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A Polya Contagion Model for Networks

Mikhail Hayhoe ™, Fady Alajaji

Abstract—A network epidemics model based on the clas-
sical Polya urn scheme is investigated. Temporal contagion
processes are generated on the network nodes using a mod-
ified Polya sampling scheme that accounts for spatial infec-
tion among neighboring nodes. The stochastic properties
and the asymptotic behavior of the resulting network con-
tagion process are analyzed. Unlike the classical Polya pro-
cess, the network process is noted to be nonstationary in
general, although it is shown to be time invariant in its first
and some of its second-order statistics and to satisfy mar-
tingale convergence properties under certain conditions.
Three classical Polya processes, one computational and
two analytical, are proposed to statistically approximate the
contagion process of each node, showing a good fit for a
range of system parameters. Finally, empirical results com-
pare and contrast our model with the well-known discrete
time susceptible-infected-susceptible model.

Index Terms—Epidemics on networks, martingales, non-
stationary stochastic processes, Polya contagion networks.

|. INTRODUCTION

N THIS paper, we examine the dynamics and properties of
I a contagion process, or epidemic, on a network. Here, an
epidemic can represent a disease [2], a computer virus [3], the
spread of an innovation, rumor or idea [4], or the dynamics of
competing opinions in a social network [5].

Many different models for the study of infection propaga-
tion and curing exist in the literature. Our model, the network
Polya contagion process, bears similarities to the well-known
susceptible-infected-susceptible (SIS) infection model [6]. In
this model, all nodes may initially be healthy or infected. As
the epidemic spreads, nodes that are infected can be cured to
become healthy, but any healthy node may become infected at
any time, regardless of whether they have been cured previously.
Epidemics on networks have been intensively studied in recent
years; see [7] and references therein and thereafter. The model
that we present is an adaptation of the classical Polya contagion
process [8]-[10] to a network setting by accounting for spatial

Manuscript received August 23, 2017; revised August 27,2017 and Au-
gust 31, 2017; accepted November 9, 2017. Date of publication Decem-
ber 8, 2017; date of current version December 14, 2018. This work was
supported by the Natural Sciences and Engineering Research Council
of Canada. This paper was presented in part at the American Control
Conference, May 24-26, 2017. Recommended by Associate Editor Ling
Shi. (Corresponding author: Mikhail Hayhoe.)

M. Hayhoe is with the Department of Electrical and Systems Engineer-
ing, University of Pennsylvania, Philadelphia, PA 19104 USA (e-mail:
mhayhoe @seas.upenn.edu).

F. Alajaji and B. Gharesifard are with the Department of Mathemat-
ics and Statistics, Queen’s University, Kingston, ON K7L 3N6, Canada
(e-mail: fa@queensu.ca; ghareb@queensu.ca).

Digital Object Identifier 10.1109/TCNS.2017.2781467

, Senior Member, IEEE, and Bahman Gharesifard

, Member, IEEE

infection between nodes. The classical Polya model has been
used to study a variety of epidemics such as the bubonic plague
in Peru [11] and the spread of chlamydia in a closed popula-
tion [12], as well as a wide range of other applications; see
[13] for a survey. In this paper, we will examine the stochastic
evolution of the network Polya contagion process.

Our model is motivated by the classical Polya contagion pro-
cess, which evolves by sampling from an urn containing a fi-
nite number of red and black balls [8]-[10]. In the network
Polya contagion model, each node of the underlying network is
equipped with an individual urn; however, instead of sampling
from these urns when generating its contagion process, each
node has a “super-urn,” created by combining the contents of
its own urn with those of its neighbors’ urns. This adaptation
captures the concept of spatial infection, since having infected
neighbors increases the chance that an individual is infected in
the future. This concept of the super-urn sampling mechanism
for incorporating spatial interactions was originally introduced
in [14] in the context of the image segmentation and labeling
problem. We herein adapt the image model of [14] for a network
setting and analyze the resulting contagion process affecting
each node of the network.

More specifically, we study the time evolution and stochastic
properties of the proposed network contagion process. We derive
an expression for the temporal n-fold joint probability distribu-
tion of the process. We show that this process, unlike the classi-
cal Polya urn process, is, in general, nonstationary and, hence,
not exchangeable. For the special case of complete networks,
we analytically find the 1-D and 2-D (n, 1)-step marginal distri-
butions of the contagion process. These results show that even
though it is not stationary, the process in this case is nevertheless
identically distributed with its latter two marginal distributions
being invariant to time shifts. We also establish several martin-
gale properties regarding the network urn compositions, proving
that the proportions of red balls in each node’s urn as well as the
network average urn proportion converge almost surely to a limit
as time grows without bound. We next provide three approxima-
tions to the network contagion process by modeling each node’s
contagion process via a classical stationary Polya process [10].
In the first one, we approximate each node’s process with the
classical Polya process whose correlation parameter is empiri-
cally selected so that the Kullback—Leibler divergence measure
between its n-fold joint distribution and that of the original node
process is minimized. In the second approximation, we propose
an analytical model whose parameters are chosen by matching
its first and (n, 1)-step second-order statistics with those of the
original node process, which fits well for large networks. The
last approximation uses a classical Polya model with parameters
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chosen analytically that we show fits well for small networks.
Finally, simulation results are presented to support the validity
of these approximations and to compare our model with the
traditional discrete time SIS model, which suggests that the net-
work Polya contagion process captures certain properties of the
SIS model, while offering new insights in the case of widespread
infection.

The rest of this paper is organized as follows. Section II out-
lines some preliminary knowledge that will be used throughout
this paper. Section III introduces the network contagion process,
and Section IV presents its stochastic properties and asymp-
totic behavior. Section V proposes three approximations for the
individual node contagion processes in the network, along with
numerical modeling results. Finally, Section VI concludes this

paper.

Il. PRELIMINARIES

For a sequence v; = (v; 1,...,v; ), we use the notation v
with 1 < s < t < nto denote the vector (v; s, Vi s+1,- - - ,vi,t).
Our technical results rely on notions from stochastic processes,
some of which we recall here. Throughout, we assume that the
reader is familiar with basic notions of probability theory.

Let (2, F,P) be a probability space, and consider the
stochastic process {Z,, }°° ;, where each Z,, is a random vari-
able on §2. We often refer to the indexes of the process as “time”
indexes. We recall that the process {Z, }3°, is stationary if
for any n € Z>, its n-fold joint probability distribution [i.e.,
the distribution of (Z1, ..., Z,)] is invariant to time shifts. Fur-
ther, {Z, }>°, is exchangeable if for any n € Z>,, its n-fold
joint distribution is invariant to permutations of the indexes
1,...,n. It directly follows from the definitions that an ex-
changeable process is stationary. Finally, the process { Z,, }2°_, is
called a martingale (respectively, supermartingale, submartin-
gale) with respect to the process {Y,}22, if E[|Z,]|] < o0
and E[Z,1|Y,] = Z, almost surely (respectively, less than
or equal to, greater than or equal to), for all n. Precise defini-
tions of all notions, including those of ergodicity, can be found
in standard texts (e.g., [15], [16]).

We now recall the classical version of the Polya contagion
process [8], [10]. Consider an urn with R € Z-  red balls and
B € Z-~ black balls. We denote the total number of balls by
T, thatis, T'= R + B. At each time step, a ball is drawn from
the urn. The ball is then returned along with A > 0 balls of the
same color. We use an indicator Z,, to denote the color of ball
in the nth draw

7 1, if the nth draw is red
! 0, if the nth draw is black.

Let U,, denote the proportion of red balls in the urn after the nth
draw. Then

g BHAYL 4 pet0 X 2
" T +nA 1+ nd,

where p, = % is the initial proportion of red balls in the urn and
0. = % is a correlation parameter. Since we draw balls from
this urn at each time step, the conditional probability of drawing

ared ball at time n, given Z" 1 = (Zy,...,

. R-I—A n:lZ
P =11 27 = T =

Z,-1), is given by

n—1-

It can be easily shown that {U,, }2°_, is a martingale [17]. The
process {7, }>°_,, whose n-fold joint distribution is denoted by

QE)" )5 , is also exchangeable (hence stationary) and nonergodic

with both U,, and the process sample average % i, Z; con-
verging almost surely as n — oo to a random variable governed
by the Beta distribution with parameters 5= and lg” < ; we denote

c

this probability density function (pdf) by Beta(£- %) [17],

5.0 o
[18]. Finally, the 1-D distribution of the Polya process is

Q5 (a) = P(Z, = a) = (po)"(1 — pc)' . for all n € Z=;
and a € {0,1}. The above classical Polya process {Z, }°° , is
fully described by its parameters p. and d. and, thus, we denote
it by Polya(pe, 6. ).

[Il. NETWORK POLYA CONTAGION PROCESS

In this section, we introduce a generalization of the Polya
contagion process to networks, where each individual node in
the underlying graph that describes the network topology is still
equipped with an urn; however, the node’s neighboring structure
affects the evolution of its process. This model, hence, captures
spatial contagion, since infected neighbors increase the chance
of a node being infected in the future.

Consider an undirected graph G = (V,€), where V =
{1,...,N} is the set of N € Z>1 nodes and £ CV x V is
the set of edges. We assume that G is connected, that is, there
is a path between any two nodes in G. We use N; to de-
note the set of nodes that are neighbors to node i, that is,
Ni={veV:(iv)e&},and N = {i} UN;.IfN] =V for
all i € V, the network is called complete; if |N;| = || for all
i,7 € V, we call it regular. Each node i € V' is equipped with
an urn, initially with R; € Z- red balls and B; € Z- black
balls (we do not let R; = 0 or B; = 0 to avoid any degenerate
cases). We let T; = R; + B, be the total number of balls in the
ithurn, 7 € {1,..., N}. We use Z; ,, as an indicator for the ball
drawn for node ¢ at time n

7 1, if the nth draw for node 7 is red
“" ] 0, if the nth draw for node 7 is black.

However, instead of drawing solely from its own urn, each node
draws simultaneously from a “super-urn” created by combining
all of the balls in its own urn with the balls in its neighbors’ urns;
see Fig. 1. This allows the spatial relationships between nodes
to influence their state. This means that Z; ,, is the indicator for
a ball drawn from node ¢’s super-urn, and not its individual urn.
Hence, the super-urn of node i initially has R; = > JeN! R;red
balls, B; = Z]-EM, B; black balls, and T; = Z]‘GM’ T; balls in
total.

We further consider a time-varying version of the classical
Polya contagion process, following [19], where at time ¢ for
node ¢ € V, after a red ball is drawn, it is returned along with
A, ;(t) red balls to node 4’s urn, and A ;(¢) black balls along
with the drawn ball are added to node ¢’s urn when a black
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Node 1’s super urn balls in node ¢’s super-urn after n draws. Hence, for node ¢
D n
Ri+ 3 ent 2oi-1 Zj.Ar (1)
Si,n = Z X,
JeN! “}i.n
_ ZJEMI U]’/VLX]‘,TL (2)
Zj eN; Xjm

Note that S; o = %. S; n is, in fact, a function of the random
draw variables of the network, and, in particular, of {Zj” }ie N>
L but for ease of notation, when the arguments are clear, we
. . n n\ _ Q. L _
Fig. 1. lllustration of a super-urn in a network. write S; (Z15- s ZN) = Si,n. Then, the conditional proba

ball is drawn. When A, ; (t) = Ay ;(¢) forallt € Z>,, we write
A, (t) instead; if the A’s are not node dependent, we omit the
node index. We assume throughout that A, ;(t) > 0, A, ;(¢)
>0, for all t € Z~; and that there exists 7 € V' and ¢ such that
A, () + Ay (t) # 0; otherwise, we are simply sampling with
replacement.

In the context of epidemics, the red and black balls in an urn,
respectively, represent units of “infection” and “healthiness”;
for example, bacteria and white blood cells. In a super-urn,
the bacteria can infect others in the area and the white blood
cells contribute to the overall health in the neighborhood of
an individual. Drawing red at time ¢ means the bacteria in the
neighborhood were successful in reproduction and so the indi-
vidual was more infected; otherwise, they were healthier since
the white blood cells reproduced. Thus, when Z; ,, = 1, we de-
clare that node ¢ is infected at time n, and if Z; ,, = 0, then it
is healthy. We add more units of bacteria once they reproduce,
but commonly assume this number A, ;(¢) is the same across
all individuals and time because the bacteria do not evolve or
become altered. The amount of white blood cells created A, ; (¢)
may change since we can give more medicine to certain people
to increase their immune response, or vaccinate them so they
are better able to fight the disease.

To express the proportion of red balls in the individual urns of
the nodes, we define the random vector U,, = (Uy ,,,...,Un.0),
where U ,, is the proportion of red balls in node 4’s urn after the
nth draw, ¢ € V. For node ¢

Ri+30 1 Zi 1A i (1)
T+ 3000 Zig i (t) + (1 — Zi ) Ay 4 (t)

where the numerator represents the total number of red balls in
node 7’s urn after the nth draw, whereas the denominator is the
total number of balls in the same urn. Note that U; o = ' is the
initial proportion of balls in node ¢’s urn. For ease of notatlon
let

Ui,n =

JVL_T+Z

340 () + (L= Zj ) A (t). (D)

Furthermore, we define the random vector S, = (S1,,...,
Sn.n) as the proportion of red balls in the super-urns of the
nodes after the nth draw, so that S; ,, is the proportion of red

bility of drawing a red ball from the super-urn of node ¢ at
time n given the complete network history, that is, given all past
n — 1 draw variables for each node in the network {Z}' ~ ny jo1 =
{(Zl,la” Zl,n 1) (Z]\J,.. ZNﬁn 1)} satlsﬁes

P(Zi, = 1|{Z”-L‘1}N:1)
R +ZJ€N’ 7771 JtA ,J()
Zj@\// Xj.n,—l

- Si,nfl- (3)

That is, the conditional probability of drawing a red ball for node
i at time n given the entire past {Z]’v"1 }i_ 1 is the proportion of
red balls in its super-urn .S; ,, ;. This is, however, analogous to
the original Polya case, but instead of relying on the individual
proportion of red balls U,, to describe the conditional probability
of drawing red balls, we use the super-urn proportion of red balls
since we now draw from there.

Remark 3.1 (Non-Markovity): While (3) may appear to
suggest some sort of Markovity property, the process is non-
Markovian in general. This can easily be seen due to the fact
that a draw at time n requires knowledge of all previous draws
for the entire neighborhood.

A main objective throughout the rest of this paper is to study
the evolution and stochastic properties of the process defined
above. Using the above conditional probability, we can deter-
mine the n-fold joint probability of the entire network G: for
a? € {0,1}",7 € {1,..., N}, we have that

pLm (af,...

G 7a711\“')

=P ({2 =a'}Y))

H ({Zt—a”} 1‘{Zt1: Zlfv1)
t=1

H ( ) e sn) @)

where S; ; = Si’t(a"l, ..., aly) is defined in (3). With the above
explicit joint distribution, it is possible to determine the distri-
butions of each node’s process. More specifically, using (4), the
n-fold distribution of node i’s process at time ¢ > n is

HE>

t
P,L*(,,tl)(ai,t—n—o—la'"aa%t) p— Z Pg(>(a§,...,a§\r).
(1,:7”6{0,1}17“
a;E{O,l}’ e
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In order to measure the spread of contagion in the network at
any given time, we wish to see how likely it is, on average, for a
node to be infected at that instant. We, hence, define the average
infection rate in the network at time n as the average marginal
probability of drawing a red ball

1 N 1 N ()
f:_—f§ P(Z; __1__7§ PY(1).
n N — ( ,n ) ?‘7 P .M ( )

Note that I, is a function of the network topology (V,€), the ini-
tial placement of balls R; and B;, the draw processes {Z; ; }}_ 1,
and number of balls added {A, ;(¢)}}_, and {A,(¢)}}_, for
each node ¢ € V. Unfortunately for an arbitrary network, the
above quantity does not yield an exact analytical formula (ex-
cept in the simple case of complete networks). As such, in
general, it is hard to mathematically analyze the asymptotic be-
havior of I,,, which we wish to minimize when attempting to
cure an epidemic. Instead, we examine the asymptotic stochas-
tic behavior of a closely related variable given by the average
individual proportion of red balls at time n, namely

. 1 &
Un = N ;Ui,n

which we call the network susceptibility. This quantity is related
to the conditional probability of drawing ared ball, as seen in (2).
Since the individual urn of node i is in every super-urn in the
neighborhood, if U; ,, increases, then S} ,, increases for every
j € M’ and, hence, given the past history, those nodes are more
likely to exhibit infected behavior as seen from (3). Note that
similar to I,,, U, is a function of the network variables.

Remark 3.2 (Finite memory): It is worth pointing out that a
practical adaptation to our model can be considered, where urns
have “finite memory” in the sense that the balls added after each
draw are only kept in each node’s urn for a finite number of future
draws. This model is developed in [18] for the classical Polya
process in the context of modeling communication channels,
where it is shown that the resulting finite memory contagion
process is stationary, Markovian and ergodic. We present the
following result that states that in this case the entire state is
Markovian and, hence, it is a limited reinforcement model, but
we leave an in-depth investigation to a future work. °

Proposition 3.3 (Finite Memory Markovity): The entire
state of the network Polya contagion process {Z, }2°, with
finite memory M is Markovian with memory M.

Proof: By (1) and (3) and the fact that added balls are
removed after M steps, we have for n > M that

P(Zin=11{Z;7"})
B R; + Zje/\// ?:ij ZjAr (1)

T4 3 jent Stmnar ZitBry (8) + (1= Z5.0) A 5 (2)
=P (Zn = 11425000

Using the above result along with conditional independence,
for (a1,...,an) € {0,1}", we have for n > M that

P

N

=aj,.. '7ZJV.,TI, = an | {Z;lfl}j\le)

,n

o

~
Il
—

P(Zin=11{2}7"}0)

L

N
Il
—

P(Zin = 11420 1)

P (Zl,n =A1y..., ZN,n = an | {Z_;Igl\[ }jV:1>

and, hence, the entire network process {7, }>°_; is Markovian
with memory M. [ |

IV. STOCHASTIC PROPERTIES

We next examine the stochastic properties of the network
contagion process. We assume throughout the beginning of this
sectionthat A, ; () = Ay ;(t) = A > 0,foralli € V and times
t; that is, the net number of red and black balls added are equal
and constant in time for all nodes. In the case of a complete
network, the composition of every nodes’ super-urn is identical,
since there is only one super-urn that is being drawn from.
Thus, for a complete network, the super-urn model is analogous
to one urn where multiple draws occur with replacement, which
has been recently studied in detail [20]. However, the analysis
in [20] is carried out in an aggregate sense, that is, only for
the entire urn and not individual processes. Unfortunately, this
aggregate approach does not work in a network setting, whereas
the super-urn model proposed here is applicable.

A. Complete Network Marginal Distributions

We first focus on the special case of complete networks to
derive some useful probability distributions; later on, we will
obtain other stochastic properties that apply to more general
networks.

Given that the network is complete, we focus on one of the
nodes, say, « € V. For ease of notation, we define T] = ij:l
Ty =: T, and similarly, R; =: R, B; =: B, for all j € V. Defi-
ning the events 4,1 ={Z;,_1 = ay-1,...,Z;1 = a1} and
Wiy ={A, 1 {Z]7 =071} ) with 0771 e {0,137,
and parameters p = % and § = %,
under the above assumptions, that

we can write using (3)

P(Zi,n = lyAn—l)

bt efo, 1) A
R + A Z?;ll (at + Zj?gz- b]‘7t>
T+ A+, A

P(Zz',n - 1|Wn71)P(Vanl)

'n—l)
by it
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p+ 5 0 (a+ s bi0)
1+ (n—1)6

- ¥

w1l s:
b} E

n—l)

P(An—la {Z})_l = b.?_l}ﬁéi)
1+ (n—1)5

§ — P(Anfl’{Z;'lil = b;'hl}j#i)
+Nz<at 1+ (n—_1)

1 —1)6

i#i +n—1)

By examining an arbitrary term k # ¢ in the final sum above,
for fixed t € {1,...,n — 1}, we can sum out all the other draw
variables

>

n-1 n-l.iz;
by e{0, 1} A

- ¥

bt P(An-1, {Z;-FI = 5?71}1#)

bk,tP(An—hZ]:L71 = bzil)

b tef{o, 1}
= Z b P(Ap_1, Ziy = bry)
b/.._tG{O,l}
== P(An—th,t = 1) (6)

Further, by the law of total probability

> PAAZT =5 ) = P(Au).
bl “Lefo, 1y
(7
So using (6) and (7), (5) becomes

pP(An—l) +% 21;11|:atP(An71)+Zj?giP(An71aZj.t = 1)]
1+ (n—1)5 ’

Thus, using the law of total probability, we have

P(Zin=1)= Y P(Z,=1A4,,)
an—1 6{0,1}" -1
_ Z pP(A, 1) + %Z;I:_ll arP(A,-1)
—~ 1+ (n—-1)
" LDy i P(An1.Zj = 1)
1+ (n—1)5
RN P(Z = 1) ®
B L+ (n—1)8

An interesting corollary of this derivation is as follows.
Lemma 4.1 (Complete network marginal distribution):
The 1-D marginal distribution of node ’s contagion draw pro-
cess {Z; ,, }>°_, for the N-node complete network is given by
P =P(Ziy=a)=p"(1—p)"

where: € V,n > 1,and a € {0,1}.

Proof: We proceed using a strong inductiononn > 1, show-
ing that P(Z; , = 1) = p, for all nodes i € V and all n. The
base case readily holds, since at time n = 1

N
1 R

P(Ziy=1)=- = P(Zy;=1) = %1T _,
i=1+1

Now, assuming that P(Zj_t =1)=pforalljeVandt<n
and using (8), we have

P+ E i Yy P(Z = 1)
14+ né

_ Pt wNp
14 nd

_pHOYiap
1+né

P(Zipi1=1)=

p

which completes the induction argument. The result now follows
using the fact that

P(Zjn=1)+P(Zj,=0)=1=P(Zj, =0)=1-p

for all j € V and all n. |
We next show that each node’s draw process is not sta-
tionary, in general, and, hence, is different from the classical
Polya(p., d.) process.
Remark 4.2 (Non-stationarity of the network contagion
process): Consider a two-node complete network. Then, us-
ing (4), one can obtain (after some simplifications) that

p+(1+p)}

P(ZlA,Z:l,Zl,l:l):P 1+5

P(Zy3=1,Z15=1)

= > P(Zia=a,{Z =1}, {Z0s = bi}})

%16(0.1}
b3e{0,1)3
4p+ 5(2 + 14p) + 62(6 + 14p) + 5 (5 + 3p)
4(1+6)2(1 + 29)

and, hence, the network process is not stationary. °
Since every exchangeable process is necessarily stationary,
Remark 4.2 implies that the network Polya process is not ex-
changeable in general. However, some notions of stationarity
remain; in our next result, we will see that there is a consistent
relationship between the draws at the first and nth time steps.
Lemma 4.3 (Complete network (n,1)-step marginal
probability): For the complete network, the 2-D marginal prob-
ability that node ¢’s draw variables at times 7 and 1 are both one
is given by

p+(1+(N-Dp)g
1+0

P(Zi,=12,1=1)=p

fori € V, n > 2. Furthermore, for any other node &k

p+ 1+ (N-1)p)%
1+0

P(Z,,=1,Zij1=1)=p
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Proof: By Lemma 4.1, we have that P(Z;, ; = 1) = p for
all k € V, so it is enough to show that

p+ 1+ (N-1Dp)f
1+9

for all n and nodes 7 and k. Using the law of total proba-
bility (3) and after some simplifications, with defining W,, _; =
{7V = a5 ' {27 = b1} 24} (note that W, is a func-

tion of {b?1 1 }j-4, but for snnphcuy we omit this), we have that

P(Zyn=1Z1=1)= €))

P(Ziy =1|Ziy =1)

a “tefo1yn?
by te{0,1y i

P(Zin =121 =1,W,1)

XPWy_1|Zin=1)
_ Z +%(1+Z::_21 a’f+zn IZJyﬁz )
B 1+ (n—1)§
ay 1b”ll:jyrfi ( )
X P(Wn—l | Z/[jjl = 1)
O\ PW,11Z;1=1
SR (GOE St
ay 1b” ljyfz
"ziat Waoi | Zia =1)
1+ (n—1)5
§ b P(Wy oy | Ziy =1)
+N; 14 (n—1)8 '

Then, after arranging terms and using the law of total
probability for

>

(l” -1 bu —1. ]#L

bj PWy_1|Zi1)=P(Zjy =1|Z;1=1)

we have
P(Zin=1|Zin=1)
_ (ot £3)(1) N S S P(Ziy =11Z;1 = 1)
1+ (n—1)6 1+ (n—1)6
% ?:_11 Zj#i P(Zjs =1|Z;1 =1)
14+ (n—1)
p+ 237&1 ( i1 — 1)
1+ (n—1)9
L[S S P =120 = 1))
1+ (n—1)
o p(l+ (N -1)L)
1+ (n—1)0
IS SIS PZ =112 =)
1+ (n—1)5

+

+

+ (10)

0.215 — Empirical value
— Settled value
0.2025 = = = = = == I AL AT w11
0.195 '
500 1,000
Fig. 2. Simulated values for P(Z; , = 1,Z; ,-1 = 1) for an arbitrary

node ¢ averaged over 50 000 simulated trials on the network shown in
Fig. 3(d). All parameters remained constant throughout all trials; see
http://bit.ly/2tnBix5 for a complete list of them.

It can be similarly shown by symmetry of the complete network
that (10) holds for P(Z;, ,, = 1| Z;1 = 1) if k # .

In order to show (9), we proceed using strong induction on
n > 2. For the base case, setting n = 2 in (10), we have for any
LkeV

pl+ (N -1
1+6

p+(1+ (N -
1+0

D4

P(Zyo=1Zin =1) =

1)p) %

as desired. Assume now that P(Z,, = 1| Z;1 = 1) is given
by (9), for2 <t <n —1andanyi,k € V. Then by (10)

P(Zk7,77, :1|Z71 :1)
p(1+ (N —1)2)
1+ (n—1)d
41+ S0 S P(Zi =11 Ziy = 1)]
L+ (n—1)o

&)+ & [N(n—
1+ (n—-1)

+

p(1+ (N —

p+(1+(N-1)p) &
Q)H—a“}

-
1+ (n—-1)

p+ 1+ (N -
1+0

1>p>;3]

B 1)p) &

(1+9)

p+(1+(N-
149

1)p) 4

+d(n—2)

p+ (1+ (N -
1+6

which completes the induction argument. |

Although the draw process is not stationary in general,
simulated results suggest that it satisfies some asymptotic sta-
tionarity properties, in the sense that given sufficient time, the
process settles and deviations become very small in magnitude.
A representative example is shown in Fig. 2 for the 2-D dis-
tribution at times n and n — 1 in the five-node network shown
in Fig. 3(d).
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Fig. 3. Comparison of normalized simulated histograms for the sample average of draws = " | Z; ; and the Beta (4, 12+ ), Beta (4,

and Beta(g’—i, 4

1-pi )
6’ ’
T

Lpi ) pdfs from Models |, ll(a), and ll(b), respectively, for an arbitrary node ¢ with n = 1000, averaged over 5000 simulated trials.

Here, the pafameters A as well as R; and B;, for all i € V', were uniformly randomly assigned for each network, and were consistent throughout
all trials. See http://bit.ly/2tnBix5 for a complete list of all parameters used for each network. (a) 10-node complete network histogram. (b) 100-node
complete network histogram. (c) 5-node Barabasi-Albert network histogram. (d) 5-node Barabasi-Albert network [23]. (€) 100-node Barabasi-Albert

network histogram. (f) 100-node Barabasi-Albert network [23].

B. Martingale Theorems

We now turn our attention to the martingale properties of the
network contagion process, where we do not assume that the
network is necessarily complete. Recall that by the martingale
convergence theorem [15], [16], if a process {Z,, }°°_; is a mar-
tingale (or supermartingale, or submartingale), there exists a
random variable Z such that {Z,, }2°_; converges almost surely
to Z as n — oo.

Theorem 4.4 (Individual Urn proportion martingale): For
a network G = (V,€), A, ;(n) =Ay;(n)=A,and T; =T,
for all 7 € V' and all n, the individual proportion of red balls
{Ui n}32_, is a martingale with respect to the draws for the
whole network {Z,, }>° | = {(Z1.4,...,Zn.n)}>2, if and only
if, almost surely

1
W Z Ujn-1=Uin-1.
ien;

Proof: Using the expression for U; ,,, (2) and (3), we have
almost surely

E[Uign | Z’rl,—l]
=E AZ’L" + U£7TL71(T + (TL - 1)A) ‘ anl
T+ nA
= Ui,n—l(T T (TL — 1)A) AE[Zi,n, | Zn—l]
- T +nA T A
= U T+ @n—-1)A  AP(Z, =1|Z"1)
— i,n—1 T+,nA T+nA
— 1— A +A2J€/\/I/ UJ‘"_l(T"'(’I’L—l)A)
=Uin-1 T +nA (T+HA)|M/|(T+(TL—1)A)
— 17 _ AUipa Uin-1+ Zje/\/’,,; Usn
=Uin-1 T +nA |Ml|(T+nA)
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|:Zj€./\f,, Uj,71,—li| - |M|Ui,,n—l
(T +nA) (N +1)

AZ]E/\/( j,n—1 Ué,nfl)
(T +nA) (N[ +1)

= Ui,n—l + A

=Uin1+

(11)

This implies that {U; ,, }>° ; is a martingale with respect to
{Z,}22_, if and only if

1
ZU]nl znl <:>|N|ZUJ711 znl
JEN; e
almost surely. |

If the condition in Theorem 4.4 holds, then for any ¢, both U; ,,
and = > | Z; ; converge almost surely to a limit as n — oo.
However the condition of Theorem 4.4, barring the trivial single
node scenario, is not verifiable. To resolve this issue, we instead
examine the evolution of the average proportion of red balls
(i.e., the susceptibility) in a regular network.

Theorem 4.5 (Regular network susceptibility martin-
gale): For a regular network G = (V, &) with A, ;(n) = Ay,
(n) = A and T; = T for all nodes i € V' and times n, the net-
work susceptibility {U,L oo ,, where U, = % 2711 Uin,isa
martingale with respect to {Z,, }7°_;.

Proof: We have, similar to Theorem 4.4, that

E[(j’n | anl]

1

[ 1'n|Z1L 1]

|:Ln1

— J + = AE:JE/\/: (Uja”*1 _Ui.nfl)
T2 TN(T + nA) (N + 1)

= |

Azje/\/( J,n— l_Uz’,n—l)
(T +nA)(INi| +1)

3w
ok

== \

Let us examine the second term of the last equality. If this term
is zero, {U, }2_, is a martingale with respect to {Z,, }>°_,. We
now define the adjacency matrix [a;;] of our network, where the
(4,7)th entry a;; is 1 if (¢,j) € £, and O otherwise. Since we
assumed that our network was undirected, [a; j] is symmetric,
thatis, a;; = aj; forall¢,j € V. So

N Azj‘ej\f, (Uj;n—l - Ui,n—l)
N(T +nA) (N[ + 1)

A aij(Uin 1 = Uin i)
N(T +nA)(N;| +1)

i=1

i=1
N N
]n 1= Ui,71—1)
RGN M e
Now, we examine the sum of the (7, j) and (j,7) components

of the double sum, where (i, j) € £ (otherwise, both terms are

zero). Recall that (7,4) ¢ £, Vi. We have

Qjj (Uj,n—l - Uz‘,nﬂ) aji(Ui,nfl - Uj,nfl)
Vil +1 W] +1

aij((]j.’n,—l - LfL 1)(|N | + 1)
(il + DN+ 1)

aji(Ui,nfl ] n— 1)(|N| + ].)
(Wil + DN+ 1)

_wNI-ND
- a +1)(|M| +1) (Uj,nfl Uz,n—l).

From above, it is clear that this term is zero for all ¢ and j
by setting || = ||, that is, in any regular network, and so
{U, }22_, is a martingale with respect to {Z,, }>°_ ;. [ |
We next allow the net number of black balls A; ;(-) to evolve
stochastically in time as a function of the past draw history in the
network in order to steer {U; ,,}>°_; to a limit for every node 1.
Theorem 4.6 (Individual Urn proportion categories): In a
general network G = (V, &) with A, ;(n) = A, foralln € Z>,
and i € V, if we choose {A; ;(n)}>2, so that

Ar(l - Ui,nfl)Si,nfl
Uimfl(l - Si,nfl)

almost surely for all n € Z>; and i € V (respectively, equal to,
less than or equal to), then {U; ,, }°°_; is a supermartingale (re-
spectively, martingale, submartingale) with respect to { Z,, }2°_;.

Proof: We will start with the case of a supermartingale. That
is, we wish to show that almost surely for all n € Z>,

E[Ui,n ‘ anl] -

Ay i(n) >

Uin- <0.

Define Z;,, = .}, Zi, and take X;, as in (1). Then, we
have almost surely
Ui,n - Ui,nfl
R +A ( i,n— 1+Z7n) N Ri+ArZi,n71
Xt7n Xierfl
o ArZi,n (Rz + ArZi,n,fl)(Xi,n - Xi,nfl)
N Xim, Xi‘n,lei,n
_ AV'Zv',,n, _ Ui,n—l(Xi,n, *Xi.,n—l)
1
= X ArZi,n - Uz',nfl (ArZzn + Ab,i (n)(]- - Zzn))
i,n

since X; ,, > 0 for all n € Z>; almost surely, we can ignore it.
Now, since U; ,,_1 is almost surely constant given Z,,_;

E[Ui,n |Z71,—1} -

That is, we wish to check if, almost surely

Ui,n,—l S 0= E[Ui,n, - Ui,77,—1 | Zn,—l} S 0.

E[ATZZ',TL(l - Ué,nfl) - Abj(n)Ui;nfl(l - Z’i,n)‘anl} S 0.
Now if
A (1 —=Uin-1)Sin-1
AM’ Z - -
Iﬁ/(n) Ui77L*1(1 - Si,nfl)
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almost surely, we have

E[ArZi,7z(1 - U'i,;n—l) - Ab,i(n)Ui,n—l(l - Zi“,n)|Zn—1j|
S E A7Zzn(1 - Ui,nfl) - Ui,nfl(]- - Zi,n)
A'r(l - (]i,nfl)‘s”zﬁ,nfl 7
Uin-1(1 = 8Sin-1) nt
Si,nfl
= Ar(l - Ui.nfl)E Zzn - (1 - Zzn)i anl
’ ’ 1—=5i,-1
Si n—1
:Ar 1- i,n— i,n— - (1- in—1)T—a
(1= Vi) g = (1= Si) o]

=0

where the second to last equality comes from the fact that
E\Z; y|Z 1) = P(Zi =1Z,-1) = Sin—1  almost surely
by (3), and that S; , 1 is almost surely constant given Z, ;.
Thus, as long as A, ;(n) obeys this bound almost surely for
all n € Z>y, {U; n}5°, is a supermartingale with respect to
{Z, }>>_,. Similarly, if A; ;(n) is almost surely equal (respec-
tively, less than or equal) to this bound, {U; ,, }7° is a mar-
tingale (respectively, submartingale) with respect to {Z,, }>° ;.
[

Theorem 4.6 tells us what bounds for {A ;(n)};°; must be
obeyed almost surely to guarantee that {U; ,, }>° , admits an
asymptotic limit for all 7 € V' in any general network. For in-
stance, this tells us that by choosing A ; () = 0 almost surely
foralli € Vand t € Zq, {U;,, };°; will be a submartingale
and will converge to some limiting random variable. While this
result is interesting for modeling contagion, it is especially use-
ful in the context of curing.

V. MODEL APPROXIMATIONS

As previously noted, the dynamics of the network contagion
process are complicated, especially when considered on general
networks. For this reason, in this section, we develop two useful
approximations to this process on a general network that allow
us to shed some light on its asymptotic behavior. Throughout this
section, unless stated otherwise, we consider general network
topologies with A, ;(¢) = A, ;(t) = A for all ¢t € Z>; and
i € V. However, to match the 1-step and (n, 1)-step distribu-
tions, we make the simplifying assumption that the neighbor-
hood of each node i can be represented as a complete network,
i.e., all of its neighbors are connected to one another, in order to
apply Lemmas 4.1 and 4.3.

A. Approximation: Computational Model

We now introduce our first approximation technique, where
we approximate the contagion process of each node in the net-
work with a classical Polya urn process.

Model | (Computational model): We approximate the dy-
namics of any node ¢’s contagion process using a classical Polya

process Polya(p, = pi, 8. = 0;), with

Zje,/\/'/ Rj a 1
o o L M)
pi = SIS , and 9; = argmgm nD (Pm HQ/J”S)

with
oy DT ) (20 w)

T e () ()

where I'(+) is the Gamma function, a™ = (ay,...,a,) € {0,1}",
anda" =a; +---+a,. °

Here p. is chosen to be the proportion of red balls p; in the
node’s super-urn, so that the 1-D distributions of the classical
Polya process and the node process {Zi,n } coincide, whereas 52
is set by performing a minimization to find the value that best
fits Q(pﬁ)g_ to the distribution of {Z; ,,}>°; of node i € V. We

use a divergence measure, denoted by D(:||-), to observe the
quality of the fit.

The explicit derivation of the distribution QSUS can be found

in [17] and [21]. This method ensures that the fit of Q(;)& is as
close as possible under the given divergence measure. Since we
are measuring the error in using an approximating distribution,

we use the Kullback—Leibler divergence [22]; we thus have that

(n) ¢ n
N 1 n ] P)z n \@
d; = argmin — E ]37-(”) (a")log L
n N Q(n)~CL")
am €{0,1}" pis6
= arg max ! E p" (a")log Q" (a")
5on tn pi ;0

am e{0,1}"

since Pi(‘z,) (a™)log Pi(_?l) (a™) is independent of 8. The approxi-
mating process is stationary and exchangeable, as it is a classical
Polya process. We also know (from Section II) that it is noner-
godic with its sample average converging almost surely to the

Beta(%, 1_6—’])’) distribution. Calculating an analytic expression

for the minimizing 6; is not feasible in general, and hence should
be performed computationally. However, due to the above min-
imization, the value of Si is, by definition, the best way to fit a
Polya process to the process {Z; ,, }7°_, for a given n.

B. Approximation: Analytical Models

An alternative to Model I is to attempt to find approximations
whose parameters can be determined analytically.

Model li(a) (Large-network analytical model): For any
given node i, we approximate the dynamics of its process
{Z;,};>, by using a classical Polya process Polya(p, =
pi, 0. = d), with

; = 7Zj€j\/f/ ik and 0; = S
pi S D TN+ (N —1)§
_ _NA
where §; = ST °

Here the pararﬁeters of the classical Polya process are cho-
sen by directly matching its first and (n, 1)-step second-order
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statistics with those of {Z; ,, }7°_, . This method avoids the com-
putational burden of the previous model by yielding an analytical
expression for the correlation parameter of the classical Polya
process.

We next prove that under some stationarity and symmetry
assumptions, the contagion process running on each node in the
network is statistically identical to the classical Polya process
of Model II(a).

Lemma 5.1 (Exact representation): Suppose that

1) P(Ziy=1] Z;f;l =a""') = p;, and

2) P(Ziy=1Z}7" =a" )= P(Z,=1]2}{' = a" )
foralln >1,2<t<mn,ijkeV,a"te{0,1}" L. Then
for any node 7 in a complete network, { Z; ,, }°°_; is given exactly
by the Polya(p;, d!) process.

Proof: For any node ¢, we wish to show that for all n, the
n-dimensional distributions of {Z; ,, }2°_, and the Polya(p;, d!)
process are identical. It is enough to show that the conditional
probability of one event given the whole past is the same, since
any joint probability can be written as a product of conditional
probabilities. Let us define the events 4,, | = {Z ol =gn1)

and B, 1 = {Z} ;" = 0] "}z Then
R\n = P(Zz',n =1 ‘ Anfl)

P(Ziﬂz = 1|A'n,—1an—1)P(Bn—l|An—1)

bn IE{O l}n I 'L
pit 50 1<at+2j7éib7~t)
= ~—P(B,_1 | A,_
3> AR B s
bj'_ll:];él
- Z pi(1— (N —1)8;) +0; 37, 1(at+zj7ﬁ7 bjt)
B — 1+(N(n—2)+1)(5§
b;”_l ESY) '

X P(anl | Anfl)

pi(l— (N —1)&) +6 5 a
= - - P(By1|n- A
1+ (N(n—2) + 1)3, an# (Bu-t | n-14)
n—1
+ ,ZZ Z bjz‘P n— I‘An 1)
T+ (N ( 10, 2
Hébb” i

(pi<1—<N—1> DG a) 1
- 1+ (N(n—2)+1)d
5/ ZH&L P(qut =1 | Anfl)
1+(N(n—2)+1)5,§
Then using assumption (1), we have
pi(1— (N =1)8) + 6 3/2) ar + 6(N — 1)p,
1+ (N(n - 2) + 1)
5l n 12]# P(Zj,t =1 ‘ An1)
14+ (N(n—2)+1)d
pl + 9 7771 [at +2 i P(Zje =114, 1)}
1+ (N(n—2)+1)d;

Pi\n =

Now using assumption (2), we get
n—1 n—1
P p1+57/ ( tI:I af+zl ZﬁéLR\n)
in 1+ (N(n—2)+1)d,

P+ (Et 1+ (n=2)(N - 1)Pi|”>
1+ (N(n—2)+1)d

Thus, we have that

pi+ 6 (X1, o+ (=N — )Py, )

P, =
iin 1+ (N(n—2)+1)d
Pi +5, Zt 1 at
p, =" " TiLda=1
~ = T 1)g,

which is the conditional probability P(Z, = 1|Z""' = a"!)
for a Polya(p;, d) process. A similar calculation can be per-
formed for P(Z; , = 0| Z!'/' = a" 1), [ ]

Unfortunately in a general network setting assumptions (1)
and (2) above do not hold true. However, this result motivates
the fact that this analytical approximation is reasonable to use
for situations where these assumptions hold within tolerable
margins of error; empirical evidence indicates that this occurs
for large values of IV, since as N increases the quality of the fit
improves. This approximation, nevertheless, drastically reduces
the complexity in analyzing the individual contagion draw pro-
cesses, as closed-form expressions for the process parameters
are available.

Model Ii(b) (Small-network analytic model): Given any
node 7 in the network with a small to moderate number of
nodes, we approximate the dynamics of its contagion process
{Z,};°_ using a Polya(p;, 6;) process, where

= IR
E/EN’ T
§* = 6i/N = 0i
‘" N+ (N-1);/N N+ (N-1)
where §; = Ziﬁ T °

The idea behind this model is that we want to remove the
dependence on the number of nodes /N from the parameter
8; = XA and so we divide each instance of §; in 07 by N. The
idea is thatas n grows, it eventually becomes significantly larger
than the relatively small number of nodes N, and so n|\;| ~ n
for all 7 € V. Hence, we may consider that for a sufficiently
large time, we have added nA balls to the super-urn. Effectively,
this means, we are using a correlation parameter of instead
of § = ]\%—A. Simulation results confirm that this appr0x1mat10n
captures the limit distribution of the original process better than
Model II(a) when the number of nodes is small. Fig. 3 displays
this relationship. A summary of all models presented in this
section, and the scenarios under which they are most suitable,
is provided in Table I.

We close this section with numerical demonstrations on the
fitness of all models. Fi g 3 shows a representative comparison
between the Beta(4+, -£-) pdf and the simulated histogram

5 o’
of 1 - thl i n» where n = 1000, for an arbitrary node 7 in the
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TABLE |
APPROXIMATION USAGE SCENARIOS

Model Usage Scenario

1 Exactness valued over analytic simplicity

1I(a) Larger values of IV, i.e., large network

1I(b) Small to moderate values of N, i.e., small network

given networks. Recall that the Beta(%, 1? L), Beta(%r, 1;,’) L),

and Beta( 4+, 107[’ L) pdfs are the distributions of the limit random
variables to which the sample average of the draw processes of
Models I, II(a), and II(b), respectively, converge almost surely,
asmn — oo (see Section II). We use complete networks since they
satisfy the assumption that all neighborhoods are complete, as
well as Barabasi—Albert networks that have been shown to be
a good model for real-world social networks [23] and do not
satisfy this assumption; however, our results show that the ap-
proximations still fit quite well. As expected, Model I provides
the best approximation in all scenarios, albeit without an ana-
Iytic expression for its parameters, which can provide insight
into the behavior of the underlying process. Model Il(a) fits
quite well when the number of nodes in the network is large,
as seen in Fig. 3(b) and (e), but fits poorly for a small num-
ber of nodes, which is evident in Fig. 3(a) and (c). Model II(b)
is the complement of Model II(a) in the sense that it fits very
well for a small number of nodes but poorly for a large net-
work. Hence, if analytic expressions for parameters are desired,
Models II(a) and II(b) can be used depending on the number of
nodes to provide approximations that are marginally worse than
the computational exactness of Model 1.

C. Comparison With SIS Model

We now provide a number of empirical results in which we
compare our model, with both finite and infinite memory, to the
traditional discrete time SIS model [24]. In the SIS model, the
parameter dg1g denotes the probability that a node will recover
from infection, and (s is the probability that a node will
become infected through contact with a single infected neighbor.
The dynamics are described through the probability that any
node ¢ will be infected at time ¢, P, (t), which evolves according
to the equation

Pi(t+1)

= P(D)(1 = bs1s) + (1= Bi()) [L = [T (1 = Bsrs P (1) -

JeN;

Note in particular that this model exhibits Markovian behavior,
since the evolution of the process depends only on the prob-
ability of infection from the previous time step. We make the
simplifying assumption that ds1g and fsig remain the same for
all nodes and throughout time, and hence we will compare it
with the network Polya contagion process when A, and A; are
similarly fixed in time and throughout the network.

The concept of an epidemic threshold for the SIS model gives
a value through which one may determine whether the epidemic
dies, a priori using only the system parameters [24]. The thresh-
old condition is directly related to the largest-magnitude eigen-
value A .x of the adjacency matrix of the underlying graph
of the network, and states that if dsis > OsisAmax then the
epidemic will be eliminated after some time n, i.e., eventually
P;(t) = Oforall i and all ¢ > n. Furthermore, it has been shown
that this threshold is tight, and indeed if dg15 < Bs15Amax then
some nonzero convergence point exists, called an endemic state,
and the epidemic will never be eliminated [25].

Fig. 4 compares the behavior of the SIS model and the net-
work Polya contagion process for different selections of these
parameters. The initial probabilities of infection P;(0) for the
SIS model were set to coincide with the initial individual pro-
portions of red balls for the nodes }T?— Further, we relate in
Fig. 4(a)—(c) the parameters [g1g and 53’15 to A, and Ay, respec-
tively, using ratios of the largest-magnitude eigenvalue A,y of
the adjacency matrix of the graph shown in Fig. 4(d).

Fig. 4(a) shows a comparison when the SIS model is display-
ing endemic behavior. We see, here, that after a very short time,
the SIS model settles and shortly thereafter the finite memory
process settles (albeit to a different value), while for the infinite
memory process the individual rates of infection and, hence,
the average I, continue to increase in time. Since both the SIS
model and the finite memory process have limited reinforce-
ment, while the infinite memory process does not, these results
are to be expected. Fig. 4(b) displays a comparison where the
epidemic threshold is met and the epidemic dies out for the
SIS model. Here, we note that fn for both the infinite and fi-
nite memory processes decreases and approaches zero, albeit
not as quickly as the SIS model. Hence, we observe that when
the curing parameter A is much larger (in fact, more than five
folds larger) than the infection parameter A, the epidemic is
eliminated, as we expect, and this behavior of the SIS model
is captured by the network Polya contagion process. However,
the finite memory process does not fully approach zero, since
the initial conditions R; and B; have a much larger influence
relative to the infinite memory process. Finally, Fig. 4(c) shows
the case where the epidemic does not vanish and the parameters
in both models are set to be equal (ds1s = Osis and A, = A,).
We observe a similar trend between all models, with the fi-
nite and infinite memory processes exhibiting near-identical
behavior.

Through these observations, we may conclude that both ver-
sions of the network Polya contagion process may apply to
the modeling of epidemics, albeit in different applications. The
finite memory process exhibits behavior that is more closely re-
lated to the SIS model since they are both limited reinforcement
processes, and hence it may be best suited to traditional biolog-
ical diseases. The infinite memory process obeys similar trends,
but in the endemic state there are some interesting differences
since the effects of the infection continue to spread throughout
the population. On the other hand, the SIS model quickly set-
tles and does not change in time. Thus with infinite memory,
our process is better suited to modeling opinion dynamics, the
spread of ideas, and advertising schemes.
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Fig. 4. Comparison between discrete time susceptible-infected-susceptible (SIS) model average infection rate ]v Zf\zl P;(n) and the network

Polya contagion process average infection rate I,, . Simulation results were averaged over 5000 trials, and the initial parameters R; and B; for all
nodes were randomly assigned but consistent throughout all trials for a given case. Here iy ax ~ 5.05, fgis = 0.15, and A, = 2 for all cases, while

dsts and A, were set according to the ratios given above. (a) ’22{2 = ﬁf = —""{3* . (b) ’;ZIIZ = ﬁ—f{ = 1.01Amax- (C) ”32112 = ﬁ—f{ =1land Ayax > 1.
(d) 100-node Barabasi—Albert network [23].
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