
Problems 06
Due: Friday, 13 February 2026 before 23:59 ET

P6.1. Suppose that the elements 𝛼 and 𝛽 are algebraic over the field 𝐾 having minimal
polynomials 𝑓 ∈ 𝐾[𝑥] and 𝑔 ∈ 𝐾[𝑥] respectively. Prove that 𝑓 is irreducible over 𝐾(𝛽)
if and only if 𝑔 is irreducible over 𝐾(𝛼).

P6.2. i. Prove that [ℚ ∶ ℚ] = ∞.

ii. Hermite (1874) establishes that the real number 𝑒 is transcendental over ℚ, and
Lindermann (1882) shows that the real number 𝜋 is transcendental over ℚ. It is
unknown whether 𝜋 + 𝑒 and 𝜋 − 𝑒 are transcendental. Prove that at least one of
these numbers is transcendental over ℚ.

P6.3. Let 𝔽3∶= ℤ/⟨3⟩ be the field with three elements and consider 𝑓∶= 𝑥3−𝑥+ 1 ∈ 𝔽3[𝑥].
i. Show that 𝑓 is irreducible over 𝔽3.

ii. Let 𝐿 be the splitting field of 𝑓 over 𝔽3. Prove that [𝐿 ∶ 𝔽3] = 3.
iii. Explain why 𝐿 is a field with 27 elements.
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