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Abstract — The reliable transmission via Turbo
codes of binary stationary ergodic Markov sources
over noisy channels is investigated. The first con-
stituent Turbo decoder is designed to exploit the
source redundancy according to a modified ver-
sion of Berrou’s original decoding method that
employs the Gaussian assumption on the extrin-
sic information. Due to interleaving, the sec-
ond constituent decoder is unable to adopt the
same decoding method. However, its extrinsic in-
formation is modified via a weighted correction
term. Substantial gains (from 1.29 up to 3.57 dB)
over the original Turbo codes are demonstrated.
Furthermore, the gaps to the Shannon limit are
in the range of 0.94 to 1.45 dB. The proposed
joint source-channel Turbo coding scheme is also
shown to outperform two traditional tandem cod-
ing schemes while keeping a lower system com-
plexity.

I. INTRODUCTION

Due to Shannon’s well-known separation principle,
source and channel coding are traditionally implemented
independently, resulting in the so-called tandem scheme.
Thus in almost all the theory and practice of error-control
coding, the source is usually assumed to be uniform and
memoryless. Obviously, this is seldom the case in natu-
ral sources (e.g., image and speech sources), which often
exhibit substantial amounts of redundancy in the form
of non-uniformity and/or memory. Source coding, if ide-
ally designed, should entirely eliminate such redundancy
and produce a uniform memoryless bit stream. However,
most existing source coding schemes are sub-optimal, re-
taining a certain amount of residual redundancy in their
output. Therefore, transmission of sources with a con-
siderable amount of natural or residual redundancy is an
important issue. It was indeed shown (e.g., [1]) that when
the source redundancy is exploited in the channel coding
design, the system performance can be significantly im-
proved.

Turbo codes [2] have been regarded as one of the most
exciting breakthroughs in channel coding, and their ex-
cellent performance has been demonstrated over additive
white Gaussian noise (AWGN) channels and Rayleigh
fading channels. However, most of the work on Turbo
codes has mainly focused on uniform memoryless sources.
To the best of our knowledge, only limited attention has
been paid to the problem of exploiting the source redun-
dancy in Turbo codes. In essence, this is a joint source-
channel coding issue. The design of Turbo codes for the
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transmission of non-uniform memoryless sources has been
recently studied in [12, 13], where close to Shannon limit
performance was achieved. On the other hand, designing
Turbo codes for sources with memory was considered in
[5, 7, 8, 9]. In this work, we consider stationary ergodic
binary first-order Markov sources. We investigate the de-
sign of (systematic) Turbo codes for transmitting such
sources over BPSK-modulated AWGN and Rayleigh fad-
ing channels with known channel state information. Our
goal is to try to achieve a performance that is as close to
the Shannon limit as possible. The proposed framework
can be extended to high-order Markov sources by using
non-binary Turbo codes and non-binary modulation.

II. TURBO DECODER DESIGN

Consider a stationary ergodic binary first-order
Markov source {U}F_; with transition matrix:

9 1—qo
II = [m;] = 1—q @

where mjéPr{Uk = j|lUx—1 = i}, 4,5 € {0,1}. Also,
denote the source marginal distribution by po 21 —pL £
Pr{U, = 0}. By stationarity, it can be easily shown that

1- q1
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In general, the above source is an asymmetric Markov
source; its redundancy is in the form of both memory and
non-uniformity. When go =1 — ¢1, the source reduces to
a memoryless source with marginal distribution po = qo
and p1 = qi; in this case the source redundancy is purely
in the form of non-uniformity. When go = q1 # 1/2, the
source becomes a symmetric Markov chain with a wuni-
form marginal distribution, i.e., po=p1=1/2; the source
redundancy is therefore strictly in the form of memory.
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When the source is symmetric, we denote go = q1=q.

A. First Constituent Decoder

To exploit the source memory, the BCJR algorithm
employed in the Turbo code decoder [2] has to be mod-
ified. Given that at time k the encoder is in state S,
then an input bit U, would bring the encoder state into
Sj+1, with a parity bit X.” generated (X.” denotes the
parity bit of the second constituent decoder). To keep
the notation consistent, we denote the systematic bit by
X, which is identical to Uy. The pair (X,j,X,ip) is de-
noted by X, and after transmission over the channel, it
becomes Vi, = (Y7, Yklp), the noise corrupted version. For
the sake of brevity, the sequence {Y;}£_; is denoted as
YiE. Given that the L-tuple Yi¥ = yT is received at the



channel output, we have
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Since given Uy = i and S, = s, the observation YkLH =
y,f_,_l does not depend on Y = y¥, hence if we define
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ar(iys) = Pr{Us =i,S = s|Y)" = yi}, (2)
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then the above conditional probability becomes

Pr{Us =ily(} = Y an(i, s)Bu(i, 5), (4)

where (i, s) and B (i, s) can be computed via the fol-
lowing recursive relations:
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where

Y0, s, yli’s s")
=Pr{Uy =14,5 = 8,Yy, = yp|Up—1 =4, Sk—1 = s’}

= p(yili) - p(ypli, ) - Pr{Sy = s|Ux =i, Sk—1 = s}
Pr{Us = i|Us_, = i'}

N , . [

=p(yili) - p(yili, s) - q(sli, s") - w(i]i").
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Solving (5) and (6) requires boundary conditions.

Since the encoder starts and terminates at the all-zero

state, and the source has marginal distribution as given
in (1), we have

@0(0,0) = po, @o(1,0) =px,
ao(i,s) =0, i=0,1, Vs#D0,
Br(0,0) =po, Br(1,0) =pa,
Br(i,s) =0, i=0,1, Vs#D0.

Note that in the above boundary conditions, the source
redundancy in the form of non-uniformity is exploited.

For iterative decoding, the log-likelihood ratio (LLR)
needs to be decomposed. Combining (4)-(7), we can de-
compose the LLR of U}, into two separate terms:

Pr{lU;, = 1|Y1 =Y }
Pr{lU; = 0|Y1 =Y }
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where the channel transition term is
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and the new extrinsic information term is
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where for i =0, 1,
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In comparison with the decomposition of the LLR in the
case of Turbo coding of uniform i.i.d. sources [2] where

AP (Ur) = Len(Us) + LEH(UR) +

we observe that in (8), Lg?(Uk) is in essence the com-
bination of L (Uy) and L (Uy), and that LI (Uy) is
actually the extrinsic information generated from the sec-
ond constituent decoder. An important principle in it-
erative decoding is that the estimation generated by a
constituent decoder should not be fed back to itself; oth-
erwise the noise corruption will be highly correlated [2].
On the other hand, the decomposition in (8) renders the
first constituent decoder unable to “update” its a priori
term by using the extrinsic information generated from
the second constituent decoder in the same way as in the
memoryless source case. Therefore, the extrinsic informa-
tion term for the first constituent decoder must be further
modified. This issue is not clearly addressed in [8, 9]. The
method we adopt here is from Berrou’s original version of

the BCJR algorithm [2]. The input to the first decoder
ex(2)

Lud (Uk)

now has three components: y, = (yk,y,c Y, ), where
y,ef@) is the extrinsic information from the second de-

coder, L2 (Uy,), after de-interleaving. Using the Gaussian
assumption on y”(z) asin [2, 6], in (7), v(4, s, yx|i’, s') has
one more factor described by the following density
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where M; and af are estimated on-line.

Finally, in the decomposition of A" (Uk), due to inter-
leaving, yex@) can be regarded as weakly correlated with
Yy = yi and Y]} = yi,; therefore, the LLR soft-output

generated by the first decoder is:
AV = Lop(U) + LY (U) + LE) (U),

where the a prior: term becomes

ex(2)
&) ply, 1)
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When the source is symmetric, we have M; = Mo=M,
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and ¢? = 0¢=0>. Therefore
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At this point, we can use Lg?(Uk) as the extrinsic infor-
mation for the second constituent decoder.

B. Second Constituent Decoder

For the second constituent decoder, due to interleav-
ing, the Markovian property in the input sequence is de-
stroyed; this renders the second constituent decoder un-
able to adopt the same modifications as in Section IL.A.



Instead, we employ Robertson’s classical Turbo decod-
ing algorithm [11] with the following modification to the
extrinsic information generated from the second decoder:

S (1) Pr{Us 1 = i}]
S w0l Prili-1 =i}

L) (Uk) = ¢1Lew (Ur)+c2 log

where L., (-) is the extrinsic information defined in [11]
and ci1,c2 € [0,1]. The values of ¢; and ¢2 are empirically
chosen to yield the best possible improvement. In our
simulations, ¢; = 0.8 and c2 = 0.2 were the best choice.
Pr{U,_, =i} (with i=0, 1) is directly obtained from the
extrinsic information described by

elex(Ur—1)

P’I‘{Uk,1 = 1} =1- P’I‘{kal = 0} = m,

for k > 2 with Pr{ﬁl =0}=po=1- Pr{Ul =1}

III. TurBO ENCODER DESIGN AND OPTIMIZATION

When the Markov source distribution is biased, the in-
put sequence to the encoder may contain long segments
of 1s or 0s. As a result, similar to the case of heavily
biased non-uniform i.i.d. sources [12], the encoder struc-
ture plays an important role in determining the system
performance. Therefore, encoder structure optimization
is also necessary in the design of Turbo codes for Markov
sources. Furthermore, the two constituent decoders em-
ploy different decoding algorithms and thus exploit the
source redundancy with different degrees. Therefore, the
two constituent encoders do not have to be identical. Due
to the increased number of possible encoder structures
by using different constituent encoders, an exhaustive
search is computationally expensive. Our search for (sub-
Joptimal encoder structures with four memory elements
(16 states) is performed as follows.

1) Fix the second constituent encoder as, for example,
(31, 23), find (by simulation) the best feed-forward and
feedback polynomials of the first constituent encoder via
the iterative steps described in [12].

2) Fix the best structure for the first constituent en-
coder as found in step 1), find the best feed-forward and
feedback polynomials of the second constituent encoder.

The initial structure of the second constituent encoder
in step 1) is selected according to our results in [12].

IV. SHANNON LIMIT

For an asymmetric Markov source, the rate-distortion
function R(D) has no closed-form expression, but rela-
tively tight upper and lower bounds for R(D) can be ob-
tained [3]. Therefore, for a desired BER level and a given
overall rate r in source symbols/channel symbol, we may
substitute R(D) under the Hamming distortion measure
with its upper/lower bound in the condition of Shannon’s
Information Transmission Theorem [10]

r- R(D) < C(Ey/No), (11)
to obtain an upper/lower bound on the corresponding
Shannon limit, where C is the channel capacity, E; is

the average energy per source bit and No/2 is the vari-
ance of the additive Gaussian noise. For binary symmet-
ric Markov sources with transition probability g, Gray
proved that [4]

where D, is the critical distortion defined by

1 (1-9?
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V. NUMERICAL RESULTS AND DISCUSSION

We present simulation results of our designed system-
atic Turbo codes for the transmission of binary symmet-
ric Markov sources over BPSK-modulated AWGN and
Rayleigh fading channels. All simulated Turbo codes have
16-state constituent encoders and use the same pseudo-
random interleaver as in [2]. The sequence length is
L =512 x 512 = 262144 and at least 200 blocks are simu-
lated; this would guarantee a reliable BER estimation at
the 10™° level with 524 errors. The number of iterations
in the Turbo code decoder is 20. Simulations are per-
formed for rate R. = 1/3 with ¢=0.8 and 0.9; since the
corresponding critical distortion values are 1.59 x 1072
and 3.10 x 103, respectively, (all above the 107° BER
level of our interest), the Shannon limit can be computed
exactly using (11) and (12). The best encoder we found
for g=0.9 has the first constituent encoder as (31, 23),
and the second as (35, 23). For ¢=0.8, (35, 23) for both
constituent encoders turned out to be the best choice.

Fig. 1 shows the performance of our rate-1/3 system-
atic Turbo codes for AWGN channels. Berrou’s (37, 21)
original code which does not exploit the source memory is
also shown for the sake of comparison. At the 10~° BER
level, when g=0.8, our system offers a gain of 1.29 dB over
Berrou’s code; when ¢ = 0.9, the gain becomes 3.03 dB.
Furthermore, we observe that for ¢ = 0.8 and 0.9, the
gaps to the Shannon limit are 0.94 dB and 1.36 dB, re-
spectively. Fig. 2 illustrates similar results for Rayleigh
fading channels with known channel state information.
When ¢ = 0.8, the gain due to exploiting the source
memory in our design is 1.55 dB, which brings the perfor-
mance at a distance of 1.08 dB away from the Shannon
limit. When ¢ = 0.9, the gain increases to 3.57 dB; in
this case, the gap to the Shannon limit is 1.45 dB. The
Shannon limit (SL) values and the performance gaps of
our system vis-a-vis SL are summarized in Table 1.

Finally, we compare our joint source-channel coding
scheme with two tandem coding schemes. Similar to [13],
the tandem schemes consist of a Huffman code (perform-
ing near optimal data compression) followed by a stan-
dard symmetric Turbo code. The one with constituent
encoders (35, 23) offers a lower error-floor performance
than that of its (37, 21) peer at the price of a slight per-
formance loss in the water-fall region. The comparison
is made at the same overall rate of r = R./Rs = 1/2
source symbols/channel symbol, where R. and R, are
the source coding and channel coding rates, respectively.
Our system has R. = 1/2 and Rs = 1; the tandem
scheme, however, has R. = 1/3, therefore it needs to
have Rs = 2/3. Using an 8¢"-order Huffman code, when



q=0.848315, we can achieve R;=0.666667. The sequence
length is L=12000, and at least 60000 blocks are simu-
lated to produce a reliable average performance in the
error-floor region. An S-random interleaver with S=10 is
adopted as in [13] and the number of decoder iterations
is 20. Results for AWGN channels are shown in Fig. 3.
We observe that although initially the tandem schemes
offer better water-fall performance, they are quickly out-
performed by our system due to their high BER perfor-
mance from medium to high SNRs. Our system, however,
enjoys a lower complexity since no source encoding and
decoding are performed, and offers a superior BER per-
formance which is robust to channel errors.
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Figure 1: Turbo codes for binary symmetric Markov
sources, R.=1/3, L=262144, AWGN channel.
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Figure 2: Turbo codes for binary symmetric Markov
sources, R.=1/3, L=262144, Rayleigh channel.

Transition AWGN Rayleigh

probability | SL | gap || SL [ gap
q=0.8 -2.24 1 0.94 || -1.56 | 1.08
q=20.9 -4.40 | 1.36 || -3.96 | 1.45

Table 1: Shannon limit (SL) and performance gaps
in E,/Np (in dB) at BER=10"°, R.=1/3.
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Figure 3: Proposed system (Rs; = 1, R, = 1/2) ver-
sus two tandem schemes (R; = 2/3, R. = 1/3),
q=0.848315, L=12000, AWGN channel.
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