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where follows since , ,
is valid since and are independent of and state

process being i.i.d. and(iii) follows due to (90) and follows
due to (91). Substituting (94) in (93) completes the proof.

We can now complete the proof of Theorem 2.3. With
Lemma A.1, it is shown that any achievable rate pair can
be approximated by the convex combinations of rate condi-
tions given in (33)–(35) which are indexed by and
satisfy (36) for joint state-input-output distributions. Hence,
since , any achievable rate pair belongs to

.

APPENDIX B
CONVERSEPROOF OFTHEOREM 2.4

Recall that is deÞned in (80).
Lemma B.1:Assume that a rate pair , with

block length and a constant , is achievable.
Then,

(95)

(96)

(97)

Proof: Let us now consider encoder. We have

(98)

Furthermore,

(99)

where is due to (2) and conditioning does not increase en-
tropy, is valid since , is valid
since conditioning does not increase entropy andÞnally, is
valid by (3). Following similar steps such as (17) and (18) ver-
iÞes (95). Finally, (96) and (97) can be veriÞed similarly.

Lemma B.2:For every and , the
following holds

(100)

Let

(101)
and

We can now verify (100) by following the same steps in Lemma
2.2.

Lemmas B.1 and B.2 complete the proof of converse.

APPENDIX C
ACHIEVABILITY AND CONVERSEPROOFS OFTHEOREM 2.5

Achievability Proof:Fix .
Codebook Generation—Fix and .

For each , randomly generate ,
each according to . Reveal this code-
book to encoder and, for each and

, encoder randomly generates ,
each according to . These codeword
pairs form the codebook, which is revealed to the decoder.

Encoding—The encoding functions are deÞned as follows:
and

where and denote theth component
of and , respectively. Therefore, to send the
messages and , transmit the corresponding and

, respectively.
Decoding—After receiving , the decoder looks for

the only pair such that are
jointly -typical and declares this pair as its estimate .

Error Analysis—Let
, and and assume

that was sent. Then,

(102)





7068 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 59, NO. 11, NOVEMBER 2013

are convex in and hence, convex in
. This and (119) imply that

(122)

(123)

where and denote the mutual
information terms induced by .

Now, let , , be such that

and hence, , . Let
. Since a convex combination of achievable

rates is also achievable, so . This obser-
vation and inequalities (120)–(123) complete the claim that

.
Up to now, we have shown that and

. In order to prove that , it remains to show
that . Note that still depends on
in which can be larger than . Hence, in the next lemma
we basically show that for every , there exists a

which induces the same rate constraints as induced
by .

Lemma D.2: :
Proof: Fix a distribution sat-

isfying (117), i.e.,

(124)

Observe that for every satisfying , one can
deÞne

(125)

where is the set of all mappings from to . Now, let

be the mutual information pair induced by .
We have

(126)

where is valid since , i.e., for each
there exists only one such that ,

is valid since

(127)

where is valid since and are independent and
is valid due to (3). Similarly, we have
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