
Problems 08
Due: Friday, 10March 2023 before 17:00 EST

P8.1. Let 𝜃∶𝑄→𝑅, 𝜑∶𝑅 → 𝑆, and 𝜓∶ 𝑆 →𝑇 be ring homomorphisms. When the composi‑
tions 𝜑𝜃 and 𝜓𝜑 are ring isomorphisms, prove that 𝜃, 𝜑, 𝜓, and 𝜓𝜑𝜃 are also ring
isomorphisms.

P8.2. Each quotient ring 𝑅/𝐼 in the left column of Table 1 is isomorphic to a ring 𝑆 in the
right column. Match each quotient ring with its isomorphic partner and prove that
they are isomorphic be describing a surjective ring homomorphism 𝜑∶ 𝑅 → 𝑆 with
kernel 𝐼. The matching is neither injective nor surjective.

Table 1. Table of quotient rings and rings

𝑅/𝐼 𝑆
ℤ[𝑥]

⟨8, 12, 𝑥⟩
ℤ
⟨3⟩

ℚ[𝑥]
⟨𝑥2 − 2⟩

ℤ
⟨4⟩

ℝ[𝑥]
⟨𝑥 − √2⟩

ℤ
⟨8⟩

ℝ[𝑥]
⟨𝑥2 + 𝑥+ 2⟩ ℤ

ℝ[𝑥]
⟨𝑥2⟩ ℚ

ℝ[𝑥, 𝑦]
⟨𝑦 − 1⟩ ℝ

ℝ[𝑥, 𝑦]
⟨𝑦 − 1, 𝑥 + 9⟩ ℂ

ℝ[𝑥, 𝑦]
⟨𝑦 − 1, 𝑥2 + 9⟩ {𝑎 + 𝑏√2 || 𝑎, 𝑏 ∈ ℚ}

ℤ[𝑥]
ℚ[𝑥]
ℝ[𝑥]
ℂ[𝑥]

{[𝑎 𝑏
0 𝑎]

|
| 𝑎, 𝑏 ∈ ℝ}
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