Solutions 05

P5.1. Solve the system of linear equations AX = B where

1 1 0 1
A=|1 O 1], B=|-1
1 -1 -1 1
and the entries are
i. in Q,
ii. inZ / (2),
iii. in Z/(3), or
iv. inZ /(7).
Solution.

i. Finding the reduced row echelon form of the augmented matrix
1 1 O 1 1 1 O 1 10 1 -1 1 00 1/3
1 O 1 -1|~|0 -1 1 -2(~|0 1 -1 2|~(0 1 O 2/31,
1 -1 -1 1 0O -2 -1 O 0 0 -3 4 0 01 —4/3

. . . 1
we see that the unique rational solution is X = 5[1 2 —4]".
ii. Finding the reduced row echelon form of the augmented matrix

1 101 1 101 1 011 1 0 01
1011|~|{01 1O0|~]j]011O0|~|0 1 0 Of,

1 111 0010 0010 0010

we see that the unique solution with entriesin Z/(2)isX =[1 0 0]".
iii. Finding the reduced row echelon form of the augmented matrix

1 101 1101 1 01 2
1 012|~|0211|~|01 2 2],

1 2 21 0120 0 001

we see that there is no solution with entries in Z / (3).
iv. Finding the reduced row echelon form of the augmented matrix

1101 1101 1 016 1 0 05
101¢6|~/06 1 5|~|0 16 2|~(0 1 0 3},

1 6 61 0560 0 0 4 4 0 011
we see that the unique solution with entries inZ/(7)isX =[5 3 1]T. O
Remark. Since 3=1 mod 2, itfollowsthat37![1 2 —4]"=[1 0 0]" mod 2. Similarly,
we have (3)(5)=15=1mod 7,s0371[1 2 —4]"=[5 10 —20]"=[5 3 1]" mod 7.

P5.2. Demonstrate that the equation x® + y'? = 703 has no integer solutions.
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P5.3.
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Solution. If the given equation had integer solutions, then it would also have solutions
modulo 7. Reducing modulo 7 gives x° + y'2 =3 mod 7. Fermat’s Little Theorem
implies that

6 = 0 mod7 ifx=0 mod7,
"1 mod7 ifx%*0 mod?7,
and

12 = (y6)2 = 0 mod7 ify=0 mod 7,
Yo = " |1 mod7 ifyx0 mod?7.

It follows that

0 mod7 ifx=0 mod7and y=0 mod 7,
X6 4 yl2 = 1 mod7 ifx*0 mod7and y=0 mod 7,
1 mod7 ifx=0 mod7andy*0 mod 7,
2 mod7 ifx*0 mod7andy£0 mod 7.

We deduce that x®+y'?%3 mod 7. Since the congruence has no solutions, the original
equation has no integer solutions. O

Determine whether the set R U{oo} with addition and multiplication defined, for all x
and y in R U {co}, by x  y := min(x, y) and x X y := x + y, forms a commutative ring.
If it is not, then list all of the defining properties that do hold and all those that fail to
hold.

Solution. The triple (R U {co}, HH, X)) is not a commutative ring. The associativity of
addition, commutativity of addition, the existence of an additive identity, the associa-
tivity of multiplication, the existence of a multiplicative identity, distributivity, and
commutativity of multiplication hold: for any x, y, and z in R U {c0}, we have

(x 8 y) Hz = min(min(x, y), z) = min(x, y, z) = min(x, min(x, y)) = x H (yH z)

Xy = min(x, y) = min(y, x) = yHx
X H co = min(x, 00) = x

CRVRz=x+y+z=x+QY+2)=xKOYKX2)
xXK0=x+0=x

xX((yYHz) =x+min(y,z) =min(x+y,x+2z)=(xXy HxXz)
XRy=x+y=y+x=yKXx

The element o is the additive identity and the element 0 is the multiplicative identity.

However, the existence of an additive inverse does not hold: for any x and y in Ru{co},
we have

XHy = =3 min(x,y) = o =3 X=y=o00.
In other words, only oo has an additive inverse. O

Remark. This algebraic structure is called the min-plus algebra or the tropical semiring.
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