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Abstract—In two-way channels, each user transmits and re-
ceives at the same time. This allows each encoder to interactively
adapt the current input to its own message and all previously
received signals. Such coding approach can introduce correlation
between inputs of different users, since all the users’ outputs
are correlated by the nature of the channel. However, for some
channels, such adaptation in the coding scheme and its induced
correlation among users are useless in the sense that they do not
help enlarge the capacity region with respect to the standard
coding method (where each user encodes only based on its
own message). In this paper, it is shown that adaptation is not
helpful for enlarging the capacity region of two classes of two-
way discrete channels: the modulo additive-noise channel with
memory and the multiple access/degraded broadcast channel.

I. INTRODUCTION
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Fig. 1. Two-way channel.

The two-way channel was first introduced by Shannon [1] in
1961. As shown in Fig. 1, two users (users 1 and 2) exchange
messages (W, and WW5) through a common channel. At time @
(i = 1,2,...,n), the channel input at user 7 (j = 1,2) is
X ; and the output at user j is Y} ;. If the two users transmit
independent messages, then the first inputs X ; and X
are independent. However, starting from the second use of
the channel, user j can adapt the current input X, ; (i > 2)
to all previous outputs Y 1,...,Y; ;1 (this is similar to the
case of channels with feedback). This “adaptation” coding
scheme may introduce dependency between X;; and X,
(¢ > 2). The dependency between current inputs and previous
outputs can be characterized using causal conditioning and
the capacity of the two-way channel can be characterized
using the directed information [2] which is widely used in the
characterization of the feedback capacity [3]-[7]. However,
directed information and causal conditioning result in multi-
letter expressions which are not computable. In [1], Shannon
gave single-letter inner and outer bounds on the capacity
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region of the discrete memoryless two-way channel. Both
bounds have the form,

R1 S I(Xl;YQ‘X2)7
Ry < I(X9; V1] X1),

where R; is the rate of message W7 and R, is the rate of
message Ws. For the inner bound X; and X5 are independent
inputs, while for the outer bound X; and X5 can have arbitrary
dependence. Han [8] gave an improved inner bound by intro-
ducing auxiliary random variables and forming a Markov input
process. Hekstra and Willems [9] developed an improved outer
bound by introducing an extra dependence balance condition
on the set of input distributions. In general, the inner and
outer bounds do not coincide. This is because it is difficult to
fully characterize the optimal dependency between the inputs
of different users in a single-letter expression. The single-
letter characterization of the capacity region of the discrete
memoryless two-way channels is still an open problem.

However, under some circumstances, adaptation is useless
from the capacity perspective. Recently, Cheng and Devroye
[10] established the capacity regions for some memoryless
deterministic two-way channels (the two-way multiple ac-
cess/broadcast channel, the two-way Z channel and the two-
way interference channel) showing that adapting the current
input of each user to all previous outputs will not enlarge the
capacity region for these models. The term “adaptation” was
first coined in [10] for two-way channels.

In this paper, we study noisy versions of two of the
deterministic (noiseless) two-way channel models investigated
in [1], [10]. Specifically, we consider the additive-noise two-
user two-way channel (2TWC) whose noise processes in
both directions are stationary and ergodic, and the additive-
noise two-way multiple access/degraded broadcast channel
(MA/DBC) whose noise process in the MAC direction is
stationary and ergodic while its noise processes in the DBC
direction are memoryless. We obtain single-letter capacity
region expressions for these channels and show in each case,
analogously to [10], that adapting each user’s input to its
previously received signals is useless in terms of enlarging the
capacity region over the case of treating the two-way channel
as two separate one-way channels concurrently transmitting
signals in reverse directions.

This paper is organized as follows. We begin by introducing
the channel models in Section II. Section III considers the



discrete additive-noise 2TWC and gives its capacity region,
while Section IV shows the capacity region of the discrete
additive-noise MA/DBC. Finally, Section V concludes the

paper.

II. CHANNEL MODELS

In this paper, the discrete (discrete-time finite-alphabet)
additive-noise 2TWC channel and the discrete additive-noise
MA/DBC are considered. The channel models are introduced
in the next two sections.

A. Discrete Additive-Noise 2TWC

At time 7, 1 = 1,...,n, let Xl,i e X, Xg’l' € Xy be the
input random variables at user 1 and 2, respectively, and let
Yi; € Vi and Ya; € YV, be the outputs at user 1 and 2,
respectively. Suppose all the inputs and outputs are from the
common finite set, X1 = Xo = V) = Vo = Q ={1,2,....q}.
The discrete modulo additive-noise 2TWC is described by the
following transmission equations:

Yii=X1,,+X0,+ 21, (D
Yo, = X1+ Xo;+ 2o, ()

for i =1,2,...,n, where “+” is modulo ¢ addition, Z;; € Q,
for j = 1 2. {21 ity and {Zy;}7, are discrete additive-
noise processes which are stationary, ergodic, and independent
of each other and all the users’ messages.

Definition 1: An (n,M;, Ms) code for a discrete ad-
ditive noise 2TWC consists of two message sets M; =

{1,2,..,M}, My = {1,2,.., M5}, two sequences of
encoding functions fI' = (fi1,fi2,. fin), f& =
(f2,15 fo,2, s fo,n), where fi1 0 My — Q, foq: Mo — Q,
f177; My X Ql_l — Q, fgﬁi : Mo X Ql_l — Q for i =

2,...,n, and two decoding functions gs : My x Q™ — M,
g1 :Ml X Q" — Mg.

Let Wy € M; and W5 € M, be the messages transmitted
by user 1 and 2, respectively. Suppose W; and W, are
uniformly distributed on the message sets and are independent

of each other. The channel inputs are constructed as follows

X131 = fian(Wh), (3)
X21=f2 1(Wa), 4)

= fi(WL, Y i =2, .0, (5)
Xzi = foi(Wa, Y3 7h), i =2,. (6)

At the end of the nth channel use, user 1 and 2 reconstructs
messages Wy and W1, respectively, as

Wa = g1(W1,Y7"),
Wi = go (W2, Y5").
The error probability of reconstruction at user 1 is defined

as Py, = Pr{Wg # Was} and the error probability of
reconstruction at user 2 is defined as P.o = Pr{lV; # W, }.

Definition 2: A rate pair (R, Ry) is achievable for a
discrete additive-noise 2TWC, if there exists a sequence of
(n, M™  M{™) codes with

1
flong) >R;,j=12n>1,
lim P™ =0,j=1,2.

n—oo ¢
Definition 3: The capacity region of a discrete additive-noise
2TWC is the closure of the convex hull of all achievable rate
pairs.

B. Discrete Additive-Noise MA/DBC

A discrete additive-noise MA/DBC has three users (as
shown in Fig. 2). Users 1 and 2 want to transmit messages
W13 and Wag to user 3. They form a multiple access channel
in one direction. User 3 wants to broadcast messages W31 and
Wsa to user 1 and 2, respectively, forming a broadcast channel
in the other direction. It is also assumed that all inputs and
outputs are from the finite set Q. The discrete additive-noise
MA/DBC is defined by the following transmission equations:

Yip =X+ X3+ 21, (N

Yo, =Xo,; + X3+ 21+ 2o, )

Y3, =X, +Xo; + X3, + Z3;, )
for ¢ = 1,27 ...,n, where “+” is modulo ¢ addition, Z;;

Q, for j = 1 2,3. {Z1,;})-, and {Z;}7_, are d1screte
memoryless and ~{Z371}Z:1 is stationary and ergodic. All the
noise processes are mutually independent and all the users’
messages. The definition of channel codes, achievable rates
and capacity region are similar to those stated for the discrete
additive-noise 2TWC.
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Fig. 2. Multiple access/degraded broadcast channel.

III. CAPACITY REGION OF THE DISCRETE
ADDITIVE-NOISE 2TWC

Theorem 1: The capacity region of the discrete additive-
noise 2TWC as described in Section II-A is the set of rate
pairs (Ry, R2) such that

Ry <logq— H(Z,),
Ry <logq — H(Zy).

where H(-) denotes the entropy rate.



A. Achievability

Note that log ¢— H (Z,) and log g— H (Z,) are the capacities
of the point-to-point discrete one-way additive-noise channels

Yo, =X1i+ Zoiyi=1,2,.
Y —X21+le,l—1,2,..., n,

respectively. We prove achievability by showing that any
coding scheme for the two separate point-to-point discrete
additive-noise channels can be used to construct a coding
scheme for the discrete additive-noise 2TWC without chang-
ing the performance. Therefore, the achievability proof for
the discrete additive-noise 2TWC follows directly from the
achievability proof for the two separate point-to-point dis-
crete additive-noise channels. Let f " M;") Q™ and
~J(n) o — ME") be the encoding and decoding functions
of the jth channel. Then the error probabilities of the two
seParate point-to-point discrete additive-noise channels are

' = Pr{g" (A W) + Z5) # Wi} and P =
Pr{g2n)(f2(”)(W2) + Z7) # Was}. Now we are ready to
describe the coding scheme for the discrete additive-noise
2TWC Let the channel 1nputs of users 1 and 2 be X' =

fln (W1) and X3 = f2 ( 5), respectively, and reconstruct

the messages as W, = gén)(Wz,YQ ) N(")(Yz (W)
and Wy = g§ )(W YY) = §§n)( i( (W1)). The error
probability of reconstruction at user 2 is
Py = pe{W; # W1}
= Pr(3;" (3 = 3" (W) # W1}
= Pr{g"” (X{ + X3 + 25 — f3" (W) # Wi}

= Pr{g{" (/" (W) + 25) # Wi} = P,
Similarly, it can be shown that PU" = P This completes
the achievability proof. [ |

B. Converse

For the converse, we start with the achievable rate R;:
’/lRl = H(Wl) = H(Wl‘Wg)
= I(Wi; Yy [Wa) + H(W W2, Y5")

< O T(Wh; Yaul vy,

Ws) + ney, (10)
=1
— = i—1
— ZH YoulVs ' W) = > H(YaulVs ™ Wit ay) + nen
=1 i=1

< nlogq+ ne, — Z H (Yo, |Yy~
i=1

" Wiiay)

<nloggq+ ne, — ZH(YQ’i|}/2Z.7
i=1

1» W{1,2}a XELQ})

=nlogq + ne, — Z H(Z27i|Z§_
i=1

=nlogq+ ne, — ZH(ZQ77:|Z;_1)

i=1

L Wiy, Xfygy) (1)

12)

=nlogq+ ne, — H(ZY)

where lim, yoo €, = 0, Wyyoy denotes (Wi,W3), and
X{, oy denotes (X%,X%). In the above, (10) follows from
Fano’s inequality, (11) follows from (2), and (12) holds
since Zy; — Z;fl — (W{LQ},XELQ}) form a Markov chain.
This Markov chain property holds because the noise process
{Z,,}?, is independent of {Z;,}7 , and all the users’
messages. Dividing both sides by n and taking the limit
yields Ry < logq — H(Z>). It can similarly be shown that
Ry <logq— H(Z). u

Remark 1: In the capacity-achieving coding scheme, note
that X; ; is only a function of W}, j = 1, 2. This fact, together
with the converse, implies that “adaptation” will not enlarge
the capacity region of the discrete additive-noise 2TWC, even
when the noise processes have memory. Similar results exist
for feedback communication. For example, it is shown in [11]
that feedback does not increase capacity of discrete additive-
noise channels with memory (see also [6], [12]).

Remark 2: If the joint noise process {(Z1, Z2;)}i, is
memoryless, then the capacity region is the set of rate pairs
(R1, R2) such that

Ry <logq— H(Z5),
Ry <logq— H(Z1).

This result can be obtained by evaluating Shannon’s inner and
outer bounds of the 2TWC since the channel is memoryless.

Remark 3: A similar result does not hold if the joint noise
process {(Z1,, Z2,;)}1", has memory. For example, if Q is
binary, {Z, L} ', s memoryless and uniformly distributed,
and Zs; = Z1-1, then (logq — H(Z3),logq — H(Z1)) =
(0,0). However, the rate pair (1,0) can be achieved by letting
Xio0=X00=0, X1, =U; + X1 ;1 + Y11, Xo;, =0 for
i=1,...,n,where Y7 o = 0, {U;}?_, is the binary information
sequence which is transmitted from user 1 to user 2. This is
because under the proposed coding scheme, the received signal
at user 2 is

Yo, =X1,+ X0+ 2oy
=U;+X1i1+ Y11+ 22,
=U; + X110+ X1 i1+ 211+ 22 = U,

IV. CAPACITY REGION OF THE DISCRETE
ADDITIVE-NOISE MA/DBC

In this section, we show that “adaptation” is useless for
the discrete additive-noise MA/DBC. The following theorem
characterizes the capacity region of this channel.

Theorem 2: The capacity region of sending uniform and
independent messages (Wis, Was, W31, Wsa) over the dis-
crete memoryless additive-noise MA/DBC as described in
Section II-B is the closure of the convex hull of all rate
quadruples (Ri3, Ro3, R31, Ra2) satisfying

Ri3 + Rys <logq — H(Zs) (13)
Rz < I(X3; X3+ Z1|U) (14)
R3y < I(U; X3+ Z1 + Z) (15)



for some p(u,r3), where H(-) denotes the entropy rate, and
U| <q+1.

A. Achievability

The proof of achievability of the MA/DBC is similar to that
of the 2TWC in Section. III-A. Note that (13) describes the
capacity region of the discrete additive-noise multiple access
channel (MAC) [14], [15],

373,2’ = Xl,i + XZ,i +Z34,i=1,2,...,n

Furthermore, (14) and (15) give the capacity region of the
discrete additive-noise degraded broadcast channel (DBC)
[16], [17]

Yqu31+Zlu
Y —X32+le+Z2z

We prove the achievablility by showing that separate coding
schemes for the MAC and DBC can be used to construct a
coding scheme for the MA/DBC with 1dent1cal performance.
Let f(n) /\/l(n) % Qr, ~2(") /\/l;; — Q" and g(") :
o — ) % ./\/l ) be the encodmg and decoding functions
of the MAC Let 3 (D < MO — Qn, 5™ 5 gn -
/\/l and ~(") Q" — M?n be the encoding and decoding
functlons of the DBC. The error probabilities of these two
one-way channels are

Py

= Pr{gy" (/1" (Wis) + J5" (Was) + Z5) # (Wis, Was)},
B = Pe{g™ (5™ (War, Waz) + Z7) # War },

P = Pe{gs" (F$™ Wy, Waa) + Z3 + Z3) # Wi}

We construct the coding scheme for the MA/DBC based on
f;”) and §§"), j = 1,2,3. Let the channel inputs be X} =
) (Whs), X5 = J{ (Was) and X3 = f3™) (Wys, Was), and

define the reconstructions as

(Wig, Was) = g;(»,")(Wsu Wi, Y3")

= ~(n)(an - ~(n)(Wsl,VV:m))
War = i (Wis, Y7") = g (v = Fi™) (Whs)),
W = g5 (Wag, Y3") = 35" (Vg — fzn)(W23))~

The error probability of reconstruction at user 3 is

Pe(;?) = Pr{(Wiz, Waz) # (Wiz, Wa3)}

= Pr{gs" (V" — 5" (Wa1, Ws2)) # (Wis, Was)}

= Pr{gy" (XT + X3 + XJ + 2§ — X3) # (Wi3, Was)}
= Pr{gy"” (f1") (Whs) + f5") (Ws) + Z5) # (Whs, Was)}
)

Similarly, it can be shown P17 = P and PO = PV,
which completes the proof of the achievability. |

B. Converse
For the achievable rates Ri3 and Rs3, we have
nRi3 +nRyz = H(Wi3, Was) = H(Wiz, Wa3|Wsi, W)
= I(Wi3, Waz; Y3' W31 32y) + H(Wig, Was|Y5", W31 32})
< I(Whz, Was; Y3' [Wis1 301) + ney, (16)

= ZI(WB, Was; Y3,i|Y3i_1’

i=1

ZH(Y?M‘Y;_I’
i=1

=Y H(Vsulv3

Wia1,32y) + nep

Wis1,32})

Wii3,23,31,32}) + nen

i=1

< nlogq+ ne, — Z H(Y3,|Y5 !, Wi13,23,31,32} 5 Xﬁ,z,s})
i=1

=nlogq+ ne, — Z H(Z5;1 25, W13,93,31,32)» X%1,2,3})
i=1

(17)

=nlogq+ne, — Y H(Zs,1Z5") (18)

i=1

=nlogq— H(Z3) + ne,

where lim, ., €, = 0. Here (16) follows from Fano’s
inequality, (17) follows from (9), and (18) holds since
Z3i—Z3 " — (Wii3.23,31,32) X«%I,Q,S}) form a Markov chain
which holds because {Z3;}! ; is independent of {Zy ;}I" ,,
{Z5,;}_, and all the users’ messages. Dividing both sides by
n and taking the limit yields Ry3 + Ro3 < logq — H(Z3).

For achievable rate R35, we write

nR3s = H(Ws32) = H(Ws52|Was)
= I(Ws32; Y5 |[Wag) + H(Ws2|Y5", Was)
(W33 Y5 [Wagz) + né,

T(Waz; Yo ;Y5

I IN

Was) + néy,

s
Il
_

T(Wan; Yo i |Yy ™ Was, X3) + né,

|

S
Il
—

I(Wsg; }72,1"?21-717 Was, X4) + né,

|

=1

=3 I(Wsp; Y4 ¥5 ™", Was) + néy, (19)
=1

< Z (W, Yo =t Wag; Yo i) + néy
1=1

<Y I(Wag, Was, Wi, Yy~ L Y75 Ya,) +nén (20)

s
Il
-

where limy, o €, = 0, Y>,; denotes X3 it Zri A T Y
denotes X'+ 771+ Zi7! and Y; ! denotes X4~ l—i—Zl 1
(19) holds since X3 is a function of (Y7, Was).



Now, we consider the achievable rate R3q:

nR31 = H(Ws1) = H(W31|Wsa, Wig, Wa3)
= I(W31; Y17L|W{32,13,23}) + H(W31|W{32,13,23}7 Y1n)
< I(Wi3 V", Y5 [ Wis2,13,23)) + nép

= Z T(Wa15 Y, Yo i Vi Yy ™ Wisp13.03)) + néy
i—1

< ZI(W317X3,1‘;Y{1,2}J

=1

=Y I(Wa1, Xs5.4: Y{1,2}.
=1
+ ne,

Y{il—721}7 Wis2,13,23)) + nén

Y{i;;p Wis2,18.23)5 X{1.91)

= Z I(VV317 X&,i; 17{1»2}71'

}75‘17721}7 Wis2,13.23)5 X{1.91)

i—1
+ néy,
= Z I(W31, X353 57{1,2},1 17{1-;21}7 Wis2,13,23)) + nén
i=1
= Z I(X3,; 57{1,2},i|37{il_,21}7 Wis2,13,23})
i=1
+ Z I(Wiy; ?{1,2}7i|32{i521}7 Wis2,13,23), X3,i) + néy
i=1
n ~ ~ .
= Z I(X3,; Y{1,2},i|Y{11_721}7 Wis2,13,23)) + nén (21)
i=1
= Z I(X3,; le|?{11_21}’ Wis2,13,23}) + nén (22)
i—1
where lim,_,- €, = 0. Here (21) holds because W33 —

( ~{i;21}, Wis2,13,23} Xs.i) 737{172}71- form a Markov chain, and
(22) holds since ?gﬂ- — (17171-, }7{i;21}7 Wis2,13,23y) — X3,; form
a Markov chain. These Markov chain properties hold since
{Z4,;}1 and {Z5 ;}7, are discrete memoryless and indepen-
dent of each other and all the users’ messages, }7171- = X3, +
Z1i, and Yo, = Yy ; + Zo ;. Let U; = (Y{ligl}a Wis2,13,23))s
so that U; — X3; — Y{L?}J form a Markov chain and from
(20) and (22) we have nRs < >0, I(Ui;)}g,i) + né,
and nRy < > 1, I(ngi;)}lﬂUi) + né,. Define the time-
sharing random variable K to be uniform over {1,2,...,n}
and independent of all messages, inputs and outputs, and
let U = (K,UK), X3 = X37K, Z, = Zl,Ka Loy = ZQ’K
Vi=Xs+71 =Yk, Yo = Xs+Z1 + 7y = Yo i. Then we
have

nRzs < Z I(U,’; )7271') + né, = nI(UK, Y/Q,K|K) + né,
=1

<nl(U;Ys) + &, = nl(U; X3 + Zy + Z3) + nén,

nR31 § ZI(X377«7Y1,1|U1) + n€n = TLI(Xg,?ﬂU) + n€n
i=1

The bound on the cardinality of U can be established using
the convex cover method [18]. [ |
Remark 4: In the achievability coding scheme, inputs at each
user are functions of its own message(s). This fact together
with the converse imply that “adaptation” will not enlarge the
capacity region of the discrete additive-noise MA/DBC.

V. CONCLUSION

In this work, we have shown that for the discrete additive-
noise 2TWC and the MA/DBC, adaptation is useless from a
capacity region perspective. For these two classes of channels,
standard coding schemes where each user encodes based on
its own message(s) can achieve optimality and the capacity
regions can be characterized by single-letter expressions. How-
ever, even for these channels, adaptation can be beneficial
in terms of reducing the complexity of coding schemes and
improving error exponents. Identifying conditions under which
adaptation is useless for a general two-way network is still an
open problem.
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