
Problems 11
Due꞉ Friday, 27March 2026 before 23꞉59 ET

P11.1. i. Show that the subset 𝐻 ∶= {id[𝑛], (2 1)(4 3), (3 1)(4 2), (3 2)(4 1)} is a normal
subgroup of the symmetric group𝔖4.

ii. Show that the alternating group 𝐴4 and the symmetric group𝔖4 are solvable.

P11.2. Ⅼet 𝐿 be the splitting field of 𝑥3 + 𝑥2 − 2𝑥 − 1 overℚ, and set 𝜁∶= exp(2𝜋i/7) ∈ ℂ.
i. Ⅴerify that the roots of 𝑥3+𝑥2−2𝑥−1 are 2 cos(2𝜋𝑗/7)∶= 𝜁𝑗+𝜁−𝑗 for all 1 ⩽ 𝑗 ⩽ 3.
ii. Ⅽonfirm thatℚ ⊂ 𝐿 ⊂ ℚ(𝜁) and explain whyℚ ⊂ ℚ(𝜁) is radical.

P11.3. Ⅽonsider finite field extensions 𝐾 ⊆ 𝑀 ⊆ 𝐿 where 𝐾 ⊆ 𝑀 is radical. For every
𝜎 ∈ Gal(𝐿/𝐾), prove that the field extension 𝐾 ⊆ 𝜎(𝑀) is also radical.
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