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Image Segmentation and Labeling
Using the Polya Urn Model

Amit Banerjee,Student Member, IEEERhilippe Burlina,Member, IEEE.and Fady Alajaji,Member, IEEE

Abstract—We propose a segmentation method based on Polya’sis described by constant or homogeneous attributes such as
urn model for contagious phenomena. A preliminary segmen- intensity or texture. An image of the scene is an imperfect

tation yields the initial composition of an urn representing the  yagcription of the scene. The imperfection may be due to noise
pixel. The resulting urns are then subjected to a modified urn ’

sampling scheme mimicking the development of an infection to which may be a_ldditive_ or multiplicative, _Or to blurring. lr.]

yield a segmentation of the image into homogeneous regions.Other words, an image is a corrupted version of an underlying
This process is implemented using contagion urn processes andpiecewise smooth scene [14]. A natural approach to delineating
generalizes Polya’s scheme by allowing spatial interactions. The the regions in an image is to statistically estimate the attributes

composition of the urns is iteratively updated by assuming a spa- ; - ; .
tial Markovian relationship between neighboring pixel labels. The of the regions and use the descriptions to differentiate between

asymptotic behavior of this process is examined and comparisons the regions. _ _
with simulated annealing and relaxation labeling are presented. ~ Many such approaches to segmentation have been studied.

Examples of the application of this scheme to the segmentation of Some of the classical methods include unsupervised segmenta-
synthetic texture images, ultra-wideband synthetic aperture radar  tjgp approaches such as the nearest mean classification (NMC)
EJLrJX\\//i?ie?jAR) images and magnetic resonance images (MRI) are and the branch-and-bound procedure [6]. Supervised methods
' _ ) _ ) generally proceed by formulating statistical model assumptions
I_ndex Terms—Genetic algorithms, relaxation labeling, segmen- ¢4, the region generation and the image formation processes.
tation, urn models. Maximum likelihood (ML) or maximuma posteriori (MAP)
estimation is then used for segmentation. Examples of such
I. INTRODUCTION approaches abound in the literature [7], [12], [20]. Techniques

MAGE segmentation is a fundamental problem in comput&ffat model images as Markov randorr? fields (MRF's) have

vision which has been extensively studied. With the advefien extensively investigated [7]. MRF's attempt to represent
of new image modalities such as synthetic aperture radatial dependencies, and the MRF-Gibbs distribution equiva-
(SAR) and magnetic resonance imaging (MRI), research ifgc€ allows for the computation of the maximanposteriori
methods of segmentation has attracted renewed interest. (MAP) estimate of the original image [7], [20].

We describe a segmentation method using contagion*MONg the newer techniques for segmentation is the graph
urn schemes that rely on modified versions of th@atching and graph partitioning algorithm of Shi and Malik
Polya—Eggenberger sampling process  [15]-[17]. Thig2]. For texture segmentation, the wavelet-based classification
biologically inspired sampling procedure was originalg'%ethOdS of Unser [23] and Boviit al [4] have been shown to
designed to model the development of contagious phenomehf Successful. Recently, Rangarajan [19] unified deterministic
Examples of applications of the Polya umn scheme includ&nealing and relaxation labeling approaches to derive a new
modeling population growth [3], constructing spline$échnique, called self-annealing, for matching and labeling
in function approximation theory [8], and modelingProblems. . . _
communication channels [1]. In this work, the ability of For the corrupted, piecewise smooth image model, segmen-
the Polya urn scheme to generate Markovian processedddon techniques that incorporate contextual information will
exploited to aid in the task of image segmentation. usually be able to label the pixels more accurately than those

For our segmentation purposes, we model an image 8§t classify pixels independently. MRF’'s provide a direct
being composed of distinct, contiguous regions, each of whikechanism for relating neighboring pixels. If segmentation of

the image into homogeneous regions is desired, it is intuitively
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between neighboring pixels. Our motivation for employing adiscussed. The relationships between the urn sampling scheme,

urn scheme lies in its ability to generate MRF's. relaxation labeling, and simulated annealing are examined in
Algorithms such as relaxation labeling (RL) also make usgection IV. Finally, experimental results on texture, SAR and

of contextual information in the form of constraints on oMR images are shown in Section V.

supports for pixel labels. The presence of a label in a pixel's

neighborhood imposes constraints on the possible labels of II. URN SAMPLING WITH CONTAGION

the pixel. RL is a parallel process in which these constraints

reduce, and hopefully eliminate, ambiguity in the label of for image segmentation is introduced, and the general urn

pixel. . . e .
A “discrete” RL algorithm attempts to find a pOSSiblysamphng scheme for pixel classification is outlined.

unambiguous label for each pixel. For real images, a moye .
- . . " -, A Temporal Contagion

appropriate strategy is to use the classical “probabilistic” RL

algorithm introduced by Rosenfekt al. [21]. In this method, ~ Polya [16] introduced the following urn scheme as a model

probabilities are assigned to pixel labels. These probabii@r the spread of a contagious disease through a population.

ties are updated according to positive and negative suppdi3 urn originally containg” balls, of whichi¥" are white and

provided by pixels in local regions. The nonlinear updat® are black(1" = W + B). Successive draws from the urn

mechanism provided in [21] is based on the above heuri€ made; after each draw;+ A (A > 0) balls of the same

tic. The algorithm allows local information to propagate vigolor as was just drawn are returned to the urn.pet W/T

In this section, the concept of temporal and spatial contagion

iterative processing [13]. andé = A/T. Define the binary processz, }52 , as follows:
The .WOI’k presented in this paper moglels images using 0, if the nth ball drawn is white;
contagion urn processes. The idea behind this method is Zn = 1. if the nth ball drawn is black.

similar to that of RL; it iteratively propagates local information

by contagion. The motivation for employing urn schemes I§ can be shown that the procedsZ,} is stationary and
twofold: First, urn processes can generate Markov chains r@nergodic [5], [16]. The urn scheme has infinite memory, in
well as MRF’s [11]. Second, urn schemes are of particuléfte sense that each previously drawn ball has an equal effect
interest because they provide a natural probabilistic rep@? the outcome of the current draw.

sentation for the image labels. Therefore, they constitute an

attractive generative process for the underlying image regioBs Temporal and Spatial Contagion

which exhibit strong spatial dependencies. This approach isthe yrn sampling scheme proposed in this paper incorpo-
related to the Gibbs sampling procedure [7], preserving kejtes hoth temporal anspatial contagion. Instead of repre-
features of the Gibbs sampler but using instead a contagiQéhting an image by a finite lattice of pixels, we consider an
sampling scheme. The spatial dependencies of the pixel labgigge as a finite lattice of urns. In the single-urn sampling
are captured by the contagious behavior which promotggscrined above, the effect of each sample propagates through
segmentation of the image into regions. The urn processtiige. For the lattice of urns, the sampled ball at each iteration
analogous to RL algorithms, except that the urn process is Rist depend not only on the composition of the pixel’s urn,
deterministic [18], but stochastic. The urn sampling schemey§; also on the compositions of the neighboring urns to
also iterative and can be performed in parallel at each site {courage contagious behavior. Thus, we need to allow for
pixel of the image. spatial interactions at each time instant by involving the urns

In our scheme, each pixel is represented by an urn wig the neighboring pixels in the determination of the newly
a mixture of balls of different colors, one color for eackampled ball.

class label. We begin by applying an arbitrary segmenta-

tion techniqué to the image to provide initial measures ol yns as a Probabilistic Image Labeling Representation

similarity of the pixels to each class. Next, these measures ) ) ] )

are directly mapped into the initial composition of each 'he following pre?i%?tatlon considers arary labeling

urn. A neighborhood is also defined for each pixel. Theroblem. Letl, (j)[pn ] be anI.,-ary label image Of. size

balls of the umns in the neighborhood are then combined 48 x K, wherep, "’ € {1,---, L} is the label of pixel(i, )

determine the next state of the urn. The iterative nature @&f iterationn, n = 0,1,---, and(7,j) € Z where

the alg_onthm_ incorporates tempor_al memory, while the use qf T-{(i,j):i =0, H—1,j=0,---, K —1}.

the neighboring urns in the updating process promotes spatial B o . -

contagion. We associate an urm\”: (B]Ej’;f),Béj’;f),---,Bg’fl)) with
This paper is org_amzed as fo!lows. The contagion-basgd .1, pixelp(?) at time n, where Bz(irlj) is the number of

smoothing process is described in Section Il.

\ _ ction II. In Section a5 of colori in the urn. With this répresentation we define
the stochastic properties of the resulting image process Qimilarity function for each pixel as

2,
1The choice of the arbitrary segmentation technique is independent of the U () Bl(,nj)
Polya urn process. This choice is largely determined by the type of image mF(pn ) — L .
being evaluated, i.e., for texture segmentation, wavelet-based algorithms [4], Z B(i,j)
[23] may be most appropriate. For SAR imagery, a Bayesian estimation k.n
approach is usually adopted. k=1
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This can be interpreted as the probability that pix&?) urns ofvﬁfff into a “super” urn or sampling one ball from

belongs to class. each urn to form the collection.
Next, a selection operation on the new collection of balls,
D. Contagion-Based Segmentation C,(f’_]f, is performed, i.e.,
The general class of algorithms for the contagion-based ZT(Li,j) — SELECT (Cr(fijl))- 4)

segmentation process will now be described.

1) Initialization: As with most optimization techniques,The SELECT function is also a general function to determine
initialization is critical for the algorithm to converge to anthe next state of the urns. For instance, the SELECT function
appropriate solution. For the Polya urn scheme, the preliminanay sample one ball frorﬂ,(fff or choose the majority class
segmentation provides this initialization of the urn composi; cfgf

tions. . . . We denote b)Z,(f’j) the outcome of the SELECT function
Many segmentation and labeling methods provide some o
measure of confidence for the pixel label. Most of these Z9) = [if then™ selected ballis color 1.

algorithms assign probabilities or derive a distance measure (i) (i) o

for every pixel to each class label. For instance, in the Mif Z»" =, add A balls of color! to umn ;. This yields
approach, every pixel has a probability associated with ea@f1€W urn composition for each pixel, given by

class label. In NMC (ork-means clustering), a distance for N BN — i LA i 7D .

every pixel to each class label is calculated; a shorter distance () = { ol bnl ’ " '

implies a higher confidence in that pixel label (see Appendix

B). In his wavelet-based segmentation algorithm, Unser [23]The above procedure is iterated until= N. At time N,
employs the Mahalonobis distance measure, under a Gausgi@final composition of each individual unrf?,’j), (i,j) € T
assumption for the Bayes classifier, to assign a confidenggermines the final labeling of the image. As described above,

measure. Each of these distances can be converted int@4@ yrn represents a probabilistic membership function on the
probability measure by

Bl(f;f) = BUY) else.

In—1°

pixel labels.
Distance; (1)~ For this paper, we have developed two specific methods
ONOE 7 = (1) based on the general urn process. In method 1, the contents
Z Distance ;) (1)~ of the N urns in the neighborhood of pixel*#) are collected

into a “super” urn. One ball is sampled from the “super” urn,
and A balls of that color are added to the urn of pixéi-?,
where Distance; (1) is the distance of pixe{i, j) to class ) |n method 2, one ball is sampled from each of e
labell, and I%; (1) is the probability that pixe(:, ) belongs s in the neighborhood to form the collecti6’. Then

to classl. Finally, the probabilities are mapped directly to they balls of the majority color irc) are added ta,\"
urn composition of pixel, j) by

=1

Bl(féj) — T P(i,j)(l) ) [ll. STATISTICAL PROPERTIES

N The idea behind our urn sampling scheme is to promote
whereBl(f(;J) is the number of balls of coldrin pixel (4,j)’s spatial contagion of the pixel labels. At the end of the
urn at time 0 andl’ is the total number of balls initially in iterative process, homogeneous regions should be described
the urn. by one label. It is in this sense that the urn process generates

2) lterative Urn Sampling:Once the urns are initialized, MRFs; the label of a pixel is determined by the urns in its
the general modified Polya—Eggenberger urn sampling schengéghborhood. In this section, we report asymptotic results to
proceeds as follows. provide insight as to why the urn sampling scheme allows the

Forn > 0, the urn composition of each pixél, j) at timen  initial majority color of a region to dominate the population
is updated by sampling from a combination of the participatingf the urns in that region.
urns V) with VI £l () € N}}, whereN} is the
neighborhood system defined as in [7] A. Temporal Contagion

K . 2 . 2 Consider the original, binary Polya sampling scheme. The

Ny lg=(rs) e+ (-9 < k) asymptotic properti?as of the joi):n dis):ributior?ca% be character-
A simple, yet effective, sampling procedure is as follows: Th!éeq ?n the temporal case, i.e., when qll spatial.interactions are
urn w9 for pixel p@-) is updated by first combining the inhibited at each sampllng step. In' this case, it can be shown
balls of u;z_q and the V' neighboring urns: [15]-[17] .that(tih? proportion of white balls in each urn after
the nt” trial p,’’’, where

() _ ) - | )
cl1) = ASSOCIATE(V ")), 3) o P 20D 4 70D 4Ly 2l

The ASSOCIATE function is a general function that forms a 1+né
collection of balls,C"?), from the urns of the neighborhood.is a martingale [5] and admits a limit as the number of
Examples of the ASSOCIATE function include grouping theraws increases indefinitely. Indeexﬂﬁ”) (or equivalently the
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sample averagél /n) X7_; Z,gw))converges with probability Remarkably, the average proportion of black balls in the
1toY [5]. This limiting proportionY” is a continuous random “super” urn at any time equals the original proportion of
variable with support the interval (0, 1) and beta probabilithflack balls. This shows that the composition of the urn is
density function with parametef®/6, (1 — p)/6): highly dependent on the original proportion of the balls.
I(1/8) Eventually, the majority class of the urns in a given neigh-

yPIO=1(1 — ) A=p/O)=1 borhood will spread and dominate the population of balls

vy = F(P/fé%r((l - pl)-/é) in that neighborhood. Therefore, we conclude that this urn
0 Iothe<rv€is<e ’ sampling scheme will reinforce the majority class in a spatial

’ neighborhood; it constitutes a positive-feedback system that

['(-) is the gamma function defined as yields limiting patterns of the self-reinforcing type [2]. The
oo contagion effectively models the Markovian dependencies of
I(z) = / #let dt for x> 0. the pixel labels.
0

The second method is described as follows. We sample one
The behavior of this pdf can be interpreted as followdall from each of the urns in pixeK(; ;)'s neighborhood,
Assumings = 1 for simplicity, if the original fraction of white V"%). From this collection of balls, we compute the majority
balls in the urn is close to one, then the limiting distributioglass, denoted b%(j’j)_ We update urmg;m in the same
of pﬁf’]) will be skewed toward one. A similar behavior ismanner described in the previous section, i.e.,
obtained for the case whenis close to zero. Therefore, the

limiting pattern will reflect the underlying probability o Bl(i;Lj) _ Bz(i{le AL 700 _ I
Pr(p{? =) = p"(1 — p)+=. B = Bibd) | otherwise.

For the L-ary labeling case, the above observations gen

alize with convergence to the Dirichlet distribution [11]. el“:rventually, the initial majority class of each urn in the neigh-

borhood will dominate its composition, thereby propagating
the label throughout the neighborhood.
It is difficult to find a general closed-form expression for
We now examine the asymptotic behavior of the two specifp(zr(jij) = k), the probability that clasé is the majority of
sampling schemes given above. the individual samples. The difficulty arises because we are
Consider sampling from the “super” urn. Restating thgying to find the majority of a set of samples of a non-i.i.d.
problem, suppose there ar€ urns in the neighborhood of process. Hence, we resort to heuristic arguments.
pixel X, eachinitially with b; black balls andv; white balls,  The sequence of images generated by both methods exhibits
andb; +w; = T'forall¢,¢=1,2,---, N. We put the contents hoth spatial and temporal dependencies represented by a

of all v urns into a “super” urn, sample one ball, and ad \arkovian relationship in terms of the urns.”*); more
balls of the same color into the urn of pix&lL. The following  gpecifically

properties are easily derived.
The probability of sampling exactly black balls fromn

B. Temporal and Spatial Contagion

Lo ; L, (59) .. — Prdy i) Plid)
iterations of the “super” urn is Pr{ug Uy _1,Up_a,- -+, Up} = Priuwy |V, }
Bla+kpB+n—Fk P ) ] )
Pr(X =F) = <Z> (o B(é ﬁ)n ) (5) whereU,: [uﬁl”)] is the urn matrix associated with,, and

V,(f;’l) is the set of participating urns defined in the previous
wherea = %; (b;/A), 8 =3, (w;/A), and the beta function section.
B(a, 8) = (N(a)I'(B)/T'(a+3)) (see Appendix A for proof).

The above process can be regarded as being generated by

a sequence of independent Bernoulli trials with parameter hile th hni for i _
Z, where Z is random with beta distribution. In fact, it is While there are many techniques for image segmentation,

identical with different parameters to the Polya—Eggenberg'® We briefly examine the relationships between the urn

IV. COMPARISON OF METHODS

distribution in the single-urn case given above. sampling scheme and_ other _methods .With closely similar
The average number of black balls in the “super” urn ;lt';\vors,_ namely _relaxatlon Iabelmg_ and S|mulat_ed anneglmg.
any given time is T_he idea behind the urn sampllng scheme is that Wlthlr! a
region, one label should be dominant. By repeatedly sampling
E[B,] = Z b; NT + nA' 6) with replacement from an urn, or a group of urns, the most fre-
; NT quently occurring color or label will asymptotically dominate

the populations in the urns. Hence, contagion will promote
Therefore, the average proportion of black balls in the “supetfie homogeneity of local regions.

urn is Another interpretation of the urn process can be derived
B b from the fact that when the urns are initialized by the ML
E| —T—|= - (7) estimate, the urn compositions represent the conditional prob-
(NT +nA) —~ NT ' P P P

abilities of the image pixels. The subsequent iterative process
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(b)

ig. 2. Comparison of texture segmentations using RL and urn process. (a)
L segmentation. (b) Segmentation using urn process.

(b)

Fig. 1. ML segmentation of texture image. (a) Texture image. (b) Mg
segmentation.

where P{"¥(1) is the probability that pixeli, j) belongs to
updates these probabilities by adding balls of certain cologgass; at time n, qr(f’j)(l) is a constraint coefficient, and
The Polya—Eggenberger sampling process is such that it will, .« 1) is the compatibility coefficient for labelg and
naturally emphasize the majority labels. k. As noted by Kittler [13], the update mechanism is based
Relaxation labeling for pixel classification is a procedurgy heyristic arguments so that the update and resulting seg-
which assigns a best label to a pixel under certain constrainiSsnation is influenced by the predefined constraints between

It is also an iterative process which updates “probabilitie%’lasS labels [10]. In the urn sampling scheme, improved

according to segmentation is achieved without imposing such constraints.
i) POy (14 g8 (1) Indeed the population of each urn represents the support for
Pl = L (8) the labels at each pixel. The changing of the urn compositions
Z prsﬁﬂi)(/g) (1+ q(?ﬂ')(/f)) represents the changing of the supports; when one color
k=1 dominates the population, the ambiguity of the label of a pixel
. L . is reduced.
g (1) = Z R (L R)YPSD (k) 9) Furthermore, for these experiments, the urns are initialized

o~
1
ful

by either the ML or NMC techniques. Neither method provides
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(b)
b
Fig. 3. ML segmentation of texture image. (a) Texture image. (b) ML (b)

segmentation.

Fig. 4. lterative improvement of texture segmentation. (a) After two itera-
tions. (b) After 15 iterations.

acceptable results. They are used here to illustrate how the

modified Polya urn scheme can improve upon a speckly ©he conditional probability serves as an initial estimate
noisy initial segmentation. The NMC and ML segmentationf the optimal point on a highly nonconvex surface; an
methods are described in Appendix B. energy function for the prior distribution of the labels is

The disadvantages of RL include the slow convergeneglopted, and the SA procedure iteratively adds or subtracts
of the algorithm. Also, studies have shown [9] that littldrom the conditional to arrive at the optimal point. The
improvement is gained after the first few iterations. Our resultsawbacks of this method are its computational burden
in the following section give evidence that the urn samplingnd its impractically slow schedule to converge to the
scheme converges to the solution at a faster rate. solution.

Simulated annealing may be employed when pixel clas-The concept of SA is derived from thermodynamics; it
sification is viewed as a function optimization problemmodels the way metals cool and anneal. When heated to
i.e., when using the MAP estimate of the label. Since, xtremely high temperatures, the molecules of the metal are
Bayes’' rule, maximizing the posterior probability of theat a high energy state and move relatively freely. When the
pixel labels is equivalent to maximizing the product of thenetal is cooled, the molecules gradually lose their mobility;
conditional distribution of the image and the prior probabilitgventually they cool and converge to a lower energy state. If

of the labels, SA can also be viewed as a mechanighe temperature is decreased slowly, the molecules will reach
which updates the conditional probability of each pixetheir minimum energy state.
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(b) (b)

Fig. 5. ML segmentation of UWB SAR image. (a) Original UWB SARFig. 6. UWB SAR segmentation with SA and urn process. (a) Simulated
image. (b) ML segmentation. annealing. (b) Urn process.

This analogy is incorporated in the Boltzmann probability It has been proved that if the temperature is decreased

distribution according to the annealing schedule
() = 1)
Prob(E; — Es) x exp(—(E2 — E1)/ET). (10) ~ log(1+k)

whereC' is a constant and'(k) is the temperature at thieh
E, and E> represent the current and an alternate energgration, the algorithm will converge to the MAP estimate
level, respectively, of a function. Equation (10) states that tfig¢]. The advantage of SA over greedy algorithms is that SA
function will always go fromE; to Es if Fs is lower thanEy; is able to avoid convergence to local minima by having the
it will go from E; to E» with probabilityexp(—(Es—E1)/kT) opportunity to jump to higher energy states.
if E, is higher thanFE;. In other words, if the function is Convergence to the true MAP segmentation of the image
presented with a lower energy state, it will change to that statequires approximately 10°%° iterations [7]. Clearly, for
If it is presented with a higher energy state, it will change tpractical applications, this is too long. The urn process does
that state with a small probability. not attempt to achieve function optimization. The asymptotic
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(b) (b)

Fig. 7. Magnetic resonance images. (a) Proton density image. (b) T2 rel&&g. 8. Segmentation of MR images using the urn process. (a) Noisy MRI
ation time image. segmentation. (b) Segmentation using ten iterations of urn process.

results of Polya’s sampling scheme ensure convergence {iyes can be described by a correlated Gaussian model with
eventually forcing one color to dominate the population. ;- _ 3 This model is unable to describe the grainy texture
of the background, resulting in the inaccurate segmentation
V. EXPERIMENTAL RESULTS 1(b). The urn sampling process operates on the urns to
For the examples given in this section, urn sampling methpdoduce a smoother segmentation. Fig. 2 shows that the urn
1 is used; the contents of the urns of a pixel’'s neighborhopdocess provides a better segmentation than RL. Note that the
are put into a “super” urn, and a sample from the “super” uontagion-based segmentation usually preserves the edges of
is used to choose the label or color that is incremented in tthee texture regions better than the RL method. Fig. 4 illustrates
pixel's urn. Each urn is initialized with 100 balls, anx the the iterative improvement resulting from the urn sampling
number of balls added at each iteration, is ten. Urn samplisgheme. The noisy background segmentation causes the RL
method 2 gives similar results. algorithm to diverge to a nonsensical solution. However,
In Figs. 1-4, the ability of the urn process to segmetiie urn representation allows the urn sampling scheme to
an image into regions of different textures is demonstrategtadually adjust the urn compositions to achieve a smoother
The initial ML estimate is found by assuming that the texsegmentation.
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For foliage-penetrating SAR image analysis, it is helpfydrocess obtains a smoother segmentation into homogeneous
to segment the image into foliage and nonfoliage regions tegions by its Markovian properties. Two general features
improve the performance of image exploitation systems. Thesult in temporal and spatial contagion. First, iterative updat-
images used in this study were obtained by the UWB SAIRg provides for temporal contagion. Second, sampling from
developed at the Army Research Laboratory. The image shomeighboring urns, similar to the Gibbs sampler, yields spatial
the Aberdeen Proving Grounds, Aberdeen, MD, during tlemntagion.
summer of 1995. In segmenting this image, we start with ML In the context of RL, the urn compositions provide positive
segmentation witlk/ = 3. As shown in Fig. 5(b), the resulting support for the labels of each pixel. Polya’s sampling with
labeling is speckled, a characteristic of the ML segmentatioeplacement ensures that one label will eventually have the
technique. highest degree of support. In terms of SA, the urn scheme

Application of simulated annealing for a limited numberlso updates the conditional probabilities of each pixel in a
of iterations generates only a slightly smoother segmenttechastic manner. Our examples show that the urn scheme
tion of the image [Fig. 6(a)]. For SAR segmentation, SA igields better segmentations in relatively small numbers of
implemented in the following manner: Assigning the energgerations.
function/(C, = 1) for the prior distribution is arbitrary, since
the MRF-Gibbs equivalence states th&atC; = [) completely APPENDIX A
determines the form of(C;/C,.). Therefore, we define an P-E DSTRIBUTION OF THE “SUPER’ URN

energy function [20] We present the proof of (5), that the “super” urn is governed

U(C, = 1) = —(8/N) Z §(Cij — Cr). (12) by the I_Dolya—Eggenbferger distrib_ution.

Consider again a binary sampling problem. Suppose there
are N urns in the neighborhood of pixét, j), each initially
The energy is summed over the second-ordek (3) neigh- with B; black balls and¥; white balls, and thaB; + W, =
borhood of pixel .. Minimization of the energy function T, = 1,---, N. Now, at each time instant, place all of the
U(C, = l) encourages smoothing of the pixel labels intballs into the “super” urn, and sample one ball from the “super”
homogeneous regions. The clustering parametera measure urn. If the ball is black, add\ black balls tou{*; if it is
of the smoothness incurred by the minimization of the functiohite, addA white balls tou),

U(C,s = 1). Experimental results have shown that= 1.4 The probability of drawing a particular sequencekdflack
provides acceptable segmentations [20]. The algorithm fils out ofn samples (such as BBB..BWW..W) is
find the global minimum of this energy function proceeds as

(]

follows: ML estimation of the pixel labels provides an initial B > Bi+A > Bi+(k-1A
segmentation. Next, the pixels are revisited randomly at each i w oL

iteration. At each pixel, the energy is calculated under the NT NT+A NT + (k- 1A

current and alternate pixel labels. If the alternate pixel label Z W, Z Wi+ (n—k—1)

yields a lower energy value, then the pixel is relabeled as the N R (13)
alternate class. If it yields a higher energy state, the label is NT + kA NT +(n—1)A

char}geq with a small probability Qetermlned by the BOltzmar}\rl]ote that the order of a particular sequence does not affect the
distribution. At the end of each iteration, the temperature IS

decreased according to the annealing schedule probability, i.e., the process is exchangeable. Therefore, the
Likewise, Fig. 6(b) shows that only ten iterations of the urFIOtaI probability of drawing’: black balls out of» samples is

sampling scheme operating on the ML segmentation yield a Z B; Z B; + A
much smoother image. n\; ;

To segment the MR image in Fig. 7, we obtain an initid “oP(X = k) = <k> NT " NT+A
segmentation by NMC. The proton density and T2 relaxation
times are the components of the two-dimensional (2-D) feature Z Bi+(k—1)A Z Wi
vector used for NMC. Since NMC is based solely on the means 7NT T E-1)A X N% TEA X
of the vectors, the initial segmentation is especially sensitive

to the inherent noise of the MR image modality. The leads to Z Wi+ (n—k-1)
the speckled segmentation shown in Fig. 8(a). The distances st (14)
from a pixel's feature vector to the centroids in feature space NT+ (n—1)A

determine the initial composition of the urns. The urn proceggowing thatN7T = ¥; B; +; W;, and dividing through by
then operates on the urns to produce a smoother segmentationthe probability becomes (15), shown at the top of the next
The output after ten iterations is shown in Fig. 8(b). page, wherex = %; (B;/A) and 3 = ; (W;/A).

VI. CONCLUSION APPENDIX B

In this paper, we have illustrated how modified Polya urn INITIAL  SEGMENTATION

sampling schemes can be implemented for image segmenta’Vhen noa priori information on the image statistics is
tion. Given an initial speckled segmentation, the contagi@vailable, general clustering algorithms such as NMC are
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) o (n\ala+D(a+2)---(a+(k-1) x BB+ 1)(B+2)---(B+n—k—1)
Pmb(X_k)_<k> (a+B)a+p+1) - (a+ B+ (n—1))
_ <n> Fla+ a4+ E)(B+n—k)
\k T (BT (a4 B+ n)
_(n\Bla+Ek,B+n—k)
a <k> B(a,f) (19
usually applied. In the NMC method, an initial arbitrary ACKNOWLEDGMENT
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stopping criterion is met [6]. . . Adelphi, MD, for making available the UWB SAR imagery
On the other hand, when a stochastic model for the imaggq.q in this work.

can be justified, it is possible to apply ML segmentation.
The conditional distribution of the image, i.exo(X,/C; =
I,C.;7 € N¥) is assumed. HereY, is the given image data,
C; is the label for pixels, and C,. represents the pixel labels [1] F. Alajaji and T. Fuja, “A communication channel modeled on conta-

k ; i gion,” IEEE Trans. Inform. Theorwol. 40, pp. 2035-2041, 1994.
of NS ? the kth order nelghborhOOd of plxesi [7] W. B. Arthur, Y. M. Emroliev, and Y. M. Kaniovski, “Path-dependent

. . 2
For our ML segmentatlon purposes, we gstllmat.e the plxéf processes and the emergence of macro-structuies,”J. Oper. Res.
labels by assuming that the conditional distribution of the 1987, pp. 294-303.

i i ; _ ; ] D. Blackwell and D. Kendall, “The Martin boundary for Polya’'s urn
image given each class label, ie(X,/C, = 1), is a scheme, and an application to stochastic population growithAppl.

correlated, multivariate Gaussian distribution. The parameters prop, vol. 1, 1964.
for each class are estimated in the following manner: Training#] A. Bovik, M. Clark, and W. Geisler, “Multichannel texture analysis

. . using localized spatial filters,IEEE Trans. Pattern Anal. Machine
data for each class is extracted. Nonoverlapping/ x M Intell., vol. PAMI-12, pp. 55-73, Jan. 1990.
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