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Motivation: Moments

@ 1859: B. Riemann: RH.
e 1908: E. Lindelof: LH. (RH = LH; LH =~ RH.)

‘C (; + it)‘ < (1+1t))¢ (Ve>0).

Lindeldf: exponent 1/4 (convexity bound).
e 1916: Hardy, Littlewood (via Weyl's differencing method): Weyl's bound (exponent 1/6).
Different approach: Via moments: Drop all but 1 term: T <t <2T, T — oo,

1 T /1
‘C(Jrit) < / C<+it>
2 . 2
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2k %
dt) (2% LH).



e 1917: Hardy, Littlewood: 2nd moment of zeta (used AFE for ((s)).

TueoreM A.—Suppose that H and K are positive constants, and

(1.11) s=o+it, —HLs<<H,

(1.12) z>K, y>K, 27zy=|t|.

Then (1)

(1.18) (&= Z n4+x Z " '+R,
n<z a<y

where

(1.14) x = 2(27)"'sin s T'(1—s),

(1.15) R=0@)4+0@ ! |t|t,

r [¢G+it)12dt ~ 2T log T
-

This result was proved in our memoir ‘‘ Contributions . ...'’, dcta Mathematica, Vol. 41
(1917), pp. 119-196 (pp. 151-156).
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@ 1926: Ingham: 4th moment (used AFE for ((s)?).

" i Cheay [t —i t)m e
CA+t) = 3 Ao noiopi (2—”) = don+-+400log ),

Theorem B. We have, as T—>w,
T
L |$ @+ti) | dt = 53 T log* T+ O(T log* T).
@ 1979: Heath-Brown: 4th moment with power saving error term (used AFE for |((s)]?).

LemmMa 1. Let k > 1 be an integer. There exist constants ¢, a(u,v), and an
integer U, all depending on k, such that ¢ > 1 and

U+ = S dytm) dyn)mm)4m/n) K (1) + O3,

TeeporEM 1. There exist constants a,,as, as,a,,a, suck that, for T > 2
and ¢ > 0,

f oTl {3 +it)fdt = a,T(log T)* +a,T(log T')® +a,T(log T)?
+a,Tlog T +a,T + O(Ts+), (@)
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Shifted convolutions
Heath-Brown 1979, Thm. 2

Jco(h), - -+, ca(h) such that, uniformly for h < X5/,

2
Z 72(n)m2(n + h) Zc, (M) X log' X + O(X5+€).
n<X i=0

Precise guess for higher moments not known until

1984: Conrey, Ghosh conjectured

[ kG

Need full asymptotic with sharp error term for

Z ms(n)m(n+h), (1< h<XY3).
n<X

6

9
dt ~ 422 T8 T)

9l

(T — o0).
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Bottle-neck

2001: Conrey, Gonek conjectured

> ma(n)ra(n+ h) = ms(X, h) + O(XY/?79), (1 < h< X*/?).

n<X

2016: N. Ng: Smoothed ternary shifted convolutions = full asymptotic for 6th moment of zeta (with
power-saving error term).

2022: | provided numerical evidence for a special case of Conrey—Gonek's conjecture [arXiv:2206.05877].

Find/compute five numerical constants by, . .., by such that
> s(n)ma(n+1) — X (balog* X + bylog® X + -+ + bp) < C(e)X7. (1)
n<X

| numerically verify (1) for X < 10° (and € = 0.01).
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Correlations

by = 0.05444467915488409458075187852986170328269943875033898441206910088090662277806315513

bz = 0.710113929053644747553958926673505372958197119463757504939845715
by = 2.021196057879877779433242407847538094670915083699177892670406035
by = 0.6778633108329803885415710830627336560032223227041353486881024251
by = 0.2872366477466194172216646178146459501660362743972222496189139074.

Mathematica file: https://aimath.org/~dtn/papers/correlations/Proof_of_Cor_1.nb or
https://github.com/nguyen-d-8/correlations
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https://aimath.org/~dtn/papers/correlations/Proof_of_Cor_1.nb
https://github.com/nguyen-d-8/correlations

Correlations

@ solid blue is data } _x 73(n)73(n + 1)

@ dashed green is leading order term %Hp (1 — % + &
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Correlations

o dotted red is prediction
o solid blue is data >, 73(n)73(n + 1)

4x10% -

3x10% -

2x10% - -

-
-
-
9’ -
1x10° _ -
| -
—
—
—
- " | . . . | . . . | . . . | . . . |
200000 400000 600000 800000 1x10°

What about the error term?

December 3, 2023 2023 CMS, Montréal Number Theory by early
David Nguyen (Queen's University, Kingston) Shifted convolutions and applications 9/13




Correlations

o jagged blue is the error: 3 _y 73(n)73(n + 1)— prediction.
o dashed red is the bounds £1050X0-5
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Correlations

| believe Y -y 73(n)m3(n + h) is "too strong” for certain applications.

Suppose (A) and (C) are two statements, possibly conjectures, with (A) = (C). We say that (A) is
“too strong” for (C) if there exists a statement (B) such that, (i), (B) is easier to prove than (A), and,
(i), the following diagram of implications holds:

| propose to study the following modified weaker shifted convolution

> 7a(n)rs(n+ h). (2)

n<X—h

| showed that this sum (2) is close to its expected value in an L? sense, and that this is enough for
certain problems.
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Correlations

| proved, with a power-saving error term, that the second moment of (2) is small:
2

Z Z 7'3(n)7'3(n + h) — MT(X, h) < X3-1/100 (B)
h<X \n<X—h

As an application of the above bound (B), we obtain the full asymptotic for the variance of the ternary
3-fold divisor function in arithmetic progressions, averaged over all residue classes (not necessarily
coprime) and moduli: There exist computable numerical constants ¢, .. ., cg such that

2

Z Z Z m3(n) — MT(X;q,a) | = X?*(cglog® X +---+ )+ O (X2—1/3oo> . (©

q<X1<a<gq n<X
n=a(q)

for some explicit main term MT(X; g, a).
[arXiv:2302.12815] (To appear: Proc. Edinb. Math. Soc.)
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Correlations

@ Quantities of the form (C) are of Barban—Davenport—Halberstam type and have their roots in the
celebrated Bombieri-Vinogradov Theorem.

@ Barban—Davenport—Halberstam type inequalities have many applications in number theory. For
instance, a version of this inequality (with A(n) replaced by related convolutions over primes) was
skillfully used by Yitang Zhang (2014) in his spectacular work on bounded gaps between primes.

Lemma 10. Suppose that 3 = (3(n)) satisfies (A3) and R < x7°N. Then for any q
we have

o) Y

r~R I(mod r)

Z Bn) — o0 Z B(n)

n=l(r) (n,qr)=
(n.q)=1

@ In their work in 2017, Heath-Brown and Li proved a version of Barban—Davenport—Halberstam

inequality in their Corollary 2 as an ingredient to show that the sparse sequence a® 4 p*, where a is
a natural number and p is a prime, contains infinitely many primes.

<</ ]) \ZL 100A

Theorem 2 Forany Q € N, let
1 N2 Qo) =D Z |€(a. q; N1, N2, Qo)I%.
q=<Q a(modq)

Then,

S(NI«NZ«QO‘<<(Q+ o )uooQuyr”zu sz '/,
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