus, we are only interested in the case tR(Pg,A) < C(W,E) as before. In order to

guarantee the existence of good source and channel codes, we focus on the sequences of tandem codes with
(fr o, AVE ) € A(Ps, W, A, E,t), where

In M,

A(Ps,W,A,E,t) & {(f;;,cp;;,A,E,t) :tR(Ps,A) < lim

n—oo

<C(W,5)}.

Assumptions (1) and (2) are needed for the proof of the converse part of Theorem 8.

Definition 4 The tandem coding excess distortion exponent Ep(Pg, W, A, E,t) for the MGS Pg and the

MGC W is defined as the supremum of the set of all numbers E for which there exists a sequence of

tandem codes (f;, or, A, E,t) composed by good source and channel codes with blocklength n provided
(fr ok, AEt) € A(Ps, W, A, E,t), such that

~ 1 n
B <liminf —= In P{Y(Ps, W, &, 1).

n—oo n

When there is no possibility of confusion, throughout the sequel, the tandem coding excess distortion

exponent FEp(Pg, W, A, E,t) will be written as Frp.

Theorem 8 For the tandem MGS-MGC system provided tR(Ps, A) < C(W,€) and SDR > 4,

Ep(Ps,W,AEt) = sup min {tF <§,PS,A> ,E(R,VV,E)}
tR(Ps,A)<R<C(W,E) t

where F(R, Ps,A) is the MGS excess distortion exponent given by (13) and E(R, W, ) is the MGC error

exponent.
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Remark 4 We require that the distortion threshold cannot be too large; we restrict SDR > 4 (= 6dB).
As will be seen in the proof of the converse part of Theorem 8, this assumption ensures that the ball
B(0,4A) is covered by o(M,,) balls with size A (see Lemma 11 in Appendix G). This assumption is not

too restrictive, since a large distortion threshold is useless in practice.

Remark 5 Since tF(R/t, Ps,A) is a strictly increasing function of R for R > R(Pg,A) > 0, and
E(R,W,&) is decreasing function of R for 0 < R < C(W, &), the supremum must be achieved at their

intersection?

ET(P57I/V7A757t) =tF (%7P57A> :E(RO,Wg),

with tR(Pg, A) < R, < C(W,E).

Proof of Theorem 8: Forward Part: We show that there exists a sequence of tandem codes (f.5, o, A, E,t) €

A(Pg, W, A, E,t) composed by good source and channel codes such that

liminf—llnPXQ(Pg,I/V,E,t) > sup min {tF <E,PS,A> ,E(R, W,S)} -0
n—oo  m tR(Ps,A)<R<C(W,E) t

for any § > 0. First note that for any given index assignment m,,, it follows from (67) that

Pr <d(t") (s,c5) > A‘ 7Tm>

K3

My
= S P (@)l () / Pyon(s)0(d™ (s, ¢;) > A)ds
=1 i

<1
M, M, -
£ YD Pulmn()lmn(@) [ Pon(s) O (s.c;) > &) ds
i=1 j=1,j#i Di ]
M, M, - My,
< Y[ PO (.6 > A)ds + Y Paen(D) S Fur (o))
i=1 7 Di i=1 j=1,j#i

< PU(Ps,Repn) + P oo(W, Rep, ),

max,ec

which is only depends on the source and channel codes and is independent of 7,,. Thus, for any sequence

of tandem codes we have

P (Pg, W, &,t) < PSPy, Ryp)) + PT), (W, Ron, €) < 2max {Pg”(PS, Ren), P (W, R, 5)}

max,ec max,ec

or equivalently,

1 n ) . 1 n
liminf —— In P&J(PS, W,E,t) > min {hm inf ——In Pé )(PS, R ),
n

n—0o00 n—o00 n

liminf — 2 In P (W, Re.n, 5)} .

mazx,ec
n—oo n ’

“Unlike the discrete case in [26], the intersection always exists since source exponent is continuous and increasing in R > 0.
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Now fix § > 0. According to the definition of the source error exponent (Definition 1), there exists a

sequence of (tn, M,,) source codes (fsn, Psn,A) (with rate R, ,, = %) such that

hmmf—l In P( )(Ps,Rs,n) >tF <limsup lntﬂ,Ps,A> — 0.
n

n—oo n n—oo

On the other hand, the definition of channel error exponent (Definition 2 and the corresponding remark)

asserts that there exists a sequence of (n, M,,) channel codes (fen, pen,E) (with rate R, = %) such

that

liminf —— ln P (W, R.n,E) > E (lim inf In My,

max,ec
n—~o0 n n—oo n

,VV,S) — 0.

By assumption limsup,, . 2Mn — liminf, and we denote this limit by R. If we restrict R €

n

(tR(Ps,A),C(W,&)), then there exists a sequence of tandem codes, composed by a sequence of (tn, M,,)

In M,
n

good source codes, and a sequence of (n, M, ) good channel codes, such that

hmlnf——lnPé*)(Ps,WE' t) > mm{tF (%,PS,A> ,E(R,VV,E’)} — 0.

n—oo n

Finally, since R and ¢§ are arbitrary, we can take the supremum over tR(Pg, A) < R < C(W, &), completing
the proof of the forward part.
Converse Part: We next show that for any sequence of tandem codes (f;:, o5, A, E,t) € A(Ps, W, A, €&, t)

composed by good source and channel codes

hmmf——lnPXi)(Pg,WS t) < sup min{tF (E,PS,A> ,E(R,VV,&’)} . (68)
n—00 tR(Ps,A)<R<C(W,E) t

As in [14], we decompose the probability of excess distortion for any given tandem codes as follow,

Pl (Ps, W,E,t) = M — ZZPW T ()| (i ))/ Poin(8)0(d"™ (s, ¢;) > A)ds

m=1 i=1
Mp! M, My
4 Z S Bt ()l (i ))/ Pein (s)0(d™ (s, ¢;) > A)ds.
. m=1 i=1 j=1,j7#i D;
Note that for fixed i,
1 ™

7 ZPW (T (8) | (7)) = ZPW (17

is actually the arithmetic mean of Py (i|i) and is independent of i. Similarly, for fixed i and j # 1,

1 M

5 Pl () = T Ef S P lk)

m=1 k 11=1,l#k
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is actually the arithmetic mean of Py (I|k) (I # k) and is independent of [ and k. Thus,

My,

My,
0 1 . n
P (Pg, W, E,t) [ﬁE PW(jyj)] /D Pgin(3)0(d™ (s, ¢;) > A)ds
=1 i=17 i

My My 1 Mn My
+ Z Z m Z Z Pw(l’k) / Pstn(S)@(d(tn)(S,Cj) > A)dS
i=1 j=1j7i [ L k=11=1,l#k D;
>1/M?
_ pn) (n) (n)
> (1 Pec (VV’ RC,nag)) PA (P37Rs,n) + Pec (‘/V’ Rc,nvg)
1 Mn Mn
> / Y Pels)0W™ s c;) > A)ds (69)

We then bound

M, 1 M,
> 3 / Pon(s)— | > 0@ (s,¢;) > A) — 1| ds
i=1 7 Di j=1
1
> (n) -
= D (PSaRs,naA) Mn’
where
LR (g
(n) A hin — tn ,
DY (Ps,Rs 1, A) nin A ;@ (d (s,cj) > A) .

Substituting the above into (69) gives

n n 1
P (Ps, W, €,) = (1= PS(W, Ren €)) P (Ps, Ro) + P (W, R, €) <D<"> (Ps, Roms ) = 7
(70)
By definition, for any good channel codes (fen, @en, &) € E(W,E), 1 — e(c")(W, R, &) is bounded away

from zero for n sufficiently large.

2
Lemma 10 Let SDR = UKS > 4. For any sequence of good source codes (fsn,psn, A) € Q(Ps, A) with
rate R, such that lim, .o R, = R, there exists some 6 > 0 such that

lim sup D™ (Ps, Rsn, A) > 4.

n—oo

Proof: See Appendix G. n
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Thus, for any sequence of tandem codes composed by good channel and source codes, there exists some
d > 0 (independent of n) such that

limsup P (Ps, W,E,t) > limsupd (Pg”) (Ps, Ryn) + PS(W, Rep, 5))

n—oo n—oo

> limsupd maX{PXL) (Ps, Rs.n), Pe(;” (W,Ren, )}

n—~o0

(71)
or equivalently

1 n ) . 1 n
lim inf - In Pé*)(PS, W,E,t) < min {hmlnf - In Pé )(PS,RS,n),

n—oo n—oo

n—~o0

lim inf ! In P)(W, Re.p, 5)} .
n

Now for any sequence of tandem codes (f;, ¢, A, E,t) € A(Ps, W, A, &, 1), let

R = lim In My

n—0o00 n

€ (tR(P37 A)? C(W7 5))
By the definition of the source excess distortion exponent (Definition 1)

1 n
lim inf —— In P{"(Ps, R ,) < tF (% Ps, A>

n—oo n

holds for any sequence of (tn,M,) block source codes since limsup,,_, ., lnt%” < %. Similarly, by the

definition of the channel error exponent (Definition 2)

liminf —~ In P™(W, R, €) < E(R,W,E)
n

n—oo

holds for any sequence of (n, M,,) block channel codes since liminf,, % > R. Therefore,

lim inf —% In P\ (Ps, W, &,t) < min {tF <§ Ps, A> ,E(R,W, 5)}

n—oo

holds for any sequence of tandem codes (f.:, ok, A, E,t) € A(Ps, W, A, E,t) composed by good source and
channel codes. Since R = lim,,_,, In % € (tR(Ps,A),C(W,€&)) is arbitrary, we can take the supremum of
R over this region, which yields the upper bound (68). |

Since the MGC error exponent is not known for low rates, we can obtain computable lower and upper

bounds to Ep by replacing E(R, W, E) by its lower and upper bounds,
ET(PS7WA757t) < ET((PS7WA757t)) < ET(PS7VV7A757t)

where

~| =

Ep(Ps,W,AE,t) = sup min {tF <
(W.€)

7PS7A> 7ET(R7VV75)}
tR(Ps,A)<R<C
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and

_ R
Er(Ps,W,A,E,t) = sup min {tF (—,PS,A> ,ESP(R,W,E’)}.
tR(Ps,A)<R<C(W,E) t

Obviously, the tandem exponent is exactly determined if tF(R/t, Pg,A) and Esy(R,W,E) intersects at
rate R, > R..(W) (in that case R, = R,). Furthermore, it can be seen that the JSCC exponent strictly
outperform the tandem coding exponent (E; > Er) if E; is determined exactly by its two bounds, i.e., if
(61) is satisfied; or if the tandem coding exponent is determined by E; and Er, i.e. R > Re..(W).

In contrast to the discrete systems studied in [9] and [26, Section V], the source and channel exponents
for the Gaussian system have very simple analytical (computable) form, which are also continuous and
differentiable functions of rate R (their expressions do not include any optimization operation). Therefore,
the advantage of the JSC exponent over the tandem exponent can be assessed by numerically comparing
the lower bound of joint exponent E ; and the upper bound of tandem exponent E7. For transmission rate
t = 1, we plot the SNR-SDR region for which E; > Er in Fig. 5 obtained from the inequality E; > E7r.
It is seen that E; > Ep for many SNR-SDR pairs. For example, when SDR = 7 dB, E; > Ep holds
for 10 dB < SNR < 24 dB (approximately). We also compute the two bounds of E; and Er, and we see
from Fig. 6 that when SDR = 8 dB, E; (or its lower bound) almost double Ep (or its upper bound) for
8dB < SNR < 15dB. It is also observed that for the same exponent (e.g. 0.2 ~ 1.1), the gain of JSCC
over tandem coding could be as large as 2dB in SNR. Similar results are observed for other parameters,
see Figs. 7 and 8 for ¢ = 1.5. We conclude that JSCC considerably outperforms tandem coding in terms

of excess distortion exponent for a large class of MGS-MGC pairs.

6 Conclusion

In this work, we investigate the JSCC excess distortion exponent E; for memoryless communication systems
with continuous alphabets. For the Gaussian system with the squared-error source distortion measure and
a power channel input constraint, we derive upper and lower bounds for the excess distortion exponent.
The bounds extend our earlier work for discrete systems [26] in such a way that the lower/upper bound
can be expressed by Csiszar’s form [8] in terms of the sum of source and channel exponents. They can
also be expressed in equivalent parametric forms as differences of source and channel functions. We then
extend these bounds to Laplacian-Gaussian source-channel pairs with the magnitude-error distortion. By
employing a different technique, we also derive a lower bound (of similar parametric form) for E; for a
class of memoryless source-channel pairs under a metric distortion measure and some finiteness condition.

For the Gaussian system, a sufficient and necessary condition for which the two bounds of E; coincide
is provided. It is observed that the two bounds are tight in many cases, thus exactly determining F;.
We also derive an expression for the tandem coding exponent for Gaussian source-channel pairs provided
that SDR > 4 (=~ 6dB). The tandem Gaussian exponent has a similar form as the discrete tandem error
exponent. As in the discrete cases, the JSCC exponent is observed to be considerable larger than the

tandem exponent for a large class of Gaussian source-channel pairs.
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A The Properties of E,,(R, W, &)

Proof of Monotonicity: Since E;,(R, W, €) is a differentiable function for R > 0, we have

OE (R, W, E)
OR
B [-SNRpB? — 4SNRS + SNR? + (SNR + 2)¥]
¥ 26 + SNR3 — SNR — U]
[-SNR?3 — 4SNR + SNR? + U(SNR + 2)] (23 + SNRB — SNR + ¥)

430
_ 2SNR? — 2SNR?B — 8SNRf3 + (43 — 2SNR)¥

n 460

B SNR 44

2R

where g = e and

U = /(SNRS — SNR + 43)SNR(S — 1).

SNR 443
1—W<1+\/1+m> <0

R< %111(1 +SNR) = C(W, ).

Now solving

yields

Particularly, we have

lim OEy(R,W.E) _ 0 and lim OBy(B, W.E) _ —00.

R—C(W,E) OR R|0 OR

Hence, Eg,(R, W, €) is a strictly decreasing function in R € (0, C(W, £)] with a slope ranging from —oo to 0.

Proof of Convexity: It follows from (72) that for R € (0,C (W, )],

2
PEyRWE) _ SNR[ [ a5
OR? B SNR(5 - 1)
2
+ 5 5 > 0. (73)
SNR* (3 —1)2,/1+ NR(7D)
This demonstrates the (strict) convexity of Ey,(R, W, E). [
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B Derivation of (a)

It immediately follows from

7 SNR(F —1)+20 +/SNR*(S — 1)2 + 4SNRG'(§' — 1)
o3 203"
_ 2
20+ SNR(S' 1) [1 = \/1+ grog |

that

72 . SNR(Z - 1) \/ A/ ] }
—mZZ -1 P I e b
b2 {5 2 [ SNR(F — 1)

On the other hand,

(a+1)2SNR — 1

(74)

)

( “SNR(f — 1) — /SNR2(5' — 1)2 + 4SNRG/(5' — 1) + 2SNRﬁ’) i
- SNR — 1
QSNRﬁ/
2
(SNR (6 +1) — \/SNR(# — 1)2 + 4SNRG' (5 — 1))
_ SNR — 1
2SNRF
2SNR?(52 + 1) — 25NR(A + 1)y/SNR?(8 — 1)2 + 4SNRA' (' — 1) + 4SNRE/(5' —
B ASNR2
SNR(G? + 1) — (5 + 1)1/ SNR2(8' — 1)? + 4SNRG'(5' — 1) — 26
= 2ﬁ/2 :
We then have
7% % (a+1)2
SNR(F' +1) — /SNR?(5 — 1)2 + 4SNRG'(§' — 1)
_ ae
~OSNR [, , 10

(a) then follows from (74) and (75).

C Gallager’s Lower Bound for Lossless JSCC Error Exponent

(75)

In this appendix, we modify Gallager’s upper bound for the error probability of JSCC for discrete memo-

ryless systems, so that it is applicable to a JSCC system consisting of a DMS and a continuous MC with

cost constraint £.
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A JSC code (ﬁl, ®n) [26] for a DMS Pc and a continuous MC W with transition pdf Py |x is a pair
of mappings fn :C — X" and @, : Y"* — C, where C C 8. That is, each source message s € C with
pmf Pe(s) is encoded as blocks x = f,(s) of symbols from X of length n, transmitted, received as blocks
y of symbols from Y of length n and decoded as source symbol ¢, (y) € S. Denote the codebook for the
codewords be B £ {x = f(s)}. The probability of decoding error is

P (Po, W) = P"(Po,W,B) £ Po(s) / Pyn|Xn(y]x)1{§5n(y);és}dy
seC

where 1{} is the indicator function.
We next recast Gallager’s random-coding bound for the JSCC probability of error [13, Problem 5.16]

for DMS’s and continuous MC’s and we show the following bound.

Proposition 1 For each n > 1, given pdf Px» defined on X" = R", there exists a sequence of JSC codes
(fn, ¢n) such that for any 0 < p < 1 the probability of error is upper bounded by

1+p

1+p
ZPC e / [/ Pxn (%) Pyn| xn (y[x)ﬁpdx dx. (76)
yeyr L/xexn

seC

PMY(Po, W

Proof: The bound is shown analogously to [13, Problem 5.16] based on a random-coding argument.
Consider the following random encoder: for each source message s, we independently generate a codeword

Xn

, which are R"-valued vectors, according to pdf Pxn. So the codebook Pr(B) is generated with pdf
Pr(B) = [lgep Px»(X). Consider a maximum a-posteriori probability (MAP) decoder, which, given y,
chooses the source message s that maximizes Po(s)Pyn|xn <y|fn(s)) In the following, we will bound the

averaged probability of error over all possible codebooks B, under the MAP decoding rule by

(P WB) = [ PrB)PY(Pe, W.B)dB
B

ZPC(S)ﬁ

seC

IN

/ [/ Pxn (x) Pyn | xn (y]x) T dx dx. (77)
yeyn xXeX™

Then from (77) we can conclude that, there must exist a sequence of JSC codes (f,, @) such that (76) is
valid.

It remains to show (77). Given source message s € C, codeword x = fn(s), and received y, define the
event for an s’ # s by

Eg : Po(s")Pyujxn (yx') > Po(s)Pynxn (y|%),

where x" = f,,(s’). Thus, when message s € C is sent, an error can occur only if Fg occurs for some s’ # s.

This yields the following upper bound

p

Pr({¢n(y) # s}|s,x,y) < Pr U Ey | < Z Pr(Ey) < Z Pr(Ey) (78)
s'#s s'#s s'#s
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for any p € [0,1]. On the other hand, since the codebook B is generated according to a pdf Pr(B) =
[Iweg Pxn(x), by the definition of Ey, we have

Pr(Ey) = /B )1 {Pc(s") Pynxn (yx') > Po(s)Pynixn (y1x)} dB

i ((Po(s) Pynjxn (y|x) T
/x’eB Pxn (x') < Pc(s)Pyn xn (y]x) > dx. (79)

IN

Plugging (79) into (78), we obtain

Fre,wE) = [ ch ) [, P (R P (Bn(y) # 8}s.x.v) B

seC

> Pols) li”

seC

1 I+p
/ [/ Pxn(x)Pyn xn(y|x) T dx dx.
yeyn XEX"

Next, we need a small modification of (76) for the DMS Pr and the MC W to incorporate the channel
input cost constraint (9). Let Py be an arbitrary pdf of the channel input on & satisfying Eg(X) < &€ and

P in (80) grow sub-exponentially with

Eg(X)3 < oo (these restrictions are made to make the term [%]
respect to n) and let Py, be the corresponding n-dimensional pdf on sequences of n channel inputs, i.e.,
the product pdf of Py. We then adopt the technique of Gallager [13, Chapter 7], by setting Pxn»(x) =

k1@ (x) P (x), where

sx)= 4 b €= 3 g(w) < e,
0 otherwise,

in which n > 0 is arbitrary, and £ = [ P%n.(x)®(x)dx is a normalizing constant. Thus, Px» is a valid
probability density that satisfies the constraint (9). We thus have, for any r > 0,

PX” (X) < R_lernP;(n (X)eT[Z?:l g(xz‘)—m‘)]'

Substituting the above into (76) for the MC W, changing the summation to integration, and denoting the
probability of error under constraint £ by Pe(")(Ps7 W, &), we have

1
err]:| +p

14p
(TL) < _ 1p
P (Po,W,€) < [ - > " Po(s)™ ]

seC

1+p
x / [ / P}k(n(x)er[zl':lg(”)_"g]Pyn‘Xn(y|x)ﬁlpdx dy.  (80)
yeYy™ XEX™

We remark that [%] L+e grows with n as n+2)/2 and does not affect the exponential dependence of the
bound on n [12], [13, pp. 326-333]. Thus, applying the upper bound for the DMS P¢ and the MC W with
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cost constraint, and noting that P% is an arbitrary pdf satisfying Eg(X) < € and Eg(X )3 < 00, we obtain

P (Pe, W,€) < exp {—n max [Eo(W.£,p) — B (. Pe)] + o<n>}, (81)

0<p<1

where E,(W, &, p) is the Gallager’s constraint channel function given by (8), o(n) has the form ¢; Inn + ¢y

for some constants ¢; and co, and E§"’ (p, Pg) is Gallager’s source function

ch(s)rlp] .

seC

B0 (p, Pe) & 101
n

D Proof of Lemma 2

By definition,

F(R,Ps,A)* = sup [pR — F(R,Ps,A)| = sup f(R)
R>0 R>R(Ps,A)
where
1 [ Ae?lt A2l
= —— | —— =1 —1].
Since
Of(R) 14 _AeQR
OR p 0% ’

it is seen that f(R) is concave and

1. o1+ 1 o2
sup f(R):f<§ln¥>:i[plnf—i-(l—i-p)ln(l—kp)—p]>O
R>R(Ps,A)

if J% <1+ p, and f(R) is concave decreasing with
S
1 Jg
sup  f(R)=max f(R)=f(0)=0>=[pln—=24(1+p)In(1+p) —p
R>R(Ps,A) 720 2 A

if ;A; > 14 p. The above facts imply that E(Pg, A, p) is the convex Fenchel transform of F(R, Ps,A), i.e.,
S

2
F(R, Ps, A)" = B(Ps, A, p) = max {0, ! {pln %S (14 o)l +p) - p} } .

Finally, F(R, Ps,A) is also the convex Fenchel transform of E(Ps, A, p) since F(R, Pg,A) is convex in R.
[

E Proof of Lemmas 3 and 4
Proof of Lemma 3: Note that

Egp(R,W,E) = max[—pR + Eo(W, €, p)] = — inf [pR — Eo(W, €, p)],
p=0 p=0
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which implies that —E;,(R, W, ) is the concave transform of EO(W, E,p) on
{R:—Egp(R,W,E) > —cc} =R™.

Thus, the transform

(_ESP(Rvmg)) [,OR + ESP(R,VV,E)]

« = inf
ReR+
is the concave hull of Eo(W, &, p) in p € [0, 00). We next show (—Esp(R,W,E))s = Eo(W, &, p) by definition.

Now if we set

0
ﬁ[ﬂR + Esp(R7 W7 5)] - 07
we have (refer to Appendix A)
403 _2p
\/1 TSNR(F-1) _ SNRO AL (82)

where 3 = e2®. Substituting (82) back into (—E,(R, W, £)). and using (17) yield

1 SNR
where §* is determined by (82), which can be equivalently written by
I+p p
—(1+p)+ - =0, 84

subject to 3 > SNR/(1 + p) according to (83). In this range the left-hand side of (84) is decreasing in 3
and ranges from 400 to the negative number —(1 + p), which means there is a unique 5* satisfying (84).

Solving the function (84) for the stationary point 8* we obtain

, 1 SNR 4SNRp
b= <1+ >1+\/1 (14 p+SNR)?

2 1+p
~ SNR
=1-2r&+ ——
b " 1+p

. (85)

On the other hand, we can replace

in the expression of EO(I/V, &, p) given by (18) and obtain

pln 3+ (1—B3)(1+ p) + SNR +In <A— SN_R)] .

Eo W,E,p) =
(W.€.p) mex R

1
SNR_j_,, SNR 2

1+p 1+p

Maximizing the above over B (see [13, p. 339] for details), we see that EO(I/V, &, p) has the same parametric
form as (83), which implies

(—Eop(R,W,E)). = E,(W, £, p),

and hence E'O(W £, p) is the concave transform of —Eg,(R, W, E). |

46



Proof of Lemma 4: Recall that by Gallager [13, Chapter 7]

Ei(R,W,€) = max [-pR + Eo(W. €. p)] = bR — Eo(W. €, p)],

— inf
<p<l1 0<p<1

which means that —FE;(R, W, &) is the concave transform of EO(W, E,p) on
{R:—FE;(R,W,E) > —oc0} =R™.

Thus, the transform

(~Ex(R,W.€)) PR + Ey(R.W, )

« = inf
ReR+

is the concave hull of Eo(W, &, p) in p € [0,1]. Lemma 3 implies that Eq(W, &, p) is concave in [0, 00). Thus

we have (—E{(R,W,€))s = Eo(W, &, p) for all p € [0,1]. |

F Proof of Lemma 6

The proof is similar to the one of [16, Proposition 3], where the authors show that the rate-reliability

function of the original source is bounded by that of its discretized version. Note that
E(Ps,A,p) = SSP[PR(Q& A) = D(Qs || Ps)]
S

where the supremum is taken over all the distributions Qg’s defined on & = R such that R(Qg,A) and
D(Qs || Ps) are well-defined and finite, and similarly,

E(PsA+ep) = uplpR(Qs, A +) = D(@s || Fy)

where the supremum is taken over all the pmf’s Q g’s defined on S such that R(@g, A+e) and D(Q g |l ﬁg)
are finite. Now for any given @ gon S which is absolutely continuous with respect to 155, let p; = ﬁg(s =$;)
and ¢; = @g(s =s;), 1 =1,2,.... We then construct a pdf Qg on R by

Ps(s)L, s€S;, pi#0 i=1,2, .,
QS(S) _ S(S)pi S 7 Di 7'é Z.
0, se8;, pi=0, 1=1,2 ..

It has been shown in the proof of [16, Proposition 3] that for such Qg
D(s || Ps) = D(Qg || P5) and R(Qg,A+¢) < R(Qs,A).
Since the above holds for all @ 3, it then follows that

Sélp[pR(Qs, A) — D(Qs || Ps)] > sup[pR(Qz, A +€) — D(Qg || Py))-
S Qg
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G Proof of Lemma 10

It suffices to show that if
limsup D™ (Pg, Ry, A) = 0,

n—oo

then (fsm%psnaA) Qﬁ Q(PS,A), ie.,

1 n )
lim inf —— In P (Pg, Ry ) < F ( lim Ry, Ps, A>

n—oo

for such sequence of source codes (fon, Psns A). Let {s* =s*(n) € R} be the sequence of source vectors

achieving the minimum in D) (Ps, Rs n, A) for every n. Then

My,
. n . 1 tn * _
limsup D (Ps, Ry, A) = limsup - j§_1j 6 (d (s*,¢;) > A) =0 (86)

implies that the source codebook C has only Lj, codewords outside the ball B(s*, A) such that

. 1n
limsup — =0
e, T

recalling that under the squared-error distortion measure
B(s*,A)={s eS8 [s* —s|? <tnA},

where ||s* —s|| = /32" (s — s;)2. Tt then follows that

limsupPXL)(PS,Rs,n) = limsup q 1 — Pgtn UB(ci,A)

n—oo n—o0

c,eC
> limsup ¢ 1 — Pgin U B(c;,A) | — Pstn U B(c;, A)
oo c,€B(s*,A) c;¢B(s*,A)

Clearly, the squared distance between any vector s in the ball B(c;, A) and the “center” s* is bounded by
Is* —s||? < (Is* — cill + llci — s]))? < (VtnA + VinA)? = 4tnA.
We hence can bound
Pgin U B(ci, A) | < Pgin (s ||s* —s||* < 4tnA) < Pgen (s : [|s[|* < 4tnA)
c;,EB(s*,A)

where the last inequality holds since the zero-mean MGS has a larger density in the the neighborhood of

origin 0.

Lemma 11 Let SDR = % > 4. Only Lo, = o(M,) balls of size A are needed to cover B(0,4A) for
R > R(Ps,A), i.e., every sequence in B(0,4A) is contained in the union of L, balls of size A.
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Proof: Let k = tn. For N € N which will be specified later, we partition B(0,4A) by a sequence of sets:

To 2 {s:||s||> =s"s < kA} and 7; & T¢(c2(i)) by 02(i) = A+ (2i —1)¢, where € = :2)’]%, fori=1,2,--- ,N,

ie.,
={s:k[A+ (20 —2)e] <s's<k[A+2i}, i=1,2-,.]N.

Note that 7y is covered by one ball with size A, B(0,A). It follows from the type covering lemma for
Gaussian type classes (Lemma 1) that each 7; (1 <1i < N) is covered by

L(4) :exp{k‘ [R (Pé), ) +6 (;ﬁ)] +o(k:)}

balls with size A for k and N sufficiently large, where P ~ N(0,A +3(2i —1)A/2N) and (o(-), given by
(52), is independent of i. Clearly, B(0,4A) is covered by

Loy, = 1—|—§:L(i)
i=1
(N +1)exp {k; [&12}( R (pg>, ) +G <§’f]>} + o(k)}

< exp{k:[ ln4—|—@<§§> +ln(NT+1)] +o(k)}

IN

size A balls. Recall that M,, = exp{kR;} and by assumption

. 1 O’% 1
lim Rs, = R> R(Ps,A) = 3 HK > 51114.

Set § = R — ln4 > (0. Finally, if we let IV be the smallest integer satisfying Cg (—ﬁ,) < g (noting that

E2 (%) — 0 as N — 00), we have

lim %g Jim eXp{ in [5 g2<3A> M]—I—o(n)}zo.

n—oo M, = n—oo 2N tn

Now, based on Lemma 11, we conclude that, there exists a sequence of (tn, L1, + La,) source codes
(fsn, ©Psn, A) with code rate

such that the probability of excess distortion is less than
1 — Pgin U BleiA) | — Pgn U Blea)
c;€B(s*,A) c;&B(s*,A)

In other words, for any given sequence of source codes with

lim sup D™ (Ps, Rsn,A) =0,

n—oo
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the corresponding probability of excess distortion can be lower bounded by another sequence of codes with
rate Ry ,, i.e.,
lim sup PXL) (Ps, Rs ) > limsup PXL) (Ps,Rp,n).

n—oo n—oo
It is easy to see that

limsup Ry, < lim Rg,, —e=R—¢
n—oo

n—oo

for some € > 0 since

lim sup Lin + Lon _ 0
n—oo Mn

Therefore, by the definition of source excess distortion exponent (Definition 1),

lim inf—% In P (Ps, Ryn) < F(R — ¢, Ps,A) < F(R, Ps, A)

n—~o0

since F(R, Ps,A) is strictly increasing and continuous at R = lim,, . 2= > R(Pg, A). |
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Figure 1: MGS-MGC source-channel pair: the regions for SNR and SDR pairs (both in dB) for different
t. In region A (including the boundary between A and B) E; = 0; in region B (including the boundary
between B and C), E; is determined exactly; and in region C, E; > 0 is bounded by Ejand E J-
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Figure 2: MGS-MGC source-channel pair: the upper and lower bounds for E; with ¢t = 1.
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Figure 3: “Quantization plus lossless JSCC” scheme used in the proof of Theorem 7.
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Figure 5: The regions for the MGS-MGC pairs with ¢ = 1. Note that the region for F; > Er does not
include the boundary.
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Figure 6: MGS-MGC source-channel pair: £ ; vs Ep fort=1.
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Figure 7: The regions for the MGS-MGC pairs with ¢ = 1.5. Note that the region for £; > Er does not
include the boundary.
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Figure 8: MGS-MGC source-channel pair: E; vs Er for t = 1.5.

60



