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Abstract

Lower bounds on the finite union probability are established in terms of the
individual event probabilities and a weighted sum of the pairwise event prob-
abilities. The lower bounds have at most pseudo-polynomial computational
complexity and generalize recent analytical bounds.

Keywords: Probability of a finite union of events, lower and upper bounds,

optimal bounds, linear programming.

1. Introduction

Lower and upper bounds on the union probability P (Ufil Ai) in terms of
the individual event probabilities P(A4;)’s and the pairwise event probabilities
P(A;NA;)’s have been actively investigated in the recent past. Optimal bounds
can be obtained numerically by solving linear programming (LP) problems with
2V variables (for instance, see [1, 2]). Since the number of variables is expo-
nential in the number of events, IV, some suboptimal but numerically efficient
bounds have been proposed, such as the algorithmic Bonferroni-type bounds in
3, 4].

Among the established analytical bounds is the Kuai-Alajaji-Takahara lower

bound (for convenience, hereafter referred to as the KAT bound) [5] that was
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shown to be better than the Dawson-Sankoff (DS) [6] and the D. de Caen (DC)
bounds [7]. Noting that the KAT bound is expressed in terms of {P(4;)} and
only the sums of the pairwise event probabilities, i.e., {Zj:j# P(A; N Aj)},
in order to fully exploit all pairwise event probabilities, it is observed in [8,
9, 10] that the analytical bounds can be further improved algorithmically by
optimizing over subsets. Furthermore, in [1], the KAT bound is extended by
using additional partial information such as the sums of joint probabilities of
three events, i.e., {ijl P(A;NnA;NnA),i =1,...,N}. Recently, using the
same partial information as the KAT bound, i.e., {P(A;)} and {3_, ., P(4; N
A;)}, the optimal lower/upper bound as well as a new analytical bound which
is sharper than the KAT bound were developed by Yang-Alajaji-Takahara in
[11, 12] (these two bounds are respectively referred to as the YAT-I and YAT-II
bounds).

In this work, we extend the existing analytical lower bounds, the KAT and
YAT-II bounds, and establish two new classes of lower bounds on P (Ui\il Al-)
using {P(4;)} and {3_; ¢;P(A4; N A;j)} for a given weight or parameter vector
¢ = (c1,...,cn)". These lower bounds are shown to have at most pseudo-
polynomial computational complexity and to be sharper in certain cases than
the Gallot-Kounias (GK) [13, 14] and Prékopa-Gao (PG) bounds [1] even though
the latter bounds employ more information on the events joint probabilities.

More specifically, we first propose a novel expression for the union proba-
bility given a weight vector ¢. Using the Cauchy-Schwarz inequality, several
existing bounds, such as the bound in [15], and the DC and GK bounds, can be
directly derived from this new expression. Next, we derive two new classes of
lower bounds as functions of the weight vector ¢ by solving linear programming
problems. The KAT and YAT-II analytical bounds are shown to be special cases
of the new classes of lower bounds. Furthermore, it is noted that the proposed
lower bounds can be sharper than the GK bound under some conditions.

We emphasize that our bounds can be applied to any general estimation
problem involving the probability of a finite union of events. In particular,

they can be applied to effectively estimate and analyze the error performance



of communication systems (e.g., see [12, 3, 8, 15, 16, 17]). Such bounds are
also pertinently useful in the analysis of asymptotic problems such as the Borel-
Cantelli Lemma and its generalization [18, 19, 20, 21]. Finally, we note that
the proposed bounds provide useful tools for chance-constrained stochastic pro-
grams (e.g., see [22, 23]) in operations research. More specifically, using par-
tial information of uncertainty, the proposed bounds on the union probability
can be applied to formulate tractable conservative approximations of chance-
constrained stochastic problems, which can be solved efficiently and produce
feasible solutions for the original problems (see, for instance, [24, 25, 26]). An
example of such application is the work in [27] on the probabilistic set covering
problem with correlations, where the KAT bound is used for the case where
only partial information on the correlation is available.

The outline of this letter is as follows. In Section 2, we propose a new
expression of the union probability using weight vector ¢ such that many existing
bounds can be directly derived from this expression. In Section 3, we develop two
new classes of lower bounds as functions of the weight vector ¢ and discuss their
connection with existing bounds, including the KAT, YAT-II and GK bounds.
As by-products of the new lower bounds, two new classes of upper bounds are
also obtained. Finally, in Section 4, we compare via numerical examples existing

lower bounds with the proposed bounds under different choices of weight vectors.

2. A New Expression of the Union Probability

For simplicity, and without loss of generality, we assume that the events
{A1,..., Ax} are in a finite probability space (§2,.%, P), where N is a fixed posi-
tive integer. Let % denote the collection of all non-empty subsets of {1,2,..., N}.
Given B € %, we let wp denote the atom in UN | A; such that for all i =
1,...,N,wp € A; ifi € Band wg ¢ A; if i ¢ B (note that some of these
“atoms” may be the empty set). For ease of notation, for a singleton w € €, we
denote P({w}) by p(w) and P(wg) by pg. Since {wg : i € B} is the collection
of all the atoms in A;, we have P(A;) =3 . P(W) = > pcz.iep PB, and



P(Q@JZE:W' (1)

Be%#

Suppose there are N functions f;(B),i = 1,..., N such that vazl fi(B) =1
for any B € A. If we further assume that f;(B) = 0if ¢ ¢ B, we can write
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Note that if we define the degree of a subset A C €2, deg(A), to be the number

of A;’s that contain A, then by the definition of wp, we have deg(wg) = |B.
Therefore,

1 _ 1 . .
fum) = { P17 e T1ED ®)
0 ifi ¢ B

satisfies Zf\il fi(B) =1 and (2) becomes
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Note that many of the existing bounds, such as the DC bound, the KAT bound
and the recent bounds in [11] and [12], are based on (4).

In the following lemma, we propose a generalized expression of (4).

Lemma 1. Suppose {wp, B € B} are all the 2V — 1 atoms in |J, A;. If ¢ =
(c1,...,en)T € RN satisfies

ch,;&o, forall Be % (5)

keB

then we have
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Proof. If we define

i .
fi(B) = ke Ck ifieh
0 ifi ¢ B

where the parameter vector ¢ = (cy,ca,...,cn)? satisfies Y okep Ck # 0 for all

B € % (therefore ¢; #0,i=1,...,N), then ), fi(w) = 1 holds and we can get
(6) from (2). m
Note that (6) holds for any ¢ that satisfies (5) and is clearly a generalized

expression of (4).

Remark 1. Both the Cohen-Merhav [15] and Gallot-Kounias [13] bounds can
be derived from this new expression of the union probability in Lemma 1 using
the Cauchy-Schwarz inequality. We refer to [28, Sections 1 and 2] for further
details.

3. New Bounds using {P(A;)} and {}_; ¢; P(A; N A;)}

Due to space limitations, we only present the results when ¢ € Rf . Results
regarding more general ¢ are available in the accompanying supplementary ma-

terial [28, Section 3.

3.1. New Class of Lower Bounds when ¢ € RY satisfies (5)

Theorem 1. For any given ¢ € Rf that satisfies (5), a new lower bound on

the union probability is given by

N N
P <U Az) Z Z&(C) =: ENEW—I(C)y (7)

where
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where By) and Béi) are subsets of {1,..., N} that satisfy

Bgi) = arg max M s L. 2keB Ck < >k ckP(Ai 0 Ak)’
{B:ieB} Ci C; ¢iP(A;)
(4) > ren Ck YkenCh _ > cP(A; N Ag) )
B3’ = arg min =keB T gt € > =k .
{B:i€B} Ci Ci ¢iP(A;)

Proof. The proof is given in [28, Section 3]. m

Remark 2 (The new bound /Ngw.1(c) v.s. the GK bound lgk). For any

cc Rf, we have these relations between different lower bounds:
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Therefore, if the optimal weight vector obtained by the GK bound (see see [28,
Eq. (21)] and [29]), denoted by €, satisfies ¢ € Rf, then {xgw-1(€) > Lok.

Remark 3 (The new bound /Ngw-1(c) v.s. the KAT bound ¢kaTt). One
can easily verify that {npw.1(k1) = LxaT, where 1 is the all-one vector of size

N and k is any non-zero constant.

Lemma 2. When ¢ € Rf, the lower bound {yxgpw.1(c) can be computed in
pseudo-polynomial time, and can be arbitrarily closely approzimated by an algo-

rithm running in polynomial time.
Proof. See [28, Section 4]. ®

Corollary 1. (New class of upper bounds ingw-1(c)): We can derive an upper

bound for any given c € Rf by

1 1
g <L1J Ai) = (min;€ Ch + S Ck) Zi:CiP(Ai)
_ (mmkckl)zkck ZZCiCkP(Ai N Ap) = hivew-1(c).
ik

(11)



The proof is given in [28, Section 5]. According to the results from randomly
generated ¢, it is conjectured the optimal upper bound in this class is achieved

at ¢ = k1 where Kk is any non-zero constant.

8.2. New Class of Lower Bounds when c € Rf
We only consider ¢ € Rf in this subsection. A new class of lower bounds,

INEW-11, 1S given in the following theorem.

Theorem 2. Defining B~ = B\ {1,...,N}, 4 = > cP(AiNAy), & =
P(A;) and

N. _ J— 3 A . +
5= max {% (2 CI? min ci) G ) (12)
1 ming Cg

where ¢ € Rf, another class of lower bounds is given by

N N
P (U AZ-) >0+ l(e.d) = Lnpw-n(c), (13)
i=1 i=1
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(15)



Proof. Let 2 = pgy5,... ny and consider ), £i(c,z) + = as a new lower bound

where where £;(c, x) equals to the objective value of the problem

. CipB
) min B Z ~ .
{pp:i€B,BEA }B:iEB,BE@7 ZkEB Ck
c S =P
B:i€B,B€A~
C
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pp >0, forall Be %A~ suchthat ie B.

The solution of (16) exists if and only if

Zk Ck)T
mklnck < < ch —mlnck
Therefore, the new lower bound can be written as

min
xT

N
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(16)

(17)

(18)

We can prove that the objective function of (18) is non-decreasing with z.

Therefore, defining § as in (12), the new lower bound can be written as (13)

where #(c,§) can be obtained by solving (16), which is given in (14). We refer

to [28, Section 6] for more details for the proof. m



Remark 4 (/new-11(c) v.s. INgw-1(¢)). If c € Rf, Cnpw-1(c) is the solu-

tion of a relazed problem to the problem for obtaining {xgw-r(c); thus

Inew-ri(c) > Engw-1(c).

Also, since ¢ € Rf, the solution of (15) can be computed in pseudo-polynomial

time and has a polynomial-time approximation algorithm.

Remark 5 (The new bound /Ngw-11(c) V.s. the YAT-II bound {yar.11)-.
One can easily verify that Exgw.11(k1) = Lyar.pr, where 1 is the all-one vector

of size N and k is any non-zero constant.

Corollary 2. (Improved class of upper bounds hygw.i1(c)): We can improve

the upper bound hygw-1(c) in (11) by

P (U AZ) < miin { Yo P (A N Ag) — (ming i) P(A;) }

>k €k — ming ¢y,
1 1
i P(A;
+ <minkc;c + >k Ck —minkck) ;C (4:)
1

T mi - ickP(A; N Ag) =: h : .
(miny, ) (>°, cx — ming cx) ; ; cicrP( k) vew-11(c)

(19)

Note that the upper bound hxgw.ri(c) in (19) is always sharper than Axgw.r in
(11). The proof is given in [28, Section 7]. According to numerical examples
using randomly generated c, it is conjectured the optimal upper bound in this

class is achieved at ¢ = k1, where Kk is any non-negative constant.

4. Numerical Examples

The same eight systems as in [11] are used in this section. For comparison,
we include bounds that utilize { P(4;)} and {Z] P(A;NAj),i=1,...,N}, such
as fxat, {yar-11 and the optimal lower bound #yaT.1 in this class. Furthermore,

we included the GK bound ¢gk which fully exploits {P(A;)} and {P(4,NA;)}



and the PG bound [1], denoted as ¢p¢, which extends the KAT bound by using
[P}, {5, P(A: 01 A7)} and {5, P(4: 0 A; 0 A},

In the numerical examples, ¢ is obtained by the GK bound (see [28, Eq.
(21)] or [29]); the elements of ¢ are given by {& = max(&,e€),i =1,...,N}
where € > 0 is small enough so that if ¢ € Rf then ¢™ = é&.

We present /npw-1(€7), Ingw-r1(€¢7) and max, fxygw-1(€ + 1) in Table 1.
In three examples (Systems II, III and VII), ¢ € RY; therefore {ngw.1(€) =
InEw-1(¢1). The lower bound max, /Ngw.1(€ + #1) is calculated by searching
k from —1 to 1 with a fixed step length 0.005 (so that 401 points are used in
total). We also randomly generated 100,000 samples of ¢ € Rf to compute

Inew-1(c) and Inpw.ii(c) and the largest bounds were selected and denoted as

INEW-1(Ciiana) A0 INEW-T1(CHanq)-

From the results, we note that ENEW_1(6+) is sharper than /gk in most of

the examples except for System VI. The line search max, {ngw.1(¢ + k1) is
1) in most of the examples except for Systems I and V.
)

sharper than ¢xgw.1(€

Since T

S Rf , the class of lower bounds ¢npw.11(€") is at least as good as
Ixgw-1(€1), as observed in Remark 4 (in the examples shown in the table, both
bounds give identical results). Furthermore, the PG bound which uses sums
of joint probabilities of three events, may be even poorer (e.g., see Systems I
and VI) than the numerical bound fyar.1 which utilizes less information but is
optimal in the class of lower bounds using {P(A;)} and {3_; P(A; N A4;)}. It is
also weaker than the proposed lower bounds in several cases (see Systems I-IV).

In Table 2, we compared {ngw.1(¢) and {ngw.11(€) with randomly generated
cc Rﬂ\r’. We remark that in System VI, the maximum ¢Ngw._i1(€) is 0.3203 which

is sharper than the maximum ¢Ngw._1(c) which is 0.3022. Also, the percentage

£ InEw-T1(C)

that {xgw.rr(e) is strictly larger than ¢ngw.1(c) and the averages o ey

are shown in Table 2.
We close by noting that the new general lower and upper bounds established
in this work are applicable to the analytical or numerical study of any statistical

problem involving the probability of a finite union of events.
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Table 1: Comparison of lower bounds (* indicates ¢ € Rf and a bold number indicates the
best results among all tested bounds.)

System I 11 I11 vV vV VI VII VIII
N 6 6 6 7 3 4 4 4

p (Uf: ) Ai) 0.7890  0.6740  0.7890  0.9687  0.3900  0.3252  0.5346  0.5854
fxaT 0.7247  0.6227  0.7222  0.8909  0.3833  0.2769  0.4434  0.5412
lox 0.7601  0.6510  0.7508  0.9231 0.3813  0.2972  0.4750  0.5390
lrc 0.7443 06434  0.7556  0.9148 0.3900 0.3240 0.5281 0.5726
fyaT-11 0.7247  0.6227  0.7222  0.8909 0.3900 0.3205  0.4562  0.5464
IyAT-1 0.7487  0.6398  0.7427 0.9044 0.3900 0.3252 0.5090  0.5531
Inewa(eh) 0.7638 0.6517F 0.7512% 09231 0.3900 0.2951  0.4905 0.5412%
Inpwa(c+ k1) 0.7577  0.6539  0.7557  0.9235  0.3899  0.2993  0.4949  0.5412
Ixewi(Gr,.,) 0.7783 0.6633 0.7810 0.9501 0.3900 0.3022  0.4992  0.5666
Ixpwai(e’) 07638 0.6517  0.7512  0.9231 0.3900 0.2951  0.4905  0.5412
Ixewni(€h.,q) 0.7783 0.6633 0.7810 0.9501 0.3900 0.3203  0.4992  0.5666

Table 2: Comparison of Ngw.1(c) and ¢ngw-11(c) with randomly generated ¢ € Rﬂ (a bold
number indicates max ngw-11(€) > max {ngw-1(c).)

System A% VI VII VIII
N 3 1 1 1
P (UYL, 4:) 0.3900 0.3252 0.5346 0.5854
max Inpw1(C) 03900 0.3022 0.4992 05666
max Ixpw-11(c) 0.3900 0.3203 0.4992  0.5666
Average pEvnle 10011 1.065 1.0006 1.0000
Percentage €NEW—II(C) > éNEW-I(C) 7.82 % 69.6% 3.87% 0.54 %
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