
Problems 12
Due꞉ Friday, 3 April 2026 before 23꞉59 ET

P12.1. Ⅼet 𝑓 be the minimal polynomial of 𝛼∶= 5√ 3√17 + 4√37 ∈ ℝ overℚ, where all of the
indicated radicals are real. Prove that 𝑓 is solvable by radicals overℚ.

P12.2. Ⅾetermine the cyclotomic polynomial Φ105 ∈ ℚ[𝑥].

P12.3. Ⅼet 𝐾 be an algebraically closed field of positive characteristic 𝑝, and let𝑀∶= 𝐾(𝑡)
where 𝑡 is an indeterminant. Ⅽonsider 𝑓∶= 𝑥𝑝−𝑥+ 𝑡 ∈ 𝑀[𝑥] and let 𝐿 be a splitting
field of 𝑓 over𝑀. Fix a root 𝛼 ∈ 𝐿 of the polynomial 𝑓.
i. Show that the roots of 𝑓 are 𝛼,𝛼 + 1,… ,𝛼 + 𝑝 − 1.
ii. Prove that there exists a group isomorphism

Gal(𝐿/𝑀) → ℤ
⟨𝑝⟩

such that the automorphism 𝜎 ∈ Gal(𝐿/𝑀)maps to the class [𝑗]𝑝 ∈ ℤ/⟨𝑝⟩ if and
only if 𝜎(𝛼) = 𝛼 + 𝑗.
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