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Under the influence of Emil Artin, linear algebra revolutionizes the
understanding of field extensions.

This perspective appears in E. Artin,
Galois Theory, 2nd edition, Notre
Ⅾame Ⅿathematical Ⅼectures, Notre
Ⅾame, ꞮN, (1944), 82 pp.4.0 Ⅾegree of an Extension

How can one measure the size of a field extension? For any field
extension𝐾 ⊆ 𝐿, multiplication in 𝐿 gives a scalar multiplication by
elements in the subfield 𝐾, making 𝐿 into a 𝐾‑vector space.
4.0.0 Ⅾefinition. Ⅼet 𝐾 ⊆ 𝐿 be a field extension. The field 𝐿 is a
finite extension of 𝐾 if 𝐿 is a finite‑dimensional 𝐾‑vector space. The
degree of 𝐿 over 𝐾, denoted by [𝐿 ∶ 𝐾], is defined by

[𝐿 ∶ 𝐾]∶= {dim𝐾 𝐿 if 𝐿 is a finite extension of 𝐾,∞ otherwise.

4.0.1 Remark. We have [ℂ ∶ℝ] = 2 because 1, i is anℝ‑basis forℂ.
4.0.2 Remark. A field extension 𝐾 ⊆ 𝐿 has degree [𝐿 ∶ 𝐾] = 1 if
and only if 𝐾 = 𝐿. Ɪndeed, we have [𝐿 ∶ 𝐾] = 1 if and only if any
nonzero element of 𝐿, such as 1 ∈ 𝐿, is a 𝐾‑basis for 𝐿. Hence, we
have [𝐿 ∶ 𝐾] = 1 if and only if 𝐿 = {𝑎 ⋅ 1𝐿 || 𝑎 ∈ 𝐾} = 𝐾.
4.0.3 Proposition. Ⅼet𝐾 ⊆ 𝐿 be a field extension and fix 𝛼 ∈ 𝐿.
(finite) The element 𝛼 is algebraic over𝐾 if and only if [𝐾(𝛼) ∶𝐾] < ∞.
(basis) Assume that 𝛼 ∈ 𝐿 is algebraic over 𝐾. When 𝑛 is the degree

of the minimal polynomial of 𝛼, the elements 1, 𝛼, 𝛼2,… ,𝛼𝑛−1
form a𝐾‑basis for𝐾(𝛼), so [𝐾(𝛼) ∶ 𝐾] = 𝑛.

Proof. Suppose that 𝛼 is algebraic over𝐾 with minimal polynomial𝑝 having degree 𝑛. We first show that the elements 1, 𝛼, 𝛼2,… ,𝛼𝑛−1
span the 𝐾‑vector space 𝐾(𝛼). As 𝐾(𝛼) = 𝐾[𝛼], every element of𝐾(𝛼) is of the form 𝑔(𝛼) for some polynomial 𝑔 ∈ 𝐾[𝑥]. Ⅾivision
with remainder of 𝑔 by 𝑝 gives 𝑔 = 𝑞𝑝 + (𝑎0 + 𝑎1𝑥 +⋯+ 𝑎𝑛−1𝑥𝑛−1)
for some 𝑞 ∈ 𝐾[𝑥] and some 𝑎0, 𝑎1,… ,𝑎𝑛−1 ∈ 𝐾. Evaluating at 𝛼,
it follows that 𝑔(𝛼) = 𝑎0 + 𝑎1𝛼 +⋯ + 𝑎𝑛−1𝛼𝑛−1 because 𝑝(𝛼) = 0.
Thus, the elements 1, 𝛼, 𝛼2,… ,𝛼𝑛−1 span 𝐾(𝛼) over 𝐾.
To prove linear independence of 1, 𝛼, 𝛼2,… ,𝛼𝑛−1, suppose that0 = 𝑎0 + 𝑎1𝛼 +⋯ + 𝑎𝑛−1𝛼𝑛−1 for some 𝑎0, 𝑎1,… ,𝑎𝑛−1 ∈ 𝐾. Thus,

the element 𝛼 is a root of 𝑎0 + 𝑎1𝑥 + ⋯ + 𝑎𝑛−1𝑥𝑛−1 ∈ 𝐾[𝑥]. The
minimal polynomial 𝑝 has degree 𝑛, so this polynomial must be the
zero polynomial. Since 𝑎𝑗 = 0 for all 0 ⩽ 𝑗 ⩽ 𝑛 − 1, the elements1, 𝛼, 𝛼2,… ,𝛼𝑛−1 are linearly independent. Since 1, 𝛼, 𝛼2,… ,𝛼𝑛−1
forms a 𝐾‑basis for 𝐾(𝛼), we have [𝐾(𝛼) ∶ 𝐾] = 𝑛.
Ɪt remains to show that [𝐾(𝛼)∶𝐾] < ∞ implies that𝛼 is algebraic.

Set 𝑛∶= [𝐾(𝛼)∶𝐾]. Since𝐾(𝛼) is an 𝑛‑dimensional𝐾‑vector space,
any collection of 𝑛 + 1 elements in 𝐾(𝛼) is linearly dependent. Ɪn
particular, there exist elements 𝑎0, 𝑎1,… ,𝑎𝑛 ∈ 𝐾, not all zero, such
that 𝑎0 + 𝑎1𝛼 + 𝑎2𝛼2 +⋯ + 𝑎𝑛𝛼𝑛 = 0. Ɪt follows that 𝛼 is a root of
the nonzero polynomial 𝑎0 +𝑎1𝑥+⋯+𝑎𝑛−1𝑥𝑛−1 ∈ 𝐾[𝑥]. Thus, the
element 𝛼 ∈ 𝐿 is algebraic over 𝐾.
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4.0.4 Remark. Ⅽonsider the field extensionℚ ⊂ ℚ(√2 +√3). Since
the minimal polynomial of √2 +√3 is 𝑥4 − 10𝑥2 + 1, we see that[ℚ(√2 + √3) ∶ ℚ] = 4 and every element 𝛽 ∈ ℚ(√2 +√3) has a
unique representation of the form𝛽 = 𝑎+𝑏(√2+√3)+𝑐(√2+√3)2+𝑑(√2+√3)3 for some 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℚ.
4.0.5 Tower Theorem. Ⅼet𝐾 ⊆ 𝐿 ⊆ 𝑀 be field extensions.
(infinite) Ɪf [𝐿 ∶ 𝐾] = ∞ or [𝑀 ∶ 𝐿] = ∞, then [𝑀 ∶ 𝐾] = ∞.
(finite) Ɪf [𝐿∶𝐾] < ∞ and [𝑀∶𝐿] < ∞, then [𝑀∶𝐾] = [𝑀∶𝐿][𝐿∶𝐾].

Proof. Suppose that [𝑀∶𝐾] < ∞ and let 𝛾1, 𝛾2,… , 𝛾𝑛 be a𝐾‑basis of𝑀. As𝑀 has finite dimension over𝐾, so does every linear subspace
in 𝑀. Ɪn particular, 𝐿 is a linear subspace of 𝑀, so [𝐿 ∶ 𝐾] < ∞.
Ⅽonsider 𝛼 ∈ 𝑀. Since 𝛾1, 𝛾2,… , 𝛾𝑛 span 𝑀 over 𝐾, there exist𝑎1, 𝑎2,… ,𝑎𝑛 ∈ 𝐾 such that 𝛼 = 𝑎1𝛾1 + 𝑎2𝛾2 +⋯+ 𝑎𝑛𝛾𝑛. As 𝐾 ⊆ 𝐿,
the coefficients also lie in 𝐿. Ɪt follows that [𝑀 ∶ 𝐿] < ∞.
For the second part, let ℓ ∶= [𝐿 ∶ 𝐾] and 𝑚∶= [𝑀 ∶ 𝐿]. Pick the𝐾‑basis 𝛼1, 𝛼2,… ,𝛼ℓ for 𝐿, and the 𝐿‑basis 𝛽1, 𝛽2,… ,𝛽𝑚 for𝑀. We

claim that the ℓ𝑚 products 𝛼𝑗𝛽𝑘 for all 1 ⩽ 𝑗 ⩽ ℓ and all 1 ⩽ 𝑘 ⩽ 𝑚
forms a 𝐾‑basis for 𝑀. We first demonstrate that these products
span. Ⅽonsider 𝛾 ∈ 𝑀. Since 𝛽1, 𝛽2,… ,𝛽𝑚 span 𝑀, there exist𝑏1, 𝑏2,… , 𝑏𝑚 ∈ 𝐿 such that 𝛾 = 𝑏1𝛽1 + 𝑏2𝛽2 + ⋯ + 𝑏𝑚𝛽𝑚. Simi‑
larly, for all 1 ⩽ 𝑘 ⩽ 𝑚, there exist 𝑎1,𝑘, 𝑎2,𝑘,… ,𝑎ℓ,𝑘 ∈ 𝐾 such that𝑏𝑘 = 𝑎1,𝑘𝛼1 + 𝑎2,𝑘𝛼2 +⋯+ 𝑎ℓ,𝑘𝛼ℓ. Ⅽombining these equations give

𝛾 = 𝑚∑𝑘=1 ( ℓ∑𝑗=1 𝑎𝑗,𝑘𝛼𝑗)𝛽𝑘 = ℓ∑𝑗=1 𝑚∑𝑘=1 𝑎𝑗,𝑘(𝛼𝑗𝛽𝑘) .
We deduce that the products span𝑀 over 𝐾.
To prove linear independence, suppose that there exist 𝑎𝑗,𝑘 ∈ 𝐾

such that 0 = ℓ∑𝑗=1 𝑚∑𝑘=1 𝑎𝑗,𝑘𝛼𝑗𝛽𝑘 = 𝑚∑𝑘=1 ( ℓ∑𝑗=1 𝑎𝑗,𝑘𝛼𝑗)𝛽𝑘 .
Since 𝛽1, 𝛽2,… ,𝛽𝑚 are linearly independent over 𝐿, it follows that0 = ℓ∑𝑗=1 𝑎𝑗,𝑘𝛼𝑗 ,
for all 1 ⩽ 𝑗 ⩽ 𝑚. Since 𝛼1, 𝛼2,… ,𝛼ℓ are also linearly independent
over𝐾, we see that 𝑎𝑗,𝑘 = 0 for all 1 ⩽ 𝑗 ⩽ 𝑚 and all 1 ⩽ 𝑘 ⩽ ℓ. Thus,
the products are linear independent and form a 𝐾‑basis for𝑀.
4.0.6 Problem. Ⅽompute [ℚ(√2,√3) ∶ ℚ] two ways.
Solution. Since 𝑥2 − 2 is the minimal polynomial of √2 overℚ, the
elements 1,√2 form a basis ofℚ(√2) overℚ. Similarly, 𝑥2 −3 is the
minimal polynomial of √3 over ℚ(√2), so the elements 1,√3 form
a basis ofℚ(√2,√3) overℚ(√2). Ɪt follows that[ℚ(√2,√3) ∶ ℚ] = [ℚ(√2,√3) ∶ ℚ(√2)][ℚ(√2) ∶ ℚ] = (2)(2) = 4 .
Ⅿoreover, 1,√2,√3,√2√3 = √6 is a basis forℚ(√2,√3) overℚ.
Since 𝑥4 − 10𝑥 + 1 is the minimal polynomial of √2 +√3 overℚ,

we also have [ℚ(√2,√3) ∶ ℚ] = 4.
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4.1 Algebraic Extensions
How does an elemental property extend to an entire field?

4.1.0 Problem. Ⅼet 𝜔 = 12(−1 + i√3) = exp(2𝜋i/3) ∈ ℂ. Ⅽalculate[ℚ(𝜔, 3√2) ∶ ℚ].
Solution. Ⅽonsider the field extensionsℚ ⊂ ℚ( 3√2) ⊂ ℚ(𝜔, 3√2). As𝑥3 − 2 is irreducible over ℚ, we see that [ℚ( 3√2) ∶ ℚ] = 3. Recall
that 𝑥2 + 𝑥 + 1 has 𝜔 and 𝜔 = 𝜔2, neither of which is real. Sinceℚ( 3√2) ⊂ ℝ, the polynomial 𝑥2 +𝑥+ 1 has no root in this field, so it
is the minimal polynomial of 𝜔 overℚ( 3√2). Hence, we deduce that[ℚ(𝜔, 3√2) ∶ ℚ( 3√2)] = 2, and[ℚ(𝜔, 3√2) ∶ℚ] = [ℚ(𝜔, 3√2) ∶ℚ( 3√2)][ℚ( 3√2) ∶ℚ] = (2)(3) = 6 .
4.1.1 Ⅾefinition. A field extension 𝐾 ⊆ 𝐿 is called algebraic if every
element of 𝐿 is algebraic over 𝐾.
4.1.2 Ⅼemma. Every finite field extension is algebraic. For every field
extension 𝐾 ⊆ 𝐿 and every element 𝛼 ∈ 𝐿, the degree of the minimal
polynomial of 𝛼 over𝐾 divides [𝐿 ∶ 𝐾].

There are algebraic extensions that
are not finite.

Proof. An element 𝛼 ∈ 𝐿 yields the field extensions 𝐾 ⊆ 𝐾(𝛼) ⊆ 𝐿.
The Tower Theorem 4.0.5 establishes that [𝐾(𝛼) ∶ 𝐾] is finite and[𝐿 ∶ 𝐾] = [𝐿 ∶ 𝐾(𝛼)][𝐾(𝛼) ∶ 𝐾]. By Proposition 4.0.3, the degree of
the minimal polynomial of 𝛼 over 𝐾 equals [𝐾(𝛼) ∶ 𝐾].
4.1.3 Theorem. For every field extension 𝐾 ⊆ 𝐿, we have [𝐿 ∶ 𝐾] < ∞
if and only if there exist elements 𝛼1, 𝛼2,… ,𝛼𝑛 ∈ 𝐿 such that each 𝛼𝑗 is
algebraic over𝐾 and 𝐿 = 𝐾(𝛼1, 𝛼2,… ,𝛼𝑛).
Proof. Suppose that [𝐿∶𝐾] is finite. Ⅼet 𝛼1, 𝛼2,… ,𝛼𝑛 ∈ 𝐿 be a basis
for the 𝐾‑vector space 𝐿. The inclusions𝐿 = {𝑎1𝛼1 + 𝑎2𝛼2 +⋯+ 𝑎𝑛𝛼𝑛 || 𝑎𝑗 ∈ 𝐾} ⊆ 𝐾(𝛼1, 𝛼2,… ,𝛼𝑛) ⊆ 𝐿
demonstrate that 𝐿 = 𝐾(𝛼1, 𝛼2,… ,𝛼𝑛). Each 𝛼𝑗 is algebraic over 𝐾
by Ⅼemma 4.1.2.
Suppose that 𝐿 = 𝐾(𝛼1, 𝛼2,… ,𝛼𝑛) where each 𝛼𝑗 is algebraic

over 𝐾. Set 𝐿0 ∶= 𝐾 and 𝐿𝑟 ∶= 𝐾(𝛼1, 𝛼2,… ,𝛼𝑟) for all 1 ⩽ 𝑟 ⩽ 𝑛, so
that 𝐾 = 𝐿0 ⊆ 𝐿1 ⊆ 𝐿2 ⊆ ⋯ ⊆ 𝐿𝑛 = 𝐿. Ⅽorollary 3.0.4 shows that𝐿𝑟 = 𝐾(𝛼1, 𝛼2,… ,𝛼𝑟) = (𝐾(𝛼1, 𝛼2,… ,𝛼𝑟−1))(𝛼𝑟) = 𝐿𝑟−1(𝛼𝑟) .
Proposition 4.0.3 gives [𝐿𝑟 ∶ 𝐿𝑟−1] = [𝐿𝑟−1(𝛼𝑟) ∶ 𝐿𝑟−1] < ∞, so every
successive extension has finite degree. Repeated use of the Tower
Theorem 4.0.5 yields[𝐿 ∶ 𝐾] = [𝐿 ∶ 𝐿𝑛−1][𝐿𝑛−1 ∶ 𝐾]= [𝐿 ∶ 𝐿𝑛−1][𝐿𝑛−1 ∶ 𝐿𝑛−2][𝐿𝑛−2 ∶ 𝐾]= [𝐿 ∶ 𝐿𝑛−1][𝐿𝑛−1 ∶ 𝐿𝑛−2]⋯[𝐿1 ∶ 𝐾] < ∞.
4.1.4 Proposition. Ⅼet 𝐾 ⊆ 𝐿 be a field extension. When 𝛼,𝛽 ∈ 𝐿 are
algebraic over𝐾, their sum𝛼+𝛽 and their product𝛼𝛽 are also algebraic.
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Proof. Theorem 4.1.3 implies that 𝐾 ⊆ 𝐾(𝛼, 𝛽) is a finite extension.
By Ⅼemma 4.1.2, every element in 𝐾(𝛼, 𝛽) is algebraic over 𝐾. Ɪn
particular, the elements 𝛼 + 𝛽 ∈ 𝐾(𝛼, 𝛽) and 𝛼𝛽 ∈ 𝐾(𝛼, 𝛽) are.
4.1.5 Ⅽorollary. For every field extension𝐾 ⊆ 𝐿, the subset of algebraic
elements over𝐾 is a subfield of 𝐿 containing𝐾.
Proof. Ⅼet 𝑀 ∶= {𝛼 ∈ 𝐿 || 𝛼 is algebraic over 𝐾}. We have 𝐾 ⊆ 𝑀
because 𝑎 ∈ 𝐾 is a root of 𝑥 − 𝑎 ∈ 𝐾[𝑥]. By Proposition 4.1.4, the
subset𝑀 is closed under addition andmultiplication. Since−1 ∈ 𝐾,
we see that 𝛼 ∈ 𝑀 implies that −𝛼 = (−1)(𝛼) ∈ 𝑀. Finally, when0 ≠ 𝛼 ∈ 𝑀, there exists 𝑎0, 𝑎1,… ,𝑎𝑛 ∈ 𝐾 such that 𝑎0 ≠ 0 and0 = 𝑎0𝛼𝑛 + 𝑎1𝛼𝑛−1 + ⋯ + 𝑎𝑛−1𝛼 + 𝑎𝑛. Ⅿultiplying by 1/(𝛼𝑛) gives0 = 𝑎0 + 𝑎1𝛼−1 + 𝑎2𝛼−2 +⋯ + 𝑎𝑛−1𝛼−𝑛+1 + 𝑎𝑛𝛼−𝑛. Hence, 1/𝛼 is a
root of 𝑎0 + 𝑎1𝑥 +⋯+ 𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛𝑥𝑛 ∈ 𝐾[𝑥] and 1/𝛼 ∈ 𝑀.
4.1.6 Ⅾefinition. A complex number 𝑧 ∈ ℂ is an algebraic number if
it is algebraic overℚ. The field of algebraic numbers is An algebraic integer is a complex

number that is a root of a monic
polynomial with integer coefficients.ℚ∶= {𝑧 ∈ ℂ || 𝑧 is an algebraic number} .

4.1.7 Theorem. Ⅼet 𝐾 ⊆ 𝐿 ⊆ 𝑀 be field extensions and assume that 𝐿
is algebraic over𝐾. For every 𝛽 ∈ 𝑀 that is algebraic over 𝐿, the element𝛽 is algebraic over𝐾.
Proof. Ⅼet 𝛽 be a root of 𝑓 = 𝛼0𝑥𝑛 + 𝛼1𝑥𝑛−1 +⋯𝛼𝑛 ∈ 𝐿[𝑥] where𝛼0,𝛼1,… ,𝛼𝑛 ∈ 𝐿 are not all zero and each 𝛽𝑗 is algebraic over 𝐾.
Theorem4.1.3 shows that𝐿′ ∶= 𝐾(𝛼1, 𝛼1,… ,𝛼𝑛) is a finite extension
of 𝐾. Since 𝑓 ∈ 𝐿′[𝑥], the element 𝛽 is algebraic over 𝐿′, and the
field extension 𝐾 ⊆ 𝐿′(𝛽) is finite. The Tower Theorem 4.0.5 gives[𝐿′(𝛽)∶𝐾] = [𝐿′(𝛽)∶𝐿′][𝐿′ ∶𝐾] < ∞. Therefore, the field extension𝐾 ⊆ 𝐿′(𝛽) is finite and algebraic, so 𝛽 is algebraic over 𝐾.
4.1.8 Remark. Every complex solution of the equation𝑥11 − (√2 + √5)𝑥5 + 3 4√12𝑥3 + (1 + 3i)𝑥 + 5√17
lies inℚ, because the coefficients are algebraic overℚ.
4.1.9 Ⅽorollary. Ⅼet 𝐾 ⊆ 𝐿 ⊆ 𝑀 be a chain of field extensions. When𝑀 is algebraic over 𝐿 and 𝐿 is algebraic over𝐾,𝑀 is algebraic over𝐾.
Proof. Follows immediately from Ⅽorollary 4.1.5.

4.1.10 Proposition. Every nonconstant polynomial inℚ[𝑥] has a root
in the fieldℚ of algebraic numbers. We callℚ the algebraic closure ofℚ.
Proof. Ⅼet 𝑓 ∈ ℚ[𝑥] be a nonconstant polynomial. Since ℚ ⊂ ℂ,
the Fundamental Theorem of Algebra establishes that 𝑓 has a root𝛼 ∈ ℂ. The element 𝛼 is algebraic over ℚ because 𝑓 ∈ ℚ[𝑥]. By
construction, the fieldℚ is algebraic overℚ, so 𝛼 is algebraic overℚ by Theorem 4.1.7. Thus 𝑓 has the root 𝛼 ∈ ℚ.
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4.2 Splitting Fields
What is the smallest field extension over which a polynomial splits
completely? The following definition capture the basic idea.

4.2.0 Ⅾefinition. Ⅼet 𝑓 ∈ 𝐾[𝑥] have positive degree 𝑛 ∈ ℕ. A field
extension 𝐾 ⊆ 𝐿 is a splitting field of 𝑓 over 𝐾 if
(splitting) 𝑓 = 𝑎0(𝑥 − 𝛼1)(𝑥 − 𝛼2)⋯(𝑥 − 𝛼𝑛) for some 𝑎0 ∈ 𝐾 and

some 𝛼1, 𝛼2,… ,𝛼𝑛 ∈ 𝐿, and
(minimal) 𝐿 = 𝐾(𝛼1, 𝛼2,… ,𝛼𝑛).
4.2.1 Remark. The finite extension field ℚ(√2,√3) of ℚ is a split‑
ting field of (𝑥2 − 2)(𝑥2 − 3) overℚ.
4.2.2 Remark. The fieldℚ(i, 4√2) is a splitting field of 𝑥4 −2 overℚ.
4.2.3 Remark. A splitting field of 𝑓 ∈ 𝐾[𝑥] depends on both the
polynomial 𝑓 and the field𝐾. For instance, a splitting field of 𝑥2 +1
overℚ isℚ(i), a splitting field of 𝑥2 + 1 overℝ isℂ, and a splitting
field of 𝑥2 + 1 overℂ isℂ.
4.2.4 Theorem. Ⅼet 𝑓 ∈ 𝐾[𝑥] be a polynomial of positive degree 𝑛. For
every splitting field𝐾 of 𝑓 over𝐾, we have [𝐿 ∶ 𝐾] ⩽ 𝑛!. This bound is sharp, meaning there

are cases where equality occurs.

Proof. We proceed by induction on 𝑛. When 𝑛 = 1, the polynomial𝑓 = 𝑎𝑥 + 𝑏 has −𝑏/𝑎 ∈ 𝐾 as a root, so 𝐿 = 𝐾 and [𝐿 ∶ 𝐾] ⩽ 1!.
Suppose that 𝑛 > 1. Ⅼet 𝐿∶= 𝐾(𝛼1, 𝛼2,… ,𝛼𝑛) be a splitting field

of 𝑓 over 𝐾 and consider 𝑔 ∈ 𝐿[𝑥] determined by 𝑓 = (𝑥 − 𝛼1)𝑔.
Ⅾivision with remainder implies that 𝑔 ∈ 𝐾(𝛼1)[𝑥]. The roots of 𝑔
are obviously 𝛼2, 𝛼3,… ,𝛼𝑛, so that a splitting field of 𝑔 over 𝐾(𝛼1)
is given by (𝐾(𝛼1))(𝛼2, 𝛼3,… ,𝛼𝑛) = 𝐾(𝛼1, 𝛼2,… ,𝛼𝑛) = 𝐿. Since𝑔 ∈ 𝐾(𝛼1)[𝑥] has degree 𝑛 − 1, the induction hypothesis implies
that [𝐿 ∶ 𝐾(𝛼1)] ⩽ (𝑛 − 1)!. By the Tower Theorem 4.0.5, we have[𝐿 ∶ 𝐾] = [𝐿 ∶ 𝐾(𝛼1)][𝐾(𝛼1) ∶ 𝐾] ⩽ (𝑛 − 1)! [𝐾(𝛼1) ∶ 𝐾] .
By Proposition 4.0.3, we also know that [𝐾(𝛼1) ∶ 𝐾] is the degree of
the minimal polynomial of 𝛼1 over 𝐾. Since 𝑓(𝛼1) = 0, we deduce
that [𝐾(𝛼1) ∶ 𝐾] ⩽ 𝑛 and [𝐿 ∶ 𝐾] ⩽ 𝑛!.
To study the uniqueness of splitting fields, we consider slightly

more general situation.

4.2.5 Theorem. Assume that 𝜑∶ 𝐾1 → 𝐾2 is an isomorphism of fields.
For every 𝑓 ∈ 𝐾1[𝑥], let 𝐿1 be a splitting field of 𝑓 over 𝐾1 and let 𝐿2 be
a splitting field of the image 𝜑(𝑓) ∈ 𝐾2[𝑥] over 𝐾2. There exists a field
isomorphism 𝜑∶ 𝐿1 →𝐿2 such that 𝜑 = 𝜑|𝐾1 .

𝐿1 𝐿2
𝐾1 𝐾2

𝜑̂≅
𝜑≅

Figure 4.1: Ⅽommutative diagram
arising from Theorem 4.2.5Proof. We proceed by induction on 𝑛 ∶= deg(𝑓). When 𝑛 = 1, the

polynomial𝑓 = 𝑎𝑥+𝑏has−𝑏/𝑎 ∈ 𝐾1 as a root, so𝐿1 = 𝐾1. Similarly,𝜑(𝑓) = 𝜑(𝑎)𝑥 + 𝜑(𝑏) has −𝜑(𝑏)/𝜑(𝑎) ∈ 𝐾2 as a root, so 𝐿2 = 𝐾2.
Hence, in the base case, we take 𝜑 = 𝜑.
Suppose that 𝑛 > 1. Ⅼet 𝐿1 ∶= 𝐾1(𝛼1, 𝛼2,… ,𝛼𝑛) a splitting field

of 𝑓 over 𝐾1 where 𝛼1, 𝛼2,… ,𝛼𝑛 are the roots of 𝑓. Ⅽonsider the
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chain 𝐾1 ⊆ 𝐾1(𝛼1) ⊆ 𝐿1, where the field extension 𝐾(𝛼1) ⊆ 𝐿1 is a
splitting field for the polynomial 𝑔 ∶= 𝑓/(𝑥 − 𝛼1). Ⅼet 𝑝1 ∈ 𝐾1[𝑥]
be the minimal polynomial of 𝛼1. Ɪt follows that 𝑝1 is an irreducible
factor of 𝑓 ∈ 𝐾1[𝑥] because 𝛼1 is a root of 𝑓. Hence, we obtain𝐾1(𝛼1) = 𝐾1[𝛼1] ≅ 𝐾1[𝑥]/ ⟨𝑝1⟩ where 𝛼1 ↦ 𝑥 + ⟨𝑝1⟩.
We next find a root of 𝜑(𝑓) ∈ 𝐾2[𝑥] corresponding to 𝛼1. Over‑

loading the symbol 𝜑, the isomorphism 𝜑∶ 𝐾1→𝐾2 determines the
the ring isomorphism𝜑∶ 𝐾1[𝑥]→𝐾2[𝑥] that sends 𝑓 to𝜑(𝑓), sends
factors to factors, and sends irreducibles to irreducibles. Thus, 𝑝1
maps to an irreducible factor 𝑝2 of 𝜑(𝑓). As 𝜑(𝑓) splits completely
over 𝐿2, so does 𝑝2. This allows one to label the roots of 𝜑(𝑓) as𝛽1, 𝛽2,… ,𝛽𝑛 ∈ 𝐿2 where 𝛽1 is a root of 𝑝2. Hence, we have field
extensions 𝐾2 ⊆ 𝐾2(𝛽1) ⊆ 𝐿2 where 𝐾2(𝛽1) is a splitting field for
the polynomial 𝑔2 ∶= 𝜑(𝑓)/(𝑥 − 𝛽1). As before, we deduce that𝐾2(𝛽1) = 𝐾2[𝛽1] ≅ 𝐾2[𝑥]/ ⟨𝑝2⟩ that sends 𝛽1 to 𝑥 + ⟨𝑝2⟩.
The isomorphism 𝜑∶ 𝐾1[𝑥] → 𝐾2[𝑥] takes 𝑝1 to 𝑝2, so it induces

an isomorphismof quotient rings from𝐾1[𝑥]/⟨𝑝1⟩ to𝐾2[𝑥]/⟨𝑝2⟩ that
takes 𝑥+ ⟨𝑝1⟩ to 𝑥+ ⟨ℎ2⟩ and that restricts to the isomorphism 𝜑 on
the coefficient fields. Ⅽombined with the earlier isomorphisms, we
have a field isomorphism 𝜑1∶ 𝐾1(𝛼1)→𝐾2(𝛽1). Since 𝜑1 takes 𝛼1 to𝛽1 and 𝑓 to 𝜑(𝑓), it also takes 𝑔1 to 𝑔2.
Ɪt remains to prove the existence of the isomorphism 𝜑∶ 𝐿1 →𝐿2.

Since 𝑔1 = 𝑓1/(𝑥 − 𝛼1) has degree 𝑛 − 1, the induction hypothesis
yields applied to 𝑔1 and 𝜑1 produces the isomorphism 𝜑1∶ 𝐿1 → 𝐿2
whose restriction to𝐾1(𝛼1) is 𝜑1. Since 𝜑1 itself restricts to 𝜑 on𝐾1,
the isomoprhism 𝜑1 is the required field isomorphism.
4.2.6 Ⅽorollary. For all splitting fields 𝐿1 and 𝐿2 of 𝑓 ∈ 𝐾[𝑥] over 𝐾,
there exists a field isomorphism 𝜓∶ 𝐿1 →𝐿2 that is the identity on𝐾. !

𝐿1 𝐿2
𝐾 𝐾

𝜑̂≅
id𝐾≅

Figure 4.2: Ⅽommutative diagram
arising from Ⅽorollary 4.2.64.2.7 Proposition. Ⅼet 𝐿 be a splitting field of a polynomial in 𝐾[𝑥].

For every irreducible 𝑝 ∈ 𝐾[𝑥] with roots 𝛼,𝛽 ∈ 𝐿, there exists a field
isomorphism 𝜎∶ 𝐿→𝐿 that is the identity on𝐾 and takes 𝛼 to 𝛽.
Proof. The isomorphism 𝐾(𝛼) = 𝐾[𝛼] ≅ 𝐾[𝑥] / ⟨𝑝⟩ is the identity
on 𝐾 and sends 𝛼 to 𝑥 + ⟨𝑝⟩. Similarly, 𝐾(𝛽) = 𝐾[𝛽] ≅ 𝐾[𝑥] / ⟨𝑝⟩ is
the identity on𝐾 and sends 𝛽 to 𝑥+⟨𝑝⟩. Ⅽombining these produces
the field isomorphism 𝜑∶ 𝐾(𝛼)→𝐾(𝛽) such that 𝜑(𝛼) = 𝛽 and 𝜑 is
the identity on 𝐾.
Suppose that 𝐿 is a splitting field of 𝑓 ∈ 𝐾[𝑥]. Since 𝑓 ∈ 𝐾(𝛼)[𝑥]

and 𝑓 ∈ 𝐾(𝛽)[𝑥], the field 𝐿 is a splitting field of 𝑓 over both 𝐾(𝛼)
and𝐾(𝛽). Hence, Theorem 4.2.5 give the field isomorphism𝜑∶ 𝐿→𝐿 such that its restriction to 𝐾(𝛼) is 𝜑. Since 𝜑 is the identity on 𝐾
and maps 𝛼 to 𝛽, 𝜎∶= 𝜑 is the desired field isomorphism.
4.2.8 Remark. The field 𝐿 ∶= ℚ(√2) is the splitting field of 𝑥2 − 2
over ℚ. This polynomial is irreducible over ℚ and has ±√2 ∈ 𝐿
as roots. Proposition 4.2.7 implies that there is a field isomorphism𝜎∶ 𝐿→𝐿 such that 𝜎(√2) = −√2.

Ⅽopyright © 2026 by Gregory G. Smith


	Cubic Equations
	Cardano's Formulas
	Permutations of the Roots
	Cubic Equations over the Real Numbers

	Symmetric Polynomials
	Polynomials in Several Variables
	Symmetric Polynomials
	The Discriminant

	Roots of Polynomials
	Existence of Roots
	Fundamental Theorem of Algebra
	Minimal Polynomials

	Field Extensions
	Adjoining elements
	Irreducible Polynomials

	Finite Extensions
	Degree of an Extension
	Algebraic Extensions
	Splitting Fields

	Normality and Separability
	Normal Extensions
	Separable Extensions
	Theorem of the Primitive Element
	Definition of the Galois Group

	Galois Groups
	Galois Groups of Splitting Fields
	Permutations of the Roots
	Examples of Galois Groups

	Galois Extensions
	Galois Closures
	Conjugates Fields
	Normal Subgroups and Normal Extensions

	Galois Correspondence
	Fundamental Theorem of Galois Theory
	The Discriminant
	The Universal Extension


