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9.3 Galois’ Theorem
What is one of the most important applications of Galois theory?

9.3.0 Theorem. Ⅼet𝐾 ⊆ 𝐿 be aGalois field extension. TheGalois group
Gal(𝐿/𝐾) is solvable if and only if the field extension𝐾 ⊆ 𝐿 is solvable.
Proof. We prove the forward implication in three steps.
Reduction to the radical case: Since 𝐾 ⊆ 𝐿 is solvable, it lies in a
radical extension 𝐾 ⊆ 𝐿′. The theorem from last Tuesday shows
that the Galois closure 𝐾 ⊆ 𝑀 of 𝐾 ⊆ 𝐿′ is radical over 𝐾. Thus,
we have 𝐾 ⊆ 𝐿 ⊆ 𝑀 where𝑀 is radical and Galois over 𝐾.
Suppose that Gal(𝑀/𝐾) is solvable. As 𝐾 ⊆ 𝐿 is Galois, we

have an isomorphism Gal(𝐿/𝐾) ≅ Gal(𝑀/𝐾) / Gal(𝑀/𝐿). The
quotient of a solvable group is also solvable, so Gal(𝐿/𝐾) is solv‑
able. Hence, it suffices to prove that Gal(𝑀/𝐾) is solvable. Ɪn
other words, we can assume that 𝐾 ⊆ 𝐿 is radical and Galois.

Adjunction of roots of unity: Suppose that 𝐾 ⊆ 𝐿 is radical and
Galois. Ɪf we adjoin a primitive𝑚th root of unity 𝜁 to both𝐾 and𝐿,
the resulting field extension𝐾(𝜁) ⊆ 𝐿(𝜁) is radical because𝐿(𝜁) is
the compositum of𝐾(𝜁) and 𝐿. This field extension is also Galois.
Ɪf we can show that Gal(𝐿(𝜁)/𝐾(𝜁)) is solvable, then it will imply
that Gal(𝐿/𝐾) is solvable. Thus, we may assume without loss of
generality that 𝐾 contains any𝑚th root of unity we want.

Proof of solvability: Since𝐾 ⊆ 𝐿 is radical, there are intermediate
fields 𝐾 = 𝐾0 ⊆ 𝐾1 ⊆ ⋯ ⊆ 𝐾𝑛−1 ⊆ 𝐾𝑛 = 𝐿 such that, for all1 ⩽ 𝑗 ⩽ 𝑛, we have 𝐾𝑗 = 𝐾𝑗−1(𝛾𝑗) where 𝛾𝑗𝑚𝑗 ∈ 𝐾𝑗−1 for some
positive 𝑚𝑗 ∈ ℤ. By the previous step, we may assume that 𝐾
contains a primitive 𝑚𝑗th root of unity 𝜁𝑗 for all 1 ⩽ 𝑗 ⩽ 𝑛. We
claim that 𝐾𝑗−1 ⊆ 𝐾𝑗 is Galois with a cyclic Galois group.
To prove this, observe that 1, 𝜁𝑗, 𝜁𝑗2,… , 𝜁𝑗𝑚𝑗−1 are the distinct𝑚𝑗th roots of unity, whichmeans that 𝛾𝑗, 𝜁𝑗𝛾𝑗, 𝜁𝑗2𝛾𝑗,… , 𝜁𝑗𝑚𝑗−1𝛾𝑗 are

the distinct roots of 𝑥𝑚𝑗 −𝛾𝑗𝑚𝑗 ∈ 𝐾𝑗−1[𝑥]. Since 𝜁𝑗 ∈ 𝐾 ⊆ 𝐾𝑗−1, we
have 𝐾𝑗−1(𝛾𝑗, 𝜁𝑗𝛾𝑗, 𝜁𝑗2𝛾𝑗,… , 𝜁𝑗𝑚𝑗−1𝛾𝑗) = 𝐾𝑗−1(𝛾𝑗). This shows that𝐾𝑗−1 ⊆ 𝐾𝑗 = 𝐾𝑗−1(𝛾𝑗) is Galois. Ⅼet 𝜎 ∈ Gal(𝐾𝑗/𝐾𝑗−1). There is a
unique integer 0 ⩽ ℓ ⩽ 𝑚𝑗 − 1 such that 𝜎(𝛾𝑗) = 𝜁𝑗ℓ𝛾𝑗 . One veri‑
fies that 𝜎 ↦ [ℓ] defines an injective group homomorphism from
Gal(𝐾𝑗/𝐾𝑗−1)→ℤ/⟨𝑚𝑗⟩. Ɪt follows that Gal(𝐾𝑗/𝐾𝑗−1) is cyclic.
We now prove solvability. For all 0 ⩽ 𝑗 ⩽ 𝑛, consider the

subgroups 𝐺𝑗 ∶= Gal(𝐿/𝐾𝑗) ⊆ Gal(𝐿/𝐾). Because the Galois cor‑
respondence is inclusion‑reversing, we obtain{id𝐿} = Gal(𝐿/𝐿) = 𝐺𝑛 ⊆ 𝐺𝑛−1 ⊆ ⋯ ⊆ 𝐺1 ⊆ 𝐺0 = Gal(𝐿/𝐾) .
Focus on the field extensions 𝐾𝑗−1 ⊆ 𝐾𝑗 ⊆ 𝐿. The field extension𝐾𝑗−1 ⊆ 𝐿 is Galois because 𝐾𝑗−1 is an intermediate field in the
Galois extension 𝐾 ⊆ 𝐿. Ⅿoreover, the field extension 𝐾𝑗−1 ⊆ 𝐾𝑗
is also Galois as established above. The Galois correspondence
implies that 𝐺𝑗 is normal in 𝐺𝑗−1 with𝐺𝑗−1 /𝐺𝑗 = Gal(𝐿/𝐾𝑗−1)/Gal(𝐿/𝐾𝑗) ≅ Gal(𝐾𝑗/𝐾𝑗−1) .
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This Galois group is cycle, so𝐺𝑗−1/𝐺𝑗 is abelian. Since this is true
for all 1 ⩽ 𝑗 ⩽ 𝑛, we deduce that Gal(𝐿/𝐾) is solvable.
We prove the backward implication in two steps.

A special case: Ⅼet𝐾 ⊆ 𝐿 be a Galois field extension whose Galois
group is solvable. Ɪn addition, assume that 𝐾 has the following
property: 𝐾 has a primitive 𝑝th root of unity for every prime 𝑝
that divides ||Gal(𝐿/𝐾)||. We claim that 𝐾 ⊆ 𝐿 is radical. Since
Gal(𝐿/𝐾) is solvable, we have subgroups{id𝐿} = 𝐺𝑛 ⊆ 𝐺𝑛−1 ⊆ ⋯ ⊆ 𝐺0 = Gal(𝐿/𝐾) .
Ⅽonsider the fixed fields𝐾𝑗 ∶= 𝐿𝐺𝑗 ⊆ 𝐿 for all 1 ⩽ 𝑗 ⩽ 𝑛. Since the
Galois correspondence is inclusion‑reversing, we obtain𝐾 = 𝐿𝐺0 ⊆ 𝐾1 ⊆ ⋯ ⊆ 𝐾𝑛−1 ⊆ 𝐾𝑛 = 𝐿𝐺𝑛 = 𝐿 .
Because 𝐺𝑗 is normal in 𝐺𝑗−1, the Galois correspondence implies
that𝐺𝑗−1/𝐺𝑗 ≅ Gal(𝐾𝑗/𝐾𝑗−1). Since the index [𝐺𝑗−1 ∶𝐺𝑗] is prime,
we have Gal(𝐾𝑗/𝐾𝑗−1) ≅ ℤ/ ⟨𝑝⟩ for some prime 𝑝 ∈ ℤ.
Ɪt follows that𝐾𝑗−1 ⊆ 𝐾𝑗 satisfies the conditions of the Ⅼemma

from last Thursday’s class, so the field 𝐾𝑗 is obtained from 𝐾𝑗−1
by adjunction of a 𝑝th root of an element in𝐾𝑗−1. This establishes
that the field extension 𝐾 ⊆ 𝐿 is radical.

The general case: Assume only that the field extension 𝐾 ⊆ 𝐿 is
Galois with a solvable Galois group. Ⅼet 𝜁 be a primitive𝑚th root
of unity where𝑚∶= ||Gal(𝐿/𝐾)||. The Galois group Gal(𝐿(𝜁)/𝐾(𝜁))
is solvable because Gal(𝐿/𝐾) is.
Thegroup isomorphismGal(𝐿/𝐾) ≅ Gal(𝐿(𝜁)/𝐾)/Gal(𝐿(𝜁)/𝐿)

is induced by the group homomorphismGal(𝐿(𝜁)/𝐾)→Gal(𝐿/𝐾)
defined by restricting an automorphism of 𝐿(𝜁) to 𝐿. Similarly,
Gal(𝐿(𝜁)/𝐾(𝜁)) being a subgroup of Gal(𝐿(𝜁)/𝐾) gives another
group homomorphism Gal(𝐿(𝜁)/𝐾(𝜁))→Gal(𝐿/𝐾) defined by re‑
striction to 𝐿. However, the kernel of this secondmap is the iden‑
tity, because elements of the kernel are the identity on both 𝐿 and𝐾(𝜁). Hence, the second group homomorphism is injective, and
Ⅼagrange’s Theorem implies that𝑚 = ||Gal(𝐿/𝐾)|| is a multiple of||Gal(𝐿(𝜁)/𝐾(𝜁))||.
Now, let 𝑝 be a prime dividing ||Gal(𝐿(𝜁)/𝐾(𝜁))||. Ɪt follows that𝑝 divides 𝑚. Since 𝜁 is a primitive 𝑚th root of unity, 𝜁𝑚/𝑝 is a

primitive 𝑝th root of unity. Since 𝜁𝑚/𝑝 ∈ 𝐾(𝜁), we conclude that𝐾(𝜁) ⊆ 𝐿(𝜁) satisfies the hypothesis in the special case. Thus,𝐾(𝜁) ⊆ 𝐿(𝜁) is radical by the special case. However, 𝐾 ⊆ 𝐾(𝜁) is
radical, so 𝐾 ⊆ 𝐿(𝜁) is radical by the basic properties of radical
extensions. Since 𝐾 ⊆ 𝐿(𝜁) is radical, the inclusion 𝐿 ⊆ 𝐿(𝜁)
implies that 𝐿 lies in a radical extension of 𝐾. Therefore, 𝐾 ⊆ 𝐿
is solvable.
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9.4 Solving Polynomials by Radicals
How does group theory lead to new insights into the roots?

9.4.0 Ⅾefinition. Ⅼet 𝑓 ∈ 𝐾[𝑥] be nonconstant with splitting field𝐾 ⊆ 𝐿. A root 𝛼 ∈ 𝐿 of 𝑓 is expressible by radicals over 𝐾 if 𝛼 lies is
some radical field extension of 𝐾. The polynomial 𝑓 is solvable by
radicals over𝐾 if the field extension 𝐾 ⊆ 𝐿 is solvable.
9.4.1 Proposition. Ⅼet𝐾 be a field of characteristic 0, and let 𝑓 ∈ 𝐾[𝑥]
be irreducible. The polynomial𝑓 is solvable by radicals over𝐾 if and only
if 𝑓 has a root expressible by radicals over𝐾.
Proof. One implication is trivial. Suppose that 𝑓 has a root 𝛼 is
some radical extension of 𝐾. Thus, the field extension 𝐾 ⊆ 𝐾(𝛼)
is solvable, and its Galois closure 𝐾 ⊆ 𝐾(𝛼) ⊆ 𝑀 is also solvable.
Since a Galois extension is normal and 𝑓 is irreducible over 𝐾

with a root in𝑀, the polynomial 𝑓 splits completely over𝑀. Thus,𝑀 contains the splitting field of𝑓 over𝐾. The claim followsbecause𝐾 ⊆ 𝑀 is solvable.
9.4.2 Theorem. Assume that the field 𝐾 has characteristic 0. A poly‑
nomial 𝑓 ∈ 𝐾[𝑥] is solvable by radicals over 𝐾 if and only if the Galois
group of 𝑓 over𝐾 is solvable. !

The Galois group of 𝑓 ∈ 𝐾[𝑥] is
Gal(𝐿/𝐾) where 𝐿 is the splitting field
of 𝑓 over 𝐾.

9.4.3 Proposition. Ⅼet𝐾be a field of characteristic 0. Every polynomial
in𝐾[𝑥] of degree at most 4 is solvable by radicals.
Proof. Ɪf 𝑓 is separable, then the Galois group of 𝑓 is isomorphic to
a subgroup of 𝔖𝑛. Since 𝔖𝑛 is solvable for all 𝑛 ⩽ 4, the previous
theorem establishes the claim.
When 𝑓 is not separable, let 𝑔 ∶= 𝑓/gcd(𝑓, 𝑓′) be its squarefree

part. By construction, 𝑔 is separable and deg(𝑔) ⩽ 3. The splitting
field for 𝑓 over 𝐾 is also the splitting field for 𝑔. Applying the first
paragraph to 𝑔, we deduce that 𝑓 is solvable by radicals.
9.4.4 Theorem. For all 𝑛 ⩾ 4, the alternating group𝐴𝑛 is simple. !

A group 𝐺 is simple if its only normal
subgroups are {𝑒} and 𝐺; see
ⅯATH310?

9.4.5 Ⅽorollary. The groups𝐴𝑛 and𝔖𝑛 are solvable if and only if 𝑛 ⩽ 4.
Proof. When 𝑛 ⩽ 4, one demonstrates that 𝐴𝑛 and𝔖𝑛 are solvable
by explicitly constructing appropriate chains of normal subgroups.
Suppose that 𝑛 ⩾ 5. The group𝐴𝑛 is not abelian and simple. The

only normal subgroups of𝐴𝑛 have index |𝐴𝑛| ≠ 𝑝 and 1, so𝐴𝑛 is not
solvable. Having 𝐴𝑛 as a subgroup,𝔖𝑛 cannot be solvable.

The 3‑cycles (3 1 2) and (4 1 2) in𝐴𝑛 do not commute.

9.4.6 Theorem. Ⅼet𝐾 be a field of characteristic 0, and let 𝑒1, 𝑒2,… , 𝑒𝑛
be the elementary symmetric polynomials in 𝐾[𝑥1, 𝑥2,… ,𝑥𝑛]. For all𝑛 ⩾ 5, the universal polynomial 𝑓 ∈ 𝐾(𝑒1, 𝑒2,… , 𝑒𝑛)[𝑥] of degree 𝑛 is
not solvable by radicals over 𝐾(𝑒1, 𝑒2,… , 𝑒𝑛), and no root of the polyno‑
mial 𝑓 is expressible by radicals over𝐾(𝑒1, 𝑒2,… , 𝑒𝑛).

Galois theory lead to a better
understanding of the Abel–Ruffini
theorem, which states that there is no
solution in radicals to general
polynomial equations of degree five or
higher with arbitrary coefficients.
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Proof. The first part follows from the previous theorem because𝔖𝑛
is not solvable when 𝑛 ⩾ 5. The second part follows from the first
proposition because 𝑓 irreducible over 𝐾.
9.4.7 Ⅼemma. For each prime 𝑝 ∈ ℤ, every group of order 𝑝𝑚 where𝑚 ∈ ℕ is solvable.
Sketch of proof. Ⅼet 𝐺 be a group of order 𝑝𝑚. Every finite 𝑝‑group
has a nontrivial center, so 𝑍(𝐺) contains a subgroup of order 𝑝. To prove that the center is nontrivial,

one considers the class equation of
the 𝑝‑group modulo 𝑝.

We construct the relevant subgroups by induction on 𝑚. When𝑚 = 1, 𝐺 ≅ ℤ/ ⟨𝑝⟩ is abelian and solvable. Suppose that 𝑚 > 1.
Since 𝑍(𝐺) is nontrivial, choose a subgroup𝐻 of 𝑍(𝐺) of order 𝑝. Ɪt
follows that 𝐻 is a normal subgroup of the ambient group 𝐺, 𝐻 is
abelian, and ||𝐺/𝐻|| = 𝑝𝑚−1. The induction hypothesis implies that
the quotient 𝐺/𝐻 is solvable. The chain {𝑒} ⊂ 𝐻 ⊂ 𝐺 of normal
subgroups has abelian quotients, so 𝐺 is solvable.
9.4.8 Fundamental Theoremof Algebra (Girard 1649, Argand 1813).
Every nonconstant polynomial inℂ[𝑥] splits completely overℂ.
Artin’s proof. Ɪt suffices to prove that every nonconstant polynomial
in ℝ[𝑥] splits completely over ℂ. Given such a polynomial 𝑓, let 𝐿
be its splitting field. Asℝ has characteristic 0,ℝ ⊆ 𝐿 is Galois. Ⅼet𝐺∶= Gal(𝐿/ℝ) and let𝐻 be a 2‑Sylow subgroup of 𝐺. When |𝐺| is odd,𝐻 = {𝑒}. Ɪn other

words,𝐻 is a subgroup of 𝐺 such that|𝐻| is the highest power of 2 dividing|𝐺|.By the Galois correspondence, the fixed fieldℝ ⊆ 𝐿𝐻 has degree[𝐿𝐻 ∶ ℝ] = [𝐺 ∶ 𝐻] = |𝐺| / |𝐻|. The definition of 𝐻 ensures thatℝ ⊆ 𝐿𝐻 has odd degree. When 𝛼 ∈ 𝐿𝐻 is a primitive element overℝ, the minimal polynomial 𝑝 ∈ ℝ[𝑥] of 𝛼 has odd degree. Every
polynomial of odd degree in ℝ[𝑥] has a root in ℝ, so 𝑝 has a root
inℝ. Since minimal polynomials are irreducible, this means that 𝑔
must have degree 1, which means 𝐿𝐻 = ℝ. This argument relies on exactly the

same lemmas as the earlier proof.

Now, the Galois correspondence implies that𝐻 = 𝐺, so |𝐺| = 2𝑚
for some 𝑚 ∈ ℕ. Ɪf 𝑚 = 0, then 𝐺 is trivial and 𝐿 = ℝ. Hence, 𝑓
splits completely overℝ in this case. Suppose that𝑚 ⩾ 1. Because
every group of order 2𝑚 is solvable, there exists subgroups{id𝐿} = 𝐺𝑚 ⊆ 𝐺𝑚−1 ⊆ ⋯ ⊆ 𝐺1 ⊆ 𝐺0 = 𝐺
such that𝐺𝑗 is normal in𝐺𝑗−1 of index 2 for all 1 ⩽ 𝑗 ⩽ 𝑚. Since the
Galois correspondence is inclusion‑reversing, we obtainℝ = 𝐿𝐺0 ⊆ 𝐿𝐺1 ⊆ 𝐿𝐺2 ⊆ ⋯
such that 𝐿𝐺𝑗−1 ⊆ 𝐿𝐺𝑗 has degree 2 for all 𝑗. Since𝑚 ⩾ 1, we have the
degree 2 extensionℝ ⊆ 𝐿𝐺1 . Theminimal polynomial of a primitive
element of this field extension is a quadratic polynomial with no
real roots. Ɪt follows that 𝐿𝐺1 ≅ ℂ.
Now suppose that 𝑛 ⩾ 2. Since 𝐿𝐺1 ⊆ 𝐿𝐺2 , we have a degree2 extension of ℂ. Since every quadratic polynomial in ℂ[𝑥] splits

completely over ℂ, this is impossible. Thus, we must have 𝑚 = 1,
which implies that |𝐺| = 2 and 𝐿 = 𝐿𝐺1 ≅ ℂ.
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10.0 Ⅽyclotomic Extensions
What is the Galois group of a cyclotomic field extension?

10.0.0 Ⅾefinition. For any positive 𝑛 ∈ ℤ, set 𝜁𝑛 ∶= exp(2𝜋i/𝑛) ∈ ℂ.
The 𝑛th cyclotomic polynomial Φ𝑛 ∈ ℤ[𝑥] isΦ𝑛∶= ∏

gcd(𝑗,𝑛)=1(𝑥 − 𝜁𝑗𝑛) .
By construction, the degree ofΦ𝑛 is the number of integers 𝑗 sat‑

isfying0 ⩽ 𝑗 ⩽ 𝑛 andgcd(𝑗, 𝑛) = 1, so deg(Φ𝑛) = ||(ℤ/ ⟨𝑛⟩)×|| = 𝜙(𝑛),
where 𝜙 denotes the Euler’s totient function.
10.0.1 Remark. We have Φ2 = 𝑥 + 1, Φ4 = 𝑥2 + 1, and Φ𝑝 = 𝑥𝑝−1 +𝑥𝑝−2 +⋯+ 1 for all prime 𝑝 ∈ ℤ.
10.0.2 Ⅼemma. The cyclotomic polynomials satisfy𝑥𝑛 − 1 =∏𝑑|𝑛 Φ𝑑 .
Proof. Organize the factorization according to 𝑑:𝑥𝑛 − 1 =∏|𝑛 ∏

gcd(𝑗,𝑛)=𝑑(𝑥 − 𝜁𝑗𝑛) .
The equation gcd(𝑗, 𝑛) = 𝑑 implies that 𝑗 = 𝑑𝑘 and 𝑛 = 𝑑𝑛𝑑 , where
gcd(𝑘, 𝑛𝑑 ). Hence, 0 ⩽ 𝑗 < 𝑛 becomes 0 ⩽ 𝑑𝑘 < 𝑑𝑛𝑑 or 0 ⩽ 𝑘 < 𝑛𝑑 ,
and 𝜁𝑑𝑛 = 𝜁𝑛/𝑑, so 𝑥 − 𝜁𝑗𝑛 = 𝑥 − 𝜁𝑑𝑘𝑛 = 𝑥 − 𝜁𝑘𝑛/𝑑. Ɪt follows that∏

gcd(𝑗,𝑛)=𝑑(𝑥 − 𝜁𝑗𝑛) = ∏
gcd(𝑘,𝑛/𝑑)=1(𝑥 − 𝜁𝑘𝑛/𝑑) = Φ𝑛/𝑑 .

Ɪt remains to show that Φ𝑛 has integer coefficients. We proceed
by induction on 𝑛. The base case 𝑛 = 1 is trivial becauseΦ1 = 𝑥−1.
When 𝑛 > 1, the induction hypothesis implies that𝑥𝑛−1 − 1 = Φ𝑛 ∏𝑑|𝑛,𝑑<𝑛Φ𝑑 .
Since the product is amonic polynomial with integer coefficients, it
follows that Φ𝑛 also is.
10.0.3 Remark. For any prime 𝑝 ∈ ℤ, we have 𝑥𝑝2 − 1 = Φ1Φ𝑝Φ𝑝2 ,
so Φ𝑝2 = 𝑥𝑝2 − 1𝑥𝑝 − 1 = 𝑥𝑝(𝑝−1) + 𝑥𝑝(𝑝−2) +⋯+ 𝑥2𝑝 + 𝑥𝑝 + 1 .
10.0.4 Ⅼemma. Assume that 𝑓 ∈ ℤ[𝑥] is monic of positive degree, and
let 𝑝 ∈ ℤ be prime. When 𝑓𝑝 denotes the monic polynomial whose roots
are the 𝑝th powers of the roots of 𝑓, we have 𝑓𝑝 ∈ ℤ[𝑥] and the coeffi‑
cients of 𝑓 and 𝑓𝑝 are congruent modulo 𝑝.
Proof. Ⅼet 𝛼1, 𝛼2,… ,𝛼𝑟 denote the roots of 𝑓. Ɪt follows that
𝑓𝑝 = 𝑟∏𝑗=1(𝑥 − 𝛼𝑝𝑗 )

= 𝑥𝑟 − 𝑒1(𝛼𝑝1 , 𝛼𝑝2 ,… ,𝛼𝑝𝑟 )𝑥𝑟−1 +…+ (−1)𝑟𝑒𝑛(𝛼𝑝1 , 𝛼𝑝2 ,… ,𝛼𝑝𝑟 ) .
For all 1 ⩽ 𝑗 ⩽ 𝑛, observe that 𝑒𝑗(𝑥𝑝1 , 𝑥𝑝2 ,… ,𝑥𝑝𝑟 ) is a symmetric poly‑
nomial and 𝑒𝑗(𝑥𝑝1 , 𝑥𝑝2 ,… ,𝑥𝑝𝑟 ) − 𝑒𝑗(𝑥1, 𝑥2,… ,𝑥𝑟)𝑝 ∈ ℤ[𝑒1, 𝑒2,… , 𝑒𝑟].
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Ɪn the ringℤ/⟨𝑝⟩ [𝑥1, 𝑥2,… ,𝑥𝑛], the Frobenius homomorphism and
Fermat’s Ⅼitte theorem give𝑒𝑗(𝛼𝑝1 , 𝛼𝑝2 ,… ,𝛼𝑝𝑟 ) ≡ 𝑒𝑗(𝛼1, 𝛼2,… ,𝛼𝑟)𝑝 ≡ 𝑒𝑗(𝛼1, 𝛼2,… ,𝛼𝑟) mod 𝑝 .
Thus, the coefficients of 𝑓 and 𝑓𝑝 are congruent modulo 𝑝. Since𝑒𝑗(𝛼1, 𝛼2,… ,𝛼𝑟) ∈ ℤ for all 𝑗, and the difference has integer coeffi‑
cients, we conclude that 𝑒𝑗(𝛼𝑝1 , 𝛼𝑝2 ,… ,𝛼𝑝𝑟 ) ∈ ℤ.
10.0.5 Proposition. The cyclotomicΦ𝑛 is irreducible overℚ.
Proof. Ⅼet 𝑓 ∈ ℚ[𝑥] be an irreducible factor of Φ𝑛. By the Gauss
Ⅼemma for polynomials, wemay assume that𝑓 ∈ ℤ[𝑥] andΦ𝑛 = 𝑓𝑔
for some 𝑔 ∈ ℤ[𝑥]. We may also assume that 𝑓 and 𝑔 are monice
because Φ𝑛 is.
Ⅼet 𝑝 be a prime not dividing 𝑛. We first claim that 𝜁𝑝𝑛 is a root

of 𝑓 whenever 𝜁𝑛 is a root of 𝑓. Suppose otherwise: 𝑓(𝜁𝑛) = 0 and𝑓(𝜁𝑝𝑛) ≠ 0. Ⅼet 𝑓𝑝 ∈ ℤ[𝑥] be the monic polynomial whose roots
are the 𝑝th powers of the roots of 𝑓. The roots of 𝑓𝑝 are distinct
primitive 𝑛th roots of unity, which implies that 𝑓𝑝 divides Φ𝑛. Ɪf 𝑓
and 𝑓𝑝 has a common root, then 𝑓 would divide 𝑓𝑝 because 𝑓 is
irreducible. This would force 𝑓 = 𝑓𝑝 because they are monic of the
same degree. However, 𝑓 = 𝑓𝑝 is impossible because 𝑓(𝜁𝑛) = 0
and 𝑓(𝜁𝑝𝑛) ≠ 0. Thus, these polynomials have no common roots, soΦ𝑛 = 𝑓𝑓𝑝ℎ for some monic ℎ ∈ ℤ[𝑥]. Since the images of 𝑓 and 𝑓𝑝
coincide in 𝔽𝑝[𝑥], this factorization would imply that the images ofΦ𝑛 and 𝑥𝑛−1 are not separable in𝔽𝑝[𝑥]. However𝑥𝑛−1 is separable
because 𝑝 does not divide 𝑛.
The claim implies that every primitive 𝑛th root of unity is a root

of 𝑓. As 𝑓 divides Φ𝑛, we see that 𝑓 = Φ𝑛 and Φ𝑛 is irreducible.
10.0.6 Ⅽorollary. For all positive 𝑛 ∈ ℤ, the degree of the cyclotomic
extension is [ℚ(𝜁𝑛) ∶ ℚ] = |(ℤ/ ⟨𝑛⟩)×| = 𝜙(𝑛). !

10.0.7 Theorem. There exists a group isomorphism

Gal(ℚ(𝜁𝑛)/ℚ) ≅ (ℤ/⟨𝑛⟩)×
such that the automorphism 𝜎 ∈ Gal(ℚ(𝜁𝑛)/ℚ) maps to congruence
class [ℓ]𝑛 ∈ (ℤ/⟨𝑛⟩)× if and only if 𝜎(𝜁𝑛) = 𝜁ℓ𝑛.
Proof. As the splitting field for cyclotomic polynomial Φ𝑛 over ℚ,
the field extension ℚ ⊂ ℚ(𝜁𝑛) is Galois. Ⅿoreover, an automor‑
phism 𝜎 ∈ Gal(ℚ(𝜁𝑛)/ℚ) is uniquely determined by 𝜎(𝜁𝑛), which is
a root of Φ𝑛 because 𝜁𝑛 is. Hence, there exists ℓ ∈ ℤ that is rela‑
tively prime to 𝑛 such that 𝜎(𝜁𝑛) = 𝜁ℓ𝑛. Themap fromGal(ℚ(𝜁𝑛)/ℚ)
to (ℤ / ⟨𝑛⟩)× defined by 𝜎 ↦ [ℓ]𝑛 is well‑defined because 𝜁𝑘𝑛 = 𝜁ℓ𝑛
if and only if 𝑘 ≡ ℓ mod 𝑛. Ɪf 𝜎(𝜁𝑛) = 𝜁ℓ𝑛 and 𝜏(𝜁𝑛) = 𝜁𝑘𝑛, then we
see that (𝜎 ∘ 𝜏)(𝜁𝑛) = 𝜎(𝜁𝑘𝑛) = (𝜁ℓ𝑛)𝑘 = 𝜁ℓ𝑘𝑛 , so this map 𝜎 ↦ [ℓ]𝑛
is a group homomorphism. Since 𝜎 ↦ [1] if and only if 𝜎(𝜁𝑛) = 𝜁𝑛
or equivalently 𝜎 = idℚ(𝜁𝑛), this group homomorphism is injective.
Since ||Gal(ℚ(𝜁𝑛)/ℚ)|| = [ℚ(𝜁𝑛) ∶ℚ] = |(ℤ/ ⟨𝑛⟩)×|, we conclude that
Gal(ℚ(𝜁𝑛)/ℚ)→ (ℤ/⟨𝑛⟩)× is an isomorphism.
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