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Abstract—The design of two-dimensional constellation map- a residual redundancy due to the suboptimality of the compres-
pings for the transmission of binary nonuniform memoryless sion scheme. This redundancy, inherent or residual (after source
sources over additive white Gaussian noise channels using Stan'coding) has two forms: redundancy due to the nonuniform dis-

dard M-ary PSK and QAM modulation schemes is investigated. tributi fth bol d redund due t
The main application of this problem is the incorporation of an ribution or the source Symbols and redundancy due to source

adaptive mapping assignment in modem devices that employ memory [1]. The redundancy due to the source nonuniformity
fixed PSK/QAM modulation schemes for the transmission of can be statistically characterized by modeling the source (before

heterogenous data (such as multimedia information) containing or after compression) as an independent identically distributed
various levels of nonuniformity. In general, the optimal mapping (; j 4.y nonuniform process. The total redundancy (due to both

depends on both the probability distribution of the input signals . . . .
and the signal-to-noise ratio (SNR) in the channel, in addition nonuniformity and memory) can be described using a Markov

to the geometry of the signal constellation. We show that con- process model.
stellation mappings which follow the objective of minimizing the  The redundancy of speech and image signals has been inves-
average symbol energy and, given this, maximizing the decoding tjgated in several recent works (e.g., [2]-[8]). In [2], the residual
probability of the most likely signals, can yield symbol-error-rate dund tin the li tral t LSPs) at th
and bit-error-rate performance that is substantially better than redundancy presentin the line spectral parameters ( s) atthe
obtained for highly nonuniform sources. Finally, we note that the guantified using Markov processes. It was shown that 17.5% of
mappings techniques result in nonzero mean constellations and the LSP bits are redundant due to their nonuniformity and that
briefly consider their performances when they are converted 10 5404 of them are redundant due to their statistical dependency,
zero mean constellations by shifting. In this case, we observe that lting in a total redund £41.5%. In [8]. th idual
the shifted zero-mean Gray map outperforms our shifted maps resulting in a tota re. un' ancy o 970, n [8], the residual re-
for small- to medium-sized constellationg M < 32), but not for ~dundancy reflected in discrete cosine transform (DCT) coded
larger sizes. images was studied. In [3], the natural redundancy embedded in
Index Terms—Error rate, Gray map, joint source-channel (uncompres_sed) pnonal images was examlngd; |t_was observed
coding, maximum a posteriori (MAP) and maximum-likelihood —that many binary images (e.g., text and medical images) were
(ML) decoding, nonuniform sources, phase-shift keying (PSK) up to 80% redundant due to nonuniformity. Similar results were
and quadrature amplitude modulation (QAM), signal mapping. obtained in [7].

In cases where the information is transmitted over a noisy
l. INTRODUCTION channel using a standard signaling constellation, its redundancy
. . o . can be appropriately exploited by using a maxinaposteriori
OR EQUALLY likely signals, Gray mapping in two-di- \,ap) detector instead of a maximum-likelihood (ML) detector
_mensional (2-D) signaling is widely known as optimal fofg o 191 [9]-[13]), hence, reducing the error rate of the com-
minimizing bit-error rate (_BER)' However, many datg SOUrC&Runication system. A simple example is shown in Fig. 1, in
(e.9., image or speech signals) are nonuniformly distribut&gljop the yse of MAP decoding improves system performance
thus, they contain substantial amounts of natural redundan er ML decoding for a highly nonuniform source and in which
Furthermore, even when they are compressed, they still exhi ié gain obtained from nonuniformity in the source and the
use of MAP decoding is illustrated. In this example, the BER
Paper approved by K. Rose, the Editor for Source-Channel Coding of tteeexamined for a 16-quadrature amplitude modulation (QAM)
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' T T T T T T T T Tt 1 into zero-mean constellations is impractical for some systems,
especially as a mechanism for adapting to varying levels of
4 data redundancy. We study this issue in the sequel and provide
some quantitative examples of the energy penalties incurred
in exchange for the benefits of retaining a fixed standard 2-D
constellation. We also show that, in some cases of higher order
modulation formats, our mappings provide gains relative to the
minimum-energy (zero-mean) Gray map constellation.

The remainder of this paper is organized as follows. The
general problem formulation is introduced in Section Il. In
Section lll, design criteria for 2-D constellation mappings for

P,

\134% ggggéﬁgg E%é% | the transmission and MAP decoding of binary nonuniform
memoryless sources ovéd-ary PSK and QAM modulated
ol N AWGN channels are presented. Performance results and
A ; 56 7T 8 9D discussions are given in Section IV. In Section V, zero-mean

shifted constellations are considered. Finally, conclusions are
Fig.1. BER of a 16-QAM modulated nonuniform source witk= 0.5,0.9.  Stated in Section VI.

necessarily optimal for minimizing BER or symbol error rate Il. PROBLEM STATEMENT
(SER).

In this paper, we propose criteria for the construction of good We consider a sourcg X, } that generates independent
mappings from a set of signals derived from a nonuniform Hpmary symbols{0, 1} according to a nonuniform probability
nary source{ X,,} to points of a given 2-DV -ary constella- p= Pr{Xn = 0} > 1/2. Itis desired to transmit the information
tion. We illustrate this in the context of an uncoded communie a user over an AWGN channel. We assume thafl&ary
cation system with QAM or PSK modulated nonuniform signal®-D modulation scheme is to be used without the introduction
sent over an AWGN channel and decoded using MAP decodirg. additional delay from source or channel coding and that
Motivated by the existing modem infrastructure where PSK @ve want to maximize the efficiency of the transmission in
QAM modulation constellations are usually preset or fixed (fderms of achieving the maximum average data throughput
example, hardwired into widely used chipsets), we focus mairgr transmission at the smallest possible SER and/or BER.
on the mapping design without allowing the constellation to Heis assumed thal/ is a power of two for the convenience
altered. This scenario is particularly suitable for the communicaf implementation and analysis. The binary source symbols
tion of multimedia data whose information content is heterogare grouped into sequences havilig, M bits. Thus, we
nous (e.g., speech, images, and text) and exhibits various leyetsn a new channel symbol sequengg, }, where the inde-
of nonuniformity. Hence, as different types of data arrive fqpendent channel symbols assume onelbfdistinct values
transmission at a modem with a preset modulation scheme, {3, s1,---, sy —1} with probabilities {po,p1,---,pam—-1}-
modem adapts to the new data by simply selecting (via a softhie channel symbolgY,,} are mapped onto signal points
ware operation) the appropriate mapping. Performance comgaran M -point signal constellation for transmission over the
isons with Gray mapping schemes for different values of thiysical channel. Our objective is then to determine the optimal
constellation sizé/ and signal-to-noise ratio (SNR), /Ny are constellation/mapping pair that will yield the smallest SER
provided. We also observe that, when using MAP decoding aadd/or BER for a given number of constellation poinfsand
fixed signal constellations for highly nonuniform signals, tha fixed F}, /No.

BER performance of both 16-QAM and 64-QAM can be better The special, restricted case of this problem far = 2
than that of conventional 2-QAM, even though 16-QAM haknote that for M = 2, the problem is one-dimensional
four times higher spectral efficiency than that of 2-QAM, an@l-D)] has been analytically considered in [15]. In this case,
64-QAM has six times higher spectral efficiency than that ¢f closed-form expression for the BER is available [14],
2-QAM. making the solution tractable. In particular, in the case of

Finally, we remark that, by not allowing the modulatiorantipodal signaling [15] shows that the asymmetric constella-
constellations to be altered (as they are assumed to be préiset with the most likely signal (say,) mapped to the point
in the modem), our above mapping schemes result in nonzék@ Fs(1 — p)/p,0) and the least likely signak;, mapped to
mean constellations since the modulated signals are nonuhe point(—+/Ep/(1 — p),0), wherep = Pr{so} > 1/2
formly distributed. Therefore, the standard signal constellatiorssoptimal. This constellation/mapping pair gives as much as
are not minimum energy when used with nonuniform datd4.5-dB gain inE;/N, at a BER of10~7 over conventional
Minimum-energy constellations can be constructed from thénary PSK (BPSK) whep = 0.9 [15]. Note that the above
given constellations and the symbol probabilities by shifting treesymmetric constellation has a zero mean (since it is optimal),
centroid of the constellation to the origin of the signal space [1#hile the conventional BPSK constellation has nonzero mean.
pp. 247-248]. This may be undesirable in some systems whénee can show that, when the conventional BPSK constellation
peak-to-average power ratios are of concern. Furthermoi®,converted to a zero-mean constellation (by applying an
redesigning such nonzero-mean PSK and QAM constellatiomgpropriate translation without changing the distance between
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the points), the gain of the asymmetric constellation over tlaee not equally likely this is not true, and it is intuitively de-
shifted BPSK is decreased to around 0.06 dB. sirable to have mappings which minimize the average energy
Tractable closed-form expressions for the BER under MABer symbol. Also, intuition suggests that one should minimize
decoding for other values a¥/(M > 2) are not available the probability of error when the most likely signals are sent.
for general 2-D constellations. Intuitively, one expects th&te propose the following criteria, listed in order of priority,
a strategy for assigning the least-energy signal point to the guidelines for constructing a mapping with the objective of
most likely channel symbol is desirable, and it is this principl@intly minimizing SER [criteria 1) and 2)] and BER [criterion
that is followed in [15] for the 1-D case. The problem oB)]:

finding the optimal constellation/mapping pair féf > 2 in 1) minimize the average energy per symbol for the
two dimensions is likely infeasible (note that, in the special given symbol probabilities;

case of equally likely signals, Foscimtt al. implement in 2) successively minimize the conditional symbol de-
[16] a gradient search method to determine a locally optimal coding error probabilities (conditioned on the trans-
constellation based on an asymptotic criterion function as the mitted symbol), proceeding from the most likely to the
SNR approaches infinity). Moreover, constellations with large least likely symbol;

peak-to-average energy ratio or a high degree of asymmetry 3y \when several mappings all satisfy criteria 1) and
(Wh|Ch are ||ke|y propertieS of Optlma| or neal’-optima| constel- 2) equa”y, choose from these mappings any mapp|ng
lations; see, for example, [16]-[18]) are undesirable in practical which is a Gray map or, if not possible, choose a
implementations. Also, in systems with dynamically changing mapping that is closest to a Gray map in the sense of
source statistics (such as with heterogenous data), it is much maximizing the number of adjacent pairs of signals
simpler to switch between mappings offiaed constellation that differ in only one bit.

than to switch between different constellations. For the
T?&(ee following condition determines a mapping which satisfies

reasons, and also because of their widespread use in pract criterion 1) up to permutations within sets of symbols with the

(as discussed in Section ), our focus here is on con5|der| DJ e average ener leM SI nals with enerdiess; <
fixed PSK and QAM constellations; that is, we consider the g gy- 9 giesn =
< Ej; and probabilitiep; },, and given any permutation

problem of determining optimal or near-optimal mappings for ' -
fixed PSK and QAM constellations. m of the energy indice¢l, 2, ..., M}, the_sumZ_Z:_l Eipa(iy
is minimized if and only if the permutation satisfipg) >

. 2 px(ary- This condition is valid because if violated (e.g.
I1l. CONSTELLATION MAPPINGS FORMAP DECODING Pr(i) > Px(j) With i < j) then the average energy can be re-

duced by interchanging the violating mappings (interchange the
In this section, we consider the construction of mapping#appingsl of channgell Signa%\gandls»g) ppings (i g
P 77

from "?‘Set oM/ nonunifor!’nly di.stributed .Symbms to t.h? p_oi_nts Subject to criterion 1), we next consider criterion 2). Let
of a fixed 2-D con_stellauon with the o-bject|ve of m|n|m|zmgs ..... sy denote the signals listed from most likely to least
SER/BER. For a giveid/-ary constellation, there afe/! pos- Ilkély fhe SER is given by

sible mappings from the source symbol set to the constellation

points, and thus, despite the fact that in many cases many of the M
mappings are equivalent to one another in terms of SER/BER SER = ZPr{Symbol Error| s; sentPr{s;}.
performance (in the case of a binary source), this problem has =

exponential search complexity.

Afurther complication is the following: tractable closed-formA reasonable approach to minimizing the SER is the
analytical expressions for the SER or BER under MAP decodiggeedy one [criterion 2)], which consists of first mini-
are not known for a general given constellation and a given mapizing Pr{Symbol Error| s; sen} subject to the average
ping. Moreover, it is not feasible to search through, for examplenergy per symbol being minimized, then minimizing
thousands of mappings via simulation. To partially address tfits{Symbol Error | s, sen} subject to the average energy
problem, we employ new upper and lower bounds recently deer symbol and the first conditional error probability being
rived in [19] to assess the BER/SER performance for any giveninimized, etc. At any given stage, after selecting a mapping
mapping. The bounds are very accurate and computationally®f-minimize the average energy per symbol, we are faced
ficient. They are useful for performing exhaustive searches foith a set of permutations of that mapping which is more
small values of\/ (i.e., M < 16 for SER andM < 8 for BER) restricted than at the previous stage. From this new restricted
and for conducting limited searches for moderate value® of set of permutations, we choose a mapping to minimize the
(i.e., M = 32 for SER andM = 16 for BER). In addition, we conditional error probability of the current stage.
propose criteria for constructing a heuristic map that performsHowever, there is a practical limitation to the above proce-
well compared to optimal maps when known (obtained usirttyre: finding the set of maps which minimizes a given con-
our bounds) and locally optimal maps obtained via a search ditional error probability [as suggested in criterion 2)] is only
gorithm. For large values d¥f (i.e., M = 64), we compare the slightly less complex than finding the overall optimal map for
performance of the heuristic map to that of a Gray map (optiny moderately sized/. Indeed, this may require considering
mized for a giverp). mapping choices over very large sets.

In the case of equally likely signals, the average energy perTherefore, we propose the following two simple heuristics
symbol is the same for all mappings. However, for signals thiat accordance with criteria 1)-3) for constellations with several
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energy levels (such as QAM with/ > 4) and constellations lel
with a single energy level (such as PSK), respectively.

1) QAM Heuristic Mapping: For each energy level, starting
with the lowest and in increasing order of energy levels, w
choose a set of symbols to fill up that energy level from the s 1¢2
of unallocated symbols to satisfy criterion 1) below and thel
allocate the symboils in this chosen set to the signal points
that energy level to satisfy criterion 2’) below. 103

1) The symbols in this set are the most likely sym-
bols among the unallocated symbols (note that this s
is not unique in general).

2") The leastlikely symbols of the current set are the

Pe jeqt .

nearest neighbors of the most likely symbols of the s¢

allocated for the previous energy level. W
When there is more than one set/allocation of symbols that si  1e-5 - Gray Map (SER, LB .
isfies criteria 1’) and 2’), use a Gray mapping procedure [as di: Op té;’faa; %g’; E%E% leg o
cussed in 3) above] to identify a single set and allocation. Optimal Map ggﬁlagon e

2) PSK Heuristic Mapping:For constellations with a single
energy level (such as PSK), we propose the following simple
heuristic.

1) Place the (single) most likely symbol arbitrarily.
2) Place the nexin = log, M most likely symbols such le-7 ('} i 2' :" :1 ; ('5 ; é ; 1'0 1'1 1‘2 1'3 1'4
that these firstn + 1 most likely symbols are as uni- Ey/No (dB)
formly spread as possible, with the most likely symboi ™

being the most isolated (in Euclidean distance senggy. 2. BER and SER of 8-PSK = 0.9 using the optimal and Gray maps.
when possible Gray (optimal) map curves were obtained using the lower (upper) bound in [19].

3) Place the two least likely symbols next to the most likely™m!ated values are also shown.

symbol and the nex@m least likely symbols as nearest :
neighbors to then symbols placed in step 2), adheringtc  1e1 " %
the Gray mapping principle whenever possible. Ry
4) Repeat steps 2) and 3) until all the remaining symbols a N » N
placed. B
3) Search Algorithm:Criteria 1')-2") [or 1)-4)] can be im- le-2 "\’i\.\_?\ N ‘ -
plemented in the following algorithm to search for locally op: Q.. zg\ x
timal mappings that have good SER and BER performance. ":@:;:_m LN \
» Setn = 1, £, /Ny = lowest SNR of interest, and = P 2%;
increment. le-3 | ST
» Use criteria 1')-2") [or 1)—4)] to determine a mappihdj . 5o\
« While E,/N, < highest SNR of interest, do the o\
following: O\
— Input mapping},, as the initial point in a steepest .4 L o \g\
descent search algorithm, which searches locally
. . . ) S \ X
each iteration for the mapping which minimizes the \ \
objective function (SER or BER) by interchanging the \k\\

: : A\
assignment of a pair of symbols. Léf,,.; denote les | Gray Map {%ER LB) \\ \(

®

the final (locally optimal) mapping obtained by this My Map (SER, UB) —A—

Gray Map (BER, LB
search. f Map (BER, mﬁ.‘o.. \

Letn =n+1 andE;,/No _ E};/NO +A. Search Alhrmthm (BER, UB) - N
Note that the mapping provided by the above search algoritt e L 1
e L L L L i 1 L i ) { ! I
is, in general, a function aof; / Ny. 6 7 & 9 10 11 12 13 14 15 16 17 18
Ey/Ny (dB)

V. NUMERICAL RESULTS AND DISCUSSION
g. 3. BER and SER of 16-PSK = 0.9 using the Gray map, th&/; map,
We consider a nonuniform binary source for trananlSSl%dthesearch algorithm. Grayf and search) map curves were obtained using

over an AWGN channel with 4-, 8-, 16-, and 32-PSK modube lower (upper) bound in [19].

lations as well as 16- and 64-QAM modulations and MAP de-

coding. Some SER and BER performance results are preserdesl used to obtain the SER and BER results shown in Figs. 2
in Figs. 2—7. ForM < 16, the upper and lower bounds of [19]and 3 and Figs. 5 and 6, respectively. These bounds are tight
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le-1 -
le-1 -
le-2 |- —
le-2 =
le-3 ~
le-3 =
P, Ps
le-4 ~
le-4 -
le-5 Gray Map (LB, p = 0. -
G'ray Mag ;LB, g =0.
1 Map (UB, p =0.
Lo\ Search Algorithm (UB, p = 0.
Gray Map ((SER) —— o\
Gray Map (BER) --© -- -\
1e-5 1 Map (SER) —A— TR le-6 - n
M, Map (BER) -- @ - .
°
1 L 1 L 1 | L L | 1 L 1 L 1e-7 I I 1 1 L 1 1 1 1 1 1 1 L
10 11 12 13 14 15 16 17 18 19 20 21 22 2 -1 0 1 2 3 4 5 6 7 8 9 10
E,/Ny (dB) Ey/No (dB)
Fig. 4. BER and SER of 32-PSK at= 0.9 using the Gray and/, maps. Fig. 5. SER of 16-QAM ap = 0.9 using the Gray map, th&/; map, and
All curves were obtained by simulation using 25000 000 symbols. the search algorithm, and the SER of 16-QAMvat 0.1 using the Gray map.
Gray (M, and search) map curves were obtained using the lower (upper) bound
in [19].

and very easy to evaluate for all values of the source distribu-
tionp. In these cases, the upper bound and corresponding lower |,
bound are graphically coincident or nearly graphically coinci
dent and thus provide essentially exact error rates for practic
applications; so, for the sake of simplicity, we only show the
upper bound for our proposed maps and the lower bound for t
Gray map. ForM = 8 in Fig. 2, we also include simulation
results to illustrate the accuracy of the bounds. Moreover, sin
the bounds are numerically efficient, we are able to provide pe
formance results from exhaustive (globally optimal) and locall
optimal mapping searches, in addition to the performance
the heuristic map described in Section Ill as well as the Gre
map. ForM = 32 and 64, we do not perform a mapping searct p, 13 -

L. . . Gray Map (LB, p = 0.1) —x— 1

Rather, the performance of the heuristic map of Section Ill i fosﬁa(exi%’ p= g-gé $
evaluated relative to Gray mapping using simulation in Figs. M{Maf)’ ((UBj 5 =0.9) A
and 7. Search Algor. (UB, p =0.9) —e—

In all the examples considered in this section, we assume tt
the source distributiop is 0.9 unless otherwise indicated. We tea L
also denote the mapping obtained from criteria 1)—2") for QAN i
or criteria 1)—4) for PSK presented in Section Il as mappin
M.
A. 4-QAM/4-PSK )

For 4-QAM/4-PSK, the signals are equidistant from the le-d 2 .1 (; 1 ; ;" J; ; é ; é
origin so the average energy per symbol is the same for a E,/Ny (dB)

mapping. It is not difficult to see that there are only two map-

pings for a 4-QAM constellation that lead to distinct SER anfi9- 6.  BER of 16-QAM ap = 0.9 using the Gray map, the/, map, and the
search algorithm versus the BER of BPSK (2-QAM), and the BER of 16-QAM

BER values. These two mappings, starting in the first quadraﬂf: 0.1 using the Gray map. Gray{, and search) map curves were obtained
and proceeding clockwise, are (490,10,11,01} and (b) using the lower (upper) bound in [19].
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le-1
le-2 - = 1111 0111 0101 1101
(1100) (0100) (0110) (1110)
le-3 - - 001] 0000 0001 1001
(1000) (0000) (0010) (1010)
P, 1e4 - ] (1001) (0001) (0011) (1011)
0110 0010 0100 1100
le-s L i (1101) (0101) (0111) (1111)
1110 1010 1000 1011
le-6 Gray Map (SER) —o— *
-0 Ia; a, . B
¢ Glray Ma{)) ((BER) s -
1 Map (SER& —o— %
BPSK&?E;VI;;; (73%}%) __’% .. Fig. 8. MappingsM; and Gray (in parentheses) for 16-QAM.
L 1 1 | 1 1 1 1 1
5 6 7 8 9 10 11 12 13
Ei/No (dB) For 16-PSK, an exhaustive search is numerically tedious, re-

Fig. 7. BER and SER of 64-QAM at = 0.9 using the Gray and, maps quiring several days. In this case, we employ the bounds in [19]

obtained by simulation using 25 000 000 symbols, and the exact BER of BP&X evaluate t_heMl_ and Gray maps as well as, fOI‘ BER, the
atp = 0.9. search algorithm introduced at the end of Section Ill. Perfor-

mance SER and BER results are presented in Fig. 3. Atan SER
and BER equal to 10, the gain due to théZ; mapping over
) ] the Gray mapping is roughly 1 dB ifi, /N, for both SER and

{00,11,10,01}. Note that mapping () is a Gray map. Allger Observe also that the performance of Mig mapping is
4! = 24 possible mappings for 4-QAM can be obtained frorgite close to that of the locally optimal map obtained by the
these two mappings by rotations of 90, 180, or 270 degrees, a@dch algorithm.
reflections about the axis, they axis, the liney = =, and the  pqr 32_pSK, we present simulation SER and BER results for
liney = —z. A d|rgct comparison between the two mappingghe 17, and Gray mappings in Fig. 4. At SER and BER equal to
reveals that mapping (b) is optimal for SER at all values qfofza, the gain due to thd/, mapping over the Gray mapping
Ey/No, while mappings (&) and (b) yield essentially the samg nore than 1.5 dB it /N, for both SER and BER. We can
BER performance. Note also that mapping (b) coincides Withearly remark that the gain of thf;/search algorithm maps
the heunstch_l map. _For a given SER, the gain of mappingyer the Gray map increases as the number of sigh&ls-
(b) over mapping (@) is on the order of 0.1 dBf /Ny for  creases (compare the gains for 4-PSK versus 8-PSK, 16-PSK,
SER less thari0—3. Thus, there appears to be no significard 32-PSK). This can be explained by the fact thabam-

loss with the choice of Gray mapping for 4-QAM. creases, the likelihood of the most likely symbols substantially
increases with respect to the likelihood of the least likely sym-
B. 8-, 16-, and 32-PSK bols. Hence, a8/ increases, the error probabilities (under MAP

In Fig. 2, we compare the SER and BER performances ofigcoding) of the most likely symbols play a more dominant role
Gray mapped 8-PSK constellation and an optimally mapp#tithe SER/BER expressions than the error probabilities of the
8-PSK constellation. The optimal mapping in this exampléast likely symbols. Hence, the; and search algorithm maps
is determined using an exhaustive search. The optimal SPRich attempt to minimize the error probabilities of the most
mapping and the optimal BER mapping are the same. Spediely symbols will increasingly outperform the Gray map more
ically, proceeding counter-clockwise from the pojat 0) in  prominently asV/ increases.
the first quadrant of an 8-PSK constellation (illustrated, for
example, in [20, p. 225]), they are given by the following mag>+ 16-QAM and 64-QAM
{000111001011010110100101}. As for the 4-QAM case, Fig. 8 shows a 16-QAM constellation with a mapping .
the optimal SER/BER mapping is independent of the value Bbrp > 0.5, the mappingV/; minimizes the average symbol
E,/Ny. Moreover, it is again the case that the optimal mappirenergy [criterion 1)] and, subject to this, for afy /Ny, the
can be obtained via the heurisfi¢; map. At an SER and BER mapping M; also maximizes the conditional probability that
equal to 103, the gain due to the optimal mapping over theymbol 0000 (the most likely symbol) is decoded, given that
Gray mapping is roughly 1 and 0.5 dB k), /N, respectively. 0000is sent. This is due to the fact that symbol 0000 has the least



406

T T T T

111111 110111 110011 110101
(115?)00) (1117)00) (01%00) (01(%00)
010111 010110 011001 100001
(110X100) (111X100> (ouXmO) (010X100)
011011 010011 010010 010001
X X X X
(100100) (101100) (001100) (000100)
111001 011000 010000 000001
(100X000) (1017)00) (ooff)om (005500)
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010101 011101 011111 111110
X X X X
(010010) (011010) (111010) (110010)
000101 001011 011010 111100
X X X X
(010110) (011110) (111110) (110110)
000011 001001 001110 011110
X X X X
(000110) (001110) (101110) (100110)
000000 001010 001100 011100
X X X X
(000010) (001010) (101010) (100010)

110><001 110)?00 010)(100 000)(100
(100001) (101001) (001001) (000001)
110110 110100 100100 100000
(105<101) (101X101) (001X101) (U()5<101)

000010 001000 001101 111000
X X X X
(000011) (001011) (101011) (100011)
100010 101000 101010 101110
X X X X
(000111) (001111) (101111) (100111)

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 51, NO. 3, MARCH 2003

obtained. We also note, as M-PSK signaling, that the gain
of the M, /search algorithm maps over the Gray map increases
asM increases (compare the gains for 4-QAM versus 16-QAM
and 64-QAM). Furthermore, the mapping gain with increasing
M for M-QAM constellations is even larger than fof-PSK.
This is due to the fact that, for QAM, the distribution of low-en-
ergy constellation points to the most likely symbols provides
an additional advantage for thi; and search algorithm maps
over the Gray map (while for PSK all constellation points have
identical energy). Finally, we also observe from Fig. 7 that, as in
the case of 16-QAM, the 64-QAM/; map outperforms con-
ventional 2-QAM in terms of BER, while achieving six times
the spectral efficiency.

101111 101100 100101 100110{000110 100011 101001 111010
X X X X X X X X
(110101) (111101) (011101) (010101) | (010111) (011111) (111111) (110111)
111101 101101 100111 110010{000111 001111 101011 111011
X X X X X X X X
(110001) (111001) (011001) (010001) | (010011) (011011) (111011) (110011)

V. COMPARISONSWITH ZERO-MEAN CONSTELLATIONS

1 In this paper, we are investigating the performances of con-
ventional 2-D signaling constellations when used with nonuni-
form data. It is well known that a minimum-energy constella-
tion is derived from any given constellation by subtracting the
centroid of the constellation from each of the signaling points
so that the centroid is translated to be at the origin of the signal
likely neighbors, subject to criterion 1): thus, the decision regios ace [14]. This translation preserves the error rate performance

for 0000 is maximized. The remaining symbols are placed intr?e .the original constellation while minimizing the energy re-

i . oo . ions® ired. The PSK and QAM constellations considered here are
constellation to successively maximize the decoding regions

0001, 0100, and 0010, in that order. We note that the principlzeesro mean when usgd with un!form data anq, hef‘c.e’ are not zero
an when used with nonuniform data. Since it is useful to a

of Gray encoding have been abandoned in our construction . . .
mappingM, . system designer to know how much benefit is available, and at

The M, map was used as the initial map in our search a|g¥y_hat cost by using more complex desig_ns, we de_te_rmine the im-
rithm described in Section Il for a binary source. The result8/Ovement that can be achieved by using the minimum-energy
shown in Figs. 5 and 6, show an improvement over the Gray m%l?ps_tellatlons relative to t_hg fixed constellations. This mformg-
of roughly 1 and 0.75 dB itk /N, (at error rates between 19 tonis valuable for determining the cost-performance tradeoff in
and 10°3) for SER and BER, respectively. For these error ratedsing, for example, a widely available chipset with conventional
the performance of our heuristic mag, is very close to that of modulation constellations as opposed to building a zero mean
the map obtained from the search algorithm. We note that th&g#stellation modulator and demodulator from discrete compo-
plots illustrate the fact that the optimal map varies withising nents. Asummary of the performances of the mapped/fixed con-
a mapping that is highly mismatched to the source distributigtellations relative to the minimum energy Gray map constella-
can result in an extremely poor performance (e.g., compare thans is as follows.
curves of the Gray map when= 0.1 andp = 0.9). « 8-PSK: When converted to a zero-mean constellation, the

We also observe that 16-QAM with the mappihg achieves average energy of the Gray map constellation is reduced
around a 1-dB gain over conventional 2-QAM (or BPSK) for  py 4.05 dB; this translates into shifting the BER/SER
p = 0.9 and the same BER. This leads us to the interesting ob-  cyrves in Fig. 2 by 4.05 dB to the left. The optimal map

servation that, while the traditional wisdom for equally likely  fixaq constellation gains 1 dB at SER 10~3 and 0.5 dB
signals is that there is a tradeoff between spectral efficiency and 5t BER = 103 over the Gray map fixed constellation.

BER, with nonuniform signals and fixed constellations there Thus, 3-3.5 dB in SNR is paid in this case for using a
need not be such a tradeoff. Indeed, in this example 16-QAM g, o4 constellation.

achieves both four times the spectral efficiency and better BER 16-PSK: For zero-mean (shifted) 16-PSK, the energy of
performancéthan 2-QAM wherp = 0.9 and the constellations the Gray map constellation is reduced by 3.65 dB. Thus,

are fixed. our M; mapping scheme recovers about 1 dB in SNR,

In Fig. 7’. S|mulat|on SER af‘d BER results for thé; and reducing the fixed constellation loss from 3.65 to about
Gray mappings described in Fig. 9 are shown. We remark from 2 65 dB

the figures that théd/; mapping achieves substantial gains over . . .

; p 3 » 32-PSK: In this case, the energy reduction achieved by
the Gray mapping. At error rates betweermr1@nd 103, im- - ' N
provements of up to 3.5 dB for SER and 3.0 dB for BER are ghzsrr:jlgln_wl%n;;nergy (zero meimg dcgmf[ ;%Et?gagon IS

. . 1 map recovers 1. a -,
A 1itis important to note,trr:owever, tr:atlfhis odnlty hboldsltsincgz k\)/?/thh constellati_or:sI reducing the fixed constellation loss to about 1.9 dB.
ave nonzero mean as tney are not allowed to be altered. en appropriate . .

shifted to have zero mean, the shifted 2-QAM constellation performs better thanﬁ—hese examples for 8-, 16-, and 32-PSK seem to indicate that

the shifted 16-QAM constellation. the fixed constellation loss decreases as the order (number of

1 1 1 | ! 1 1 1

Fig. 9. Mappings\/; (in bold) and Gray (in parentheses) for 64-QAM.
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signalsM) of the modulation increases, and furthermore, th&SK and QAM, an example shows that the converse can be
our proposed mappings recover an increasing proportion of tinee for higher order QAM.

loss as the modulation order increases. Examining QAM con-
stellations, we find the following.

» 16-QAM: The SNR reduction for the minimum-energy
Gray constellation is 3.11 dB. At SER 10~3 in Fig. 5
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and BER = 107 in Fig. 6, theM; map gains 1 and insightful comments considerably enhanced the content of this
0.75 dB, respectively. Thus, the loss is reduced to 2.11 apdper.

2.36 dB, respectively.

* 64-QAM: The minimum-energy translation reduces
the SNR required by the Gray map by 1.65 dB. Thus,
the M; map with fixed constellation gains 1.85 dB for
SER and 1.35 dB for BER in Fig. 7 over the minimum-
energy Gray map constellation. This is a very interesting 2
result, indicating that our proposed mappings used with
a fixed constellation can in some cases outperform the
minimum-energy Gray map constellation, without the [
detriments of shifting the mean of the signal constellation
to the signal space origin. We observe that the fixed
constellation loss decreases as the modulation ordef
increases for QAM, as was also the case for PSK.

An interesting and potentially useful question is how our [5]
mappings (optimal oA/, ) operating on minimum-energy (zero
mean) constellations perform relative to the minimum-energy g
Gray map constellation. We have investigated this issue and
found that, for all the considered cases except for 64—QAM,[7]
the Gray map outperforms the designed maps when both
constellations are converted to zero mean. However, as the
number of signal pointd/ increases, the loss of thd; map (8]
with respect to the Gray map is reduced, and for 64-QAM the
M; map minimum-energy constellation has a gain over the[9]
Gray map minimum-energy constellation of 2.07 dB for SER
and 1.57 dB for BER.

(1]

[10]

[11]
VI. CONCLUSION
In this paper, we proposed and implemented design criterig 2]
for 2-D constellation mappings for the transmission and
MAP decoding of binary nonuniform memoryless sources
over M-ary PSK and QAM modulated AWGN channels. We [13]
showed that, with nonuniform signals, constellation mappings
which follow the objective of minimizing the average symbol , ,
energy and, given this, maximizing the decoding probability
of the most likely signals, yield SER and BER performancel15]
that is significantly better than Gray encoding maps when the
constellations are fixed. We also found that, with an appropriatg ¢
mapping, 16-QAM and 64-QAM can perform better than con-
ventional 2-QAM, in terms of both spectral efficiency and BER
for highly nonuniform sources, although a nonconventiona
zero-mean minimum-energy 2-QAM (obtained by a mean
shift) will perform better. Finally, we briefly considered the [18]
performance of our mappings when applied to the (shifted)
zero-mean minimum-energy corresponding constellationg19]
While our examples indicate that the minimum-energy Gray
map constellations outperform the minimum-energy mappe@O]
constellations for binary modulations and low-to-medium-order

7
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